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Abstract

Analytical indicial aerodynamic functions are calculated for several trapezoidal wings in subsonic flow, with a
Mach number 0.3< Ma< 0.7. The formulation herein proposed extends well-known aerodynamic theories, which are
limited to thin aerofoils in incompressible flow, to generic trapezoidal wing planforms. Firstly, a thorough study is
executed to assess the accuracy and' limitation of analytical predictions, using unsteady results from two
state-of-the-art computational fluid dynamics solvers as cross-validated benchmarks. Indicial functions are calculated
for a step change in the angle of attack and for a sharp-edge gust, each for four wing configurations and three Mach
numbers. Then, analytical and computational indicial responses are used to predict dynamic derivatives and the
maximum lift coefficient following an encounter with a one-minus-cosine gust. It is found that the analytical results
are in excellent agreement with the computational results for all test cases. In particular, the deviation of the analytical
results from the computational results is within the scatter or uncertainty in the data arising from using two
computational fluid dynamics solvers. This indicates the usefulness of the developed analytical theories.

Keywords: indicial aerodynamics; analytical approach; CFD; trapezoidal wing; compressible flow; gust response

dependence of the functional on the input level?
extends the capability of the model, allowing a certain
Indicial theory is a powerful mathematical tool that class of model nonlinearity to enter the response. It is
has been extensively employed in aerodynamics also important to observe that the traditional
modelling (refer to Ref.’ and references therein). \olterra-Wiener  theory®*  of nonlinear systems
Indicial theory asserts that the response of a linear represents a subset of nonlinear indicial theory.

1. Introduction

time invariant system to an arbitrary input can be
constructed by integrating a linear functional which
involves the knowledge of the time dependent input
signal and a kernel response. The kernel is an inherent
characteristic of the system. Adding a nonlinear
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Researchers have followed three paths to address
indicial aerodynamic modelling: an analytical path, a
numerical path using high-fidelity CFD techniques,
and an experimental path using measurements
obtained in wind tunnel dynamic tests.
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Analytical theories were derived under the
assumption of a thin aerofoil in incompressible,
irrotational, and two-dimensional flow. In the 1920s,
Wagner® conducted a series of studies for the unsteady
lift generated on an aerofoil due to abrupt changes in
the angle of attack. The Wagner function describes the
indicial built-up of the circulatory part of the lift,
including the influence of the shed wake. Theodorsen®
extended those studies by investigating the forces and
moments on an oscillating aerofoil. The lift responses
of an aerofoil penetrating sharp-edge and
harmonically varying gusts were studied by Kiissner’
and Sears®, respectively. Further details on analytical
theories of indicial aerodynamics and some recent
developments, including the approach herein proposed,
are given in Section 2.

Advances in computational power have allowed
significant progress in the use of CFD techniques for
modelling of nonlinear unsteady aerodynamics. To
overcome the limitations of analytical indicial
aerodynamics, restricted to linear flows and thin
aerofoils, researchers investigated a few alternatives.
The first attempts to directly determine the indicial
response by CFD dated back to 1990s°. This approach
has received widespread use (see Refs.’®'' among
many others) but still presents a number of difficulties,
mostly associated with the numerical settings of an
analysis and the reliability of unsteady results.

Other researchers have approached the modelling
problem using indicial aerodynamics derived from
wind tunnel dynamic tests and flight test
measurements. For example, Refs.’*** applied linear
indicial models to data from different testing facilities
and different aircraft models. The identification of
indicial models from flight test-data was documented
in Refs.”**. Nonlinear indicial responses were applied
to a rolling 65° delta wing™, and in Ref.’® to the
prediction of a dynamically stalling wing.

A substantial portion of the work described in this
paragraph was motivated by the increased manoeuvre
capabilities and expanded flight envelopes of modern
aircraft. More recently, under the NASA Aviation
Safety Program, further research in unsteady
modelling has been carried out at NASA Langley
Research Center, and an excellent review of these
methodologies is presented in Ref..

The main contribution of this work is the derivation
of an analytical indicial aerodynamics method that
extends well-known theories, which are based on the
assumption of thin aerofoils, to generic trapezoidal
wings of finite span in subsonic flow. In particular, the
paper is built around three objectives. The first is the
formulation, application, and demonstration of a
consistent analytical framework for predicting
unsteady aerodynamic responses to arbitrary changes
in the angle of attack and in the vertical component of
the freestream speed (gusts). The second objective
places emphasis on the use of current state-of-the-art

Chinese Journal of Aeronautics

CFD modelling techniques, as provided by a
widely-available open-source solver as well as an
industrial-grade solver, for predicting unsteady viscous
flows. The third objective draws a final assessment of
the analytical model predictions considering the
CFD-based unsteady aerodynamics uncertainty. A set
of trapezoidal wings, with different Aspect Ratios (AR)
and sweep angles, is tested at different flow conditions.
In total, 24 unsteady aerodynamic test cases are
executed for each methodology.

The paper continues in Section 2 with the analytical
derivation of indicial aerodynamic functions valid for
generic trapezoidal wings in subsonic flow. Section 3
summarizes the computational = solvers and the
appropriate techniques for-the calculation of indicial
aerodynamics. Then, / results for four wing
configurations and a set of flow conditions are
presented and discussed in Section 4, highlighting the
computational advantages and the related limitations
where appropriate. Finally, conclusions are drawn in
Section 5.

2. Analytical derivation of indicial functions

Built ‘on previous work'’, aerodynamic indicial
functions for compressible subsonic flows are herein
approximated by madification of the indicial functions
for an incompressible flow. Prandtl-Glauert
scalability’® is used for the circulatory contribution,

CL (z), and piston theory™ for the non-circulatory

contribution, C_ (7). The lift coefficient is then
found using the principle of superposition
C =C (r)+C.(7).

Analytical formulae are derived combining the work
of Queijo et al.*® with that of Leishman?'. The former
describes the wing circulatory lift in incompressible
flow, including the wake two-dimensional downwash
and the tip vortices three-dimensional downwash?.
The latter provides a theory for the calculation of the
thin aerofoil lift in compressible flow, including
Prandtl-Glauert theory for the circulatory terms and
piston theory for the non-circulatory terms.

The circulatory lift build-up due to a unit
sharp-edge gust with perturbation front parallel to the
wing leading edge is then calculated by multiplying
the lift response to a step change in the angle of attack
with the ratio between Kissner and Wagner
functions®. It is worth observing that the latter
represents a fictitious angle of attack® and
approximates the two-dimensional penetration effect
within the "frozen gust" framework?.

The non-circulatory contribution drives the
impulsive-like start of the flow response for any wing
shape and is followed by a short yet complex region
where outgoing and incoming acoustic waves
intersect'®. The circulatory contribution drives the
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subsequent lift build-up until steady state convergence.
As the asymptotic lift value provided by Queijo et al.?°
is originally deemed inaccurate, it is here obtained via
simplified lifting-line theory®. An alternative for
fine-tuning the asymptotic value is to use available
numerical or experimental data’, so that viscous
effects may statically be recovered in the absence of
significant flow separation®®. With identical reference
flow conditions, the initial lift coincides for both tuned
and untuned cases but later develops with a different
rate.

For swept wings, the entry delay relative to each
section is geometrically known and considered when
obtaining the lift build-up due to a unit sharp-edge
gust with perturbation front normal to the reference
airflow.

2.1 Analytical derivation of indicial functions

Considering a trapezoidal flat wing with aspect ratio
AR, taper ratio A, and sweep angle A, a simplified yet
effective parametric model was formulated to calculate
the lift build-up due to a unit step in the angle of
attack for incompressible flow?.

Denoting Ma, = Macos A the effective Mach

number and B =./1-MaZ the Prandtl-Glauert

compressibility factor, the original analytical model
may be extended to compressible subsonic flow in the
absence of shock waves, as the (linear) scaling laws
break down in the (nonlinear) transonic regime®®. The
asymptotic steady-state lift coefficient due to a step
change in the angle of attack is formulated as®™:

E 2nAR cos A

Y 2(1+6)cos AARS
where & is the wing efficiency factor that can be
calculated via lifting-line-theory?® for a straight wing
in incompressible flow, or-more generally used as a
fine-tuning parameter.

The circulatory component of the lift due to a step
change in the angle of attack is written as:

o))

~ %

C=C, (HXA?‘GWTJZ&A? -2
j=1 =1 CL

CL CL_CE

)

where CE and CZ are the initial and final values
of the circulatory lift coefficient as provided by Queijo
et al.2° (see the Appendix A), whereas C, =C; / E

is the actual initial value with E the complete elliptic
integral of the second kind®; the n, coefficients. A%
and Ej”‘ are obtained by best-fitting the entire indicial
function for incompressible flow.

For the gust encounter, it is assumed that the
“frozen gust" approach? is valid and that the gust
front is parallel to the wing leading edge. The
circulatory lift development due to-a sharp-edged gust
is written as:

®)

where the n. coefficients AJG and ng are

obtained by best-fitting the indicial lift resulting from
multiplying the circulatory lift development due to a
unit step in the angle of attack by the ratio between
Kissner's and Wagner's functions for the case of
incompressible flow (see the Appendix A), thus
accounting for the gust-entry delay™.

For the four wing configurations of this study (see
Fig. 1), Table 1 reports the optimal coefficients for
approximating the indicial lift function to a step
change in the angle of attack in incompressible flow
with n, =3, while Table 2 reports those to
approximate the response to a sharp-edge gust with
ng = 4. All coefficients were obtained via constrained
nonlinear  optimisation®> by minimizing the
root-mean-square error between the approximate and
original curves in the Appendix A.

] AR=20
A=0°

AR=8 AR=8
A=0° A=30°

Fig.1. A schematic of the four wing configurations

Table 1. Optimal coefficients for approximating the indicial lift function to a step change in the angle of attack in incompressible

flow

AR A(° A& AC A& _ _ _
( ) Al 'A‘2 'A\3 B a B a B a
1 2 3
8 0 0.0521 0.2407 0.1452 0.0482 0.1896 0.5963
8 30 0.0276 0.1099 0.0865 0.0485 0.2137 0.7722
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20 0 0.0872 0.2363 0.1516 0.0401 0.1618 0.5612

20 30 0.0374 0.1111 0.0908 0.0400 0.1933 0.7400

Table 2. Optimal coefficients for approximating the indicial lift function to a sharp-edge gust in incompressible flow

o0 K| K e B B | B

8 0 0.1038 | 0.4189 | 0.3124 | 0.1648 | 0.0687 | 0.2787 | 1.2485 | 15.964

8 30 0.0913 | 0.4004 | 0.3508 | 0.1575 | 0.0635 | 0.2830 | 1.1679 | 16.194

20 0 0.1184 0.3773 0.3341 0.1702 0.0486 0.2158 0.9424 12.320

20 30 0.0969 | 0.3747 | 0.3732 | 0.1553 | 0.0472 | 0.2352 | 0.9712 | 13.838
2.2 Non-circulatory part mZ:
The exact non-circulatory lift contribution is j=1
analytically known via piston theory and extends into me L cos A ™)
a complex transitory region where the indicial fo =C, A?B;3 — 2—2
function presents a change of slope®, which originates = -1 «f Ma, S

from an interaction between outgoing and incoming
acoustic ~ waves  leaving the aerofoil at

r =2Ma, / (1+ Ma,) and

7=2Ma,/(1-Ma,) . respectively.  For
T

A

<7 , the initial behaviour is®:

o= 4 1- 1-Ma, .
Ma 2Ma,

(4)

The non-circulatory lift contributions may then be
approximated with a series of damped oscillatory
terms'’ as:

which satisfy the exact initial behavior of piston theory
up to a first-order accuracy.
For practical applications®, a single exponential

term (i.e., m, = 1 with Qa =0) is often employed

for the case of a unit step in the angle of attack,
namely:

A

A _——c

o1 (- 1-Ma )@
T P AeBY 42—
= MaMa, s

whereas at least two exponential terms (i.e., m; = 2
with 2°=0 and £° =0) are necessary for the
case of a unit sharp-edged gust, namely:

AG _ _~ AG
ZA" cos(mﬂ 7) A =—ClA,
R gy 9)
© go - L[ ¥ acge 204 |
ZAG " cos(2° A7) 1 /Af( 2 AP JMa, 5°

where the coefficients 4, B, and £2 may be obtained
by best-fitting the difference between the (exact) piston
theory and (approximate) circulatory contribution,
subject to the following nonlinear constrains:

along with A2G =—CLA1GG and I§ZG = LSJSG to
cancel the initial behaviour of the circulatory
contribution.

In fact, this simple arrangement departs quite soon
from the correct behaviour’, whereas retaining the

m - - - . .
Z‘”:Aa _ i—C trigonometric term and letting the approximation pass
~ I Ma through the last point given by piston theory at 7 =7
:n ] (6) lead to a higher-order accuracy, with:
A aBa ~ U\ Repa 1-Ma
[Bf =CkD A'B +2 e
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(e - Arceos {eéf‘ﬂz’" 8Ma,
gt - A" "Ma(l+Ma,)

—

(10)
-C, [1— K> Ave ™7 j]}
-1
., arccos %77 4cosA,/Ma,
Q' =—7 { AG
BT A 1+ Ma,
(11)

- CL (1_ Z AjGe_B?ﬁZf ]]}
j=1

2.3 Normal front gust

When the front of the sharp-edge gust is hormal to the
reference airflow, each wing section of a swept wing
encounters the gust front at a different time. This
effect mitigates the initial lift build-up and shall be
taken into account. The entry delay relative to a wing
section at the spanwise location y is geometrically

known as 7,=tanA-y/c . Therefore, in the

special case of a rectangular wing, the circulatory
contribution becomes:

B _ NG AG _ B?ﬁzf
Cl=C|—— Z | =
ARtanA B ,BARtanA
O<r<ARtan A
_ _ i e AG -BS f°ARtan A > &
CE:CL Z =G —ez Byst
B | S°ARtan A
7> AR tan4
(12)

whereas, using a single yet effective exponential term,
the non-circulatory contribution reads:

O e e
" 5 BY| f°ARtan 4
O<r<ARtan A
= By | S°ARtan 4
7> ARtan A

-BSp%

(13
3. Numerical calculation of indicial functions

Two CFD solvers are used to benchmark analytical
predictions. The first is the DLR — Tau code, which is

widely employed in the European aerospace industry,
and the second is Stanford University Unstructured
(SU2), an open-source code.

3.1 CFD solvers

The DLR — Tau code is a finite-volume unstructured
method  which  solves the Reynolds-averaged
Navier-Stokes equations on cell-vertex metrics. The
code is used to solve both steady and unsteady
problems, and both dual time stepping and global time
stepping are supported for the latter. Explicit and
implicit solution algorithms have been implemented,
based on Runge-Kutta methods for explicit
calculations and an _Lower-Upper Symmetric
Gauss-Seidel  (LU-SGS) method for implicit
calculations. The inviscid flux terms can be treated
with either central, upwind, or hybrid schemes. Either
matrix or scalar dissipation is used to stabilize the
convective central difference operators. Viscous terms
are treated using a conventional central differencing
scheme. The calculations presented in this work were
obtained using the dual time stepping approach of
Jameson®. The convergence rate was improved with a
full multi-grid W-cycle acceleration technique based
on agglomerated coarse grids. The original version of
the Spalart-Allmaras (S-A) model was used for the
turbulence closure.

The SU2 software suite®**® is an open-source
collection of software tools written in C++ and Python
for performing multi-physics simulation and design. It
is built specifically for the analysis of Partial
Differential Equations (PDEs) and PDE-constrained
optimization problems on unstructured meshes with
state-of-the-art numerical methods, and it is
particularly well suited for aerodynamic shape design.
The initial applications of the suite were mostly in
aerodynamics, but through the initiative of users and
developers around the world, SU2 is now being used
for a wide variety of problems beyond aeronautics,
including automotive, naval, and renewable energy
applications, to name a few. In all calculations
presented, convective fluxes are modelled according to
Roe's scheme® with the Venkatakrishnan limiter®®,
The standard dual time stepping was used in all cases.
The Krylov problem was solved with the FGMRES
method and the LU-SGS preconditioner. No multi-grid
acceleration was used. The original version of the S-A
model has also been used for SU2.

3.2 Unsteady motions

The calculation of indicial responses is carried out for
two unsteady motions. One motion corresponds to a
step change in the angle of attack, with an amplitude
Aa = 1.0°. The second motion is for a sharp-edge
gust with the wvertical component of the velocity,
normalized by the freestream speed U, , equal to
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wy=0.0174 (approximating the ratio n/180 ). For both
cases, the background steady-state flow solution was
calculated at a freestream angle of attack Acp=0°.

In the DLR — Tau solver, the unsteady motions are
performed via a rigid grid-movement approach.
Adopting the physical time, t, a generic translation,
x(t) , is formulated as:

Npr
X = Z pktk +a,
k=0 (14)

Ner

+>"(a, cos(kart) + b, sin(kat))
k=0
Similarly, a generic rotation, ¢@(t) , is expressed
by:
Npg
$=> rt+c,
k=0

Ner

+ (¢, cos(kayt) + b, sin(kayt))
k=0

(15)

The terms Npr and Npr denote the number of
polynomial coefficients used to model the translation
and rotation, respectively. The terms Ngr and Nggr
denote the number of Fourier coefficients, respectively.
In this work, the step change in the angle of attack
was forced imposing a constant velocity in the vertical

direction (N,; =1, p, =U_arctan(Ac)).

In SUZ, the step change in the angle of attack is
also realised by imposing a constant vertical velocity
as a rigid body motion.

The gust analysis in DLR — Tau is‘performed using
a grid-velocity approach®. This method modifies the
flux balance in the computational. domain by an
additional disturbance field representative of the
prescribed gust. The disturbance is prescribed in the
initial field, typically the steady-state solution, and is
allowed to move in-time depending on the shape and
position of the gust: A user can specify the shape of the
gust, as a function of the x-coordinate for frontal
gusts, y-coordinate for lateral gusts, and time t,
selecting the global shape  between the
one-minus-cosine or sharp-edge gust. The gust spatial
wavelength and the velocity relative to the frame of
reference can also be prescribed as input parameters.

The gust analysis in SU2 follows a different
approach: the gust profile is introduced as a
perturbation of the initial velocity flowfield. The
sharp-edge gust front is positioned several hundred
chords upstream from the wing leading edge. The
perturbation is extended upstream indefinitely, and is
propagated towards the wing at the freestream speed.

4. Results

Four configurations of trapezoidal wings are
considered. The geometric parameters include the
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wing sweep angle, 41=30° and 0 °, and the aspect ratio,
AR=8 and 20. The baseline aerofoil, taken parallel to
the flow direction, is based on the NACAO0O006 airfoil
which is extruded in the span-wise direction. The wing
tip is sharp in all cases, and the corresponding
cross-section is parallel to the incoming flow. A
schematic of the four wing configurations is shown in
Fig. 1. Note that the aspect ratio is given for the
tip-to-tip wing geometry, according to the usual
convention used in the analytical formulation. For
each configuration, the indicial Ilift response is
computed for three Mach numbers (0.3, 0.5, and 0.7)
for a step change in the angle of attack and for a
sharp-edge gust. The Reynolds number, based on the
chord, is set to 11.7x10° for the Ma=0.7 case, and
reduced accordingly for the lower-speed cases. In total,
24 test cases (four geometric configurations, three
Mach numbers, and two responses) involving unsteady
simulations are performed.

4.1 Spatial and temporal convergence

Unstructured grids were generated with Pointwise®,
and “T-Rex was used to create a regular boundary
layer off the wing surface. The grid topology contains
a far-field boundary condition that is set, on average,
at 100 times from the wing surface. Symmetry
boundary conditions are set on the vertical plane of
symmetry, and the boundary conditions at the wing
surface are modelled as adiabatic wall.

To begin with, tests were performed on a set of three
grids to ensure that results presented are independent
from the spatial discretization. The refinement of the
grids was done by increasing systematically the nodes
of all connectors by 30%, while the initial wall
distance was maintained constant at A4,=10°. The
spatial convergence check was performed for the
AR=20, A=0° wing at Ma=0.7. The steady state
lift coefficients computed using DLR-Tau for the
three grids of this convergence study are summarized
in Table 3. The term N, indicates the number of grid
points. The percentual error is calculated using
Richardson's extrapolation. For the coarse grid, the
DLR - Tau results achieve a percentual error smaller
than 1%. The grid convergence study was also
repeated for SU2, with similar considerations to those
already drawn. SU2 predicts €, = 0.1049 for the
coarse grid, which is less than 0.4% of the value from
the DLR - Tau solver. This grid was then used in the
remainder of the work.

Table 3 Spatial convergence study using DLR - Tau for
the AR=20, A=0° wing (a=1°, Ma=0.7)

Np CL ACL (%)
1.33x10° 0.105368 0.227
2.08x10° 0.105237 0.103
5.50x10° 0.105151 0.022

Richardson 0.105128
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As computing the initial lift development requires
reducing the time-step length with lowering the Mach
number?®, a second set of tests was run on the selected
grid to investigate the temporal convergence of the
unsteady responses. Three values of time-step size
were considered: 0.025, 0.05, and 0.1 (see Fig.2(a)).
Following the traditional procedure, which consists of
running at least three unsteady simulations, a
nondimensional time step of 0.05 was found adequate
for the subsequent studies reported in this work.
Furthermore, we have checked the consistency of this
conclusion based on the frequency content of the
indicial response to a step change in the angle of
attack. As an example, Fig. 2(b) illustrates the
amplitude of the Fourier transform for the AR=8 and
A=0° wing at a Mach number of 0.3. The transformed
signal has a limited frequency content, which decays
rapidly for increasing the reduced frequency K. The
saddle point, at K=0.5, corresponds to the
impulsive/circulatory transition of the indicial
response. For K=10, the frequency content decays by
about 2 orders of magnitude, as expected®. Based on
Nyquist-Shannon sampling theorem, the largest time
step to resolve the indicial response for Ke[0,10] is
0.05, which is consistent with the previous
consider:ﬂion.

SU2, Ar=0.1

5 - = = SUZ, Ar=0.05
——— SU2, A=0.025

G
£
i~
<
0 1 2 3 )
T
(a) Ma=0.3, AR=8, A=0°
10°
L Analytical
— — — DLR-Tau
=== Su2
L3
E
= 100
[=%
£ F
< -

10! . . . .
0 2 4 6 8 10

Reduced frequency

(b) Fourier transformation with a selected step

Fig.2 Indicial response to a step change with different
nondimensional time steps and Fourier transform with a

nondimensional time step of 0.05

4.2 Indicial response to a step change in the angle of
attack

The indicial responses of the lift coefficient to a step
change in the angle of attack are shown, for all test
cases, in Figs. 3 and 4. Each sub-figure consists of two
images. The bottom image provides the overall trend
of the indicial response up to an asymptotic time,
7==50, while the upper image focuses on the impulsive
part of the response, 0< <4 . To facilitate
cross-comparisons, the upper image also reports a
schematic of the corresponding wing configuration. In
particular, Fig. 3 analyses the impacts of the sweep
angle and Mach number for the©”AR=8 wing, while Fig.
4 for the AR=20 wing. The analytical responses use
n, =3 and m, = 1 terms, respectively, for the
circulatory and ‘non-circulatory parts. Based on
lifting-line theory, “the wing efficiency factor is
& =0.195° for 'the smaller aspect ratio, and
8 = 0.334 for the larger one®.

From Figs. 3 and 4, it is apparent that the initial
value of the indicial response depends solely on the
Mach -number and is independent on the wing
configuration. On the other side, all sources of data are
in good agreement for the asymptotic value, which is
seen to decrease with the sweep angle as expected
from  well-known  aerodynamic  theories. At
intermediate times, the qualitative behavior of the
indicial response is similar for different sweep angles,
and the lowest value in the response is reached at a
similar time. Quantitatively, the value of the lower
peak depends on the wing sweep, with a smaller value
for the swept-wing cases.

Differences between CFD data and analytical
predictions become apparent above Ma=0.5,
particularly, for the larger-aspect ratio wing. Despite
some differences, the CFD data show a saddle in the
indicial response at intermediate times (Figs. 3(e) and
3(f), and Figs. 4(e) and 4(f)), which is not modelled in
the analytical function.

4.3 Error quantification in dynamic derivatives
predictions

The impact of the observed deviations between
analytical and numerical indicial responses is
guantified in the context of a realistically important
guantity, which is derived from the application of the
indicial response allowing the error to be propagated
through some intermediate steps. For the significance
to aircraft stability and control**#?, the quantification
of the error is carried out for the prediction of dynamic
derivatives.

In this work, the estimation of dynamic derivatives
is obtained by imposing a sinusoidal motion around
the pitch axis, which is perpendicular to the incoming
flow and located at one quarter of the root chord from
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the leading edge. The harmonic motion in pitch is Aa(7) = a, sin(2K7)
defined by the following relation: (16)
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Fig. 3. Indicial response of lift coefficients to a step change in the angle of attack (Aa = 1.0 °) for the AR=8 wing.
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Fig.4. Indicial response of the lift coefficients to a step change in the angle of attack (A& = 1.0 ©) for the AR=20 wing.

where the amplitude is aa=1°, and the reduced
frequency is K=0.08. Without resorting to additional
(expensive) simulations in the time* or frequency
domain*’, dynamic derivatives are efficiently (at no
extra costs) predicted using the available indicial
responses. The following procedure is applied. Firstly,
the lift response to a harmonic motion in pitch is
computed using the convolution integral for each
indicial response (analytical, DLR - Tau, and SU2).
One example is shown in Fig. 5(a) for the periodic
responses, after the initial transients were removed, at
Ma=0.3 for the AR=8, A=0° wing. Then, one of the
methods detailed in Ref.*? is employed to calculate the
dynamic derivatives at the reduced frequency of the
forced sinusoidal motion. Herein, emphasis is placed
on the prediction of the lift damping coefficient, which
consists of two aerodynamic derivatives lumped

together: C, +C,,.

The lift coefficient damping is shown in Fig. 5(b)
for all test cases. The four wing configurations are
reported along the horizontal axis, with the convention
described in Table 4. In the figure, analytical
predictions are indicated by filled symbols, and the
scatter between CFD-based indicial responses is
indicated by error bars. The comparisons evince. the
good general predictive capability of the analytical
approach, but some further comments: are worth
mentioning.

Table 4. Convention to denote wing configurations as
labelled in Fig.5(b)

Case No. Wing AR A(°)
1 8 0
2 20 0
3 8 30
4 20 30

The Afirst _consideration is that the analytical
approach captures the impact of the wing planform on
the-damping coefficient. In particular, increasing the
aspect ratio, for a fixed sweep angle, results in a larger
damping coefficient, as apparent from the trends that
we observe between the first and second wing
configurations, as well as between the third and fourth
configurations. The physical reason for this reflects the
increased wetted area which generates the damping
contribution. Conversely, for a fixed aspect ratio,
increasing the sweep angle reduces slightly the
damping coefficient value, as revealed by the trends
between the first and third wing configurations, as
well as between the second and fourth configurations.
It seems plausible that this is related to the reduction
of the effective angle of attack for a swept-back wing,

compared to an unswept case, due to the offset
between the local aerofoil section and the flow
direction, which in turn reduces the lift hysteresis
loop.

The scatter in dynamic derivatives, which are
computed from CFD-based indicial responses, reflects
the associated reliability or uncertainty in the usage of
current state-of-the-art CFD solvers. for. unsteady
analyses. The aerodynamic uncertainty in the
estimation of dynamic derivatives is relatively large, in
specific, when confronted with: (A) the background
tests performed to minimize the effects of the spatial
and temporal resolutions, as-documented in Section
4.1; and (B) the benign-conditions of the attached flow
(linear steady, linear unsteady) herein considered. It is
therefore encouraging to ascertain from Fig. 5(b) that
the uncertainty = associated with the analytical
predictions is equivalent to that arising when different
CFD  solvers are wused and compared. The
computational cost of the analytical predictions is,
however, negligible compared to that needed by the
numerical predictions. For reference, SU2 results
were computed in about 200 CPU hours.
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Fig. 5. Lift response to a harmonic motion in pitch (=1,
K=0.08, Ma=0.3) for the AR=8, =0° wing and lift
coefficients damping(filled symbols indicate analytical
predictions, while error bars the scatter between CFD data)

The procedure to obtained dynamic derivatives
from the CFD-based indicial responses is equivalent to
that based on the linear frequency domain*’. Both
approaches exploit the assumption of linearity around
a (nonlinear) steady state solution. Therefore,
conclusions drawn from Fig.5(b) are independent of
the particular (indicial) approach used in this study
and confirm the general predictive capability of the
analytical approach.

4.4 Indicial response to a sharp-edge gust

To the authors' best knowledge, the open literature on
the calculation of an indicial response due to a
sharp-edge gust is extremely scarce for a
three-dimensional wing geometry. In this context, the
work reported in this paper provides a thorough study
that expands the available background knowledge on
indicial functions due to gust for a number of
three-dimensional wings. This may be considered the
first study in the area, combining analytical and
computational techniques. Figs. 6 and 7 show the
results for all test cases, where the analytical responses
use n; =4 and m; =2 terms. In particular, the
indicial responses of the lift coefficient to a sharp-edge

gust for the unswept wing cases (A=0°) are shown in
Fig. 6, while those for the swept wing cases (A=30°)
in Fig. 7.

To begin with, the lift built-up for the unswept wing
cases reveal a strong similarity between the AR=8 and
20 wings. Small deviations are found between the
three aerodynamic sources, but generally the overall
agreement is satisfactory. For small times, spurious
oscillations appear in the solution obtained using the
DLR-Tau code. This is not unexpected, as already
observed and discussed in the literature®. However, it
is unexpected that the numerical artefact is
solver-dependent, and that SU2 predicts a smooth
gust/wing interaction.

For the swept wing cases; Fig. 7 reveals an excellent
agreement between the analytical predictions and the
computational data. The gradual penetration of the
gust front over the wing surface introduces a delay in
the lift built-up: Observe that the zoomed area, shown
in the upper image of each figure, is for 0 < 7 < 15
three times larger than the corresponding zoomed area
for the unswept cases in Fig. 6. The resulting
gust/wing interaction occurs at a lower rate than that
for the unswept wing cases, but no spurious
oscillations were produced by either CFD code. The
reason for this may be attributed to the misalignment
between the gust front and the grid elements of the
wing surface that develop parallel to the wing leading
edge.
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5. Error quantification in response to discrete gust

The one-minus-cosine family of gusts is prescribed by
certification authorities for structural sizing of aircraft
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components. Here, we consider the corresponding
aerodynamic problem by neglecting the structural side
of the coupled problem. This is justified because an
assessment of the recent analytical development is
needed in the first place.

The nondimensional vertical wvelocity of a
one-minus-cosine gust is modelled as:

w 2nT
w(z) = —2|1-cos| =— 17
(7) > o (17)

g
Herein, the focus is for a gust with
W, =n/180 and H =25. The procedure

followed consists of two steps. Firstly, the convolution
integral is calculated using the available indicial
responses from the three aerodynamic sources
(analytical, DLR — Tau, and SU2). An example is
shown in Fig. 8(a) for the lift coefficient response
obtained for the AR=8 and A=0° wing. The second
step is the identification of the maximum lift
coefficient value, C_ max, that corresponds to the peak
in the response. The maximum lift coefficient recorded
for all test cases is illustrated in Fig. 8(b).
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Fig.8 Lift coefficients response to a one-minus-cosine gust

(Wy, =n/180, Hg =25, Ma=0.3) for the AR=8
and A=0° wing and maximum lift coefficient (filled

symbols indicate analytical predictions, while error bars the
scatter between CFD data)

The uncertainty in the CFD-based aerodynamic
predictions is somewhat similar to the deviation of the
analytical results from the computational ones. For the
unswept wings (Cases 1 and 2), C_ mx Was found to
increase for increasing aspect ratio. This ubiquitous
trend is a result of the three-dimensionality of the flow:
for the shorter wing, the intensity of the tip vortex is
stronger, generating a larger (negative) induced angle
of attack that partly reduces the effect of<the gust
encounter. On the contrary, the flow around the
slender wing of AR=20 is more two-dimensional,
with the tip vortex affecting a relatively smaller
portion of the wing surface.

For the swept wings (Cases 3 and 4), the aspect
ratio has a negligible influence on the maximum lift
coefficient. The reason /for this is attributed to the
similarity between the gust-nondimensional length,
Hg=25, and the extent of the AR=20, A=30° wing
in the downstream direction, that is ARtanA=17. As
the gust moves over the wing surface, some areas of
the wing may be contemporarily exposed to the left
and right ends of the one-minus-cosine gust where the
intensity is small, and an isolated part of the wing
surface experiences the peak gust.

Finally, it should be expected that the time at which
the lift coefficient response reaches the largest peak is
case-dependent. In particular, the wing sweep angle
delays the occurrence, as readily evident from the
indicial responses in Section 4.4.

6. Conclusions

(1) Indicial aerodynamics, whether in a linear or
nonlinear flavour, remains a convenient modelling
technique  considering increased manoeuvre
capabilities and expanded flight envelopes of modern
aircraft. However, the derivation of indicial
aerodynamics often relies on either strong limiting
assumptions, such as thin aerofoil theory, or excessing
demands in terms of computing power and
experimental testing. This is the motivation for the
present work, which looks at an effective generation of
analytical indicial functions.

(2) This work discusses the formulation of an
analytical indicial aerodynamics method that extends
well-known theories, which are based on the
assumption of thin aerofoils, to generic trapezoidal
wings of finite span in subsonic flow. Within the
chosen analytical method, indicial functions are
expanded in series of exponential functions, with
coefficients determined by minimising the deviations
from the known analytical solutions for incompressible
flow.

(3) The analytical formulation is then applied to
predict the responses to a step change in the angle
of attack and to a sharp-edge gust. Test cases include
four wing planforms, with different aspect ratios and
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sweep angles, at three Mach numbers between 0.3 and
0.7. Two state-of-the-art computational fluid dynamics
solvers (DLR-Tau and SU2) are used to benchmark
analytical predictions for all test cases. Numerical
assessments rely on unsteady Reynolds-averaged
Navier-Stokes equations with the Spalart-Allmaras
turbulence model. Results presented are deemed
accurate following spatial and temporal convergence
studies.

(4) The first finding of this work is that there is a
reasonable agreement between the analytical and
computational indicial responses for all test cases.
Larger  deviations are found  within  the
impulsive/circulatory transition of the responses.

(5) Next, attention is addressed at assessing the
impact of the observed deviations on the predictions of
dynamic derivatives and the maximum lift coefficient
following an encounter with a one-minus-cosine gust.
Dynamic derivatives are computed from available
indicial responses to a step change in the angle of
attack, and the maximum lift coefficient using the
indicial responses to a sharp-edge gust.

(6) The scatter observed in the computational
results is represented with an error bar, representing
an equivalent uncertainty in  computational
aerodynamics. The advantage in doing this is that the
deviation of the analytical predictions from the
computational results is confronted directly with the
scatter or uncertainty arising between the two
computational solvers.

(7) It is encouraging to ascertain the good
predictive capability of the proposed analytical
formulation, with results that fall within the scatter or
uncertainty in the computational values for a good
number of test cases. This becomes even more
pronounced when balanced against computing costs,
with the computational results obtained on
high-performance computing facilities (200 CPU
hours for each unsteady analysis) and after various
convergence checks (spatial and temporal).
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Appendix A: indicial lift for incompressible flow

A single vortex-ring models the total wing circulation,
with both bound and shed vortices parallel to the
quarter-chord line and both tip vortices parallel to the
freestream. All (lumped) vortices own the same
intensity, within the simplest implementation of the
lifting-line theory. A single control point is then placed
at the third-quarter chord of the wing root, where the
non-penetration boundary condition is imposed via
Kutta-Joukowsky theorem and Biot-Savart law*®. The
shed vortex moves towards infinity at half the
reference airspeed from half root-chord behind the
control point, thus increasing the wake length and
stretching the vortex-ring. After several travelled
chords, its influence eventually disappears and a
steady lift is asymptotically obtained. The root chord is
used as the reference length for the reduced
(non-dimensional) time 7.

The lift build-up due to a unit step in the angle of
attack then reads’:

i 21AR,

© D,+D,+D,
AR, :(%)AR

where the denominators associated with bound, trailed,
and shed vortices are:

AR, sec’ A—tan A

(A1)

Dy = AR, +tan A
\/(ARe sec A —sin A)* +cos® A
(A2)
D. — 1-AR, tan 4
" J-AR, tan 1)* + AR?
A3
1+AR, tan A+ > )
N 2
J@A+AR, tan A)? + AR?
D, ~ AR,
1+%
2
AResec2A+(l+;jtanA
—tanA
2 2
AR secA+|1+ L || +[1+Z
2 2
(A4)
leading to CizlingCLa and Cizling(ff
directly.

Within the “frozen gust" framework®, the lift
build-up due to a unit sharp-edge gust with
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perturbation front parallel to the wing leading edge
may then be obtained as:

_ K ..
Ce= (V—VJCL (A5)

where K and W are Kiissner's’ and Wagner's®
functions, respectively, the ratio of which introduces
the gust penetration effect?. Note that this expression
may hold for the case of compressible flow as well?*;

. . . . NG =4
however, all approximation coefficients Aj and B?

are then Mach number-dependent®.
Finally, Fig. Al shows the approximate and original
curves considered in this study (see Tables 1 and 2).
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