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Abstract

The number of papers and research reports addgessintheory and/or practice of mathematical
modelling with some form of connection to educatismgrowing astronomically. Small wonder then
that educational publications featuring articlesesgmng from this field, present such a plethora of
views that even those experienced in the fieldbzmome disoriented, let alone those feeling thay w
in a new area. This paper joins a conversation tloaicerns itself with meanings, approaches,
priorities, and intentions associated with the olsthe term ‘mathematical modelling’ as it occuns i
education. For example it will be argued that theeeessentially two generic approaches to modgellin
within education: modelling that acts primarily asvehicle’ for the attainment of other curricular
priorities, and modelling as ‘content’ that seeikstfto nurture and enhance the ability of students
solve authentic real world or life-like problemsitifih these approaches there are particular puspose
and perspectives, but the latter are just thatey tlre not (as sometimes suggested) additional
modelling genres. The paper visits areas of relevato its theme: such as stated priorities of
educational authorities in curriculum statemengges$ of activity that make up the two modelling
genres; a selection of writings that canvass aaichy of issues, challenges, and research fotatiea
currently engaging interest and activity within tfield; and the implications of criticisms of
modelling, both appropriate and misplaced.

Keywords: modelling genre; curricular mathematics; modelksgcontent
1. Introduction

As we are well aware the number of papers and reseaports addressing the theory and/or
practice of mathematical modelling with some forfnconnection to education has been growing
astronomically. A short web-search, combining ‘neatiatical modelling’ (both spellings) with
‘education’ elicited about 23 000 references; ifd®ky was used in place of modelling the number
increased to about 14.5 million. Small wonder thiat educational publications have been
increasingly featuring articles emerging from thedd, even less that such a plethora of views are
presented that even those experienced in thedaidoecome disoriented, let alone those feelinig the
way in a new area. This paper joins a conversahah concerns itself with meanings, approaches,
priorities, and intentions associated with the olsthe term ‘mathematical modelling’ as it occuns i
education. It cannot expect to solve problemsneet with everyone’s approval - what it will try to
do is simplify discussion by disentangling somenalats that seem to have become confused. For
example it will be argued that there are essewtialio generic approaches to modelling within
education and that that within these approache® thes particular purposes and perspectives. The
latter are just that — they are not (as sometimggested) additional modelling genres.

That two distinct genres can be identified withpexs to mathematical modelling within
educational settings is made clear through thevioflg quotations:

“The curricular context of schooling in our countlges not readily admit the opportunity to make
mathematical modeling an explicit topic in the K+#hathematics curriculum. The primary goal of
including mathematical modeling activities in stot® mathematics experiences within our
schools typically is to provide an alternative d @npposedly engaging — setting in which students
learn mathematics without the primary goal of belogrproficient modelers. We refer to the
mathematics to be learned in these classroomsuascldar mathematics” to emphasize that this
mathematics is the mathematics valued in theseotshend does not include mathematical
modeling as an explicit area of study. Acknowledgthis curricular context, we recognize that
extensive student engagement in classroom modelctiyities is essential in mathematics
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instruction only if modeling provides our studemniith significant opportunities to develop deeper
and stronger understanding of curricular mathemmdt{@biek and Conner, 2005).

Julie (2002) and elsewhere uses the term ‘modedmgehicle’ to describe the above approach, and
contrasts it with ‘modelling as content’ as illeed specifically in the following.

“It needs to be borne in mind, however, that whatelaims are made to embedding mathematics
in context the purpose of this embeddedness ighsotonstruction of mathematical models but
rather the use of context and sometimes matherhatiodels as vehicles for the learning of
mathematical concepts, procedures and at timefigasbns. Mathematical modelling should not
only be a vehicle for these mathematical ideas. &g at this level conceals the “behind-the-
scene” work and intricacies involved in the consinn of a mathematical model... In trying to
come to grips with the behind the - scene work imricacies involved in mathematical model
construction, it is necessary that mathematical etiog should also be experienced as content.
Mathematical modelling as content entails the goibn of mathematical models for natural and
social phenomena without the prescription thaatemathematical concepts or procedures should
be the outcome of the model building process. db @ntails the scrutiny, dissection, critique,
extension and adaptation of existing models with tlew to come to grips with the underlying
mechanisms of mathematical model construction figJ2002).

In the above terms mathematical models in educatierconstructed for one of two curricular
reasons. Either to use as a ‘vehicle’ for purposksntroducing other curricular material and
associated priorities, or to enable students tmlead apply modelling skills to solve real probtem
relevant to their world — modelling as ‘content'nd\it is fair to allow that both genres may be
included in some educational settings to achieveptementary goals.

The different alternative approaches have differeativations and different global purposes.
The rationale for the ‘modelling as vehicle’ appriodhas been articulated clearly in the first of the
above quotations — here modelling acts a servaathter curricular needs or educational purposes —
while ‘modelling as content’ gives primacy to mdugj activity, and has a dual purpose. On the one
hand, as Julie stresses, it provides students wgethuine real world related problem solving
experience; but additionally it aims to help theavelop a mental ‘modelling infrastructure’ so that
they can become users of their mathematical knayeléd the sense of being able to independently
address problems in their world. This adds a padidearning purpose beyond the goal of obtaining
solutions to individual problems, one whose motosmtstems from a belief that it is unacceptable (if
not shameful) for students to spend ten, twelvel, even fifteen years in mathematics curriculum
subjects yet be unable to access their store ohanattical knowledge for purposes other than
undertaking coursework or assessment items. Thad €onphasis elevates ‘modelling as content’
beyond the pragmatic view that an end product esptimary or sole purpose of a problem solving
venture, to a focus on what goes on in the modgltirocess, and how this impacts on students,
teachers, and the problem itself both with respgecthe problem at hand, and with respect to
developing modelling expertise over time.

Recognition that such real world problem solvingextise is a foremost educational goal
continues to be reinforced internationally, at teaficially, through documents that set specific
educational goals for the learning of mathematias + the following:

“Mathematical literacy is defined in PISA as theaeity to identify, understand and engage
in mathematics, and to make well-founded judgemehtit the role that mathematics plays
in an individual's current and future private lifegcupational life, social life with peers and

relatives, and life as a constructive, concernebrafiective citizen.” (OECD 2001, p.22 cited

in Kaiser, 2005).

“Students develop numeracy, reasoning, thinkintisskind problem solving skills through the
learning and application of mathematics. Thesevahged not only in science and technology,
but also in everyday living and in the workplacéCurriculum Planning and Development
Division, Ministry of Education, Singapore, 2006)

“It (Australian Mathematics Curriculum) developsthumeracy capabilities that all students
need in their personal, work and civic life, andbypdes the fundamentals on which
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mathematical specialties and professional apptinatiof mathematics are built. These
capabilities enable students to respond to famdiad unfamiliar situations by employing
mathematical strategies to make informed decisiang solve problems efficiently.”

(Australian Curriculum Assessment and ReportinghAdity, 2010).

However such abilities can only develop if mathecahtexperiences are drawn genuinely
from these same areas of personal, vocational caia contexts. Much work carried out under the
banner of mathematical applications or modellingtek over the aspect most crucial to developing
modelling expertise — formulating a mathematicadlgpgem from a messy real world context, and
doubts remain whether authors of such officialestagnts really appreciate the kind of educational
support that is needed for schools, teachers, atlits to successfully engage with ‘modelling as
content’ if such intentions are to become reality.

While as emphasised above, the ‘content’ and ‘ehapproaches differ in key respects, and
their respective goals are distinct, they shouldhbsoviewed as necessarily antagonistic. In seetking
solve genuine problems the need for new mathenhaticdent may emerge, while real-world contexts
can provide legitimate vehicles for the introductaf desired mathematics.

2. Versions of modelling asvehicle

Below are summarised, approaches that have useteiime‘modelling’ in some sense to
describe what they set out to achieve. With onejgtkan they are better classified as some form of
application, since the fundamental attribute ofrfolating a mathematical model from a real or
genuinely lifelike situation is effectively absem$ a serious component of the enterprise. Certainly
they share the aim of using contextualised mathemé#br the purpose of pursuing other content
related purposes, rather than the advancement @élimg abilities as such.

2.1.Using contextualised examplesto motivate the study of mathematics.

Pierce and Stacey (2006) explored reasons why seawhers chose problems set in real
world contexts, and the teaching priorities thdtuenced the way in which such problems were
subsequently treated. In particular they were a@#tid in the extent to which the ‘halo effect’ -
interpreted to mean the achievement of positivdinige towards mathematics through the use of
problem contexts that appealed to the studentsiests - influenced pedagogical choices. It emerged
that the goals were overwhelmingly affective rattiean cognitive, so that mathematical learning was
frequently subservient, more weight being attadiodabow the students were viewing a task, and their
associated feelings about mathematics at largey tbaexploiting its potential for enhancing
mathematical understanding and power. Such an appn@nders terms like mathematical modelling
inappropriate to describe the intention and praaticthe classroom activity, and the existenceuohs
practices illustrates that the mere use of a realdvcontext in presenting mathematics does not
necessarily mean that mathematical modelling oriegipns work is being conducted in some
significant way.

2.2.Usingreal problem situationsasa preliminary basisfor abstraction.

Bardini, Pierce, and Stacey (2004) and Bardini Stacey (2006) describe studies into the
teaching of linear functions to junior secondariad students (years 9 and 8 respectively) using
problems based in real-world contexts. A main psepwas to develop the function rule y = mx + ¢
through examples in which ‘m’ and ‘c’ had real vebrheanings, such as services that comprise a flat
call charge plus a labour charge that accumulaiéis tme. Symbolic, numerical, and graphical
representations of the relationship were considesedhat intercepts, slopes, points of intersactio
and intervals required interpretation in contexttoas a variety of problem settings. Of primary
interest was the level of understanding and fgciktth algebra that students developed during the
five-weeks of the study. Students learned to wailgebraic rules in conventional formats, were
comfortable selecting symbols that made sense rimsteof the problem settings, and showed
understanding of the function property of expregsime variable quantity in terms of another.
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Concerns include the seemingly excessive time (fireeks) taken to accomplish some rather basic
goals, and the way the mode of instruction impactethe authenticity of the approach if viewed as a
modelling enterprise. In both studies direct teaghvas employed with the ‘effectiveness’ of leagnin
assessed by means of pre and post testing. Thigroaomnsed the reality of the approach — for example
students were expected to make decisions abouéxtoatised problems on their own, whereas in
reality, for example, a decision about which plumtze hire would usually be taken by a couple or
family group, after examining, and perhaps debatihg merits of respective quotes. Confusion was
exhibited by students, as in giving competing iotetations to the parameters ‘m’ and ‘c’ in a
practical context, precisely the kind of situatishere individual understanding can be clarifiedtoy
type of peer discussion promoted in team approache®delling tasks.

2.3.Emergent Modelling

Emergent modelling (Gravemeijer, 2007; Doorman @navemeijer, 2009) is an instructional
design heuristic, developed as a component of aatteapecific instruction theory generated within
the Reality in Mathematics Education framework lie tNetherlands. ‘Emergent’ refers both to the
nature of the process by which models emerge ftonests’ experience, and to the process by which
these models support the emergence of formal maitieath ways of knowing - that are no longer
dependent on the support of the original modelat 1) there is emphasis on a search for modets tha
can be developed into entities of their own, arfisequently into models for mathematical reasoning.
Gravemeijer (2007) summarises the process as onéaludtraction-as-construction” in which
mathematical knowledge is grounded in earlier egpees that are meaningful and applicable. In that
they are familiarised with a mathematical take wergday life situations in the process, studengs ar
incidentally prepared for more serious applicateord modelling adventures in the future - indeed
Gravemeijer has usefully referred to emergent nimdehs a precursor to mathematical modelling.
This is consistent with the earlier views of Frenttial that mathematical models are only found at th
lowest levels of mathematising that has its rootan extra-mathematical situation. This also fosuse
attention on the distinction consistently emphabisetween modelling and use of models — the former
incorporating also what is described by Freudentdwmlmathematising, and frequently involving
several of the latter. Emergent modelling can leeved as an organised and theorised approach to the
use of models for systematically developing matherabconcepts and understanding. By contrast the
approach described in the previous section involweek-off attempts to use contextualised
mathematics to motivate and attain proficiency veitparticular mathematical relationship, without a
clear instructional rationale to guide the teaching

2.4.Modelling as curvefitting

This approach has become increasingly significattit the availability of regression menus in
software and graphical calculators. A model gaedrly this means can become a purely technical
artefact whose parameters vary with the particdéta set, and which can be generated in complete
ignorance of the principles underlying the realiaion — indeed undertaken without knowledge of
where a table of data comes from. It raises a prafatheoretical issue — the relative authority of
disembodied data as such, versus the theoreticatste underpinning its generation In one example
curves were fitted to population data by using sesively the full suite of regression choices
available on a graphical calculator — with no apparealisation that data generated by births death
and migration should have an underlying exponengatern. Curve fitting remains an important
activity within the modelling enterprise, but whesed mindlessly it creates a dangerous aberration o
the modelling concept. Riede (2003) demonstratesd gonodelling practice when relating
weightlifting records to weights of athletes. Awénted parabola was postulated to model the data, o
the grounds that weight lifted at first increasdthvbody weight, but ultimately (beyond the super
heavyweight class) begins to decrease as body wieighirs the ability to lift. The subsequent fiasv
excellent. Technology is an indispensible aid ingoessing modelling capability, but the ultimate
authority must be the integrity of the modellingtexprise, not the seductive attractions of menu
options.
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2.5.Word problems

Verschaffel (e.g. Greer and Verschaffel, 2007; Weasfel and Van Dooren, 2010), has been
writing and researching insightfully, for many ygasn the subject of student approaches to word
problems. Studies in a variety of countries havesistently demonstrated the propensity of students
to ignore contextual factors, and apply (often mect) actions based on perceptions of what school
mathematics is about — such as being divorced fiemtity. His work with colleagues has included a
focus on the suspension of sense making by studenile working on word problems, so that
aberrations are produced that the same studentsl weuer contemplate in their real lives outside th
classroom. Various intervention studies to idenpfpblems and stimulate improvement have been
designed and implemented, with varied outcomes {&mwhaffel and Van Dooren (2010) for a
summary of some of these). Attention is drawn withpact of classroom culture in seeking change,
for not only are different types of problems needmd improvement “would also imply a classroom
culture radically different from that which typitalexists in many mathematics classes.” The
difficulty of producing change may well be compoeddby the types of intervention materials
proposed — more realistic word problems in textkdsodo not address the cultural issues that learning
from text books in this area themselves reinfoliche medium remains the same a different message
is difficult to promote.

With the exception of the first, all of the abowgpds of activity have the intention of
enhancing the mathematical performance of studemsd, it is not the intention to decry the
contributions they can genuinely make to curricutethematics. It is important that incisive work
continues, to increase the effectiveness of thesipective implementations. It is simply pointed out
that taken alone they are not equipped to prodtumests who are effective modellers, or to foster
abilities such as those implied in the nationaticutum statements referenced above.

3. Characteristics of modelling as content

Mathematical modelling as content had its origimshie advocacy of individuals such as Henry
Pollak, who brought their experience as modellersndustry to Education. At ICME-3 in 1976
Pollak, who had been advocating an integration pdlieations and modelling into mathematics
teaching for some time (e.g., Pollak 1969) browapylications and modelling to the fore through his
lecture on "The Interaction between Mathematics @tlder School Subjects” (Pollak 1979). Thus
began a symbiotic relationship between mathemascand mathematics educators which continues
to enrich the field to this day. At roughly the satime the ICTMA group held its first meetings, and
its presence as an Affiliated Study Group of ICKlBn important influence in the continued advocacy
of the importance of ‘mathematical modelling asteati as a genre within educational contexts. The
importance of the contribution of expert modelledso ply their trade outside education cannot be
measured, but it remains a significant referennha@ntaining the authenticity of modelling activéie
Central to its influence is the representationgftliagrammatically) of a cyclic process that cegsu
and distils the essential characteristics of maugkctivity. Pedley (2005) in his role as Presidef
the IMA (Institute of Mathematics and its Appliaats) describes, with examples what an applied
mathematician does in approaching problems, andagrainmatic interpretation of his verbal
description is shown in Figure 1.

¢ 1. Understand the real problem situatior®

2. Frame an appropriate mathematical questen
3. Formulate a model, using simplifying assumpgiott «————

4. Analyse the model

'

5. Compare mathematical outcomes with readty

¢ 6. Modify and repeat until an adequate solutios teen found.

Figure 1. Modelling Process (after Pedley, 2005)
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The arrows on the left display the ultimate pathdrayn problem setting to solution, while
those on the right indicate that iterative backkiag may occur repeatedly between any phaseseof th
modelling cycle - whenever such a need is ideifiThis is a compact version of the modelling
framework that over the years has appeared in warforms (often with seven stages) in many
sources, such as (Edwards and Hamson, 1996)rdagonable to expect that readers of this journal
are familiar with such representations. A severt#iyes which is not shown in the above involves
communicating the results of the modelling entesgari

3.1. Two functions of modelling frameworks

Frameworks (such as Figure 1) have been used foy gears within modelling programs, on
the grounds firstly that they accurately reflea tiroblem solving process undertaken by modellers.
For example the construction of Figure 1 emergednfithe description (Pedley 2005) of how an
applied mathematician goes about applying mathestdiaddress real world problems.

Their second purpose is didactical in providing taknnfrastructure or scaffolding for
students learning the modelling process. Howeveeims of a theoretical framework for teaching
modelling, historically a missing link existed be#®n the use of such heuristic devices and
pedagogical theory, a link that can be supplieshgquglements from two complementary theories,
information processing, and learning as theorisgd/fpgotsky (1978). The approach is embedded
within a sociocultural orientation to learning, whidevelops the connection between classroom
activity and that of a mathematical community ofgiice, supported by concepts of scaffolded
learning within zones of proximal development. T textent that the modelling framework is
consistent with a mathematician's approach toweald problem solving it creates a ZPD that can
contribute actively to supporting the developmenstadent mathematical expertise. The scaffolding
notion of the zone of proximal development (Vygetsk978; Palincsar, 1986) refers to the
development of individual expertise through appiaprguidance from more capable others, including
peers, or teacher. So the role of the modellinméw&ork is elevated beyond the representation of the
modelling process for which purpose it was firshagived, to that of an essential participant in the
learning process as a continuing referent, wheitlpyovides metacognitive support to assist the
development and monitoring of associated mathealagarning. But Vygotskian principles do not
stop here. To complement the role of the modelliiagram in scaffolding the learning of individuals,
collaborative activity, such as occurs when stuslémtm teams to develop models, is supported by
another interpretation of the zone of proximal depment - its application in egalitarian partnepshi
Unlike the scaffolding notion that is based on et levels of expertise, this view of the ZPD
accesses the learning potential in peer groupsrembtedents have incomplete but complementary
expertise — each partner possessing some knowetatekill but requiring the others’ contribution in
order to enhance progress. Compared to the expeitensituation, the co-production of the task is
likely to involve more explicit contest and triak@error as the partners begin to appreciate the
perspectives of others and coordinate their incetaptompetence (cf Forman and McPhail, 1993).
Students are provided with the opportunity to ol ideas they are constructing, and to experience
themselves and their partners as active partigpantcreating and testing personal mathematical
insights. However, it is important to recogniset that all student constructions are equally vadiall
hence the teacher, as a more experienced knowéreirfield, has an essential role to play in
identifying student ideas that are fruitful to pugsand in asking students to justify their conjess,
strategies, and solutions in the context of thélerm being addressed.

The information-processing component emerges thirahg contribution of the modelling
framework to reducing the load on working memoryrimgy problem solving. Use of a visual
modelling aid effectively reduces the cognitivedoay structuring the extended task, so enabling
students to focus their resources at each stagdhenassociated aspect of modelling. This
interpretation is consistent with the behaviour ashelvelopment of students in the two-year
mathematical modelling program reported by Galbraitd Clatworthy (1989; 1990). In an evaluation
of that program students rated the “seven box diafjras the most useful assistance they received
with respect to developing modelling expertise. TUse of the framework was very explicit and
visually obvious in the early stages, but that vy €nd of the course it had been internalised o th



Models of Modelling: Genres, Purposes or Perspectives 9

degree that its only overt appearance occurreduihest reports where its categories re-emerged as
convenient headings. That is, the visual repreienteffectively acted as a scaffolding prop, with
“use by” date decided by students on an individaais. What happened was the development over
time of a mental infrastructure for modelling, austure honed by its use on a range of modelling
problems. In the early stages students typicakyqd considerable overt reliance on the framework,
which assisted materially with both model developtrend report structuring. With experience the
students sublimated the structure as part of tmaeithematical and modelling know-how, whereby
overt use of the visual framework gave way to tmesth movement between phases in the modelling
process without recourse to any visible form ofgeural representation.

In summary ‘mathematical modelling as content’nslered in processes used in solving real
world problems, and learning and teaching skillamafdelling requires attention to criteria that are
both internal and external to education. Approachitkin the ‘vehicle’ conception can achieve a
variety of important instructional purposes withirathematics curricula, including some aspects that
‘modelling as content’ is not equipped to addresdieectly. However constrained curricular purposes
dictate their ultimate design and purpose, soiffainflicting priorities arise, the necessary a®s
involve those attributes (sometimes called modglinmpetencies) that are distinctive for producing
students competent to consistently address regbtdblems relevant to their world.

Here it is also appropriate to confront a criticifmat is sometimes levelled at the ‘content’
approach, but which contains a logical fallacy. Télkacy is that A implies B, means also that not-A
implies not-B, and a typical argument runs as f@do“A process used by professional modellers (e.g.
as represented in Figure 1) is not applicable fee in education because students not being
professional modellers have different interestsailities.”

While there are differences of course, what bothugs need for success are modelling
competencies that can be applied effectively andigeely, including the ability to work productilye
both as individuals and as team members. The follpwuestions are relevant for both groups. Is it
important to be able to: Define a problem from al#gorld setting? Formulate and defend an
appropriate mathematical model to address it? Sbkwenathematics involved in the model? Interpret
the mathematical results in terms of their reallvoneanings and implications? Evaluate and report
the outcomes of the model both for mathematicaiditg)] and in terms of their relevance to the
original question? Revisit and challenge mateniatipced within any part of the modelling process in
the interests of improved outcomes? Can any okthetages’ be omitted from a seriously constructed
modelling endeavour? Is the ordering of the stagb#irary? If as we contend the answer to every
question except the last two is “yes”, and to thivee is “no”, we have a process that characterises
essential modelling activity that is as relevant léarners as it is to those doing modelling
professionally or for personal reasons. And thisogmition is significant also in the selection of
contexts that provide authentic settings for thereise of modelling activity.

4. Classifying purposes and per spectives

The paper by Kaiser and Sriraman (2006) has prdvidsignificant service by highlighting
the issue that there are many voices within thie ¢ applications and modelling in education, and
that they speak with a variety of dialects. Thermtion here is to revisit the idea of classificatfoom
a simplified perspective. My choice of the two rgeizably global approaches, ‘modelling as vehicle’
and ‘modelling as content’ as fundamental archetyftems from reasoning such as the following.
Assigning names such as ‘realistic modelling’, ‘wxtual modelling’, ‘socio-critical modelling’ etc
creates a plethora of alternatives suggestive miulitude of distinct modelling genres, rather than
drawing attention to the alternative purposes andripes that a given modelling activity might
engage. For example ‘context’ is an essential carapbof ‘realistic modelling’ as it is described,
where the purpose is to solve a problem locatedl ri@al world setting, and of course ‘context’ is of
central importance when matters of socio-critiasthsdance are the focus of attention. Rather than
present perspectives as different types of modgltime approach will be to relate them respectitely
the structure of the two principal archetypes.

To do this reference will be made selectively tstixg literature for purposes of illustration,
as was the approach within Kaiser and SriramangR@eginning with the reference made to some
of our own work (Galbraith and Stillman, 2006) ivat paper, we see our approach as strongly within
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the modelling as content genre, since the ovegidgimrpose was to help students apply their
mathematics to solve real world problems of whiwh thosen example was one. That our work had
an educational component was correctly identiftmat, this related to purpose not the approach to
modelling as such. As well as this didactical psga research focus was present in the priorigngiv
to identifying and describing the types of blockagjgat interfered with the students’ progress. With
the present discussion this could be describedcagritive purpose. To support the research fdoais t
basic modelling framework was elaborated into whapurposes of distinction is called a ‘modelling
diagram’. Figure 2, developed from a correspondigram in (Galbraith and Stillman, 2006) is
designed to support research description, analgsid, discussion, rather than to support students
learning the art and science of modelling - althoiigdoes contain an embedded version of the
traditional ‘modelling cycle’ - stages A to G (withansitions 1 — 7), linked clockwise by the heavy
single headed arrows.

It serves to define - and via its structure andatiached box identify - key foci for research
with respect to individuals learning mathematicaldalling, and pressure points for those teaching
within the field. For example, the kinds of mengativity that individuals engage in as modellers
attempting to make the transition from one modglbtage to the next, and which provide key foci for
research, are given by the broad descriptors afitiog activity, (boxed) 1 to 7 in Fig 2.

A Messy real 1 ) BRea _2 o C Mathematical model emmSeeep D.Mathematical
world < o world Solution
situation problem y ’

statement

4
7
5 .
G. Report 4-6— F. Revise model or <4 E. Real _World meaning
—> Accept solution <«——» of solution

. Understanding, structuring, simplifying, intezting context

. Assuming, formulatingnathematising

. Working mathematically

. Interpreting mathematical output

. Comparinggritiquing, validating

Communicating, justifying (if model is deemedsfactory)

. Revisitina the modellina process (if model i®ned unsatisfactor

Figure 2. Modelling Process (after Galbraith and Stillman&00

~NouhwN R

The light double-headed arrows emphasise that itignwithin the modelling process is far from
linear (Borromeo Ferri, 2006) and indicate the enee of reflective metacognitive activity as
articulated by many researchers (e.g., Maal3, 2@Qh reflective activity can look both forwards
and backwards with respect to stages in the modgiliocess

Moving to other considerations, socio-critical agpeassociated with modelling (e.g., Julie,
2002; Barbosa 2006) are representative of purpasdspriorities, but again do not need a separate
genre to provide for them. The sensibilities inealvin using modelling to address problems of
inequality and disadvantage are located precisetje point of assumptions made to articulate a
problem statement from a given real world issuel i@anthen constructing a model to address it. As
noted above Cyril Julie has been taking this apgrdar years in addressing issues of disadvantage i
the South African context (e.g., Julie and MudalyQ7).

With respect to modelling competencies Maaf3 (20&@jortantly indicates that what are
viewed as competencies will depend on the natutikeofasks embedded in lesson material, and hence
on the approach to modelling that is enacted iartiqular classroom. Thus if modelling is regardsd
a servant (vehicle) used primarily or only for ttevelopment of conventional curricular material the
view of associated competencies will be likewisgitied. That is, how modelling is fundamentally
approached will dictate how views of competencresteveloped and valued.

! The double- headed arrows in Figure 3 are indieatther than exhaustive. In theory they conneetyepair
of stages e.g. (C, E), but diagrammatic claritychrees the inclusion of them all.
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Michelsen (2006) invokes both vehicle and contetttibaites (not in those terms), in
considering ways that school mathematics and seiemight be better integrated. As a paper linking
mathematics with other school based academic diisefp his focus is an important one that is
underrepresented in the modelling literature agdarArguments are supported with illustrative
examples that anchor arguments for useful contdbstthat might be achieved through both
modelling approaches, with the interdisciplinargue a defining feature.

Borromeo-Ferri (2006) has surfaced a substantiaib@u of issues in her focus on different
modelling cycles and different structures withirapés of the modelling process. The introduction of
real model and situation model as intermediatecgiras within mathematical model formulation are
efforts to represent more completely outcomes ofitalgorocedures that occur within the phase of
modelling (as content) long recognised as one ®ftlost demanding parts of the whole process. To
what extent these are present (perhaps sublimjnallall modelling examples, to what extent they
should be afforded formal status within modellingusture, or to what extent they appeal to some
individuals as helpful heuristic devices, remairtiveec avenues for exploration. On this theme
arguments for the reduction of phases in the mimgedlycle, due to reported difficulties (Maal3, 2004
cited in Borromeo Ferri, 2006), that it was difficior seventh graders to distinguish between ‘real
model’ and ‘mathematical model’ might be reasorc&st doubt on the essentiality of the former,
rather than remove phases from a cycle whose coemglss is essential for authenticity? It is hatder
be sanguine about indications that different mduagglicycles are being produced by various
individuals for selective purposes — such as te@chand research specifics. The creation of
idiosyncratic cycles to serve a variety of purposegh as portraying cognitive processes employed
by solvers, or for describing approaches to thetswl of word problems, raises concern that the
concept of ‘modelling cycle’ might be reduced toiaternal second level construct that services the
preferences of researchers, rather than a coretwsteuthat fundamentally represents an authentic
modelling process. It serves to draw attentiorh®itmportant distinction between a modelling cycle
(or framework) and a modelling diagram. The fornfidustrated in Figure 1 above) contains a
description of the modelling process as a summaistaps involved in real world problem solving.
The process is cyclic, although the pathway ofviddial solvers may vary depending on the amount
of backtracking and revising that occurs. Modellitiggrams are many, and while typically containing
some embedding of the modelling process, will @igontain elaborations that focus on the purposes
and perspectives of their particular creators. Example Figure 2 (above) while containing an
embedded representation of the modelling cycletaios additional structure specific to its research
purpose, of identifying blockages that occur andiion points between phases of the modelling
process, and investigating the metacognitive raatifons of these. In summary it is important that t
integrity of the modelling cycle is tested and presd as an externally warranted process consistent
with the recorded activity of professional modedleand that this is kept distinct from research or
other purposes which may be legitimately represkbyevarious additional diagrammatic elaborations
where appropriate. In these terms the researchoagiprwhich stands to produce the most authentic
elaborations or challenges is likely to be Groun@lbeeory (e.g., Corbin and Strauss, 2008).

Barquero et.al., (2009) and Schmidt (2009) addiesses related to curricular implications
arising at tertiary level if mathematical modellilgyto be a serious inclusion in coursework. The
former in considering the ‘ecology’ of mathematioabdelling at university level review constraints
noted previously (Burkhardt, 2006; Blomhoj and Kg#n, 2006; Kaiser, 2006). In asking what
limitations and constraints work against a wideplementation in tertiary courses we need to ask
how profound is the impact of various versionsciiming mathematical modelling as part of their
rationale. The authors capture precisely the teissaxisting when a prevailing approach to service
other content needs (vehicle), comes face to faitke & desire to enhance the problem solving
capabilities of students through the incorporabbmodelling (content). Similarly Schmidt (2009)sha
reminded us of classroom challenges related to hioglepointing to organisational, student related,
and teacher related obstacles. Again we are remhimdedifficulties that emerge when a mix of
purposes, priorities, and beliefs about what matdgllmeans meet in the classroom. This author
recalls this situation as it emerged in a senibosetclassroom a number of years ago (Galbraith and
Clatworthy, 1989; 1990). The problem was addressedeveloping two strands that ran in parallel
throughout the two years of the program. These wespectively a ‘concepts and techniques strand’
known as the toolbox strand, and a mathematicaletting strand. The goals and purposes of the
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strands were kept conceptually distinct — the fortoelearn and practice new mathematics, and the
latter to learn how to solve real world problemd. c®@urse as the program of study progressed,
elements from the first strand were imported asired into the second strand. However, keeping the
goals and approaches of the complementary streglohedted seemed to be influential in the success
of the program.

In summary it is argued that while a variety of gmses and priorities motivate different
approaches within modelling programs, these arey gisbvided for as alternative emphases
(particularly related to modelling assumptions)d asho not warrant the creation of specialised
modelling genres to provide for them.

5. Modelling Critique

A consequence of the way in which ‘modelling’ hasib appropriated to describe a variety of
different activities and emphases is that utmost saneeded when critiquing aspects of its theoy
practice. This does not matter so much when théenad is well informed about modelling, as may
be assumed of most readers accessing this jodtnaiatters a great deal when the audience is a
general one within mathematics education, onediablbelieve the claim of sources purporting to
speak representatively concerning the modellinigl.fi;n particular, damage stands to be done by
claims that are inaccurate or unrepresentativer Podelling practice exists and needs to be exposed
and informed critique is important in adding tostldimension. However it is essential that such
examples are presented in context, and not errsheas if representative of the field as a whoie a
those who work within it. Some examples follow.

Jablonka and Gellert (2007) argued that there istreaghtforward way to move from a real
problem context to a mathematical model, becauses Wirtually impossible to quantify non-
mathematical characteristics, and relate them matieally in one step. There seems to be confusion
here between a procedure (step) and a phase imdtelling process — the latter may contain several
steps and will vary in complexity with the sophsstion of the problem. They further argue thateher
can be no validation because a result is not pcit bao a ‘real’ real situation. This seems certmin
be true of some situations and is therefore impbrta record, but it is demonstrably false as a
generalisation, notably where modelling involvetiams both inside and outside the classroom. For
example (Osawa, 2002) describes a project in wthehgoal was to optimise the baton changing
practice of relay teams. Activity took place altely in a classroom, and on the running track twhic
acted as the laboratory within which theoreticautts were tested. Neither place alone would have
sufficed to carry out the complementary theoretiaad experimental activities that successive
improvements demanded. Equally striking are thmastof individuals who have applied their school
learning in modelling to address problems outsad®sl that were real to them. Examples include the
successful case prepared by a 12 year old girtefims of both finance and time utilisation) to
convince her parents that she could both careafod, provide for the ongoing upkeep of a much
wanted pony, and a mature age student who usedytitie modelling process to redesign the culture
he used for growing tomatoes hydroponically.

A very recent paper by the same authors (Jablomich Gellert, 2011) begins with the
statement that “Modelling approaches are propagtiednhance the quality of the outcomes of
mathematics education by providing students withegie competencies and thereby creating a
flexible work force”. This is an overstated genesation, as motivations are various, and include
centrally that of student empowerment, as in: “.r. tudents to spend years learning mathematics
without any sense of how to apply it in the worldund them, is inappropriate.” (Stillman, et.al.,
2010).

It is further alleged that modelling conceptionsrit see associated competencies as ‘culture
bound and value driven”, yet Niss, et.al., (200@)np out that “the best route for a new freeway”,
implies that “best” must be interpreted, and thigplies not only considerations such as “most direct
or “cheapest”, but also “least disruptive to comitias”. Note also the extensive work undertaken by
Julie referred to previously that has specificalsed mathematical modelling to address problems
associated with disadvantaged individuals and conitieg in South Africa.



Models of Modelling: Genres, Purposes or Perspectives 13

Again it is asserted that “...contextuality of alldwmledge is (mis)interpreted in a way that lead#h&
contention that mathematical concepts can be mefutiy learned only within a ‘real life’ context”.
Compare with:

“neither the content nor vehicle approach arguesome abstract sense that all mathematical
curricular content must be justified in terms dewance - mathematical modelling has a role to
play in meeting certain important goals, but othignificant mathematical skills and purposes are
important as well.” (Stillman et.al., 2008).

The paper raises some important issues concermjogye but a drawback seems to be a
dependency on selections chosen seemingly to supiperideology of the critique, rather than
choosing examples from the modelling field thatstrate both the legitimacy of an issue raisedi@nd
inappropriateness as a generalisation. The exaroptesen reinforce the cautionary tale that thege ar
many versions of modelling out there that cover thk range of good, bad, and indifferent
implementations. But it is imperative that the tlyeof mathematical modelling, its purposes and
possibilities, are kept conceptually separate fromor implementations, and abuses. There is no
question that the latter exist, but they must moallowed to undermine arguments for what is pdessib
when the best is undertaken.

6. Summary

This paper began by referring to the numerous sautttat link mathematical modelling with
education in some form. We have noted that cutrioustatements from many national contexts (e.qg.,
OECD, Singapore, Australia, and elsewhere of cQursetinue to affirm the importance of students
being able to apply the mathematics they learnddkplace situations, in their personal lives, amd i
their role as citizens. We also note that whiletreatatical modelling is supremely suited to address
these goals, the uptake in schools and universibatinues to fall short of expectations (Blumakt.
2007; Burkhardt, 2006). The position taken in théper is that we as the modelling community in
education need to accept responsibility for aspafctisis gap between theory and practice, becafise o
the confusing variety of voices with which we spe@knfusing voices stand to compromise progress
at any level, for if those working in a field giveixed messages, why should others listen to their
advocacy. This is to say that we should be publitgar about what the presence of modelling in
education sets out to do and what it can uniquehjewe — in no way does it argue against the
necessity for vigorous internal debate within theldf The position taken here is that there are
fundamentally two genres that describe how modglias been employed within educational settings.
When used as a ‘vehicle’, some parts of a modepimugess, or aspects related to modelling, are used
to enhance the learning of mathematical conceptprocesses that form part of the curricular
mathematics included in syllabuses. When includettantent’, mathematical modelling sets out to
enable students to use their mathematical knowlddgsolve real problems, and to continue to
develop this ability over time. This involves muctore than trying to find opportunity to infiltrate
modelling related activity into a crowded scheddlae two modelling genres have different goals,
and classroom priorities will be different depergdon which is being pursued at a given time. One
difficulty has been that traditionally the goals mathematics teaching have been overwhelmingly
aligned with the presentation of curricular matheosa so that as noted above mathematical
modelling as ‘content’, and the potential for staidempowerment associated with it, has suffered.
This tension is behind the reluctance of teacheimtiertake modelling that seems to be so different
from what has conventionally become accepted assmlam mathematics - at both school and
university. For this to change, an additional apec#fic requirement, for students to be able to
demonstrate abilities to formulate and solve pnoisidocated in their world using their store of
mathematical knowledge, needs to be made as eaxatiojoals long associated with the learning of
curricular mathematics which of course remain inguor This would give legitimacy to the
coexistence of two complementary strands in mattiemnprograms, so that modelling goals can have
an integrity that is independent of that associatéd the learning of conventional material. It doe
not mean that the strands need have equal weigbtnms of time, but it does recognise fundamental
ontological distinctions between the respective ppees of modelling as ‘content’, and of
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conventional curricular mathematics. It goes faydoel ‘feel good’ statements about the importance
of students being able to apply their mathematkcaiwledge, for the belief that modelling can be
somehow integrated as one competency strand ameamy wkurricular imperatives has profound
implications for what can be pursued as modelliammgetencies. In particular such a belief creates
pressure for an atomistic approach to competertide expense of a holistic approach based around
the use of authentic life-related modelling probdeBducational traditions have led to a privilegadfig

a certain conception of what school mathematicelisut, and what mathematics teaching and
classrooms are allowed to be — and these traditrmpact severely when modelling initiatives are
required to fit the stereotype and be subject wpa@ated practices. By contrast, what modelling
properly conducted can do, is to challenge soméhose norms, assumptions, and stereotypes -
mathematical, situational, and pedagogical. Anthat modelling as ‘content’ involves intersections
between the values and methods of more than onenaaity of practice, (applied mathematicians
and those applying quantitative methods in theifgasions, and mathematics educators) it challenges
the boundaries of the existing education industry.

Goals for students to become skilled at using timgithematics to address problems arising in
work, personal, and civic contexts require the tgument of abilities fostered by experiencing
mathematical modelling as ‘content’, but it is ddubif the national authorities responsible for
publishing such laudable goals, are aware of tseltiag implications for classroom support and
curricular priorities. However it provides the mditgy community with rare opportunities to make
our voice heard — provided we can give a priofitisad unfragmented message, which will require
good scholarship, good relationships, and goodwiichieve.

Of course as practitioners and researchers we aayeat variety of legitimate individual
interests and priorities (see e.g., Kaiser anda®@n, 2006) in striving to identify problems, hight
issues of importance and enhance the effectivasfdsarning and teaching in the modelling fieldisit
argued that these are more appropriately addressgulirposes, priorities, and perspectives than in
terms of additional modelling genres. Such an aggtoalso stands to help in the aforementioned
dealings with education authorities, since the reatif modelling can first be portrayed with clayity
and its immense richness as a source of diverssrolam activity in terms of perspectives and
purposes, then promoted as a consequence of #snue

Note has been made that published criticisms ofattiad practice can both enhance and
damage the field. Indeed, poor implementations neede exposed as such, but inaccurate
generalisations or misleading comments need taléstified and addressed. Otherwise curriculum
authorities, teachers, lecturers, researcherspartitularly those who may be attracted to thedfiel
stand to be misinformed at great cost to the futdirthe field and its future students. This canpet
allowed to happen.
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