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We demonstrate that nearly critical quantum magnetic fluctuations in strongly correlated electron

systems can change the Fermi surface topology and also lead to spin charge separation in two dimensions.

To demonstrate these effects, we consider a small number of holes injected into the bilayer antiferro-

magnet. The system has a quantum critical point (QCP) which separates magnetically ordered and

disordered phases. We demonstrate that in the physically interesting regime, there is a magnetically driven

Lifshitz point (LP) inside the magnetically disordered phase. At the LP, the topology of the hole Fermi

surface is changed. We also demonstrate that in this regime, the hole spin and charge necessarily separate

when approaching the QCP. The considered model sheds light on generic problems concerning the physics

of the cuprates.
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It is well known that static magnetic order in a conductor
can influence the Fermi surface (FS) topology due to the
electron or hole diffraction from the ordered moments
(Fermi surface reconstruction). It is also well known that
spin and charge are separate in one-dimensional systems
[1,2]. In the present work, we address two generic prob-
lems—(1) Can dynamic magnetic fluctuations drive a
change in the FS topology? and (2) Is it possible to separate
spin and charge in a two-dimensional (2D) system, and if
so, what is the meaning of the separation? We give positive
answers to both questions and demonstrate that these two
problems are remarkably related. To address the generic
problems, we consider a specific model of a small number
of holes injected into the bilayer antiferromagnet (AFM)
with magnetic fluctuations driven by the interlayer cou-
pling. We show that, indeed, purely dynamic short range
AFM correlations in the absence of a static AFM order can
cause a Lifshitz point (LP) in which the topology of the FS
is changed. A similar model has been analyzed previously
by Vojta and Becker [3], where they also observed a LP.
However, in their case, the LP was always in the AFM-
ordered phase and, therefore, the central issue of the mag-
netic fluctuation-driven LP has not been addressed. We
also demonstrate that when the LP is in the disordered
phase, the hole spin and charge necessarily separate when
approaching the magnetic quantum critical point (QCP).
The possibility of spin-charge separation (SCS) in 2D has
been discussed previously within the context of the slave-
boson method. The method applied to the t-J model im-
plies the separation ad hoc [4]. In the present analysis, we
do not make any ad hoc assumptions. The precise meaning
of the separation following from our analysis is different
from that of the slave-boson method.

Our interest in the problems is motivated by the cup-
rates, which, in our opinion, manifest both the LP and SCS.
Below we explain the connection with cuprates. A reader

who is not interested in cuprates can go directly to Eq. (1),
where we start the analysis.
Lying at the center of the debate of high-Tc supercon-

ductivity is whether it originates from a Fermi liquid or
from a Mott insulator. The angle-resolved photoemission
spectroscopy indicates that the transition from a small to a
large FS occurs in the hole doping range 0:1< x< 0:15
[5–7]. Existence of hole pockets is consistent with the
picture of dilute holes dressed by spin fluctuations, based
on doping a Mott insulator [8]. On the other hand, angle-
resolved photoemission spectroscopy in the optimally to
overdoped cuprates shows a large FS as expected by
the Fermi liquid approach. This implies that there is a
topological Lifshitz point [9] (LP) in the doping range
0:1< x< 0:15, where the Fermi surface changes from
small to large. A phenomenological description of the LP
based on the Fermi liquid picture was suggested in
Ref. [10]. Dynamical mean-field theory calculations [11]
with the Hubbard model also indicate the LP.
Magnetic quantum oscillation (MQO) in underdoped

YBa2Cu3Oy [12] have revealed a small FS pocket, in

contrast to the large FS observed on the overdoped side
[13]. This, again, indicates the existence of a topological
LP. The MQO measurements were performed in very
strong magnetic fields, up to 80 T. Therefore, a possible
point of view is that the field induces a static magnetic
structure, and the structure causes the small Fermi surface
reconstruction [14]. However, the small FS was observed
in MQO up to 12% doping [15], and it is unlikely that even
an 80 T field can generate a static AFM order at such high
doping. On the other hand, the short range dynamic AFM
correlations always exist in the cuprates. Moreover, recent
resonant inelastic x-ray scattering measurements [16] dem-
onstrate remarkably that such correlations are practically
doping independent, from Mott insulator to optimal dop-
ing. Based on this data, one can conjecture that the cuprates
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are always close to magnetic criticality. This motivates us
to study if the LP can be driven by short range, purely
dynamic AFM correlations. We consider a bilayer model
for the sake of performing a controlled calculation.
However, we believe that, conceptually, our conclusions
are equally applicable to both single and multilayer
cuprates.

Now, we turn to the discussion of SCS and its relation to
magnetic quantum criticality. Optimally and overdoped
cuprates do not have any static magnetic order. On the
other hand, the underdoped cuprates possess a static in-
commensurate magnetic order at zero temperature. A mag-
netic QCP separating these two regions was predicted in
[17]. In La2�xSrxCuO4 the QCP is smeared out because of
disorder. However, in YBa2Cu3Oy, the QCP is located

experimentally at doping x � 0:09 (y � 6:47) [18–20]. In
the magnetically ordered phase, the hole does not carry
usual spin; instead, it carries only a pseudospin which
marks the sublattice. The pseudospin interacts with a mag-
netic field in a very unusual way [21,22], and this is the
meaning of the partial SCS in the magnetically ordered
phase [17]. On the other side of the QCP, there is no static
magnetic order; hence, spin and charge are united. In the
present work, we analyze the process of SCS at the QCP.
The model considered here has only commensurate mag-
netic ordering, so we put aside incommensurability in the
cuprates.

We consider the t-t0-t00-J model defined by the following
Hamiltonian on the bilayer square lattice

H ¼ J
X
hi;ji

ðSð1Þ
i � Sð1Þ

j þ Sð2Þ
i � Sð2Þ

j Þ þ J?
X
i

Sð1Þ
i � Sð2Þ

i

�X
hi;ji

ti;jðcyi�cj� þ cyj�ci�Þ; (1)

where cyi� is the creation operator of an electron with spin

� ¼" , # at site i on the top plane, Sð1Þ
i ¼ 1

2 c
y
i����ci�, and

ti;j ¼ ft; t0; t00g is the hopping integral between nearest,

next-nearest, and next-next-nearest neighbor sites, respec-
tively. The superscripts (1) and (2) indicate the layers.
Hereafter we set J ¼ 1. A no-double-occupancy constraint
is imposed. It is well known that without holes (half-
filling), the model has an O(3) magnetic QCP at
J? � 2:5 [23], separating the magnetically disordered
and the AFM-ordered phases. The hopping integrals t, t0,
and t00 result in charge dynamics if a hole is injected into
the system. The longer range hopping integrals t0 and t00 are
crucial as we will explain later. Note that we consider the
zero temperature case, so the magnetic ordering in the
AFM phase is consistent with the Mermin-Wagner
theorem.

We focus on small doping, x � 1, such that it does not
influence the magnetic fluctuations. Magnetic fluctuations
and the QCP are driven by the interlayer coupling J?. The
holes fill the rigid band formed by the magnetic quantum

fluctuations. To address the problems formulated above, it
is sufficient to calculate the single hole Green’s function.
Certainly, at sufficiently high concentration of holes, they
start to influence the magnetic fluctuations and, hence, the
rigid band approach fails. However, we do not need to go to
such high concentrations to draw our conclusions. Such an
approach is only possible because the magnetic dynamics
are driven by J? and are independent of the hole concen-
tration. This is a significant simplification compared to the
t-J or Hubbard model, where doping is the only ‘‘handle.’’
We find that close to the O(3) QCP, the hole dispersion

has minima at k ¼ ð� �
2 ;� �

2Þ. This results in small hole

pockets similar to that in the cuprates at small doping. The
pockets are formed due to strong in-plane AFM correla-
tions which diminish the nearest site hopping t. Upon
increasing J?; the in-plane AFM correlations are reduced

and the dispersion minima gradually shift and reach k ¼
ð��;��Þ at some value JLP? . This is the position of

topological LP at x ! 0. The in-plane AFM correlations
are diminished at J? ! 1 and, hence, the hole dispersion
is almost like that in the normal Fermi liquid, but a factor of
2 reduced due to J?.

�ð0Þk ¼ 2t�k þ 2t0�0
kþ 2t00�00

k �k ¼ 1
2½coskx þ cosky�;

�0
k ¼ coskx cosky; �00

k ¼ 1
2½cosð2kxÞþ cosð2kyÞ�: (2)

At J? < JLP? there are four FS pockets and at J? > JLP?
there is only one pocket centered at ð�;�Þ according to (2).
It is important to make it clear that as soon as we consider
only one hole, we observe just a crossover from one shape
of the dispersion to another. However, at a finite concen-
tration of holes, this results in a sharp LP with MQO
frequency jump by a factor of 4.
Magnetic excitations in the magnetically disordered

phase are triplons. To describe the triplons, we employ
the spin-bond operator mean-field technique [24]. This
technique gives a QCP at Jc? � 2:31 which is reasonably

close to the value 2.525 known from quantum Monte Carlo
calculations [23]. All necessary equations describing the
triplon dynamics have been derived in Ref. [24]. One can
certainly employ a more accurate Brueckner technique
[25]. However, this technique is more involved, while the
bond operator mean-field approach has sufficient accuracy
for our purposes, and we chose it for simplicity.
To describe the hole dressed by triplons, we use the self-

consistent Born approximation (SCBA) which disregards
vertex corrections. This approximation has been widely
used to study hole dynamics in the AFM background [8].
In the AFM background, the single loop vertex correction
is zero due to kinematic constraints and, hence, the SCBA
is very accurate. In the present case of the magnetically
disordered background, the single loop vertex correction is
nonzero. However, the correction is suppressed by the
parameter 1=N, where N ¼ 3 is the number of the triplon
components [26]. To confirm the accuracy of the SCBA,
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we compare results with that of numerically exact dimer
series expansions. Note that here we are working in terms
of the true spin of the hole, while in the case of the AFM
background one has to work in terms of pseudospin.

The SCBA results in the following Dyson’s equation for
the hole Green’s function:

Gðk;�Þ¼
�
���ð0Þk �3

X
q

g2k�q;qGðk�q;���qÞþ i0

��1
;

where the factor 3 comes from the three different polar-
izations of the intermediate triplon. The bare hole disper-

sion �ð0Þk is given by (2). The hole-triplon vertex is

gk;q ¼�ð1= ffiffiffiffi
N

p Þ½uq�k þ vq�kþq� � ðJ= ffiffiffiffi
N

p Þ�qðuq þ vqÞ,
where �p ¼ ½2t�p þ 2t0�0

p þ 2t00�00
p�, and uq and vq are

the triplon Bogoliubov coefficients. These coefficients as
well as the triplon energy�q were calculated in [24]. Note

that on approaching the QCP, the vertex diverges at
q ! ð�;�Þ, and this leads to the SCS as we discuss below.
A similar Dyson’s equation was used in Ref. [27] but with a
different vertex gk;q. We believe that the vertex in [27] is

wrong. We solve Eq. (2) numerically on a 128� 128
cluster with energy resolution��¼0:02. The quasiparticle
dispersion is given by the position of the �-function peak in
the hole spectral function Aðk; �Þ ¼ � 1

� Im½Gðk; �Þ�.
We start from the case of small hopping, t ¼ 0:5,

t0 ¼ t00 ¼ 0. We plot in Fig. 1 the spectral functions at
values J? ¼ 2:31 and J? ¼ 3. Note that J? ¼ 2:31 is
exactly the position of the QCP obtained from the mean-
field triplon analysis. Spectra in Fig. 1(a) do not show any
quasiparticle peaks; instead, there are only power cuts.
This is similar to the Green’s function of an immobile
magnetic impurity at the QCP [26,28]. Remarkably, the
hole mobility does not influence this behavior. The power
cuts imply that the spin is distributed around the hole in a
diverging cloud indicating SCS at the QCP (see discussion
below). On the other hand, spectra in Fig. 1(b) show
quasiparticle peaks separated by the triplon gap � from
the incoherent spectra. Figure 1(b) shows the dispersion
minimum at k ¼ ð�;�Þ, while the cut position in Fig. 1(a)
is practically the same for all momenta. Hence, we con-

clude that the position of the LP in this case coincides with
that of the QCP.
We also perform dimer series expansion calculations for

t ¼ 0:5, t0 ¼ t00 ¼ 0 and compare the results with the
SCBA. The series expansion method allows one to deter-
mine only the quasiparticle dispersion. Naturally, the
method does not converge close to the QCP, as there are
no quasiparticles there. However, at J? ¼ 3, the method
works well and agreement between the SCBA and series is
good; for example, the SCBA bandwidth is �ð0;0Þ-�ð�;�Þ ¼
0:40 and the series band width is 0.41.
In the strong coupling limit, t ¼ 3:1, we rely on the

SCBA since the series expansion does not converge.
Spectral functions for t ¼ 3:1, t0 ¼ t00 ¼ 0 are shown in
Fig. 2 for J? ¼ 2:31 and J? ¼ 3:00. In this case, there is
no LP in the disordered phase, as the bottom of the band is
always at k ¼ ð�;�Þ. Hence, the LP is inside the magneti-
cally ordered phase in agreement with [3]. At the band
bottom, there are well defined quasiparticles even at the
QCP. This indicates that there is no SCS. The spectra at
k ¼ ð�2 ; �2Þ and k ¼ ð�; 0Þ have cuts at the QCP. However,
these are the high-energy states which are irrelevant at
small doping.
The last and the most important set of parameters,

t ¼ 3:1, t0 ¼ �0:8, t00 ¼ 0:7, roughly corresponds to the
parameters of the cuprates. Although we do not intend to
simulate the cuprates quantitatively, we choose the pa-
rameters relevant to cuprates such that the interplay of
various mechanisms can be compared on a similar energy
scale. The spectral functions are shown in Fig. 3 for several
values of J?. The dispersion maps shown in the insets
clearly demonstrate that the LP is located at J? � 3 within
the magnetically disordered phase. This topological tran-
sition is caused by fully dynamic antiferromagnetic corre-
lations. The demonstration of the possibility of the fully
dynamic scenario is the first major conclusion of the
present work. Our analysis assumes small doping; practi-
cally, we need x < 0:1when the FS built on maps Figs. 3(b)
and 3(c) are topologically different. Why have the longer
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FIG. 1 (color online). The hole spectral functions at t ¼ 0:5,
t0 ¼ t00 ¼ 0, for J? ¼ 2:31 (a) and J? ¼ 3 (b). Here, we show
k ¼ ð�2 ; �2Þ (black, solid line), ð�;�Þ (red, dashed line), and ð0; 0Þ
(blue, dotted line). There is a significant distant incoherent
part; the quasiparticle residues for J? ¼ 3 are Zð�2 ;�2Þ ¼ 0:66,

Zð�;�Þ ¼ 0:88, and Zð0;0Þ ¼ 0:32.
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FIG. 2 (color online). The hole spectral function at t ¼ 3:1,
t0 ¼ t00 ¼ 0, for J? ¼ 2:31 (a) and J? ¼ 3 (b). Values of the
momentum are k ¼ ð�2 ; �2Þ (black, solid line), ð�;�Þ (red, dashed
line), and ð�; 0Þ (blue, dotted line). The quasiparticle residues for
J? ¼ 3 are Zð�2 ;�2Þ ¼ 0:31, Zð�;�Þ ¼ 0:80, and Zð�;0Þ ¼ 0:35. The

inset in (a) shows spectral functions in the broader energy range,
and the inset in (b) shows the map of the hole dispersion. The
dark region is minimum of the dispersion.
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range hoppings qualitatively changed the situation? At
t0 ¼ t00 ¼ 0, the LP is in the ordered phase but already
rather close to the QCP. A hopping t00 > 0 pushes down the
bare dispersion (2) at the nodal point k ¼ ð�=2; �=2Þ,
helping magnetic fluctuations to form a small pocket. A
pretty small positive t00 is sufficient to shift the LP to the
disordered phase. The role of t0 is less important. The shift
of the LP is due to the tuning of the longer range hoppings.
The ‘‘tuning’’ has been performed by nature in the cuprates
where the qualitative importance of t0, t00 is well known.
These parameters give asymmetry between the hole and
the electron doping. Holes go to the nodal points, while
electrons go to the antinodal ones, resulting in dramatically
different Fermi surfaces and magnetic properties. We fol-
low nature and rely on the same mechanism.

Our second major conclusion follows from the first one
and it concerns SCS at the QCP. According to Fig. 3(a), at
the QCP the lowest energy spectral function, k ¼ ð�2 ; �2Þ,
does not have a pole but only a cut. According to previous
studies for an immobile impurity, a cut indicates that the
spin density is distributed in a power cloud around the hole
[26,28]. Having a similar Green’s function, we directly
project the results of Refs. [26,28] to the present case.
When approaching the QCP from the magnetically disor-
dered phase, the quasiparticle residue approaches zero,
Z / �z, z � 0:4, as the triplon gap � approaches zero.
The fraction of spin localized at the hole goes to zero / Z.
The rest of spin is distributed around the hole over a disk of
radius R / 1=�. At r � R, the spin density is / 1=r�,
1<�< 1:5. Therefore, the average radius of the spin
cloud hri � R diverges at the QCP, indicating SCS. On
the other side of the QCP, deep inside the AFM phase, the

hole interaction with a magnetic field is described by
pseudospin [21,22]. This interaction implies a partial
SCS [17]. Evolution of the spin cloud when approaching
the QCP from the AFM phase is not clear at present.
Because of the diverging magnon cloud, the hole effective
mass also diverges at the QCP. Drawing an analogy with
the cuprates, we note that the effective mass measured in
MQO [15] diverges on approaching the QCP identified by
neutron scattering [18–20].
In conclusion, we consider the bilayer t� t0 � t00 � J

model with strong interlayer coupling J?. The hole doping
is low, so the magnetic dynamics are driven only by the
interlayer coupling. At J? ! 1, the hole Fermi surface is
connected and centered at k ¼ ð�;�Þ. At certain JLP? the

AFM correlations reconstruct the connected Fermi surface
into four separate pockets centered close to k ¼
ð� �

2 ;� �
2Þ. We have demonstrated that the LP where the

topology of the FS is changed can be located within the
magnetically disordered phase. The LP is driven by purely
dynamic AFM correlations in absence of any static mag-
netic order. The physics behind the LP is the following:
Strong AFM correlations make the nearest site hopping t
almost idle, while the distant hoppings t0 and t00 are influ-
enced to a much lesser extent. A balance of these effects
gives rise to the LP. Because of the importance of the AFM
correlations, the LP is located not very far from the mag-
netic QCP.
We have also demonstrated that if the LP is located in

the magnetically disordered phase, then on approaching
the magnetic QCP, the hole spin and charge separate. The
separation scale is equal to the magnetic correlation length
which diverges at the QCP.
We are not aware of 2D materials with a low concentra-

tion of charge carriers and with a magnetic QCP driven by
a separate parameter. Perhaps such materials will be syn-
thesized in the future and/or the model can be realized with
cold atoms. However, the most important outcome of the
analysis is the demonstration of the principal possibility of
the topological transition and spin-charge separation. We
believe that, conceptually, the results are applicable to the
single and multilayer cuprates.
We are grateful to A. V. Chubukov and G. Khaliullin for

useful comments. Numerical calculations performed in this
work were done at the National Computational
Infrastructure at the ANU, under Project No. u66.

[1] S.-I. Tomonaga, Prog. Theor. Phys. 5, 544 (1950).
[2] J.M. Luttinger, J. Math. Phys. (N.Y.) 4, 1154 (1963).
[3] M. Vojta and K.W. Becker, Phys. Rev. B 60, 15201

(1999).
[4] X.-G. Wen and P.A. Lee, Phys. Rev. Lett. 76, 503 (1996).
[5] M.A. Hossain et al., Nature Phys. 4, 527 (2008).
[6] R-H. He et al., New J. Phys. 13, 013031 (2011).

8 7 6 5 4 3 2
0

0.5

1.

1.5

2.
A

k,
a

5 0 5
0.0

0.5

1.0

1.5

2.0

8 7 6 5 4 3 2
0

0.5

1.

1.5

2.

A
k,

b

0

0

0

0

8 7 6 5 4 3 2
0

0.5

1.

1.5

2.

A
k,

c

0

0

0

0

8 7 6 5 4 3 2
0

0.5

1.

1.5

2.

A
k,

d

0

0

0

0

FIG. 3 (color online). The hole spectral function at t ¼ 3:1,
t0 ¼ �0:8, t00 ¼ 0:7 for J? ¼ 2:31 (a), 2.50 (b), 3.00 (c), and
4.00 (d). Values of momentum are k ¼ ð�2 ; �2Þ (black, solid line),

ð�;�Þ (red, dashed line), and ð�; 0Þ (blue, dotted line). The
quasiparticle residues for J? ¼ 3 are Zð�2 ;�2Þ ¼ 0:29, Zð�;�Þ ¼
0:77, and Zð�;0Þ ¼ 0:20. The inset in (a) shows spectral functions

in the broader energy range, and the insets in (b)–(d) show maps
of the hole dispersion. The dark region is minimum of the
dispersion.

PRL 109, 037001 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending
20 JULY 2012

037001-4

http://dx.doi.org/10.1143/PTP.5.544
http://dx.doi.org/10.1063/1.1704046
http://dx.doi.org/10.1103/PhysRevB.60.15201
http://dx.doi.org/10.1103/PhysRevB.60.15201
http://dx.doi.org/10.1103/PhysRevLett.76.503
http://dx.doi.org/10.1038/nphys998
http://dx.doi.org/10.1088/1367-2630/13/1/013031


[7] H.-B. Yang, J. D. Rameau, Z.-H. Pan, G. D. Gu, P. D.
Johnson, H. Claus, D. G. Hinks, and T. E. Kidd, Phys.
Rev. Lett. 107, 047003 (2011).

[8] Z. Liu and E. Manousakis, Phys. Rev. B 45, 2425
(1992).

[9] I.M. Lifshitz, Zh. Eksp. Teor. Fiz. 38, 1569 (1960) [Sov.
Phys. JETP 11, 1130 (1960)].

[10] K. Y. Yang, T.M. Rice, and F. C. Zhang, Phys. Rev. B 73,
174501 (2006).

[11] T.D. Stanescu and G. Kotliar, Phys. Rev. B 74, 125110
(2006).

[12] N. Doiron-Leyraud, C. Proust, D. LeBoeuf, J. Levallois,
J.-B. Bonnemaison, R. Liang, D. A. Bonn, W.N. Hardy,
and L. Taillefer, Nature (London) 447, 565
(2007).

[13] B. Vignolle, A. Carrington, R. A. Cooper, M.M. J. French,
A. P. Mackenzie, C. Jaudet, D. Vignolles, C. Proust, and
N. E. Hussey, Nature (London) 455, 952 (2008).

[14] N. Harrison, Phys. Rev. Lett. 102, 206405 (2009)
[15] J. Singleton et al., Phys. Rev. Lett. 104, 086403

(2010).
[16] M. Le Tacon et al., Nature Phys. 7, 725 (2011).
[17] A. I. Milstein and O. P. Sushkov, Phys. Rev. B 78, 014501

(2008).

[18] C. Stock, W. J. L. Buyers, Z. Yamani, Z. Tun, R. J.
Birgeneau, R. Liang, D. Bonn, and W.N. Hardy, Phys.
Rev. B 77, 104513 (2008).

[19] V. Hinkov, D. Haug, B. Fauqué, P. Bourges, Y. Sidis, A.
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