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The author has prepared the analytical and numerical solution, and simulation for the
research work in each chapter. Also, the author has written four journal papers for
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Chapters two to five in this dissertation address the problem of spacecraft formation
navigation. It is assumed that the relative positions are measured via a wireless local
positioning system. Four different approaches were developed to estimate the spacecraft
absolute and relative positions. These approaches are the extended Kalman filter, the
constrained Kalman filter, the differential geometric filter, and the weighted measurement
fusion Kalman filter. Chapters two to five where published in four different journals. The
analytical work presented in chapter six presents an attitude estimation method for

spacecraft formation. This work was published in the IEEE Aerospace conference.



Acknowledgements

I would like to thank both my advisors, Dr. Ossama Abdelkhalik and Dr. Seyed A. (Reza)
Zekavat for their support. My research work towards my PhD degree would not have been
successful without their invaluable experience and knowledge which they made available
to me. Under their guidance, I have become more confident to advance my career in the

future.

I would like to thank my committee, Dr. Chris E. Passerello who has assisted me in my

research work, and also to Dr. Bo Chen for her support.

I would like also to thank all of my friends who have been my company during my stay in
Houghton. My life would not be easy and joyful without their hospitality. It is a pleasure
to have them around me. I am very pleased to have met with the Table Tennis members in

St. Albert church who made my life more colorful every day.

Finally, I would like to express my greatest appreciation to my parents and family, who
have supported my life and my decisions. Without their understanding and support, my

career would not become successful.



Abstract

Spacecraft formation flying navigation continues to receive a great deal of interest. The
research presented in this dissertation focuses on developing methods for estimating
spacecraft absolute and relative positions, assuming measurements of only relative
positions using wireless sensors. The implementation of the extended Kalman filter to the
spacecraft formation navigation problem results in high estimation errors and instabilities
in state estimation at times. This is due tp the high nonlinearities in the system dynamic
model. Several approaches are attempted in this dissertation aiming at increasing the

estimation stability and improving the estimation accuracy.

A differential geometric filter is implemented for spacecraft positions estimation. The
differential geometric filter avoids the linearization step (which is always carried out in the
extended Kalman filter) through a mathematical transformation that converts the nonlinear
system into a linear system. A linear estimator is designed in the linear domain, and then
transformed back to the physical domain. This approach demonstrated better estimation

stability for spacecraft formation positions estimation, as detailed in this dissertation.

The constrained Kalman filter is also implemented for spacecraft formation flying
absolute positions estimation. The orbital motion of a spacecraft is characterized by two
range extrema (perigee and apogee). At the extremum, the rate of change of a spacecraft’s
range vanishes. This motion constraint can be used to improve the position estimation
accuracy. The application of the constrained Kalman filter at only two points in the orbit
causes filter instability. Two variables are introduced into the constrained Kalman filter to
maintain the stability and improve the estimation accuracy. An extended Kalman filter is
implemented as a benchmark for comparison with the constrained Kalman filter.
Simulation results show that the constrained Kalman filter provides better estimation

accuracy as compared with the extended Kalman filter.

A Weighted Measurement Fusion Kalman Filter (WMFKEF) is proposed in this
dissertation. In wireless localizing sensors, a measurement error is proportional to the
distance of the signal travels and sensor noise. In this proposed Weighted Measurement
Fusion Kalman Filter, the signal traveling time delay is not modeled; however, each
measurement is weighted based on the measured signal travel distance. The obtained
estimation performance is compared to the standard Kalman filter in two scenarios. The

first scenario assumes using a wireless local positioning system in a GPS denied



environment. The second scenario assumes the availability of both the wireless local
positioning system and GPS measurements. The simulation results show that the WMFKF
has similar accuracy performance as the standard Kalman Filter (KF) in the GPS denied
environment. However, the WMFKF maintains the position estimation error within its
expected error boundary when the WLPS detection range limit is above 30km. In
addition, the WMFKEF has a better accuracy and stability performance when GPS is
available. Also, the computational cost analysis shows that the WMFKEF has less
computational cost than the standard KF, and the WMFKEF has higher ellipsoid error

probable percentage than the standard Measurement Fusion method.

A method to determine the relative attitudes between three spacecraft is developed. The
method requires four direction measurements between the three spacecraft. The
simulation results and covariance analysis show that the method’s error falls within a three
sigma boundary without exhibiting any singularity issues. A study of the accuracy of the

proposed method with respect to the shape of the spacecraft formation is also presented.

XX



Chapter 1

Introduction

1.1 Overview

The relative and absolute positions estimation of spacecraft formations is a fundamental
task in many space missions. Relative position estimation plays an important role in
Spacecraft Formation Flying (SFF) missions, a subject that has received a great deal of
attention by researchers in recent decades. Some SFF missions require that multiple
spacecraft in different orbits communicate without interruption, e.g., the satellites utilize
the Computerized Ionospheric Tomography Radio Instrument in Space (CITRIS) under
the Constellation Observing System for Meteorology, Ionosphere & Climate (COSMIC)
program, which is also known as the CITRIS-COSMIC system are required to
communicate with each other to monitor the ionospheric irregularities [1]. Relative
positions between satellites, such as Cluster and Cluster-II satellites that are launched by
the European Space Agency, are estimated and controlled to support many collaborative
tasks where satellites are required to maintain a specific formation in a continuous manner

within the mission period [2].

The relative position estimation in spacecraft formation has been extensively studied by
researchers. Ref. [3] and [4] have presented a spacecraft formation localization method
based on the ranging measurement between spacecraft in a three-spacecraft formation.
This ranging system is also known as the Autonomous Formation Flyer (AFF). The
fundamental localization process of this system is similar to the Global Positioning

System (GPS) localization, and it is able to provide high precision relative position



estimation. However, complex hardware is required on each spacecraft. This system does

not stand alone and requires a GPS system.

Given measurements of relative positions between two spacecraft, Ref. [S] proves the
feasibility of estimating the orbits of the two spacecraft. A detailed observability analysis
as well as a detailed implementation of a batch estimator were developed. Ref. [5] shows
that the orbital elements estimation accuracy depends on the relative distance between
spacecraft. Ref. [6] shows the feasibility of orbit navigation of two spacecraft using
line-of-sight (LOS) measurements, and suggests that LOS measurements can be used for
spacecraft formation navigation. Both Ref. [5] and [6] show that the inclination of the
spacecraft orbits impacts the estimation accuracy. The system becomes unobservable in a
few cases, such as the case when the two spacecraft are in the same zero inclination orbit
plane [5, 6].

Ref. [7] presents the relative position and attitude estimation in a two-spacecraft
formation using a Vision-Based Navigation System (VISNAV). A sensor installed on one
spacecraft measures the line-of-sight (LOS) measurements of multiple beacons installed
on the other spacecraft. The covariance study shows that the performance could be
affected by the relative distance between spacecraft. The accuracy factors of the
estimation depend on the number of beacons installed on the spacecraft. Three or more

beacons are suggested to ensure the observability of the system [7].

Besides that, relative attitude estimation receives a great deal of interest from researchers.
Missions that require relative attitude estimation include the spacecraft docking missions,
chaser and target space missions [8], and clusters that perform their tasks in specific
formations, such as Proba-3 [9] and LISA Pathfinder’s missions [10, 11]. In these
missions, the spacecraft are often required to maintain a specific orientation with respect
to each other. The relative attitude determination between spacecraft is a fundamental task
in these types of missions. Ref. [7] has presented both relative position and relative
attitude estimation method based on VISNAV.

In addition, Ref. [12] introduces a Relative Attitude Determination (RAD) method for a
three vehicle formation, using all three pairs of measurements between the three
spacecraft. The relative attitude between two spacecraft is determined using an angle and
a vector as the constraints. Then, the TRIAD method is used to find the relative attitude
between the other two spacecraft. Althought the previous work showed that the covariance
singularity due to the co-planar may be encountered [13], Ref. [12] showed that the

2



proposed method does not process any singularity issue.

1.2 Optimal State Estimation and Navigation

The Kalman Filter (KF) [14] is a sequential linear estimation algorithm capable of
estimating both observable and unobservable variables in real time. It has been
extensively studied by researchers for application in several areas, such as navigation,
economic, and earth sciences [15]. The fundamental theory of KF consists of two
processes: (1) Predicting, and (2) Updating. The KF predicts the possible observation data
based on the estimated parameters. Then, the estimated parameters are updated by
integrating the predicted observation with the measured observation. The derivation of KF
has been extended to incorporate with different case studies, such as nonlinear system, bad

initial condition estimation, non-Gaussian error, and large data estimation.

The Extended Kalman Filter (EKF), a sequential nonlinear estimation algorithm, has been
widely implemented to estimate absolute and relative positions, and the relative attitude of
spacecraft in formation flying [7, 16]. However, the accuracy of the estimated initial
condition affect the EKF stability. Furthermore, the linearization process on the nonlinear

model results the EKF becoming unable to guarantee a stable estimation all the time.

The Unscented Kalman Filter (UKF) has been implemented for relative attitude and
position estimation in SFF [17, 18]. The UKF has better robustness to initial condition
error compared to the EKF [19]. Besides that, it does not assume the measurement errors
are Gaussian noise. However, its computational time is higher than a standard EKF [20].
If compared to the standard EKF, the UKF has a faster convergence rate, but the process
time required for each update is longer than the EKF [21]. The Batch filter [22], an offline
filtering method, has been implemented in Ref. [5] for absolute position estimation using
the relative position measurement. Both studies in references [16] and [5] show that the

configuration of SFF affects the stability and the accuracy of estimation.

Researchers are always interested in improving the performance of the Kalman Filter,
especially the estimation accuracy. The Constrained Kalman Filter (CKF) was introduced
for estimation when state variables are required to satisfy constraints [23, 24]. Both
equality and inequality constraints can be handled by the CKF. Several CKF algorithms

have been proposed in the literature, e.g., the perfect measurement approach [25, 26], and

3



the projection approach [27]. Some of the CKF methods may require special derivations
for different problems, such as the reduction method [28] and the Norm-Constrained
method in Ref. [29].

The constraint is handled as a perfectly known measurement in the perfect measurement
approach. The constraint is grouped with other sensor measurements to construct a
modified measurement vector, which affects the calculation of the Kalman gain [23].
Adding a perfect measurement (constraint) results in a singular noise covariance matrix.
This singularity in the noise covariance may lead to a divergence in the estimation error.
This fact was pointed out in references [30] and [31], despite that, the original work of
Kalman [14] presents an example in which a perfect measurement was used [23]. To
overcome this singularity problem, Ref. [32] presents an extended maximum likelihood

method for computing the constraint gain.

In the projection approach, the constraint estimation is implemented by projecting the
unconstrained state estimate onto the constraint surface. In general, the constraint update
is applied after the standard Kalman filter update [23]. Ref. [23] has presented three
different constraint update methods that can be used for the projection approach.
However, different approximated solutions may be obtained from each method because
the constraint gain is not correlated with the sensor measurement [23]. The projection
approach has also been extended for inequality constraint [33] and nonlinear constraint
[27] problems. The Norm-Constrained method presented in Ref. [29] guarantees
non-singular estimation and correlates both the measurement and the constraint. However,
the derivation of the Kalman gain is specific to the attitude estimation problem, and
becomes rather complex when applied for the problem presented in this chapter. The
reduction method requires that one or more state(s) be expressed as a linear function(s) of
the other states. However, this method may not be applicable for the cases where the
constraint states are independent from each other. Ref. [34] presents a Smoothly CKF
(SCKF) where the constraint update via carried out iteratively until an end criteria is met.
Ref. [34] shows that the SCKF outperforms the Iterated EKF in terms of consistency.

Besides that, researchers are interested in reducing the computational load for the
estimation process in multisensor systems. One way to process measurements in a
multisensor system is to combine all the measurements into a single observation vector in
the KF. However, the computational load increases as the number of measurements
increases [35]. Ref. [36] presents a State-Vector Fusion (SVF) method in which each



measurement is processed by its own local filter simultaneously. Then, the updated
estimated states and the predicted covariances are fused together [37]. The Measurement
Fusion (MF) method, introduced in Ref. [38], fuses multiple measurements and then the
KF is applied to the result. Ref. [39] has analytically shown that, under certain conditions,
the MF method is similar to the standard KF. Both SVF and MF methods require less
computational load compared to the standard KF [38]. However, the derivation of these
fusion methods assumes uncorrelated measurement noise for multisensor systems

[37, 40]. In most of the multisensor systems, the sensors’ noises are correlated due to the
interference signal between sensors [40]. Ref. [41] has presented a weighted MF method
in which the input and measurement noises could be correlated. In addition, the

computational load of the weighted MF method is significantly lower than the KF [41].

The Differential Geometric (DG) Theory has been widely implemented in the control and
guidance research area [42, 43]. In calculus, the Differential Geometry represents the
linear approximation of a smooth curve [44]. Ref. [45] and [46] introduced the
Differential Geometric approach into the missile tracking applications. In Ref. [45], the
system model is transformed from the arc length domain into the time domain; then the
guidance law is applied. Both papers have shown the feasibility of implementing the DG
for missile guidance. The Differential Geometric approach for nonlinear systems has been
extended recently for the nonlinear estimation purpose [47]. The DG estimation avoids the
linearization step in the EKF. In DG estimation, the nonlinear dynamics are mapped to a
linear domain, where a linear estimator can be implemented. Then, the inverse
transformation is applied to the estimator [47]. Ref. [47] details how the DG estimation
can be implemented when the number of available measurements are too few to handle all
the system nonlinearities, and shows that both the optimal control and the linear filtering

approaches can be applied in the mapped linear domain.

1.3 Navigation/Localization Sensors

Radio interferometer has been used as a spacecraft position tracking system in many
applications. Ref. [48] presents different angular measurement technique for spacecraft
navigation based on the radio interferometer. Besides that, the Laser Interferometer, which
provides a long range line-of-sight measurement has been under development as an

instrument for spacecraft formation guidance, navigation, and control [11].
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The AFF has been introduced as a relative position measurement instrument for spacecraft
formation flying in recent decades [3, 4]. The AFF positioning system is similar to the
GPS system. However, it also requires additional instrumentation to provide the absolute
positioning. Besides that, the Vision-Based Navigation System (VISNAV) has been
developed by a group in Texas A&M University [49]. This system is capable of providing
the line-of-sight (LOS) measurement of the beacon attached on a target. The VISNAV
consists of a Position Sensing Diode (PSD) sensor and an array of LED source beacons
installed on a plate. The PSD detects the energy of the light source emitted by the beacons.
Then the PSD generates a current flow to four terminals that are installed on the PSD
plate. At that point, the centroid of the current flow is determined to measure the direction
of the energy source. The application of this sensor has been studied in several areas, such

as spacecraft docking, air refueling and spacecraft formation flying problems [7, 50, 51].

The one-way ranging system requires clock synchronization between the two nodes [52],
e.g., the Global Positioning System (GPS) [53]. For example, Ultra WideBand (UWB)
communication for spacecraft formation navigation presented by Ref. [52] requires clock
synchronization between transmitter and receiver, to allow the receiver to compute the

relative distance by receiving the pulse signal sent by the receiver.

On the other hand, two way transmission does not require clock synchronization. The
Two-Way Satellite Time and Frequency Transfer (TWSTFT) method has been
implemented for decades. The TWSTFT allows two ground stations to measure the round
trip signals that are transmitted from the ground to the satellite, and then back to a ground
station [54-56]. The TWSTFT method has shown that if both the transmitted and received
signals are reciprocal, then the error due to the signal transmission time delay is canceled
out. Despite that fact, there are few other non-reciprocal errors which cannot be avoided.
However, in general, it has been shown that the ranging accuracy obtained from this

method can be up to 1.5 nanoseconds [57].

In this dissertation, spacecraft formation navigation is studied based on the Wireless Local
Positioning System (WLPS) [58]. The WLPS is a localization system capable of providing
relative localization between two nodes [58]. The WLPS consists of two components: the
dynamic base station (DBS) and transponder (TRX). The DBS installed on one spacecraft
measures the relative position of the TRX installed on another spacecraft, which is located
in its coverage area via Time-of-Arrival (TOA) and Direction-of-Arrival (DOA)

estimation. The TOA is the time needed by the transmitted signal to travel from DBS to



TRX and back from TRX to DBS. The signal arrives at the two-dimensional antenna array

in DBS, enabling the system to compute DOA (azimuth and elevation angles).

1.4 Objectives of this Dissertation

The main research objective is to implement the Wireless Local Positioning System
(WLPS) into the SFF and apply different estimation methods to enhance the estimation
performance. The WLPS consists of two components: the dynamic base station (DBS)
and transponder (TRX). The DBS installed on one spacecraft measures the relative
position of the TRX installed on another spacecraft, which is located in its coverage area
via Time-of-Arrival (TOA) and Direction-of-Arrival (DOA) estimation. The TOA is the
time needed by the transmitted signal to travel from DBS to TRX and back from TRX to
DBS. The signal arrives at the two-dimensional antenna array in DBS, enabling the

system to compute DOA (azimuth and elevation angles).

The research objectives are shown as follows:

1. Implement the WLPS into SFF navigation to improve the estimation accuracy [59];

2. Implement the Differential Geometric Filter into the SFF navigation using the
WLPS as measurement [60];

3. Apply the constraint at orbit’s perigee and apogee point to improve the overall

estimation accuracy [61];

4. Propose an alternate attitude determination method for a three-spacecraft formation
flying [62]; and,

5. Implement a measurement fusion method into the Kalman Filter to improve the

estimation performance [63].

1.5 Organization of this Dissertation

The dissertation is organized as follows: Chapter Two presents the Spacecraft Formation

Orbit Estimation using WLPS-based localization. Chapter Three presents the
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Implementation of a Differential Geometric Filter. for Spacecraft Formation Orbit.
Chapter Four presents the Constraint Estimation of Spacecraft Positions. Chapter Five
presents the Spacecraft Formation Relative Attitude Determination. Chapter Six presents
a Weighted Measurement Fusion Kalman Filter Implementation. Finally, Chapter Seven

presents the conclusion of the dissertation objectives.



Chapter 2

Spacecraft Formation Orbit Estimation

using WLPS-based Localization



2.1 Introduction

The relative and absolute positions estimation of spacecraft formations is a fundamental
task in many space missions.” Relative position estimation plays an important role in
Spacecraft Formation Flying (SFF) missions, a subject that has received a great deal of
attention by researchers in recent decades. Some SFF missions require that multiple
spacecraft in different orbits communicate without interruption, e.g., satellites in the
CITRIS-COSMIC system are required to communicate with each other to monitor the
ionospheric irregularities [1]. Relative positions between satellites, such as Cluster and
Cluster-II satellites launched by the European Space Agency, are estimated and controlled
to support many collaborative tasks where satellites are required to maintain a specific

formation in a continuous manner within the mission period [2].

Several relative positions estimation systems have been developed. The Autonomous
Formation Flyer (AFF) technology was developed for SFF [3, 4], where each spacecraft is
equipped with a communication system to localize other spacecraft in the formation. This
system provides high precision estimates for relative positions. A relative position and
attitude estimation through a Vision Based Navigation system (VISNAV) has been studied
extensively in the literature [7, 49-51]. The VISNAV enables one spacecraft to measure
the line-of-sight (LOS) measurements of the other spacecraft. Estimation performance of
this technique is a function of the relative distance of spacecraft and the number of

beacons installed on the spacecraft [7].

Given measurements of relative positions between two spacecraft, Ref. [S] proves the
feasibility of estimating the orbits of the two spacecraft. A detailed observability analysis
as well as a detailed implementation of a batch estimator were developed. Ref. [5] shows
that the orbital elements estimation accuracy depends on the relative distance between
spacecraft. Ref. [6] shows the feasibility of orbit navigation of two spacecraft using
line-of-sight (LOS) measurements, and suggests that LOS measurements can be used for
spacecraft formation navigation. Both Ref. [5] and [6] show that the inclination of the
spacecraft orbits impacts the estimation accuracy. The system becomes unobservable in a
few cases, such as the case when the two spacecraft are in the same zero inclination orbit
plane [5, 6].

*The material contained in this chapter was previously published in the International Journal of Naviga-
tion and Observation.
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Ref. [52] presents a study on the implementation of Ultra WideBand (UWB)
communication for spacecraft formation navigation. A transmitter, at one spacecraft,
sends a pulse to a receiver installed on another spacecraft. Next, the receiver computes the
relative distance between the two spacecraft through measuring the difference between the
signal transmission time and arrival time. In this technique, a synchronization between the

transmitter and receiver clocks is required to allow precise range measurement.

The one-way ranging system requires clock synchronization between the two nodes [52],
e.g. the Global Positioning System (GPS) [53]. Sources of measurement error include the
signal transmission time delay which reduces the accuracy performance of the range
measurement. The Two-Way Satellite Time and Frequency Transfer (TWSTFT) method
has been implemented for decades. The TWSTFT allows two ground stations to measure
the round trip signals that are transmitted from the ground to the satellite, and then back to
a ground station [54-56]. The TWSTFT method has shown that if both the transmitted
and received signals are reciprocal, then the error due to the signal transmission time delay
is canceled out. Despite that fact, there are few other non-reciprocal errors which cannot
be avoided. However, in general, it has been shown that the ranging accuracy obtained

from this method can be up to 1.5 nanoseconds [57].

When an observing spacecraft transmits a signal to a target spacecraft, the signal
transmission time delay causes errors in the measured relative position [64, 65]. Ref. [66]
shows that the signal transmission time delay can be computed if either the observer or the
target is stationary. Also, the TWSTFT has shown that the signal transmission time delay
between ground stations and spacecraft can be omitted [54-56]. However, when both
observer and target spacecraft are moving, the complexity of estimating the signal
transmission time delay increases. Different modifications of filtering methods have been
proposed in the literature to compensate the measurement errors due to the time delay

[67, 68]. In Ref. [69], a closed form time delay approximation has been proposed using a
Taylor series expansion. Ref. [69] shows that, in some cases, the state estimate error does

not converge within the covariance boundary if the time delay is not modeled.

In this chapter, the orbits of two or more spacecraft in a formation are estimated through
the implementation of a Wireless Local Positioning System (WLPS) that enables relative
localization [58]. The WLPS consists of two components: the dynamic base station (DBS)
and transponder (TRX). The DBS installed on one spacecraft measures the relative

position of the TRX installed on another spacecraft, which is located in its coverage area
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via Time-of-Arrival (TOA) and Direction-of-Arrival (DOA) estimation. The TOA is the
time needed by the transmitted signal to travel from DBS to TRX and back from TRX to
DBS. The signal arrives at the two-dimensional antenna array in DBS, enabling the

system to compute DOA (azimuth and elevation angles).

This chapter investigates:

(1) The feasibility of absolute position estimation of spacecraft formation flying using
only one-dimensional DOA (1-DOA) in the WLPS. The 1-DOA WLPS uses one
dimension antenna arrays to measure the range and only the azimuth angle. The
two-dimensional DOA (2-DOA) WLPS uses two dimension antenna arrays to measure
range and both azimuth and elevation angles. It is technologically more complicated
compared to the 1-DOA WLPS;

(2) The absolute position estimation of spacecraft in formation using 2D WLPS, taking
into consideration the signal time delay. One implementation issue with the WLPS is the
time delay that is due to the processing time in the WLPS and due to the signal
transmission between different spacecraft nodes. Even though the time delay due to signal
transmission is very small, the high velocity of spacecraft makes it non-negligible in some
formation scenarios; and

(3) The estimation performance of a GPS standalone system is compared to a combined
GPS and WLPS.

Simulations are conducted to investigate how the position estimation performance is
affected by the number of spacecraft in the formation, the size of the formation, the WLPS
and GPS measurement noise variance, and the altitudes of spacecraft. The accuracy and
the speed of convergence of the estimator is numerically studied. The Extended Kalman

Filter (EKF) is implemented in all studies presented in this chapter.

The proposed study is critical for the implementation of localization sensors for many
applications, including for space-based solar power transfer applications [70, 71]. In the
futuristic space-based solar power harvesting techniques proposed in Ref. [70] and [71],
the position of multiple satellites in charge of collection of solar power, should be properly
estimated to maintain synchronized solar power transfer to an energy collecting unit on
the earth. This study also has applications for deep space multi-spacecraft missions when
GPS is not available.

This chapter is organized as follows: Section 2.2 presents an overview on WLPS. Section

2.3 presents the dynamics, the time delay modeling, and GPS mathematical model.
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Section 2.2 presents the EKF implementation. Section 2.5 discusses the simulation

results.

2.2 Wireless Local Positioning System (WLPS)

The WLPS consists of two basic components [58]: A dynamic base station (DBS) and a
transponder (TRX). Each DBS is capable of localizing TRXs that are located in its
coverage area via TOA and DOA measurements, as shown in Figure 2.1. The DBS
periodically broadcasts an identification (IDR) signal once every ID Request Repetition
Time (IRT) as shown in Figure 2.2. A TRX that falls within the DBS coverage area
receives the IDR signal and transmits a response signal that includes its own ID back to
the DBS within the IRT period. The ID of each TRX allows the DBS to distinguish one
TRX from another. It also allows the DBS to easily track multiple TRXs located in its

coverage arca.

As shown in Figure 2.2, the range of TRX is measured by comparing the TOA of the
signal from the TRX at the DBS receiver and the time of transmission of the signal from
the DBS transmitter. The processing time estimate can be included in the signal packet
transmitted from TRX to DBS in order to allow DBS to correctly measure the range. The
DBS, equipped with antenna arrays, allows DOA estimation and beamforming. In
addition, beamforming enhances the performance of the DBS by reducing the interference
effects [72]. The DOA is measured by each spacecraft relative to its body fixed coordinate
system. In this chapter, we assume that the attitudes of all spacecraft are known. Hence,

the DOA measurements can be computed relative to a fixed reference frame.

TRX X
\
\ \
p ’ . \ \\ \ -~
< TRX' s respond signal % . P \/\
G 2T R
DOA 3 . Y
v AN \
ID Request Signal - | 1 4

i | ||

Antenna Array
DBS

Figure 2.1: (Left)Signal transmission between DBS and TRX. (Right) TRX’s signal arrives at antenna array.
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Figure 2.2: DBS ID signal and TRX response signal in an IRT period.

Thus, a WLPS allows single node positioning. In other words, each node equipped with a
DBS can independently localize the TRXs located in its coverage area and its
field-of-view (FOV). Now, if all spacecraft are equipped with both DBS and TRX, each
spacecraft can find the position of other spacecraft located in its FOV and coverage area.
The position information across multiple spacecraft can be fused to improve the

localization performance [73].

2.3 System Model

In this section, the state and measurement models are derived. The estimated states are the
spacecrafts’ absolute positions and their velocity vectors. In this chapter, we assume that
the spacecrafts’ orientations are known, and hence the WLPS measurements can be
expressed in the inertial reference frame. The spacecraft orientation is represented by the

Direction Cosine Matrix [74].

2.3.1 State Model

The estimated state vector, X, and its time derivative vector, X, for a formation of n

spacecraft, are defined as:

T
L LT Y T A 1 @.1)
T T T T T T T
Xz[r1 I r, I F ... rn} , 2.2)



i" spacecraft

s

™ spacecraft

Figure 2.3: Relative position vector between two spacecraft.

T
The ! spacecraft’s absolute position is r; = [ri,x Fiy rLZ} , the velocity vector is

T

T
I = [i’,-’x Fiy f,-,z] , and the acceleration vector is ¥; = [i"i,x Fiy fi,z] (all in the Earth

Centered Inertial (ECI) frame). The sign  refers to the estimated values.
The spacecraft’s motion with respect to the earth’s center is represented by the two-body
model [75, 76]:

F=—r (2.3)

where U is the Earth gravitational constant, the vectors, r and ¥ are the absolute position
and acceleration vectors of the spacecraft, respectively, and r denotes the magnitude of the

vector r.

2.3.2 Measurements Model

In this study, we assume each spacecraft is equipped with both DBS and TRX. Thus, it

can localize other spacecraft and can be localized by other spacecraft.

In Figure 2.3, r; and r; represent the /' " and the j'* spacecraft absolute position vectors

expressed in the ECI frame. The relative position vector of the j/* spacecraft observed by
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the ! spacecraft that is equipped with DBS is:

rij :I‘j—l‘i (2.4)
T

r=[ri iy i) 2.5)
T

r= [rj,x Tjy rj7zi| (26)

If the orientation of the spacecraft is known, the relative position vector, R;;, expressed in

the i spacecraft reference frame would be:
Rij = Cirij (27)

where C; is the Direction Cosine Matrix (also known as Attitude Matrix [22]) of the it
spacecraft relative to the ECI frame. Let hl-TjOA be the time of the ID signal transmission, as
the ID signal travels from the DBS node i, received by the TRX node j, transmitted again
from the TRX node j, until received back at the DBS node i. Assume, for now, that the

both DBS i and TRX j are stationary, then we can write:

RO =2 5 ||rij /e
j il / 2.8)
=2x|rj—rill/c

where r; is the position of node j at the time it receives the ID signal, c is the speed of

light and ||.|| refers to the magnitude of vector. In the above equation, we assumed zero

T
processing time at the TRX. Let R;; = [Ri ix Rijy R; m} , then the DOA between the

two nodes i and j is given by the two measurements:

tan ! (%)
91‘ ] ij,x

— 2.9)
. (
0ij tan~! L
Ry AR

Here, 0;; is the relative azimuth angle and ¢;; is the relative elevation angle between the

h[DjOA _ [

two nodes i and j. Using Eqgs. (2.8) and (2.9), we can express the WLPS measurement
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between the i/ and the j" nodes as:

h,T.OA
§ij = thA + VwLps,ij (2.10)
ij
where Vyps ;; denotes WLPS measurement noise, which is assumed to be zero-mean

. . . . T .
Gaussian with the covariance matrix E[Vwps,ijVyy LPS.i j] = Rwrps,ij-

The observation matrix of the nonlinear measurement model in Eq. (2.10), is linearized

using the first order Taylor series expansion, which corresponds to [14, 22]:

h(x) ~h(X)+ =—| (x—X%) (2.11)
Jx X=X
where h(x) and h(X) are the nonlinear measurement models and they are expressed in
terms of the true state vector, X, and the estimated state vector, X respectively. In addition,
% = H, is the jacobian matrix of the nonlinear measurement model, (Eq. (2.10)), which is

also known as the sensitivity matrix. Here, the sensitivity matrix for Eq. (2.10), Hyps 18

given as:
Hyips = |~30 20 0y (2.12)
where,
on "ijgc/( 7 rij,y/( 7 rij e/ Tij
— Sin —COS
ﬁ = rijcos(9) rijcos(9) 0 Ci (2.13)
—cos(0)sin(¢) —sin(0)sin(¢)  —cos(9)
Tij 7ij 7ij

Here, Hy 1 ps is derived assuming that we have only two spacecraft in the formation.

However, the procedure can be extended to any number of spacecraft.

2.3.3 Time Delay Modeling

Time delay estimation has been extensively studied in the literature. The wide separation
between spacecraft and the high velocity of spacecraft may result in a significant error in
position measurements due to the signal transmission time delay. One approach to address
time delay error is to consider the time delay as a Gaussian random variable, and its effect
can be removed through Kalman Filter implementation. However, Ref. [77] shows that the

error distribution due to the transmission time delay is not always a normal distribution.
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Figure 2.4: Illustration of signal transmission time delay

Ref. [69] presents an approximation method to model the signal transmission time delay
between two spacecraft and its effect on elative position estimation, for one-way signal
trips. States of past time are expanded as functions of the states at current time using the
Taylor series expansion [69]. The WLPS measures the TOA of the round trip signal
between the DBS and the TRX. Figure 2.4 illustrates the time delay due to the WLPS
processing time and due to signal transmission. The true signal transmission path is
described in the solid line. The dashed line is the signal path if the time delay is neglected
(both DBS and TRX are stationary, Eq. (2.8), or moving at with low velocities).

In Figure 2.4, the DBS transmits its ID signal to TRX at time #;. The TRX receives the
signal at time 7, and it requires 7}, time to process the signal. Then, the TRX transmits the
signal back to the DBS at time #3 and the DBS recieves the signal at time z4. When the
DBS receives the ID signal at time 74, it measures the Time-of-Arrival (TOA) of the signal
(t4 —t1). The TOA is measured at the DBS receiver, thus, the clock synchronization
between DBS and TRX is not required. It is to be noted that 7}, can be determined, offline
or online, by computing the clock pulse needed to process each DBS signal. In this

chapter, we assume 7}, is a known constant.

However, it is important to note that both spacecraft have travelled from their original
position at time #; to a new position at time #, when the signal is transmitted from DBS to

TRX. This is also applied for the signal transmission between time #3 and #4. Let the i'"
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spacecraft equipped with DBS and ;' spacecraft equiped with TRX; the round trip TOA

measurement shown in Figure 2.4 can be expressed as:

Yaetayron = Ivisy —¥jnll/c+vjs —Tinll/c+Tpr +Varoa (2.14)

where V4 704 1s the measurement noise.

All positions of both spacecraft at ¢, t,, and 73 need to be expressed in terms of the
positions at time #4. By adapting the strategy developed in Ref. [69], the estimated round
trip TOA based on Eq. (2.14) is given as:

Yactayron = |Tix —Tjk—1ll/c+|[rjr—2 —rix=3l|/c+Tp (2.15)

wherets =k— 1, =k—2,t; =k —3.

In Figure 2.4, the Time-of-Flight (TOF) of signal transmission between i and ;"
spacecraft defined in Ref. [69], is presented as T;,. Let r;; x be the distance between DBS
and TRX at time #4, and 7;, = r;; ¢ /c + 7. Then, we can write:

rijk+tc = Ty Xc

- \/(rﬂk*l - ri,k) ! (rj,kfl - I‘i,k) (2.16)

It is noted that the true value of 7;, is unknown, and we can only compute an estimate for
the transmission time. The position of j* spacecraft at time 73 can be estimated via the

first order Taylor series expansion, which is given as:
Cjg1>Tj—TiVjg (2.17)

where v; ¢ is the velocity of j/ h spacecraft at time k.

By substituting Eq. (2.17) into Eq. (2.16), a closed form for 7 can be obtained [69]:

—B+ VB2 —4A
T= A ¢ (2.18)
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where,

A=(c*—viy) (2.19)
B = z(riTj,ij,k - rij,kvik/c +crijk) (2.20)
C= 2rl~TJ~7ij7kr,~j’k/c — vik(riﬂk/c)z (2.21)

where v; i = /V;: «Vj.k» Which is the magnitude of the j'" spacecraft’s velocity vector.

Then, 7;, can be computed using Egs. (2.16) and (2.18). We assume that #4 — 1 is small.

Because #; is known, the position of i’ spacecraft, r; x—3, at f; can be approximated as:
Fik—3 =T —Ta1vig (2.22)

where Ty =t4 — 1.

The position of j* spacecraft at time 7, r j.k—2, can be approximated in a similar way:

Fjr—2>Tjgr— (Ttr + Tpr) XVjk (2.23)

By substituting Egs. (2.17), (2.22), and (2.23) into (2.15), the estimated TOA, § ze1ay, 704

can be expressed in terms of the spacecraft position and velocity vectors at time k.

Similarly, in Figure 2.4, the time delay in signal transmission also impacts the DOA
measurement [69]. However, the DOA measurement is defined as the angle of arrival of
the signal transmitted by TRX to DBS. Therefore, the signal transmission and processing
delay between #; and #3 has no impact on DOA measurement. Here, a vector L and its

components X, Y, and Z are defined as:

T
L=|X ¥ 2| =rji-r
PRl (2.24)

=Tjr—TuVjk—Tik

The measured DOA between the " and the j/ spacecraft for both relative azimuth and

elevation angles 6; ;and ¢;; are:

J

, 6;
Ydelay,DOA = (z;l + Vdelay,DOA (225)
tj
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where,

-1

6;; = tan (2.26)

N < |~

-1

(]Sij = tan (2.27)

X2+Y?

As in the case of the WLPS measurement model without the time delay effect (see Egs.
(2.12) and (2.13)), Egs. (2.15) and (2.25) are nonlinear. Thus, the sensitivity matrix
should be calculated to facilitate the process of linearization in the Extended Kalman

Filter. The sensitivity matrix is derived below.

2.3.3.1 Sensitivity matrix for TOA with Time Delay Model

From equation (2.18), 7 is a function of r; s, r; x and v, ;. In this section, for simplicity, let

I =T\, Ij =T ¥jj =T and so on. Let:

Sr=||rju—2—rixsl| (2.28)

The sensitivity matrix, Hgejay, 704, for equation (2.15) corresponds to:

I or,
Huoron =[S+ 50+ 8 Sevdueds 8 Bk e
where,
ot V? ar,'j T 1 T al’,] 2 arl]
o Alcon VD —rVivi i VTG (2.30)
ot _1|vidry dnj g 1 {4 drij V2r drij
or: Alcor, ‘or; 231
8rj Alc al‘j Carj VJ +D I']V]V +C Tij a rij (9 ( )

dt T, L rij T T 2
a_vjzzZVerZ{ Vi —r,J+ {r,]v,ru—rl]v] (2.32)
The parameter D in equations (2.30) to (2.32) is given by:
D= /(v + 23— (2.33)
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a 1 l
And both r’ and f are given as:

al’i j 8rl~ j rl'Tj

—t == 2.34
or Jj 0 r; rij ( )

Finally, the partial derivatives of S, in Eq. (2.28) with respect to the absolute position and

velocity vectors are given as:

S, 1 T T 1dr;; 01
I = _S_r{(rj,k_z—r,-,k_s) + (rj 2 —Tik—3) v,[ 8r,] +5 l” (2.35)

oS ! T T 1 8r,J ot
=5, k2T Tueo3) = P2~ Tk 236
arj Sr {(rj,k 2 rl,k 3) (rﬁk 2 rl,k 3) Vj |: ar] + — ar] ( )
s, T.
v, ; F(rjr2—Tikes) (2.37)
95, ! T r  JT
avj = _S_r {(Ttr + Tpr) (I‘j,k—z - ri,k—3) + (rj,k—2 - I‘,'7k_3> Vja_Vj} (2.38)

2.3.3.2 Sensitivity matrix for DOA with Time Delay Model

The sensitivity matrix for DOA measurements can be derived in a similar way. The

sensitivity matrix for the azimuth angle, Hy, and elevation angle, H¢;, are:

Hy = S5 | 5% — %] (2:39)
Y 1 X Y
Hz =S5 |:\/X2+Y2 ox X2+y2 32 ( ox T a—ﬂ (2.40)
where,
S 1 (2.41)
6= >3 .
1+ (5)*
X?+v?
%Xy (242)
and,
JL _ JT,
x —Bys ks 03x3 —T X xs| —Vj, ka—;r (2.43)

ot 131’,] ot

X ¢ ox T ox Jx (2.44)
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T
L _ |oxT ovT 97T
where, x5 5% 5%

Therefore, the time delay model for the relative position measurement between the i'"

spacecraft and the j' spacecraft is given as:

T
.. — 5T ~T
Yij = [Ydelay.,TOA ydelay,DOA} (2.45)
and the sensitivity matrix is
T T 7
Hij = |:Hdelay,T0A Hé Hq;] (246)

2.3.4 GPS Measurements Model

In this section, the model of the GPS measurement is presented. We assume that there is
no multipath effect and no clock bias error in the GPS receiver. For any GPS satellite that

is in the i spacecraft’s LOS, the pseudorange measurement is:

pi = \/ (ri —rgps)” (ri —rGes) + Vops (247)

where rgpgs represents the position of the GPS satellite, and vgpg represents the GPS

measurement noise which is assumed as zero mean white noise, with the noise covariance

as Rgps = E{VGPSVgps}-

In reality, there might be more than four GPS satellites in the FOV of each spacecraft in
the formation. However, in this chapter, we assume that only four GPS signals are

observed at all times. Hence, the GPS measurement vector is:

T
Yices = |Pi1 Pi2 Pi3 Pis (2.48)

The pseudorange measurements, p; to P4 represent any four GPS signals received by the

given spacecraft (i’ spacecraft in this case). The corresponding sensitivity matrix, Hgps,
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is

Ii—IrGps,1 0

S 1x3
P1

ri—rGps2 01 3

. — P2 X
Hz,GPS | ri—TrGrs3 0 (2.49)

p3 1x3

I'i—IrGps4
s 01 x3

Equation (2.49) shows the sensitivity matrix for a single spacecraft. However, it can be
easily applied to spacecraft formation flying. For a GPS only scenario with n-spacecraft

formation, the measurement vector is given as:

T
= §Tons - Fions) (2.50)

with the sensitivity matrix, H, is
Hi Gps
H = : (2.51)

H, Gps
For WLPS and GPS scenario, the measurement vector is given as:
< T =T <T T -r]’
y= [Yl,cps -+ Yugps Y2 Y13 .- yij] (2.52)
with the sensitivity matrix, H, is
T T T T 7
H=|Hlgps ... Hlgps H HE, . .HE| (2.53)

where §;; and H;; are defined in Eqgs. (2.45) and (2.46) respectively, i = 1,...,n,
j=1,...,nand i # j.

2.4 Extended Kalman Filter Implementation

The EKF process begins with an initial estimated states, X(#y) = X0, and states covariance,
P(ty) = Py. At every time step, k, a measurement is received from the sensor onboard, a

gain matrix, K, is then computed as follows:
K =P H [HP, HI + %! (2.54)
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where %), is the measurement noise covariance at step k, and its matrix composition
depends on the availability of measurements (e.g. WLPS or GPS) in the estimation

processes. The matrix Hj is the sensitivity matrix, which is defined as:

Jh

H, = —
k 8X§;

(2.55)

Here, the superscript “-” denotes predicted (or pre-update) estimates.

Then, the pre-update estimated states, )’Zk_, and states covariance, P, are updated through

the following equations:

R =R +K[fr—he(®;)] (2.56)
Pl =(I-KHy)P, (2.57)

where I is the identity matrix, flk(f(,:) is the estimated measurement, X, is post-update
estimated states, P,j is post-update states covariance, K is the gain matrix in Eq. (2.54)

and Hj, is the sensitivity matrix.

Both post-update estimated states, )’Z,j and states covariance, P,:r are propagated to the

next time step.

=18 +w (2.58)
P=FP' +P'F +GOG" (2.59)

where, w is the process noise vector which is a zero mean gaussian noise with
0 = E{ww’}, f(z,%]) is obtained from the equation of motion of the spacecraft (Eq.
(2.3)). Fy is defined as:

of
F=2 (2.60)
3X )’Z+
k
The F;, matrix is the linearized state model:
AX = FLAx+ Gw (2.61)
T . .
where Ax = |ArT ... ArfAvI ... AvI'| , with Ar; and Av; are small changes in the

i"" spacecraft position and velocity vectors. For n-spacecraft formation, the F; matrix in
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Eq. (2.61) is given by:

03n><3»n I3n><3n

Fi.= | ar(x) 0 (2.62)
ax et 3nx3n
where,
— 8f —
o 033 o 0553
dF (x) 0353 gﬁ o 03x3
= X2 (2.63)
af,
053 - oo &
o 2rl.2)C — rizy — rl.zZ 3rixriy 3rixriz
i H
8_X,~ = 3 3rixtiy 2rl.2y — r%c — rizZ 3riyriz (2.64)
3rixriz 3"iy’”iz Zré—ré—r%)
T . .
where i =1,2,...,n,5s = rl.zx + rl.zy + rl.zz, and r; = [r,-x Tiy r,-z] in Eq. (2.5). Here, u is

defined as in Eq. (2.3).

For a configuration of n-spacecraft, the G matrix, in Eq. (2.59) and Eq. (2.61) is:

G= (2.65)

03n><3n
I3n><3n

The Kalman Filter algorithm for all scenarios is processed as follows. The estimated states
(including both absolute position and velocity vectors) and the estimated state covariance
are initialized. Then, the estimated state and state covariance are updated using Egs.
(2.56) and (2.57). It is noted that the sensitivity matrix and measurement vectors vary
from one scenario to another. Then, both estimated states and state covariance are
propagated using Eqs. (2.58) and (2.59) to next time step for future update.

2.5 Simulation Results and Discussions

Simulations are conducted to study and compare the estimation performance of the

spacecraft position with respect to the Earth center (or absolute position) using WLPS
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only, GPS only, and WLPS plus GPS. The performance is assessed through computing the
average of the Root Mean Square Error (RMSE), 1, of the estimated absolute positions of
all spacecraft in the formation. The Mean Square Error (MSE) is the average of the square
of estimation errors along the x, y, and z axes of the spacecraft position.

_ IFi =i

= | 2.66
n NG (2.66)

where 7; is estimated i spacecraft’s absolute position’s RMSE, f; is the estimated
absolute position of the ' spacecraft and r; is the truth absolute position of the i'"

spacecraft.

For n-spacecraft formation, the 1 is given as:

S| =

==Y (2.67)
i=1

The convergence time, T¢ony, Of the estimation is defined as the time needed by the
estimator until the RMSE falls below a given steady state threshold, e;,,.;. The threshold
varies with the SFF configuration (e.g., formation size, number of spacecraft). There are
different approaches to determine the steady state threshold. In one of the approaches,
e;hres 18 computed by taking the average RMSE of the estimator at the steady state RMSE

curve. However, the T, is undefined if the RMSE does not converge.

Two case studies are presented in this chapter: (1) one examining the implementation of
1D WLPS for spacecraft navigation; and (2) comparing the estimation performance
between a GPS standalone system, and a WLPS along with a GPS system with time delay
modeling. In the second case study, the estimation performance is examined with respect
to the following SFF configuration parameters: Size of formation, Measurement noise

level, Number of spacecraft, and Altitude of the formation (except GPS scenario).

The general simulation assumptions in this chapter are: (i) Process and measurement
noises for all spacecraft are zero-mean Gaussian; (ii) The attitude of each spacecraft is
well-known; (iii) The TOA and DOA measurement noise standard deviations are 1 meter
and 0.001 degrees respectively, unless otherwise specified; (iv) The GPS pseudo
measurement noise standard deviation is 10 meters, unless otherwise specified; (v) The

variance of the process noise is 10~ "“km2s=%; (vi) The initial estimated states covariance
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Table 2.1
Third and fourth spacecrafts’ orbital elements.

Inclination (deg) | Arg. perigee (deg) | RAAN (deg) | Initial Anomaly (deg)
S/IC 1 5 0 5 3
S/IC2 -5 0 0 2
S/IC 3 -3 0 7 -4
S/IC 4 3 0 -4 10
S/IC5 -2.5 0 -3 2
S/IC 6 -10 0 0 S

is 1 km? along each position axis, and 0.01 km? /s? along each velocity axis; and (vii) the

simulation is run at the interval time of Ar = 10 seconds for all scenarios.

In the simulations conducted in this chapter, we assume that each relative position in the
formation is measured only once. Thus, for a two spacecraft formation, there is one
relative measurement. Similarly, for three, four, and six spacecraft formation, there are

three, six, and fifteen relative position measurements, respectively.

Figure 2.5 shows the accuracy performance of the EKF estimation using only the WLPS
measurement with respect to different numbers of spacecraft in the formation. All the
spacecraft have the same true semimajor axis of 7000km and eccentricity of 0.05. The
orbital elements of all spacecraft are shown in Table 2.1. Figure 2.5 shows that the
performance improves as the number of spacecraft in formation increases. The
convergence time of the EKF process is about 400 minutes for the two-spacecraft

formation. It is 300 minutes in the three-spacecraft formation, and is about 70 minutes for

11

10

Average RMSE (m)
~

2 3 4 5 6 7
Number of spacecraft

Figure 2.5: WLPS only - RMSE Performance.
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four spacecraft formations. The number of measurements in the three-spacecraft
formation is three times higher than that of the two-spacecraft formation, and the number
of measurements in the four-spacecraft formation is two times higher than that of the
three-spacecraft formation. This leads to higher spacecraft orbit observability gain and

results in significant convergence time improvement.

2.5.1 One DOA measurement

In this section, we compare the estimation performance between one DOA measurement
and two DOA measurements. Both case studies include a TOA measurement. To study the
feasibility of estimating the absolute positions from measurements of only the range and
the azimuth angle, an observability analysis is needed. The EKF algorithm of 1-DOA is
similar as the 2-DOA case. However, only the first two row of the sensitivity matrix in Eq.

(2.12) is considered, because only one TOA and one DOA measurement available.

It is common that the observability analysis is conducted by linearizing the nonlinear

problem. A numerical method for observability investigation is presented in detail in Ref.
[5]. It can be shown that in this problem, the system is observable except in some special
configurations of formations. One of those special cases is when two spacecraft are in the

same circular orbit. In this section, we present simulation results for one observable case.

A two-spacecraft formation is considered. The spacecraft orbits have a semimajor axis of
7000km. The first spacecraft (observer) orbits in a circular orbit, with 0 degrees in
Inclination, Argument of perigee, RAAN and initial true anomaly. The second spacecraft
(target) orbits in an elliptic orbit with eccentricity of 0.05 degrees, inclination of 15
degrees, Argument of perigee of 0 degree, Right ascension of ascending node (RAAN) of
0 degree and initial true anomaly of 5 degrees.

We assume that only spacecraft 1 (S/C 1) is equipped with a DBS, while spacecraft 2 (S/C
2) is equipped with only a TRX. In this case study, the WLPS antenna array is rotated at 5
degrees about the body x-axis, and both spacecraft experience no spinning motion. In this
simulation, we assume the initial condition for both spacecraft is known and there is no

signal transmission and signal processing time delay.

Figures 2.6(a) and 2.6(b) compare the RMSE performance between one DOA

measurement and two DOA measurements, for different levels of measurements noises.

29



)

€3 !

RMSE (k
nN

o M e,

o ey

---1DOA
2 DOA

0 50 100 150
Time (min)

200

250

300

(a) Low TOA-DOA measurement noise.

5 T T
i ] - --1DOA
! ! 2 DOA
af ‘ 1
1
E3fll .
= u
L LA
2 RIAN -~
o 2 I \" ! Y
R I
I
LN \
1 | m‘ g o LS
" \
W <
0 . . . . .
0 50 100 150 200 250 300

Time (min)

(b) High TOA-DOA measurement noise.

Figure 2.6: RMSE comparison of Azimuth only (1 DOA) versus Azimuth and Elevation (2 DOA) measure-
ments.

The results indicate that it is possible to estimate the spacecraft absolute position with

only one DOA measurement along with a TOA measurement, in the case presented.

Figure 2.6(b) compares the RMSE performance when both TOA and DOA noise levels are
increased to 0.1 meter and 0.1 degrees respectively. The result shows that there is a
significant difference between one DOA measurement performance and two DOA
measurements performance. The two DOA measurements has a better overall accuracy

compared to the one DOA measurement performance.

2.5.2 GPS and WLPS versus GPS standalone system

In this section, the performance of an orbit estimation algorithm using only GPS for
position measurements is compared with the estimation algorithm that has an additional
WLPS sensor (GPS/WLPS) installed on the spacecraft. We assume signal transmission
time delay occurs between the DBS and TRX. Here, a four-spacecraft formation flying is

considered. These comparisons will be carried out for several parameter ranges as detailed
below.
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Table 2.2
Four Spacecraft Configuration for different formation size.

Formation size 100km/200km | 700km/1400km | 1445km/2450km
Min. | Max | Min. Max Min. Max
Inclination (deg) -0.5 0.3 -5 5 -10 10
Arg. perigee (deg) 0 0 0 0 0 0
RAAN (deg) -0.5 0.2 -4 7 -3 3
True Anomaly (deg) | O 0.5 -4 10 -2 5

2.5.2.1 Formation size

First, the impact of formation size on the performance is studied. All spacecraft orbit at a
semimajor axis of 7000km, with eccentricity of 0.05. There are a total of four spacecraft
in the formation. Here, ranges for the orbital elements of each spacecraft are listed in
Table 2.2.

Table 2.3 compares the estimation performance with respect to different formation sizes.
The results show that if only GPS measurement is available, the formation size does not
impact the estimation performance in terms of accuracy. Because the GPS provides
independent absolute position for each spacecraft in the formation, the relative spacing
between spacecraft does not really affect the estimation accuracy, if GPS measurements
only are used. In addition, the simulation results show that the convergence rate for all
case studies is the same, which is 20 minutes. This is because the GPS measurement has
more impact on the convergence rate of the estimation process than the WLPS

measurement.

When the WLPS is implemented into the formation along with the GPS, the results show

that the formation size impacts the estimation accuracy. Table 2.3 shows that as the

Table 2.3
Performance comparison between different formation size.
Form. Size Set up Ave. RMSE (m)
100km/200km GPSG/\PYSLPS ;(1)?2
700km/1400km GPSC/}\;ISL PS. ;(2)51;
1445km/2450km GPSC/}\;’SL PS. ;gig
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Table 2.4
Performance comparison between high GPS noise and high WLPS noise.

Noise level Set up Ave. RMSE (m) | Conv. time (min)
High GPS GPS/WLPS 9.529 70
Noise GPS 62.745 70
High WLPS | GPS/WLPS 1.669 20
Noise GPS 2.090 20

formation size decreases, the estimation accuracy increases. Although the improvement
may seem insignificant (only 30 decimeters) when the WLPS is implemented together
with GPS, there is about 25% improvement when the formation size decreases from
1445km/2450km to 100km/200km. For other cases where the RMSE is higher, the impact

may become more significant.

2.5.2.2 Measurement noise level

Next, consider the 700km/1400km formation size configuration shown in Table 2.2. The
measurement noises of WLPS and GPS are varied in the following order: a. High GPS
noise: Both TOA and DOA noises levels are 0.001km and 0.001 degrees respectively, and
GPS noise level is 1km; and, b. High WLPS noise: Both TOA and DOA noises levels are
0.01km and 0.01 degrees respectively, and GPS noise level is 0.01km.

Table 2.4 compares the RMSE and convergence rate with respect to two different noise
levels, high GPS noise level and high WLPS noise level. With high GPS noise (such as
signal jamming), the result shows that we are still able to achieve good estimation
accuracy (up to meters accuracy) with the aid of WLPS measurements. Besides that,
additioinal WLPS measurement is capable of improving the estimation performance if
compared to the GPS standalone system; even though the WLPS measurement noise level
is high. In addition, the convergence rate is increased if GPS measurement noise
increased. This result confirms that the GPS has more impact on the convergence rate of

estimation.
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Figure 2.7: Position RMSE comparison of GPS-only and GPS/WLPS, and three sigma boundaries plot.

2.5.2.3 Number of spacecraft in formation

The impact of different number of spacecraft on the estimation performance is studied.
Four formations are considered: two, three, four, and six spacecraft. The size of the
formation in the four cases is 700km/1400km.

Figure 2.7(a) compares the accuracy and convergence performance with respect to the
number of spacecraft in the formation. Because GPS offers absolute position
measurements for each spacecraft, independent from other spacecraft in the formation,
increasing the number of spacecraft in the formation does not affect the estimation
accuracy, if no WLPS is used. Figure 2.7(a) shows that as the number of spacecraft
increases, the RMSE performance improves. It is noted that we assume spacecraft i
measures spacecraft j’s relative position, but spacecraft j does not measure spacecraft i’s

relative position in the simulation.

Figure 2.7(b) shows the spacecraft’s estimated absolute position error with a three sigma
boundary for the WLPS and GPS scenario. The simulation is processed for 100 Monte
Carlo runs with the initial condition error of 1km in absolute position vector and 1ms™! in
absolute velocity vector for each spacecraft in the formation. The initial state covariance
remains the same as presented in the simulation assumption. Figure 2.7(b) shows that the
estimated absolute position error falls within the three sigma boundary. The estimated

state error converges at the same pace as the state covariance in the presence of GPS
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measurements.
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Chapter 3

Implementation of a Differential
Geometric Filter For Spacecraft

Formation Orbit Estimation



3.1 Introduction

The relative and absolute positions estimation of spacecraft formations is a fundamental
task in many space missions.” Relative position estimation plays an important role in
Spacecraft Formation Flying (SFF) missions, a subject that has been the focus of much
research during last decade. Some SFF missions require that multiple spacecraft, in
different orbits, communicate without interruption, e.g., satellites in the CITRIS-COSMIC
system are required to communicate with each other to monitor the ionospheric
irregularities [1]. Relative positions between satellites, such as Cluster and Cluster-II
satellites launched by the European Space Agency, are estimated and controlled to support
many collaborative tasks where satellites are required to maintain a specific formation in a
continuous manner within the mission period [2]. Several relative position estimation
methods have been developed. A GPS-like technology that can be applied to SFF has
been introduced [3, 4], where each spacecraft is equipped with a communication system to
localize other spacecraft in the formation. This system provides high precision estimates
for relative positions. Yet, complex hardware is required on each spacecraft. This system

does not stand alone and requires a GPS system.

A relative position and attitude estimation through a Vision-Based Navigation System
(VISNAV) has been addressed extensively in the literature [7, 49-51]. The VISNAV
consists of a Position Sensing Diode (PSD) sensor and an array of LED source beacons
installed on a plate. The PSD detects the energy of the light source emitted by the
beacons. Then the PSD generates a current flow to four terminals that are installed on the
PSD plate. At that point, the centroid of the current flow is determined to measure the
direction of the energy source. The covariance study shows that the performance could be
affected by the relative distance between spacecraft. The accuracy factors of the
estimation depend on the number of beacons installed on the spacecraft. Three or more

beacons are suggested to ensure the observability of the system [7].

Mark Psiaki proved the feasibility of estimating the orbits of two spacecraft through
measuring their relative distance and azimuth and elevation angles [5]. The orbital
elements estimation accuracy depends on the relative distances between the spacecraft.
Only two spacecraft formations were considered. As shown in Ref. [5], the relative

position between spacecraft impacts the estimation performance. In addition, the system

*The material contained in this chapter was previously published in the International Journal of
Aerospace Engineering.
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becomes unobservable in a few cases, such as zero inclination.

The Extended Kalman Filter (EKF) has been widely implemented into the nonlinear
system to estimate the relative and absolute positions in SFF [7, 16, 78, 79]. The system
nonlinearity causes the EKF estimation to be sensitive to initial condition errors, and the
linearization step in the EKF may result in estimation instability. The Unscented Kalman
Filter (UKF) has been implemented for relative attitude and position estimation in SFF
[17, 18]. The UKF has a better robustness to initial condition errors compared to the EKF.
However, its computational complexity is higher than the standard EKF. If compared to
the standard EKF, the UKF has a faster convergence rate, but the computational time
required for each update is longer than that of the EKF [80]. The Batch filter [22], an
offline filtering method, has been implemented in Ref. [5] for absolute positions
estimation using the relative positions measurements. Both studies in [16] and [5] show

that the configuration of the SFF affects the stability and the accuracy of estimation.

The Differential Geometric (DG) Theory has been widely implemented in the control and
guidance research area [42, 43]. In calculus, the Differential Geometry represents the
linear approximation of a smooth curve [44]. Ref. [45] and [46] introduced the
Differential Geometric approach into the missile tracking applications. In Ref. [45], the
system model is transformed from the arc length domain into the time domain; then the
guidance law is applied. Both papers have shown the feasibility of implementing the DG

for missile guidance.

The Differential Geometric approach for nonlinear systems has been extended recently for
the nonlinear estimation purpose [47]. The DG estimation avoids the linearization step in
the EKF. In DG estimation, the nonlinear dynamics are mapped to a linear domain, where
a linear estimator can be implemented. Then, the inverse transformation is applied to the
estimator [47]. Ref. [47] details how the DG estimation can be implemented when the
number of available measurements are too few to handle all the system nonlinearities, and
shows that both the optimal control and the linear filtering approaches can be applied in
the mapped linear domain.

In this chapter, the DG filter is implemented in estimating the spacecraft relative and
absolute positions in formation. While most of the developments in the literature focus on
the estimation of relative positions [3, 7], this chapter estimates relative and absolute
positions of all spacecraft. The Differential Geometric (DG) Estimation and the Extended

Kalman Filter (EKF) are implemented and compared for estimation using Wireless Local
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Positioning System (WLPS) measurements. The WLPS installed on each spacecraft
enables that spacecraft to determine the relative positions of other spacecraft located in its
coverage area via Time-of-Arrival (TOA) and Directional-of-Arrival (DOA)

measurements [16, 58, 81].

In this chapter, two scenarios are considered: (1) observations include WLPS
measurements only, and (2) observations include WLPS measurements in addition to the
absolute position of one spacecraft measured by radar systems installed on the earth.
Section 3.2 presents the radar measurement model. The derivation of the DG Estimation
equations for the problem of relative and absolute positions estimation are presented in
Section 3.3. Section 3.4 presents the EKF implementation. Section 3.5 discusses the
simulation results and presents a complexity analysis that compares the computational
costs between the DG filter and the EKF.

3.2 Measurement Model

In this section, the measurement models for each scenario are derived. Two sets of models
are derived for two scenarios: (1) Only WLPS measurements are available, and (2) WLPS
measurements and those taken by a tracking system (such as a radar installed on the
ground) are available. For the first scenario, a four-spacecraft formation is considered.
Each spacecraft is equipped with both a DBS and a TRX. For the second scenario, a
two-spacecraft formation is considered; one spacecraft is equipped with a DBS and the
other spacecraft is equipped with a TRX. The radar measures the absolute range and the
absolute azimuth and elevation angles of one spacecraft with respect to a ground station.
Since the position of the ground station is known, we assume the absolute position

measurement is expressed with respect to earth center [82].

The estimated states are considered to be the spacecrafts’ absolute and relative positions,
and their velocities. If the spacecrafts’ orientations are known, the WLPS measurements

can be expressed in the inertial reference frame.
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3.2.1 WLPS Measurements Model

The WLPS measurement model without the time delay transmission has been derived in
Section 2.3.2. Using (2.8) and (2.9), we can express the WLPS measurement between the

i"" and the j'" spacecraft as:

+Vpiij (3.1)

TOA
S oo |
Ypii = | |,poA
ij
where v, ;; denotes WLPS measurement noise, which is assumed to be zero-mean

. . . T . .
Gaussian with E[vp, ;v ;;] = Rp ;.

Using (8.4) - (8.6) in Appendix 8.1, the WLPS measurement vector in Cartesian
coordinates is:
Tijx
Yeij = |rijy| + Veij (3.2)
}"l'j,z

The new measurement noise V. ;; is a function of v ;;, hl-TjOA and hiTjOD defined in (3.1).

3.2.2 Radar System Model

In the second scenario, an additional radar system that measures the spacecraft range,
azimuth and elevation angles is included. It is assumed that the " spacecraft that is
observed by the radar is also equipped with a DBS. The absolute position measurement

made by the radar is:

ri= [Pi Ar, 5ri:|T+vr7i (3-3)

where V,; is radar system noise, which is assumed to be zero-mean Gaussian, and
E[v,vI] = R,. The r; is the absolute distance of the i’ spacecraft from the radar, 4,, is the
azimuth angle and &, is the elevation angle of i"" spacecraft with respect to a radar-fixed
coordinate system. The radar position is known in the ECI frame. So, using radar
measurements, it is straightforward to calculate the absolute distance of the ' spacecraft
from the earth’s center, ||r;||, and the azimuth, A;, and elevation, &;, angles with respect to
the ECI frame. In this preliminary analysis, we will assume for simplicity that we measure

directly [|r;||, A;, and &;. Azimuth and elevation angles are related to the coordinates of the
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spacecraft through:

A; = tan”! ? (3.4)
i,x
£ = tan! % 3.5)
rl,x + ri,y

where r; », iy and r; ; are defined in (2.5).

3.2.3 Measurement Models for Simulation

In the first scenario, only the linear filtering method presented in Section 3.3 will be
implemented. Four-spacecraft formation is required, as discussed in Section 3.3.3. Thus,

the measurement vector, ¥ is:
% T o o o |"
y= [yc,lZ Ye23 Yesa yc,41] +Vv 3.6)

T
— T T T T 3 3
where v = |:VC’12 VC’23 Vc’34 vc,4li| is the measurement noise vector. The

corresponding measurement noise covariance is given as:

Reiz 0343 0343 0343

03,3 Reoz 033 033

R, = (3.7)

033 03,3 Rezs 033
03,3 03.3 03,3 R4

The R, ;; which denotes the relative position measurement noise covariance in the ECI

frame in equation (3.7) is given as:

Re,ij=E{(r;j— D] ve;ij)(rij— D} veij)"}

_ (3.8)
= D] ReijDi

where R, ;; is the noise covariance of the relative position measurement, expressed in
cartesian coordinates, and D; is the attitude matrix [22]. R is given as a function of R, ;;

[82]. The transformation from R, ;; to R is shown in Appendix section.
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For the second scenario, both the linear filtering method and pole placement, which are
presented in Section 3.3, will be implemented for estimation purposes. Only

two-spacecraft formation is considered. The measurement vector ¥ is:
o [er o "
y= [yc,lZ ym} +v (3.9

T
where v = [Vchz vrTl} . The corresponding measurement covariance matrix R, is:

Rp 0
053 R,
where R, = diag [Gg G,% Gg] , which the “diag” represents the diagonal matrix, and 62,

0'/% and 0'5 are the measurement noise variances for absolute distance, azimuth, and

elevation angle, respectively.

3.3 Differential Geometric Filter

DG estimation was recently extended to deal with nonlinear dynamic systems with fewer
measurements than required to handle all nonlinearities [47]. DG estimation avoids the
linearization step encountered in the EKF. In the DG estimation, the nonlinear system is
transformed into a linear system. The transformation requires the state vector, X, to be

expressed as a function of the measurements vector, y, i.e., X = s(y).

The DG estimation development is explained in Ref. [47] and is briefed here for
completness of presentation. The system model for DG estimation is constructed by
defining a new state vector z such that the measurement vector y can be expressed as a

linear function of z:

z=Az+Bg(z)+Gw (3.11)
y=Cz+v (3.12)

Here, A, B, C, and G are linear matrices, w is the process noise, and Vv is the measurement
noise. The state equation (3.11) includes a linear system, Az, and a nonlinear input

function, Bg(z).
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When the available measurements are not enough to handle the nonlinearities in the
system, a set of pseudo-measurements, z’, is required. The pseudo-measurements can be

obtained by taking the derivatives of y, i.e., Z' = y.

The pseudo-errors are defined as:
e=z7 -7 (3.13)

Then, the estimated state vector, Z, that includes the pseudo-measurements is:

- [yT Z/T] ! (3.14)

Letting m be the total number of measurements, Eq. (3.14) shows that the size of the
estimated state vector, z, is twice the size of the measurement vector, n = 2m. In addition,

it can be shown that the time rate of change of the pseudo-errors are [47]:

€=Ani128 —Lup1a(§—9) (3.15)

where L is the gain matrix which will be presented in the next section, and A, , and Ly, ,

denotes m'" to n'" row of the A and L matrices respectively.

In Ref. [47], two gain computation methods are presented, which are the pole placement

method and Kalman Filter (or Linear Filtering) method.

3.3.1 Linear Filtering Gain

The state equations (3.11) are linear. Thus, the Kalman Filter theory can be applied. Note
that the input function, g(z), is not used in the updating process in both DG estimation and
EKF. The DG estimation gain matrix, L, is determined by:

L=PCT(CPCT +-R)™! (3.16)

where P is the state covariance matrix corresponding to the z vector, and R is the

measurement noise covariance matrix. Then, the state estimates, z, and its covariance are
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updated as follows:

it=2+Lia(F-9) (3.17)
7t =2+ Ly a,5-9) (3.18)
Pt =(—-LC)P™ (3.19)

where [ is the identity matrix, the superscript — denotes pre-update estimates and the
superscript + denotes post-update estimates. The Z’ denotes any estimated
pseudo-measurements vectors and the estimated state vectors that are not observed by

measurements. L, , denotes m'" to n'* row of the gain matrix, L.

The DG estimation filtering process works as follows [47]. The gain matrix, L, is
determined using (3.16). Then the estimated states and state covariance matrix are
updated using (3.17) to (3.19). The updated states and the pseudo-errors are propagated
by (3.11) and (3.15) with their respective input function. The state covariance matrix is

propagated using the equation (3.20):
P=AP+PAT + GOGT (3.20)

where Q is the process noise covariance, which is defined as Q = E{ww’ }.

Both the A and G matrices in (3.11) and (3.20) are linear time invariant matrices; thus,

(3.20) can be expresed in time discrete representation, which is given as:
Py = PP + 2 (3.21)

where, subscript k& and k4 1 denote the current and next time step respectively, P is the
state transition matrix and 2 is the discrete-time process noise covariance. Both ® and 2

are calculated as follows [83]. Let,

—A GQGT
o = At 3.22
0 £ (3.22)
By, B
B=e” =|7 1 T2 (3.23)
0 %»

o

where At is the time interval between two successive measurements, e is the exponential
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matrix of &/ matrix, and F is the matrix representation of the system dynamic model. For
the nonlinear dynamic model case, e.g., Eq. (2.3), F is the first order Taylor series

expansion (or Jacobian matrix) of the dynamic model. Both @ and 2 are given as:

& = AL, (3.24)
9 =>0%), (3.25)

3.3.2 Pole Placement Method

Another filtering method presented in Ref. [47] is the pole placement method. The pole
placement method has been widely used in controls and estimation. Unlike the Kalman
Filter, the gain, L, in pole placement, does not change dynamically. Pole placement also
requires full system observability. However, the pole placement method guarantees the

linearity of the measurement model, and hence guarantees stability.

The pole placement gain matrix L is computed as follows. Given that the A matrix has

n x n dimensional and canonical form:

100 ...0
010 ..0

A=|0 01 ... 0 (3.26)
000 ...0

and C matrix has n X m dimensional. The system is considered to be fully observable if
the rank of O(C,A) matrix is full rank [84]:

C
CA
O(C,A) = | CA? (3.27)

cA"!

If the full rank observability condition in equation (3.27) is fulfilled, the gain matrix L is
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calculated using the following equation:
A =eig(A—CL) (3.28)

where A is the eigenvalue vector, and eig represents the eigenvalue.

If a set of eigenvalues is given, the gain matrix L can be computed using the Ackermann’s
formula [22]. The selection of the eigenvalues impacts both stability and accuracy of
estimation. Therefore, negative eigenvalues are always selected to ensure the stability of

the estimation process.

Here, our goal is to set up the DG estimation filter for the two scenarios introduced in
Section III. For the first scenario, only the WLPS measurement is available while we
intend to estimate the spacecraft absolute position. Thus, it is required to derive the
expression of absolute position of spacecraft in terms of relative position. For the second

scenario, an additional absolute position measurement of spacecraft is included.

3.3.3 Scenario One - Relative Position Estimation with WLPS-only

measurement.

The absolute distance of a spacecraft j from the Earth’s center is:

r? = rl-2 + ri2j + 2rl~Tjr,- (3.29)
where r; and r;; denote absolute and relative positions respectively defined in (2.4) to
(2.6).

The orbital equation of spacecraft is [75]:

a(l—€?)

= 3.30
1+é&cosv ( )

In (3.30), r represents the distance of spacecraft to the Earth’s center, a is the semimajor
axis, € is the eccentricty, and 0 is the true anomaly. In this scenario, it is assumed that all
spacecraft in the formation have the same semimajor axis, eccentricity, and true anomaly.

Hence, Eq. (3.30) shows that the distances from all spacecraft to the Earth’s center would
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be the same. In this case, r; = r;, leads to:

rf+2rlr =0 (3.31)

If we consider a four-spacecraft configuration, then (3.31) can provide a closed form
solution for absolute positions using relative position measurements. For example, the

absolute position of spacecraft 1 can be obtained from:

ir)
rax T2y T2z Il x 2
2
k
F3x M3y T3z| [ry| = — |3 (3.32)
2
Na
2

FMax Tlay T4z] |7z

Here, 1, 1y, iz and rjj x, rijy, Iij ; are the absolute and relative position elements
introduced in (2.4), respectively. The right hand side of (3.32) are the square of relative
distances between the spacecraft. Similarily, we can determine the absolute positions of
the other spacecraft. Note that the solution in (3.32) requires the computation of inverse of
the relative position measurements matrix. Therefore, the closed form solution needs an

accurate estimation or unbiased relative position measurements.

Consider the four sets of WLPS measurements mentioned in Section III where the total
number of measurements, m, in (3.6) is 12. However, there are 24 states to be estimated;
thus, at least 12 pseudo-measurements are required. The pseudo-measurements are
defined as the relative velocities. Using the dynamic motion of spacecraft defined in (2.3),
the relative accelerations between spacecraft are:

_an

3 3

(3.33)

When all spacecraft in the formation have the same semimajor axis, a, eccentricity, €, and
true anomaly, v, at all times, (3.33) can be simplified to:

HEij
3

i = — (3.34)

The nonlinear input function, g(z), in (3.11) is defined as a function of measurements, ¥,
and pseudo measurement, z’. The only nonlinear function of the dynamic system in this

scenario is the relative acceleration introduced in (3.34). Therefore, the input function
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consists of the relative acceleration between the spacecraft, which is:

T
T T T T
g(F7) =tk _tn _u (3.35)
where 7’ is the pseudo-measurements vector defined in Eq. (3.13), which can be written as

7 =7 +e.

Equation (3.35) depicts that the absolute range of spacecraft is required for the relative
dynamic model. Equation (3.32) determines the absolute position using relative position
measurements. However, (3.32) is vulnerable to the error in r;;, which could result in a
large estimation error in the absolute range, r. Then, we consider two additional
pseudo-measurements which are the absolute range and eccentric anomaly, E. The rate of
change of absolute range is [75]:

i =aesinEE (3.36)

where a and € were defined in (3.30). The rate of change of eccentric anomaly is:

E= \/El (3.37)
ar

Substituting (3.37) into (3.36), we obtain the expression of 7 in terms of eccentric anomaly
and range only. Adding (3.36) and (3.37) into the input function, g(¥,2’) in (3.35), we

obtain: .
T T T T .
v7) = ury, HI)s Hr3, Hry, sinE ui
g(7.7)= |-t M HT o /gesink \/;;] (3.38)

Then, the estimate state vector, z is:

Zz=[rp I3 I3y r4 Ip
; (3.39)
I3 T3y Ty 1 E]

The linear matrices A, B, and G in (3.11) associated with state models in (3.38) and (3.39)
correspond to:
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0 | 0
A [ 2x12 T2z 12><2] (3.40)
01412 O1ax12 0142
T
B = [014><12 I]4><14] (3.41)
T
G= [014><12 Il4><14] (3.42)

For the WLPS-only measurement, the C matrix in (3.12) associated with the measurement
model in (3.6) is:
C= [112x12 012><14} (3.43)

3.3.4 Scenario Two - Relative Position Estimation with WLPS and

Radar measurement.

Consider a radar tracks one of the spacecraft in the two-spacecraft formation, e.g. i""
spacecraft where i represents either spacecraft 1 or spacecraft 2. The absolute distance to
the spacecraft is measured at all times. Then, the range and eccentric anomaly
pseudo-measurements in (3.39) can be ommitted. Therefore, the state vector for the

second scenario becomes:

. 7T
VAR rlTZ ri A,,' gi l"{z Fi A,' éi (344)

where, r; is the absolute range, A; is the absolute azimuth angle, &; is the absolute elevation
angle, and 7;, /;L,-, 5,- are their time derivatives, respectively. Based on (3.44), the nonlinear
function are the relative acceleration and the acceleration in terms of #;, ii and 2; Then,
the modified input function, g(§,7’) is:
T T .. .17
~ ur ur ..

g(§,7) = I E &i (3.45)

where #;, ;Li, and é, are the spacecraft polar accelerations, which are the second order time

derivatives of the absolute range, absolute azimuth, and elevation shown in (3.3) - (3.5)

respectively. Their corresponding equations are:
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i = il 4 ridtcos & — % (3.46)
. 2
Ai=— rl. : +2Ai§,’ tan g,' (3.47)

E=— 2Fi5i 2A% cos A;sin&; (3.48)

Ti

where the first order time derivation of polar coordinate and cartesian coordinate are

presented in Appendix A.

In this case, the A, B, G, and C matrices for DG estimation’s state and measurement
models in (3.11) and (3.12), are:

Ao [06><6 I6><6] (3.49)
066 O6xe

B= [06><6 I6><6} ' (3.50)

G = [06><6 16x6r (3.51)

o (3.52)

The process noises in the G matrix in (3.51) are assumed along the acceleration axes only.

3.4 Implementation of Extended Kalman Filter

The standard EKF has been implemented for both scenarios. The state model, (2.3), and
the measurement models, (3.6) and (3.9), correspond to the first and second scenarios
respectively. In section 2.4, the EKF has been derived for the WLPS-measurements

expressed in polar coordinates.

For n-number of spacecraft in the formation, the state estimate vector for EKF is:

T
vl (3.53)

n

T T

T
n V1

r \G3
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For the first scenario, the measurement model is:

—Ixz Iixz  03x6 0346
03,6 —I3x3 Isxz 0346
H,=| o : (3.54)
036 0306 —Izxz I3x3
| Iz 036 036 —I3x3)
For the second scenario, the linearized measurement model is:
—I3x3 I3x3 0346
Hy, = [ o (3.55)
—5uar 0353 036

where % is the Jacobian of the three radar measurement components introduced in
1

(3.3) with respect to the i’ spacecraft absolute positions and velocities [82], which is

given by:
Fix/Ti riy/ti  TiZ/Ti
ahmdﬂlr _ —sinA,; coS Ay 0 (3.56)
or 7i €08 &yi 7i €08 &ri )
—cosAysin,;  —sinAsiné,;  coséy
ri i r

T
where r; = [”i,x Fiy rl-,z] , and r;, A, and &,; are defined in equation (3.3).

Using the measurement noise covariance obtained in (3.7) and (3.10) together with the
linearized state and measurement models, the EKF for relative position estimation is

implemented.

3.5 Simulation Results and Discussions

Simulations are conducted to study and compare the accuracy and convergence
performance between Differential Geometric Estimation and EKF. Two Differential
Geometric Estimation methods discussed in Section 3.3 are implemented in the
simulation, which are the pole placement and the linear filter. The accuracy performance
measured is their Root Mean Square error (RMSE). Here, the Mean Square Error (MSE)

is the average of the square of estimation error over x, y, and z axes of spacecraft position.
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Thus,
£ — |
RMSE = ——
V3

where #; is the estimated absolute position of the i’ spacecraft and r; is the true absolute

(3.57)

position of the i’ spacecraft.

The convergence rate is determined by the amount of time required by the estimator’s
RMSE to fall within a RMSE threshold, e;j,.5. The e, 1s determined as the average
RMSE at the estimator’s RMSE steady state. In addition, the complexity of DG
Estimation and EKF are compared through the number of multiplications required by each

estimator in an iteration.

In the simulation, all spacecraft are in Low Earth Orbit (LEO), with a semimajor-axis of
7000 km, the eccentricity of 0.04, and 0 degree of initial true anomaly. The argument of
perigee (ARGPER), the Right Ascension of the Ascending Node (RAAN) and the
inclination (INC) of each spacecraft are specified in each scenario in order to meet the

formation configuration requirements.

The initial attitude of each spacecraft is constructed using a Euler Angle with 3-1-3
orientation at periapsis [74]. The first rotation is the spacecraft RAAN angle, followed by
a second rotation (inclination angle). Then, the third rotation angle is 90 degrees for
spacecraft 1, 3, and 4, and -90 degrees for spacecraft 2. To ensure that one of the
spacecraft reference frame axes points toward the center of the Earth at all times, all
spacecraft are set to rotate at a constant angular velocity, which is, @' = [0 0 a)} T.
Here, o' is the angular velocity vector expressed in the i’ spacecraft reference frame.
Then, the angular velocity of spacecraft expressed in ECI is, @" = D! ®'. The mean
motion is @ = /U /a’; where u is the earth grativational constant and a is the semimajor

axis.

The simulation assumptions are as follows: (i.) Process and measurement noises for all
spacecraft are zero-mean Gaussian; (ii.) Initial conditions of spacecraft are well known;
(i11.) The attitude of each spacecraft is well-known; (iv.) All spacecraft are equipped with
a DBS and TRX; thus, each one of them can localize others; (v.) The reference frame of
the DBS is aligned with the corresponding spacecraft’s attitude reference frame; (vi.) The
radar system measurement is available at all times for the second scenario; (vii.) no signal
transmission delay; and, (viii.) The process noise variance is 10~ km/ s* along each axis

for all scenarios.
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3.5.1 Observability analysis

The pole placement method presented in Section 3.3.2 requires the system to be fully
observable. In this section, the system observability analysis of these two scenarios is
presented. For simplicity, we consider a two-spacecraft formation case for the first

scenario in this observability analysis. The estimated states for DG estimation, after the

T
transformation, is z = r1T2 V1T2 r E ] . The A matrix for the dynamic model in (3.11)

I
A |33 035 (3.58)
05,3 0545

1s:

We assume that only relative position is measured in Cartesian coordinates. The C matrix
is given as:
C=|hus 03] (3.59)

The rank of the observability matrix using (3.27) is three, which is not full rank.

Therefore, the pole placement method presented in Section 3.3.2 is not applicable.

In the second scenario, a radar measures one spacecraft’s absolute position (see Egs. (3.9)
and (3.44)). Both the A and C matrix are given in the Eqs. (3.49) and (3.52) respectively.
The rank of the observability matrix is twelve, which is full rank. Then, the pole
placement method will be implemented in this scenario and compared with other

estimation methods.

3.5.2 Scenario One

Consider only WLPS measurements are available in the four-spacecraft formation. The
measurements vector, state vector, and its corresponding nonlinear model and matrices are
given in Egs.(3.6), (3.38) to (3.42) respectively. Three formation configurations that
represent the short range (~ 0.25km), medium range (~ 60km), and long range

(=~ 1200km) are considered. The spacecraft formation configurations for different
formation size are shown in Table 3.1. We study the impact of formation size on both EKF

and DG Estimation performance.

The measurement noise of WLPS is assumed to be 1 meter in distance (computed based

on TOA measurement) and 0.001 degree in DOA. Then, the measurement noise
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Table 3.1
Spacecraft formation’s configuration for short, medium and long range formation.

Short

S/IC1|S/C2| S/IC3 |S/IC4

RAAN (deg) 0 0 0 0

INC (deg) 15 15 15 15
ARGPER (deg) 0 0.001 | -0.001 | 0.002

Medium

S/IC1|S/IC2| S/IC3 |S/IC4

RAAN (deg) -0.1 0 0 0.1

INC (deg) 14.5 14 15.5 15
ARGPER (deg) | 0.2 0 -0.1 0.1
Long
S/IC1|S/IC2| S/IC3 |S/IC4
RAAN (deg) 0.2 0 -0.1 0.1

INC (deg) 15 20 25 10
ARGPER (deg) 0 5 -5 10
Table 3.2

Comparing Mean RMSE in Absolute Position: DG Est. vs EKF.

Distance DG Est. EKF
Short (~ 0.25 km) | 4.447 x 10° km | 2.657 x 10~* km

Medium (~ 60 km) 16.59 km 4.153 x 10~% km
Long (~ 1200 km) 0.901 km 7.616 x 103 km

covariance matrix is constructed using (3.7).

The process noise parameter, w in (2.3) and (3.11), is assumed to be 107 on each
absolute and relative acceleration axis for both EKF and DG Estimation. The initial states
standard deviations for EKF are 1 km and /0.5 km /sec in absolute position and velocity
respectively. The initial states standard deviations for DG Estimation are 1 km in relative
position, 0.5 km/sec in relative velocity, 2 km in absolute range, 0.001 degree in eccentric

anomaly, and 0.001 km/sec for the pseudo errors.
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3.5.3 Discussion - Scenario One

Table 3.2 shows the mean RMSE in absolute position for DG Estimation and EKF with
respect to different mean relative distances. The results show that the performance of DG
Estimation improves as the mean relative distance increases when the measurements
consist of WLPS only. In Figure 3.1, the signal-to-noise ratio (SNR) between estimation
error and relative distance decreases when the spacecraft in the formation gets closer (or
1/SNR increases), in which case the errors in the transformation from relative positions to

absolute positions using (3.32) become significant.

Table 3.2 depicts that the EKF has a better accuracy compared to DG Estimation, when
only WLPS measurements are used. The EKF does not require the inverse transformation
(3.31). However, when the relative distance between spacecraft increases, the effect of
DOA estimation error on the positioning error increases (see Figure 3.2). Accordingly, the

performance of EKF drops slightly as the mean relative distance increases.

If only one DBS is available in a three-spacecraft configuration [16], the EKF would be
unstable when the mean relative distance between spacecraft falls within a certain range
(<10km). EKEF stability can be improved by increasing the total number of DBSs installed
in the formation, which is shown in Table 3.2. In addition, increasing the number of DBSs

improves the estimation accuracy.
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Figure 3.1: DG Est. Noise to Signal Ratio. Figure 3.2: Measurement error wrt. distance.
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Table 3.3

Measurement noise’s set configuration.

Minimum | Maximum | Increment
Relative Distance,(km) 0.001 0.04 0.004
Relative Azimuth 0.001 0.04 0.004
and Elevation, (deg)
Absolute Range, (km) 0.1 4 04
Absolute Azimuth 0.001 0.4 0.004
and Elevation, (deg)

3.5.4 Scenario Two

Consider WLPS and radar measurements are available. Here, the two-spacecraft
formation with only the medium range formation configuration is considered. The radar is
measuring the absolute range, azimuth, and elevation angles of spacecraft 1 at all time.
The configuration of both spacecraft is similar to the configuration of S/C 1 and S/C 2
shown in Table 3.1. The measurement vector, state vector, and its corresponding nonlinear
model and matrices are given in Egs. (3.9), (3.44) to (3.52) respectively. The performance
of the EKF and the DG Estimation for a given range of measurement noise is studied. The
measurement noises of WLPS and radar are depicted in Table 3.3. The measurement noise

covariance matrix is constructed using Eq. (3.10).

The process noise parameter, w, is assumed to be 10~ for all axes in EKF. For DG
Estimation, the standard deviation of process noises for the relative position acceleration
is 1077, the absolute distance’s acceleration is v/10 x 10~4, and the absolute azimuth and
elevation angles’ acceleration is /10 x 10~7. The initial states standard deviations for
EKEF are 2 km in absolute position and 0.1 km/sec in absolute velocity. The initial states
standard deviations for DG Estimation are 0.1 km in relative position, 0.05 km/sec in
relative velocity, 1 km in absolute range, and 0.05 degrees in azimuth and elevation angles.
In addition, the initial variance for the rate of change of the range is 0.1 km/sec, and the

rate of change of the absolute azimuth and elevation angles is 0.001 degree.

The simulation for each set of corresponding measurement noise is repeated 10 times to
compare the consistency of results produced by both filters. Then the maximum,
minimum, and mean RMS of each set of measurement noise for both EKF and DG

Estimation are compared.
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3.5.4.1 Linear Filtering Gain

First, the DG Estimation is compared with the EKF performance using the gain
computation presented in Section 3.3.1. Figures 3.3 and 3.4 show the RMSE of DG
Estimation and EKF for measurement noise standard deviation of 0.001 km in relative
range, 0.001 degree in relative azimuth and elevation angle, 0.01 km in absolute range,
and 0.01 degree in absolute azimuth and elevation angle. Figure 3.3 shows that the DG
Estimation converges faster than EKF, because the DG Estimation avoids the linearization

steps in the estimation.

However, Figure 3.4 shows that EKF is more accurate than DG Estimation. The nonlinear
dynamic model in DG estimation is expressed in terms of measurements and
pseudo-measurements (see (3.38) and (3.45)). While the linearization step is eliminated in
the DG estimator, the propagation step is dependent on the measurements noises. On the
other hand, the nonlinear dynamic model of EKF is expressed in terms of the estimated
state vector with additional linearization steps. The EKF is able to achieve a better

accuracy if the estimation converges.

Figure 3.5 compares the minimum and maximum RMSE of DG Estimation and EKF for a
given set of measurement noise standard deviation. The DG gain is computed using the
method shown in Section 3.3.1. With additional radar measurement, the DG Estimation
accuracy is improved. In addition, the minimum and maximum RMSE of DG Estimation
are very close compared to EKF because the DG estimation does not require linearization

steps. Therefore, a stable estimation can be always achieved.
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Figure 3.5: Minimum and Maximum Mean RMSE Comparison between two filters with respect to measure-
ment noise increment.

Figure 3.5 also shows that the EKF has better accuracy performance than the DG
estimation. However, the stability of the EKF is not always guaranteed. In Figure 3.5, we
observe large RMSEs in the EKF estimation at higher measurement noise levels. The
large RMSE is caused by the unstable estimation of EKF, which is due to the linearization
of the nonlinear radar measurement and state models in the EKF algorithm. On the other

hand, the DG Estimation does not require any linearization step.

3.5.4.2 Pole Placement Method

Figures 3.6 and 3.7 compare the RMSE performance between the DG Estimation and the
EKF. The EKF’s configuration is the same as in the previous case. On the other hand, the

‘- - DGF
0.25 |
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Figure 3.6: RMSE Comparison (Stable EKF). Figure 3.7: RMSE Comparison (Unstable EKY).
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pole placement method is as follows. The poles for the relative position are
[—0.00I —0.001 —0.001} , for the relative velocity vector are

[—0.0004 —0.0004 —0.0004] , and for the absolute position and velocity in polar
coordinates are [—0.1 —0.02 —0.02} and [—0.05 —0.01 —0.01 | respectively.

The DG estimation gain is computed using the Ackermann’s formula [22].

Figure 3.6 shows that when the EKF estimation is stable, the EKF has better accuracy
performance than the DG Estimation. However, the linear system characteristic of the DG
Estimation allows it to converge faster than the EKF. Figure 3.7 shows that the EKF may
suffer instability due to the linearization steps in the algorithm. In Figure 3.7, the EKF is
able to converge to lower RMSE than the DG Estimation, but the RMSE diverges after a
certain time period. However, the DG Estimation does not suffer any instability.
Therefore, the pole placement method in DG Estimation does guarantee the fast

convergence and stability of estimation algorithm.

3.5.5 Complexity Analysis

In [85], a formalism of & function for complexity computational of matrices operation has

been introduced, which are:

SUM(N x M,N xM) = O(N x M) (3.60)
SUB(N x M,N x M) = O(N x M) (3.61)
MUL(N x M,M x P) = O(N x M X P) (3.62)
INV(N xN) = O(N?) (3.63)

where, M, N, and P are the dimensions of matrices that perform these operations. Here, P
1s the number of states in DG Estimation, N is the number of states in EKF, M is the
number of measurements, and Q) and Q, are the number of process noise in DG

Estimation and EKF, respectively.

We assume the computational complexity of the Jacobian matrices is in the order of &/(1).
In addition, the propagation of the state models are considered to have the complexity of
0 (1) in both filters. The EKF requires an order of /(M x N x N) for measurement model

computation, while the DG estimation only requires an order of &'(1) computation
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complexity. Therefore, the EKF requires higher computational complexity to compute the

measurement.

The EKF requires the order of ¢(M?) and &'(M x N?) computation complexity for gain
matrix. There are two different computation complexities in DG estimation for gain
matrix computation. For the pole placement method, there is no computational complexity
because the gain matrix is pre-determined. For the linear filtering method, the gain
computational complexity is in the order of ¢(M?) and &(M x P?). Both EKF and DG
estimation may have same computation complexity if all states are observed. However,
the DG estimation has higher computational complexity if not all states are observed

(P? > N?).

The covariance update and propagation’s computational complexity for the EKF are in the
order of O(N3), 0(N? x Q,,) and O(N?). There is no computational complexity for
covaraince update and propagation for DG estimation if the pole placement method is
used. However, for the linear filtering method, the computational complexities are in the
order of O(P3), O(P? x Q,) and O(P?).

Therefore, for the fully observable case, the DG estimation has lower computational
complexity. In addition, among the two DG estimation approaches implemented in this
chapter, the pole placement method has lower computational complexity compared to the
linear filtering method. But the EKF has lower computation complexity if not all states are

fully observed.
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Chapter 4

Constraint Estimation of Spacecraft

Positions



4.1 Introduction

The estimation of relative and absolute positions of spacecraft formations is a fundamental
task in many space missions.” Relative position estimation plays an important role in
Spacecraft Formation Flying (SFF) missions, a subject that has received much attention by
researchers during the last few decades. Some SFF missions require that multiple
spacecraft, in different orbits, communicate without interruption, e.g., satellites in the
CITRIS-COSMIC system are required to communicate with each other to monitor the
ionospheric irregularities [1]. Relative positions between satellites, such as Cluster and
Cluster-II satellites that are launched by the European Space Agency, are estimated and
controlled to support many collaborative tasks where satellites are required to maintain a

specific formation in a continuous manner within the mission period [2].

The Extended Kalman Filter (EKF) has been widely implemented to estimate absolute
and relative positions of spacecraft in formation flying [7, 16]. The initial condition of the
estimation of the SFF affects the stability of EKF. Also, the Unscented Kalman Filter
(UKF) has been implemented for relative attitude and position estimation in SFF [17, 18].
The UKF has better robustness to initial condition error compared to the EKF [19].
However, its computational time is higher than a standard EKF [20]. If compared to the
standard EKF, the UKF has a faster convergence rate, but the process time required for
each update is longer than the EKF [21]. The Batch filter [22], an offline filtering method,
has been implemented in Ref. [5] for absolute position estimation using the relative
position measurement. Both studies in references [16] and [5] show that the configuration

of SFF affects the stability and the accuracy of estimation.

The Constrained Kalman Filter (CKF) was introduced for estimation when state variables
are required to satisfy constraints [23, 24]. Both equality and inequality constraints can be
handled by the CKF. Several CKF algorithms have been proposed in the literature, e.g.,
the perfect measurement approach [25, 26], and the projection approach [27]. Some of the
CKF methods may require special derivations for different problems, such as the
reduction method [28] and the Norm-Constrained method in Ref. [29].

In the perfect measurement approach, the constraint is handled as a perfectly known

measurement. The constraint is grouped with other sensor measurements to construct a

*The material contained in this chapter has been accepted for publication in the Journal of Guidance,
Navigation and Control.
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modified measurement vector, which affects the calculation of the Kalman gain [23].
Adding a perfect measurement (constraint) results in a singular noise covariance matrix.
This singularity in the noise covariance may lead to a divergence in the estimation error.
This fact was pointed out in references [30] and [31], despite that, the original work of
Kalman [14] presents an example in which a perfect measurement was used [23]. To
overcome this singularity problem, Ref. [32] presents an extended maximum likelihood

method for computing the constraint gain.

In the projection approach, the constraint estimation is implemented by projecting the
unconstrained state estimate onto the constraint surface. In general, the constraint update
is applied after the standard Kalman filter update [23]. Ref. [23] has presented three
different constraint update methods that can be used for the projection approach.
However, different approximated solutions may be obtained from each method because
the constraint gain is not correlated with the sensor measurement [23]. The projection
approach has also been extended for inequality constraint [33] and nonlinear constraint
[27] problems.

The Norm-Constrained method presented in Ref. [29] guarantees non-singular estimation
and correlates both the measurement and the constraint. However, the derivation of the
Kalman gain is specific to the attitude estimation problem, and becomes rather complex
when applied for the problem presented in this chapter. The reduction method requires
that one or more state(s) be expressed as a linear function(s) of the other states. However,
this method may not be applicable for the cases where the constraint states are
independent from each other. Ref. [34] presents a Smoothly CKF (SCKF) where the
constraint update ia carried out iteratively until an end criteria is met. Ref. [34] shows that

the SCKF outperforms the Iterated EKF in terms of consistency.

The implementation of constraint estimation for attitude kinematics of spacecraft has been
widely studied by researchers. Ref. [86] presents an implementation of the SCKF to
improve angular motion estimation by using an orthogonal acceleration constraint.
Different approaches have been developed for implementing CKF to improve spacecraft
attitude estimation [29, 87, 88].

Ref. [89] and [90] present the implementation of constraint estimation to improve the
GPS/INS navigation system of a ground vehicle. In Ref. [89], the constraint estimation is
applied if the road geometry from the navigation system’s digital map is known. On the

other hand, Ref. [90] presents the implementation of a dynamic-aided method into the

63



vehicle’s navigation system to improve the GPS/INS navigation performance during a
long GPS outage. Multiple constraints are addressed under each dynamic motion of the
vehicle. The corresponding constraint is applied if the vehicle meets a certain dynamic
motion criteria. The paper shows that the dynamic-aided method improves navigation

performance during a long GPS outage [90].

Reference [91] presents an orbit determination method for spacecraft formation, known as
the Link, Autonomous, Interplanetary Satellite Orbit Navigation (LiAISON). The
LiAISON method uses a three-body dynamic model. Solar radiation pressure,
non-symmetric gravity fields, and third-body gravity create asymmetry in the acceleration
model and lead to unique or locally unique orbits. The uniqueness of orbits helps the

determination of absolute orbits using only relative measurements [91].

In this chapter, the absolute positions of the spacecraft in a formation are estimated using
relative position measurements. A two-body dynamic model is used. In a two-body
dynamic motion, the spacecraft range from the Earth center has two extrema: perigee and
apogee points. For any orbital motion, the absolute position of spacecraft with respect to
the focal point (Earth center) changes continuously. The absolute distance attains its
maximum and minimum values at the apogee and perigee positions, respectively [75]. At
these points, the rate of change of the absolute distance is zero. Accordingly, a constraint
estimation can be incorporated to improve the absolute position estimation accuracy. A
projection approach CKF is implemented. Because the proposed constraints are applied at
only two points in the orbit, the estimation may encounter instability. A tuning algorithm

is suggested and tested on several cases.

Two scenarios are presented in this chapter. The first scenario assumes a single spacecraft
and radar measurements. Few studies in the literature prove the feasibility of estimating
spacecraft formation absolute positions using only relative positions measurements

[5, 16, 92]. The implementation of these algorithms, however, may suffer poor estimation
accuracy or instabilities in some formation flying configurations. The second scenario
investigates the impact of using CKF for estimating SFF absolute positions using relative
positions measurements. Relative measurements are assumed to be available using a new
Wireless Local Positioning System (WLPS) [58, 81]. The WLPS enables relative position
measurement between spacecraft in formation via relative range, azimuth, and elevation
angle measurements [16, 58, 81, 93]. We assume only WLPS is available in the SFF

system.
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Three case studies are investigated in this chapter. In the first case study, all spacecraft in
the formation are in the same circular orbit. In the second case study, we assume the time
when the spacecraft arrive at either perigee or apogee position is known at all times.
Lastly, we assume that the time for the spacecraft to arrive at perigee or apogee position is
unknown. An algorithm to determine the time required by the spacecraft to arrive at

perigee and apogee position is presented in this chapter.

Section 4.2 presents the Constrained Kalman Filter. The derivations of apogee and perigee
constraint for all case studies are presented in Section 4.3. Section 4.4 discusses the

simulation results.

4.2 Constrained Kalman Filter

In this chapter, the projection approach of CKF is implemented. The nonlinear system and

measurement models take the form:

x=f(x)+w 4.1)
y=h(x)+V 4.2)

where h(x) is the nonlinear measurement model defined in Section 2.3.2.

The EKF update equations take the form:

=% +K{F-9) (4.3)
P =(I-KH)P~ (4.4)

where K is the Kalman filter gain,
K=P H'(HP HT +R)™! (4.5)

where P~ is the pre-update states covariance.

It is possible to show that the post-update state covariance, P", is always symmetric if P~
1s symmetric by substituting Eq. (4.5) into (4.4). If the estimated state at a particular time

step, Xy, is subject to a constraint function, b = d(%X; ), then the post-update state estimate
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Figure 4.1: Estimation error and three sigma boundary plots for EKF and CKF

f(,j and the state covariance P, ", in Egs. (4.3) and (4.4), will be updated as follows:

=% +Ab-d&))) (4.6)
B =(—-2AD)P* 4.7)

The overhead symbol tilde represents post constraint update, and D is the first order

. . . . . . . A+
linearization matrix of the given constraint function, D = ad(g’; )

A

x=%t
The constraint gain, A, is derived in a similar way as the Kalman gain, K, which is given
as:

A =PDT(DP*DT +R;)™! (4.8)

It is noted that the constraint update is similar to the update of a perfect measurement. The
Ry in Eq. (4.8) serves as a control matrix. If DP* D7 is singular, then R is assigned to a

small value to avoid the singularity [94]. If DP*D is non-singular, then we select R; = 0.

The implementation of the CKF (Egs. (4.6) and (4.7)) in this problem results in instability
in the estimation. The reason is that the constraints are applied at only two points in the
orbit (perigee and apogee). Applying the constraint at the perigee and apogee positions
provides additional information to the estimator and causes a jump (discontinuity) in the
covariance. The discontinuity causes the covariance to converge abruptly and faster than
the estimated state. Figures 4.1(a) and 4.1(b) compares the error of the estimated state for
both the EKF and the CKF, with respect to the three sigma boundaries. Figure 4.1(b)
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Figure 4.2: Change of covariance boundary in Kalman Filter process.

shows that the covariance boundary of the CKF significantly reduces at each perigee and
apogee position. As a result, the error in the estimated state becomes higher than that
predicted by the estimated covariance (state estimate error curve is outside the three sigma
boundary). Thus, the system becomes unstable. Figure 4.2 shows an illustration for how
the covariances of both the EKF and CKF vary when the constraint is applied. A similar

covariance behavior was observed in Ref. [95].

If the EKF is run through a high number of observations and then the constraints are
applied at perigee and apogee points, the results show that estimation accuracy gets worse

due to constraint implementation, as shown in Figure 4.3.

To avoid the abrupt covariance convergence problem, two scalar weights, o and f3, are

0.2
0.15}
€
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w 0Af|
Q2 CKF
= EKF Only
o <——| Constraint
| applied EKF
0.05- \&\ | 1
0 A e »
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Figure 4.3: Applying perigee/apogee constraints after implementing EKF for high number of observations.
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introduced into Egs. (4.6) and (4.7):

£ =%" +aA(d— D) (4.9)
Pt =(—-BAD)PT (4.10)

where 0 < a < 1land0< f < 1.

The a and B parameters affect a smooth application of the constraint, through applying it
partially every time a perigee/apogee is encountered. The B parameter controls the speed
of convergence of the covariance. In general, increasing the value of 3 causes the
covariance to converge faster due to the constraint, and decreasing the value of 8 means
that our confidence in the estimated state does not change much due to the constraint
application. The a parameter controls the amplitude of update in the state, due to the

application of the constraint.

In this chapter, a numerical analysis is carried out to determine the optimal values for the
parameters & and f3 for different formation altitudes and orbits. The estimation process is
carried out as follows. The state estimate and its covariance are updated using the
measurements (Eqgs. (4.3) and (4.4)). At the time of perigee or apogee, an additional
update is carried out using Egs. (4.9) and (4.10). The estimated state vector is propagated
using the dynamic model in Eq. (2.3), and the covariance is propagated using the

following equation:
P(t) = P(t)FT (X(t),t) + F(X(2),t)P(t) + G(t) Q(1)G(¢) (4.11)

where F (X(¢),t) is the Jacobian matrix of Eq. (2.3), and G corresponds to:

A O6x6 -+ Opxe
G 06.><6 A 06.><6 @.12)
Ogs - - A
where,
A [03x3 03x3] 4.13)
033 Inxs
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The F(X(t),t) matrix, for n spacecraft formation, is given as:

ax Osxe - Osxe
of
. 066 5% Osxo
F(X(r),1) = . (4.14)
o,
_06><6 8X};—
where,
0351 0351 0351 B3
22 _ 2 _ 2 3 3pe g 0
oy  w |2ri iyl TixTiy TixTiz 1x3 (4.15)
R > 2 2 '
oxi s 3riaTiy 2riy =i =iz 3riyriz 0153
> 2 2
i 3rl~7xr,~7z 3”i,yri,z zri,z —rix iy 01X3_

_ /2 2 2 P
where s = rl-7x+rl.7y+rivz,andz_1,...,n.

4.3 Spacecraft Position and Velocity at Perigee and

Apogee

At the perigee and apogee positions, the rate of change of the absolute distance between
the spacecraft and the Earth center vanishes. We define the absolute velocity vectors as

T
V= |:Vx vy vz] , and the absolute distance as r = , /72 +r; +rZ. The time derivative of
the absolute distance is [76]:

or rly
" 4.16
dt r (4.16)
The constraints at the apogee and perigee positions are defined as:
ari a riTa Via
a/p: ,a/p ,/P:() (417)

(9t o rl-va/p

where the subscript i represents the i spacecraft, while subscript a/p represents the

position and velocity vector at either apogee or perigee
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Then, the constraint function for the i'" spacecraft, d;(x;) in (4.6), can be written as:

T
ri,a/pviﬂ/l7

A=

(4.18)
,a/pH

The constraint presented in Eqgs. (4.17) and (4.18) can be applied at all points of a circular
orbit. For elliptic orbit, it applies only at perigee and apogee. Hence, the perigee and
apogee times need to be known in order to apply the constraint. Suppose that Az, is the
time of travel from the current position to the perigee. Similarly, Az, is the time of travel

from the current position to the apogee. Three cases will be studied:

1. Circular Orbit: the true orbit is assumed to be circular;

2. Elliptic orbit with known Az, and Az,: in this case study, it is assumed that both Az,

and Az, are known; and

3. Elliptic orbit with unknown Az, and At,: this is a more practical case where Az, and

At, are unknown.

4.3.1 Circular Orbit

For a circular orbit, the spacecraft orbits around the Earth at constant absolute distance at
all times. Therefore, the constraint in Eq. (4.17) can be applied at all times. The CKF
estimation algorithm is applied as follows. The estimated states and states covariance are
updated using Eqgs. (4.3) and (4.4). Then, both the post update estimated states and
covariance are updated with respect to the constraint using Eqgs. (4.6) and (4.7). After that,
they are propagated to the next time step to predict the spacecraft position and the

covariance using Egs. (2.3) and (4.11).

4.3.2 Elliptic orbit with well-known A7, and Az,

For any elliptic orbit, the absolute distance between spacecraft and the Earth center
changes at all times. Let 8¢ be the time interval between two successive measurements (¥
and ¥, 1). At a particular time step, #, both the estimated states and states covariance are
updated using Eqgs. (4.3) and (4.4). Then, the known At,, (or At,) is compared to 6. If
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At, < Ot (or At, < Ot) is true, the updated estimated states and states covariance are
propagated to the respective perigee (or apogee) position, followed by the constraint
update using Eqs. (4.6) and (4.7). After that, the updated states and states covariance are
propagated to the next time step using Eqs. (2.3) and (4.11).

4.3.3 Elliptic orbit with unknown Az, and Az,

When the time to perigee (apogee), Af, (Af,), is not known, it can be computed from the

estimated states as follows [76]:

43
Aty = —y| (£ —ésinE) (4.19)
u
a3 . A
Mo = [ 17— (E=ésinE)] (4.20)

The algorithm to compute the semimajor axis, eccentric anomaly, and eccentricity, from
spacecraft position and velocity vectors can be found in several references [75, 76]. The
predicted spacecraft’s position and velocity vectors at apogee (or perigee) position are

carried out using the f and g functions representation of Kepler’s motion [76]:

Lia/p = JTik+8Vik 4.21)
Via/p = fTik+8Vik (4.22)

where subscript i represents i spacecraft, and subscript k is the time counter.

As seen in Eqgs. (4.21) and (4.22), the f and g functions can be used to compute a
spacecraft’s position and velocity at a future time. This method of computing position and
velocity does not require integration, yet its accuracy is comparable to the two-body
dynamic model. There are several methods to determine the f and g functions. Here, the
Universal Variable method is implemented. The details on how to determine the Universal

Variable, y, and the f and g functions can be found in Ref. [76].

At each measurement update, the Az, (Az,) is computed. It is then compared to the time to
the next measurement (8¢). If Az, < 8¢ (At, < &t), then the corresponding perigee

(apogee) position and velocity of the spacecraft are computed using Egs. (4.21) and
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(4.22). At the current measurement time k, the state estimate and the covariance will be
updated twice. The first update is that of the measurements, using Eqgs. (4.3) and (4.4).
The second update is that of the constraints, using Eqs. (4.6) and (4.7).

However, the expressions of a, E and e in Egs. (4.19) and (4.20) are nonlinear expressions
in terms of spacecraft position and velocity vectors. Also, all the f, g, f, and g are

nonlinear functions. Thus, a linearization is required for Egs. (4.21) and (4.22), which is

given as:
04 _y S M e TU Vi
ari,k DU? Hri,a/pH DU? Hrl a/pH (4.23)
lza/p ia/l’( f2 +f TU T) dg(Al,l‘,V)
" It I? DU Fit S8 puavie dr
2d(x) TU? V) TU T}
= =288+ (fé+8f) 73
aVi,k DU? H Tia/ pH DU? “rla pH (4.24)
T ia/p 2 TU? o TU 7, ds(AnrY)

where the derivation for both %€ (éfr’r’v) and 98 (ffv’r’v) are shown in Egs. (9.19) and (9.20)

(in Appendix).

4.4 Simulation and Discussion

Simulations are conducted to estimate the absolute positions and velocities of the

spacecraft. The Root Mean Square Error (RMSE) of estimation at any time & is given as:

||% x — 1|

4.25
3 (4.25)

G =

The average RMSE over time is Z The average RMSE is determined by computing the
time average of the RMSE, after the RMSE has converged and is below a certain

threshold. The threshold may vary from one problem to another.

The performance of the CKF is evaluated by computing the ratio between the average
RMSE of the CKF () and the average RMSE of the EKF ({ ;). in the absolute
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Table 4.1
Spacecraft configuration.

S/C # Orbital Elements
RAAN, (deg.) Inclination, (deg.) Arg. of Perigee, (deg.)
1 0.1 0.4 0
2 0.2 -04 0
3 -0.2 -0.4 0
4 -0.1 -0.4 0

position estimation. The performance ratio percentage is defined as:

PERF. = E’iﬂ x 100% (4.26)
CKF

If PERF. is larger than 100%, it means the CKF has a lower RMSE than EKF.

The simulation assumptions are as follows: (i) No signal transmission and processing time
delays in measurements; (ii) Process and measurement noises for all spacecraft are
zero-mean Gaussian; (iii) Initial conditions of spacecraft are well known; (iv) The attitude
of each spacecraft is well-known; (v) All spacecraft are equipped with DBS and TRX;
thus, each one of them can localize others; (vi) The standard deviation of the process noise
is 10~ "km / s%; (vii) The standard deviation of WLPS measurement noises are 1 meter in
TOA and 0.001 degrees in DOA; and (viii) The WLPS transmits its signal at the frequency
of 0.1Hz (6t = 10 seconds). Finally, in computing A using Eq. (4.8), the reciprocal
condition number [96] of the matrix DP* DT is checked. If the reciprocal condition

number is lower than 10~14, then R, is set to be 1018,

Two different scenarios are simulated. The first is a single spacecraft in a Low Earth Orbit
(LEO). Measurements are assumed available from a ground radar. The second scenario is
for a four-spacecraft formation. Each case study listed in Section 4.3 will be simulated for
two different orbit sizes: a semimajor of 7000 km and a semimajor of 11000 km. All
spacecraft in a formation are assumed to have the same semimajor axis. The initial
anomaly for all spacecraft is 0 degrees. The spacecraft formation initial configuration for
all cases is shown in Table 4.1. The configuration shown in Table 4.1 maintains the
minimum distance between any two spacecraft at the range of 11km to 50km, and the

maximum distance between any two spacecraft in the formation at the range of 12km to
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110km.

4.4.1 Absolute Position Estimation with Radar Tracking

In this section, we assume that a single spacecraft is tracked by a radar system. The
constraint presented in Section 4.3 is applied with respect to the three cases, circular true

orbit, known Az, and Az,, and unknown Az, and A, as discussed in Section 4.3.

Spacecraft number 1, in Table 4.1, is simulated at the semimajor axis of 7000 km, and

eccentricity of 0.05 for non-circular orbit cases.

The radar tracking system measures the spacecraft absolute range, azimuth, and elevation
angles. The noise standard deviation of the absolute range measurement is assumed to be
0.1 km, and the noise standard deviation of each of the azimuth and elevation angles
measurements is assumed to be 0.01 degrees [97]. The sensitivity matrix for the radar

tracking system is similar to that in Eq. (2.13), where C; is an identity matrix, and r;; = r;.

Figure 4.4(a) shows the RMSE of the EKF estimation for the absolute position, versus
time. The results show that after 150 minutes of the estimation process, the EKF RMSE
falls below a threshold. The average RMSE of EKF, EE xr 18 22.24 meters. Note that the
standard EKF corresponds to the case of & = 3 = 0. If the standard CKF is implemented
(o = B = 1), the resulting average RMSE is ECKF = 30 meters.

To explain the impact of introducing the o and 3 parameters in the CKF estimation on the
accuracy of estimation, the PERF is computed for various values of ¢ and 3, as shown in
figure 4.4(b) for case C. When including & and 8 in the CKF, the estimation accuracy
improves in most of the regions of the two parameters. The CKF estimation is better than
the EKF estimation because the CKF incorporates additional information into the
estimation process. Specifically, the CKF incorporates the fact that at perigee/apogee the
rate of change of the range vanishes. To better see this accuracy improvement, consider
figures 4.4(c) and 4.4(d). The PEREF is plotted at a constant 3 = 0.4 for all values of «,
and is plotted for various values of 3 at a constant o = 0.4. It can be seen that for elliptic
orbits, the improvement ranges from 3% to 5%, depending on the values of o and f3.
From figure 4.4, we can also conclude that 3 is best below 0.8 and that & variations does
not affect the PERF significantly.

Both EKF and CKF require a certain estimation period to achieve the steady state. Figure
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Figure 4.4: CKF and EKF estimation performance comparison.

4.4(a) shows that the EKF requires at least 100 minutes (about one orbital period) before
the RMSE converges to steady state. The time required by the CKF to achieve the steady
state is about the same as that of the EKF.

The results also show that the circular orbit has higher PERF compared to the two other
cases. Implementing the CKF in a circular orbit improves the estimation accuracy by
about 25% (more than 5 meters) compared to the EKF. This is because the constraint is
applied at all points in the circular orbit. In addition, the results also show that the
performance improvement is higher if both Az, and Az, are known for the elliptic orbit

case, when o < 0.8.
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Table 4.2
Asbsolute Position Estimation’s Average RMSE of EKF.

Semimajor axis (km) Orbit Shape Initial Condition Average RMSE (meter)
7000 Circular well-known 3.097
11000 Circular well-known 5.195
7000 Elliptic well-known 6.080
11000 Elliptic well-known 22.358
7000 Elliptic small error 105.592
11000 Elliptic small error 172.740

4.4.2 Scenario two - formation flying

In this section, a four-spacecraft formation is assumed, as shown in Table 4.1. The three
cases presented in Section 4.3 are studied in this section. In addition, two types of initial
conditions are investigated for the case presented in Section 4.3.3. As benchmark results,
the average RMSE when implementing the EKF for the three case studies are summarized
in Table 4.2. In Table 4.2, two cases are simulated with small errors in initial conditions.
This error randomly generated in the initial position and velocity vectors. The standard
deviation for the initial position error is 1km, and for the initial velocity error is 1ms~!.
The effect of implementing the CKF with various values for o and 8 are detailed below. It
should be noted that since we estimate the absolute positions using only relative position
measurements, the estimation accuracy will be altitude dependent, whether we use EKF or
CKEF. This is because the motion dynamics cause the relative positions between the

spacecraft to change differently at different altitudes.

4.4.2.1 Formation Flying in a circular orbit

Figures 4.5(a) and 4.5(b) show the PERF for two values of the semimajor axis: 7000 km
and 11000 km. Both figures show that the CKF performs better than the EKF for most of
the ranges of & and f3, in terms of estimation accuracy. The estimation accuracy improved
by up to 500% at a = 7000km, and up to 350% at a = 11000km. Table 4.2 shows that the
EKF has higher average RMSE at the higher altitude, 3 meters at a = 7000km compared
to 5 meters at a = 11000km. Hence, the CKF implementation improves the estimation
accuracy to about 1.5 meters for both altitudes, when 0.5 < @ < 1.0and 0.4 < 8 < 0.7.

It is to be noted that if B is high and « is low, e.g., B > 0.8 and o < 0.2, the performance
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(a) a ="7000km. (b) a = 11000km.

Figure 4.5: Estimation accuracy of CKF relative to that of EKF, for circular orbits

becomes worse than the EKF estimation performance. A higher value for § means more
confidence in the constraint update; and hence causes the covariance to converge faster.
This result confirms that the estimation performance becomes worse if the covariance
converges faster than the state, causing the estimated state’s error to go outside the

covariance boundary.

4.4.2.2 SFF in eccentric orbit - known perigee/apogee times

In this section, the eccentricity for all the spacecraft in the formation is 0.05. We assume
that both Az, and Ar, for each spacecraft are known at all times. Given the semimajor axis,

a, of each spacecraft in the formation, the orbital period of the spacecraft is:

T =21y — (4.27)
u

where u is the Earth gravitational constant.

If the spacecraft’s initial anomaly is known, the time required by each spacecraft to arrive
at either apogee or perigee position can be determined. For example, for the spacecraft
with initial anomaly of 0 degree, it will arrive at apogee position at t = %T, and perigee
position at = 7. The algorithm presented in Section 4.3.2 is implemented for the

constraint estimation.
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Figure 4.6: Estimation accuracy of CKF relative to that of EKF, for eccentric orbits with known
perigee/apogee times

Figures 4.6(a) and 4.6(b) compare the PERF for different values of o and f3, for
semimajor axis values of 7000 km and 11000 km. Both figures show that the CKF
improves the estimation performance at any & and 8 combination except when « is very
low and S is high, i.e., @ < 0.2 and B > 0.9. This is in agreement with the discussion in
section 4.4.2.1. The results also show that the estimation accuracy is guaranteed to be
improved at any o value with B = 0.8. Also, by comparing the results in both Figures
4.6(a) and 4.6(b), higher altitude results in higher accuracy improvement. Recall the EKF
results listed in Table 4.2; and using the results from figure 4.6, it can be shown that the
CKF estimation improves the estimation accuracy to 6 meters at a semimajor axis of

11000km, and to 3 meters at a semimajor axis of 7000km.

4.4.2.3 FF in eccentric orbit - unknown perigee/apogee time

In this section, the spacecraft formation configuration is similar to Section 4.4.2.2. It is
assumed that the Az, and A, for all spacecraft are unknown. Therefore, the procedure to

determine At, and Az, presented in Section 4.3.3, is implemented.

Figures 4.7(a) and 4.7(b) compare the PERF of different values of o and 3, for semimajor
axis values of 7000 km and 11000 km. Both figures show that the ¢ has less impact on the
performance improvement, as opposed to 3. Both Figures 4.7(a) and 4.7(b) emphasize the

previous remarks that f3 is best below 0.8. Table 4.2 shows that the EKF accuracy
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Figure 4.7: Estimation accuracy of CKF relative to that of EKF, for eccentric orbits with unknown
perigee/apogee times

decreases when the altitude of SFF increases. Therefore, Figure 4.7(b) implies that

implementing the CKF has more impact at higher altitudes.
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0.94
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0.9

Figure 4.8: Estimation accuracy of CKF relative to that of EKF, for eccentric orbits with unknown
perigee/apogee times and initial guess errors, for a = 11000km.

Figure 4.8 shows the PERF when there are small errors in the initial guess of the position
and velocity vectors. Table 4.2 shows that the EKF has degraded performance when the
initial conditions are not perfectly known; the average RMSE is at least 10 to 20 times that
of the case when the initial conditions are well known. However, Figure 4.8 shows that
implementing the apogee and perigee constraints into the estimation does improve the
estimation accuracy. The overall results agree with the previous case studies, in which the
o has less impact on the CKF implementation, and very high 3 values degrade the CKF’s

accuracy performance.
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As mentioned earlier, the EKF accuracy depends on the altitude. On the other hand, the
CKF incorporates the constraints at perigee and apogee, and hence provides direct
information about the orbit size and hence the absolute range. So, the CKF estimation
accuracy in this chapter tends to be independent from the altitude. The higher impact of
the CKF, shown in the PERF figures, is because the EKF accuracy is worse at higher
altitudes (the PERF is a ration of EKF accuracy to CKF accuracy).
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Chapter 5

Spacecraft Formation Relative Attitude

Determination



5.1 Introduction

Relative Attitude Determination (RAD) continues to receive a great deal of interest from
researchers.” Missions that require RAD include the spacecraft docking missions, chaser
and target space missions [8], and clusters that perform their tasks in specific formations,
such as Proba-3 [9] and LISA Pathfinder’s missions [10, 11]. In these missions, the
spacecraft are often required to maintain a specific orientation with respect to each other.
The relative attitude determination between spacecraft is a fundamental task in these types

of missions.

The relative attitudes between spacecraft can be calculated if the absolute attitude of each
spacecraft is known. However, the determination of the absolute attitude for each
spacecraft requires a complete set of attitude sensors onboard each spacecraft [89]. On the
other hand, the direct determination of relative attitudes require less hardware on each
spacecraft. One of the fundamental approaches, to directly determine the relative attitudes
between spacecraft, is to use the measurements for the relative directions between
spacecraft for relative attitudes determination. From a cost prospective, the computational
complexity in computing relative attitudes directly is less than that of computing them
through the absolute attitudes [98]. Thus, if absolute attitudes are not needed, then
measuring relative attitudes directly offers a lower cost advantage. The determination of
relative attitudes between spacecraft can also be used to calculate the absolute attitudes, if

the absolute attitude for one spacecraft is known.

The literature includes descriptions for several sensors that are capable of providing
measurements for relative attitudes and relative positions. The Autonomous Formation
Flying (AFF) sensor of the Deep Space program [3] works in a similar way to that of the
Global Positioning System (GPS) [49-51, 99]. The Vision Based Navigation System
(VISNAV) has been introduced as a candidate for relative attitude and relative position
sensing [7, 49]. The measurements of the VISNAV along with the system’s dynamic
model can be integrated in an estimator, such as the Extended Kalman Filter (EKF), to
estimate the relative attitudes, as explained in reference [7]. However, the stability of
estimation, in this configuration of VISNAV sensor and EKEF, is not guaranteed [100]. The
estimator’s stability is affected by several factors such as the initial condition errors, the

unexpected gyro drift rate, and the non line-of-sight measurements [7, 22, 101].

*The material contained in this chapter was previously published in the 2010 IEEE Aerospace conference
proceeding.
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Figure 5.1: TRIAD method requires two pairs of LOS measurements.

Moreover, in some Spacecraft Formation Flying (SFF) missions, such as the LISA
pathfinder mission, where each spacecraft is located at about 5 x 10® km away from the
other spacecraft [102], a small error in the Line-of-Sight (LOS) measurement results in a
large error in the relative position calculation. This instability issue in the estimator lowers
the reliability of the method, in this case, given that it is hard to predict when this

instability would occur.

Attitude determination methods, on the other hand, offer an attractive approach. A
fundamental three-axis attitude determination method is the TRIAD method, developed
by Shuster [103, 104], for absolute attitude determination. In general, attitude
determination methods can be categorized as optimal and non=optimal attitude
determination methods. Optimal methods determine the attitude by minimizing the
attitude error that is a function of the measurements errors [105-107]. Non-optimal
methods, on the other hand, determine the attitude geometrically from the measurements
sets. The TRIAD [103], CONES intersection [108], and EULER-2 [109] methods are
non-optimal methods; where Quaternion Estimator (QUEST) [110], Fast Optimal Attitude
Matrix (FOAM) [111] and Estimator of the Optimal Quaternion (ESOQ) [112] are

optimal attitude determination methods.

Consider a formation of three spacecraft as shown in figure 5.1. TRIAD method can be
used to find the relative attitude between two spacecraft (say spacecraft 1 and spacecraft 2)
only if the relative attitude of the third spacecraft (spacecraft 3) with respect to spacecraft
1 (or spacecraft 2) is known. The two LOS measurements between two spacecraft (i.e.,

spacecraft 1 measured by spacecraft 2, and spacecraft 2 measured by spacecraft 1), are
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called a pair of measurements. The TRIAD method requires two “pairs” of measurements
(see figure 5.1) expressed in two reference frames. The two reference frames are attached
to the two spacecraft (Spacecraft 1 and 2) between which we intend to determine the

relative attitude between them.

Ref. [12] introduced a RAD method for a three-vehicle formation, using all three pairs of
measurements between the three spacecraft. The relative attitude between two spacecraft
is determined using an angle and a vector as the constraints. Then, the TRIAD method is
used to find the relative attitude between the other two spacecraft. Althought the previous
work has shown that the covariance singularity due to the co-planar may be encountered

[13], Ref. [12] showed that the proposed method does not process any singularity issue.

In this chapter, we present an alternative RAD method that avoids the coplanarity issue.
we consider the case of a three-spacecraft formation, where each spacecraft is capable of
measuring the directions of the other two. The proposed method uses one pair of
measurements, along with two measurements from the other two pairs, to determine the
relative attitude between two spacecraft in a three-spacecraft formation. A fifth single
measurement may be added to determine the relative attitude between the other two
spacecraft. The proposed method benefits from the concept of the TRIAD method of
absolute attitude determination, through the introduction of an intermediate reference

frame, as detailed in Section 2.

Section 5.2 presents the derivation for the proposed relative attitude determination method
and covariance analysis for the parallel case. Section 5.3 presents the derivation of relative
attitude determination method and its covariance analysis for the non-parallel case. The

simulation is set up and discussed in Section 5.4.

5.2 Relative Attitude Determination

In this section, the algorithm to determine the relative attitude is presented. Figure 5.2
shows three spacecraft flying in a formation. Each spacecraft provides the line-of-sight
(LOS) measurement vectors of the other two in its respective coordinate reference frame.
We define the relative position of the j' spacecraft observed by the i’ spacecraft as the
vector, rf.‘j; where the superscript k designates that the vector components are in the k"

frame.
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Figure 5.2: Measurements in three spacecraft formation.

For simplicity, assume that it is required to compute only the relative attitudes between
spacecraft; not the relative positions. Hence, only the measurements for the directions
between spacecraft are needed. The determination of the relative positions may require

the measurements of relative position vectors. The direction of the j* spacecraft observed

by the i spacecraft may be represented by a unit vector in the direction of rf.‘j,
k
re.
Pl = —7 (5.1)
el

where the subscript ij represents the observation of the D; spacecraft by the D; spacecraft,
and the superscript k indicates that the observation vector is expressed in the Dy reference
frame. Note that p;‘j = —p’j‘.l. only if both observation vectors are measured in same

reference frame, k.

As shown in figure 5.2, we define the following unit vectors: w = P%la S = P%y Vo = P%3’
and vi = —p%z = pil. Note that the observation vector, v is the observation of D;
spacecraft by D, spacecraft, expressed in the D spacecraft reference frame. Next, we
consider the relative attitude determination between the D, and D spacecraft. As seen in
Figure 5.2, an intermediate reference frame (N) is introduced, which is defined by three

unit vectors nj, My and f3. The unit vector iy is directed from D, to Dy, and so:
V1 = Alﬁ 1 (5 .2)

where A is the relative attitude matrix, which is also known as the Direction Cosine

Matrix [74], between the intermediate frame (N) and the frame D;.
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The unit vector fi3 is normal to the plane, defined by D1, D», and D3 spacecraft. Also,
3 = Ny X fp, and is given by:
= An; (5.3)

Finally, fi, is perpendicular to fi; and lies in the plane defined by D, D, and D5
spacecraft. The fi; can be obtained using the cross product between (v; X v») and vy,

which can be written as: .
Vo — (V3 Vi)Vy

Iv2 = (vpvi)vi

=Afp (5.4)

Using equations (5.2) to (5.4), the relative attitude matrix between the intermediate frame
(N) and the frame D, is:

Vz—(ngl)Vl Vi XV) (55)

A= |v
! U = odviown] Tvixve]

The relative attitude matrix between the intermediate frame (N) and the frame D, may be

constructed in a similar way to A;:

_ s—(s”w)w
Az = [W Ts—(sTw)w] mu] (5.6)
where,

w=Aah (5.7)

s—(sTw)w X
Ts—(sTwwl A 5.8
Is— (sTwyw] ~ 2™ (5.8)

WX S .

lwxs|| = Al (5.9)

The inverse of an attitude matrix is its transpose [74], that is (A;) ™' = (A;)7. Given that
v| = Ah, we may also write:
i =Alv, (5.10)

Substituting equation (5.10) into equation (5.7), we obtain:

w=AATv, =A%y, (5.11)
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where A% is the relative attitude of D; frame relative to D, frame:

A = ApAT (5.12)

Also, it is noted here that, Aj- = (A{ )T, and so

vi= (AN w=AaAlw. (5.13)

The relative attitude matrix between D and D3 (or between D, and D3) can be obtained in
a similar fashion, if we have additional measurements between D3 and D; (or between D3
and D»).

TRIAD method was originally developed to determine the absolute attitude of spacecraft.
The TRIAD method can also be used for spacecraft formation relative attitude
determination. If one of the relative attitudes between spacecraft is known, TRIAD can be
used to determine the other two relative attitudes. Assuming that the relative attitude
between D and D3, Aé, is known, then the TRIAD method may be applied using two
“pairs” of LOS measurements, (pb, p%l), and (p%, pgz), to determine A% and A%. In the
next section, the covariance associated with this RAD method will be developed. The
covariance analysis will also show that this RAD method does not have any singularity

problem.

5.2.1 Covariance Analysis

Here, the covariance of relative attitude determination error between any two spacecraft in
the formation is derived. The covariance, or often referred to as variance, is expressed in
matrix format. Due to measurements’ noises, the attitude determination process has a

certain degree of error. This error falls within the three sigma covariance boundary [22].

In addition to estimating the error boundary in attitude determination, the covariance
analysis in this section will address the singularity issue encountered when all
measurements are in the same plane, as detailed in Ref. [12]. We will show, in this

section, that the RAD method developed in this chapter avoids this singularity issue.

Let the true state vector be x, and the corresponding estimated state vector be X. The
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covariance of the estimated state vector is defined as [22]:
2 s s T
Pf=E{Xx—x)X—x)"} (5.14)

where E{.} denotes the expectation.

The true state is never known. To obtain a form for the covariance of the estimated state

vector, we set the covariance equal to the lower bound of Cramer Rao inequality [12]:
2 _ s s Ty _ p—1
Pf=E{X—x)X—x)" }=F (5.15)

where F is the Fisher Information Matrix [22, 113], which is given by:

d

where J(AXx) is the loss function (or error function), and Ax = X —x.

Equations (5.15) and (5.16) show that the lower bound of the covariance is equivalent to
the inverse of the Fisher Information Matrix. The relative attitude matrix between any two
spacecraft, derived in (5.5) to (5.12), will be used to evaluate the error function in (5.16).
Combining both equations (5.5) and (5.6):

wi =Alv, (5.17)
s— (sTwi)w V- (vIvi)vy (5.18)
Is— (sTwiwill v — (VIvi)vi]|
W XS _ % Vi XV (5.19)
[wi x s [vi X va]

where A% denotes the estimated relative attitude of spacecraft D, with respect to spacecraft
D;.
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Let:

S — (STW1)W1

w3 = (5.20)
Is = (s"wi)wi]
Wy = Wi XS (5.21)
[[wi xs||
T
vy = 22 (V;“)Vl (5.22)
[va = (vavi)vi |
vy = V1xXVva (5.23)
[vi x|
Then we can write equations (5.17) to (5.19) as:
wi =A%y, (5.24)
w3 =ATv3 (5.25)
wy = Alvy (5.26)

The vectors wi, wsz, and wy align with the coordinates of the body-fixed reference frame
on D, with respect to the intermediate frame (N). Similarly, the vectors vy, v3, and v4
align with the coordinates of the body-fixed reference frame on D; with respect to the
intermediate frame (N). If the measurements have any error or noise (which is usually the
case), equations (5.24) to (5.26) will not be satisfied. So, we construct the error function
as follows:

1 1
1 (5.27)
2

+ (W4 —A%V4)TRZ1 (W4 —A%V4)

where R, R3 and R, are the measurements covariances, which will be computed in

section 5.2.2.

Assume that the relative attitude errors are small error angles. Define 606{ to be the small
error angle vector in the relative attitude of D; with respect to D;. The estimated relative

attitude is expressed in terms of the true relative attitude and 606{ as [12, 22, 80]:

A2 = (ngg - [6a%x])Ai (5.28)
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The operator, [ax] denotes the cross product matrix [22, 74] of a vector
T

a:[al ay daj

lax]=1]a3 0 —a (5.29)

Substituting equation (5.28) into equation (5.27), with Ax = 505%, the loss function

becomes:

J(Sa%):%&xl (AT vix]" Ry I[Altle]6a1+ 80 A} vix]TRy'[A2 vsx] 6]
1

T
- 550& A} vax]" Ry VAT vax]S o}

(5.30)

The error covariance matrix of equation (5.14) is determined by taking the second order

partial derivative of J with respect to 506%:
~1
P = ([T vix|R AT vix]" + [AT vax Ry (AT v3x]T + [AT vax|R; ' [AT vax]T)
(5.31)

The Fisher Information Matrix is:

[Al vix|R;! [Al vix]" —l—[Al vix|Ry! [Al vix]T +[A1 vy xRy ! [Al vax]T (5.32)

The cross product matrix in equation (5.29), for any vector, is always singular. Also
[ax][ax]7 is always singular. Thus, if all three observation vectors p3;, p3,, and p3,are in

the same plane, the Fisher Information Matrix becomes singular.

The vector v4, though, is perpendicular to both vectors v; and v3 in equation (5.31); so
V| # ¢1V3 + c2v4. The covariance matrix derived in equation (5.31) is always non-singular.
The covariance analysis for relative attitude determination between D and D3, and

between D; and D3 may also be derived in a similar fashion as shown in equation (5.31).
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5.2.2 Measurement Covariance - Parallel Case

Here, the measurements covariances associated with equations (5.24) to (5.26) are
derived. The derivation follows a similar approach to that shown in Ref. [12] and [80], but

using the new RAD method presented in this chapter.

Let a measurement vector be expressed as:
Pi=pit+Vi (5.33)
where p; is the true value for the measured quantity, p; is the measured quantity, and v;

denotes the measurement noises of p;.

We assume that there is no correlation between the measurement noises in equation

(5.33). The measurement noise covariance, Q(p;) is:

2
X

0 0
o; 0 (5.34)
0

where oy, 0y and o; are the standard deviations of the three components of the

measurement noise vector, V;.
Equations (5.24) to (5.26) are in the form of p; = Ap;. The measurement noise covariance

for equations (5.24) to (5.26) can be written in matrix form as:

R = E{(p; —Ap;) (i —Ap,)" } = Q; +AQ;AT (5.35)

Equation (5.35) can be used to find R; directly because the R is a linear function of the
measurement noises. The covariances R3 and R4 associated with equations (5.18) and
(5.19), on the other hand, are not linear functions in the measurement noises. The
nonlinearity can be verified by comparing equations (5.25), (5.26), and (5.35). Andrle et

al. [12, 80] showed how to compute the covariance of the unit vector, b, of an arbitrary

db b\’
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where,

db

5= —|Ir]| 3 [rx]? (5.37)

In many estimation algorithms, the measurements noise covariance is assumed to be linear
additive to simplify the estimation process. However, Ref. [82] shows that the nonlinear
noise covariance could be derived without degrading the estimation quality. This method
may be applied to the relative attitude determination method presented in this chapter.
Assume that the variance of the noise is small, 62 << 1, then we may conclude that

o* ~ 0. Define the operator A ® B as the element-by-element multiplication of the
matrices A and B. Define also M (b) as:

Mb)=b b b] ! (5.38)

Then, the covariance associated with equation (5.18) is:

R3 = E{(W3 —A%V3)(W3 —A%V3)T}

— (20) s (5T pn) (222) 4 (22) gy — (vFvwn) (22) 7
~\ 9r YA ar; "\ or, 22Vt or; !
(5.39)

where the ry represents s — (s wi)wy and r; represents (vo — (VA vi)vy).
Both vectors, s — (s” wi)w; and (v2 — (vAvy)vy) in equation (5.39) have the general form

of (b; — (bJT.bi)b,-). The covariance of this vector, Q(b; — (b]Tbi)bi) is:

Q(b; — (bib)b;) = Q(v;) +bibQ(v;) —b;b[ © [C(b;) —Q(v)] = bb] ©[C(b;) — (V)]
+bb] [(b;©b;) o, + (b; ©b;) o7 ] +2bTb,[(bb] +b;b]) © M(ay)]
(5.40)
where,

C(b;) = M(oy)+M" (o3 (5.41)

The elements of the vector, Glz)i are the diagonal elements of the measurement covariance
matrix Q(Vv;).
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In a similar manner, R4 can be calculated as:
Ry = E{(wq —Afvy)(ws —Ajvy)"}
8W4 8W4 T 2 9V4 8V4 T 7T (5'42)
== 1Q —_— AT | =— | Q — | A
( 81‘3 > (Wl % S) ( 81‘3 ) * ! al'4 <V1 % V2) 81‘4 :

where the r3 represents (wj X s), r4 represents (v; X v,). The covariance between the two

cross product vectors, b; x b, Q(b; x b;) is:

Q(b; xb;) = S(b;)S(b;)" +S(b;)S(b;)" (5.43)

with,
S(b;) = [b;x] ©M(ow,) (5.44)
ob = (G, (), (G2 ' (5.45)

Both R, and R3, derived in equations (5.39) and (5.42), are singular in this case. However,
Shuster has shown that this type of matrices can be modified to become nonsingular
matrices [113]. For example, the matrix R, may be replaced by

R = R, + SbbT trace(R,), where b = (s —s"ww)/(||s —s” ww]|). Then, both R4*" and
RZ¢" are invertible.

5.3 Relative Attitude Determination - Non-Parallel Case

Figure 5.3 shows the four LOS measurements in three-spacecraft formation for the
non-parallel case. The vectors, v{, vo, w and s have been defined in the Section 5.2. Here,
figure 5.3 show that the vectors v| and v, become out of the plane formed by the vectors

w and s. Thus, this results in a non-parallel LOS measurement case.

Let F; be the frame formed by the vector v| and v,, and F> be the plane formed by the
vector w and s, which can be defined as:

Fi — vy X v (546)
F, —wxs (5.47)
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Figure 5.3: The line-of-sight measurement in three-spacecraft formation for non-parallel case.

Note that v; and v, are expressed in terms of D; spacecraft reference frame, and s and w
are expressed in terms of D, spacecraft reference frame. Therefore, we can define two
relative attitude matrices, Af‘ and Agz, which are the relative attitude between Dy
spacecraft reference frame and F| frame, and the relative attitude between D, spacecraft
reference frame and F, frame using the similar method developed in Section 5.2. Af " and

F .
A5? are given as:

o Vo X V] vo—(vEvi)vy ]

A] N |:V] [vaxvi ]| HV27(V2TVI)V]H (548)
B _ s—(s"w)w

A= w oy e (5.49)

First, we consider the angle between vector v, and s as one of the cost function in order to

determine the relative attitude matrix between any two spacecraft in the formation:

vi Als = cos 6 (5.50)

Equation (5.51) can be also expressed in terms of Afl and Agz, which corresponds to:

T
cosO = (AF1V2> Al AR Al
! B2 72 (5.51)

= elTAgez
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where,

e; =Allv, (5.52)
ey =ADAls (5.53)

The attitude matrix, Ag , between F] and F, frame can be expressed in terms of principal

angle, W [74], which is also the out-of-plane angle in Figure 5.3. The Ag is given as:
Ag = cosWhy3 + (1 —cos W)l — sinW[ix] (5.54)

where 3,3 1s 3 by 3 identity matrix and 7 = A?w.

Because w is the first column vector in Agz, thus, it can be shown that,

ﬁ:[l 0 O}T (5.55)

T
We define the elements of both vectors, e and e,, as e; = [en e 613:| and

T
e = [ezl €7 623} respectively. Then, by substituting equations (5.54) and (5.55) into

equation (5.51), we obtain:

(e12e22 +e13ep3) cosW + (e13e20 +e12e23) sin¥ = cos 0 — e e (5.56)

Note that both v and s are perpendicular to one of the column vectors in (Af1 and (A'ZFz
respectively. Therefore, either the second or the third element in each e; and e, vector is
always equal to zero, which implies that the term e3¢, + ej2¢23 = 0. Then, equation is
simplified to:

(e1pe22 + e13€23) cosW = cos 6 — e e (5.57)

Finally, a closed form solution for ¥ can be obtained:

W= cos ! [ O8O —enen (5.58)
e1zex +e13ez3 '

Equation (5.58) states that there are always two principal angles, W, that can be obtained.

Therefore, there are always two possible solution for the relative attitude between two
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spacecraft. Then, the relative attitude matrix between D and D, can be calculated as:

T
A} =afAf: (AF) (5.59)

5.3.1 Covariance Analysis - Non-Parallel Case

Here, the covariance of relative attitude determination error between any two spacecraft in
the formation is derived. We consider equation (5.50) as one of the cost function and the
relationship between v; and w given in equation (5.17) as the other cost function. Then,

we can construct the error function for the non-parallel case as follows:

1 3\T..3 2T 21 % pel
J=5{(P31) P3 — (P23) A1P13} Ry

i , | (5.60)

+5 {p2 —Atpa} (R31) {p3 —Afpy}
A similar covariance analysis method, as shown in Section 5.2.1, is applied on equation
(5.60). Then, the corresponding covariance is given as [12]:

_ T -1 -1
P = ([A%P%M]P%zRel (P%)" [ATp3 x]" +[ATpa <] (R3)) [A%Pélx]T)

(5.61)
_ T ~1 -1
— (P31 xIp%aRy" (PRa) 193 X)" + P2, %) (R3:) ' [P, <"
As discussed in Section 5.2.1, the Fisher Information Matrix of equation (5.61) is required

to be non-singular at anytime. Let the Fisher Information Matrix is:
_ T -1
F = [p5 xRy’ () (031 x)" + 031 <] (R3y) P31 x]" (5.62)

The equation would only become singular if and only if p%l falls in the same plane as p%l
and p%z. Therefore, the Fisher Information Matrix in equation (5.62) has no singularity
issue except the W angle (see Figure 5.3) is close to zero. One method that can be taken to
avoid the singularity is to check the ¢ angle. If ¢ is small enough, e.g. ¢ less than 0.1

degrees, then the covariance in equation (5.31) for the parallel case is considered.
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5.3.2 Measurement covariance - Non-Parallel Case

Here, the measurement covariance which corresponds to the covariance matrix in (5.61) is
presented. Both R%l and Ry are required to be calculated in order to determine the
covariance in equation (5.61). The R%l can be calculated in a straight forward manner as

shown in equation (5.35), which is given as:
T
R}, = Q3, +A1Q;, (A}) (5.63)

where Q3, denotes the measurement noise covariance for the measurement p3,, and QJ,
denotes the measurement noise covariance for the measurement p%l. In addition, Q is
defined in equation (5.34).

The Rg in equation (5.60) has been derived in Ref. [12], which is given as:
T T
Re =2 { (P3)" Q3P+ (P31) QP31 +T7 (leggz)} (5.64)

where Tr(.) denotes the sum of the diagonal elements of the matrix, and both Q3, and Q3

are calculated in the similar method as in equation (5.63).

In Section 5.2.1, the measurement covariance calculated experiences a singularity issue.
However, the singularity issue can be avoided by calculating a new covariance,
R™ =R+ %bbTTr(R). Here, R%l is always non-singular. In addition, Rg is a scalar

function, which guarantees the non-singularity except Ry = 0.

5.4 Simulation

We consider an isosceles triangle shape of three spacecraft formation, such that 8; = 6,,
see Figure 5.4. Each spacecraft has its absolute attitude expressed in the Earth Center
Inertial (ECI) frame. We describe the spacecraft attitude using the 3-1-3 rotation sequence
[22, 74]. The orientation of Dy is A;(30°,15°,—20°), D5 is A»(25°,15°,30°), and D3 is
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Figure 5.4: Three Spacecraft Formation Configuration.

A3(30°,0°,10°). The attitude matrix is:

co3cPr —sP3chrsPr P35 +5P3chrcPr  sP35Pn
Ai(01,02,03) = | —s@3cP1 — chzchrsdr  —s@3501 +cP3chrcdr  cP3sdo (5.65)
502501 —sPrcy ch

where ¢ denotes cosine and s denotes sine.

The orientation of all spacecraft in the formation are the same in both the parallel and
non-parallel case. However, the line-of-sight measurement between each spacecraft is

varied for both cases.

5.4.1 Parallel Case

For simplicity, we assume that the plane of the formation is parallel to the Equatorial
plane, and the observation vector of D spacecraft measured by D, spacecraft, expressed
in ECI frame, is: ;

phi= |1 0 0] (5.66)

I denotes the ECI frame of reference, and the observation vector of D3 spacecraft

measured by D spacecraft, expressed in ECI frame, is:

; T
Pi3 = [— cosf; sin0, 0} (5.67)
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Figure 5.5: Errors in the relative attitude AZT. Figure 5.6: Errors in the relative attitude AZ;.

and the observation vector of D3 spacecraft measured by D, spacecraft, expressed in ECI
frame, is: .
ply = [cos 6, sin6, o] (5.68)

The measurement vector, p;; expressed in k’ h spacecraft reference frame is given by

Pl = Awpl).

For the simulation, all relative position measurements are assumed to be unit vectors. The
measurement noise is assumed to be a linear additive, with the standard deviation of

17 x 1079 radian on each axis. In order to study the effect of the shape of the spacecraft
formation on the relative attitude determination error, we vary the value of 0; from 1 to 89
degrees in increments of 1 degree. The angle 65 can be obtained since 6, = 0;. For each
increment of 0y, the simulation is run for 1000 iterations. The average of Root Mean
Square Error (RMSE) over the 1000 iterations is plotted to study the performance in the

simulation.

Next, the performance of the RAD method is studied for a range of levels of the
measurement noise. The equilateral formation is considered. The measurement noise is
varied from 1urad to 100urad in increments of 1urad. The simulation is run over 1000
iterations for each level of measurement noise. The mean of absolute error is compared

with the analytical error, which is the three sigma boundary of the covariance.

Figures 5.5, 5.6, and 5.7 show the three sigma boundary of relative attitude error in roll,

pitch, and yaw angles, respectively. The relative attitude error vector is computed using
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Figure 5.7: Errors in the relative attitude Ajz.

equation (5.28). The figures show that for 1000 iterations, the relative attitude
determination errors fall within the three sigma boundary, which means that the relative
attitude between spacecraft can be determined, using equations (5.5) to (5.12), with a
known expected accuracy level. The measurements covariances derived in equations
(5.39) and (5.42) are singular in nature. However, these matrices were replaced by other

nonsingular matrices as discussed in section 5.2.2.

Figure 5.8 shows the change of RMSE of relative attitude determination between the D,
and D3 spacecraft, as the shape of spacecraft formation changes. When 0; is very small

(that is the D3 spacecraft is almost colinear with the D; and D, spacecraft), the RMSE is
higher. The RMSE is also high when 0; becomes very large (D and D, spacecraft

0 10 20 3‘0 4b 56 60 70 80 90
0, (degree)

Figure 5.8: Th RMSE of AZ? with respect to change of ;.
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Figure 5.9: Comparison between Analytical and Simulation Error with respect to measurement noise stan-
dard deviation.

become very close to each other). In both cases, the shape of the formation becomes close
to a straight line (colinear). Other than the previous two special cases, the proposed

method is capable of providing accurate results with errors below 100urad.

Figure 5.9 compares the analytical and simulation error as the measurements noises vary.
The measurements noises in the figure are expressed in terms of standard deviation. The
analytical error is obtained through the determination of the three sigma boundary using
the covariance of relative attitude between two spacecraft (derived in equation (5.31)). As
expected, both analytical and simulation errors increase as the measurements noises
increase. In Figure 5.9, only the error on the roll axis of relative attitude between
spacecraft 2 and spacecraft 3 is considered. The errors on the pitch and yaw axes have the
same characteristics as the error on the roll axis. The three sigma boundary represents the
boundary that the RAD error would fall within. The average simulated error for each

increment is lower than the analytical error.

In some formation scenarios, the accuracy of estimated absolute attitude is in the order of
1x107? degrees of error on each axis [114, 115]. The relative attitude errors, as
estimated from absolute attitudes, are determined using the quaternion multiplication
properties: § = q® 8q, and 2 = q® ql_l, where ( is the estimated quaternion, q is the
true quaternion, 3 is the relative quaternion between spacecraft D and D,, and dq is the

attitude error quaternion [22, 114].

The accuracy of the proposed RAD method is compared to the accuracy of the RAD

presented in Ref. [12], and the relative attitude determined using the absolute attitude.
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Figures 5.5 to 5.7 show that the accuracy of the proposed RAD method falls within
100urad (or about 0.005 degrees). The relative attitude errors presented in Ref. [12] fall
within 100urad. Both RAD methods process equivalent accuracy. But the RAD method
presented in this chapter is not limited by any constraint as in Ref. [12]. If the accuracy of
absolute attitude is 1 x 107 degrees of error, the relative attitude errors will be in the
order of 1 x 10~* degrees, on each axis. However, each spacecraft is required to be
equipped with a full set of star trackers to achieve the particular accuracy [116]. In terms
of algorithm complexity, the proposed RAD method requires 15 multiplication steps to
calculate the relative attitude matrix. In most cases, the absolute attitude is expressed in
terms of the quaternion vectors. This requires 12 multiplication steps to calculate the
relative quaternion vectors, and another 12 multiplication steps to calculate the relative

attitude using the relative quaternion vector.

5.4.2 Non-Parallel Case

Next, the relative attitude method developed for the non-parallel case is studied. Three

LOS measurements, p%l, p%z, and p}z are given as:

pgl = [sin(—30°)cos(35°) sin(35°) cos(30°)cos(350)]T (5.69)
p, = [sin(30°)cos(25°) §in(25°) cos(300)cos(25°)r (5.70)
P, = [— cos(45°)cos(10°) sin(10°) sin(—45°)cos(10°)]T (5.71)

If the true relative attitude is known, all six LOS measurements can be obtained from
equations (5.69) to (5.71). Similar to the previous case study, a simulation is set up for
1000 iterations run. In addition, the measurement noise standard deviation for each axis of

the LOS measurement is o = 17 x 10~° radian.

Figure 5.10 presents the two relative attitude error in three sigma boundary. Recall from
equation (5.58) that there are two possible ¥ solutions. Here, the corresponding principal
angles, W, calculated are 12.54 degrees and 347.46 degrees respectively. Althought both
solutions are able to show that p%l = A%pé 1» only one of the ¥ solutions presents the
actual relative attitude between the two spacecraft (D and D, spacecraft). Figure 5.10(a)

shows that the relative attitude obtained using W = 12.54 degrees does not match the true
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Figure 5.10: Relative attitude error of A% in three sigma boundary for two Psi solution.

relative attitude. This results in relative attitude errors always out of the three sigma
bound. However, the other relative attitude obtained using ¥ = 347.46 does match the
true relative attitude, which is shown in Figure 5.10(b). Furthermore, the result in Figure

5.10(b) also shows that the error always falls within the three sigma boundary.
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Chapter 6

A Weighted Measurement Fusion
Kalman Filter Implementation for UAV

Navigation



6.1 Introduction

Vehicular navigation has a variety of civilian and military applications and has been
widely studied since the last century. The radar sensor has been widely used in vehicle
tracking applications [75]. Recent technology advancement enabled the development of
small-size antenna arrays, such as the Wireless Local Positioning System (WLPS) for
measuring position[58]. Navigation systems based on the Global Positioning System
(GPS) can precisely estimate position; yet the GPS signal can be jammed. Several
methods are proposed in the literature to aid vehicle navigation in GPS-denied
environments [117]. Examples of these methods include the Inertial Navigation System
(INS) and the Terrain Aided Navigation System (TANS). The INS uses motion sensors to
calculate the position of a vehicle with respect to a bearing point, and the TANS uses the
terrain’s image stored in the database to estimate the vehicle position. The INS navigation
errors, however, may become high if the propagation errors are high [118]. Also, the

TANS may not perform well in unknown terrain environments [119].

The Kalman Filter (KF) has been widely used in many navigation applications. Ref. [119]
implements the KF in estimating moving a vehicle’s position and orientation, using GPS,
INS, and TANS. One way to process measurements in a multisensor system is to combine
all the measurements into a single observation vector in the KF. The computational load of
this implementation, however, increases as the number of measurements increases [35].
Ref. [36] presents a State-Vector Fusion (SVF) method in which each measurement is
processed by its own local filter simultaneously. Then, the updated estimated states and
the predicted covariances are fused together [37]. The Measurement Fusion (MF) method,
introduced in Ref. [38], fuses multiple measurements and then the KF is applied to the
result. Ref. [39] has analytically shown that, under certain conditions, the MF method is
similar to the standard KF. Both SVF and MF methods require less computational load
compared to the standard KF [38]. However, the derivation of these fusion methods
assumes uncorrelated measurement noise for multisensor systems [37, 40]. In most of the
multisensor systems, the sensors’ noises are correlated due to the interference signal
between sensors [40]. Ref. [41] has presented a weighted MF method in which the input
and measurement noises could be correlated. In addition, the computational load of the
weighted MF method is significantly lower than the KF [41].

Time measurements errors due to signal travel time and processing time (also known as
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out-of-sequence measurement (OOSM) problem) have been studied in the literature

[69, 120]. Several estimation algorithms that account for these errors have been proposed
[64, 120]. Ref. [84] implements the Unscented Kalman Filter (UKF) to estimate these
errors, and demonstrates a relatively high estimation accuracy. However, it has a higher
computational cost [84]. Ref. [121] implements a Particle Filter to solve the same
problem. Particle Filter implementation provides a suboptimal estimation and its

computational cost is high [122].

In this paper, it is assumed that UAVs are equipped with a Wireless Local Positioning
System (WLPS) at all times [58]. The WLPS enables UAVs to find their own position
with respect to some bearing points with known positions, via Time-of-Arrival (TOA) and
Direction-of-Arrival (DOA) measurements. The WLPS consists of two components, a
Dynamic Base Station (DBS) and a transponder (TRX). The DBS installed on the UAV
communicates with all the TRXs installed at known positions (e.g. on the ground or on
another vehicle such as the Airborne Warning and Control System (AWACS) aircrafts)
and localizes them via DOA and TOA measurements. Identification codes are allocated to
each TRX such that DBSs can identify different TRXs [58].

Given that the position of a TRX is known at all times, with a given accuracy, the position
and velocity of the UAV will be estimated. A Weighted Measurement Fusion Kalman
Filter (WMFKF), based on the MF method [39], will be implemented for estimation. In
the proposed WMFKE, all measurements from all TRXs are fused into one. Because the
measurements are received at different times at the DBS, a weighting factor is computed
for each measurement; this weighting factor is proportional to the time difference between
the measurement time and the time of fusing all the measurements. The resulting fused
measurement and its corresponding noise covariance are then processed in a way similar
to a KF. This weighting factor reduces the convergence rate of the predicted covariance to
ensure that estimation errors are within the three sigma boundary. The accuracy
performance of the WMFKEF is compared to the standard KF. The error distribution
probability, also known as the Ellipsoid Error Probable (EEP), for the fused measurements
in the WMFKF method is evaluated and compared to the fused measurement in the MF
Kalman Filter (MFKF) presented in Ref. [38]. Also, the computational complexity of the
WMFKEF is analyzed and compared to that of the standard KF. Two scenarios are
considered in this paper: (1) GPS-denied environment, and (2) available GPS

measurements.
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The purpose of this chapter is to explore use of TOA as a weighting factor in the fusion
process to improve the estimation stability. This implementation results in maintaining the
estimated state error within the estimated covariance boundaries, as shown in the results
presented. This implementation also avoids the complexity of estimating the
measurements’ time delays. In this chapter, the number of available TRXs varies over
time due to limited wireless transmission range. Also, the DBS transmits a signal after all
response signals from all TRXs are received (they arrive at different times due to time
delay errors.) The position of the TRXs are not perfectly known. This paper is organized
as follows: Section 6.2 presents the formulation of the navigation problem. Section 6.3
presents the WMFKF method. Section 6.4 presents how the EEP is computed. Sections

6.5 presents the simulation results.

6.2 Problem Formulation

A moving vehicle is assumed to travel from an origin to a destination and one or more
TRX(s) are placed along the vehicle’s travel path to assist the navigation system. The
vehicle is assumed to be equipped with only the DBS. It should be noted that the main
complexity of the WLPS is in the DBS, as it needs to be equipped with antenna arrays to
allow complex signal processing schemes for DOA-TOA estimation, beamforming,
localization, and tracking. However, the complexity of the TRX is very low when it is
compared to the DBS. The TRX is composed of a single antenna transmitter and receiver.
The role of the TRX is to detect the DBS’s signal and send a signal back to the DBS.
Therefore, multiple TRXs can be easily distributed in or around the path from origin to
destination. In Fig. 6.1, the DBS transmits periodic signals called ID request (IDR) to the
TRXs that fall within its coverage area. TRX responds back to the DBS as soon as it
receives the IDR signal. The DBS measures the TOA by calculating the total time required
by the signal to be transmitted from the DBS to the TRX, and back. This two-way TOA
measurement method avoids the need for clock synchronization. A two-way TOA
measurement, however, experiences signal transmission delay, multipath effects, and

higher atmospheric delay, which might reduce the accuracy of the measurement.

The DBS receives the response signal from each TRX at a different time; this is because
the distances between the TRXs and the DBS are different. In Fig. 6.1, TRX 1 is closer to
the DBS compared to TRX 2. Thus, #;, the TRX 1 signal arrival time is less than #,, the
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Figure 6.1: Illustration of transmission between DBS and TRX.

TRX 2 signal arrival time. Considering N number of TRXs, the DBS receives the
response signals from the TRXs at the times 7,1, ..., #y. The updating step is applied after
all TRXs” measurements are received at the DBS, i.e., at t =ty (see Fig. 6.2). The
position errors due to these time delays in the measurements processing are not computed,
but rather these delays are accounted for through the weighting factor, as detailed in
Section 6.3

Let the position of the DBS at time ¢; be r;,, and the position for the i"" TRX be IR,
respectively. The TOA measurement between the DBS and the i/ TRX is:

Vir = [[re —vpll/c+1p+ vy, — vl /c+Vir (6.1)

where V; 7 represents the measurement noise, c is the speed of light, subscript #; is the time
at which the measurement from the TRX i is received, and ¢, is the signal processing time
delay. The DOA measurement between the DBS and the " TRX is a function of I, IR,

and corresponds to:

~ —17T"Bjiy — I,
Vip = tan P20y Ty Vie (6.2)
'Bix —Ttx
~ — I'Biz — Ttz
Jig =tan! , S+ Vig (6.3)

\/(”B,i,x — 1) 2+ (PR iy = Tiiy)

T T
where rg; = |rpix 7B,y 7‘37,',2} T = [i’t,-,x Tty rt,-,z] ,i=1,2,...,N, Vg is the
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relative azimuth angle measurement noise and V; 4 is the relative elevation angle

measurement noise.

The WLPS measurement between the DBS and the i TRX in Egs. (6.1) to (6.3) is
T

represented as §7 = [}Z’,T Vi,0 )7i,¢] , with the measurement noise covariance,

R? = diag { [vizj vZ, vfﬂ } The term diag represents a diagonal matrix, with its

. 2 2 2
diagonal elements as Virs Vigs and Vi

For the sake of WMFKEF derivation, both the measurement vector, §{, and the

measurement noise covariance, R?, are expressed in Cartesian coordinates:

yi = [ym Viy )757Z] T. It is noted that the measured TOA and DOA in Eqgs. (6.1) to (6.3)
are functions of the signal transmission delay and the signal processing time delay, as
detailed in Ref. [69] and [59]. However, the signal processing time delay is assumed
known and the signal transmission time delay is ignored in this WMFKEF derivation. Then,

the i , iy and J; ; are given as:

Vix = Vipcos(Fi ) cos(Fip) (6.4)
Viy = Yi,psin(¥i 9) cos(Fi¢) (6.5)
Viz =Yipsin(Fie) (6.6)

where §; p is the distance between i TRX and DBS with the assumption of no signal
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transmission time delay, y; p = % (it — tp) c¢. The transformation from the polar to
Cartesian coordinates for the measurement noise covariance is detailed in the Ref. [82],

and it is here presented in this functional form:

R; = g(ip,3i.0,5.05 Vi, Vi.o, Vig) ©.7

6.3 Weighted Measurement Fusion

In this section, the WMFKF method is presented. All the WLPS measurements are fused.
GPS measurement is not fused. Fig. 6.3 presents a block diagram of the WMFKF
algorithm. The WMFKF has a similar propagation and update model as the standard KF.
However, all the measurements from all TRXs are fused together into one, before it is
applied into the Kalman update process. Considering a linear system, the state models for

the state vector, X, and measurement vector, y, are [14]:

X1 = q)Xk +w (68)
§ = Hx; + Vv (6.9)

where w is the process noise vector with a variance Q = E{ww’ }, and v is the

measurement noise vector with a variance of R = E{vv'}.

For N set of measurements, both ¥ and v in Eq. (6.9) can be written as

T T
y=1F)" F)T ... (ygv)T] and v = [v{ vl ... vl| where
Meas. y;
Meas. y, I Weighted Update
Measurement Kalman P
) states and

Fusion Update 7 /|covariance

Meas. yn e

Figure 6.3: Block diagram of the WMFKEF algorithm.

111



T
Vi= |Vix Viy Viz| .and Vi, Viy, and V; . are the measurement noise in the Cartesian

coordinates. The fused measurement covariance, R, and fused measurement vector, y are

given as [39]:

N -
R= (Z(Rﬁ‘]) (6.10)
B N
y :RZ (R (rpn/pi+§)] (6.11)

where rpN/Bi = TBN —YBi YBN is the position of the N™" TRX, and rp; is the position of

i"" TRX. The sensitivity matrix of the fused measurement vector is given as [39]:

N
A=RY [(R) "H|] (6.12)
i=1

where H; is the corresponding sensitivity matrix of §{, which is given as:

H; = [—kxs 03x3} (6.13)

Ref. [39] has analytically shown that the estimation error of the MF method in Egs. (6.10)
and (6.11) is similar to that of the standard KF, in some cases. It has been observed,
however, in this study that the estimation error does not always fall within the predicted
covariance boundary (or the confidence level of the estimated state error). This situation
specifically occurs when any of the TRXs is positioned close to the DBS (e.g. < 1km). To
keep the estimated error within the covariance boundaries, a weighting factor is added

during the fusion process.

A weighting factor, c; , is implemented into the MF method to reduce the convergence
rate of the predicted covariance. The c; , is applied for each measurement vector, §,
sensitivity matrix, H;, and the inverse measurement noise variance, (Rl?)*l, in Egs. (6.10)
to (6.12), before they are fused. Therefore, the new fused measurement noise covariance
in Eq. (6.10) becomes:
—1
R=N <Z ciy(RS) ) (6.14)
i=1

And the new fused measurement vector and sensitivity matrix in Egs. (6.11) and (6.12)
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become:

N
I
—_

N —1 N
y= (Z czpy(Rf)‘1> Y [cin(R) ™ (vpnymi+§5)) (6.15)
H= (Z Ci,y(Rf)_l> Y [eiy (R Hi) (6.16)

The weighting factor, ¢; y, is a function of the TOAs. The TOA vector, T is defined as

T= [YLT yor .- yN7T] T. The estimated error of standard MF method goes outside
the covariance boundaries when a TRX is close to the DBS. In the proposed WMFKF
method, the weighting factor for each TRX measurement is assigned based on the distance
(or TOA) between TRX and DBS. A higher weight will be assigned to the TRX that is
closer the DBS. In other words, the weighting factor, for the " TRX, is selected to be
inversely proportional to the time difference between the TOA of the i TRX. The last
measurement, yy, 7, Which is equivalent to max(T), has a higher weighting factor than the

other measurements. Define the AT and 7 vectors as:

AT;=ynT—YiT (6.17)
AT
T T
where AT = ATy AT, ... ATN] ,and T = [‘L’l T ... TN] .
Finally, ¢; , is defined as:
Ciy = TTT’ZT (6.19)

N
Note that ) ¢;, = 1. The WMFKEF algorithm is similar to that of the standard KF. First,
i=1

the measurement vectors and measurement noise covariances are fused using the Eqgs.
(6.14) to (6.16). Then, the estimated state vector and the predicted covariance are updated
using the standard KF updates equations developed in Ref. [14]. Then, both the estimated

state vector and predicted covariance are propagated to the next time step.
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6.4 Ellipsoid Error Probable

The Circular Error Probable (CEP) and the Spherical Error Probable (SEP) [123] have
been used extensively in the literature to describe measurement accuracy. Ref. [124] and
[125] have presented a two dimensional and three dimensional EEP (E2EP, E3EP) for
radionavigation and surveillance systems. The E3EP is used to evaluate the accuracy of
the fused measurements, for both the MFKF and the WMFKEF.

Given a random vector, ¥, where y = (Ax,Ay,Az), N(0,0), and Ax, Ay, and Az are the X,
y, z components of the position measurement error between DBS and TRX; each Ax, Ay,
and Az is assumed to have zero mean errors. The E3EP or the probability that the

magnitude of y to fall within a magnitude, p, corresponds to [126]:

P, =P(x x<p ///f JdAxdAydAz (6.20)

where f() represents the probability density function of .

In this chapter, f() is a function of Ar, AB, and A¢ which are the relative distance error,
relative azimuth, and elevation angles error between DBS and TRX respectively.

Therefore, Eq. (6.20) can be expressed in polar coordinates as:

2 o rl
P, = aaya, / n / / f(x)Ar? sin ABdArd AOdAY (6.21)
0 0 JO

where the a,, a, and a;, are the axes of the error ellipsoid.

Eq. (6.21) is computed numerically to determine the EEP. Let 3 be defined as the size
increment of the EEP. Then, the a,, ay, and a; in Eq. (6.21) can be written as a, = B ox,
ay = Boy, and a; = Bo;, where oy, 0y, and o, are the measurement noise standard
deviation in Cartesian coordinates presented in Ref. [82]. The EEP is studied with respect

to an arbitrary multiplier, f3.

6.5 Simulation

Simulations are conducted to compare the performance of the proposed WMFKF and the

standard KF for two scenarios: (1) only WLPS measurements are available; and (2) both
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Table 6.1
Position of TRXs.

TRX | Pos. (X,Y,Z), km | TRX | Pos. (X,Y,Z), km | TRX | Pos. (X,Y,Z), km

1 1,-1,0.01 9 33,30,-0.001 17 77,70,-0.001

2 4,5,0.007 10 38,31,0.001 18 81,73,0.003

3 8,11,0.006 11 45,40,0.005 19 85,78,0.005

4 13,13,-0.001 12 55,50,0.01 20 88,77,-0.001

5 17,15,-0.001 13 60,55,0.004 21 91,80,0.003

6 21,19,0.003 14 63,57,0.002 22 96,85,0.008

7 24,20,0.01 15 68,61,0.001 23 101,92,-0.001

8 29,30,0.009 16 73,68,0.01 24 106,94,0.01
25 109,98,0.009

GPS and WLPS measurements are available. In this simulation, the KF update process
only occurs at the time (¢y); (see Figure 6.2). Also, the KF assumes all signal arrives at
time (#v);. The implementation of KF algorithm can be found in Ref. [22]. The proposed
WMFKEF algorithm has been presented in Section 6.3.

In the first scenario, the sensitivity matrix, H, for the standard KF is

T
H = H]T H2T ng , where H; is given in (6.13).

Two detection range limits of WLPS transmission are considered. In the first case, under
the Federal Communications Commission (FCC) regulation [127], the detection range of
a WLPS is assumed to be 10km. In the second case, the detection range limit of the
WLPS is increased to 30km. In this simulation, the position of the UAV and all TRXs are
expressed with respect to a bearing point, which is located at latitude 45 degrees and
longitude 60 degrees, at sea level. The transformation of geodetic coordinate to the Earth
Centered Earth Fixed (ECEF) position is presented in Ref. [22]. There are 25 TRXs
available along the flight path of the UAV. The position of each TRX is shown in Table 6.1.
In addition, we assume that TRX no.1 is the command center with well-known position,

and the other TRXs have a random position error with standard deviation of 1 meter.

In the second scenario, it is assumed that the UAV can detect a maximum 4 GPS signals at
the same time. Here, only the 30km detection range (second case) is considered. In
addition, the WMFKEF only fuses the WLPS measurements. The GPS measurement is

then processed together with the fused WLPS measurement using a standard KF

T
procedure. Then the KF measurements vector is given as ywyrkr = [y(T;PS yT} and
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T
Yxr = [ngS yT} respectively. Thus, the sensitivity matrix for the WMFKF and the KF

are given as:
r w7
Hywrkr = |Hlps H'| (6.22)
T
Hir = [HEps H'| (6.23)

where the derivation of ¥;ps and Hgps can be found in Ref. [22], and the measurement

noise covariances are given as:

Rgps 0443
Rwmrkr = _ (6.24)
[03x4 R
R 0
Rep — | Rops Ouan 625)
O3vx4 Rwrps

where N denotes the number of WLPS within the detection limit range.
T
The initial position and velocity of the UAV are given as r = [0.1 —0.1 9.2] km and

T
V= [0.06 0.05 —0.0048] kms1, respectively. The estimated state vector is

T
X = [rT VT:| and the UAV’s dynamics is described by the matrix:

P = (6.26)

1 At X [343
0353  I3x3

The simulation is run for 30 minutes of flight time. The simulation assumptions for both
WMEKEF and KF are the same as follow: (1) No signal processing time delay; (2) The
standard deviation of measurement noise for TOA is 1/3 x 10~%s and for DOA is 0.1
degree; (3) The initial estimated error is a random error of 0.1km in position and Ims~ ' in

velocity; (4) The initial state covariance is 1km? in position and 0.01km?s~2

in velocity;
(5) The WLPS operates at 10Hz frequency; (6) There are no multipath effects nor
atmospheric delay; (7) The GPS measurement noise standard deviation is 10m; and (8)

There are no clock error and atmosphere delay for the GPS signal. The process noise
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Figure 6.4: Estimated position error (bold solid line) with three sigma boundary (dash-dotted line) plot for
10km range limits.

covariance, Q, in Eq. (6.8), is given as follow:

1A,3 2
AT 0.5A¢1I

Q=023 23“ 33 (6.27)
0.5A1" 133 Atl3 3

where 0, = 10_3km/s3/2 [128] and At is the sampling time, which is 0.1 sec;

6.5.1 Scenario One: Accuracy Performance without GPS

Fig. 6.4(a) and 6.4(b) compare the estimated position error with three sigma boundary for
both WMEFKEF and standard KF. For 10km detection range limit, one to five TRXs always
fall within the DBS’s coverage area. Fig. 6.4(a) shows that the WMFKF’s estimated
position error falls within the three sigma boundaries for most of the time; Fig. 6.4(b),
however, shows that the KF’s estimated position error does not fall within the three sigma
boundaries. Similar to the MF method, Fig. 6.4(a) and 6.4(b) show that the WMFKF and

the KF have a similar estimation accuracy.

Fig. 6.5(a) and 6.5(b) compare the estimated position error with three sigma boundary for
both WMEFKEF and standard KF for the 30km detection range limit. Fig. 6.5(a) shows that
the WMFKF’s estimation error always falls within the three sigma boundary. However,

Fig. 6.5(b) shows that the KF’s estimation error does not always fall within the three
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Figure 6.5: Estimated position error (bold solid line) with three sigma boundary (dash-dotted line) plot for
30km range limits.

sigma boundary. The results in Fig. 6.4 and 6.5 show that for the linear measurements
case, the reduction rate of the fused noise covariance in Eq. (6.10) is proportional to the
number of available measurements. The reduction rate of the fused noise covariance has a
direct impact on the reduction rate of the predicted covariance. The proposed WMFKF
algorithm assigns a higher weight to the measurement (and its covariance) that has lower
signal traveling time delay error. Hence, the weight factor in WMFKEF can reduce the
convergence rate on the predicted covariance. Ref. [40] shows that the fusion algorithm in
Egs. (6.10) to (6.12) is same as the KF in the linear estimation case. This also shows that
the KF has a faster convergence rate than the WMFKEF in predicted covariance. Also, it
should be noted that both WMFKF and KF do not consider the error due to the signal
traveling time delay in their estimated measurement and observation matrix models,
which results the predicted measurement variance of the KF becomes lower than the
actual measurement error variance. Besides that, the results in both Fig. 6.4(a) and 6.5(a)
also show that maximum detection range limit affects the effectiveness of the WMFKF

method in reducing the convergence rate of the covariance.

6.5.2 Scenario Two: Accuracy Performance with GPS available

Fig. 6.6(a) and 6.6(b) compare the estimated position error for both WMFKF and standard
KF for the 30km detection range limit with GPS available. Fig. 6.6(a) shows that the
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Figure 6.6: Estimated position error (bold solid line) and three sigma boundary (dash-dotted line) plot for
30km range limits with GPS available.

WMEFKF’s estimation error always falls within the three sigma boundary. Although
additional GPS measurements are included into the estimation algorithm, Fig. 6.6(b)
shows that the KF’s estimation error does not fall within the three sigma boundary.
Therefore, it can be concluded that additional GPS measurements do not improve the KF’s
estimation stability. On the other hand, both Fig. 6.6(a) and 6.6(b) show that the WMFKF
has a better estimation accuracy than the KF. The WMFKF maintains its estimation error

well within the three sigma boundary.

6.5.3 Ellipsoid Error Probable

We consider a specific position of the UAV, at r = [22 19.975 7.448] ! in scenario one.
In addition, we consider that only TRXs no. 2, 3, 5, 6, 7 and 10 in Table 6.1 are available.
Three different WLPS detection range limits are considered; these are 10km, 20km and
30km. The given detection range limits also correspond to two, four, and six measurement

vectors fusion respectively.

Fig. 6.7 compares the error probability percentage for both the WMFKF method and the
MEFKEF for different numbers of available TRXs. Here, the x-axis represents the size of the
error ellipsoid with respect to the fused measurement noise covariance. Fig. 6.7 shows
that the WMFKF method has higher EEP compared to the MFKF method, for all cases. In
addition, the EEP significantly improves when more TRXs are available for the WMFKF
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Figure 6.7: Error Probability Percentage for bot the MFKF and the WMFKF.

method. Thus, the WMFKEF adjusts the size of the error ellipsoid and increases the

confidence level in the measurements error boundaries.

6.5.4 Comparisons

There are several modified KF methods for fusing measurements. The following modified
KF methods are tested on the above case studies: the Unscented KF (UKF), the state
fusion KF method, and algorithm B in reference [120]. In the test cases in this chapter, the
system dynamics are linear and the results obtained by the UKF are similar to those of the
standard KF. The state fusion KF method and the algorithm B of reference [120] suffer
instability due to the high convergence rate of the error covariance.

6.5.5 Computational Loads

Table 6.2 compares the number of multiplications required by the WMFKF and the
standard KF. Only the GPS denied case study is considered in this computational cost
analysis. The m denotes the number of measurements, N denotes the number of TRXs
available, where the total number of coordinates in a single measurement is equal to Nm,

and 7 is the total number of estimated states.

For the simulation case presented in this chapter, we have m = 3, and n = 6. In the first
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Table 6.2
Comparison of number of multiplication required.

Aleorithm Number of Multiplication Required
£ WMFKF Standard KF
KT =% +K({y—HX) nm + mn” N(nm+ mn?)
Pt =(I+KH)P n’m+n’ n’Nm+n’
- B - 2(n*Nm+nNm?)
_ T T 1 2 2 3,2
K=P H' (HP H'" +R) 2(n*m+nm*)+m’ +m N3 4 N2
ey =1%/(71'1) 5N 0
_ /N !
R= ( crR;! (N 42)m3 +m? 0
i=1
= A oy “lg 2 3
y=1| X ¢R; RY ¢,R'¥i (N+2)m”+3%xm 0
i=1 i=1

case, we assume an average of three TRXs (N = 3) are available during the entire
simulation. The results show that the standard KF requires 2,700 multiplications for the
Kalman update process. However, the WMFKEF only requires 1,050 multiplications. For
the second case, we assume an average of eight TRXs (N = 8) are available during the
entire simulation. The results show that the standard KF requires 19,080 multiplications
for the Kalman update process, and the WMFKEF only requires 1,165 multiplications. The
results show that the multiplication required by the standard KF significantly increases as

the number of TRXs available increases. However, the WMFKF method avoids this issue.
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Chapter 7
Conclusion

The WLPS implementation as a relative position sensor for absolute position estimation in
SFF is introduced. It is depicted that 2D WLPS improves positioning accuracy when both
WLPS and GPS measurements are used. The results are compared to a GPS standalone
system. Moreover, the implementation of 1D WLPS is investigated and simulations are
conducted to show the feasibility of obtaining a converging estimation for the absolute
positions. The results confirm that the accuracy of 2D WLPS is higher than 1D WLPS. In
addition, increasing the number of spacecraft in the formation improves the estimation’s
convergence time when only relative position measurements are available. Simulation
results show, in general, that as the formation size decreases, the WLPS estimation
accuracy improves. The impact of formation size becomes significant when either GPS
noise is high or GPS measurements are not available. Examples of these situations are
deep space missions such as Mars exploration and the Lunar GRAIL mission, and in the
low altitude aircraft applications when ground reflection effects are significant. The results
also confirm that as the number of spacecraft in the formation increases, a better absolute

position estimation performance is attainable.

Chapter three presented an implementation of the Differential Geometric Estimation in
relative and absolute positions estimation for spacecraft formations. In the transformed
linear domain, two approaches have been implemented in this chapter: the pole placement
and the linear filtering approaches. Simulations are conducted to compare the estimation
performance of the differential geometric estimation and the extended Kalman filter. The

results show that the differential geometric estimation has a faster convergence rate, and
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has better stability, compared to the extended Kalman filter. The complexity analysis
shows that the differential geometric estimation has lower complexity when the system is

fully observable.

Chapter four presented an implementation of the Constraint Kalman Filter in orbits
estimation. Two parameters, & and 3, were introduced in the Constraint Kalman Filter
equations to mitigate the impact of the single-point update on the Constrained Kalman
Filter process. Two problems were simulated in this chapter. The first problem is the
estimation of the absolute spacecraft position from radar measurements. The results show
that an improvement of about 25% (or 5 meters) in the steady state root mean square error
can be obtained when implementing the constrained estimation concept presented in this
chapter. The second problem is the estimation of formation orbits from measurements of
relative positions only. In this problem, the Constraint Kalman Filter performed better
than the extended Kalman filter for most of the ranges of & and 3. In the circular orbit
case, the Constrained Kalman Filter improves the estimation accuracy up to one fifth of
the average root mean square error, as compared to the Extended Kalman Filter. For an
elliptic orbit, the Constraint Kalman Filter improves the estimation accuracy by reducing
the average root mean square error to one tenth of the Extended Kalman Filter’s average

root mean square error.

Several parametric studies were conducted to determine best values for the parameters o
and . The B parameter controls how fast the covariance converges due to the application
of the constraint while the parameter & controls the amplitude of state update due to the
constraint application. From the simulations conducted, it can be concluded that, in
general, the B value is best if below 0.8 and above the o value. For the best values of o

and f for a specific problem, a simulation needs to be carried out.

A two-body dynamic model was assumed in all of the cases studied in chapter four.
Adding perturbations to the dynamic model is not expected to change the superiority of
the constraint estimation to the Extended Kalman Filter. This is due to the fact that, unlike
the Extended Kalman Filter, additional information are incorporated in the estimation
process in the constraint estimation. The tuning of the o and B parameters may become
different, though. Additional investigation is needed to study the impact of using

perturbed dynamic models on the selection of the parameters o and f3.

The methods to determine the relative attitude between spacecraft in a three spacecraft

formation for both parallel and non-parallel cases are presented in chapter five. The
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covariance analysis is carried out to evaluate the level of confidence in the proposed
method. The covariance analysis shows that the relative attitude determination errors fall
within a three sigma error boundary. The proposed method is capable of providing an

accurate and consistent result if the three spacecraft are not close to being colinear.

A Weighted Measurement Fusion Kalman Filter approach is proposed for UAV navigation
in chapter six. We assume a UAV is equipped with a remote positioning system called
WLPS. The WLPS enables relative localization of the UAV with respect to some bearing
points with known positions. The WMFKF and the KF are compared in two cases; the
first assumes available GPS measurement and the second assumes a GPS-denied
environment. A weighting factor is introduced to reduce the convergence rate of the
predicted covariance. Simulation results confirm that the WMFKF has similar accuracy
performance as the standard KF when the GPS is not available. However, the weighting
method reduces the convergence rate of predicted covariance and ensures that the
estimation errors fall within the three sigma boundary. On the other hand, the WMFKF
has a better accuracy and stability performance when the GPS measurement is available.
In addition, the computational cost of the WMFKF is less than the standard KF.
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Chapter 8

Appendix

8.1 Linearization and covariance analysis in polar and

cartesian coordinate

8.1.1 Time derivative of state vectors in polar and cartersian

coordinate

For simplicity, in this section, we assume r =r;, A = A; and § = &;.
1. First order time derivatives of polar coordinates is:

PR b A
B r
s Xy — )X
A=——""
x2 +y?
E )Y (i)
- 2 r2(x2 +y2)1/2

2. The Cartesian representation in polar coordinates is:

x=rcosAcos&
y=rsinAcos&

z=rsin§
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3. First order time derivatives of cartesian coordinates is:

X =FcosAdcosE —rAsinAcosé — ré cosAsiné (8.7)
y = fsinA cosé +rAcosAsiné — ré sinA sin & (8.8)
z=rsiné +ré cosé (8.9)

8.1.2 Conversion of measurement noise covariance from polar to

cartesian coordinate

Ref. [82] shows the expression cartesian coordinate measurement noise in terms of polar
coordinate vector. Given that r is the relative range, ¥ and ¢ are the relative elevation and
azimuth angles at the current time step respectively. The corresponding measurement
noise in standard deviation are o, Oy and 0y respectively. Then, the measurement noise

covariance, R; j» in cartesian coordinate is given as:

(13 )
El ) <1+e 2%)/4 .

qu,)( —6_20‘1’)/4,

(P4 02) (1 —6_26'4’> (1 —6726‘%) /4} T

where the “diag” represents the diagonal matrix, and 7 is given as:

cos Y cos ¢ —sinycos ¢ —cosysing sin Yy sin ¢
Ty = |sinycos¢ COs Y cos @ —sinysin ¢ cos ysin ¢ (8.11)
sin ¢ 0 —cos ¢ 0
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Chapter 9

Appendix

9.1 Linearization of orbital elements, and f and g

function

9.1.1 Partial Derivatives for semimajor axis, eccentricity, and

eccentric anomaly

The semimajor axis, eccentricity, and eccentric anomaly are nonlinear functions of the
spacecraft’s absolute position vector, r, and the velocity vector v [75, 76]. For simplicity,
we assume r =r;; and v = v; ; in Appendix section. According to Egs. (4.19) and (4.20),
the eccentric anomaly and eccentricity are required to determined both Az, and Az, to
construct both f and g functions. The partial derivative (or linearization) of eccentric
anomaly and eccentricity with respect to spacecraft absolute position and velocity vectors

are presented below.

The partial derivatives of eccentricity with respect to position and velocity vectors are:

de el OJe
ar " Vereor oy
de el Oe
I VeTedv ©2)
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where,

de ||v|[|*>xT wl I rr’
de  |[V["x B3 v B3 L 9.3)
Jr u po el e
de _ 2[|v|rv? B ri'v x I3 B vr! ©9.4)
v u u u
and /3,3 is a 3 by 3 identity matrix.
The partial derivative of eccentric anomaly with respect to the position and velocity
vectors are:
JE 1 V1—e2cos0 90 sin 6 de
or _1 V1=¢2sin 6 2 e+cos® Idr /1—eZcosOIr
+< e+cos O
9.5)
V1—e2sinf [ de sinGae
(e+cosB)? \ dr or
JE 1 V1—e2cos6 06
ov | 1 (YI=sing 2 e+cos® ov
+ ( e+cos ) (96)
sin 6 de 1—eZsinB [ de Sineae
V1—e2cos90v  (e+cosB)? \d ov
where the partial derivatives of the true anomaly are:
00 —1 el elrr! r’ rlee’ \ de
= { — 5+ ( - ) —} 9.7
or . ( oy )2 [leftfiell[lefllir] lellliell (el [[r]] ) or
[leflfir]
A {( e ) %} 9.8)
v lefllfrll [leIP][r]] ) dv

2
[ _eTr
! (nenurn)

The partial derivatives of semimajor axis with respect to position and velocity vectors are:

da 2u’r?
— = 9.9
or el (2u = [r[[]Iv]?)?
T
da _ 2u||x|v 9.10)

ov (2u—|irfliv]?)?
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9.1.2 Linearization of A7, and Az,,.

The Az, and Az, in Eqgs. (4.19) and (4.20) are expressed in terms of a, e and E. Let At
represent both Az, and Az, the partial derivatives of Ar with respect to a spacecraft’s

absolute position and velocity vectors are:

onr 1 (E i E% 4 eeosE2E) 42 [CiE, — (B —esnEN 2 @11
or \lu or | MEGp TECEG, 2\ ut et or '

%_ £ _8_E+ inE%—l- Ea—E +§ 2[E —(E— inE)]% (9.12)
ov \lu oy TMEGy TECEGy ) T [T ¢S ov

where the partial derivatives for a, e and E are shown in Egs. (9.1) to (9.10), E,;, = O for
At = At),, and E;, = 7t for At = Az,

9.1.3 Linearization of f and g functions.

do(At do(At
The derivation of g(ALT,v) and & (Ar,r,v)
dr dv

The f, g, f and g, in Universal Variables [76], are:

in Egs. (4.23) and (4.24) are here presented.

X
I 9.13
3
g—Ai— %q 9.14)
VR B
2
=1 —%02 9.16)

where R, ¢, c3 and y are constant variables (detailed in Ref. [76]), and J is:

X = VYAt 9.17)
and, )
—|vIl® | 2
Y=—+7 (9.18)
u Indl
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dg(At7 r, V) d dg(At7 r, V)

Both Ir an v are given as:
dg(Ate,v) [ f TU Ty af f TU 1 af
ar (DU2 o0 Y ) o T\ oot TtV ) ar
TU? TU 7 dg TU? ; U dg
+ (gD_UZV V+fDU2 V) 5r +( 002" V+f V) 5 019
_ ri,a/pvi7a/P

{(frTr + ngV)% + (friv+gvly) %}

I a/pll?
T ,
dg(ilt;r’ 0 (D];ﬂ +g1§ll/]2 ) §f+ (D{ﬂ +gDTll/]2 TV) %
* (g IT)ZzV V4 b DU2 ) gg * (g IT)Zz DU2 TV) % 020
- lﬁ:,fz# {(frTr + ngV)% + (frlv+gvlv) %}
where r; ,/, and v; ,/, are the apogee (or perigee) position and velocity vectors obtained

using Eqgs. (4.21) and (4.22).

The partial derivatives of f, g, f and g in Egs. (9.19) and (9.20) are:

af _ —2x 8%

(9.21)
ax el
dg . 3%’ 8%
& =1- 7C3 X (922)
If _ VH dx
¢ 2% Ix
where, 5 5
X _ 2
5 = VY 9.25)
where the vector X represents:
x = H (9.26)
v
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