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ABSTRACT. In this paper, we study local and global topological loops as well as topological
double loops having a differentiable structure such that the loop operations are differentiable.
The main result states that the group of differentiable automorphisms of a differentiable double
loop is compact with respect to the compact-open topology.

The automorphism group I" of a locally compact connected double loop & is
a locally compact topological group, where the group I will always be
provided with the compact-open topology. For a proof of this result see [1]. If
2 is even a Cartesian field, in particular if 2 is one of the classical double
loops R, C, H, or O, then I" is a compact Lie group. In general, it is an open
problem whether the group I' is compact or a Lie group. But the four classical
double loops are not merely topological double loops; they also possess a
differentiable structure such that the loop operations are differentiable. In a
recent paper, J. Kozma has shown that the automorphism group of a C?-loop
can be embedded into a linear group (see [7] or Theorem (2.1) below). The
aim of this paper is to give an appropriate definition of a differentiable double
loop and to prove that the automorphism group of such a double loop can be
embedded as a closed subgroup into a linear group. Using this embedding
theorem, we are able to verify the compactness of the automorphism group.

1. DEFINITIONS AND NOTATION

(1.1) DEFINITION. A quadruple . = (L, U, 0, +) is called a local H-space if
the following conditions are satisfied:

(1) L is a topological space.

{(2) U is an open neighborhood of the element Oc L.

(3) There exists an open neighborhood V of 0 in U such that the
map +: ¥V x V — U is continuous.

4) x+0=0+x = x for every xe V.

The neighborhood V is called the support of .

Geometriae Dedicata 46: 61-72, 1993,
© 1993 Kluwer Academic Publishers. Printed in the Netherlands.



62 RICHARD BODI

A local H-space & = (L, U, 0, +) with support V is called a local loop iff
the following statements hold:

(5a) For all a, x, ye V the equation a+x =a+ye U implies that x = y.
(5b) For all a, x, ye V the equation x+a = y+ae U implies that x = y.

Note that in the definition of a local loop we do not require that the local
inverses of the operation + are continuous.

(1.2) DEFINITION. A local H-space £ = (L, U, 0, +) is called a smooth local
H-space of dimension n iff

(1) U is an n-dimensional C2-manifold,
(2) there is an open neighborhood V < U of Osuch that +:Vx V> Uisa
C2-mapping.

The neighborhood V is again called the support of &.
Alocal loop & = (L, U, 0, +) is called a smooth local loop iff £ is a smooth
local H-space.

Note that if & = (L, U, 0, +)1is a smooth local loop, then & = (L, U’, 0, +)is
also a smooth local loop for any neighborhood U’ = U of the element 0.

The following result of J. P. Holmes and A. A. Sagle ([4, Th. 1.1]) shows that
in the differentiable case the notion of a local H-space coincides with the
notion of a local loop.

(1.3) THEOREM. A smooth local H-space is always a (smooth) local loop.

{1.4) DEFINITION. Let ¥ =(L,U,0,+) be a smooth local loop of
dimension n with support V. A C>-diffeomorphism h:U — R" satisfying
h0) = 0 is called a smooth coordinate system of ¥. A smooth coordinate
system h of . is called canonical iff there is a star-shaped neighborhood
S = h(V) of 0 such that for every xe S the relation

h™Yx)+h™Yx) = h™}(2x)
is satisfied.
The main tool for our investigations is a recent result by J. Kozma, which we

state explicitly.

(1.5) THEOREM. Every smooth local loop has a smooth canonical coordinate

system.
For a proof see [6, Th. 1].
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(1.6) DEFINITION. Let % = (L, U,0, +) be a smooth local loop of dimen-
sion n with support V. Let i be a smooth canonical coordinate system of %
according to Theorem (1.5). Set % := WU) and ¥":= (V). Then

@: ¥ xV = U:(h(x), Hy)— h(x+Y)

defines a C>-mapping @, and (R”, %, 0, ®) becomes a smooth local loop of
dimension n with support ¥". This loop is called the induced loop of the
canonical coordinate system #.

(1.7) DEFINITION. Let £ =(L, U, 0, +) and &' =(L, U, (, +) be smooth
local loops with supports V and V' respectively. A map y: W — V' which is
defined on a neighborhood W < V of 0 is called a homomorphism iff it is a C*-
mapping (cf. the remark after (2.1)) satisfying y(x+y)=y(x)+7y(y) for all
x,yeW.

If ¥ =" and if y is an injective homomorphism of % such that the
inverse mapping y "' is also a homomorphism of .%, then the map y is called
an automorphism of ¥. Two automorphisms v,y of . are called equivalent if
and only if there is an open neighborhood W of 0 such that y and y’ coincide
on W.

(1.8) NOTATION. Let & = (L, U, 0, +) be a smooth local loop. The set of all
automorphisms of .# is denoted by Autf (#). For y € Auti (%) the set of all
automorphisms of ¥ equivalent to 7y is denoted by [7]. The set valued map
[ ] defines an equivalence relation on Aut}(¥). Setting Aut,.(%):=
Autf (L)/[ ], it is easily verified that [y,1[y,]:= [y, y,] defines a group
operation on Aut,, (%)

(1.9) DEFINITION. Let .% = (L, 0, +) be a (global) topological loop in the
ordinary sense, sec [3], e.g. If there is an open neighborhood U < L of the
neutral element O such that ¥, = (L, U, 0, +) is a smooth local loop, the local
loop #y is called a localization of the (global) loop .. The loop & itself is
then called a smooth loop.

(1.10) DEFINITION. Let & = (L, 0, +) be a smooth loop. Let y be a (global)
continuous automorphism of .. The automorphism y is called locally smooth
if there is a localization %, such that the restriction of y to U lies in the set
Autf (ZLy). The set of all locally smooth automorphisms of % is denoted by
Aut!(&).

Clearly, this set is a subgroup of the group Aut(#) of all continuous
automorphism of #. The group Aut!(%) becomes a topological trans-
formation group on % when provided with the compact-open topology. This
topology coincides with the relative topology induced by the compact-open
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topology of Aut(#). We shall always take the group Aut!(¥) with the
compact-open topology.

2. RESULTS

In our study of the automorphism group Aut'(.#) of a smooth loop %, i.e. of
a loop % having a smooth localization, we shall often use the following fact,
which again was proved by J. Kozma, see [7, Th.,, p. 500].

(2.1) THEOREM. Let ¥ = (L, U, Q, +) be a smooth local loop of dimension n.
Let h be a canonical coordinate system with induced loop (R",%,0, ®). Let
ye Autf (¥) and let W < U denote the domain of the mapping

Q,:H - R': x> hyh Y(x).
Then the set W is an open neighborhood of 0, and the relation ®, = @ .(0)},
holds.

REMARK. Theorem (2.1) shows that an automorphism in Autf (%) is in fact
a local C2-mapping, and so it is justified to call the elements of Autf (%)
smooth. More general, if & is a C*-loop for k > 2, then an automorphism in
Aut¥ (&) is indeed a C*-mapping.

(2.2) COROLLARY. Let & =(L, U, 0, +) be a smooth local loop of dimension
n with canonical coordinate system h. Then the map

®: Aut} (%) - GL,R:[y]— D,(0)

is an embedding of groups.

Proof. The map ® is well-defined by Theorem (2.1). Let [yl
[7,]1€Auth (&). If ®([y,])=®([y,]), then by Theorem (2.1) there exists a
neighborhood ¢ < R” of 0 satisfying

hyih™ o = ®@,, (0o =@, O)lo = hy2h ™ lo-

Setting O:= h~!(0), this implies that hy, and hy, coincide on O. Since & is
injective on O < U, we conclude that y; and y, coincide on O. This means
that [y,] = [7,], because O = h~}(0) is a neighborhood of 0 in .Z. This proves
the injectivity of ®. The map ® is a group homomorphism because

O([y,1[.]) = ®y1v2]) = (h(yﬁz)h_l)’(o) = ((hy h ™Yy h™ HY(0)
= (hyh~Y(0)- (hy,h ™ 1Y(0) = @[y, 1) O([7,])-
Thus the mapping @ is an embedding of groups.

Next we investigate the case of a connected loop & = (L, 0, 4+) which has a
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smooth localization %y, of dimension n. It turns out that the group Aut'(%)
can be embedded in GL,R even as a topological group.

(2.3) COROLLARY. Let ¥ =(L,0, +) be a connected loop which has a
smooth localization ¥y of dimension n. Then the map

¥:Aut'(%) > GL,R:y—®,(0)

is an embedding of topological groups.

Proof. Let h be a canonical coordinate system of %, with induced loop
(R", %, 0, ®). We shall divide the proofinto three steps. In step (1) we describe
an appropriate neighborhood basis of the identity in GL, R, which we need in
steps (2) and (3), where the continuity and the openness of the mapping ¥ is
proved.

(1) The family of sets Q(#", ¢) = {ge GL,R; g(#") = O} with # < O = U,
where £ is compact and 0 is an open set, constitutes a neighborhood
basis of the identity element 1e GL,R.

This follows immediately from the definition of the compact-open topology
and linearity.

(2) The map ¥ :Aut'(£) — GL,R:y+— ®,/(0)=(hyh~'Y(0) is continuous.

Since the loop % is connected, it is generated by any neighborhood W of L,
i.e. the smallest closed subloop of ¥ containing W is & itself, see [3, (3.1),
(3.2)]. Thus, two automorphisms of .# coincide, if they coincide on an
arbitrary neighborhood (of 0) and hence W is a group monomorphism by
Corollary (2.2). So it remains to verify the continuity of W at the identity. For
that, select a neighborhood Q(¢, ) of 1e GL,R. By step (1) we may assume
that 2" = @ = %. To check the continuity of ¥ at the identity map, we shall
verify the inclusion

P(Qh~YH), h~Y(O) < QA O).

Put K:=h"YA") and O:=h Y(¢). An arbitrary element yeQ(K,0) <
Aut!( ) satisfies the relations

WKYsO<ch Yu)=U
and
hh™Y () c %.

Hence, the set £ is contained in the domain #  of the map hyh™'. By
Theorem (2.1) this implies

hyh™ | = (hyh™ Y (O)l
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and
FNA) = (hyh™ Y (ONA) = hyh ™ (H) < h(h ™ H(0)) = 0.
In particular,
Y(y)e XA, O)
holds, and thus assertion (2) is proved.
(3) ¥:Aut!(¥L) - ¥(Aut!(¥)) is an open map.

Let 7, denote the compact-open topology on Aut’(#) and let 7, denote the
initial topology on Aut!(#) with respect to the map ¥:Aut(¥) - GL,R.
Set I':= (Aut’(¥),7,). Then ¥ is a homeomorphism of I' onto W(I') by
Corollary (2.2). In order to verify the openness of ¥, we show that the
topology 7, is finer than the compact-open topology .. Since L is locally
compact, the topology 7, is the coarsest topology on L such that the
evaluation mapping

Auti{( ) x L — L:(y, x)> p(x)

is continuous, see, e.g., [ 5, p- 224]. Hence it suffices to verify the continuity of
the mapping #:T" x L — L:{y, x)>y(x). The group I" has a countable base
since it is a subgroup of GL,R. So, it suffices to verify the sequential
continuity of .

For this, choose a compact neighborhood % of 0 such that ¥ = %, and
select an open star-shaped neighborhood @ of 0 satisfying O < %°.
Furthermore, let 4" be a compact star-shaped neighborhood of 0 with
H < 0. Set C:=h Y%) and K:=h~Y(A'). Then Q:= ¥~ 1 QA,0)) is a
neighborhood of 1 in I'. Let W, denote the domain of the map y € Q. The next
step is to verify the inclusion

KeW:= W,
yeQ

Suppose that this inclusion does not hold. Then there would exist an
automorphism y € Q and an element x € K\ W,. This would imply that y(x)¢ U
by Theorem (2.1). Set y:= h(x) and consider the path p:[0,1] - R*:t—¢t-y
connecting the element 0 and y. Since ¢ is star-shaped and y = h(x) lies in
h(K) = 2, this implies that p([0, 1]) lies in #". Hence h~1p is a path from 0 to
x = h~y) which is contained in U. Moreover, the map yh~'p is a path
between 0 and yh ™~ 1(y) ¢ U. Because 0C separates the point 0 from L\U, there
is thus an element 7_€[0, 1] such that

yh~Yt, y)edC c U.
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In particular, this implies ¢, ye W, and ®,(t,* y) = hyh™'(t,- y)€ 0%. On the
other hand, by Theorem (2.1) we have

@, (1. y) = D, (O)t." y) = YN~ y) = t.- ¥()Y).

Now ye " and ¥(y)eQ imply that W(y)y) is contained in 0. Because ¢ is
star-shaped, the last computation shows that ®,(z.-y) lies in @. But this
contradicts the fact that @ n 09 = ¢ holds. Hence, this proves the inclusion
Kc W

In particular, the set W is a neighborhood of the element 0. Now we
proceed to verify the continuity of the map # on Q x W*. For this choose an
element xe W° and let (x,),.ny be a sequence in L satisfying lim,, , x,=x.
Furthermore, select an automorphism yeQ and let (y,),en be a sequencein T
with lim,, y,=7. Since W° and Q are open sets, we may choose the
sequence (x,),cy in W and the sequence (y,),eny 1t Q. Noting that the
evaluation map of GL,R is continuous, this implies

h<lim (s x,.)> =h (ﬁm Vn(xn)> = lim hy,(x,) = lim hy,h~'h(x,)

B H= o0 n—w R0

= lim @, (A(x,)) = lim ¥(y,)(h(x,)) = ¥()(h(x))

n—w n—>cw

= @,(h(x)) = h(y(x)),

and thus lim,_ , #(y,, x,) = ¥(x) holds. Hence the evaluation map # is
continuous at (y, x).

Now select an element y € Q and a sequence (7,) ey int Q with lim,_, v, =7,
where the limit is taken with respect to the topology t,. The set R:=
{xeL;lim,_, , 7,(x)=y(x)} is a subloop of L which contains the open set W°.
By [3,(3.1),(3.2)], this implies that R is an open as well as a closed subset of L.
Thus we have R=L, since L is connected. We shall use this identity to verify
the continuity of # on the whole set I' x L. For this fix a pair (y, x)eI” x L and
select sequences (¥, )pen in I and (x,),ey in L satisfying

lim y, =y, lim x, = x.

n—*w n—a

The equations y, =y, and x, = x + y, uniquely determine sequences (4,),en
in I and (y,)en in L satisfying

lim 4, =1, lim y, =0,

n—* oo n—>

where we may assume without loss of generality that y,e W° holds for all
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neN. Using the continuity of # at the points of {1} x W° and remembering
the identity R=L, we obtain

lim #(y,, x,) = lim y,(x,) = lim y/,(x+y,) =y (lim (in(X)H,.(yn)))

n—w n—> o n—aoo n—w

=7 <lim ln(x)) +y (lim /ln(yn)> =(x) +7(0) = p(x).
This proves that the evaluation map 7 is continuous at (y, x). Thus ¥ is a
homeomorphism between Aut'(#) and W(Aut'(%)), and the proof is
complete.

Knowing that the group Aut!(%) is embedded as a topological group into
GL, R, the question arises of how the action of Aut!(%) on & is related with
the action of Y(Aut!(%)) on R".

(2.4) LEMMA. Let £ =(L,0,+) be a smooth loop of dimension n. Let
h:U — R" be a canonical coordinate system of & according to Theorem (1.5)
with induced loop (R",%,0, ®). Let #* < % be a star-shaped neighborhood of
0. Let ¥ : Aut*(¥#) —» GL,R be the embedding defined in Corollary (2.3). Let
(Ynnen be a sequence in Aut(#) and let ue h™'(%*) < U. Then the following
statements are equivalent

(1) lim,_, o 7,(w) = 0.
(if) lim,, o, ¥(y,)((u)) = 0.

Proof. Let #,cR" denote the domain of the map®, and set
W,:= h~Y(#,) for all neN. First, let lim,_,  y,(u) =0. We may assume that
y.(w)eU for all neN. By Theorem (2.1) this implies that ue W, and thus
h(u)e #, holds for all neN. Consequently, we obtain

lim Y(y,)(h(w) = lim @, (h(w) = lim hy,(u)=h <lim y,,(u)) = h(0) =0.

n—row n— 0 n—=aoo n— o

Conversely, assume that lim,. ., W(y)(h(u)) =0. Set v:= h(u). Choose a
compact neighborhood € < #* of 0 and set C:=h *(%). The map
p:[0,1] > R":t+>t-v is a path from 0 to v. Since #* is star-shaped,
p([0,1]) = #* and thus h™!p is a path starting in 0 and ending in h~1(v),
which is contained in A~ Y #*) < U.

The element u is contained in almost all W,, for otherwise there is a
sequence (n,) of integers such that u¢ W, . By Theorem (2.1) this implies that
7n () ¢ U for all ke N. Now 7,.h~1p is a path between 0 and y,, (u). Since the
element 7, (1) is not contained in U, and because the set ¢C separates the
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element 0 and the set L\U, there exists some element ¢, [0, 1] such that
Ymh 1 (t, )€ 0C. Because of 0% < %, this implies that 1,-ve #,,, and hence
we obtain

Py ti ) = By, (G- 0) = h(pn ™ (8- v) € H(OC) = 0€.
On the other hand, we have

Hm W(y,, )t h(w) = ’}Lm ty W (7 )R (W)

k=

= lim 1, lim ¥(y,)(h(u))

k= k-
k=
=0.

This contradicts 0 gé%. Hence u is contained in almost all neighborhoods W,
and by Theorem (2.1) we finally conclude that

h <lim yn(u)> = lim hy,(u)=lim ®, (h(w) = lim ¥(y,)(hw)) = 0.

(2.5) DEFINITION. Let 2 =(D,0, 1, +, °) be a topological double loop. If
the additive loop of & possesses a (smooth) localization, then & is called a
smooth double loop.

(2.6) DEFINITION. Let 2 =(D,0, 1, +,°) be a smooth double loop. The
group of all continuous automorphisms of & lying in Aut'(D, 0, +) is denoted
by Aut!(2).

Note that the last two definitions stress the peculiar role of the neutral
element 0 of a double loop Z. The following proofs are based on the fact that
the automorphism group Aut!(2) can be embedded in a linear group, which
acts on the tangential space of the element 0.

(2.7) LEMMA. If & =(L,0, +) is a connected smooth loop, then Aut'(¥) is a
closed subgroup of Aut(%¥).

Proof. Let (y,)cn be a sequence in Aut'(#) converging to an element y in
Aut(#). Since the group Aut(.¥) is taken with the compact-open topology,
the sequence (y,),cy cOnverges pointwise to y. Let %y be a smooth localiza-
tion of . with associated canonical coordinate system s and induced loop
(R", %, 0, @). Because y is a continuous map, there is a compact neighbor-
hood K of 0 contained in U such that y(K) = U holds. Because of lim,, ,, y,=
y and the compactness of K, we may assume that 7,(K)< U holds for every
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neN. In particular, the mappings ®, are defined on the set K. Thus by
Theorem (2.1), this implies that

q)yn IK = (I)yn’(o)'K

holds for every n e N. Applying Corollary (2.3), we conclude that the sequence
of the restricted functions (®, |x)nen converges pointwise. Now, the set h(K)
is a neighborhood of 0 in R” and the mappings @, (0) are linear. Hence, the
sequence (®,,'(0)),en converges in GL,R to a linear mapping . By definition
of y we infer that

(I)ylh(K) = Mh(K)’

i.c. the map @, is analytical on A(K). Thus the automorphism y is continuous-
ly differentiable on an appropriate neighborhood of 0, since h and i~ ! are
smooth mappings. Finally, this implies y € Aut}(.#), which proves the lemma.

As an immediate consequence of the last lemma we get the following result.

(2.8) PROPOSITION. If 2 =(D, 0, 1, +, ©) is a connected smooth double loop,
then the group Aut(2) is locally compact.

Proof. Let ¥ =(D,0, +) be the additive loop of &. Because of the
representation Aut(2) = {y e Aut(L); y(x°y) = yp(x) o p(y) for all x, ye D}, the
group Aut(2) is a closed subgroup of Aut(.#). By Lemma (2.7) this implies
that the group Aut!(2), which can be written as the intersection
Autl(2) = Aut(Z2)n Aut!(Z), is closed in Aut(2). Since this last group is
locally compact by [1], the claim of the proposition follows.

(2.9) LEMMA. Let 2 =(D,0, 1, +,°) be a connected smooth double loop and
let (y,)uen Pe a sequence in Aut! (D). Then there is a subsequence (})nen Of
(Va)wen Such that the set N:= {xeD; lim,_ . x" =0} is not dense in D.

Proof. Let ¥ :T" - GL,R be the embedding of Corollary (2.3) associated to
a fixed canonical coordinate system h:U —» R” with induced loop
(R", %,0, ®). Set D:= DU {0},

Assume that N is dense in D. Let #* =% be a star-shaped open
neighborhood of 0 and set U*:= h~ }(%*). Then U* "N = U* and there are

linearly independent vectors e, ...,e, in AWU*NN)cU* Setting
fii=h~Ye;)e U* we obtain
lim y,(f;) = 0.

Applying Lemma (2.4) we obtain
lim ‘P(y,)e,) = 0.

n—w
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Since the mappings ¥(y;) are linear and the elementse,, ..., ¢, form a basis of
R”, this implies that
lim W(y,)(x) =0

holds for any xe%*. Applying Lemma (2.4) once again, we infer that

lim 7,(u) = 0
n—o0
for any ue U*. Hence U* = N and consequently U*~! < N™'. The set
U* \{oo} is open in D (see [2,XI1.83]) and disjoint to N, since
N N~!= ¢ But then N cannot be dense in D, a contradiction.

The following is the central result of this paper.

(2.10) THEOREM. If 2 =(D,0, 1, +,°) is a connected smooth double loop,
then the group Aut!(2) is compact.

Proof. Let @y,=(D,U,0,4+) be a smooth localization of . Set
[:= Aut’(2) and let ¥: Aut!(2) - GL,R denote the embedding defined in
Corollary (2.3) which corresponds to a fixed canonical coordinate system 4 of
Dy. Let (R", %,0, @) be the induced loop of h.

First, we show that all orbits of I" in D are bounded, i.e. they are relatively
compact sets. Suppose that there is an unbounded orbit ¥’ in D. Then there
exists a sequence (V)en in I' with lim, , , u' = o0, Setting v:=u~"' this
implies that lim, ., v”» = 0. Similarly to the proof in [1] we may choose a
subsequence (y¥),en Of (Po)ueny and a dense subset R in D such that
lim,, , x* exists in D for any xeR.. We denote this subsequence again by
(Vnen- Moreover, the set N:= {xeD; lim,_, , x™ = 0} is not dense in D by
Lemma (2.9). The mapping x+> v e x: D — D is a homeomorphism by the very
definition of a double loop, since v # 0. Hence, also the set vo R is dense in D.
But this implies that the set N is dense in D, because of the relation ve R € N.
This, however, contradicts the result of Lemma (2.9). Consequently, all orbits
of I' are bounded in D.

By Lemma (2.4) and what was proved above there is a star-shaped
neighborhood #* = % such that the orbits w¥ are bounded for every
we* Letey,...,e,e%* belinearly independent elements. In particular, the
orbits of e; are bounded. Thus there is a compact neighborhood 4~ < R" of 0
satisfying e = " for any ie{l,...,n}. The elements of W(I') are linear
mappings. Consequently, there is a neighborhood @ < R" of 0 with
O¥® < . If #' is an arbitrary neighborhood of 0 in R”, then by the
compactness of %~ there is a positive real number 6 such that 6.4” <% holds.
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This implies that
(SO = §(O¥ D) S A" =W

Being locally compact, the group W(T') is closed in GL,R, and the compact-
ness of W(I') follows by the Arzela—Ascoli compactness criterion. Finally, the
compactness of I' follows from Corollary (2.3).
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