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Abstract
Hall-effect thruster (HET) cathodes are responsible for the generation of the free

electrons necessary to initiate and sustain the main plasma discharge and to neutralize
the ion beam. The position of the cathode relative to the thruster strongly affects the effi-
ciency of thrust generation. However, the mechanisms by which the position affects the
efficiency are not well understood. This dissertation explores the effect of cathode po-
sition on HET efficiency. Magnetic field topology is shown to play an important role in
the coupling between the cathode plasma and the main discharge plasma. The position
of the cathode within the magnetic field affects the ion beam and the plasma properties
of the near-field plume, which explains the changes in efficiency of the thruster.

Several experiments were conducted which explored the changes of efficiency aris-
ing from changes in cathode coupling. In each experiment, the thrust, discharge current,
and cathode coupling voltage were monitored while changes in the independent vari-
ables of cathode position, cathode mass flow and magnetic field topology were made.
From the telemetry data, the efficiency of the HET thrust generation was calculated.
Furthermore, several ion beam and plasma properties were measured including ion en-
ergy distribution, beam current density profile, near-field plasma potential, electron
temperature, and electron density. The ion beam data show how the independent vari-
ables affected the quality of ion beam and therefore the efficiency of thrust generation.
The measurements of near-field plasma properties partially explain how the changes in
ion beam quality arise.

The results of the experiments show that cathode position, mass flow, and field
topology affect several aspects of the HET operation, especially beam divergence and
voltage utilization efficiencies. Furthermore, the experiments show that magnetic field
topology is important in the cathode coupling process. In particular, the magnetic field
separatrix plays a critical role in impeding the coupling between cathode and HET.
Suggested changes to HET thruster designs are provided including ways to improve
the position of the separatrix to accommodate the cathode.
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Chapter 1

Introduction

1.1 Hall-Effect Thruster–Cathode Coupling and Perfor-
mance

Hall-effect thrusters (HETs) are a class of electric propulsion devices that use elec-
tric and magnetic fields to create a plasma and expel the ions at high velocity in order
to generate thrust1 (Figure 1.1). A critical component of the HET is the cathode. The
cathode is a plasma source that provides free electrons that serve two purposes. The
first purpose is beam neutralization—sufficient electrons are expelled via the cathode
to balance the charge emitted by the ion beam. The second purpose is to provide the
“seed” electrons which initialize and sustain the plasma discharge near the exit plane
of the HET. Detailed explanations of both HET and cathode are provided in Chapter 2.

The process by which electrons move from the cathode to the ion beam and anode
of the thruster and how this process affects thruster performance is not well understood.
Essentially, the process is the coupling between the cathode plasma and the main dis-
charge plasma. Researchers have studied the effects of a variety of cathode parameters
such as design2 and mass flow rate2, 3 on HET performance. Furthermore, it has been
repeatedly noted that cathode placement relative to the thruster has an effect on thruster
performance.4, 5, 6, 3, 7, 8 These studies’ results will be further discussed in Chapter 3.
What is clear from every study is that the choice of operation parameters of the cathode
can significantly affect the efficiency with which an HET converts electrical power into
thrust.

In particular, researchers at the Jet Propulsion Laboratory (JPL) have noted that
thrusters with cathodes mounted in the center exhibit improved performance over those
thrusters with cathodes in more traditional, external locations.5, 8 Unfortunately, center-
mounted cathodes are only feasible in those HETs with sufficient room in the center
magnet pole to allow for the placement of the cathode and still have sufficient iron

1
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Figure 1.1: Photographs of an Aerojet BPT-2000 Hall-effect thruster

to make an appropriate magnetic circuit. HET cathodes are rarely smaller than 2 cm
in diameter, and this puts a lower bound on the size of the thruster that can support
a central-mount cathode. Smaller thrusters, such as Busek’s BHT-200, which was re-
cently flown on TacSat-29 (Figure 1.2), simply do not have sufficient room in their inner
core for the cathode to be mounted internally. Therefore, externally mounted cathodes
are still necessary on smaller thrusters. Furthermore, JPL’s research into internally
mounted cathodes is still preliminary. They have not compared thruster performance of
an internally mounted cathode to an optimized external position, nor is there presently
any proven theory as to why the internal cathode performs better.

Trial-and-error methods for determining the optimal cathode operation parameters
are expensive and time consuming. While measuring the performance of the thruster,
the cathode parameters must be adjusted. This is particularly difficult for cathode place-
ment, as it may require multiple tests, with the cathode repositioned in between each
one. With xenon costing $50/L (in 2008), and the expense of staffing and operating a
large vacuum chamber such as NASA-Glenn’s VF-5 at $15,000 per week,10 the cost of
a full optimization study could be $100,000. An improved understanding of the cou-
pling processes will enable the parameter space that needs to be explored to be greatly
reduced, thereby saving time and money in future HET development.

Furthermore, increased understanding of the interactions between the cathode plasma
and the magnetic field topology will aid the design of HET magnetic field circuits. Cur-
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rently, the position of the cathode is an afterthought. The magnetic circuit is designed
to optimize the generation of the ion beam. However, the inefficiencies associated with

Figure 1.2: The Busek BHT-200 Hall-
effect thruster. (Photograph courtesy
of Busek Co. Inc. See Appendix F)

cathode coupling are not considered at this point.
Only after the HET is built and tested is the posi-
tion of the cathode considered. By understanding
the effect of the magnetic field topology on cathode
coupling, the magnetic circuit can be designed to
simultaneously optimize the internal field, for the
generation of the ion beam, and the external field,
for good cathode coupling.

1.2 Contribution of this Work
The goal of this research is to improve the

understanding of processes by which the cath-
ode plasma couples to the main discharge of an
HET. This coupling affects the performance of the
thruster in multiple, interacting ways. In particular,
this research helps illuminate the effect of cathode
position and magnetic field topology on this cou-
pling. Furthermore, it describes the multiple ways
in which cathode position affects the performance
of the Hall thruster. In addition to the increased understanding of the plasma interac-
tions and their effect on HET performance, this research should assist in the optimiza-
tion of cathode position for flight thrusters. Improved understanding of the coupling
will allow researches to know a priori which cathode positions are likely to be good,
and which positions can be immediately ruled out.

To accomplish the goals of this research, several experiments were conducted. The
experiments consisted of measuring the performance, ion beam characteristics, and
near-field plume properties of a Hall-effect thruster while adjusting the cathode position
and mass flow rate. The ion beam characteristics (ion beam current, ion beam density,
and ion energy distribution functions) allow the determination of which efficiency loss
mechanisms are being affected by the change in cathode position. The near-field plume
properties enable us to see, at least partially, how the changes in beam properties are
coming about, and how the cathode position is causing these changes.

The results have been compared to the external magnetic field of the thruster, and
clearly show the important role this field plays in the coupling process. In particu-
lar, a previously unidentified (though perfectly obvious) structure known as the “mag-
netic field separatrix” is shown to be of significant importance, roughly dividing space
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into good performance and bad performance regions, which are easily identifiable with
knowledge of the thruster’s external magnetic field.

1.3 Outline
Following this introduction, Chapters 2 and 3 provide background material and a

review of prior work in this field. Chapter 4 outlines the experimental methods used in
all of the experiments conducted in this work. It is followed by Chapters 5 and 6 which
expand on the some of the more complex methods and theories used. Chapter 7 de-
scribes preliminary experiments that were conducted in early 2007. These early results
motivated the experiments presented in Chapters 8 and 9. The work ends with synthe-
sis, conclusions and suggestions for future work in Chapter 10. Additional supporting
data are presented in the appendices.
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Chapter 2

Background

This chapter reviews basic knowledge necessary to understand the research pre-
sented in this work. It is not meant to be a comprehensive treatment of plasma physics
or Hall-effect thruster (HET) dynamics. The discussion begins with a review of the mo-
tion of single electrons in electric and magnetic fields. From there it develops the bulk
motion of electrons in a plasma. Armed with this knowledge, the reader is prepared for
the explanation of HET operation which follows. After that, an phenomenological dis-
cussion of HET efficiency loss mechanisms is presented. The chapter concludes with
an overview of cathode physics and an introduction to HET–cathode coupling.

2.1 Electron Motion in Magnetized Plasmas
The study of HET–cathode coupling is essentially a study of how one plasma, the

cathode plasma, interacts with a second, the HET plasma. Even in plasmas of the light-
est element, hydrogen, the electrons have roughly 1/2,000 of the mass of the ions. In
HET plasmas, which are typically heavy elements such as xenon (131.29 amu) the ra-
tio is closer to 1/250,000. Because of this, electric and magnetic fields within plasmas
accelerate the electrons more rapidly.

Due to the high acceleration of the electrons relative to the ions, interactions be-
tween a plasma and its surroundings is usually governed by the motion of the electrons.
In particular, because of their low mass, electrons respond strongly to the presence
of a magnetic field, according to the Lorentz law, F = qv×B, whereas the ions pass
through magnetic fields largely unaffected (at least across HET length and magnetic
field scales). As will be shown, it is this very dichotomy that enables a Hall-effect
thruster to operate.

7
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(a) (b)

Figure 2.1: Motions of charged particles in (a) a constant magnetic field, and (b) crossed magnetic
and electric fields

2.1.1 Charged particle motion in a uniform magnetic field
When a charged particle with some initial velocity enters a region of time-constant

and uniform magnetic field, the Lorentz force causes it to turn about the magnetic field
line, effectively trapping the particle on the line (see Figure 2.1a). The particle may
freely move along the field line, potentially being accelerated by other external fields
such as an electric field, but further motion perpendicular to the field line is limited to
an orbit which is defined by the Larmor radius, given by

rL ≡ mv⊥
|q|eB

. (2.1)

The Larmor radius provides an indication of how strongly a magnetic field traps a
particle. The larger the radius, the less tightly the charge is bound to that field line.

Because electrons cannot easily cross magnetic field lines, but may freely travel
along them, the magnetic field lines are electric equipotentials (at least to the extent
that the electrons are completely unimpeded along the field line). The reason is simple:
for electric fields parallel to a magnetic field lines, the electrons can freely move and
redistribute along the field lines, thereby cancelling electric field. On the other hand,
if one induces a field across the B-field lines, the mobility of the electrons is limited.
The electrons are unable to move freely in the electric field to eliminate the potential
difference, and the field persists.
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2.1.2 Charged particle motion in crossed electric and magnetic fields
If a uniform electric field is perpendicular to a uniform B-field, the particle no longer

will be constrained to the field line. Instead, it will be accelerated by the E-field, until
it reaches a sufficient velocity that the Lorentz force will turn it back in the opposite
direction. E-field now slows the particle, bringing it to a stop in the direction parallel
to the E-field, and then turning it back again. The net result of this motion is a drift
in the overall motion of the particle in the direction perpendicular to both E and B,
the so-called E×B drift. This is illustrated in Figure 2.1b. The motion of the guiding
center of the particle, i. e. its average motion, is given by

vgc⊥ =
E×B

B2 . (2.2)

The astute reader will note that this motion of a particle’s guiding center is inde-
pendent of mass, and therefore appears to contradict my previous statements about ions
being less affected than electrons by magnetic fields. Indeed, were both an ion and
an electron in the same, constant fields, the motion of their guiding centers would be
the same. However, the smallest Larmor radius for a xenon ion in typical HET condi-
tions is on the order of 100 mm—roughly the same scale as the diameter and channel
depth of the thruster. Furthermore, the B field will fall off rapidly as an ion travels this
length in an HET system, thereby further increasing the Larmor radius and decreasing
the trapping effect. This is quite beneficial since the goal of an HET is to create an ion
beam, that is, to expel, rather than to trap, the ions.

2.1.3 Bulk effects
So far the discussion has focused on the motion of single electrons indpendent of

interactions with other particles. However, plasmas are comprised of innumerable elec-
trons. Often, these electrons have an isotropic, Maxwellian velocity distribution and
the concept of temperature, in this case electron temperature, Te, can be applied in the
usual way:

f (v) ∝ v2 exp
(
−mev2

2kTe

)
. (2.3)

From this, we can define the average speed of a electron in such a thermal distribution

vth ≡
√

2kTe

me
. (2.4)

We can substitute vth for v⊥ in Equation 2.1 to find the characteristic Larmor radius in
a plasma of known species given Te and B.
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Not all plasmas have Maxwellian velocity distributions. In particular, low density
plasmas in which the particle collision frequency is small compared to the time it takes
a typical electron to transit the plasma may not reach thermodynamic equilibrium. This
applies to many of the electrons in HET plasmas. However, the HET plume plasma is
sufficiently Maxwellian such that the concept of electron temperature as a measure of
mean electron speed is an acceptable approximation.

2.1.4 Collisions
Collisions between the electrons and the other particles in a plasma are of critical

importance to understanding the dynamics of a plasma. To calculate frequency of a
particular collision process, it is necessary to know the collision cross section, denoted
by σ , the velocity distribution of the electrons, f (ve), and the density of targets. Under
normal HET plasma conditions, the neutrals and ions can be considered stationary in
comparison to the fast electrons. For a normalized, isotropic velocity distribution, f ,
the rate coefficient is given by:

〈σve〉=
∞∫

0

σ (ve)ve f (ve)dve. (2.5)

The product of the rate coefficient and the target density (n0, ni) is the collision rate,

νe = ntargets〈σve〉. (2.6)

For electron-neutral collisions, the cross-sections are determined experimentally
and given by the Siglo-Kinema database.1 For electron-ion collisions, which are Coulomb
collisions, the cross-sections may be determined according to2

σCoul =
4π
9

e4 logΛ

(4πε0Te)
2 , (2.7)

where logΛ is the Coulomb logarithm, given by2

logΛ = log

[
3

2
√

π
(4πε0Te)

3/2

e3n1/3
e

]
. (2.8)

Calculating the rate coefficients from Equation 2.7 and Equation 2.5 for a Maxwellian
distribution is problematic because of the resulting integral diverges at the lower limit.
For the present purposes, an approximation of the Coulomb rate coefficient given by
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Figure 2.2: Electron-neutral momentum transfer and Coulomb collision cross sections and rate
coefficients

〈σCoulv〉 ≈ σCoul〈v〉 (2.9)

will suffice. Here, 〈v〉 will be chosen as the thermal value of
√

kTe/me.
Figure 2.2 compares the cross sections and rate coefficients for collisions with

xenon neutrals, with krypton neutrals, and for Coulomb collisions (with either species
of ion). Here Equation 2.7 and Equation 2.9 have been used for the Coulomb rate co-
efficients and the xenon and krypton rate coefficients have been calculated by numeri-
cally integrating the xenon and krypton cross sections for using Equation 2.5. Coulomb
collisions are a weak function of ne. A value of 1×1017 m−3 has been chosen as rep-
resentative of HET plasma.

In Figure 2.2 one sees that at high electron temperatures electron-neutral collisions
dominate, whereas at lower temperatures the Coulomb collisions dominate. Typical
HET plume plasma has a ratio of ne/n0 ≈ 0.1. And an Te of about 3 eV. In these
conditions, the collision rates (not rate coefficients) are approximately equal.

2.1.5 Electron diffusion and mobility
Both Coulomb and neutral collisions are primarily elastic. Inelastic and ionizing

collisions with neutrals have much smaller cross sections. Since the mass of an electron
is so much smaller than that of an atom, electron-neutral collisions serve to randomize
the direction in which the electron is traveling. Though for different reasons, Coulomb
collisions also randomize the direction of electron travel. For an electron in a region of
space free from magnetic fields, or for an electron traveling along a B-field line, these
collisions impede the motion of the electron, and therefore reduce the mobility of the
electrons. However, for an electron constrained to a magnetic field line, the randomiz-
ing collision provides an opportunity for an electron to cross field lines. If no electric
field is present, this will cause the electron to undergo a random walk perpendicular to
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the B-field in addition to its free motion along the field. However, in the presence of a
perpendicular electric field, the electron will move preferentially in the direction of the
electric force.

This concept gives rise to the classical model of electron mobility. Mobility is a
shorthand for the bulk motion of electrons in an electric field. Defining the mobility
coefficient, µ , and the diffusion coefficient, D, the bulk velocity of the electrons is
given by:3

ve =−µE−D
∇ne

ne
. (2.10)

The mobility and diffusion coefficients are, in turn, based on the Hall parameter, Ω,
which is a non-dimensional parameter which quantifies the extent to which a plasma
is magnetized. Given the electron-cyclotron frequency, ωce = eB/me, and the electron
collision frequency, the Hall parameter is given by their ratio:

Ω = ωce/νe. (2.11)

Because collisions impede motion along B-field lines and enable motion across B-
field lines mobility and diffusion coefficients are different depending on whether we
are discussing electron motion parallel or perpendicular to the magnetic field.

µ‖ =
e

meνe
(2.12)

µ⊥ =
µ‖

1+Ω2 (2.13)

D‖ =
kTe

meνe
(2.14)

D⊥ =
D‖

1+Ω2 (2.15)

In many regions of HET plasmas the Hall parameter is large compared to unity. This
allows us, to simplify Equation 2.13 and Equation 2.15 to

µ⊥ ≈ m2
eνe

eB2 , (2.16)

D⊥ ≈ kTemeνe

e2B2 . (2.17)

Comparing Equation 2.12 with Equation 2.16 and Equation 2.14 with Equation 2.17
and we see that collisions limit the motion along the B-field, while enabling motion
across it.

Given the collision rates from Section 2.1.4, knowledge of the electron and neutral
densities, (the ion density is also necessary, but typically ni ≈ ne) and knowledge of
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the electric field, the electron flux density components relative to the B-field may be
calculated:

Γe,‖ =−E‖µ‖ne−D‖∇‖ne, (2.18)

Γe,⊥ =−E⊥µ⊥ne−D⊥∇⊥ne. (2.19)

In HETs, classical mobility is not the only process by which electrons cross mag-
netic field lines.4 It is thought that fluctuations in the plasma or collisions with walls
increase the mobility, and some measurements5 have suggested that the mobility is
closer to a fluctuation-induced Bohm mobility, where µ⊥ ≈ 1/(16B).6 Regardless of
the exact mobility mechanism, however, it remains true that magnetic fields impede the
motion of electrons across field lines.

2.2 Hall-Effect Thrusters

2.2.1 Basic mechanics
With a basic understanding of the relevant plasma physics, we can now discuss the

operation of a Hall-effect thruster. This thruster is a class of electric thruster which
uses electric and magnetic fields to generate a plasma and expel the ions to generate
thrust. While this class of thruster uses magnetic fields, they are considered electro-
static thrusters, rather than electrodynamic thrusters because the magnetic field is time-
constant, and enables the generation of thrust, but does not itself generate thrust. This
is in contrast to true electrodynamic thrusters such as magnetoplasmadynamic (MPD)
thrusters, and pulsed plasma thrusters (PPTs). A detailed description of HETs as well
other types of electric propulsion as can be found in the classic text by Jahn.7

A simplified schematic of a Hall thruster is shown in Figure 2.3. The cathode gen-
erates a plasma which is a source of free electrons. The details of a cathode’s operation
will be discussed Section 2.3. The cathode is placed somewhere outside of the main dis-
charge chamber. The anode is situated in the rear of the HET and is biased to between
100 V and 1000 V relative to the cathode.8, 9, 10, 11, 12, 13 Neutral gas is introduced by a
diffuser in or near the anode. Free electrons from the cathode initiate the second, main
discharge plasma.

At this point in the description there are two plasmas, but no acceleration of the
ions and no thrust. To achieve thrust, a magnetic field is placed near the exit such
that the field lines cross the channel, roughly parallel to the exit plane. This magnetic
field impedes the motion of the electrons across the channel to the point where they
are considered trapped. Meanwhile the E×B drift causes them to rotate azimuthally
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Figure 2.3: (Left) Simplified schematic of Hall-effect thruster discharge chamber and associated
processes (Right) An indication of the local plasma potential along the channel centerline
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around the thruster, generating the “Hall current” from which the thruster takes its
name.

This trapped population of electrons generates a highly negatively charged (relative
to the anode) region of space near the exit plane of the channel. Thus a strong electric
field or “potential hill” is created in the region of high magnetic field. This potential hill
is typically 70-90% of the discharge voltage, the potential applied between the anode
and the cathode. As collisions (and possibly other processes) cause electrons to exit the
trap the electrons are accelerated toward the anode, gaining enough energy to ionize
the neutrals on the upstream side of the magnetic trap. Because of the high energy
and density of electrons in this region, most of the ionization in the system occurs here.
Barring a charge-exchange collision, wall collision or other recombination event, an ion
created in the upstream of the magnetic trap are accelerated by the local electric field,
gaining significant energy as they cross the potential hill associated with the magnetic
trap. Recall that, unlike the electrons, the trajectories of the ions are not significantly
affected by the magnetic field. Thus, the ions are accelerated out of the thruster and
generate thrust.

In modern thrusters, the gas used is typically xenon. Xenon is chosen because
its high mass, 131.29 amu, and low ionization potential, 12.1 eV, make it desire-
able. The low ionization potential means that less energy must be spent in creating
the ion-electron pairs, and higher mass atoms are typically have larger ionization cross-
sections, making ionization more likely. Furthermore, xenon, being a noble gas, is
safe to handle. However, it is quite expensive. As of this writing (2008) it is currently
$50/L. At usage rates on the order of 20 L/hr, testing can be prohibitively expensive for
most research programs. Therefore, krypton is often used as an alternative propellent.
Its lighter mass, 83.8 amu, and higher first ionization potential, 14.0 eV, make it less
efficient than xenon, but it is significantly less expensive at $10/L.

2.2.2 Efficiency
The electrical efficiency of a Hall thruster is the efficiency with which the device

converts electrical power into thrust. Given the thrust (T ), mass flow rate (ṁ) and input
power (P), the efficiency is given by

η =
T 2

2ṁP
. (2.20)

Often only the anode (sometimes called “discharge”) power is considered:

P = Pd = IdVd. (2.21)
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The efficiency calculation will also vary depending on whether cathode mass flow
rate is included. Typically, two efficiencies are shown in this document. The first is the
“anode efficiency,” which neglects cathode propellent,

ηa =
T 2

2ṁaIdVd
, (2.22)

while the second, “total efficiency,” includes it,

ηt =
T 2

2(ṁa + ṁc)IdVd
. (2.23)

The term “total efficiency” is, perhaps, a bit misleading since certain other power
sources are neglected. In particular, the power to the magnet coils, the cathode heater
power, and, where applicable, the cathode keeper power are not included in these ef-
ficiency calculations. These have been left out since these parameters are more likely
to be a function of the specific cathode or thruster, rather than a general feature of all
thruster systems.

2.2.3 Efficiency loss mechanisms
There are several mechanisms by which efficiency is lost. The mathematical details

will be presented later in Chapter 8. For now, phenomenological explanations will
provide the reader with a basic understanding.

Because of the curvature of the magnetic fields which trap the electrons, and the
fact that magnetic field lines are nearly equipotentials, the exit of an HET is an ion
lens. In other words, the ions are not only accelerated, but they are also redirected or
focused. One of the biggest challenges in HET design is to achieve the proper focus-
ing. An unfocused beam expels many ions in a direction not parallel to the thrust axis.
Due to the cylindrical symmetry of the system, any ion expelled at one angle, will, on
average, have an ion expelled at the opposite angle. The net result is that the perpen-
dicular components of the thrust generated by these two ions cancels, leaving only the
parallel components. However, it cost the same amount of energy to send the ions on
diverging paths as it would have to send them both parallel to the thrust axis. Thus,
beam divergence represents an efficiency loss mechanism, as illustrated in Figure 2.4a.

A second efficiency loss mechanism is known as voltage utilization, and it is il-
lustrated in in Figure 2.4b. There are two reasons for the mechanism. First, as the
preceding description of HET operation states, most of the ionization occurs upstream
of the potential hill. However, ionization can take place anywhere in the system, and
in particular, may be created partway down the potential hill. When this happens, the
ion does not receive the full amount of energy available. Rather, the ion shares the full
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(a) Divergence (b) Voltage utilization

Figure 2.4: Efficiency loss mechanisms in a Hall-effect thruster

energy with the freed electron, which will ultimately deposit its energy as heat in the
anode, thus wasting it. Second, the bulk of the ionization can never occur at anode po-
tential. An ionization event occurring at anode potential would leave the freed electron
with zero potential energy. Thus, it would be unable to gain enough energy to ionize
any more neutrals. If all ionization took place at this potential, cascade ionization could
not happen. Therefore, voltage utilization efficiency accounts for the cost of ionization.

A third efficiency loss mechanism is the velocity distribution efficiency. It arises
because thrust is linearly dependent on the velocity of the ions (T ∝ ṁv) while the power
required to accelerate the ions to the terminal velocity scales as velocity squared (P ∝

ṁv2). Therefore, it is more efficient to accelerate all of the particles to the same velocity
than to accelerate particles to different velocities. To see why, imagine a thruster that
expels two ions of mass m, as shown in Figure 2.4c. In Case A, the thruster accelerates
one particle to a velocity v, while the second is accelerated to a velocity 3v. The total
impulse delivered to the thruster is 4mv. In Case B, the thruster expels both particles
with a velocity 2v, also yielding a total impulse of 4mv. Now let’s examine the energy
necessary to accelerate the particles. In the first case, the energy required is

EA =
1
2

mv2 +
1
2

m(3v)2 = 5mv2. (2.24)

Meanwhile, in the second case the energy required is

EB = 2
1
2

m(2v)2 = 4mv2. (2.25)
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(c) Velocity Distribution (d) Current Utilization

Figure 2.4: Efficiency loss mechanisms (continued)

Obviously there are more than two particles in a real thruster. Those who are interested
can further inspect Table 8.1 and Equation 8.11 to see that the assertion that narrow
velocity distributions are more efficient extends to all situations.

A fourth efficiency loss mechanism is current utilization. In an ideal thruster, there
would be exactly one electron emitted from the cathode for each singly-charged ion
leaving the HET. The current from these electrons is the “neutralization current.” The
only electrons that would reach the anode would be those freed by ionization of the pro-
pellent. However, it is possible for some electrons to move from the cathode, through
the magnetic trap, and to the anode directly. As already mentioned, this current is called
the recycle current. It is an efficiency loss, since power is required to create that current,
yet no thrust is generated. Figure 2.4d illustrates this efficiency loss mechanism.

In addition to these efficiency mechanisms, there is also an inefficiency associated
with cathode coupling. It will be discussed in Section 2.4.

2.3 Cathodes
Having provided an overview of the physics behind HET operation, let us turn to

the cathode, which, until now has been a magic plasma source. HET cathodes come in
a variety of designs, but the most common is the orificed, thermionic hollow cathode
(Figure 2.5). This cathode is comprised of a tube containing an electric heater and
a low work function material such as barium-oxide (BaO) impregnated tungsten or
lanthanum-hexaboride (LaB6). The tube is filled with a neutral gas, typically the same
as the propellent for the HET, and a small orifice at one end allows the gas to escape
into the surrounding space. The low-work-function material, also known as the emitter,
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Figure 2.5: Cross-section of a typical orificed hollow cathode

is situated near this exit, and is heated by the nearby electric heater. The emitter is
biased negative relative to an anode, which is situated outside of the exit of the cathode.
This anode may be the HET anode, but more typically, a secondary anode called the
“keeper” is positioned much closer to the cathode orifice, and it is particularly important
during cathode start-up.

With the potential between the keeper and the emitter set to something on the order
of 300 V and the neutral gas flowing, heat is applied to the emitter, which enables some
of the electrons to tunnel out of the emitter material into the surrounding space. Once
the electrons are free of the emitter, they are accelerated by the electric fields set up by
the potential between the keeper and the emitter. In the process, electrons collide with
neutral atoms and ionize some of them. The electrons freed from ionized atoms are also
accelerated by the same electric fields, and, in turn, ionize more neutrals. This cascade
ionization creates the cathode plasma which diffuses into the surrounding space. Densi-
ties and temperatures depend on cathode design and mass flow rate. Typical densities in
the cathode plume are 1016 to 1020 m−3 with electron temperatures of 2-3 eV.14, 15, 16

Under these conditions, recombination is unlikely, and thus we have a plasma source
from which free electrons may be readily taken.

In most thermionic cathodes, once the plasma discharge is created, the ions col-
liding with the emitter provide sufficient heat to the emitter that electrons continue to
tunnel out, and the electric heater may be powered off. Furthermore, for a cathode in a
Hall-effect thruster system, the keeper is set to a minimum current such that the cathode
discharge is maintained should the main thruster discharge be extinguished. Thus, there
is only one control on a cathode: the gas flow rate. However, some cathodes, including
the one used in these experiments, do not have a sufficient heat load from the back-
streaming ions to maintain the discharge, and the electric heater must be left on after
the discharge is initiated, though typically at lower power levels than are necessary to
start the cathode. For these types of cathodes, there are two adjustable parameters: flow
rate and heater power.
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Figure 2.6: Coordinate system used to describe the cathode position

As a final note, the cathode used in this research is similar, but not identical to
hollow cathodes discussed. Specifically, it is a thermionic cathode, but it is not orificed.
However, at the level of the general description provided here, both the typical HET
hollow cathode and the cathode used in these experiments are identical. The specific
cathode used will be further discussed in Section 4.4.4.

2.4 HET–Cathode Coupling
The cathode should be placed so as to provide ideal coupling between the electrons

of the cathode plasma and the main discharge plasma of the HET. To date, cathode
placement has been largely done by trial and error, an expensive and time-consuming
process. Typically, the cathode is placed radially outside of the main body of the HET.
Often it is also placed slightly downstream of the exit plane, and angled in toward
the thruster. Figure 2.6 shows a somewhat typical cathode location. (The cathode is
positioned radially further away than is normal to provide sufficient space in the figure
for the text labels.) Furthermore, the figure describes the basic coordinate system used
in most cathode research, including this work. The origin of the coordinate system is
at the intersection of the exit plane and the axis of the HET. The axial, z coordinate
increases into the plume of the HET. The radial, r coordinate increases with distance
from the axis. The center of the cathode orifice is the reference point for the cathode
position. The angle the cathode makes with the thrust axis is the cathode angle, with
positive angles denoting a cathode pointing toward the thrust axis.

In a Hall-effect thruster, the free electrons from the cathode are necessary for two
functions. The first is beam neutralization. Sufficient electrons must be expelled from
the cathode to balance the ions in the beam, otherwise the spacecraft would become
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negatively charged. Beyond this, a certain number of electrons must travel from the
cathode to the ionization region of the thruster in order to initiate and sustain the dis-
charge through collisional ionization of the neutral propellant. This extra current is
called the “recycle current,” because we consider these electrons to be repeatedly recy-
cled through the system and never expelled into the beam.

Collisions between electrons and other particles, primarily neutrals, in the plasma
impede the motion of the electrons from the cathode to the anode and beam. Further-
more, it is impractical to create the magnetic trap in the HET chamber without also
generating a magnetic field outside of the thruster. An external cathode is placed in
the external magnetic field, and that field impedes the motion of the cathode electrons.
Because of the mechanisms that impede the motion of the electrons to the ion beam
and anode, work is required simply to get the electrons to where they are needed for
the plasma to maintain quasineutrality. This work is an efficiency loss mechanism as
it does not directly generate thrust. The cathode coupling voltage provides a rough
measure of the amount of work required to move the electrons from the cathode. In
the laboratory, this is the potential at which the cathode floats below ground, and it is
denoted by Vcg. In space with negligible electric fields compared to that generated by
the thruster, the ambient plasma potential serves the same function as ground.

To understand why this is the correct measure, consider an ion “falling” out of the
thruster. While most of the potential drop occurs inside the thruster, there is some
small drop all they way through the sheath at the tank wall at the end of the ion’s
trajectory. The ion is accelerated through this drop, and the opposite force pushes back
on the thruster, generating the thrust. When the ion reaches the tank wall, it impacts
the surface, grabs an electron, and exits the system as a neutral. In order to maintain
charge neutrality, an electron from the cathode must also travel to the tank wall to
make up for the electron that neutralized the ion.∗ The anode is biased at Vd volts with
respect to the cathode. Assuming no efficiency loss mechanisms affect the ionization
and acceleration of the electron, the (singly-ionized) ion should hit the tank wall with
Ed = eVd of energy unless it also requires some energy to move the electron from the
cathode to the wall. If we denote this energy by Ecg then the energy that the ion receives
can be no more than Ed−Ecg, which implies that the ion starts at a potential of Vd−Vcg
where Vcg = Ecg/e. Furthermore, since it requires Ecg of energy to move the electron
to the wall, the cathode must be at a potential Vcg relative to the tank wall.

Of course, the preceding analysis ignores many effects. The ion may not be ion-
ized at the maximum potential. The ion may suffer a charge-exchange collision before
reaching the tank wall. An ion and electron may recombine before reaching the wall.

∗As previously noted, in space, the ambient plasma potential serves the same function as the ground
of the tank wall. Recombination between the ion and electron are unlikely in this situation, but that is not
relevant. Once the charges are no longer in an electric field generated by the thruster, they have exited
the system.
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Figure 2.7: The effect of cathode coupling voltage on energy available for ion acceleration

However, none of these effects substantially change the picture that Ecg represents the
average amount of energy necessary to move an electron from the cathode to where it
needs to go for the thruster to operate. Since this energy is not propulsive (due to its
small mass compared to the ion any thrust generated by the electrons is negligible) it is
an efficiency loss mechanism. It arises because collisions, magnetic fields, and possibly
other effects not considered here impede the motion of the electrons from the cathode.

Figure 2.7 illustrates this efficiency cost. In Case A, the cathode floats lower than in
Case B, that is, VcgA < VcgB. The maximum potential drop available to an ion is Vacc =
Vd −Vcg. Obviously, Case B with the higher Vcg has a higher Vacc and therefore more
energy is available to the ions. Therefore, all other things being equal, the efficiency of
Case B will be higher than that of Case A.

A semantic note: since cathode coupling voltage is a negative value, terminology
can become confusing. For the sake of consistency, unless otherwise stated this doc-
ument will refer to the actual value of the negative number, and not to its magnitude.
Thus, a “high” Vcg means one that is close to 0, while a “low” Vcg is more negative.
Furthermore, high coupling voltages are desirable in that they are a smaller efficiency
hit, per the preceding argument, while low cathode coupling voltages are undesirable.
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Chapter 3

Review of Prior Research

This chapter provides a review of past and current research in the area of ion
beam–cathode coupling. Early work in the subject is primarily focused on gridded
ion thrusters, as development of this type of thruster, at least in the United States, pre-
dates work on HETs. Following the section on early work, the discussion will turn to
more recent work on HET–Cathode coupling.

3.1 Cathode Design
Before discussing the process by which a cathode plasma couples to a thruster

plasma, it is worth noting that there are multiple designs for cathodes, and that vari-
ous parameters in the cathode design can affect the efficiency of the device itself, inde-
pendent of the thruster or cathode position. The most common cathode design used in
conjunction with both gridded ion thrusters and HETs is the orificed thermionic hollow
cathode. The orificed hollow cathode design is superior to others in that a small plasma
is confined to a small area. This minimizes the power requirements, and allows the
device to be self-heating.1 Several studies have focused on designing these cathodes to
achieve optimal performance from the cathode itself—that is, to minimize the power
per unit of current delivered from the cathode in a cathode–keeper system.1, 2, 3 These
studies primarily focus on modifying the dimensions of the orifice and the insert to
achieve these goals.

In addition to self-heating cathodes, many facilities use “hot” cathodes—those which
require additional heat to maintain the plasma. These cathodes are cheaper to purchase
or manufacture and easier to maintain than their self-heating counterparts, but have the
obvious disadvantage of requiring constant power to the heater. These cathodes operate
in a similar fashion, but do not necessarily have an orificed emitter. The lack of an
orifice allows more heat to dissipate which must be resupplied by the electric heater.
These cathodes are not typically used in flight applications because of the extra power

25
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requirement. However, they are often cheap and easy to build, and thus make good
laboratory cathodes.

When comparing one cathode coupling experiment to the next, it is necessary to
remember that different cathode designs perform differently. Therefore, one cannot
compare, say, the cathode coupling voltage from one experiment to another using a
different cathode in any meaningful way. However, trends shown in an experiment are
more likely to be universal.

3.2 Early Work
Beginning in 1961 and culminating with the flights of SERT I in 1964, and SERT

II in 1969, the U.S. developed and flew its first electric propulsion thrusters.4 These
thrusters were of the gridded ion variety, fueled by either cesium or mercury vapors.
Despite the difference in thruster type and fuel from the xenon-fueled Hall-effect thrusters
on which this research focuses, these early thrusters also employed hollow cathodes for
ion beam neutralization, and some of the observations made on the coupling between
the cathode and the gridded ion thruster will be later echoed by researchers focusing on
HETs. Therefore, it is worthwhile to survey these works.

As part of the process of developing SERT II, Hall, Kemp and Shelton performed
extensive studies on mercury hollow cathodes in an effort to optimize the design of the
device and the overall thruster system.5 In their study, the authors note that the heating
power delivered to the mercury reservoir—which directly corresponds to cathode gas
flow rate—has a dramatic effect on the coupling efficiency. As the cathode was moved
away from the acceleration grids, higher cathode mass flows were required to maintain
a stable discharge. Similar trends in cathode position were reported in other work
on these early neutralizers.6 Perhaps one of the most interesting conclusions of the
research by Hall et al. is something which is now taken for granted—it is necessary to
run the thruster with the cathode and anode isolated from the facility ground in order to
gather any meaningful information about cathode operation.

Ward and King performed further work which focused on the effect of varying the
flow rates of cathode vapor.7 This work clearly indicated what will be an oft-repeated
theme—increasing the cathode flow rate causes an increase in cathode coupling volt-
age. As the cathode flow was increased from 2% of the anode mass flow to 90%, Vcg
increased from -23 V to -10 V. Furthermore, the study also showed that increased cath-
ode flow rate led to a decrease in the plasma potential inside the ion beam about 10 mm
downstream of the accel grid from about 50 V down to about 15 V relative to the beam
collector.

In the wake of SERT II, ground testing continued on SERT-type mercury thrusters
and cathodes. In 1982, Feng and Wilbur reported a series of experiments in which they
studied the effect of magnetic fields on cathode coupling.8 In this work they show that
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magnetic fields as weak as the Earth’s, about 50 µT are capable of affecting the cathode
coupling voltage. Furthermore, they show that stronger magnetic fields aligned axially
with a hollow cathode affect emission processes and the formation of a sheath at the
orifice, while those fields perpendicular to the cathode axis and parallel to the ion beam
affect the coupling between the cathode and the ion beam. They suggest that the later
process is caused by increased impedance between the beam and the cathode due to
limited electron cross-field mobility. Finally, they show that direction of the fringing
fields in the vicinity of the ion thruster, whether they curve toward the ion beam or
away, can have a significant effect on the coupling.

3.3 HET–Cathode Coupling
Research focusing specifically on Hall thrusters and their cathodes has also been

more prevalent in the past 10 to 15 years. Specifically, researchers have studied the
affect of cathode type, cathode mass flow rate, and cathode position. Many of the
trends that have been reported echo similar trends found in gridded ion thruster–cathode
coupling.

3.3.1 Cathode type
Albaréde et al., have compiled the only study of which I am aware that specifi-

cally directly compares different types of cathodes operating with the same Hall-effect
thruster.9 In this study, the authors compared one hot cathode and two self-heating cath-
odes. The first hot cathode, identified by the authors as being produced by the Moscow
Technical Institute (MIREA), is very similar to the cathode used in these experiments,
including the use of LaB6 emitter. The second cathode, manufactured by Laben S.p.A.
Div. Proel Tecnologie had a 1-mm-diameter orifice, and the third, manufactured by
the Kharkov Aviation Institute (KhAI) had a 0.4 mm diameter. Results from this study
showed, not surprisingly, that while all three cathodes operated across a range of mass
flow conditions, the MIREA had the worst cathode coupling. The Laben cathode per-
formed slightly better than the KhAI cathode, however, the potential reasons for this
are not discussed.

3.3.2 Cathode mass flow rate
It has repeatedly been noted that increased cathode flow rate improves cathode cou-

pling voltage and performance in HETs. One of the earliest studies to show this was per-
formed by Tilley, de Grys, and Myers at Primex Aerospace (now Aerojet).10 Tilley et
al., studied the combination of a BPT-4000 HET and a prototype PAC hollow cathode.
They noted that decreasing the cathode flow rate from 1.2 mg/s to 0.2 mg/s dropped Vcg
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from ∼-10 V to ∼-30 V. In these experiments the thruster was operated at 350 V, so
this change represents a loss of about 6% of the available acceleration voltage for the
ions. Over the same range of mass flows, they noted a ∼4% change in thrust.

In 2002, Manzella, Jankovsky and Hofer at NASA-Glenn Research Center reported
on the development of a large, 50-kW thruster.11 As part of this study, they again
showed that cathode coupling voltage indeed decreases with decreasing cathode flow.
As the flow in their cathode was lowered to from 7.5 mg/s to 2.5 mg/s the coupling volt-
ages dropped from ∼-10 V to between -20 and -60 V, depending on discharge current
(which is directly related to anode mass flow). Here, reductions in anode efficiency of
about 10%∗ were noted along with this change in cathode mass flow. Furthermore, the
thruster could not be run at the higher voltages of 600 V and 700 V with the cathode
operating at the lowest flow rate. Similar results were also seen by Manzella, Jacobson
and Jankovsky operating on a smaller, 2.3 kW thruster.12

Albaréde et al., who studied the effect of cathode type mentioned in the previous
section, also studied the effect of cathode flow rate.9 Using the 2-kW-class SPT-100
thruster, the authors again showed a decrease in coupling voltage with decreasing mass
flow, regardless of the type of cathode used. For mass flow rates ranging from 0.7 mg/s
down to 0.2 mg/s, Vcg dropped from about -15 V down to about -20 V, while operating
with a 300 V discharge voltage.

3.3.3 Cathode position
It has been repeatedly noted that cathode placement has an effect on thruster per-

formance. An early study was reported by Jacobson and Jankovsky,13 which briefly
notes that a cathode mounted at the “more traditional” angle of 45◦ failed to initiate a
discharge with the 200 W HET being tested. After reorienting the cathode to 90◦ no
problems were encountered.

The earliest report which focused only on HET–cathode coupling was performed by
Tilley, et al.,10 the same study previously mentioned in the Section 3.3.2. The authors of
this study showed that thrust decreased about 2% when moving an axially aligned cath-
ode from just outside the outer edge of the thruster body to a position 35 mm further
away, radially (see Figure 2.6 to review cathode positioning terminology). However,
when they angled the cathode at 45◦, the trend reversed itself, showing a <1% improve-
ment over a similar range of radial positions. In both cases the cathode orifice was
mounted 4.5 mm downstream of the exit plane. The authors of this study also moved
the cathode axially, and noted a continuous improvement in Vcg as the cathode was
moved from -15 mm to 25 mm. The authors claim that this was associated with a de-
crease in thrust, which is unexpected given the increase in Vcg. However, they do not
present the thrust data, and their analysis on this topic is brief.

∗That is, a delta of 10%, e.g. from 70% to 60%.
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More recently, Walker and Gallimore studied the coupling over a much broader
range.14 The primary focus of that research was understanding the behavior of cathodes
in clusters of HETs, and that aspect of the work is beyond the scope of this document.
However, as part of that study, Walker studied the effect of moving an axially aligned
cathode from close to the outer edge of the thruster body to a radial distance of 110 cm
from the closest approach point. Axially, the cathode was positioned approximately at
the exit plane of the thruster. Their study used P5 5-kW-class HETs operating at 300
and 500 V and at two mass flow rates of 5.25 mg/s and 10.46 mg/s. The authors report a
change in Vcg over this distance of between -4 and -7 V, depending on the exact operat-
ing conditions. At the same time, there was no discernable change in discharge current.
Thrust, while showing some small changes on the order of 2% of the average value, did
not show a consistent trend across all operating conditions. This is in contradiction to
our own work in which we see generally improved performance with increasing cath-
ode separation for cathodes mounted outside of the thruster body.15, 16 We will return
to this briefly in Section 7.3.

Work led by Hofer showed that external magnetic fields influenced the coupling
between the cathode and the HET.17, 18, 19, 20 Hofer performed his work on a series
of modified NASA-173M laboratory HET, a nominally 5-kW-class thruster. These
thrusters had been modified to include magnetic trim coils which allowed the magnetic
field topology of the thruster to be modified in situ. Hofer noted that, in particular,
application of the external trim coil, may have improved the coupling voltage to the
fixed-position cathode, while simultaneously raising the floating potential in the near-
field of the thruster. We will return to this briefly in Section 8.6.3.

Recent developments occurring at JPL have focused on mounting hollow cathodes
in the center of Hall-effect thrusters, rather than outside. Internal mounting of the cath-
odes has been shown to decrease plume divergence,21 and increase overall efficiency of
the thruster22 as compared to an axially-mounted, external cathode. In particular, the
work authored by Jameson et al. shows improvements in several aspects of HET effi-
ciency, including plume divergence, voltage utilization, current utilization, and cathode
coupling voltage.22 Additionally, Jameson et al. show decreased plume potentials and
increased cathode coupling voltages for internally versus externally mounted thrusters.

In addition to center-mount cathodes, cathode coupling has been investigated in al-
ternative HET configurations including HET clusters,23, 24 diverging cusped-field Hall
thrusters,25 and cylindrical HETs.26, 27 Of particular relevance to this work, a study by
Raitses et al. using an annular configuration showed that as more current was drawn
through the keeper electrode—a process which usually has the effect of heating the
emitter—the potential near the exit plane of the HET was lowered, while the poten-
tial inside the thruster remained the same. This has the effect of causing more of the
ion acceleration to occur inside the thruster, which can be expected to reduce beam
divergence. In fact, this is exactly what was seen.27
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3.4 Summary
A few facts stand out from this survey of research. First of all, it is clear that

all researchers have considered Vcg to be the standard measure of cathode coupling
efficiency, with low, negative values indicating poor coupling leading to poor thruster
efficiency, as theory suggests. Second, it has been repeatedly noted in both Hall-effect
thrusters as well as gridded ion thrusters that decreasing cathode coupling voltages are
almost always associated with elevated near-field plume potentials. Finally, it is well
established that increasing the cathode mass flow rate improves the cathode coupling
and the performance of Hall-effect thrusters. However, the total picture with regard to
cathode mass flow is more complicated. At some point, increasing the cathode mass
flow negatively impacts the system efficiency despite continued increases in the anode
efficiency (see Section 2.2.2).

Despite these conclusions, many questions remain. It is certainly clear that cathode
position affects the efficiency with which the thruster operates, though the precise way
in which position affects the coupling is not understood. Furthermore, there is strong
evidence to suggest that the external magnetic fields play an important role in deter-
mining this coupling behavior, but again, the precise manner in which it affects the
coupling is unknown. Finally, the processes by which cathode coupling affects overall
efficiency is not clear. The efficiency loss characterized by Vcg is part of the picture.
But, other effects, such as beam divergence and voltage utilization, may also come into
play.

It is likely that our lack of understanding is due to the paucity of studies explicitly
dedicated to addressing the cathode coupling problem. Of all of the references men-
tioned in this chapter, only one9 of them has been explicitly designed to study cathode
coupling on a single, standard configuration HET,∗ and it did not include an investiga-
tion of cathode position. In fact, only a few have explicitly focused on HET–cathode
coupling at all;14, 22, 24, 27 the primary focus of the remainder has been on some other
aspect of the thruster, and the cathode coupling was a footnote to the research. Clearly,
a comprehensive study of HET-cathode coupling phenomena on a single, standard Hall-
effect thruster would be beneficial to the community.
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Chapter 4

Experiments

4.1 Overview
The experiments presented in this work were designed to improve our understand-

ing of the effect of cathode position on HET–cathode coupling and thruster perfor-
mance. The goal was to gain insight into the cathode coupling mechanism, which
should support efforts to optimize the configuration and operation of HETs.

I conducted three experiments. Experiment 1, the “Preliminary Experiment,” was
designed to study how cathode position affects thruster efficiency. It explored a phys-
ically large area of cathode positions across a range of magnetic field strengths and
compared the performance at each condition. These results were also compared to a
magnetic field model of the thruster. This experiment lead to the hypothesis of the
importance of the magnetic field separatrix. Experiment 2, the “Separatrix Crossing
Experiment,” studied a more limited range of cathode positions in an effort to confirm
the hypothesis. In addition to thruster performance measurements, this experiment also
incorporated detailed studies of the ion beam properties and near-field plume plasma
properties. Experiment 3, title “Extended Outer Pole Performance Experiment,” pro-
vides additional confirmation of the hypothesis, measuring performance versus separa-
trix location for a range of magnetic fields strengths.

This chapter outlines the setup of the experiments. Following this chapter, Chapter 5
discusses the electrostatic probes used in these experiments, while Chapter 6 discusses
the magnetic field models. These chapters are followed by Chapters 7 through 9 which
discuss each of the specific experiments and present the results. Not all aspects of the
general experiment described here were used in each of the individual experiments.
As the Separatrix Crossing Experiment was the most complex of the experiments, it
will serve as the basis for this overview. The equipment and procedures of the simpler
experiments are the same as in the Separatrix Crossing Experiment, unless otherwise
noted.

35



36 CHAPTER 4. EXPERIMENTS

Figure 4.1: Experimental setup

4.2 Setup
Figure 4.1 shows the typical experimental setup. In each of the experiments, thrust

was measured with an inverted-pendulum thrust stand on which the HET was mounted.
From thrust and additional telemetry such as discharge current, discharge voltage and
mass flow rates, the efficiency was calculated. In the Preliminary and Separatrix Cross-
ing experiments, the cathode was mounted on a repositionable boom. In the Separatrix
Crossing Experiment the ion beam and plume properties were measured using elec-
trostatic probes. Specifically, a Faraday probe measured the ion beam current density,
and a retarding potential analyzer (RPA) measured ion energy distribution functions. A
double Langmuir probe was mounted on a two-axis motion table and measured near-
field plume plasma properties. A second double probe was typically mounted and used
as a backup.

Figure 4.3 shows the electrical setup of the HET and cathode. Note that the cath-
ode is isolated from ground when the keeper power supply is disconnected, and the
discharge voltage is applied relative to the cathode. The keeper power supply used was
improperly isolated from ground. Thus, it was necessary to not only disconnect the
keeper electrode to allow the keeper to float, it was also necessary to disconnect the
keeper power supply from the cathode to allow the HET system to float. As these ex-
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Figure 4.2: Photograph of experimental setup

periments were run without the keeper, this presented no problem, but merely added
the extra step of disconnecting the power supply to the procedure listed below.

4.3 Procedure
The following procedure was general to all of experiments conducted in this work:

1. Mount thruster, cathode and probes

2. Ensure thrust axis is aligned parallel to the z-axis motion table∗ Alignment was
initially done by sight. Later, a laser level was incorporated into this process.

3. Position cathode at a nominal starting location and measure the offset between
the cathode and the thruster origin†

4. Align probes with the thruster origin, if applicable

5. Calibrate thrust stand to ensure proper functioning

∗This axis moved either the cathode or the double probes, depending on the experiment.
†The thruster origin is defined as the intersection of the thruster centerline with the exit plane.
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Figure 4.3: Electrical schematic of the HET and cathode

6. Close tank and pump down

7. Recalibrate thrust stand to ensure proper functioning

8. Condition and light cathode (see Section 4.4.4)

9. Set the HET magnets to the desired current

10. Flow gas through the thruster at 4 or 5 mg/s Xe or equivalent volumetric flow rate
of Kr

11. Apply 250-300 V between the cathode and the main anode

12. If necessary, reduce the magnet current until the thruster lights

13. Un-power and disconnect keeper electrode and power supply

14. Reset HET magnets to the desired current or find optimal operation point by
adjusting magnet current while monitoring efficiency

15. Allow thruster to warm up for at least 1 hour
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16. Shut off main anode power and gas flow

17. Recalibrate thrust stand. This calibration will be used. This step typically took
about ten minutes.

18. Repeat steps 9 to 14

19. Acquire data (exact procedure described in Chapters 7, 8 and 9)

20. Shut off main anode power and gas flow

21. Shut off cathode heater

22. Flow cathode gas for at least 10 minute to cool the cathode

23. Stop cathode gas

24. Stop pumps

4.4 Equipment

4.4.1 Diagnostics
The thrust stand was a NASA-Glenn style, null displacement, inverted pendulum

thrust stand, with automatic leveling. The displacement nulling was provided by a
solenoid driven by a closed-loop digital controller which measured the displacement
of the thrust stand using a linear voltage displacement transducer (LVDT). The level
was sensed by an electrolytic inclinometer, and controlled by a microstepping motor
connected to an 80-threads-per-inch screw. The thrust is directly proportional to the
current provided to the solenoid. Calibration was provided by a linear fit to a set of
known weights applied to the thruster across a pulley and controlled via a stepper motor.
Typically the calibration was run immediately before the thruster was powered on and
then again after the thruster had been warmed up.

The data from the thrust stand and the power supplies was continually monitored
by a telemetry datalogger implemented in software. Communication with the thrust
stand and the power supplies was either by analog input to the datalogging computer,
or via GPIB, depending on the device. Telemetry was recorded at a rate of 1 Hz. From
the recorded thrust, anode mass flow rate, discharge current and discharge voltage, the
measured efficiency is calculated according to Equation 2.20. Typically, both anode
efficiency (Equation 2.22) and total efficiency (Equation 2.23) are calculated.

Some of these experiments also utilized a Faraday probe, a retarding potential ana-
lyzer, and double Langmuir probes. Each of these will be discussed in detail in Chap-
ter 5.
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Figure 4.4: Schematic of the vacuum facility showing locations of key components

4.4.2 Vacuum facility
All experiments were run in the Xenon Vacuum Facility at Michigan Tech’s Ion

Space Propulsion Laboratory. The facility is a 4-m-long chamber 2 m in diameter. It
is evacuated by two 48-inch cryogenic pumps capable of 60,000 L/s of nitrogen each.
The base pressure during these experiments was 5×10−6 Torr and operating pressures
did not exceed 2.4× 10−5 Torr as measured by an ion gauge corrected for xenon and
located on the top of the downstream third of the chamber (see Figure 4.4).

4.4.3 Hall thruster
The HET used in this experiment was an Aerojet BPT-2000, 2-kW-class thruster.1

The thruster has an outer diameter of ∼100 mm and a channel width of ∼10 mm. It
operates at a nominal voltage of 300 V and a mass flow of 5 mg/s xenon. At these
conditions its specific impulse is ∼1700 s with ∼50% efficiency.

4.4.4 Cathode
The cathode used in these experiments was a laboratory cathode similar to the

MIREA cathode used by Albadére.2 It is shown schematically in Figure 4.5. The
cathode consists of a 1-inch-diameter, titanium cylinder approximately 100 mm long.
A 2-mm diameter orifice was drilled in one face. Pressed against this hole is a molyb-
denum pellet holder which holds a lanthanum-hexaboride (LaB6) emitter. Xenon is
introduced into the cathode via a feed tube attached to the side of the cylinder. Fill-
ing the length of the cathode from the pellet holder to the base is a tungsten heater
coil which heats the emitter to its operating temperature. Radiation insulation loosely
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wraps the heater and pellet holder to maximize emitter heating. A keeper electrode is
positioned approximately 3 mm outside of the orifice and is used to ignite the cathode
discharge. After the main HET discharge was ignited, the keeper was unpowered and
allowed to float.

The conditioning procedure for the LaB6 cathode is simple.

1. Flow gas through the cathode at 10 SCCM for 5 minutes.

2. Apply 6 A of current to the heater for 10 minutes. This corresponded to approxi-
mately 60 W of power.∗

3. Apply 10 A of current to the heater for 10 minutes. This corresponded to approx-
imately 200 W.

4. Apply 300 V to the keeper electrode with a 0.5 A current limit. Discharge should
begin immediately. Typical voltages after discharge ignition were about 50 V.

5. If discharge does not begin, slowly increase the heater current in 0.5 A increments
until it does.

6. Reduce cathode heat to 6 A.

In these experiments, the cathode was placed near and within the ion beam. In early
trials it was found, not surprisingly, that this caused an increase in cathode temperature.
While the temperature of the cathode was not directly monitored, the heater voltage was
seen to increase while it was held at constant current, a sure indication of a temperature
increase. Any heating of the cathode causes the electron emission current from the
emitter to increase, which, in turn, affects the cathode coupling voltage. While this is
interesting and may bear further research, in these experiments, we wanted to avoid this
affect and focus on the effect of where the cathode gas and electrons are introduced.

To alleviate the thermal loading of the cathode, we constructed an actively cooled
shield. The shield, pictured in Figure 4.5c, is a copper fin which is slightly wider
than the cathode diameter and extends the length of the cathode. One-quarter-inch
outer-diameter copper tubing is soldered to the base of the fin, through which water
flows during operation. The exposed portion of the fin is covered in graphite foil to
prevent copper from contaminating the thruster or other equipment. Tests with the heat
shield showed significant reduction in cathode heating. Without the shield, moving the
cathode from outside the beam at 120 mm to inside the beam at 60 mm resulted in a
change of 0.6 V on a nominally 10.5 V heater voltage. With the shield in place, the

∗The cathode heater was rebuilt several times throughout the experiments. Each time the length of
the heater was maintained. None-the-less, there was approximately a 10% variability in heater power for
a given current. Future experiments should strive to maintain constant heater power, rather than constant
current.
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(a)

(b) (c)

(d)

Figure 4.5: (a) Cut-away view of the laboratory cathode (b) Photograph (c) The heat shield (d) The
heat shield blocks the beam, alleviating beam-induced cathode heating.
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same change in position caused a 0.1 V change in heater voltage. Heater currents were
6 A in both cases.

4.4.5 Mass flow controllers
Flow of xenon to the thruster and the cathode was controlled by MKS Type 1479a

mass flow controllers. Their accuracy was tested by monitoring the rise in pressure of a
small calibration tank of known volume while flowing gas into the tank. The mass flow
controllers are accurate to 1% of the full scale of the controller. The full scale for the
anode controller was 200 SCCM (19.5 mg/s xenon), and it was 20 SCCM (1.95 mg/s
xenon) for the cathode controller.
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Chapter 5

Electrostatic Probes

5.1 Langmuir Probe
The probes used in the present experimental work were all derived from the electro-

static plasma, or “Langmuir”, probe. It was first described by Langmuir and Mott-Scott
in 1924.1 It is simply a piece of wire or other electrode placed within the plasma in the
region to be characterized. A power supply drives the potential on the probe, causing it
to sweep from below plasma potential to above it. The current collected by the probe
is recorded and the resulting current vs. voltage (I-V) curve is plotted, as shown in
Figure 5.1. From this trace one may determine the plasma potential, electron density
and electron temperature.

When the probe is biased strongly negative relative to the plasma potential, it repels
the nearby electrons∗ while attracting the nearby ions, recording a negative current
(current into the probe). This is the ion saturation region of the I-V trace. As the
probe voltage increases, the highest energy electrons may overcome the bias and hit the
collector, while the highest energy ions may not be sufficiently attracted to the probe to
collide with it. Thus, a higher current is recorded. This begins the exponential growth
region. At zero current, the probe is at floating potential, by definition. As the bias
is swept between floating potential and plasma potential fewer and fewer electrons are
repelled. As the potential is raised above plasma potential, the electrons are attracted
to the probe. At this point, an ideal probe reaches electron saturation, where all of the
electrons within the sheath are collected, all the ions are repelled, and no more current
will be collected, irrespective of the applied potential.

In real probes a “sheath” forms around the probe. As the potential of the probe is
increased the disturbance to quasi-neutrality caused by the probe will extend further
into the plasma as the free charges within the plasma are decreasingly able to move to
counteract the disturbance caused by the probe. This causes an increased volume of

∗That is, the electrons within the sheath. We will address the sheath concept momentarily.

45
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potential higher than plasma potential—not only on the volume of the probe itself, but
also in the plasma surrounding the probe. In reality, this volume is infinite, but with
decreasing potential as distance from the probe increases. However, it is conceptually
useful to think of it as a sheath of finite extent, as shown in Figure 5.2. Now, in addition
to the surface area of the probe, the surface area of the sheath also serves to attract or
repel electrons, depending on the sign of the potential. Thus, as the potential of the
probe increases, the effective collection area of the probe also increases. Because of
this, real probes never achieve total saturation. Instead, a “knee” normally appears in
the I-V curve, which indicates the transition to “saturation.”

Figure 5.1: Typical and ideal Langmuir probe traces, showing the various regions of the trace

Figure 5.2: A sheath forms around Langmuir probes at high potentials
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Langmuir probes come in a variety of shapes, the most common being planar, cylin-
drical, and spherical. Due to their high symmetry, these shapes are most easily dealt
with in theory. Planar probes are the least susceptible to sheath expansion, however,
cylindrical probes are the simplest to construct—the exposed tip of a wire suffices—
and that is the geometry used in these experiments.

The sheath expansion gives rise to the concept of regimes of probe operation. If
a probe is operated in a plasma such that the change in sheath does not substantially
affect the effective area of the probe, then the probe is said to be in the “thin-sheath
limit” (TSL). At the other end of the spectrum, at least for cylindrical and spherical
probes, the sheath may grow so large compared to the probe that the current collected
is no longer a function of the actual probe area, but rather of the “orbital mechanics”
of a particle entering the sheath area. This is the so-called “orbit motion limit” (OML).
The two regions to not overlap but are separated by the “transitional regime.”

To determine in which regime a probe is operating one compares the Debye length,
given by

λd =
√

ε0kTe

e2ne
(5.1)

to the radius of the probe, rp. The ratio of probe radius to Debye length is the non-
dimensional probe radius

ξ =
rp

λd
. (5.2)

When ξ � 1 the probe is operating in the TSL. When ξ � 1 the probe is in the OML.
Two problems immediately present themselves. The first is that it is necessary to

know Te and ne in order to determine in which regime the probe is operating. However,
Te and ne are the very quantities that we are attempting to measure. This problem is
usually avoided by simple estimation. Based on prior measurements of similar HETs, I
expected 1 eV < Te < 12 eV and 1015 m−3 < ne < 1018 m−3. This yields Debye lengths
in the range 250µm > λd > 25µm.

The second problem is that when using a probe over a wide range of plasma condi-
tions the probe may not always be in the same regime. One can avoid this by making
the probe either very big or very small in comparison to the Debye length. However,
there are problems with both. It is difficult to make a small probe. Furthermore, a small
probe is more susceptible to heating, ablation, and destruction in the harsh plasma en-
vironment in which it must operate. On the other hand, a big probe limits the spatial
resolution that can be achieved, and furthermore, may draw a significant amount of
current, thereby disturbing the measured plasma. To avoid these problems, Peterson
and Talbot developed an analytical approach which uses adjustable parameters to find
the best fit to the probe trace, regardless of the operating regime.2 This method will be
further discussed in Section 5.4
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5.2 Faraday Probe

5.2.1 Theory
The Faraday probe is simply a Langmuir probe biased at a fixed, negative voltage

such that it repels all electrons and collects all ions. Typically these probes are planar,
and are designed to collect the ion beam current. By passing the probe through the ion
beam, the ion current density can be determined by dividing the current to the probe by
the exposed probe area

J = Iprobe/Aprobe. (5.3)

Typically the probe is swept through an arc at a fixed distance from the center of the
probe. In this fashion, the divergence of the ion beam can be assessed.

If a simple probe is used, the plasma sheath around the probe can have the effect
of artificially increasing the collecting area of the probe by an unknown amount, as
shown in Figure 5.3a. To alleviate this problem, Faraday probes are often designed
with a guard ring, a second collector positioned coaxially to the primary collector. If
both the probe and the guard electrodes are biased to the same potential and the guard
ring is separated from the probe by a distance less than the Debye length, the sheath
in front of the probe electrode will be parallel to the probe surface (Figure 5.3b), and,
thus, the effective collection area will match the area of the probe. Of course, the sheath
effects are still present, but this now affects only the current to the guard, which is not
measured.

5.2.2 Bias electronics
To bias both guard and probe, one may use two independent power supplies, set

to the same voltage. In order to simplify the process, however, I designed a circuit
which would maintain an applied voltage from a single power supply on both rings,
while allowing the current to the probe electrode to be measured independently from
the current to the guard. The circuit, shown in Figure 5.4, measures the current to the
probe electrode by amplifying the voltage drop across a precision 10 Ω shunt resistor
with a gain of ∼10.1, as determined by R2 and R3. This potential (relative to Vbias) is
then measured at Vout. To maintain the guard at the same potential, a FET, operating
as a voltage-controlled resistor, is placed inline with the guard electrode. A precision
op amp compares the voltage between the two electrodes, and adjusts the resistance
of the FET to ensure that the voltages of the electrodes are the same, regardless of
differing currents flowing through the two electodes. The capacitor C1 prevents high
frequency oscillations. The entire circuit is biased to repel electrons and collect ions
by a single, external power supply, connected to Vbias. The op amps are powered by 6
AA batteries, which float with the applied bias.
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(a) Unguarded

(b) Guarded

Figure 5.3: Sheaths of a unguarded and guarded Faraday probe

The linearity of the current shunt amplifier was checked using a milliamp power
supply to source current into Vprobe. Vout was monitored with a hand-held multimeter.
The results are plotted in Figure 5.5. The inverse of the resulting linear regression was
used to convert the voltage readout from the circuit into probe current values.

5.2.3 Design and operation
The Faraday probe used in these experiments was made from a tungsten rod 2.4 mm

in diameter. The guard is separated from the probe by an alumina tube with an outer
diameter of 4.75 mm. The guard ring, made of stainless steel, surrounds the alumina.
The outer diameter of the guard ring is 10 mm. Except for the face, the guard ring is
spray coated with boron-nitride to reduce the amount of current collected by the ring.

The probe was mounted on a boom capable of swinging through the off-thrust-axis
angle. The probe was mounted at a distance of 250 mm and swept from an angle of
-90 degrees to +60 degrees (see Figure 4.1) at 2.3 degree intervals. Beyond 60 de-
grees the probe would collide with the cathode. At each interval, the voltage from the
shunt resistor amplifier was measured by a computerized data acquisition system, and
converted into a current. At each angle 1000 measurements were made at a rate of
10,000 Hz, and the average of these measurements was used.
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Figure 5.4: Schematic for the Faraday probe driver circuit

-3

-2

-1

 0

 1

 2

 3

-20 -10 0 10 20

V
o
u
t 

(V
)

Iprobe (mA)

Measured Value
V(I) = 0.1004 I - 0.035

Figure 5.5: Experimental measurement of gain for the Faraday probe driver circuit
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5.2.4 Sources of error
Secondary electron emission

Ions impacting the surface of the collector will cause secondary electrons to be
emitted from the surface of the electrode through Auger ejection. Because of the nega-
tive bias of the electrode with respect to plasma potential, once ejected, these electrons
are unlikely to return to the electrode. Thus, an additional current above that of the
beam ions is recorded. This effect is typically small. For clean tungsten the expected
rates are 0.02 e−/ion for Xe+ and 0.2 e−/ion for Xe2+.3 For krypton the values are
slightly higher, 0.05 e−/ion for Kr+ and 0.3 e−/ion for Kr2+.3 Assuming an ion beam
comprised of 90% singly-charged ions and 10% doubly-charged ions, this yields an
average secondary electron emission rate of 0.038 e−/ion for xenon and 0.075 e−/ion
for krypton. Therefore, we can expect the ion current densities of the Faraday probe to
overstate the true densities by roughly 5% - 10%, due to this effect.

Facility effects

The presence of background neutrals in the vacuum facility can lead to two more
sources of errors in measuring ion current with Faraday probes, which has been the
focus of significant research.4, 5, 6 The root of the problem is charge-exchange (CEX)
collisions, which result in two effects. First, the beam ions are attenuated due to the
collisions. An ion beam with current density j is attenuated to a value of jz after
traveling a distance z according to4

jz = j exp(−n0σcez) . (5.4)

For 210 eV ions, the cross-section for xenon is approximately 50 Å
2

while for krypton it
is closer 35 Å

2
.7 For background pressures of∼ 1−5 Torr, assuming a background neu-

tral temperature of 298 K, and a path length of 250 mm this yields an attenuation, jz/ j
of 0.96 for xenon and 0.97 for krypton. This effect causes the probe to underestimate
the current by 3–4 percent.

However, a second effect which is attributed to charge exchange causes the probe
to significantly overestimate the current density. In addition to the main beam ions
collected by the Faraday probe, the slow moving CEX ions are also collected.4, 5, 6, 8

The current from the CEX ions contributes a significant amount to the measured current
density. In fact, Rovey et al. measured integrated beam currents which were 35% lower
when using a probe that filtered out the slower moving and large-impact-angle CEX
ions.4 The effect on measurements of beam divergence, however, was less, showing a
3-6 degree (10 - 20%) change in 90% plume divergence half-angle.
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Sheath effects

Due to errors in the original design of the Faraday probe, the gap between the probe
and the guard is larger than the expected Debye length in the plasma where the probe
operates. Therefore, the guard ring is not effective, and sheath expansion effects are
still present (see Section 5.2.1). In this region of the plume, electron temperatures on
the order of 3 eV are expected, while the electron density is expected to be no less than
1017 m−3. For these conditions, the Debye length is about 40 µm. However, as this
size is negligible compared to the 2.4 mm diameter of the probe, the sheath effects can
be disregarded.

5.3 Retarding Potential Analyzer
A retarding potential analyzer (RPA) is an electrostatic device for measuring the

energy distribution function (EDF) of the incident charged particles. The basic design
consists of a metal grid with an applied voltage that may be swept to deflect (retard) par-
ticles of “low” energies and prevent them from reaching the detector placed behind it.9

Figure 5.6 depicts the RPA used in these experiments. For an RPA designed to measure
the ion EDF, the retarding grid is swept from the reference potential to more positive
potentials until no current is detected on the plate. At the reference potential, all ions
are collected by the detector, and as the retarding potential is raised the lower energy
ions are deflected away from the detector. The EDF, f (E), is therefore proportional to

f (E) ∝−1
q

d
dV

I(E). (5.5)

The exact EDF may be determined from this equation by normalizing its area such that:

∞∫
0

f (E)dE = 1. (5.6)

Since the energy of an incident particle is directly related to the voltage on the detector
by E = qeV we can change the independent variable in Equation 5.5 from E to V, where
V is the voltage of the detector plate—the parameter under experimental control.

As with Faraday probe, secondary electrons ejected from the collector can cause an
additional current to be recorded. The secondary electrons may be suppressed through
the addition of a repelling grid, which prevents secondary electrons from escaping.
Instead, they return to the collector plate.
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Figure 5.6: Schematic representation of an RPA

5.3.1 Design and operation
The RPA used in these experiments consists of a planar tungsten collector preceded

by four grids. The entry grid (first on the left in Figure 5.6) is left floating and serves
to shield the plasma from the potentials on the remaining grids. The next grid is an
electron repelling grid, which is biased to -15 V relative to ground in order to keep out
plasma electrons. Technically, this grid should be biased relative to the ambient plasma
potential, but the plasma potentials in the regions in which the RPA operates were small
compared to -15 V. The next grid is the ion repeller, which is swept through positive
voltages. The final grid, closest to the collector, is a second electron repeller, biased
to the same potential as the first. Its function is to repel secondary electrons emitted
from the collector back to the collector in order to minimize the error due to secondary
electron emission.

The grids in the RPA are spaced 2.54 mm (0.1 in) from each other and are made
of stainless-steel mesh. The wires in the mesh are 114 µm (0.0045 in) in diameter and
have a spacing of approximately 3.9 lines-per-mm (100 lines-per-inch). Both the orifice
and the collector are circular with a diameter of 12.7 mm (0.5 in).

The RPA was powered by two supplies. The first supply was a common, DC power
supply which provided the -15 V repelling voltage for both electron suppression grids.
A Keithley 2410 SourceMeter provided voltage to the ion repelling grid. The sourceme-
ter was controlled via a GPIB interface and associated software written in National
Instruments LabVIEW. The current at the collector was amplified by a Femto DLPCA-
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200 current amplifier and its voltage output measured by a computerized DAQ system.
Timing signals from the sourcemeter triggered the data acquisition so that the voltage
sweep and current collection were synchronized. The gain on the current amplifier was
initially set to 105 V/A. Later experiments utilized a computer-controlled automatic
gain, which found the maximum gain at which the amplifier could be operated without
causing it to saturate.

The RPA was mounted on the same boom as the Faraday probe and swept from
-90◦ to 60◦ in 10◦ increments. At each angle five individual traces were collected, and
averaged. The resulting average trace was then further processed as described below.

5.3.2 RPA trace smoothing
Unfortunately, at operating conditions where the thruster was highly oscillatory, the

RPA data acquired exhibited poor signal-to-noise ratios. I attempted several techniques
to mitigate this problem, including varying the sweep rate, averaging multiple RPA
traces, inserting a low-pass filter into the current collection path, and operating the gain
at the maximum allowable value for each sweep. However, none of the techniques made
a significant difference. To draw reasonable conclusions from the data, it was therefore
necessary to apply a smoothing spline to the data. The data were first smoothed with
the Savitzky-Golay algorithm.10, 11 The implementation of this algorithm is available
in Appendix A.2. A cubic spline was then applied to the smoothed data. The splines
had between 10 and 40 knots, depending on the quality of the data. Each spline was
manually inspected and potentially adjusted to achieve the best visual fit to the data.
The smoothing algorithm served to improve the initial spline fitting, but is not directly
used in the result. Figure 5.7 shows a sample I-V curve from RPA data for this work.
Additionally, it shows the spline, the knots of the spline, and the resulting IEDF. The
IEDF is plotted on the right-hand y-axis and, additionally, on the color bar.

To approximate the uncertainties on quantities derived from the IEDF, four addi-
tional splines are created, as shown in Figure 5.8. They are labelled “High Energy
Estimator”, “Low Energy Estimator”, “High Spread Estimator”, and “Low Spread Es-
timator”. The High Energy Estimator spline places an upper bound on the energies in
the IEDF recorded. It is drawn such that the optimal spline is offset to the right until
the spline falls above all of the data in the steepest portion of the I-V curve. Likewise,
the Low Energy Estimator spline is for estimating the lower bound on the IEDF and
is drawn by offsetting the optimal curve to the left until it is below all of the data in
the I-V curve. High Spread Estimator and Low Spread Estimator are used to estimate
the narrowest and widest peaks in the IEDF that could be represented by the I-V curve
recorded, respectively. The High Spread Estimator is the shallowest spline that can be
drawn through the data, while the Low Spread Estimator is the steepest spline that can
be drawn.
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Figure 5.7: Sample RPA data, spline, and resulting IEDF
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Figure 5.8: A particularly noisy RPA trace showing the splines used to estimate the uncertainty.

5.4 Double Probe

5.4.1 Description and simple analysis
Single Langmuir probes suffer from a variety of errors. First, when the probe is

biased positive with respect to the plasma potential, large electron currents may be
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Figure 5.9: Typical double-Langmuir probe trace

drawn which disturb the plasma. Second, strong magnetic fields disturb the collection
of electrons, causing errors, particularly in density measurements. Third, the saturation
knees are not observed in all cases. If no knee is found in the trace, it is difficult to
quantify any plasma parameters.

The double probe configuration12 completely eliminates the first and second prob-
lems, and at least partially alleviates the third. A double probe is two Langmuir probes,
typically of equal size, mounted close to each other. A bias is applied between the two
probes. The plasma between the two probes completes the circuit, and the current is
measured for the applied voltage. A typical double probe trace is shown in the I-V
curve of Figure 5.9. Because both probes are of finite size, and one of the two is always
biased to attract ions, the total current through the circuit is limited to the ion saturation
current,

Isat = eneA

√
kTe

mi
. (5.7)

To be more explicit, the two probes always bracket the floating potential—one is pos-
itive of it, and one negative. Therefore, one of the two probes must be attracting ion
current. The ion current is typically several orders of magnitude smaller than the elec-
tron saturation current. Since the currents to each probe must be equal, the fact that one
is limited to Isatlimits the total current drawn by the probe.

As a result, the probe is less likely to disturb the plasma as compared to a single
Langmuir probe. The expanding sheath of the probe has a smaller effect on ion trajec-
tories (owing to their larger masses) and therefore, interferes less with the achievement
of saturation. Thus, the knees of the double probe trace are more likely to be found,
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enabling robust analysis. Furthermore, because the trace of the probe is governed by
the ion current, and the motion of the ions is significantly less affected by magnetic
fields, the double-probe is immune to magnetic field effects while the Larmor radius
for the ions remains large compared to the probe.13

Despite these advantages, the double probe has two limitations. Unlike the single
probe, the double probe cannot directly measure plasma potential. In fact, the entire
configuration is designed to prevent either electrode of the probe from reaching plasma
potential. However, if the floating potential is measured, the plasma potential may be
calculated from the electron temperature and density determined by the probe. The
second limitation is that the double probe is susceptible to errors caused by gradients of
the plasma. If the two electrodes are not in identical plasma environments, the resulting
analysis will, at best, represent an average of the environment at each electrode. Steeper
gradients may render the analysis meaningless.

If V is the voltage applied between the two probes, an ideal double-probe trace takes
the shape of a hyperbolic tangent given by:12

I(V ) = Ii, sat tanh
(

1
2

eV
kTe

)
. (5.8)

Often, real double probe traces do not saturate due to the expanding sheath of the probes
as a voltage is applied. It is often sufficient to account for this expansion with a simple
linear function. A simple analysis of the double probe current characteristic is per-
formed by fitting the traces to the function:

I(V ) = a0 tanh(a1V )+a2V +a3. (5.9)

The parameter a0 is simply the ion saturation current, Equation 5.7. The parameter a1
is the multiplier in Equation 5.8, that is, e/2kTe. The parameters a2 and a3 account
for the expansion of the sheath and any small offset due to gradients in the plasma
parameters, respectively. Te and ne are extracted from a0 and a1. The parameters a2
and a3 are necessary to perform the fit, but contain no information of particular interest
to the final result. In addition to the I-V curve, the potential of one of the probes with
respect to ground, V2, may also be taken. When the applied voltage is zero, V2 is at
floating potential, that is, V2 = Vf . Using the empirical value

a = 0.607+
2432

exp(7.01ξ 0.096)
, (5.10)

and given the measurements of Te, ne, and Vf above, the plasma potential may be cal-
culated according to14
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V p = V f +
kTe

2
log
(

mi

2a2πme

)
. (5.11)

5.4.2 Peterson and Talbot analysis
The simple approach presented above is subject to errors that may arise due to

sheath expansion, as discussed in Section 5.1. To overcome these problem, Peterson
and Talbot derived a theoretical approach to single and double Langmuir probe traces
which accounts for sheath expansion2 and has been shown to be robust.15 The method
involves adjusting the plasma parameters to minimize the difference between the ac-
quired data and the theoretical curve.

Defining the non-dimensional potential as

χ =
eV
kTe

, (5.12)

we can then define the non-dimensional potentials of each probe relative to the plasma
potential, χ1 and χ2, as well as the non-dimensional floating potential, χ f . Note that
these values will always be negative as the double probe electrodes never reach plasma
potential. The non-dimensional potential difference between the probes and the floating
potential are defined as

ψ1 = χ f −χ1 (5.13)
ψ2 = χ2−χ f . (5.14)

Adding Equation 5.14 to Equation 5.13 yields the non-dimensional voltage applied
between the probes

ψ = ψ2 +ψ1 = χ2−χ1. (5.15)

The current collected at each probe is given by an empirical fit to Laframboise’s16

theoretical treatment of Langmuir probe dynamics:∗

I1 = Isat,1(β −χ f +ψ1)α (5.16)
I2 = Isat,2(β −χ f −ψ2)α (5.17)

where α and β are given by

∗Laframboise’s theoretical treatment utilizes intensive numerical calculations to arrive at solutions.
It was impractical in the 1970s when Peterson utilized them to attempt to use them directly. Today, it may
be practical in some situations to use direct calculations with Laframboise theory rather than using the
empirical fit. However, when processing large collections of data, as is done in this work, the empirical
fit remains the most efficient option.
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α = 2.900/[ln(ξ )+2.300]+0.070(Ti/Te)0.750−0.340 (5.18)

β = 0.070+
{

5.100+0.135[ln(ξ )]3
}

(5.19)

for probes attracting ions. Recall that neither probe reaches plasma potential, so neither
probe attracts electrons. With the ion currents to each probe, the total current through
the circuit is given by

I(ψ) =
I1 (A2/A1)exp(ψ/2)− I2 exp(−ψ/2)

exp(ψ/2)+(A2/A1)exp(−ψ/2)
. (5.20)

Note that this is mathematically similar to the hyperbolic tangent,

tanh(x) =
exp(x)− exp(−x)
exp(x)+ exp(−x)

. (5.21)

Equation 5.20 represents a theoretical expression for the I-V trace of a double probe
given the following parameters: Te, Ti, ne, rp, and x f . Of these, rp is known, and Te
and ne will be adjustable fit parameters. The non-dimensional floating potential can be
determined theoretically given Te, Ti and ne from the implicit equation

χ f =
1
2

ln
(

me

mi

)
+α ln

(
β −χ f

)
. (5.22)

That leaves Ti. Fortunately, in HET plasmas, as in many other plasmas, the ion tempera-
ture is much lower than the electron temperature, typically near 800 K.17 Furthermore,
Ti shows up only in α (Equation 5.18), where it is a weak function. Therefore, an
estimate is sufficient. In this work, a value of 773 K (500◦C) is used for all analyses.

As was noted above, the floating potential with respect to ground can be easily deter-
mined from the plot of the potential of one of the probes with respect to ground versus
the applied voltage. Using the knowledge of the floating potential and Equation 5.22
the plasma potential with respect to ground can be determined from the Peterson and
Talbot fit to the I-V trace of a double probe.

However, if the entire trace of probe potential versus applied voltage is available, as
in the V2-V curve of Figure 5.9, this can also be used to refine the analysis of the double
probe trace. Again, according to Peterson and Talbot, the potential of probe 1, that is,
the probe which swings negative when a positive voltage is applied is given implicitly
by

ψ1(ψ)=− ln
[(

1+
ψ1

β −χ f

)α
+

A2

A1

(
1+

ψ1

β −χ f
− ψ

β −χ f

)α]
+ln

[
1+

A2

A1
exp(ψ)

]
.

(5.23)
From Equation 5.15, the voltage of probe 2 is simply
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ψ2(ψ) = ψ−ψ1(ψ). (5.24)

With these equations in hand, it is possible to analyze not only the I-V trace of the
double probe, but also either Vprobe-Vapplied trace and thereby increase confidence in the
measurement.

5.4.3 Algorithm
The analysis of the double probe traces needed to be robust, as several thousand

traces needed to be processed and manual intervention was undesirable. For each data
point, the I-V trace and the corresponding V2-V trace were available. The algorithm
proceded as follows:

1. Average multiple traces, into a single I-V and V2-V trace, if applicable.

2. Use Levenberg-Marquardt18, 19 least-squares routine to fit the I-V curve to Equa-
tion 5.9.

3. Substitute the parameters for the best-fit parameters from the preceding step into
the expression for the derivative of Equation 5.9:

dI
dV

= a0a1

[
1− tanh(a1x)2

]
+a2. (5.25)

4. Select all data points j such that dI(V j)
dV <= 0.8max

( dI
dV

)
.

5. Perform a linear regression on the selected data points. The resulting slope, md ,
approximates the slope of the measured I-V curve at V = 0.

6. Calculate Te and ne from a0 and a1 from step 2.

7. Use the Te and ne as estimates to a Nelder-Mead Simplex optimization20 which
simultaneously fits the measured I-V and V2-V curves to the Peterson and Talbot
theoretical curves. Additionally, it attempts to match the slope of the line from
step 5 to the slope of the same regression performed on the theoretical I-V curve.
At each optimization step it calculates the following for the current estimates of
Te and ne for each of the applied voltages Vi in the measured traces:

(a) The theoretical I-V curve, I(Vi)

(b) The theoretical V2-V curve, V2(Vi)

(c) The best-fit slope, mt , of I(Vj) as in step 5
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With these data, the cost function, C, for the optimization is given by

C1 =
1

max(|Ii|)2
1
N ∑

i
[Ii− I(Vi)]

2 (5.26)

C2 =
1

max(|V2,i|)2
1
N ∑

i
[V2,i−V2(Vi)]

2 (5.27)

C3 = [arctan(md)− arctan(mt)]
2 (5.28)

C = 0.5C1 +0.2C2 +0.3C3. (5.29)

The normalization factors 1/max(. . .) in C1 and C2 and the arctangents in C3
are included to keep the costs approximately in the range of 0 to 1. This makes
it easier to weight the individual cost components. It also makes for meaningful
comparisons of costs from one dataset to the next. The arctangents also make rea-
sonable comparisons between slopes possible, since the result is a comparison of
angles rather than slopes. The cost weights, 0.5, 0.2, and 0.3, were found through
trial and error to best enable the Nelder-Mead algorithm to find the optimal values
for Te and ne.

8. Find Vf relative to ground by extracting it from the V = 0 crossing of the mea-
sured V2-V curve.

9. Calculate Vp from the Te and ne determined in step 7 and Equation 5.22.

The implementation of this algorithm is available in Appendix A.1.

5.4.4 Design and operation
The double probes used in these experiments consisted of a double bore alumina

tube approximately 300 mm in length with an outside diameter of 4.76 mm (3/16 in.)
and a bore diameter of 1.6 mm (0.063 in.). Tungsten wire of 0.5 mm (0.02 in) diameter
was fed through each bore. The end of the tube was sealed with a ceramic adhesive
leaving 4 mm of each electrode exposed. Each electrode was approximately 4 mm from
the other, ensuring that the probes were several Debye lengths apart. The diameter of
the wire was chosen as a good compromise between maximizing rp/λd in all regions
of the plume and minimizing probe size.

The probes were mounted on a 2-axis motion table capable of moving the probe
axially and radially. The probe shaft was parallel to the thrust axis and at a height
such that the probe crossed the center of the thruster. Using the motion table, the
probes were moved in arbitrarily defined sweep patterns. The patterns used attempted
to minimize the time spent in continuous exposure to dense, hot plasma as probe heating
deleteriously affected the probe performance. This is further discussed in Appendix B.
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Figure 5.10: Double probe sampling pattern

The final probe pattern used is shown in Figure 5.10. This is the pattern used at cathode
position r = 200 mm. Points were removed from this pattern for cathode locations
closer to the thrust axis (r = 0 mm). At each point, the applied voltage was swept from
-40 V to 40 V in 1 V increments at a rate of approximately 100 Hz. Correspondingly,
each point took approximately 1.5 s, including time to position the probe.
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Chapter 6

Magnetic Field

6.1 Motivation
As discussed in Chapter 2, the magnetic field plays a critical role inside an HET. It

is responsible for providing the electron impedance which creates the ion-accelerating
potential. These fields are oriented primarily in the radial direction between the inner
and outer walls of the discharge chamber, having their peak near the exit plane. The
fields typically have a strength on the order of 50 mT at their maximum, though several
factors, including thruster scaling and overall geometry, affect the design.

It is impossible, however, to generate a field inside the thruster without also gener-
ating a field outside.∗ In the plume, the magnetic field will still affect the mobility of
the electrons, however the behavior may be less desireable. In particular, it will affect
the coupling between the cathode and the HET.

To understand how the magnetic field affects the cathode coupling, it is necessary
to know the topology of the magnetic field. Because of the flexibility provided by a
software model, I decided to model the field. The field data was also measured experi-
mentally at one operating condition and compared to the model for verification.

Before moving forward, some terminology should be established. Figure 6.1 shows
a cut-away view of an HET similar to the BPT-2000 with the important parts of the
magnetic circuit labelled. The magnetic field is generated by the outer and possibly
inner windings. (The BPT-2000 used in these experiments has no inner winding, but it
is shown for generality.) The windings encircle the outer and inner cores, respectively.
Sometimes the cores, particularly the outer core, is called a flux return or flux guide.
The outer cores connect the back plate to the outer front pole, or outer pole, for short.
The inner core connects the back plate to the inner front pole.

∗One could, in theory, shield the thruster to prevent the external field from significantly expanding
into the surrounding area. However, the mass required to do this makes it impractical for spaceflight.

65
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Figure 6.1: Cross section of an HET showing the parts of the magnetic circuit

6.2 Magnetic Field Model

6.2.1 Model
The thruster is not radially symmetric, and thus, a 3-D model was required. How-

ever, the thruster does exhibit eight-fold symmetry. Therefore, only one eighth of the
thruster was modeled. Appropriate symmetry conditions are enforced at the volume
boundaries. The model is shown in Figure 6.2. Only the magnetic circuit of the HET

Figure 6.2: Model of the simpli-
fied HET magnetic circuit.

is included in the model. It is comprised of the outer
core and windings, the inner core, the inner pole, the
outer pole and the back plate. The remainder of the
components are non-magnetic and do not affect the
field. All of the magnet components are modeled as
ASTM A848 magnet iron, which is essentially pure
iron.1 The magnetization curve for iron is shown in
Figure 6.3.2 Similar values may be found in Chap-
ter 3 of Bozorth’s text.3 These data are incorporated
into the model. The wires, which are made of copper,
are modeled as free space carrying a current density
determined from the number of turns in the real coils,
the current applied to the coils, and the cross-sectional
area of the coils according to:
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Figure 6.3: Magnetization of iron

Jmag =
ImagNturns

wcoilhcoil
. (6.1)

The current is always circular around the center of the outer core, which is located at
roffset in both the x and y directions from the center of the thruster, so the vector current
density at any location in the windings is given by:

J =


−Jmag

y−roffset√
(x−roffset)2+(y−roffset)2

Jmag
x−roffset√

(x−roffset)2+(y−roffset)2

0

 . (6.2)

The model and the surrounding vacuum was meshed with approximately 50,000
tetrahedra and the field solved. A cross section of the field along the x-axis, the plane
in which the cathode sits, was extracted.

6.3 Model Results
The magnetic field model results are shown in Figures 6.4 and 6.5. Saturation of

the iron was not observed up to 4.2 A of magnet current, the highest current used in any
of the experiments. Without saturation, the magnetic field is linear with coil current.
Therefore, the plot shows magnet field flux per ampere of magnet current (mT/A).
The first significant observation is that no field line crossing likely cathode positions
outside the thruster will carry an electron into, or even near, the discharge channel. All
of the field lines terminate at the thruster face, or the side of the face. Furthermore, the
field lines clearly show that the electrons emitted from a cathode near the thruster, for
instance at (r = 100 mm, z = 0 mm) will be guided by the field lines (if, indeed, they are
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bound to these lines) either toward the outside edge of the outer pole, or around to the
back plate. Finally, note that as the cathode is moved from this position in increasing
r or z, the closest approach to the thrust axis (r = 0) of the field line intersecting the
cathode decreases.

None of the field lines crossing external locations reach the discharge chamber be-
cause of the field separatrix. A separatrix is an asymptote that the field lines may ap-
proach, but not cross. The geometry of this Hall thruster is such that the device has one
separatrix line, and one separatrix surface. The separatrix line is trivial and coincides
with the axis of the thruster. The separatrix surface starts at the outer edge of the face
of the thruster, and up away from the face and in toward the thruster axis. Figure 6.6
illustrates the magnetic field lines and a cross-section of the separatrices for the BPT-
2000. As will be shown in Chapter 8, this separatrix surface plays an important role in
the cathode coupling process.

6.4 Validation of the Model
To test the model, I conducted a survey of the magnetic field of the actual thruster.

The thruster was mounted on a platform in the vacuum chamber. A current of 4.2 A
was applied to the magnet coils. This value was chosen as it was the highest current
used in the experiments. A higher current, and therefore stronger field, was desireable
to increase the signal-to-noise ratio of the measurements. A single-axis, gauss probe
was mounted on the two-axis motion table and aligned such that it measured the radial
component of the magnetic field. The probe was swept through a grid with points
spaced 10 mm apart when within approximately 100 mm of the thruster and spaced
20 mm apart beyond that as shown in Figure 6.7b. At each point, 1000 data points were
read at a rate of 5 kHz from an analog output of the guassmeter. These points were
averaged. The magnetic field generated by the motors of the motion table interfered
with the measurements. Therefore, the power to the motors was disabled while the
field data were acquired. After completing the entire grid, the probe was remounted
such that it measured the axial component, and the grid repeated. The gaussmeter was
accurate to 0.1 mT.

Figure 6.7 shows the modeled and measured B. The measured and the modeled
show good agreement with each other at distances of approximately 150 mm from the
edges of the thruster. Outside of this region, the experimental data begins to diverge
more drastically from the modeled data. There are three likely reasons for this. First
of all, at these distances, the field strength is down to 0.5 mT or less. This nears the
resolution of 0.1 mT of the gaussmeter. Furthermore, at these distance, particularly in
the radial direction, the gauss probe nears the edge of the tank and other equipment
mounted in the tank. These, of course, were not modeled and may have perturbed the
field in unexpected ways. Finally, the magnetic properties of the actual iron are not
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known. While the material is made of ASTM-A848, the machining and handling of
the material, such as how it is rolled and otherwise processed, can have an effect on
the field. Aerojet was unable to provide any details of the maching process, and thus,
the B-H curve used in the models cannot be expected to be accurate. Regardless of the
differences at small field strengths, the most important similarity is that of the topology
in general, and particularly of the separatrix. As Figure 6.7 shows, the separatrix is
nearly identical between the measured field and the modeled field, and the topology is
similar.

6.5 Larmor Radius and Hall Parameter
From the magnetic field data and estimates of the neutral density and electron tem-

peratures we can calculate the Hall parameter and Larmor radius in the plasma. These
values show the degree to which the magnetic field affects the plasma. Figure 6.8
shows the magnetic field at 2.5 A of magnet current (a typical value used in these ex-
periments) along with the associated Larmor radius, neutral density, and Hall parameter
plots. Each of these will be developed in the proceding sections.

6.5.1 Larmor radius
The Larmor radius describes the radius of the turn which a free electron makes

in a magnetized plasma. The Larmor radius determines the length scale over which
magnetic effects are important. If the system under consideration is much larger than
the Larmor radius, then the magnetization of the plasma will be important, assuming
that the Hall parameter is also high. Likewise, if the scale of the system is much smaller
than the Larmor radius, then magnetization is not important in the system, regardless
of the Hall parameter.

For an electron with a velocity perpendicular to the magnetic field of v⊥, the Larmor
radius is given by:

rL =
mev⊥

eB
. (6.3)

Every electron has its own rL based on its own energy. However, for our present pur-
poses, an estimate of the average Larmor radius based on the electron temperature is
sufficient. For this, we will substitute the average thermal velocity of electrons with
temperature Te.

v⊥ ≈
√

2kTe

me
(6.4)

⇒ rL ≈ 1
eB

√
mekTe (6.5)
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Figure 6.4: Model of the magnetic field structure of the BPT-2000
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Figure 6.5: Close-up of the anode region of the magnetic model
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Figure 6.6: Magnetic field lines and separatrices for a typical HET.

(a) Model (b) Measured

Figure 6.7: Comparison of the modeled and measured magnetic fields with 4.2 A of magnet current

Figure 6.8b shows a plot of the average Larmor radius for the field shown in Fig-
ure 6.8a assuming an electron temperature of 3 eV. This temperature is typical of HET
plumes, as will be shown later. Naturally, a true HET plume has some variation in Te,
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(a) Magnetic Field (Imag = 4.2 A) (b) Larmor Radius

(c) Neutral Density (d) Hall Parameter

Figure 6.8: Inputs and outputs used in estimating the magnetization of the plasma near the
thruster

but it is typically less than an order of magnitude and not important for the present
purposes.

6.5.2 Hall parameter
The Hall parameter, first introduced in Section 2.1.5, is a dimensionless parameter

that describes the extent to which a plasma is magnetized. High values, say > 100,
correspond to plasmas for which magnetic processes dominate the electron transport
behavior, whereas low values, say < 0.01, represent plasmas where collisional pro-
cesses dominate the electron transport. For magnetized, high Hall parameter plasmas,
the electron current is predominately in the E×B direction, whereas for unmagnetized,
low Hall parameter plasmas the current is largely in the direction of E [4, p. 82]. For
Hall parameters near unity, neither one mechanism nor the other dominates.
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For the proceeding discussion, the velocity distribution is assumed to be Maxwellian.
From the rate coefficient, and the neutral density, the collision rate is calculated accord-
ing to

νe = 〈σne(Te)ve〉n0 +ni〈<〉v > σCoul(Te,ne). (6.6)

The neutral density is difficult to measure experimentally. For large volumes, ion-
ization gauges may be used. However, for density variations over the size of an HET
this is not practical. Optical methods such as optical absorption spectroscopy and laser-
induced fluorescence are capable of measurements on these smaller scales. However,
they are elaborate and expensive and can only yield absolute densities with great diffi-
culty.

Therefore, the use of analytical models is in order. To estimate the neutral density
downstream of the thruster an analytic expression provided by Cai and Boyd is used.5

The expression is valid for circular and annular orifices. According to Cai and Boyd, the
neutral density downstream of the orifice is given by the following expression. Given
the temperature and bulk velocity of the gas at the orifice, T0, and U0, respectively, and

β =
1

2RT0
(6.7)

Q(r,z,ρ,θ) =
z2

z2 + r2 +ρ2−2rρ sinθ
(6.8)

K(r,z,ρ,θ) =
Q2U0

β
exp
(−βU2

0 Q
)
+
(

Q
2β

+Q2U2
0

)√
πQ
β

[
1+ erf

(
U0
√

βQ
)]
(6.9)

then for an annular orifice with an inner and outer radii of R1 and R2, respectively, the
plume density relative to the density at the orifice exit, n00 is given by

n0(r,z)
n00

=
1
z2

(
β
π

)3/2 π/2∫
−π/2

dθ
R2∫

R1

dρ exp
(
−βU2

0
ρ2 + r2−2rρ sinθ

z2 +ρ2 + r2−2rρ sinθ

)
ρK.

(6.10)
Following Cai,6 I assumed a sonic exit velocity

csound =

√
γkT
m

(6.11)

where γ = 1.66 and m = 131.29 amu for xenon. A temperature of 500◦ C is assumed
for the neutrals at the exit. Since the mass flow and the exit plane area are fixed, we can
calculate the density at the exit plane if we know the propellent utilization, fp:
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ṅ = n00AU0 (6.12)
ṅ = ṁ∗ (1− fp)∗/m (6.13)

U0 = csound (6.14)

⇒ n00 =
ṁ∗ (1− fp)

mAcsound
. (6.15)

The propellet utilization is the fraction of ions introduced at the anode that are ionized.
A reasonable value for HETs is 0.8.7 Equations 6.10 and 6.15 were implemented in a
Python software routine. The code is included in Appendix A. The results are shown
in Figure 6.8c for a 4 mg/s of xenon mass flow rate assuming an ionization fraction of
0.8.

Because of quasi-neutrality, ni ≈ ne in Equation 6.6. The electron density itself,
is estimated by assuming an ionization fraction everywhere of 0.1, that is, ne/n0. (By
comparing Figure 6.8c with the electron densities presenting in Appendix C one can
see that this is a reasonable approximation for the present order-of-magnitude analysis.)
With knowledge of the magnetic field, as in Figure 6.8a, and the neutral density as in
Figure 6.8c, an estimate for ni and again, assuming an electron temperature of 3 eV,
the Hall parameter is calculated according to Equation 2.11. The results are shown in
Figure 6.8d.

6.6 Discussion
From Figure 6.8b we see that the Larmor radius at any given position is much less

than the distance between that position and the thruster. Only beyond r ≈ 300 mm and
z ≈ 250 mm does rL even reach 10% of the distance to the thruster. For r . 250 mm
and z . 200 mm the Larmor radius is less than 10 mm. Clearly magnetization effects,
if present, will be important over the scale of our problem. From Figure 6.8d we see
that the Hall parameter is everywhere greater than 20, suggesting that magnetization
effects are important. However, there are some regions. Based on this analysis, we
can expect from these results that magnetic effects will generally be important in the
coupling processes between the cathode and the anode.

6.7 Other HET Designs
It should be noted that the position of the separatrix surface may be highly variable,

or altogether non-existent. In particular, many HETs have an axisymmetric design.
While the BPT-2000 and many other thrusters have multiple individual magnet coils
connecting the outer pole to the base plate of the thruster (the BPT-2000 has four), a
fully annular design has an outer flux return which is an annulus that connects the outer
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pole to the base plate. Typically these thruster have a coil wrapped around the inner
core (an “inner coil”), and then a second coil either wrapped around the outside of
the flux guide (an “outer coil”), or residing just inside the outer flux return (a “middle
coil”). The NASA 173 HET used in much of Hofer’s work has an inner and a middle
coil,8 while, for example, the T-220 has an inner and an outer coil.9, 10

Figure 6.9 shows the modelled magnetic field topology resulting from a fully annu-
lar analog of the BPT-2000. Rather than having four individual magnet coils and iron
cores around the outside, the thruster has an annular outer flux guide. To the outside of
the flux return is an outer coil, and immediately to the inside is the middle coil. Around
the inner core is the inner coil. This design has by no means been confirmed to actually
function as an HET. However, it captures important topological information and allows
for the exploration of magnetic field structures. Figure 6.9a is the closest fully annular
analog to the actual BPT-2000. Here the outer coil contains current running out of the
page, the middle coil contains current running into the page, and no current is applied
to the inner coil. This is like taking an axial cross-section along the diagonal of the
original BPT-2000, thus intersecting both the thruster axis and one magnet axis, and
then rotating that cross-section around the thruster axis. One notes a very similar field
structure as compared to Figure 6.4. If the inner current is moved from the middle coil
to the inner coil, as in Figure 6.9b, very little change in the field structure is evident out-
side the thruster, though inside the discharge chamber there is a difference. The setup
in Figure 6.9c is identical to that of Figure 6.9b, except that the current in the outer coil
has been reduced. Note that this drastically affects the position of the separatrix, which
now begins radially outward from the thruster off of the outer corner of the outer pole.
In fact, by continuing to reduce the outer magnet current, the separatrix can be moved
around, and then completely behind the thruster, until it disappears altogether. Finally,
Figure 6.9d shows the configuration with only the inner and the middle coils powered,
both in the same direction. This is identical to the configuration of the NASA 173. In
this configuration there is no separatrix surface at all.
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(a) Iin = 0 A, Imid =−2.5 A Iout = 2.5 (b) Iin =−2.5 A, Imid = 0 A Iout = 2.5 A

(c) Iin =−2.5 A, Imid = 0 A Iout = 0.3 A (d) Iin =−2.5 A, Imid =−2.5 A Iout = 0

Figure 6.9: Axisymmetric HET topology with different currents applied to the inner (Iin), middle
(Imid) and outer (Iout) coils
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Chapter 7

Preliminary Experiments

7.1 Cathode Position Experiment
To quantify the effect of cathode position on thruster performance, I ran the BPT-

2000 mounted on the thrust stand, while moving the cathode through radial and axial
sweeps. Data acquisition hardware and software was used to record thrust, anode cur-
rent, mass flow, and cathode coupling voltage. Thruster efficiency was calculated by
the software according to Equation 2.20. For these experiments xenon was used as the
propellant and cathode gas.

The cathode was mounted on a two-axis motion table as shown in Figure 7.1. This
setup enabled me to place the cathode at radial displacements of 104 ≤ r ≤ 350 mm
where 104 mm was as close to the thruster as the cathode could be positioned without
contacting it (see close-up in Figure 7.1). At radial displacements greater than or equal
to 154 mm the cathode could be positioned at axial displacements of −295 mm≤ z≤
900 mm where at z = 0 the cathode face is even with the thruster face.

Several radial and axial sweeps were performed at varying thruster operating condi-
tions. Sweeps were typically conducted from 104≤ r≤ 304 mm in 10 mm increments.
Table 7.1 shows the complete list of operating conditions. All conditions were per-
formed with cathode mass flow rates of ∼1 mg/s (10 SCCM) and a cathode angle of
zero degrees.

The thruster was run according to the standard procedure listed in Section 4.3. To
acquire the thrust data, the thruster was run for two to three minutes at each of the
cathode positions and the thrust data averaged over this period. The positions were se-
lected in random order to avoid correlations between any temporal changes in thruster
or thrust stand performance with changes due to cathode position. During these experi-
ments, the auto-leveling of the thrust stand was not fully functional. Therefore, after all
positions were measured, the thruster was turned off and any non-zero thrust measured
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Figure 7.1: Experimental setup
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Table 7.1: Cathode Position Tests
Test V (V) ṁ(mg/s) Imag(A) Optimization r (mm) z (mm)

Test 1a 300 5.0 4.20 Optimal 104≤ r ≤ 304 0
Test 1b 300 5.0 3.15 Suboptimal 104≤ r ≤ 304 0
Test 1c 300 5.0 5.25 Superoptimal 104≤ r ≤ 304 0
Test 2a 250 4.0 2.5 Optimal 104≤ r ≤ 304 0
Test 2b 250 4.0 2.1 Suboptimal 104≤ r ≤ 304 0
Test 2c 250 4.0 3.15 Superoptimal 104≤ r ≤ 304 0
Test 3 200 4.0 2.1 Optimal 104≤ r ≤ 304 0
Test 4 150 4.0 0.6 Optimal 104≤ r ≤ 304 0
Test 5 250 4.0 2.5 Optimal 154 −150≤ z≤ 900
Test 6 250 4.0 2.5 Optimal 142 0≤ z≤ 400
Test 7 250 4.0 2.5 Optimal 182 −100≤ z≤ 500
Test 8 250 4.0 2.5 Optimal 261 −100≤ z≤ 700

by the thrust stand recorded as an offset. A linear drift with time over the duration of
the test was assumed and this drift was subtracted from the final data.

In all cases, the thruster was first operated at its most efficient magnetic field, as
determined by adjusting the magnetic current while monitoring the efficiency calcu-
lated in real time by the thrust stand software. This optimization was performed with
the cathode at r = 104 mm, z = 0 mm. In Test 1 and Test 2, the 300 V and 250 V
cases, the magnet current was adjusted above and below the optimal values. For Test 1,
values 25% above and below the optimal were chosen. For Test 2, where the optimal
magnet current was 2.5 A, values of 3.15 A and 2.1 A were chosen for the super- and
sub-optimal currents because they matched magnet currents used in Test 1 and Test 3,
respectively.

Between Tests 5 and 6 the thruster was repositioned lower, closer to the thrust stand,
to reduce thermal drifts in the thrust measurements. However, the cathode could no
longer be positioned exactly level with the thrust center line as in the previous tests.
The displacements listed in Table 7.1 have been corrected to account for this, and still
show the absolute distance from cathode orifice center to thrust axis.

7.2 Results
The graphs in Figure 7.2 plot thrust, efficiency, anode current, and cathode coupling

voltage as a function of cathode radial position for each of the radial tests. In all cases,
when the cathode was near the thruster, particularly when it was as close as possible
to the thruster at r = 104, significant heat was exchanged between the cathode and the
anode. This was evidenced by an increase in voltage in the current-limited supplies for
the cathode heater and the magnet coils. This heat exchange made it difficult to achieve
thermal equilibrium and the error on these data points is therefore significantly higher
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than on those where the cathode was positioned farther from the thruster. Note that
these experiments were performed before the addition of the heat shield, as discussed
in Section 4.4.4.

Given the thermal drifts in the thrust stand compounded with the error in the lin-
ear fit, the uncertainty in the thrust measurement is estimated at 5%. Propagating the
uncertainties of the thrust measurement and the mass flow rate through the efficiency
equation (Equation 2.22), I estimated the uncertainty on the efficiency measurements
at 9% of the stated values.∗

Test 1 is at the nominal operating point for the thruster. For all magnet currents,
the cathode coupling voltage trends upwards as the cathode is moved away from the
thruster, changing by approximately 10 V, or 3% of the discharge voltage. The an-
ode current holds steady and the thrust increases, resulting in an efficiency increase of
approximately 3% to 5%.

During Test 1c it was necessary to restart the thruster. The numbered points in
Figure 7.2c show the order in which the points were taken, and the asterisk denotes
the first point after the restart. This is potentially important as the cathode coupling
voltages did not return to exactly the same position after the restart.

Test 2, run at a discharge voltage of 250 V, shows the most interesting behavior. All
magnetic field conditions exhibited a peak in cathode coupling voltage between 40 and
164 mm, followed by a trough between 184 and 204 mm, and then a gradual rise as the
cathode was moved out to 304 mm. Again the discharge current held constant, while
the thrust and efficiency tracked the changes in cathode coupling voltage.

Test 3, run at a discharge voltage of 200 V, also exhibited anomalies due to thruster
restarts. Again, the plot shows the order in which the data were taken, with asterisks
denoting the first point after a thruster restart. Note that there is a significant jump in
cathode coupling voltage after the restart between points five and six. In particular, the
cathode coupling voltage dropped by approximately 2 V between points thirteen and
five. It is likely that some of this drop is attributed to the change in conditions between
thruster restarts. However, the magnitude of the change in cathode coupling voltages
across the range of cathode positions is much smaller than in either Test 1 or Test 2.

Test 4, at a discharge voltage of 150 V, shows drastically different behavior than the
previous tests. Here the cathode coupling voltage significantly decreased with increas-
ing radial distance. The thrust and efficiency also decreased, somewhat in step with the
cathode coupling voltage. Note also that the discharge current, in contrast to the other
cases, changed drastically with cathode position.

Test 5 was performed at the optimal magnet current of 2.5 A and a discharge volt-
age of 250 V. Here, the cathode was placed 154 mm away from the thrust axis, radially,
and the cathode swept through axial positions. As the cathode was moved behind the

∗For example, if the efficiency reported is 50%, then the one-sigma range of the uncertainty is
0.5±0.5×0.09, that is, between 45.5% and 54.5%
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thruster poor performance was recorded, along with low cathode coupling voltages.
As the cathode was brought downstream of the thruster, the performance of the thruster
and cathode coupling voltage improved significantly, reaching a peak at 175 mm down-
stream of the exit plane. The anode current is seen to vary slightly, but consistently, with
the other measurements. This change in current is small in comparison to Test 4, but
certainly much more pronounced than the remainder of the radial sweeps.

Tests 6–8 were taken at the same operating conditions as Test 5, that is, optimal
magnet current of 2.5 A and a discharge voltage of 250 V. However, these data were
taken on a different day, following small modifications to the setup which were made
in a partially successful attempt to further alleviate thermal drifts in the thrust stand.
These data show good agreement in trends with the data taken in Test 5, particularly
comparing Test 6 and Test 5 which were taken at nearby radial positions. The most
notable difference between Test 5 and 6 is that the current is about 5% higher in Test 6,
and does not change appreciably in Test 6 as it does in Test 5. The higher anode
currents cause lower overall efficiencies in Test 6 as compared to Test 5. The reason
for the change in current is not clear. One possibility is that the cathode is coupling to
grounded surfaces differently due to the change in setup. None-the-less, the fact that
the overall trends remain suggest that fundamental changes in cathode-HET coupling
are occurring as the cathode position is changed.

Comparing Tests 6, 7, and 8 one consistently notes increasing cathode coupling
voltages with increasing z, up to a maximal point. The maximum increases with in-
creasing r, occurring at ∼ 150 mm for r = 142 mm, ∼ 200 mm for r = 182 mm, and
∼ 300 mm for r = 261 mm. The thrust and efficiencies, again, loosely follow this trend,
perhaps lagging behind a little as the coupling voltages begin to fall off.

7.3 Discussion
As these data were preliminary, and similar trends will be seen again in Chapter 8,

this discussion will be brief. The trend of increasing thrust, efficiency and cathode
coupling voltage with increasing radial and axial position was certainly unexpected.
Particularly given the increase in Vcg this suggests that cathode coupling is actually
improved as the cathode is moved further away from the thruster, at least up to a point.
This is in contradiction to work performed by Walker and Gallimore,1 in which the op-
posite trend was noted. However, Walker and Gallimore operated a different thruster in
a different vacuum chamber and measured performance over a physically larger range
of radial cathode positions, but with a correspondingly coarser resolution. This may
be sufficient to explain the differences. However, at the present time the reason for the
discrepancy is unclear.
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Figure 7.2: Results of the cathode position test
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Figure 7.2: Results of the cathode position test (continued)
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7.4 Performance vs. B Field
Comparing the performance data from Section 7.2 with the magnetic field model

presented in Chapter 6 proves interesting. Figure 7.3 overlays the field lines generated
by the model on the performance results from Tests 6–8. In these figures, the color
mapped data represent the performance quantity (thrust, efficiency, etc.), while the solid
lines show the magnetic field lines as modeled in Chapter 6. The dotted contours show
magnetic field strength in millitesla. Note that these data have only 3 radial positions,
and the contours represent a considerable amount of interpolation. Regardless, one
sees that thrust, efficiency, and Vcg as a function of cathode position tend to follow
the magnetic field lines, while Id remains largely independent of cathode position. As
the cathode moves into regions where the magnetic field lines intersecting the cathode
closely approach the discharge channel the thrust and cathode coupling increase while
discharge current remains constant. These changes result in efficiency improvements
following the same trend with cathode position as thrust and Vcg.

This comparison suggests that performance improves when the cathode is placed
such that emitted electrons are near lines which carry them closer to the discharge
channel. These field lines also bring the electrons to regions of higher neutral densities
which result in lower Hall parameters, as seen in Figure 6.8. The increased electron-
neutral collisions enable the electrons to more easily cross the field lines in these re-
gions.
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(a) Thrust (b) Id

Figure 7.3: Performance data overlaid with magnetic field lines.
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(c) Efficiency (d) Vcg

Figure 7.3: Performance data overlaid with magnetic field lines (continued).
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Chapter 8

Separatrix Crossing Experiments

8.1 Motivation and Overview
The correlation between the magnetic field and the performance data that was seen

in the preliminary experiment suggested that magnetic fields are important in the cou-
pling between the cathode and the thruster. This is not surprising, considering the effect
that the magnetic field has on the motions of plasma electrons, as discussed in Chap-
ter 2. Indeed, it has been suggested before, as reviewed in Chapter 3. Figure 6.6 is
repeated as Figure 8.1. Note that the field lines inside of the separatrix surface will
tend to trap electrons in front of the anode and in the beam. Meanwhile, field lines
outside of the separatrix will tend to direct electrons either to the anode face, or, away
from the beam altogether. Combined with the correlation between magnetic field and
performance, this suggests that the separatrix surface is an important feature, and that
a cathode would ideally be located inside of it, thereby introducing the electrons into a
region that will trap them in the beam, rather than in a region that will keep them away.

The hypothesis of ideal cathode coupling within the separatrix was impossible to
test with the setup of the preliminary experiment. Because the cathode was aligned
with its axis parallel to the thruster it was impossible to place the cathode inside of
the separatrix surface since the cathode would collide with the thruster. Therefore, the
experiments discussed in this chapter were conducted with the cathode mounted at a
90 degree angle to the thrust axis. This allowed the cathode to be moved in a radial
direction and to cross the separatrix.

In each run, the cathode was placed in a range of radial positions and at a fixed
axial position. As in the preliminary experiment, radial positions were selected in ran-
dom order to eliminate the possibility of time-dependent phenomena, such as thermal
changes, from being misinterpreted as changes due to cathode position. At each posi-
tion the cathode was run at three mass flow rates. At each condition, thrust, efficiency,
and cathode coupling voltage were measured, as in the preliminary experiment.

91
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Figure 8.1: Magnetic field lines and separatrices for a typical HET.

This experiment also delves deeper into the mechanisms behind the changes in effi-
ciency and the cathode coupling processes. At each operating condition the ion current
density and the ion energy distribution function were measured with a Faraday probe
and an RPA, respectively. From these, the efficiency can be broken down into various
loss components. In an effort to understand how the efficiency components were being
affected, near-field plasma properties were also measured at each operational condition
with a double Langmuir probe. These data also provide some insight into the cathode
coupling processes.

As will be shown, the optimal position for the cathode is indeed inside of the sep-
aratrix. Unfortunately, on small thrusters like the BHT-2000, it is not possible to cross
the separatrix without placing the cathode very near or inside of the ion beam. These
cathode locations are not practical for flight thrusters, as they would result in high
sputtering of the cathode orifice and early cathode failure. On the BHT-2000, for a
cathode mounted at 90 degree to the thrust axis with its center line at an axial distance
of z = 30 mm downstream of the face, the separatrix occurs at a position r = 60 mm.
However, the outer edge of the discharge chamber has a radius of 50 mm. Thus, even
placing the cathode exactly at the separatrix, one has still placed the cathode uncom-
fortably close to the ion beam. (In fact, given the divergence of the beam, it is likely that
this position is still heavily bombarded by ions.) To actually cross the separatrix, one
must move the cathode in even farther. Since the goal of these experiments is not to pro-
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duce a flight thruster, but to understand the coupling, the cathode was, never-the-less,
moved across the separatrix and into the beam.

Aware of the sputtering problems associated with moving the cathode inside the sep-
aratrix, I modified the thruster to move the separatrix out rather than moving the cathode
in. This allowed the cathode to be placed within the separatrix, yet at a safer distance
from the discharge channel. The modification will be discussed in Section 8.2.1. Hav-
ing modified the thruster, I repeated the experiment at similar operating conditions as
previously used with the unmodified thruster. The results of both unmodified and mod-
ified thrusters will be presented side-by-side through this chapter for comparison.

The original intent was to run this experiment using xenon as in the preliminary
experiments. However, my supply of xenon was depleted after acquiring a complete
set of data with the unmodified outer pole. Due to the volatile and extremely high price
of xenon in mid-2008, the laboratory was unable to acquire more. Therefore, this ex-
periment, as well as the experiment in Chapter 9 were performed with cheaper, but less
efficient, krypton. The data from the xenon half-experiment is presented with minimal
analysis in Appendix D. An efficiency lower by 5%–15% was expected when running
with krypton.1, 2 However, these data show a 25%–35% lower efficiency than when
running with xenon. It is not clear why such unexpectedly low efficiencies occurred, as
the only thing changed between the xenon run and the krypton run was the propellent.

8.2 Design of Experiment

8.2.1 Design of the extended outer pole
To move the separatrix farther from the discharge channel, I designed an extended

outer pole piece in which the length of each side was extended by 70 mm. This cor-
responded with the maximum sized plate of ASTM-A848 magnet iron that could be
readily purchased. No other dimensions of the original pole piece were modified. Fig-
ures 8.2a and 8.2b show drawings of the pole pieces and photographs of the pieces
mounted to the thruster. With the Extended Outer Pole (EOP), the field of the thruster
is modified such that at z = 30 mm the separatrix occurs at 78 mm, 18 mm further than
with the Original Outer Pole (OOP), as shown in Figure 8.2c.

An unfortunate side effect of the extended outer pole is that it not only modifies the
external magnetic field, but it also modifies the internal magnetic field. In Figure 8.2c
this is most evident near the inner edge of the outer pole piece, where the shape of
the field strength contours have changed. This problem will be discussed later in Sec-
tion 9.3.
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(a) Drawings of the original and the extended outer pole pieces

(b) Photographs of the thruster with the original and the extended outer pole

(c) Magnetic field of the thruster with the original and the extended outer poles

Figure 8.2: Design and effect of the extended outer pole
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8.2.2 Setup
A general overview of the experimental setup can be found in Section 4.2. As

always, the HET was mounted on a thrust stand. On the first run, the unmodified
thruster was used, while on the second, the thruster modified with the extended outer
pole was used. The cathode was mounted on a linear motion stage and could be moved
from 40 mm to 250 mm radially away from the thrust axis, at a fixed axial distance of
30 mm from the thruster exit plane (see Figures 4.1 and 4.2). It was mounted at a 90◦
angle between its axis and the thrust axis. A Farday probe and a retarding potential
analyzer (RPA) were placed on a boom mounted to a rotational stage directly above
the intersection of the thrust axis and the exit plane. The probes were mounted at a
distance of 250 mm. A double probe was mounted on a two-axis motion table capable
of positioning the probe so that it could interrogate the near field plume of the thruster,
from z = 5 to 105 mm and from r =−180 to +180 mm.

8.2.3 Procedure
The general experimental procedure can be found in Section 4.3. The aspects spe-

cific to this experiment follow. In each experiment, the thruster was set at an operating
voltage of 250 V, chosen to match the preliminary experiments. Due to a global supply
shortage of xenon, krypton was used as the propellent. The preliminary experiments
were run at 4 mg/s of xenon, which is 41 SCCM. These experiments were run with the
same volumetric flow rate, and therefore number flow rate. This corresponds to a mass
flow rate of 2.553 mg/s of krypton.

For the original outer pole, a magnet current value of 2.5 A was chosen to match
prior values. In these experiments, 2.5 A was slightly above the optimal point, but more
importance was placed on matching prior magnetic field strengths. With the extended
outer pole, it was impossible to run the thruster at 2.5 A. Therefore, the optimal value
of 1.5 A was chosen. All magnet current optimization was performed with the cathode
located at z = 100 mm.

After the thruster stabilized, thrust, discharge current, and efficiency of the thruster
were measured over a period of 90-120 s. After recording the performance, the cathode
was moved to a new location, randomly chosen from the 14 positions: from 40 mm to
100 mm in 10 mm intervals, from 100 mm to 200 mm in 20 mm intervals, and 250 mm.

After all of the performance data were taken at a given cathode mass flow, RPA
and Faraday probe sweeps were performed at five cathode positions: 40 mm, 60 mm,
80 mm, 120 mm, and 200 mm. In the ṁc=10 SCCM case, the 120 mm position was not
acquired. Both probes were mounted at a constant radial distance of 250 mm from the
center of the thruster exit plane. The Faraday probe was swept from -90 to 60 degrees in
2.3 degree increments. At each increment, 1000 samples were taken at a rate of 10 kHz
and averaged. The RPA was swept in 10 degree increments over the same range. At
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each increment, 5 sweeps from 0 to 300 V were taken with either 300 or 600 points per
sweep.

Finally, the double probe data were acquired. The double probe scans were designed
to minimize heating of the probe. The probe was swept as fast as the Keithley 2410 used
to drive them would allow: approximately 100 Hz. Each sweep consisted of 100 points
from -40 to 40 V applied between the two probes.

After all performance and probe data were acquired at each of the cathode positions,
the cathode mass flow rate was adjusted and the experiment repeated. Cathode mass
flow rates of 10 SCCM, 5 SCCM, and 2 SCCM were chosen. Ten SCCM is the nominal
cathode ignition flow rate, and 2 SCCM was the lowest cathode mass flow at which the
cathode would stably operate.

8.3 Performance

8.3.1 Results
The thrust, discharge current, total and anode efficiencies, and cathode coupling

voltage are plotted as a function of cathode position for each pole piece and at each
of the three cathode mass flow rates in Figure 8.3. The r location of the separatrix at
z = 30 mm is plotted with a dashed, vertical line for each pole piece. Error bars are
calculated estimates of the uncertainty in the measurements, as discussed below.

The uncertainty in the thrust measurements is estimated at 2 mN based on observa-
tions of the remaining drifts in the thrust stand. The uncertainty in the efficiencies are
calculated according to the standard method. For a function f (a,b), the variance—the
square of the uncertainty—is given by

σ2
f =

(
∂ f
∂a

)2

σ2
a +
(

∂ f
∂b

)2

σ2
b (8.1)

Recall the equation for thrust efficiency,

η =
T 2

2ṁIdVd
. (2.20)

Since the uncertainties in Id and Vd are negligible, variance in the efficiency is given by

σ2
η =

(
T

ṁP

)2

σ2
T +

(
T 2

2ṁ2P

)2

σ2
ṁ (8.2)

= η2
(

4σ2
T

T 2 +
σ2

ṁ
ṁ2

)
. (8.3)
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(b) EOP, ṁc=2 SCCM
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(d) EOP, ṁc = 5 SCCM
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Figure 8.3: Thruster performance as a function of cathode position while operating on krypton.
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Therefore the uncertainty is given by

ση = η

√
4σ2

T
T 2 +

σ2
ṁ

ṁ2 . (8.4)

For anode efficiencies, we have ṁ = ṁa and Equation 8.4 may be used directly. For total
efficiencies we must substitute ṁ = ṁa + ṁc. The variance of this quantity is given by

σ2
ṁ = σ2

ṁa
+σ2

ṁc
. (8.5)

The uncertainty in the mass flow is 1% of the mass flow controller’s full scale range.
This yields 2 SCCM for the anode mass flow controller, and 0.2 SCCM for the cathode
flow controller.

8.3.2 Discussion
Several trends are apparent in the performance data shown in Figure 8.3. First

of all, similar trends are seen with the OOP as seen in the preliminary experiments
between 100 mm and 250 mm. In this range, the thrust remains relatively constant,
with a slight increase as the cathode is moved out beyond 140 mm. Also in this range,
the discharge current remains relatively constant, as does the cathode coupling voltage
in most cases. These trends are quite similar to the trends seen in the preliminary
experiment. (They are also similar to the trends seen in the xenon half-experiment
in Appendix D.) The increase in efficiency from 100 mm and 250 mm reflects the
increases seen in Section 7.2. Trends with the EOP look slightly different, with the
increase in thrust occurring further out, closer to 160 mm. The increase is also of
smaller magnitude. It is interesting to note that the difference in the position of the
inflection point is about the same as the 18 mm difference between the separatrices of
the OOP and the EOP.

The area inside of 100 mm was inaccessible in the preliminary experiments. Inside
this area, there are consistent trends of increasing thrust and discharge current. The
efficiency generally increases, though in some cases it may reach a plateau inside of
the separatrix. The cathode coupling voltage shows a particularly interesting trend; as
r is decreased, the coupling voltage increases until the cathode crosses the separatrix,
at which point it begins a smaller decrease.

The increasing discharge current with decreasing r is likely due, in part, to increased
ingestion of cathode propellent. The greater increases associated with cathode mass
flow rates attest to this. However, the increase is too large to be totally accounted
for by this effect. If we assume that every cathode neutral is ingested and becomes
singly-ionized we can calculate the maximum amount of current that could be added
by propellent ingestion according to:



8.4. ION BEAM PROPERTIES 99

Ṅc =
ṁc (SCCM) ·1×10−6 (m3/cc

) ·101325Pa
k ·273K ·60 (s/min)

(8.6)

Iingested = eṄc. (8.7)

This yields a maximum possible increase in discharge current of 0.14 A, 0.36 A and
0.72 A for the ṁc =2, 5 and 10 SCCM, respectively. Looking at Figure 8.3, one sees
that for every cathode flow rate for both the EOP and the OOP the jump in discharge
current between when the cathode is placed at its farthest radial distance and at its
closest is at least 1 A. Clearly this jump in current cannot be explained by ingested
propellent alone.

In most cases, particularly with the EOP, a large jump in discharge current is associ-
ated with crossing the separatrix. It is likely that by crossing the separatrix, the thruster
entered a different mode of operation, which lead to increased recycle current. Despite
this increase in current, the overall efficiency of the thruster was not significantly af-
fected. The increase in thrust partially offsets in the increase in discharge current in
Equation 2.20.

A simultaneous increase in discharge current and coupling voltage, such as that
seen when the cathode is moved into the separatrix, suggests a decrease in the effective
resistance between the cathode and the beam. Recall that all of the current in the beam
and the recycle current to the anode originate from the cathode. A higher coupling
voltage represents a smaller potential difference between the cathode and the beam.
(This will be further shown in the cathode plume data, in Section 8.6.) According
to Ohm’s law, V = IR, if the current goes up and the potential difference goes down,
necessarily the resistance goes down. This suggests that moving the cathode inward,
particularly across the separatrix, results in a reduction of plasma impedance. This
reduces the amount of work required to move the electrons from the cathode to the
positions required to maintain charge neutrality and complete the electrical circuit.

8.4 Ion Beam Properties

8.4.1 Ion current density profiles
The ion current density as a function of angle is plotted in Figures 8.4 and 8.5.

The data are plotted on a polar graph. However, note there is a change of units at r =
250 mm. Inside this region, a representation of the thruster and cathode are plotted for
reference. Outside, the radial dimension corresponds to current density. Each subfigure
groups together the data taken at the same cathode mass flow but different cathode
positions.

One notes an increased broadening and decreased center-spike magnitude as the
cathode is moved away from the thrust axis. There is also a decrease in the overall
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magnitude of the current densities with decreasing cathode mass flow, though this is
less pronounced when the cathode is further from the thrust axis. The broadening of the
beam can be expected to result in decreased performance as beam divergence increases.
This will be discussed further in Section 8.5.

8.4.2 Ion energy distributions
Figures 8.6 through 8.11 show the IEDFs as a function of angle for each outer pole,

cathode position and mass flow operating point measured. The IEDFs were measured
with an RPA as discussed in Section 5.3. Each figure shows the probability of an ion at
a given angle having an energy that corresponds to the radial dimension. To calculate
the total probability of finding an angle at a specific angle and energy, one would need
to multiply the probability on the IEDF by the normalized current density at that angle.

The data were taken at 10-degree intervals from -90 degrees to 60 degrees. Missing
data is due to poor signal-to-noise ratio at that location. The data have been interpolated
in the figures. The corresponding current density as measured by the Faraday probe is
overlaid. Note that the arrangement of the radial axis is identical to that of Figure 8.4.

The most striking feature of these graphs is that as the cathode is moved away from
the thruster, the distributions become narrower in energy space. Furthermore, the broad
energy distribution at 0 degrees seems to go away as the cathode is moved away from
the thrust axis and as cathode mass flow is decreased. When present, the narrow spike
in probability density occurs at approximately 200 V, regardless of cathode position,
and extends out to about -60 degrees. It appears to vary slightly with cathode mass
flow, moving from ∼200 V to ∼210 V as the mass flow is varied from 2 SCCM to
10 SCCM.

Finally, the data often show a low energy spike near -90 degrees. This is particularly
true of the xenon data presented in Appendix D.3. However, signal levels here are quite
small, and I have low confidence in the data taken between -80 and -90 degrees.
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Figure 8.4: Ion beam current density as a function of off-axis angle while using the OOP. Each
colored trace represents a different cathode location.
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Figure 8.5: Ion beam current density as a function of off-axis angle while using the EOP. Each
colored trace represents a different cathode location.
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(a) ṁc=2 SCCM, Cathode r=40 mm (b) ṁc=2 SCCM, Cathode r=50 mm

(c) ṁc=2 SCCM, Cathode r=60 mm (d) ṁc=2 SCCM, Cathode r=70 mm

(e) ṁc=2 SCCM, Cathode r=80 mm (f) ṁc=2 SCCM, Cathode r=90 mm

Figure 8.6: Ion energy distributions and ion current density as a function of angle for cathode mass
flow rates of 2 SCCM with the OOP
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(g) ṁc=2 SCCM, Cathode r=100 mm (h) ṁc=2 SCCM, Cathode r=120 mm

Figure 8.6: Ion energy distributions and ion current density as a function of angle for cathode mass
flow rates of 2 SCCM with the OOP (continued)
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(a) ṁc=5 SCCM, Cathode r=40 mm (b) ṁc=5 SCCM, Cathode r=50 mm

(c) ṁc=5 SCCM, Cathode r=60 mm (d) ṁc=5 SCCM, Cathode r=70 mm

(e) ṁc=5 SCCM, Cathode r=80 mm (f) ṁc=5 SCCM, Cathode r=90 mm

Figure 8.7: Ion energy distributions and ion current density as a function of angle for cathode mass
flow rates of 5 SCCM with the OOP
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(g) ṁc=5 SCCM, Cathode r=100 mm (h) ṁc=5 SCCM, Cathode r=120 mm

(i) ṁc=5 SCCM, Cathode r=200 mm

Figure 8.7: Ion energy distributions and ion current density as a function of angle for cathode mass
flow rates of 5 SCCM with the OOP (continued)



108 CHAPTER 8. SEPARATRIX CROSSING EXPERIMENTS

(a) ṁc=10 SCCM, Cathode r=40 mm (b) ṁc=10 SCCM, Cathode r=50 mm

(c) ṁc=10 SCCM, Cathode r=60 mm (d) ṁc=10 SCCM, Cathode r=70 mm

(e) ṁc=10 SCCM, Cathode r=80 mm (f) ṁc=10 SCCM, Cathode r=90 mm

Figure 8.8: Ion energy distributions and ion current density as a function of angle for cathode mass
flow rates of 10 SCCM with the OOP
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(g) ṁc=10 SCCM, Cathode r=100 mm (h) ṁc=10 SCCM, Cathode r=120 mm

(i) ṁc=10 SCCM, Cathode r=200 mm

Figure 8.8: Ion energy distributions and ion current density as a function of angle for cathode mass
flow rates of 10 SCCM with the OOP (continued)
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(a) ṁc=2 SCCM, Cathode r=40 mm (b) ṁc=2 SCCM, Cathode r=50 mm

(c) ṁc=2 SCCM, Cathode r=60 mm (d) ṁc=2 SCCM, Cathode r=70 mm

(e) ṁc=2 SCCM, Cathode r=80 mm (f) ṁc=2 SCCM, Cathode r=90 mm

Figure 8.9: Ion energy distributions and ion current density as a function of angle for cathode mass
flow rates of 2 SCCM with the EOP



8.4. ION BEAM PROPERTIES 111

(g) ṁc=2 SCCM, Cathode r=100 mm (h) ṁc=2 SCCM, Cathode r=120 mm

Figure 8.9: Ion energy distributions and ion current density as a function of angle for cathode mass
flow rates of 2 SCCM with the EOP (continued)
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(a) ṁc=5 SCCM, Cathode r=40 mm (b) ṁc=5 SCCM, Cathode r=50 mm

(c) ṁc=5 SCCM, Cathode r=60 mm (d) ṁc=5 SCCM, Cathode r=70 mm

(e) ṁc=5 SCCM, Cathode r=80 mm (f) ṁc=5 SCCM, Cathode r=90 mm

Figure 8.10: Ion energy distributions and ion current density as a function of angle for cathode
mass flow rates of 5 SCCM with the EOP
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(g) ṁc=5 SCCM, Cathode r=100 mm (h) ṁc=5 SCCM, Cathode r=120 mm

(i) ṁc=5 SCCM, Cathode r=200 mm

Figure 8.10: Ion energy distributions and ion current density as a function of angle for cathode
mass flow rates of 5 SCCM with the EOP (continued)
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(a) ṁc=10 SCCM, Cathode r=40 mm (b) ṁc=10 SCCM, Cathode r=50 mm

(c) ṁc=10 SCCM, Cathode r=60 mm (d) ṁc=10 SCCM, Cathode r=70 mm

(e) ṁc=10 SCCM, Cathode r=80 mm (f) ṁc=10 SCCM, Cathode r=90 mm

Figure 8.11: Ion energy distributions and ion current density as a function of angle for cathode
mass flow rates of 10 SCCM with the EOP
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(g) ṁc=10 SCCM, Cathode r=100 mm (h) ṁc=10 SCCM, Cathode r=120 mm

(i) ṁc=10 SCCM, Cathode r=200 mm

Figure 8.11: Ion energy distributions and ion current density as a function of angle for cathode
mass flow rates of 10 SCCM with the EOP (continued)
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8.5 Efficiency Analysis

8.5.1 Method
With ion current densities and energy distributions it is possible to break down the

efficiency into its constituent loss mechanisms with the goal of identifying the signif-
icant causes of change in efficiency. Following, Larson3 and Ross,4 we decompose
efficiency into the loss mechanisms shown in Table 8.1. The following series of equa-
tions, Equation 8.8 to Equation 8.14, shows how each of these efficiencies are broken
out of the total efficiency.

Table 8.1: Efficiency loss mechanisms

Efficiency Sym. Definition Description How to Measure

Beam
Divergence

ηθ 〈cos(θ)〉2
Ion velocity components not
parallel to the thrust axis tend
to cancel and do not generate
thrust

Integrate the Faraday-probe-
derived current densities to
find the expectation value of
cos(θ)

Voltage
Utilization

ηV

1
2 m〈v2〉

e(Vd +Vcg)

Not all ionization takes place
at the top of the potential hill.
Because of this, ions do not
receive the full amount of en-
ergy available.

Integrate IEDF and current
density data, similar to the
process for ηvdf, and divide
by the sum of the measured
Vd and Vcg

Velocity
Distribution

ηvdf
〈v〉2
〈v2〉

Inefficiency due to the spread
in 1-D velocity space of the
ions

Calculate this efficiency at
each angle from the IEDF.
Perform a weighted average
of all angles, weighting by
current density and solid-
angle.

Current
Utilization

ηI Ib/Id

The “recycle” current “leaks”
from the cathode to the an-
ode without directly creating
thrust in the form of beam
ions.

Integrate Faraday-probe-
derived current densities to
obtain Ib and divide by dis-
charge current (Id) measured
by power supply

Cathode
Coupling

ηVcg
Vd +Vcg

Vd

The voltage at the cathode
floats below ground is not
available to accelerate ions.
Note that Vcg is always neg-
ative.

Measure the cathode cou-
pling voltage
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η =
T 2

2ṁP
(8.8)

=
1
2ṁ〈v〉2

IdVd
(8.9)

=
〈v〉2
〈v2〉

1
2ṁ〈v2〉

IdVd
(8.10)

=
〈v〉2
〈v2〉︸︷︷︸
ηvdf

〈cos(θ)〉2︸ ︷︷ ︸
ηθ

1
2ṁ〈v2〉

IdVd
(8.11)

= ηvdfηθ
eṁ/m

Id︸ ︷︷ ︸
ηI

1
2m〈v2〉

eVd
(8.12)

= ηvdfηθ
Ib

Id︸︷︷︸
ηI

1
2m〈v2〉

e(Vd +Vcg)︸ ︷︷ ︸
ηV

Vd +Vcg

Vd︸ ︷︷ ︸
ηVcg

(8.13)

= ηvdfηθ ηIηV ηVcg (8.14)

No attempt is made to correct for ionization fraction in these equations, or the proceding
analysis. That is to say, we assume that all ions are singly charged. Because of this,
ηvdf is probably slightly overstated, while ηV is understated.

The various expectation values are calculated by a weighted average according to
the following equation:

〈x〉=
∫ 60◦
−90◦

∫ 300 V
0 x(V,θ) f (V,θ) j(θ)R2 sin(|θ |)dV dθ∫ 60◦

−90◦
∫ 300 V

0 f (V,θ) j(θ)R2 sin(|θ |)dV dθ
. (8.15)

Since the data to be integrated are discrete, the inner integral is first performed at each
available angle using Simpson’s rule. The results of these integrations are then linearly
interpolated, multiplied by the current densities, and integrated across θ . Where RPA
data are unavailable, the θ integration range is truncated.

Strictly speaking, the separation of ηvdf and ηθ in Equation 8.11 is only valid if the
IEDF is independent of angle. This is clearly not the case. However, because the IEDF
seems to change most at high angles where the current density is small, we will procede
with the assumption anyway.
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8.5.2 Results
The results of this efficiency decomposition are shown in Figure 8.12, along with

the measured efficiency and the calculated total efficiency. The total efficiency is the
product of all efficiency components according to Equation 8.14 and is denoted by
ηprod. Total efficiencies are plotted with solid lines, while efficiency components are
plotted with dashes.

Based on the discussion of Faraday probe errors in Section 5.2.4, the absolute uncer-
tainty on the integrated beam currents used to calculate the current utilization efficiency
are estimated at +0%/-40%. In other words, the measurement should be thought of as
an upper limit of the actual value. This uncertainty propagates directly through to the
uncertainty in ηI . The beam divergence is calculated from the same data, but the un-
certainty in magnitude of the current density affects the calculation of beam divergence
less strongly. Rovey et al. found 90% beam divergence angles∗ that were reduced from
30 degrees using an unfiltered probe to between 25 and 28 degrees when using an probe
that filtered out CEX ions.5 Based on this, I estimate the uncertainty in beam divergence
(defined in this work as 〈theta〉) at 5 degrees. Typical beam divergences in this work are
around 35 degrees. Here again, the uncertainty is primarily in the negative direction.
That is, actual divergence is probably less than 35 degrees. Propagating the uncertainty
through the equation for ηθ yields an uncertainty of +8%/-0%.

The uncertainty estimation procedure described in Section 5.3 was used for the
efficiency components based on the IEDF, that is, ηV and ηvdf. This procedure was done
for all of the IEDFs at one of the noisier operating conditions (OOP, ṁc = 5 SCCM,
r = 70 mm). From this, I estimated the uncertainty on ηV at ±20% and the uncertainty
on ηvdf at ±4%.

Proper handling of asymmetric, systematic uncertainties requires knowledge of the
the probability distribution functions for the measurements. Unfortunately, for the
Faraday-probe-derived data, no such function is available. Therefore, to propagate
the errors through to ηprod the following procedure is used. The percentage uncer-
tainties resulting from the random errors associated with the ηV and ηvdf are added in
quadrature. The random error on ηVcg is negligible compared to these quantities and
is disregarded. Then, the systematic errors associated with ηI and ηθ are added lin-
early. For the positive and negative uncertainties of a quantity x given by U±(x), this is
expressed mathematically as

U±(ηprod)
ηprod

=

√(
U(ηV )

ηV

)2

+
(

U(ηvdf)
ηvdf

)2

±U±(ηI)
ηI

±U±(ηθ )
ηθ

. (8.16)

∗The 90% beam divergence angle is the angle to which, when integrating beam current from 0
degrees, will include 90% of the total beam current.
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(d) EOP, ṁc = 5 SCCM

 0

 0.2

 0.4

 0.6

 0.8

 1

40 60 80 100 120 140 160 180 200

E
ff

ic
ie

n
cy

Cathode r (mm)
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Figure 8.12: Efficiency component breakdown
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This method is guaranteed to not understate the propagated uncertainty and likely over-
states it. The results of the propagation are displayed in Figure 8.12.

8.5.3 Discussion
Inefficiency in voltage utilization and beam divergence are the most significant con-

tributions to the inefficiency of the thruster, across all cases. The voltage utilization is
seen to decrease slowly as the cathode is brought in from 200 mm, decrease more
rapidly starting at 120 mm to a minimum located near 60 mm and then increase as
the cathode is brought to 40 mm. The trends in velocity distribution efficiency follow
closely that of ηV . These trends could be explained by increased cathode propellent
ingestion as the cathode is brought closer. Ingested cathode neutrals are likely to be
ionized lower in the potential hill, before they drift back into the higher potential re-
gions inside the discharge chamber. The lower energies of the cathode ions mixed in
with the anode ions would result in both a lower ηV and a lower ηvdf. Additional evi-
dence for this interpretation can be found in that the depth and breadth of the decrease
in these efficiency components between 40 mm and 100 mm increases with increasing
ṁc, at least for the OOP data. If this interpretation is correct, it should be noted that the
decrease in this efficiency component is a little misleading. The addition of the impulse
of the low velocity ions to the thrust of the system is still an increase in thrust, and is
better than simply having the cathode neutrals expelled into space.

Furthermore, the decrease in ηV should be offset by an increase in ηI , as both Ib
increases by, at most, the same amount as Id .∗ Indeed this is seen in some of the
cases, particularly of the OOP data, but not in all. The current utilization efficiency for
the OOP exhibits a bump between 40 mm and 120 mm, with the maximum occurring
between 80 mm and 100 mm. The trends are less clear for the EOP data. The bump may
be explained in part by an increase in cathode propellent ingestion. However, it is too
large for this to be the only effect, particularly in the 2 SCCM OOP case. As discussed
in terms of discharge current in Section 8.3.2 the maximum increase in current (both
Ib and Id) possible is 0.14 A. At greater radial cathode positions the discharge currents
are approximately 3 A and ηI is approximately 0.7. If all of the cathode propellent
was ingested and ionized, this would result in an improvement in efficiency from 0.7 to
0.71, according to:

ηI,improved =
Ib,improved

Id,improved
=

ηIId + Iingested

Id + Iingested
. (8.17)

∗This assumes that every cathode neutral ingested and ionized is captured by the Faraday probe. If
that is true, then ηI must increase since, Ib+Iingested

Id+Iingested
> Ib

Id
, for Ib < Id .
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Even in the 10 SCCM case only about a 5% improvement is possible. Clearly another
process is at work both on ηI , ηV , and ηvdf. A possibility will be discussed in the
conclusion.

The beam divergence efficiency has nearly an opposite trend to that of ηV . It is
relatively flat beyond 120 mm and exhibiting a bump between 40 mm and 120 mm. One
also notes that ηVcg varies almost in lock-step with ηθ . This will be further explored in
Section 8.6 and in the conclusion.

All efficiency components except ηI are consistently higher for the EOP than for
the OOP. Furthermore, the trends that are similar between the EOP and the OOP seem
shallower and broader for the EOP. This suggests that the position of the separatrix may
be playing a roll in the efficiency. It is also possible, however, that this is merely an
effect of the differing magnetic fields used in the two experiments.

8.6 Plume Properties

8.6.1 Results
Figures 8.13 and 8.14 show sample results from the measurement of the plume

properties. These figures plot Te, ne, and Vf . Using these measurements and Equa-
tion 5.22, Vp was calculated and the results were plotted. All probe traces were reduced
using the Peterson and Talbot analysis, as discussed in Section 5.4. The modelled mag-
netic field lines and magnitude contours (in millitesla) are overlaid in solid and dashed
lines, respectively (see Chapter 6 for model details). A sketch of the thruster and the
cathode show the position of the plume data with respect to these objects. The units of
the r and z axes are millimeters. Note, also, that the electron density scale is logarith-
mic. The white points superimposed on the figures indicate the positions at which the
probe sampled the plume.∗ The cost score (Equation 5.29) was used to automatically
reject any trace which did not sufficiently match the probe theory. A value of 0.3 was
chosen as the maximum allowable cost after manually inspecting several traces and
their theoretical fits. Note that this rejection only applies to the values for Te, ne, and
Vp. The value of Vf is a single-point measurement and, therefore, independent of the
quality of the match between the measured probe trace and theory. The plasma property
contours were created by interpolating the accepted data points onto a 1 mm rectangu-
lar mesh using a natural neighbor interpolation.6 The full results for every operating
condition measured are presented in Appendix C.

Electrostatic probe data are notoriously inaccurate. It is likely that the largest contri-
bution to the error in these probe measurements comes from errors due to probe heating.
A detailed exploration of the probe heating effects in this experiment can be found in

∗The choice of white for these points is good for the majority of the area of each figure. However,
some points at the edges of the figures may be difficult or impossible to discern.
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Figure 8.13: Plasma properties on the thruster with the OOP with ṁc = 10 SCCM and the cathode
at r = 60 mm



8.6. PLUME PROPERTIES 123

T e
(e

V
)

n e
(×

10
17

m
−3

)
V

f
(V

)
V

p
(V

)

Figure 8.14: Plasma properties on the thruster with the OOP with ṁc = 10 SCCM and the cathode
at r = 120 mm
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Appendix B. An measure of the uncertainty can be made by examining the change in
the measured parameters for a probe in a stationary position in a hot, dense region of
the plume. The longest that the probe in the actual sweep pattern was exposed to dense,
hot plasma was approximately one minute. Double probe traces were taken with the
probe at r = 0 mm, z = 10 mm at one sweep per second for 60 seconds. The standard
deviations of the resulting analyses of Te and ne were 6% and 15% respectively. The
standard deviation in Vf was a negligible 1%. The standard deviation in Vp was 5%.
Propagation of the uncertainty on Te and Vf through Equation 5.11 provides another es-
timate of the uncertainty on Vp, and yields 6%. An additional systematic source of error
in the measurement of ne is in the measurement of the area of the probes. The diameter
of the probe is well established as it is manufactured to a tolerance of 2%. However,
the exposed length of the probe was measured by hand using calipers and was not more
accurate than 0.5 mm on length measuring 4 mm. This adds an additional error of about
12.7% arising from the uncertainty in probe area to the estimate of the uncertainty on
the density. Adding the uncertainties in quadrature, the uncertainties estimate on ne is
20%.

The reliability of the measurement is further complicated by the assumption of a
Maxwellian plasma in the Peterson and Talbot theory. If the plasma is not sufficiently
Maxwellian, (or if the data is simply too noisy) the measured probe traces will not be
well fit by the theory. This is quantified by the cost function, Equation 5.29, which
is plotted for all cases in Appendix C. A high cost fit will most strongly affect the
measurement of Te. For traces with costs near .1, which are in good agreement with the
theory, the 6% estimate on errors in Te holds. For higher cost estimates, closer to .3, the
uncertainty may rise as high as 30% with a correspondingly higher uncertainty on Vp.

8.6.2 Discussion
Several features of the plume properties common to most of the operating condi-

tions can be seen in the Figures 8.13 and 8.14. First one sees that Te, Vf , and Vp are
both lower everywhere, and particularly in the near-field, when the cathode is placed
at 60 mm as compared to when it is at 120 mm. Meanwhile the electron density re-
mains relatively constant, perhaps becoming slightly more divergent and less dense in
the 120 mm case. Figure 8.15 shows, for example, the monotonic increase in plasma
potential for every cathode position measured with the thruster operating with the EOP
and ṁc = 10 SCCM. Inspection of the plots in Appendix C reveals this same trend in
all cases, as well as the trends in the other parameters. In Figure 8.15, one notes the
particular increase in near-field potential between when the cathode is positioned es-
sentially on the separatrix at 80 mm and when it is outside the separatrix at 100 mm.
This will be further explored in Section 8.6.3.
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By comparing any of the plots of Figure 8.15 to the plasma potential plots in either
Figure 8.13 or Figure 8.14, one can see the plasma containment effect of the separatrix.
The hot, high potential plasma is trapped within the separatrix. Note that near z =
10 mm this higher potential plasma does not cross beyond |r| = 60 mm. Outside the
separatrix cooler, lower potential plasma prevails. Investigating the plasma potential
plots in Figure 8.15 one notes that it is still when the cathode is at the separatrix, now
located closer to |r|= 80 mm (for z = 10 mm), that the division between those cathode
positions with higher plume plasma potentials and those with lower potentials occurs.

In addition to the containment, the effect of the azimuthal drift arising from the Hall
current may also be visible. In Figure 8.14 one notes the high electron temperature and
high plasma potential just outside the orifice of the cathode and a corresponding re-
gion of low floating potential. On the opposite side of the figure, roughly in the region,
−200 mm < r < −100 mm and 0 < z < 30 mm, a similar elevation in TE and Vp and
depression in Vf can be seen. This effect can also be seen in most of the floating po-
tential plots of Figure 8.16 and, of course, in numerous plots in Appendix C. In fact,
there is also evidence of this reflection of the cathode plasma inside the separatrix when
the cathode is positioned in or near the separatrix. This can be seen in the depression
in Vf on both positive and negative r positions in Figure 8.16 when the cathode is at
r = 50 mm and r = 60 mm. The effect is even more striking in the numerous floating
potential maps in Appendix C where the cathode is positioned at r = 50 mm (see Fig-
ures C.1, C.5, C.11, C.17, C.22, and C.28). The most reasonable conclusion is that the
cathode plasma is “smeared out” around the periphery of the thruster, because of the
tendency of electrons to drift in the E×B direction. This smearing, however, is not
perfect and can be seen as an asymmetry in plasma parameters for cathode locations
greater than 100 mm. When the cathode is positioned in or near the separatrix, this
asymmetry is much less noticeable.

One of the most striking features of the plume plasma is the formation of a double
layer7, 8 between the cathode and the anode along magnetic field lines. This can be
seen in the trapping of the hot, high-potential plasma from the cathode, apparently
along magnetic field lines, as seen in Figure 8.14. Again, the floating potential shows
the effect most clearly, owing to the low uncertainties in the data. Figure 8.16 shows the
floating potential maps for each of the cathode positions when the thruster was operated
with ṁc = 10 SCCM and the OOP. As the cathode is moved in from its farthest point,
the sharp boundary between the cathode-region plasma and the anode-region plasma is
seen to push closer and closer to the separatrix, always falling along the magnetic field
lines. After crossing the separatrix, a depression in potential appears to be confined
on the field lines within the separatrix. The same behavior was seen, to one extent
or another, in most of the plume data. The floating potential shows this feature more
clearly because of the low uncertainty as compared to any of the remainder of the
plume properties. Further inspection of the full data in Appendix C suggests that the
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Figure 8.15: Plasma potential plots for the thruster operating with the EOP and ṁc = 10 SCCM.
The near-field plasma potential increases with cathode postion.
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Figure 8.15: (continued)
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floating potential decreases drastically because of an increased electron temperature
on the cathode side of the division, rather than a sudden drop in plasma potential.∗
None-the-less, the potential in the cathode region is lower than in the near-field plume,
and often bordered by a distinct region of plasma that is lower still in potential, as in
Figure 8.14. The existence of a double layer conforming to the magnetic field is a clear
indication that the external field of the thruster is important in the cathode coupling
process.

8.6.3 Average near-field plume properties
As a means of studying the trends in the variation of near-field plume plasma prop-

erties with cathode position, I have chosen to average the plasma properties in the
near-field region to create a scalar value that can be easily compared. This raises the
question, “What, exactly, is the near-field region?” Given the trapping effect of the
separatrix discussed in the previous section, and the relatively similar properties seen
inside the separatrix, I have chosen a hemi-ellipsoid centered on the origin and given
by ( r

63 mm

)2
+
( z

70 mm

)2
< 1, z > 0 (8.18)

which approximates the separatrix for the original outer pole. While it may be reason-
able to chose a similar region following the extended outer pole’s separatrix in order to
define the near-field plume of that configuration, I chose instead to use the same region
for the EOP data, thereby maintaining the same number of data points and spatial ex-
tent. This was done to improve comparisons between OOP and EOP data. To perform
the average, the data points were interpolated onto a 5 mm x 5 mm grid, which is the
size of the minimum grid spacing used for these data. The grid values at each grid
vertex were then weighted by their corresponding cylindrical volume element and the
total averages and standard deviations computed. For a given property x (Te, ne, etc.),
the average, x, is computed by

∗For two regions of plasma with the same Vp and ne, the one with a higher Te will exhibit a lower Vf ,
cf. Equation 5.11.
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zmax = 70 mm (8.19)

rmax(z) = 63 mm

√
1−
( z

70 mm

)2
(8.20)

D =
zmax∫
0

rmax∫
−rmax

r drdz (8.21)

x =
1
D

zmax∫
0

rmax∫
−rmax

xrdrdz, (8.22)

and the standard deviation σx is given by

〈x2〉= 1
D

zmax∫
0

rmax∫
−rmax

x2 r dr dz (8.23)

σx =
√
〈x2〉− x2. (8.24)

Figure 8.17 presents the average plasma potential, floating potential, electron tem-
perature, and electron density for the near-field region. The average provides a conve-
nient way to look at broad trends in the data. These trends can also be seen by looking
at the plume property maps in Appendix C. Figure 8.17a shows the data taken with the
original outer pole, while Figure 8.17b shows the data for the extended outer pole. The
dashed line shows the radial location of the separatrix at the cathode axial position of
30 mm. The error bars represent the standard deviation of the averaged points.

Studying Figure 8.17, one notices a general upward trend in both potentials and
electron temperature as the cathode is moved farther away from the thrust axis and as
ṁc is reduced. This change in potential and Vcg is reminiscent of the work on gridded
ion thruster performed by Ward and King9 (see Chapter 3). Similar changes in potential
have also been noted by Smirnov and Raitses while driving the cathode with “extra”
heater power.10 Electron density remains generally flat, perhaps decaying slightly. Note
that the plasma potential generally mirrors the cathode coupling potential—as Vcg de-
creases, Vp increases such that the potential difference between the two points increases
all the more. Interestingly, a different trend was seen by Hofer, when working with trim
coils. As discussed in Section 3.3.3, Hofer noted an increase in both floating potential
(presumably implying an increase in plasma potential) and Vcg rather than opposing
trends. Of course, in those experiments the cathode was not repositioned. Instead, the
magnetic field structure was varied, which may have affected the coupling in a different
way than was seen in the present experiments.

The increase in external plasma potential is to be expected if the magnetic field is
significantly impeding the progress of electrons from the cathode to the beam and an-
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Figure 8.16: Floating potential maps exhibit a double-layer between the cathode and beam plasmas
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Figure 8.16: Floating potential maps exhibit a double-layer between the cathode and beam plasmas
(continued)
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Figure 8.17: Average near-field plume properties as a function of cathode position. Error bars
represent standard deviations of the averaged quantities.
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ode. Placing the cathode at further radial distances induces a greater resistance, as the
electrons must traverse a greater distance across the magnetic field. The potential must
increase to compensate for the increased resistance. Most interestingly, the variation
of both plasma potential and the cathode coupling voltages with cathode position are
relatively flat inside the separatrix, excluding Vcg at 40 mm, at which point the cathode
physically blocked the exit channel. Only when the cathode is moved outside the sep-
aratrix does the near-field plasma potential increase and the cathode coupling voltage
decrease significantly. This suggests improved coupling when the cathode is within the
separatrix. Phenomenologically, this is reasonable, since electrons bound to magnetic
field lines outside the separatrix are directed further downstream and ultimately away
from the beam, while those on internal field lines are directed immediately to the beam.

The rate at which the potentials, both Vp and Vcg, change with cathode position as
the cathode is moved away from the separatrix increases with cathode mass flow rate.
This suggests that there is improved mobility due to collisions between electrons and
neutrals—that is, an increased classical mobility component—which is to be expected
at higher cathode flow rates. Again, this effect has been repeatedly noticed9, 11, 12, 13, 14

(see Section 3.3.2).
The increased near-field plume plasma potential has the effect of increasing ion

beam divergence. The correlation between the two can be seen in Figure 8.18, which
shows the average near-field plume plasma potential (as in Figure 8.17) overlaid with
the beam divergence efficiencies from Figure 8.12. Note that the efficiencies are plotted
on a reversed y-axis. The correlation between the two processes is due to the fact that
the electric field immediately external to the thruster is largely radial. The greater the
potential in the near field, the higher the diverging force on the ions. As an example,
Figure 8.19 shows the direction of the electric field calculated by taking the gradient of
the plasma potential for the 60 mm and 120 mm cathode positions using the OOP. One
notes the generally stronger radial components in the 120 mm case.

The increased external plasma potential may also explain the general trend of the
both voltage utilization and velocity distribution efficiencies increasing with increasing
cathode position beyond 60 mm. As the the near-field plume reaches higher potentials,
it is likely that the higher potential regions inside the channel are also pulled further
downstream. This gives ions created further downstream greater energy, thus increasing
ηV .∗ If the primary ionization region is not drawn down stream as far as the high
potential region, then there would be a corresponding decrease in population of the
slower moving ions. That would result in a decreased spread in velocity space, thereby
improving ηvdf. However, without internal measurements of the HET it is impossible
to confirm this speculation.

∗That is, by the time they reach the tank wall or the RPA used to measure ion energy, the ions have
more energy than those created in a lower potential region.
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Figure 8.18: Comparison of the average near-field plasma potential to the beam divergence effi-
ciency

8.7 Discussion
A considerable amount of data were collected in this experiment, and it is difficult

to get a complete picture from any individual measurement. To facilitate the synthesis
of all of the data, I have compiled a table of all of the scalar results for each operating
condition. It lists each operation point—that is, combination of outer pole type, cathode
mass flow, and cathode radial position—combined with the corresponding scalar mea-
surements and calculations, e.g. thrust, beam divergence, average near-field plasma po-
tential, efficiency components, total efficiency, etc. The table is found in Appendix E.
I then calculated the linear, Pearson product-moment correlation coefficient for each
combination of parameters.

For two variables, a and b sampled from a population with estimated variances of
s2

a and s2
b, the correlation coefficient is given by

r =
1

sasb

1
N−1

N

∑
i

(ai−a)
(
bi−b

)
. (8.25)

Here, a and b represent the estimated means. In these data, the sampled data a and b do
not necessarily have the same number of datapoints in them. For instance, performance



8.7. DISCUSSION 135

|E
|(V

/m
)

(a) r = 60 mm

|E
|(V

/m
)

(b) r = 120 mm

Figure 8.19: The electric field for ṁc = 10 SCCM with the cathode at 60 and 120 mm on the OOP
configuration. The magnitude of the field is plotted in a log scale on the color map. The arrows
show the direction of the field.

data was taken at 13 cathode positions, r, between 40 mm and 250 mm for each outer
pole and ṁc, while plume properties were measured at only 6 cathode positions for
each outer pole and ṁc. This problem is resolved as follows. If A is the set of operation
conditions for which variable a is available, and B is the set of operating conditions for
which B is available, and NA and NB are the number of items in A and B, respectively,
then
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a =
1

NA
∑

i in A
ai (8.26)

s2
a =

1
NA−1 ∑

i in A
(ai−a)2 (8.27)

b =
1

NB
∑

i in B
bi (8.28)

s2
b =

1
NB−1 ∑

i in B

(
bi−b

)2 (8.29)

C = A∩B (8.30)

r =
1

sasb

1
NC−1 ∑

i in C
(ai−a)

(
bi−b

)
. (8.31)

It should be noted that this formulation does not guarantee that r ≤ 1. It is possible for
it to be slightly greater in rare circumstances. However, this formulation maintains the
best estimates of the averages and variances of the independent datasets, only reducing
the data used in the calculation when absolutely necessary.

There are two caveats with the broad application of this method in this case. Most
importantly, the correlation coefficient represents the degree to which a linear relation-
ship exists between two variables. A strong non-linear relationship may exist without
there being any indication in r if, for instance, the data was sinusoidal. However, so long
as the relationship is monotonic, r will typically show some indication of the strength
of the correlation. Inspection of the correlation plot will reveal the quality and the na-
ture of the relationship. The second caveat is that correlation does not imply causation.
Unless we have reason to suspect there is a causal relationship between two variables,
we cannot draw strong conclusions from a correlation. However, causation does im-
ply correlation, though not necessarily a linear one. Therefore it is worth investigating
correlated variables for an underlying causal link.

Table 8.2 shows the correlation coefficients calculated according to Equation 8.31.
Each cell contains the correlation coefficient between the two variables found in the
corresponding row and column headers. For convenience, the variables are grouped
by related types. A few of the variables deserve some explanation, and it is provided
below the table. The cell backgrounds are colored according to the value of |r|, with
darker colors representing higher values. Thus, dark cells are highly correlated, while
light cells are not. Negative values of r simply indicate an inverse relationship between
the two variables, i.e. as a increases, b decreases.

The best way to approach the table is to look first at the column and row headers,
and understand how the table is laid out. Then, step back and look for cells that are
particularly dark or particularly light. Some of the correlation coefficients are expected.
For instance, there is a strong correlation between ηa and ηt which is expected as they
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differ only by a small factor (see Equation 2.22 and Equation 2.23). Looking at the
plume data, we see strong correlation between Vp and Te, ne, and Vf . This is expected,
as Vp is calculated from Te, ne, and Vf according to Equation 5.22. In fact, the only
two plume variables which are not strongly correlated are Te and ne, which are not
mathematically related, and any correlation between them would be due to physical
processes. It is good to see there is little correlation between the order in which data
were taken and any of the variables, suggesting that the experiment was immune to any
time-based drift errors.

There are a few correlations that we have already noted in a less rigorous manner.
First of all, we have noted in Section 8.5 that ηvdf and ηV vary together and discussed
the expected reasons. The correlation coefficient for these two is 0.907, and the cor-
relation plot is shown in Figure 8.20a. A strong correlation between ηθ and ηVcg was
also noted, and this is shown in Figure 8.20b. The correlation coefficient for this pair
is 0.655. Section 8.6 noted the correlation between Vp and ηθ and Vp and Vcg. There-
fore, the correlation between Vp and ηVcg is not surprising. The correlation values
for Vp with ηθ and ηVcg are -0.688 and -0.813 respectively. The corresponding dia-
grams are shown in Figures 8.20c and 8.20d, respectively. These correlations lead us to
suspect that there is a physical mechanism by which certain cathode positions cause an
increased potential difference between the cathode and the plume, and this results in in-
creased beam divergence, as suggested by Figure 8.19, and lower thruster performance.
This relationship will be further explored in the conclusion.
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Chapter 9

Extended Outer Pole Performance

9.1 Motivation and Design of Experiment
The original outer pole (OOP) and the extended outer pole (EOP) separatrix cross-

ing experiments were conducted with differing magnet currents causing differing mag-
netic field strengths. Therefore, direct comparison between the OOP and EOP runs of
the performance data is not strictly justified. Therefore the following test was designed.
The cathode was positioned at z = 30 mm, r = 70 mm, roughly halfway between the
separatrix on the OOP and that of the EOP at z = 30 mm (see Figure 8.2c for a compari-
son of the fields). In this position, the thruster was operated in the standard fashion with
the EOP mounted. As in the prior experiments, the thruster was operated at Vd = 250 V
and ṁ = 41 SCCM (the molar equivalent of 4 mg/s of xenon). As with the separatrix
crossing experiments, the propellent was krypton.

Once the thruster had reached steady-state operation, the magnet current was varied
over a range of values which included the optimal value of ∼1.3 A. The cathode mass
flow rate was also varied between the three values used in the prior experiment: 2, 5,
and 10 SCCM. The thrust, discharge current, cathode coupling voltage and efficiency,
along with the rest of the standard telemetry data were measured in the usual way (see
Section 4.3).

After this experiment was performed, the EOP was replaced with the OOP, which
required bringing the vacuum chamber up to atmosphere. After switching the outer
poles, the chamber was re-evacuated and the experiment repeated.

9.2 Results
Figure 9.1 shows the results of the experiment as a function of magnet current. The

first and second graphs from the top show total and anode efficiencies, respectively. The
third and fourth graphs show the measurements of thrust and discharge current from
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Figure 9.1: Direct comparison of thruster performance when running with the OOP and EOP at
identical operating conditions
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which the efficiencies are derived according to Equation 2.22 and Equation 2.23. The
bottom graph shows the cathode coupling voltages. Differing marker colors denote the
different cathode mass flow rates. Solid markers and lines denote data from the EOP,
while open markers and dashed lines denote data from the OOP. With the OOP, the
thruster would not operate stably at the 2 SCCM cathode flow rate, nor would it operate
at any Imag greater than 1.3 A when ṁc was 5 SCCM.

The errors are estimated as in Section 8.3.1, with the error on the thrust measure-
ments estimated at 2 mN. This yields errors in the efficiencies of about 2.5 percentage
points.

9.3 Discussion
It is obvious from Figure 9.1 that the EOP did indeed improve the efficiency of the

thruster. The figure shows that the efficiency with the EOP is five to ten percentage
points greater than the efficiency with the OOP. The anode efficiency, for instance,
increases from approximately 13% (on average) for the OOP to approximately 22%.
Furthermore, the change is consistently outside the range of the error bars, suggesting
that the change is more than the result of statistical happenstance.

The only change between the two experiments is the magnetic field topology. There-
fore, it is reasonable to attribute the improved performance of the EOP to the position
of the cathode in the magnetic field topology. This interpretation is further supported
by the fact that the cathode coupling voltages for the OOP data are ∼25 V lower than
with the EOP, corresponding to coupling efficiencies of ∼80% for the OOP rather than
>90% for the EOP. Clearly the coupling is improved.

One could argue that internal rather than external magnetic field changes are respon-
sible for the change in efficiency. As already mentioned, the simple process of placing
a bigger outer pole did not control for these changes. While this is certainly possible,
inspection of the internal field of the two designs, reveals small change in the internal
field topology, as shown in Figure 9.2. The dotted lines in parts (a) and (b) show the
line sections on the exit plane and channel center extracted for quantitative compari-
son. The large dots indicate 0 on the line-section axis, and the arrowheads indicate the
direction of positive increase. To compare the vector fields, the magnitudes along the
line sections of both fields are shown in the top plots of (c) and (d). The bottom plots
of (c) and (d) show the difference in field direction between the two configurations.
Along the exit plane and inside the channel both magnitude and angle agree well along
both cross sections except very close to the poles, where the angle difference is great.
Beyond the exit plane (zc > 0) the angle of the field differs more widely. In any case, a
more carefully designed EOP should strive for an optimized inner field structure while
modifying the external structure to move the separatrix further away.
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Figure 9.2: Comparison of the internal magnetic fields of the thruster with the original and ex-
tended outer pole.

A second argument is that the extended face may simply be directing more cathode
neutrals to the discharge region, thereby making better use of the cathode propellent.
This is indeed likely for more radially distant cathode positions. However, the choice
of 70 mm as the point at which to run these experiments nullifies this argument as the
cathode tip is nearly even with the outer edge of the outer pole with the OOP, a gap of
a mere 3 mm being present. Furthermore, if the thruster were ingesting more cathode
propellent with the EOP, this should be evident in an increase of discharge current in
the EOP plots compared to the OOP plots of Figure 8.3. If the EOP configuration was
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ingesting more propellent, we would expect higher discharge currents at r = 70 mm,
and, in fact, for every point 70 mm ≤ r ≤ 100 mm where the cathode was in front of
the face of the EOP but not the OOP. Instead, very similar discharge currents are seen
across this range. Finally, we can “correct” the anode efficiency by assuming that in the
case of the EOP all cathode neutrals were ingested and singly-ionized. To perform this
correction, we simply take the original equation for anode efficiency (Equation 2.22)
and increase the mass flow in the denominator appropriately

ηa,corrected =
T 2

2ṁaIdVd

ṁa

ṁa + ṁc
, (9.1)

which, of course, yields the same thing as the total efficiency, Equation 2.23. In Fig-
ure 9.1 we see that the total efficiency of the EOP thruster is higher than the anode
efficiency of the OOP, and therefore cathode propellent ingestion cannot be the source
of the improvement.∗

A final argument can be made that the thruster was not operating with its nominal
propellent (xenon) and therefore these results should not be generalized, particularly
given that our thruster ran unexpectedly poorly on krypton (see Section 8.1). Given the
magnitude of the change in efficiency and cathode coupling voltages seen here, how-
ever, it seems unlikely that changing to nominal conditions would nullify these results.
None-the-less, we would not necessarily expect to see the same 10-point improvement
for a well tuned, OOP-type thruster operating at around 50% efficiency. The magnitude
of the improvement in this case is presently unknown and is a topic for future research.

∗As an aside, it is worth pointing out that cathode propellent ingestion is probably good for the total
efficiency of the thruster, assuming that the ingestion does not negatively affect any of the ionization
processes occurring in the thruster. As long as the cathode propellent must be expelled, better to have
it be turned into thrust-generating fast ions than to have it hang around the thruster as slow neutrals, or
worse, back-flowing charge-exchange ions.
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Chapter 10

Conclusion

10.1 How Cathode Position Affects Efficiency
The goal of this research was to understand how cathode position affects cathode

coupling and thruster performance. Based on the data presented, several conclusions
can be drawn. First, several oft-observed phenomena have been confirmed. Cathode
position does affect thruster performance, cathode coupling, and near-field plume po-
tential, as can be seen in Figures 7.2, 8.3 and 8.17. Furthermore, an increased cathode
mass flow rate improves the cathode coupling voltage and the anode efficiency.∗

The relationship between cathode mass flow rate and thruster performance seen
here and in many other studies (see Chapter 3) provides a compelling, if incomplete,
argument that the external magnetic field plays an important role in the cathode cou-
pling. The increased neutral density that results from increased ṁc provides for in-
creased cross-B-field electron mobility via electron-neutral collisions. Simultaneously,
one also expects increased creation of free electrons from the cathode as more target
neutrals are introduced through the cathode.

However, the way in which cathode position affects performance is not simple.
The data presented in this work show a consistent trend. The thruster has a minimum
in performance with the cathode placed radially just outside of the outer pole. As the
separation between the cathode and the thrust-centerline is increased from this position,
efficiency improves slightly, while as the distance is decreased from this position, the
efficiency improves dramatically, at least up to where the cathode begins to physically
block the exit channel. Figure 8.3 provides good examples of this. Furthermore, as the
cathode is moved down stream, the efficiency improves significantly, as can be seen

∗The effect of cathode mass flow on total efficiency is less clear in this work, with the thruster
showing, on average, slightly improved total efficiency with increased ṁcfor the OOP in the separatrix
crossing experiment, while showing slightly decreased total efficiency with increased ṁcfor the EOP.
Again, see Figure 8.3.
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in Figure 7.2. In the only other study to perform measurements across a sufficient
range to make comparisons, a dissimilar behavior was noted.1 Of course, there are
several differences between the two experiments. Most noteably, Walker and Gallimore
performed measurements of a much larger displacement range with lower resolution
and studied a different thruster than the BPT-2000 used here.

The data presented in Figure 8.12 clearly show that cathode position affects all
components of efficiency. The correlation between beam divergence, cathode coupling
voltage, and plume voltage shown in Sections 8.6 and 8.7 presents a compelling case for
one mechanism whereby cathode position affects thruster performance. As the cathode
is moved to less favorable locations (e.g. at r = 100 mm, z = 30 mm on this thruster) the
system compensates for the higher electron impedance by increasing the potential in the
near-field and pushing the cathode down lower. This has the net effect of increasing the
potential difference that drives the electrons from the cathode to the beam. However,
the increased potential in the near-field of the plasma increases the divergence of the
beam. Therefore, the thruster experiences a two-fold decrease in efficiency due to the
mechanism. First, less energy is available to the ions for acceleration, that is, ηVcg
decreases. The second, stronger effect is that the accelerated ions are not as focused,
that is, ηθ decreases.

As was discussed in Section 8.5, the voltage utilization and velocity distribution
efficiencies actually decrease with decreasing radial cathode position, partially coun-
teracting the gains in divergence and cathode coupling efficiency. As was suggested
before, the decrease in ηV and ηvdf may be due, in part, to cathode propellent ingestion.
It was further explained that cathode propellent ingestion was insufficient to explain the
increase in current utilization seen. Combining the plume data into the analysis allows
for another possibility. As can been seen in the plume data of Section 8.6, there are
some cathode positions where the near-field plasma potential is higher and, therefore
more “drawn out” from inside the discharge chamber as shown in the sketch of Vp vs. z
in Figure 10.1. To state this more technically, the average gradient of Vp from the an-
ode to the exit plane is smaller. If the ionization region moves only slightly while the
plasma potential is drawn out (which seems likely given that the ionization region is
typically near where the magnetic field is strongest), then the region of strongest ion-
ization may no longer overlap a region of steep plasma potential. The result of this is
that the ions created in the ionization region will drift slowly, rather than being immedi-
ately expelled from the thruster. This provides a higher chance that they will recombine
(primarily through wall collisions) before finding their way to the steeper potential gra-
dient and, thus, exit the thruster as neutrals. This will result in a lower beam current
and, therefore, a lower ηI . However, those ions that are expelled will have, on average,
higher energy, that is, ηV will be greater. Furthermore, because the high potential re-
gion covers a larger portion of the ionization region, the overall spread of ion energies
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will be decreased as IEDF becomes more sharply peaked at high energies, that is ηvdf
will be greater.

10.2 How Cathode Position Affects Cathode Coupling
The changes in near-field plasma potential can be directly linked to most of the

changes in efficiency of the thruster. However, this leads to the question, “How does
changing cathode position cause a change in near-field plasma potential?” As was
shown in Chapter 6, the plasma in the region of the HET investigated here is mag-
netized, with Hall parameters greater than 20 and Larmor radii less than 5 mm (see
Figure 6.8). Therefore, we expect electron transport across the magnetic field lines to
be strongly impeded, requiring collisions with neutrals, or some other similar event∗ to
enable the electrons cross the field lines. Increasing the distance between the cathode
and the beam plasma creates a greater magnetic barrier for the electrons originating at
the cathode. For electrons to have sufficient energy to overcome this increased barrier
(thereby sustaining the plasma) the potential in the near-field plume must be increased,
the potential of the cathode decreased, or both.

Further evidence of this interpretation can be found in the creation of the double-
layer, as discussed in Section 8.6. For illustrative purposes, we assume that the only
mechanism by which the electrons cross the magnetic field is through collisions with
neutrals. Combining the magnetic field data from Section 6.3, the Hall parameter data
from Section 6.5.2 with the experimental Te, ne, and electric field data derived from
−∇Vp, we can create a view of the classically induced electron current densities within
the plasma according to Equations 2.19 and 2.18. Figures 10.2 and 10.3 show the
results of this analysis for the ṁc = 10 SCCM krypton experiments with the original
outer pole. The magnitude sub-figures show the log (base 10) of the magnitude of the
electron flux in electrons/s m2, while the angle sub-figure shows the angle relative to
the thrust axis at which this flux flows. This angle can also be seen in the arrow plots
overlaying the color maps. Note that the arrows do not provide magnitude information.

Figure 10.2 shows the presence of the double layer and its effect. This effect can
be seen in all of the OOP data† where the cathode position is greater than 60 mm.‡

When the cathode is positioned outside the separatrix, as is shown in Figure 10.2, a

∗Plasma fluctuations are often considered “collisional” events if they provide the necessary kick to
move an electron from one field line to the next.

†The EOP may also show the same phenomenon, however, it presents less clear of a picture. This is
likely due to the decreased magnetic field strength necessary to run the EOP plate, or due to the increased
instability of operation of the EOP resulting in poorer quality probe data.

‡Admittedly, the 120 mm case was chosen because it shows the clearest example of this phe-
nomenon.
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Figure 10.1: Effect of drawn out plasma potential on efficiency components
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Figure 10.2: Electron flux densities assuming classical mobility for the OOP with ṁc= 10 SCCM
and r = 120 mm

boundary forms along a magnetic field line. In this case the boundary is clearly seen
by the mobility direction plot, Figure 10.2b. The red areas outside the cathode actually
indicate electron current toward the cathode, while on the other side of the boundary
the current is toward the beam, as is expected.

For this analysis to make sense, we must realize that the potential map is not com-
plete. There must be a sharp drop to a region of lower potential near the cathode. In
fact, investigating the potential map in Figure C.15 we realize that this must be the
case, as the lowest plasma potential mapped is 0 V (relative to ground) and the cathode
is known to roughly 32 V below ground. A second caveat is that the electron mobility
model used here assumes an isotropic, Maxwellian electron energy distribution. If the
electrons enter any region with directed energy, then these figures cannot represent the
actual electron flux. None-the-less, the figures give an approximate indication of the
forces acting on electrons in the plasma.

With this in mind, it is obvious that for an electron to be transported from the cath-
ode to the ion beam it must first pass over the double-layer. (The double-layer is seen
most clearly in the the red–green boundary near the cathode in Figure 10.2b.) How-
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Figure 10.3: Electron flux densities assuming classical mobility for the OOP with ṁc = 10 SCCM
and r = 50 mm

ever, in cases where the cathode is already inside the separatrix, the double layer never
forms, as is exemplified by Figure 10.3. When the cathode is positioned inside the
separatrix, the magnetic field lines form a pathway which carry the electrons into the
beam, assisting rather than impeding the coupling.

10.3 The Separatrix
The preceding arguments show that the magnetic field can either impede or assist

the cathode coupling depending on the location of the cathode within the magnetic
field topology. By placing the cathode inside of the separatrix, the field is guaranteed
to assist the coupling. As discussed in Section 6.7, some thrusters may not exhibit a
separatrix or may exhibit it in a location such that it does not significantly affect that
cathode coupling. However, for those designs which exhibit a separatrix near the ion
beam, Chapter 8 presents a modified thruster design which allows for easier coupling
while still keeping the cathode out of the damaging ion beam. Chapter 9 shows that by
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changing only the contour of the external magnetic field so that the separatrix is moved
outside of the cathode location, the performance can be improved.

This conclusion also explains the improved performance associated with internally
mounted cathodes.2, 3 The internally mounted cathode is naturally inside the separa-
trix. Furthermore, the data from these studies report lower coupling voltage magnitude,
lower near-field plume plasma potential and lower beam divergence with the internally
mounted cathode. These data are consistent with the results of this work.

Perhaps most importantly, the establishment of the importance of the separatrix, as
shown in Chapter 8, and, in particular, Section 8.6.3, suggests that the consideration
of the separatrix should become a standard part of cathode placement criteria. Beyond
this, future Hall thruster designers should give consideration not only to the internal
field generated by their magnetic circuit, but also to the feasibility of placing the cathode
within the separatrix generated by their magnetic circuit.

10.4 Future Work
This dissertation adds to the understanding of cathode coupling processes in Hall-

effect thrusters and of the importance of the external magnetic field. However, there are
still several aspects of this work that need further verification or more research. First
and foremost, these experiments were conducted with one thruster, one cathode, and
only two, very similar magnetic field topologies. While I expect that the work can be
generalized to any Hall thruster, further work is necessary for confirmation.

Second, most of this research was performed using the non-optimal propellent kryp-
ton. Furthermore, the performance on krypton was worse than expected for reasons
which are not understood. While the efficiency improvements seen when switching
from the original outer pole to the extended outer pole are still expected with xenon,
the magnitude of the improvement is unknown. Also, in most of the experiments the
magnetic field was held constant in order to maintain a constant field across each trial.
It was important to do this in order to minimize the number of variable parameters in
these experiments. However, it also means that the thruster may have been at non-
optimal magnetic fields for many of the experiments. The experiment in Chapter 9
mitigated this problem, but no probe data were taken. Therefore, a similar study to that
of Chapter 8 using xenon as a propellent and with the magnetic field adjusted to the
optimal value at each position would be beneficial.

Third, the effect of the cathode neutral flow field, and, in particular, cathode angle
has not been studied in detail in this work. Given the strong correlation between neutral
flow rates and cathode coupling voltage, along with the importance of magnetic fields,
a more detailed study of the effect of the cathode plume is warranted.

Finally, the design of the extended outer pole in these experiments was crude. A
careful design of the EOP needs to carefully consider the effect of the pole on both the
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inner and the outer field topologies. Furthermore, there may be alternate techniques of
achieving the same goal, namely, of having the cathode inside the separatrix but outside
the ion beam. Certainly the oft-studied center-mounted cathode is one such technique
applicable to large HETs. For smaller HETs, other magnetic field topologies may be
created that would perform the same function. In addition to modified outer poles,
there are other ways of modifying the external magnetic field to improve the cathode
coupling. For instance, it may also be beneficial to add auxiliary magnetic coils to the
cathode in order to modify the local field. Creative engineering applied to this problem
will no doubt find more elegant solutions than the EOP used here.

10.5 Epilogue
Hall-effect thrusters are one of the simpler classes of electric propulsion devices.

They have been under development for over 60 years. Even so, there are still several
aspects of the device that are still not well understood. Cathode coupling, which is ef-
fectively the study of the interaction of two plasmas in the presence of a magnetic field,
is one of these areas. It is my hope that the data and conclusions provided in this work
will be of use to future researchers and developers. It is likely that improvements such
as a well-designed EOP will lead to only modest gains in efficiency. However, even
modest gains may make previously impossible missions possible. More importantly, it
is only through the understanding that comes from the study of the basic phenomena
such as this coupling process that breakthrough improvements can be made.
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Appendix A

Code Listings

This appendix shows the code listings for select algorithms used in this disserta-
tion. These algorithms are implemented in either C or Python. Those algorithms im-
plemented in Python typically require the NumPy and SciPy packages, as noted by the
import statements at the top of these files. The code comments conforms to Doxygen
syntax, and HTML documentation can be generated from them.

A.1 Langmuir Probe Processing Algorithm
This section contains the code listing for the double Langmuir probe processing

algorithm as described in Section 5.4. The Langmuir probe processing algorithm is di-
vided into two files. The first, peterson.py, provides the forward algorithm, utilizing the
analysis of Peterson and Talbot.1 Given the plasma parameters such as Te and ne, and
probe dimensions, it calculates the expected probe trace. The main implementation of
this for double probes is in the PetersonTalbotDouble class. The second file, lang-
muir.py, performs the reverse algorithm. Given experimental probe traces and probe
dimensions, it finds the plasma parameters. Details are given in the DoubleGndProbe

class.

A.1.1 peterson.py

# ! / u s r / b i n / py thon
from numpy import s q r t , exp , log , pi , i n f , a r r a y , f abs , maximum , \

empty , f l o a t 6 4 , i s n a n , s e l e c t , i n v e r t
from s c i p y . i n t e r p o l a t e import U n i v a r i a t e S p l i n e
from s c i p y . sandbox import c o n s t a n t s a s k
from s c i p y . o p t i m i z e import f s o l v e

def c h i f n ( ch i , t1 , a lpha , b e t a ) :
re turn t 1 + a l p h a ∗ l o g ( be t a−c h i )− c h i
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def p s i f n ( ps i1 , p s i , a lpha , be t a , c h i f ) :
re turn p s i 1 + l o g ( ( 1 + p s i 1 / ( be t a−c h i f ) )∗∗ a l p h a + \

( 1 + ( ps i1−p s i ) / ( be t a−c h i f ) )∗∗ a l p h a )− l o g (1+ exp ( p s i ) )

def d p s i f n ( ps i1 , p s i , a lpha , be t a , c h i f ) :
q1=1+ p s i 1 / ( be t a−c h i f )
q2 =1+( ps i1−p s i ) / ( be t a−c h i f )
re turn 1+ a l p h a / ( be t a−c h i f )∗ ( q1 ∗∗ ( a lpha −1)+q2 ∗∗ ( a lpha −1 ) ) / \

( q1∗∗ a l p h a +q2∗∗ a l p h a )

## Base c l a s s f o r P e t e r s o n and T a l b o t p robe a n a l y s i s
##
## Th i s i s t h e base c l a s s f o r p e r f o r m i n g P e t e r s o n and T a l b o t a n a l y s e s on
## s i n g l e and d ou b l e p robe t r a c e s . I t i s based on
## ( p e t e r s o n . 1 6 8 ) .
c l a s s P e t e r s o n T a l b o t B a s e :

## I n i t i a l i z e s t h e c l a s s
##
## @param Te The e l e c t r o n t e m p e r a t u r e ( eV )
## @param ne The e l e c t r o n d e n s i t y (m^−3)
## @param Ti The i o n t e m p e r a t u r e ( eV )
## @param mi The i o n mass ( amu )
## @param L The probe l e n g t h (m)
## @param D The probe d i a m e t e r (m)
def _ _ i n i t _ _ ( s e l f , Te , ne , Ti , mi , L , D ) :

s e l f . Te=Te
s e l f . ne=ne
s e l f . Ti=Ti
s e l f . mi=mi∗k . a tomic_mass
s e l f . rp =D/ 2
s e l f . L=L
s e l f .A=D∗ p i ∗L + s e l f . rp ∗∗2∗ p i
s e l f . debye = s e l f . _debye ( )
s e l f . a l p h a = s e l f . _ a l p h a ( )
s e l f . b e t a = s e l f . _ b e t a ( )
s e l f . c h i f = s e l f . _ c h i f ( )
s e l f . Vf= s e l f . _Vf ( )
s e l f . I s a t = s e l f . _ I s a t ( )

## C a l c u l a t e s t h e debye l e n g t h . C a l l e d by _ _ i n i t _ _
def _debye ( s e l f ) :

re turn s q r t ( k . e p s i l o n _ 0 ∗ s e l f . Te / ( s e l f . ne∗k . e ) )

## C a l c u l a t e s t h e a l p h a . C a l l e d by _ _ i n i t _ _
def _ a l p h a ( s e l f ) :

r e s u l t ={}
i =True
f o r f in ( { ’ a ’ : 2 . 9 , ’ b ’ : 2 . 3 , ’ c ’ : 0 . 0 7 , ’ d ’ :−0 .34 , ’m’ : 0 . 7 5 } , \

{ ’ a ’ : 2 . 9 , ’ b ’ : 2 . 3 , ’ c ’ : 0 . 1 1 , ’ d ’ :−0 .38 , ’m’ : 0 . 6 5 } ) :
r e t v a l = f [ ’ a ’ ] / ( l o g ( s e l f . r p / s e l f . debye )+ f [ ’ b ’ ] ) + \

f [ ’ c ’ ]∗ ( s e l f . Ti / s e l f . Te )∗∗ f [ ’m’ ]+ f [ ’ d ’ ]
i f ( r e t v a l < 0 . 0 ) :

r e t v a l =0 .0
i f ( r e t v a l > 0 . 5 ) :

r e t v a l =0 .5
r e s u l t [ i ]= r e t v a l
i = F a l s e

re turn r e s u l t
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## C a l c u l a t e s t h e b e t a . C a l l e d by _ _ i n i t _ _
def _ b e t a ( s e l f ) :

r e s u l t ={}
i =True
f o r f in ( { ’ e ’ : 1 . 5 , ’ f ’ : 0 . 8 5 , ’ g ’ : 0 . 1 3 5 , ’ l ’ : 0 . 0 } , \

{ ’ e ’ :−2 .8 , ’ f ’ : 5 . 1 , ’ g ’ : 0 . 1 3 5 , ’ l ’ : 2 . 8 } ) :
i f ( s e l f . a l p h a [ i ] > = 0 . 5 ) :

r e t v a l =1 .0 #OML Case
e l s e :

l l d r p = l o g ( s e l f . r p / s e l f . debye )
r e t v a l = f [ ’ e ’ ] + ( f [ ’ f ’ ]+ f [ ’ g ’ ]∗ ( l l d r p ∗∗3) − f [ ’ l ’ ] / l l d r p )∗ \

( s e l f . Ti / s e l f . Te ) + f [ ’ l ’ ] / l l d r p
r e s u l t [ i ]= r e t v a l
i = F a l s e

re turn r e s u l t

## C a l c u l a t e s t h e c h i f . C a l l e d by _ _ i n i t _ _
##
## The non−d i m e n s i o n a l f l o a t i n g p o t e n t i a l w. r . t . p lasma p o t e n t i a l i s g i v e n
## i m p l i c i t l y by
## @f[ \ c h i _ f = \ f r a c { 1}{2 } \ l n \ l e f t ( \ f r a c {m_e}{ m_i } \ r i g h t ) +
## \ a l p h a \ l n \ l e f t ( \ b e t a − \ c h i _ f \ r i g h t ) @f]
def _ c h i f ( s e l f ) :

r e t v a l = f s o l v e ( c h i f n , −1.0 , ( 0 . 5∗ l o g ( k . m_e / s e l f . mi ) , \
s e l f . a l p h a [ True ] , s e l f . b e t a [ True ] ) )

a s s e r t ( not i s n a n ( r e t v a l ) )
re turn r e t v a l

## C a l c u l a t e s t h e Vf (w. r . t . Vp ) . C a l l e d by _ _ i n i t _ _
def _Vf ( s e l f ) :

re turn s e l f . c h i f ∗ s e l f . Te

## C a l c u l a t e s t h e i o n s a t u r a t i o n c u r r e n t . C a l l e d by _ _ i n i t _ _
def _ I s a t ( s e l f ) :

re turn s e l f .A∗k . e∗ s e l f . ne∗ s q r t ( s e l f . Te∗k . e / ( 2∗ p i ∗ s e l f . mi ) )

## Implements t h e P e t e r s o n and T a l b o t t h e o r y f o r s i n g l e Langmuir p r o b e s
##
## Th i s i s a work i n p r o g r e s s and p r o b e b a l y doesn ’ t work r i g h t .
c l a s s P e t e r s o n T a l b o t S i n g l e ( P e t e r s o n T a l b o t B a s e ) :

## I n i t i a l i z e s t h e c l a s s
##
## @param Te The e l e c t r o n t e m p e r a t u r e ( eV )
## @param ne The e l e c t r o n d e n s i t y (m^−3)
## @param Ti The i o n t e m p e r a t u r e ( eV )
## @param mi The i o n mass ( amu )
## @param L The probe l e n g t h (m)
## @param D The probe d i a m e t e r (m)
def _ _ i n i t _ _ ( s e l f , Te , ne , Ti , mi , L , D ) :

P e t e r s o n T a l b o t B a s e . _ _ i n i t _ _ ( s e l f , Te , ne , Ti , mi , L , D)

## R e t u r n s t h e n o r m a l i z e d c u r r e n t w i th f o r a g i v e n n o r m a l i z e d v o l t a g e
##
## Th i s i s done w. r . t . f l o a t i n g p o t e n t i a l r a t h e r t h a n plasma p o t e n t i a l
## b e c a u s e i t ’ s ea sy t o f i n d t h e former , and we ’ r e
## u s u a l l y t r y i n g t o d e t e r m i n e t h e l a t t e r . The n o r m a l i z e d c u r r e n t i s
## d e f i n e d as @f$ j = J / J_0 @f$ where @f$ J_0 @f@ i s t h e
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## s a t u r a t i o n c u r r e n t o f t h e a t t r a c t e d s p e c i e s .
def j ( s e l f , c h i ) :

# c h i += s e l f . c h i f
a= s e l e c t ( [ ch i <=0 . , ch i > 0 . ] , [ s e l f . a l p h a [ True ] , s e l f . a l p h a [ F a l s e ] ] )
b= s e l e c t ( [ ch i <=0 . , ch i > 0 . ] , [ s e l f . b e t a [ True ] , s e l f . b e t a [ F a l s e ] ] )
s i g n = s e l e c t ( [ ch i <=0 . , ch i > = 0 . ] , [−1. , 1 . ] )
j = s i g n ∗ ( b + f a b s ( c h i ) )∗∗ a
re turn j

## R e t u r n s t h e c u r r e n t w i th f o r a g i v e n v o l t a g e w. r . t . f l o a t i n g p o t e n t i a l
##
## Th i s i s done w. r . t . f l o a t i n g p o t e n t i a l r a t h e r t h a n plasma p o t e n t i a l
## b e c a u s e i t ’ s ea sy t o f i n d t h e former , and we ’ r e
## u s u a l l y t r y i n g t o d e t e r m i n e t h e l a t t e r .
def I ( s e l f , V ) :

re turn s e l f . I s a t ∗ s e l f . j ( (V+ s e l f . Vf ) / s e l f . Te )

## P e t e r s o n and T a l b o t a n a l y s i s o f dou b l e p robe t r a c e s
##
## Ex tends P e t e r s o n T a l b o t B a s e t o h a n d l e do ub l e p robe t r a c e s
##
##
## To r e t u r n an I−V t r a c e f o r s p e c i f i c c o n d i t i o n s p a s s e d t o t h e c l a s s
## i n i t i a l i z e r :
## @code
## V=numpy . a r a n g e (−40 , 40 , 1 , d t y p e =numpy . f l o a t 6 4 )
## i n s t = P e t e r s o n T a l b o t D o u b l e ( . . . )
## I = i n s t . I (V)
## @endcode
c l a s s P e t e r s o n T a l b o t D o u b l e ( P e t e r s o n T a l b o t B a s e ) :

## I n i t i a l i z e s t h e c l a s s
##
## @param Te The e l e c t r o n t e m p e r a t u r e ( eV )
## @param ne The e l e c t r o n d e n s i t y (m^−3)
## @param Ti The i o n t e m p e r a t u r e ( eV )
## @param mi The i o n mass ( amu )
## @param L The probe l e n g t h (m)
## @param D The probe d i a m e t e r (m)
def _ _ i n i t _ _ ( s e l f , Te , ne , Ti , mi , L , D ) :

P e t e r s o n T a l b o t B a s e . _ _ i n i t _ _ ( s e l f , Te , ne , Ti , mi , L , D)
s e l f . A2A1=1 .

## C a l c u l a t e s t h e non−d i m e n s i o n a l 1 p robe p o t e n t i a l w. r . t . f l o a t i n g p o t e n t i a l
##
## The p o t e n t i a l o f t h e lower p robe w. r . t . f l o a t i n g p o t e n t i a l i s g i v e n
## i m p l i c i t l y by
## @f[ \ p s i _ 1 ( \ p s i ) = −\ l n \ l e f t [ \ l e f t (1+
## \ f r a c { \ p s i _ 1 } { \ b e t a − \ c h i _ f } \ r i g h t ) ^ \ a l p h a + \ f r a c {A_2}{A_1 } \ l e f t (1 +
## \ f r a c { \ p s i _ 1 } { \ b e t a − \ c h i _ f } − \ f r a c { \ p s i } { \ b e t a −
## \ c h i _ f } \ r i g h t ) ^ \ a l p h a \ r i g h t ] + \ l n \ l e f t [1 + \ f r a c {A_2}{A_1}
## \ exp ( \ p s i ) \ r i g h t ] @f]
## where @f$ \ psi@f$ i s t h e non−d i m e n s i o n l a p p l i e d p o t e n t i a l
##
## @param p s i Ve c t o r o f non−d i m e n s i o n a l a p p l i e d p o t e n t i a l s
## @re tu rns Ve c t o r o f non−d i m e n s i o n a l p robe 1 p o t e n t i a l s
def p s i 1 ( s e l f , p s i ) :

i f ( p s i . d t y p e != f l o a t 6 4 ) :
p s i = p s i . a s t y p e ( f l o a t 6 4 )
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i =0
l a s t e r r = a r r a y ( l e n ( p s i )∗ [ i n f ] , d t y p e = f l o a t 6 4 )
b l a s t e r r =( l a s t e r r > 0 . 0 0 1 )
l a s t r e t v a l = a r r a y ( l e n ( p s i ) ∗ [ 1 . 0 ] , d t y p e = f l o a t 6 4 )
r e t v a l =empty ( l e n ( p s i ) , d t y p e = f l o a t 6 4 )
c h i = s e l f . c h i f
b= s e l f . b e t a [ True ]
a= s e l f . a l p h a [ True ]
whi le ( i <1000 and b l a s t e r r . any ( ) ) :

l o g a r g =maximum(1+ l a s t r e t v a l [ b l a s t e r r ] / ( b−c h i ) , 0 . 0 )∗∗ a + \
s e l f . A2A1∗maximum ( 1 + ( l a s t r e t v a l [ b l a s t e r r ]− \
p s i [ b l a s t e r r ] ) / ( b−c h i ) , 0 . 0 )∗∗ a

i f ( ( l o g a r g < = 0 . 0 ) . any ( ) ) :
p r i n t ’ Nans wi th Te=%g , ne=%g ’%( s e l f . Te , s e l f . ne )

r e t v a l [ b l a s t e r r ]=− l o g ( l o g a r g )+ l o g (1+ s e l f . A2A1∗exp ( p s i [ b l a s t e r r ] ) )
a s s e r t ( not i s n a n ( r e t v a l ) . any ( ) )
l a s t e r r [ b l a s t e r r ]= f a b s ( r e t v a l [ b l a s t e r r ] / l a s t r e t v a l [ b l a s t e r r ] − 1)
b l a s t e r r =( l a s t e r r > 0 . 0 0 1 )
l a s t r e t v a l [ b l a s t e r r ]= r e t v a l [ b l a s t e r r ]
i +=1

re turn r e t v a l
# r e t v a l =empty ( l e n ( p s i ) )
# i =0
# a= s e l f . a l p h a ( )
# b= s e l f . b e t a ( )
# c= s e l f . c h i f ( )
# f o r p s i _ i i n p s i :
# g u e s s =max ( c−b , c−b+ p s i _ i )
# g u e s s +=0.5∗ f a b s ( g u e s s )
# ( r e t v a l [ i ] , i n f o d i c t , i e r , mesg )= \
# f s o l v e ( p s i f n , guess , ( p s i _ i , a , b , c ) , \
# f p r i m e = d p s i f n , f u l l _ o u t p u t =1)
# i f ( i e r = = 5 ) : # Th i s u s u a l l y means t h a t t h e r e i s no r o o t f o r p s i f n
# r e t v a l [ i ]= l o g (1+ exp ( p s i _ i ) )
# e l i f ( i e r != 1 ) : # Some o t h e r e r r o r
# r e t v a l [ i ]= nan
# a s s e r t ( True )
# i +=1
# r e t u r n r e t v a l

## C a l c u l a t e s t h e non−d i m e n s i o n a l p robe 2 p o t e n t i a l w. r . t . f l o a t i n g p o t e n t i a l
##
## The p o t e n t i a l o f t h e h i g h e r p robe w. r . t . f l o a t i n g p o t e n t i a l i s g i v e n by
## @f[ \ p s i _ 2 = \ p s i −\ p s i _ 1 @f]
## @param p s i Ve c t o r o f non−d i m e n s i o n a l a p p l i e d p o t e n t i a l s
## @re tu rns Ve c t o r o f non−d i m e n s i o n a l p robe 2 p o t e n t i a l s
def p s i 2 ( s e l f , p s i ) :

re turn p s i−s e l f . p s i 1 ( p s i )

## C a l c u l a t e s t h e p robe 1 p o t e n t i a l w. r . t . f l o a t i n g p o t e n t i a l
##
## @f[ V_1 ( V_d ) = \ p s i _ 1 \ l e f t ( \ f r a c { e V_d}{ k T_e } \ r i g h t ) \ f r a c {k T_e }{ e } @f]
## See p s i 1
## @param Vd Ve c t o r o f p o t e n t i a l s a p p l i e d between t h e p r o b e s i n v o l t s
## @re tu rns Ve c t o r o f t h e p robe 1 p o t e n t i a l s
def V1 ( s e l f , Vd ) :

re turn s e l f . p s i 1 ( Vd / s e l f . Te )∗ s e l f . Te
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## C a l c u l a t e s t h e p robe 2 p o t e n t i a l w. r . t . f l o a t i n g p o t e n t i a l
##
## @f[ V_2 ( V_d ) = \ p s i _ 2 \ l e f t ( \ f r a c { e V_d}{ k T_e } \ r i g h t ) \ f r a c {k T_e }{ e } @f]
## See p s i 2
## @param Vd Ve c t o r o f p o t e n t i a l s a p p l i e d between t h e p r o b e s i n v o l t s
## @re tu rns Ve c t o r o f t h e p robe 2 p o t e n t i a l s
def V2 ( s e l f , Vd ) :

re turn s e l f . p s i 2 ( Vd / s e l f . Te )∗ s e l f . Te

## C a l c u l a t e s t h e c u r r e n t t h r o u g h t t h e p robe c i r c u i t ( t h e I−V c u r v e )
##
## Given
## @f[ I_1 = I_ \ t e x t { s a t , 1 } ( \ b e t a − \ c h i _ f + \ p s i _ 1 ) ^ \ a l p h a @f]
## @f[ I_2 = I_ \ t e x t { s a t , 2 } ( \ b e t a − \ c h i _ f − \ p s i _ 2 ) ^ \ a l p h a @f]
## t h e probe c u r r e n t i s g i v e n by
## @f[
## I ( \ p s i ) = \ f r a c { I_1 \ l e f t ( A_2 / A_1 \ r i g h t ) \ exp \ l e f t ( \ p s i / 2 \ r i g h t ) − I_2
## \ exp \ l e f t (−\ p s i / 2 \ r i g h t ) } { \ exp \ l e f t ( \ p s i / 2 \ r i g h t ) +
## \ l e f t ( A_2 / A_1 \ r i g h t ) \ exp \ l e f t (−\ p s i / 2 \ r i g h t ) ) } . @f]
## @param Vd Ve c t o r o f p o t e n t i a l s a p p l i e d between t h e p r o b e s i n v o l t s
## @re tu rns Ve c t o r o f t h e p robe c u r r e n t s , I f o r each Vd e l e m e n t
def I ( s e l f , Vd ) :

p s i =Vd / s e l f . Te
b= s e l f . b e t a [ True ]
c h i = s e l f . c h i f
a= s e l f . a l p h a [ True ]
p1= s e l f . p s i 1 ( p s i )
p2= p s i−p1
j 1 =( b − c h i + p1 )∗∗ a
j 2 =( b − c h i − p2 )∗∗ a
p s i _ 2 = p s i / 2
exp1_2=exp ( p s i _ 2 )
exp_1_2=exp(− p s i _ 2 )
re turn s e l f . I s a t ∗ ( j 1 ∗ s e l f . A2A1∗exp1_2 − j 2 ∗exp_1_2 ) / \

( exp1_2 + s e l f . A2A1∗exp_1_2 )

## C l a s s t o make i n i t i a l g u e s s e s a t Te . Not f i n i s h e d .
c l a s s GuessTe :

def _ _ i n i t _ _ ( s e l f , V, I , s d I ) :
s e l f .V=V
s e l f . I = I
s e l f . s d I = s d I

def _ _ c a l l _ _ ( s e l f , f a c t o r = 2 . ) :
s I = U n i v a r i a t e S p l i n e ( s e l f . V, s e l f . I , 1 . / s e l f . s d I )
d 2 s I = s I ( s e l f .V)
imax= d 2 s I . argmax ( )
imin = d 2 s I . a rgmin ( )
s o r t ( d 2 s I )
## @todo F i n i s h
re turn None

## Main f u n c t i o n f o r t e s t i n g o f a l g o r i t h m s
def main ( ) :

from p y l a b import ∗
Te =3.90463
ne =3.19564 e +15
# ne =3 e16
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Ti = 7 7 3 . / 1 1 6 0 0 .
mi =131.29
L=0.004
D=.001∗ k . i n c h

i =1
f o r ne in [1 e18 ] :

# ne =10.∗∗ ne
f o r Te in [ 5 ] :

f o r mi in [ 8 3 . 8 ] :
do ub l e = F a l s e
i f ( do ub l e ) :

b= P e t e r s o n T a l b o t D o u b l e ( Te , ne , Ti , mi , L , D)
e l s e :

b= P e t e r s o n T a l b o t S i n g l e ( Te , ne , Ti , mi , L , D)
Vp=−b . Vf
t = ’ Te=%f , ne=%g , Vp=%f , rp / l d=%f , a l p h a=%f , b e t a=%f ’%\

( Te , ne , Vp , b . rp / b . debye , b . a l p h a [ True ] , b . b e t a [ True ] )
p r i n t t

V= a r a n g e (−20. , 6 0 . , 1 . )
i f ( do ub l e ) :

V2=b . V2 (V)

ax1= s u b p l o t ( 1 , 1 , i )
I =b . I (V+Vp )
p l o t (V, I , ’ . ’ )
p l o t ( [ Vp , Vp ] , [ min ( I ) , max ( I ) ] )
x l a b e l ( ’Vp w. r . t . Vf (V) ’ )
y l a b e l ( ’ Probe C u r r e n t (A) ’ )
# y l im ((−8 e−4, 8e−4))
l o c s , l a b e l s = y t i c k s ( )
l a b e l s = [ ]
f o r y in l o c s :

l a b e l s . append ( ’ %.2 e ’%y )
y t i c k s ( l o c s , l a b e l s )
i f ( do ub l e ) :

ax2= twinx ( )
p l o t (V, V2 )
y l a b e l ( ’ Probe V o l t a g e (V) ’ )
ax2 . y a x i s . t i c k _ r i g h t ( )

t i t l e ( t )
i +=1

show ( )

i f __name__ == ’ __main__ ’ :
main ( )

A.1.2 langmuir.py
# ! / u s r / b i n / py thon

import s y s
s y s . p a t h . append ( ’ / home / jdsommer / R e s e a r c h / c a t h o d e / exp1 / S o f t w a r e / ’ )
from s c i p y . i n t e r p o l a t e import i n t e r p 1 d
from s c i p y . o p t i m i z e import ∗
import s c i p y . sandbox . c o n s t a n t s a s k
from s c i p y import p o l y f i t
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from numpy import a r r a y , mean , tanh , cosh , pi , s q r t , f abs , sum , empty , \
exp , append , f l o a t 6 4 , i n s e r t , i n f , i s i n f , p i , exp , z e r o s , \
t i l e , i n v e r t , nan , i s n a n , s_ , var , max , log , log10 , a r c t a n

import p e t e r s o n
import t r a c e b a c k
import db ldb
import d a t e t i m e

## D i c t i o n a r y o f cached P e t e r s o n and T a l b o t t r a c e s
gTraceCache ={}

# These r a n g e f u n c t i o n s a r e used f o r bounded o p t i m i z a t i o n s , which a r e n o t
# c u r r e n t l y b e i n g used .
def T e r a n g e f n ( a , b ) :

r e t v a l =1
i f ( a <0 .2 or a > 1 5 ) :

r e t v a l =−1
re turn r e t v a l

def n e r a n g e f n ( a , b ) :
r e t v a l =1
i f ( a <14 or a > 1 9 ) :

r e t v a l =−1
re turn r e t v a l

def r a n g e f n ( a , b , cache ) :
r e t v a l =1
i f ( a [ 0 ] < 0 . 5 or a [ 0 ] > 1 5 ) :

r e t v a l =−1
i f ( a [1] <14 or a [ 1 ] > 1 9 ) :

r e t v a l =−1
re turn r e t v a l

## The P e t e r s o n and T a l b o t c o s t f u n c t i o n
##
## Th i s f u n c t i o n i s c a l l e d by t h e m i n i m i z a t i o n r o u t i n e s ( fmin and f r i e n d s )
## t o match d a t a t o a t h e o r e t i c a l c u r v e .
##
## @param a A python s e t o r l i s t w i th t h e v a l u e s t o be f i t : a [ 0 ] = Te , a [ 1 ] =
## log10 ( ne )
## @param b The DoubleGndProbe c l a s s i s n t a n c e t h a t invoked t h i s c a l l
## @param cache Bool : I f t r u e c a c h e s t h e r e s u l t o f t h e s e p a r a m e t e r s f o r f u t u r e
## speed−up .
## @re tu rns The c o s t
##
## I f @f$ i @f$ a r e t h e measured d a t a p o i n t s , and @f$ j @f$ a r e t h e d a t a p o i n t s
## used f o r s l o p e match ing ( t h e s lopeMask p o i n t s ) , @f$ V_2 @f$ and @f$ I_2 @f$
## a r e t h e t h e o r e t i c a l c u r v e s f o r t h e p o t e n t i a l o f p robe 2 and t h e c u r r e n t
## t h r o u g h t h e c i r c u i t , and , @f$ V_{2 , i } @f$ and @f$ I _ i @f$ a r e t h e measured
## v a l u e s , t h e n t h e c o s t i s g i v e n by
## @f[ C_1 =\ f r a c { 1 } { \ t e x t {max } ( | I _ i | ) ^ 2 }
## \ f r a c {1}{N} \ sum_i \ l e f t [ I _ i−I ( V_i ) \ r i g h t ] ^2 @f]
## @f[ C_2 =\ f r a c { 1 } { \ t e x t {max } ( | V_{2 , i } | ) ^ 2 }
## \ f r a c {1}{N} \ sum_i \ l e f t [ V_{2 , i }−V_2 ( V_i ) \ r i g h t ] ^2 @f]
## @f[ C_3 =\ l e f t [ \ a r c t a n ( m_d ) − \ a r c t a n ( m_t ) \ r i g h t ] ^2 @f]
## @f[ C = 0 . 5 C_1 + 0 . 2 C_2 + 0 . 3 C_3 @f]
def e r r f u n c ( a , b , cache ) :

Te=a [ 0 ]
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ne =10∗∗ a [ 1 ]
i f ( a [ 0 ] < 0 . 0 ) :

p r i n t ’ Warning , n e g a t i v e t e m p e r a t u r e g u e s s e d : ’ , a [ 0 ]
re turn 1 e9

i f ( ne < 0 . 0 ) :
p r i n t ’ Warning , n e g a t i v e d e n s i t y g u e s s e d : ’ , a [ 1 ]
re turn 1 e9

# i f ( a [ 2 ] > 20 or a [ 2 ] < −20):
# p r i n t ’ Warning , o f f s e t u n r e a s o n a b l e : ’ , a [ 2 ]
# r e t u r n i n f

x0=b . ge tVf ( )
mi=b . mass / k . a tomic_mass
key =( Te , ne , b . Ti , mi , b . L , b .D)

i f key not in gTraceCache :
b . t h e o r y = p e t e r s o n . P e t e r s o n T a l b o t D o u b l e ( Te , ne , b . Ti , mi , b . L , b .D)
b . t h e o r y . A2A1=b . A2A1
b . f i t I =b . t h e o r y . I ( b .V)
b . f i t V 2 =b . t h e o r y . V2 ( b .V)
i f cache :

gTraceCache [ key ] = ( b . t h e o r y , b . f i t I , b . f i t V 2 )
e l s e :

b . t h e o r y = gTraceCache [ key ] [ 0 ]
b . f i t I = gTraceCache [ key ] [ 1 ]
b . f i t V 2 = gTraceCache [ key ] [ 2 ]

e r r 1 =mean ( ( b . I−b . f i t I )∗∗ 2 ) / max ( f a b s ( b . I ) )∗∗2
e r r 2 =mean ( ( ( b . Vgnd−b . ge tVf ( ) ) − b . f i t V 2 )∗∗ 2 ) / max ( f a b s ( b . Vgnd ) )∗∗2
i f h a s a t t r ( b , ’ s l o p e ’ ) :

( i n t e r c e p t ,m)= p o l y f i t ( b .V[ b . s lopeMask ] , b . f i t I [ b . s lopeMask ] , 1 )
e r r 3 =( a r c t a n (m)− a r c t a n ( b . s l o p e ) )∗∗2
e r r = 0 .5∗ e r r 1 + 0 .2∗ e r r 2 + 0 .3∗ e r r 3

e l s e :
e r r = ( 0 . 5∗ e r r 1 + + 0 .2∗ e r r 2 ) / 0 . 7

# p r i n t ’ Te=%g , ne=%g : e r r 1=%g , e r r 2=%g , e r r=%g ’%( a [ 0 ] , ne , e r r 1 , e r r 2 , e r r )
re turn e r r

def b a l a n c e f u n c ( a , x , y ) :
# l e f t =x<a [ 0 ]
l e f t =x <0 .0
f = i n t e r p 1 d ( x , y , b o u n d s _ e r r o r = F a l s e )
# r i g h t = f (−x [ l e f t ]+ a [ 0 ] )
r i g h t = f (−x [ l e f t ] )
no tn an = i n v e r t ( i s n a n ( r i g h t ) )
re turn sum((− a [ 0 ]∗ y [ l e f t ] [ n o t na n ] − r i g h t [ n o t na n ] ) ∗ ∗ 2 ) / sum ( no t na n )

## F u n c t i o n t h a t s imp ly d e s c r i b e s a do ub l e p robe I−V c u r v e
##
## Good dou b l e p robe t r a c e s can be f i t by t h e f u n c t i o n
## @f[
## I =a_0 \ t a n h ( a_1 V − a_2 ) + a_3 x + a_4
## @f]
def t a n h d b l ( a , x ) :

y=a [ 0 ]∗ t a n h ( a [ 1 ]∗ x )+ a [ 2 ]∗ x+a [ 3 ]
re turn y

## D e r i v a t i v e o f t h e t a n h f i t f u n c t i o n f o r do ub l e c u r v e s
##
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## See t a n h d b l f o r t h e o r i g i n a l f u n c t i o n . I t ’ s d e r i v a t i v e i s d e s c r i b e d by
## @f[
## I =a_0 a_1 \ l e f t [1 + \ t a n h \ l e f t ( a_1 x \ r i g h t ) ^ 2 \ r i g h t ] + a_2
## @f]
def d t a n h d b l ( a , x ) :

y=a [ 0 ]∗ a [1]∗(1− t a n h ( a [ 1 ]∗ x )∗∗2)+ a [ 2 ]
re turn y

## E r r o r c o s t f u n c t i o n f o r s i m p l e t a n h do ub l e p robe f i t s
##
## See t a n h d b l f o r t h e o r i g i n a l f u n c t i o n .
## Th i s i s t h e e r r o r be tween an a c t u a l d a t a s e t , y , and t h e t h e o r e t i c a l f i t
## d e s c r i b e d by t h e t a n h d b l f u n c t i o n Th i s f u n c t i o n i s c a l l e d by t h e l e a s t s q
## Lev−Mar o p t i m i z a t i o n r o u t i n e
def e r r t a n h d b l ( a , x , y ) :

re turn t a n h d b l ( a , x ) − y

## J a c o b i a n f o r t h e dou b l e p robe e s t i m a t i o n f u n c t i o n
##
## The J a c o b i a n o f t h e f i t f u n c t i o n i s g i v e n by
## @f[
## J =
## \ b e g i n { a r r a y }{ c }
## \ t a n h ( a_1 x ) \ \
## \ f r a c { a_0 x } { \ cosh ^2 ( a_1 V) } \ \
## V \ \
## 1 \ \
## \ end { a r r a y }
## \ @f]
def J t a n h d b l ( a , x , y ) :

shape =append ( x . shape , 4 )
J=empty ( shape , d t y p e = f l o a t 6 4 )

# J [ . . . , 0 ] = t a n h ( a [ 1 ]∗ x−a [ 2 ] )
# J [ . . . , 1 ] = a [ 0 ]∗ x / ( cosh ( a [ 1 ]∗ x−a [ 2 ] )∗∗ 2 )
# J [ . . . , 2 ] = − a [ 0 ] / ( cosh ( a [ 1 ]∗ x−a [ 2 ] )∗∗ 2 )
# J [ . . . , 3 ] = x
# J [ . . . , 4 ] = 1 .

J [ . . . , 0 ] = t a n h ( a [ 1 ]∗ x )
J [ . . . , 1 ] = a [ 0 ]∗ x / ( cosh ( a [ 1 ]∗ x )∗∗2 )
J [ . . . , 2 ] = x
J [ . . . , 3 ] = 1
re turn J

## C a l c u l a t e p robe a r e a
##
## C a l c u l a t e s t h e a r e a o f a c y l i n d r i c a l p robe
## @param L Probe l e n g t h
## @param D Probe d i a m e t e r
## @re tu rns The probe a r e a
Aprobe = lambda L , D: D∗∗2∗ p i / 4 . + L∗ p i ∗D

## A b s t r a c t ba se c l a s s f o r Langmuir p robe a n a l y s i s
##
## Th i s c l a s s i s t h e base c l a s s f o r Langmuir p robe a n a l y s i s . I t d e f i n e s common
## d a t a such and f u n c t i o n s used by t h e d e r i v e d c l a s s e s f o r bo th s i n g l e and
## d ou b l e p r o b e s .
c l a s s LangmuirProbe :

## S e t t h e p robe d i m e n s i o n s
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##
## @param d i a m e t e r The d i a m e t e r o f t h e p robe (m)
## @param l e n g t h The l e n g t h o f t h e p robe (m)
def s e t P r o b e ( s e l f , d i a m e t e r , l e n g t h ) :

s e l f . L= l e n g t h
s e l f .D= d i a m e t e r
s e l f .A=Aprobe ( s e l f . L , s e l f .D)

## S e t t h e i o n mass
##
## @param mass The mass o f t h e i o n s ( amu )
def se tMass ( s e l f , mass ) :

s e l f . mass = k . a tomic_mass∗mass

## Guesses t h e i o n s a t u r a t i o n c u r r e n t
##
## C a l c u l a t e s t h e i o n s a t u r a t i o n c u r r e n t from ne and Te , which may be g u e s s e s
## a c c o r d i n g t o t h e s t a n d a r d e q u a t i o n
## @f[ I_ \ t e x t { s a t } = e n_e A \ s q r t { \ f r a c { e T_e }{ m_i }} @f]
def g u e s s I s a t ( s e l f , ne , Te ) :

re turn ne∗k . e∗ s e l f .A∗ s q r t ( Te∗k . e / s e l f . mass )

## C a l c u l a t e s ne
##
## Give @f$ I_ \ t e x t { s a t } @f$ and @f$ T_e @f$ , t h e p robe a r e a and t h e i o n mass
## t h e e l e c t r o n d e n s i t y i s g i v e n by
## @f[ n_e = I_ \ t e x t { s a t } \ l e f t ( e A \ s q r t { \ f r a c { e T_e }{ m_i } } \ r i g h t )^{−1} @f]
def ca lcNe ( s e l f , I s a t , Te ) :

re turn I s a t / ( k . e∗ s e l f .A∗ s q r t ( Te∗k . e / s e l f . mass ) )

## Find t h e f l o a t i n g p o t e n t i a l from a probe t r a c e
##
## Looks f o r t h e p o i n t o f a dou b l e p robe t r a c e where t h e a p p l i e p o t e n t i a l i s
## z e r o and r e t u r n s t h e c o r r e s p o n d i n g probe p o t e n t i a l w. r . t . g round
def f i n d V f ( s e l f ) :

V g n d i n t e r p = i n t e r p 1 d ( s e l f . V, s e l f . Vgnd )
re turn V g n d i n t e r p ( 0 . ) [ 0 ]

## R e t u r n t h e f l o a t i n g p o t e n t i a l
##
## To save t ime , f i n d V f s h o u l d on ly be c a l l e d by getVf , which w i l l t h e n s t o r e
## t h e v a l u e f o r f u t u r e use .
def ge tVf ( s e l f ) :

t r y :
re turn s e l f . Vf

e xc ep t A t t r i b u t e E r r o r :
s e l f . Vf= s e l f . f i n d V f ( )
re turn s e l f . Vf

## C a l c u l a t e s a t u r a t i o n c u r r e n t
##
## The s a t u r a t i o n c u r r e n t i s g i v e n by
## @f[ I_ \ t e x t { s a t } = n_e e A \ s q r t {k T_e / m_i} @f]
## @param Te The e l e c t r o n t e m p e r a t u r e i n eV
## @param ne The e l e c t r o n d e n s i t y i n m^−3
## @param mi The i o n mass i n kg
## @param A The probe a r e a i n m^2
## @re tu rns The i o n s a t u r a t i o n c u r r e n t i n amps
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def I s a t ( s e l f , Te , ne ) :
I s a t =ne∗k . e∗ s e l f .A∗ s q r t ( k . e∗Te / s e l f . mass )
re turn I s a t

## C a l c u l a t e Vp g i v e n Te , ne , and Vf
##
## C a l c u l a t e Vp g i v e n Te , ne , and Vf u s i n g Chen , F r a n c i s F . 2003 .
## L e c t u r e Notes on Langmuir Probe D i a g n o s t i c s . Pape r r e a d a t
## IEEE I n t e r n a t i o n a l C o n f e r e n c e on Plasma Sc ience , June 2−5, a t J e j u , Korea .
## @f[ \ lambda_d = \ s q r t { \ f r a c { \ e p s i l o n _ 0 k T_e }{ e ^2 n_e }} @f]
## @f[ \ x i = \ f r a c {D}{2 \ lambda_d } @f]
## @f[ a = 0 .607 + \ f r a c {2432}{ \ exp \ l e f t ( 7 . 0 1 \ x i ^ { 0 . 0 9 6 } \ r i g h t ) } @f]
## @f[ Vp = Vf + \ f r a c {k T_e }{2} \ l o g \ l e f t ( \ f r a c {m_i }{2 a ^2 \ p i m_e } \ r i g h t )
## @f]
def VpChen ( s e l f , Te , ne ) :

Vf= s e l f . ge tVf ( )
l d = s q r t ( k . e p s i l o n _ 0 ∗ Te / ( k . e∗ne ) )
x i = s e l f .D/ ( 2∗ l d )
a =0 .607 + 2 4 3 2 . / exp ( 7 . 0 1∗ x i ∗∗0 . 0 9 6 )
Vp = Vf+Te / 2 . ∗ l o g ( s e l f . mass / ( 2∗ a∗∗2∗ p i ∗k . m_e ) )
re turn Vp

## C l a s s f o r p e r f o r m i n g P e t e r s o n and T a l b o t do ub l e p robe t r a c e s
##
## Th i s c l a s s imp lemen t s t h e P e t e r s o n and T a l b o t a n a l y s i s o f do ub l e p robe t r a c e s
## f o r which bo th t h e I−V and t h e V2−V c u r v e s a r e a v a i l a b l e
##
## Usage :
## Given
## ∗ V, a numpy a r r a y c o n t a i n i n g t h e a p p l i e d p rove v o l t a g e s
## ∗ I , a numpy a r r a y c o n t a i n i n g t h e probe c u r r e n t s c o r r e s p o n d i n g t o V
## ∗ V2 , a numpy a r r a y c o n t a i n i n g t h e p o t e n t i a l o f p robe 2 w. r . t gnd
## c o r r e s p o n d i n g t o V
##
## @code
## i n s t = DoubleGndProbe (V, I , V2 , D, L , M, Ti ) # c r e a t e t h e c l a s s
## i n s t . d o f i t ( ) # pe r fo rm t h e a n a l y s i s
## p r i n t i n s t . P l a s m a P a r a m e t e r s ( ) # p r i n t t h e r e s u l t s : Te , ne , e t c .
## f i t I = i n s t . g e t F i t I (V) # r e t u r n t h e b e s t f i t I−V t r a c e
## f i t V 2 = i n s t . g e t F i t V 2 (V) # r e t u r n t h e b e s t f i t V2−V t r a c e
## @endcode
c l a s s DoubleGndProbe ( LangmuirProbe ) :

## I n i t i a l i z e a DoubleGndProbe c l a s s
##
## I n i t i a l i z e t h e c l a s s , p o p u l a t i n g i t w i th a l l o f t h e i n f o r m a t i o n n e c e s s a r y
## t o a n a l y z e a t r a c e
## @param V ( v e c t o r ) The a p p l i e d v o l t a g e d a t a p o i n t s (V)
## @param I ( v e c t o r ) The match ing c u r r e n t measurements (A)
## @param Vgnd ( v e c t o r ) The d a t a p o i n t s f o r t h e v o l t a g e o f p robe 2 w. r . t .
## ground as a f u n c t i o n o f V
## @param d i a m e t e r The d i a m e t e r o f bo th p r o b e s (m)
## @param l e n g t h The l e n g t h o f bo th p r o b e s (m)
## @param mass The i o n mass ( amu )
## @param Ti The e s t i m a t e d i o n t e m p e r a t u r e ( eV )
def _ _ i n i t _ _ ( s e l f , V, I , Vgnd , d i a m e t e r , l e n g t h , mass =131 .29 , Ti = 5 0 0 . / 1 1 6 0 0 . ) :

s e l f .V=V
s e l f . I = I
s e l f . Vgnd=Vgnd
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s e l f . Ti=Ti
s e l f . guessTe =5
s e l f . g u e s s n e =1 e16
a s s e r t ( s e l f .V . shape == s e l f . I . shape )
a s s e r t ( s e l f .V . shape == s e l f . Vgnd . shape )
s e l f . s e t P r o b e ( d i a m e t e r , l e n g t h )
s e l f . s e tMass ( mass )
s e l f . A2A1=1.0

## Per form a s imple , t a n h a n a l y s i s on t h e I−V c u r v e
##
## Th i s r o u t i n e p e r f o r m s a s i m p l e t a n h a n a l y s i s on t h e I−V c u r v e t o y i e l d t h e
## plasma p a r a m e t e r s Te , ne , Vf and Vp .
def t a n h f i t ( s e l f ) :

a0=empty ( 4 , d t y p e = f l o a t 6 4 )
a0 [ 0 ] = s e l f . I s a t ( s e l f . guessTe , s e l f . g u e s s n e )
a0 [ 1 ] = 0 . 5 / s e l f . guessTe
# a0 [ 2 ] = 0 .
a0 [ 2 ] = s e l f . I s a t ( s e l f . guessTe , s e l f . g u e s s n e )∗ a0 [ 1 ]
a0 [ 3 ] = 0 .
a1 , s u c c e s s = l e a s t s q ( e r r t a n h d b l , a0 , a r g s =( s e l f . V, s e l f . I ) , Dfun= J t a n h d b l )
Te = 0 . 5 / a1 [ 1 ]
ne=a1 [ 0 ] / ( k . e∗ s e l f .A∗ s q r t ( k . e∗Te / s e l f . mass ) )
Vf= s e l f . ge tVf ( )
Vp= s e l f . VpChen ( Te , ne )
s e l f . f i t p a r a m s =a1
s e l f . f i t s c o r e =sum ( e r r t a n h d b l ( a1 , s e l f . V, s e l f . I )∗∗ 2 ) / max ( f a b s ( s e l f . I ) )∗∗2
s e l f . s lopeMask =( d t a n h d b l ( a1 , s e l f .V) >0 .8∗max ( d t a n h d b l ( a1 , s e l f .V ) ) )
re turn ( Te , ne , Vf , Vp , s e l f . f i t s c o r e )

## F i t s t h e P e t e r s o n and T a l b o t t h e o r y t o t h e d a t a
##
## Th i s r o u t i n e p e r f o r m s a P e t e r s o n and T a l b o t f i t t o t h e d a t a . I t f i r s t
## c a l l s t a n h f i t t o g e t a p p r o x i m a t e p a r a m e t e r s f o r a s t a r t i n g p o i n t .
##
## @re tu rns The c o s t s c o r e o f t h e b e s t found match .
def d o f i t ( s e l f ) :

r a n g e =s_ [ . 1 : 1 2 . 2 : 1 , 1 4 . 1 : 1 8 . 1 : . 2 ]
# r e t v a l = b r u t e ( e r r f u n c , range , ( s e l f , True ) , f i n i s h =None , f u l l _ o u t p u t =0)
# r e t v a l = a n n e a l ( e r r f u n c , r e t v a l , a r g s =( s e l f , F a l s e ) , \
# lower = [ 0 . 2 , 1 4 ] , uppe r = [ 1 2 . , 1 9 ] )
# r e t v a l = f m i n _ c o b y l a ( e r r f u n c , r e t v a l , [ r a n g e f n ] , a r g s =( s e l f , F a l s e ) )
( Te , ne , Vf , Vp , f i t s c o r e )= s e l f . t a n h f i t ( )
# i f ( f i t s c o r e >= 1 . 0 ) :
# r e t u r n None
i f ( Te <0 .1 or i s n a n ( Te ) ) : Te =0 .1
ne= log10 ( ne )
i f ( ne <14 or i s n a n ( ne ) ) : ne =14
i f ( sum ( s e l f . s lopeMask ) > = 2 ) :

( i n t e r c e p t , s e l f . s l o p e )= p o l y f i t ( s e l f . I [ s e l f . s lopeMask ] , \
s e l f .V[ s e l f . s lopeMask ] , 1 )

f i t s c o r e = e r r f u n c ( [ Te , ne ] , s e l f , F a l s e )
r e t v a l = fmin ( e r r f u n c , [ Te , ne ] , a r g s =( s e l f , F a l s e ) )
s e l f . f i t p a r a m s = r e t v a l
s e l f . f i t s c o r e = e r r f u n c ( s e l f . f i t p a r a m s , s e l f , F a l s e )
s e l f . f i t p a r a m s [1]=10∗∗ s e l f . f i t p a r a m s [ 1 ]
s e l f . t h e o r y = p e t e r s o n . P e t e r s o n T a l b o t D o u b l e ( s e l f . f i t p a r a m s [ 0 ] , \

s e l f . f i t p a r a m s [ 1 ] , \
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s e l f . Ti , \
s e l f . mass / k . a tomic_mass , \
s e l f . L , \
s e l f .D)

s e l f . t h e o r y . A2A1= s e l f . A2A1
re turn s e l f . f i t s c o r e

## R e t u r n s t h e c u r r e n t p lasma p a r a m e t e r s from t h e l a s t c a l l t o d o f i t
##
## @re tu rns A python t u p l e wi th ( Te , ne , Vf , Vp )
def P l a s m a P a r a m e t e r s ( s e l f ) :

Te= s e l f . f i t p a r a m s [ 0 ]
ne= s e l f . f i t p a r a m s [ 1 ]
Vf= s e l f . ge tVf ( )
Vp=Vf−s e l f . t h e o r y . Vf
re turn ( Te , ne , Vf , Vp )

## R e t u r n s t h e t h e o r e t i c a l I−V c u r v e
##
## R e t u r n s t h e I−V c u r v e f o r t h e b e s t f i t found from t h e l a s t c a l l t o
## d o f i t o r t a n h f i t
##
## @param Vd Ve c t o r c o n t a i n t i n g t h e v a l u e s a t which t o e v a l u a t e I (V)
## @re tu rns Ve c t o r wi th t h e I v a l u e s c o r r e s p o n d i n g t o Vd
def g e t F i t I ( s e l f , Vd ) :

i f ( l e n ( s e l f . f i t p a r a m s ) > 2 ) :
re turn t a n h d b l ( s e l f . f i t p a r a m s , Vd )

e l s e :
re turn s e l f . t h e o r y . I ( Vd )

## R e t u r n s t h e t h e o r e t i c a l V2−V c u r v e
##
## R e t u r n s t h e V2−V c u r v e f o r t h e b e s t f i t found from t h e l a s t c a l l t o
## d o f i t
##
## @param Vd Ve c t o r c o n t a i n t i n g t h e v a l u e s a t which t o e v a l u a t e I (V)
## @re tu rns Ve c t o r wi th t h e V2 v a l u e s c o r r e s p o n d i n g t o Vd , o r None i f
## d o f i t has n o t been c a l l e d
def g e t F i t V 2 ( s e l f , Vd ) :

i f ( l e n ( s e l f . f i t p a r a m s ) = = 5 ) :
re turn None

e l s e :
re turn s e l f . t h e o r y . V2 ( Vd )

## C o r r e c t p robe t r a c e asymmetry
##
## C o r r e c t s p robe t r a c e asymmetry ca u se d by mismatched probe a r e a s o r
## plasma g r a d i e n t s by m i n i m i z i n g t h e d i f f e r e n c e between t h e two h a l v e s o f
## o f t h e t r a c e ,
## @re tu rns The b a l a n c e p a r a m e t e r
def b a l a n c e ( s e l f ) :

a= a r r a y ( [ 1 . ] , d t y p e = f l o a t 6 4 )
r e t v a l = fmin_powe l l ( b a l a n c e f u n c , a , a r g s =( s e l f . V, s e l f . I ) )
# l e f t = s e l f . V< r e t v a l [ 0 ]
# r i g h t = s e l f . V> r e t v a l [ 0 ]
l e f t = s e l f . V<0 .0
r i g h t = s e l f . V>0 .0
s e l f . I [ l e f t ]∗= s q r t ( r e t v a l )
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s e l f . I [ r i g h t ] / = s q r t ( r e t v a l )
s e l f . b a l = r e t v a l
re turn r e t v a l

## C l a s s f o r p e r f o r m i n g P e t e r s o n and T a l b o t s i n g l e p robe a n a l y s e s
##
## Th i s c l a s s has n o t been implemented
c l a s s S i n g l e P r o b e ( LangmuirProbe ) :

def _ _ i n i t _ _ ( s e l f , V, I , d i a m e t e r , l e n g t h , mass =131 .29 , Ti = 5 0 0 . / 1 1 6 0 0 . ) :
s e l f .V= t i l e (V[ 5 : ] , ( I . shape [ 0 ] , 1 ) )
s e l f . I = I [ : , 5 : ]
s e l f . Ti=Ti
a s s e r t ( s e l f .V . shape == s e l f . I . shape )
a s s e r t ( s e l f .V . shape == s e l f . Vgnd . shape )
s e l f . s e t P r o b e ( d i a m e t e r , l e n g t h )
s e l f . s e tMass ( mass )

def d o f i t ( s e l f ) :
pass

## Used f o r t e s t i n g t h e t h e c l a s s e s above
def main ( ) :

import p y l a b as p
import t a b l e s
import r e
import r e a d d b l

f i l e = ’ / home / jdsommer / R e s e a r c h / c a t h o d e / exp1 / 2 0 0 8 0 9 2 3 / db lp robe10sccm . hdf5 ’
g r p s =[ ’ 200mm’ ]
p o i n t s =[ ’ 0025 ’ ]
h 5 f i l e = t a b l e s . o p e n F i l e ( f i l e , mode=" r " )
f o r g r p s t r in g r p s :

c r = i n t ( r e . s e a r c h ( ’ \ d+ ’ , g r p s t r ) . g roup ( ) )
cz =30 .0
c a l p h a =90 .0
grp = ’ /% s / Raw ’%g r p s t r
g rp = h 5 f i l e . getNode ( grp )
c n t =0
f o r i in p o i n t s :

cg rp = grp . _ f _ g e t C h i l d ( i )
d s e t = cg rp . _ f _ g e t C h i l d ( ’ DoubleGnd−0000 ’ )
r = d s e t . a t t r s . r
z= d s e t . a t t r s . z
ExpDate= r e a d d b l . r e a d V a r S t r A t t r ( d s e t , ’ Date ’ )
d a t a = r e a d d b l . r e a d D b l P r o b e D a t a ( d s e t )
f o r key , v in d a t a . i t e r i t e m s ( ) :

d a t a [ key ]= mean ( v , a x i s =1)

V= d a t a [ ’ V o l t a g e ’ ] [ 5 : ]
I = d a t a [ ’ C u r r e n t ’ ] [ 5 : ]
Vgnd= d a t a [ ’ Probe−Ground ’ ] [ 5 : ]

t r a c e =DoubleGndProbe (V, I , Vgnd , 0 .02∗ k . inch , 0 . 0 0 4 , 8 3 . 8 , 7 7 3 . / 1 1 6 0 0 . )
# b a l = t r a c e . b a l a n c e ( )
t r a c e . A2A1=1.462
f i t s c o r e = t r a c e . d o f i t ( )
i f ( not f i t s c o r e i s None ) :

( Te , ne , Vf , Vp)= t r a c e . P l a s m a P a r a m e t e r s ( )
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# ( Te , ne , Vf , Vp , f i t s c o r e )= t r a c e . t a n h f i t ( )
p r i n t ’ At r=%d , z=%d : Te=%f , ne=%g , Vf=%f , Vp=%f . f i t s c o r e =%g ’%\

( r , z , Te , ne , Vf , Vp , f i t s c o r e )
d a t e p a r t s =ExpDate . s p l i t ( ’ / ’ )
ExpDate= d a t e t i m e . d a t e ( i n t ( d a t e p a r t s [ 2 ] ) , i n t ( d a t e p a r t s [ 0 ] ) , \

i n t ( d a t e p a r t s [ 1 ] ) ) . i s o f o r m a t ( )

V= t r a c e .V
I f i t = t r a c e . g e t F i t I (V)
# l e f t =V<0.0
# r i g h t =V>0.0
# I f i t [ l e f t ]∗= s q r t ( t r a c e . b a l )
# I f i t [ r i g h t ] / = s q r t ( t r a c e . b a l )
V 2 f i t = t r a c e . g e t F i t V 2 (V)+ Vf
ax1=p . s u b p l o t ( 1 1 1 )
ax1 . s e t _ x l a b e l ( ’V_{ a p p l i e d } (V) ’ )
ax1 . s e t _ y l a b e l ( ’ Probe C u r r e n t (A) ’ )
ax2=p . twinx ( )
ax2 . s e t _ y l a b e l ( ’ P2 V o l t a g e (V) ’ )
i p =ax1 . p l o t (V, I , ’ bo ’ , V, I f i t , ’ b−’ )
vp=ax2 . p l o t (V, Vgnd , ’ ro ’ , V, V 2 f i t , ’ r−’ )
#vp=ax2 . p l o t (V, Vgnd , ’ ro ’ )
p . l e g e n d ( [ i p [ 0 ] , vp [ 0 ] ] , [ ’ C u r r e n t ’ , ’ P2 V o l t a g e ’ ] , l o c =4)
p . show ( )

i f __name__ == ’ __main__ ’ :
main ( )

A.2 Savitzky-Golay Smoothing Algorithm
The Savitzky-Golay algorithm2 is to smooth RPA traces in this work (see Sec-

tion 5.3). This implementation is based on the work by Gorry.3 The main entry point
for the algorithm is the function sgsmooth.
# i f d e f HAVE_CONFIG_H
# i n c l u d e < c o n f i g . h>
# e n d i f

# i n c l u d e < s t d i o . h>
# i n c l u d e < s t d l i b . h>

# d e f i n e MIN( a , b ) ( ( a<b ) ? a : b )
# d e f i n e MAX( a , b ) ( ( a>b ) ? a : b )

/∗ ∗ C a l c u l a t e s t h e g e n e r a l i z e d f a c t o r i a l

The g e n r a l i z e d f a c t o r i a l @f$ ( a ) ^ { ( b ) } @f$ i s g i v e n by
@f[ ( a ) ( a−1)\ l d o t s ( a−b +1) @f]
∗ /
double g e n F a c t ( i n t a , i n t b )
{

double r e s u l t = 1 . ;
i n t i ;
f o r ( i =a ; i >a−b ; i−−)

r e s u l t ∗= i ;

re turn r e s u l t ;
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}

/∗ ∗ C a l c u l a t e s a Gram P o l y n o m i a l o r i t s d e r i v a t i v e

The Gram P o l y n o m i a l may be c a l c u l a t e d a c c o r d i n g t o Gorry , eq . 11 as
@f[
P_k ^{m, s } ( i ) = \ f r a c {2(2 k−1)}{k (2m−k +1)}

\ l e f t [ i P_{k−1}^m( i ) + s P_{k−1}^{m, s−1}( i ) \ r i g h t ]
− \ f r a c { ( k−1)(2m+k ) } { k (2m−k +)} P_{k−2}^{m, s } ( i )

@f]
∗ /
double gramPoly ( i n t i , i n t m, i n t k , i n t s )
{

double gp ;
double d ;

i f ( k >0)
{

d=k∗ (2∗m−k + 1 ) ;
gp = ( ( double ) ( 4∗ k−2 ) ) / d ∗ ( ( ( double ) i )∗ gramPoly ( i , m, k−1, s )

+ ( ( double ) s )∗ gramPoly ( i ,m, k−1, s−1))
− ( ( double ) ( ( k−1)∗(2∗m+k ) ) ) / d∗gramPoly ( i ,m, k−2, s ) ;

re turn gp ;
}
e l s e
{

i f ( k==0 && s ==0)
re turn 1 . ;

e l s e
re turn 0 . ;

}
}

/∗ ∗ C a l c u l a t e s t h e c o e f f i c i e n t s f o r t h e smooth ing f i l t e r s

C a l c u l a t e s t h e c o e f f i c i e n t s f o r a smooth ing f i l t e r u s i n g t h e Gorry method .
Accord ing t o Gorry , Eq . 8 , t h e c o e f f i c i e n t s a r e
@f[
h _ i ^{ t , s } = \ sum_{k=o }^ n \ f r a c { (2 k + 1 ) ( 2m) ^ ( k ) }

{ (2m+k + 1 ) ^ ( k +1)} P_k ^m( i ) P_k ^{m, s } ( t )
@f]

Note t h a t @f$ ( a ) ^ { ( b ) } @f$ i s t h e g e n e r a l i z e d f a c t o r i a l f u n c t i o n .
∗ /
double we ig h t ( i n t i , i n t t , i n t m, i n t n , i n t s )
{

i n t k ;
double sum = 0 . ;

f o r ( k =0; k<=n ; k ++)
{

sum +=( ( double ) ( 2∗ k +1) )∗ g e n F a c t (2∗m, k ) / g e n F a c t (2∗m+k +1 , k +1)∗
gramPoly ( i ,m, k , 0 )∗ gramPoly ( t ,m, k , s ) ;

}
re turn sum ;

}

/∗ ∗ C a l c u l a t e s t h e smoothed s i g n a l o r a smoothed d e r i v a t i v e o f o r d e r s
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Thi s f u n c t i o n c a l c u l a t e s t h e smoothed s i g n a l o r d e r i v a t i v e o f t h e d a t a
a c c o r d i n g t o t h e S a v i t z k y−Golay method as implemented by Gorry .

@param d a t a [ i n / o u t ] The d a t a t o smooth and p o s s i b l y d i f f e r e n t i a t e
@param l e n [ i n ] Length o f t h e d a t a b u f f e r
@param s [ i n ] The o r d e r o f t h e d e r i v a t i v e . 0 => smooth ing on ly
@param l [ i n ] The number o f s i d e−p o i n t s t o t h e l e f t . Note : l +m s h o u l d be even
@param m [ i n ] The number o f s i d e−p o i n t s t o t h e r i g h t . Note : l +m s h o u l d be even
@param n [ i n ] The o r d e r o f p o l y n o m i a l t o use
@param d a t a o u t [ o u t ] A r e t u r n b u f f e r f o r t h e smoothed s i g n a l . I f NULL, t h e

r e s u l t i s r e t u r n e d i n d a t a .
@re tu rns 0 i f s u c c e s s f u l
@r e tva l 0 s u c c e s s
@r e tva l 1 F a i l e d t o a l l o c a t e memory

R e f e r e n c e s :

S a v i t z k y , Abraham and Marce l J . E . Golay . 1964 . Smoothing and D i f f e r e n t i a t i o n o f
Data by S i m p l i f i e d L e a s t S q u a r e s P r o c e d u r e s . A n a l y t i c a l Chemis t ry 36 (8 ) :1627 −1639 .

Gorry , P e t e r A. 1990 . G e n e r a l Leas t−S q u a r e s Smoothing and D i f f e r e n t i a t i o n by t h e
C o n v o l u t i o n ( S a v i t z k y−Golay ) Method . A n a l y t i c a l Chemis t ry 62 (3 ) :570 −573 .
∗ /
i n t sgsmooth ( double∗ da ta , i n t l en , i n t s , i n t l , i n t m, i n t n , double∗ d a t a o u t )
{

i n t t , t o f f , i , j ;
double w[ l +m+ 1 ] [ l +m+ 1 ] ;
double ∗ d a t a i n =NULL;
i n t d o f r e e =0;

t o f f =( l−m) / 2 ;
m=( l +m) / 2 ;

/ / c a l c u l a t e a l l o f t h e n e c e s s a r y w e i g h t s
f o r ( t =−m; t <=m; t ++)
{

f o r ( i=−m; i <=m; i ++)
{

w[ t +m] [ i +m]= w e i gh t ( i , t , m, n , s ) ;
}

}

/ / s t r i c t l y speak ing , we s h o u l d on ly need t o a l l o c a t e m d a t a p o i n t s , b u t I
/ / d idn ’ t want t o t h i n k a b o u t how t o h a n d l e t h i s .
i f ( d a t a o u t ==NULL)
{

d a t a i n = m a l loc ( l e n ∗ s i z e o f ( d a t a [ 0 ] ) ) ;
i f ( ! d a t a i n )

re turn 1 ;
d o f r e e =1;
memcpy ( d a t a i n , da t a , l e n ∗ s i z e o f ( d a t a [ 0 ] ) ) ;
d a t a o u t = d a t a ;

}
e l s e
{

d a t a i n = d a t a ;
}
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f o r ( j =0 ; j < l e n ; j ++)
{

i f ( j <m+ t o f f )
t = j−m;

e l s e i f ( l en−j−1<m− t o f f )
t = j−l e n +1+m;

e l s e
t = t o f f ;

d a t a o u t [ j ] = 0 . ;
f o r ( i=−m; i <=m; i ++)

d a t a o u t [ j ]+= d a t a i n [ j + i−t ]∗w[ t +m] [ i +m] ;
}

i f ( d a t a i n && d o f r e e )
f r e e ( d a t a i n ) ;

re turn 0 ;
}

A.3 Cai Plume Neutral Density Model
The Cai neutral density model4, 5 is used to estimate the neutral density in the plume

of an HET. The HETAnalytical class implements the model.
# ! / u s r / b i n / py thon

from numpy import nan , pi , f abs , exp , s i n , l i n s p a c e , s q r t , a r r a y , a range , meshgr id , log10
from s c i p y . i o import r e a d _ a r r a y
from s c i p y . sandbox import d e l a u n a y as d
import p y l a b as p
from s c i p y . sandbox import c o n s t a n t s a s k
from s c i p y . i n t e g r a t e import s imps as i n t e g r a t e
from s c i p y . s p e c i a l import e r f

## \ b r i e f C r e a t e s a n e u t r a l d e n s i t y plume
##
## C r e a t e s a n e u t r a l d e n s i t y plume based on t h e d a t a f i l e s e n t by I a n Boyd
c l a s s HET_atom :

def _ _ i n i t _ _ ( s e l f ) :
d a t a = r e a d _ a r r a y ( " / home / jdsommer / R e s e a r c h / c a t h o d e / magmodel / HET_atom . d a t " , l i n e s = (3 , −1))
t r i =d . T r i a n g u l a t i o n ( d a t a [ : , 1 ] , d a t a [ : , 0 ] )
d f =0
s e l f . i n t e r p n 0 = t r i . n n _ i n t e r p o l a t o r ( d a t a [ : , 2 ] , d e f a u l t _ v a l u e = df )
s e l f . i n t e r p V z = t r i . n n _ i n t e r p o l a t o r ( d a t a [ : , 3 ] , d e f a u l t _ v a l u e = df )
s e l f . i n t e r p V r = t r i . n n _ i n t e r p o l a t o r ( d a t a [ : , 4 ] , d e f a u l t _ v a l u e = df )

def n0 ( s e l f , r , z ) :
re turn s e l f . i n t e r p n 0 ( f a b s ( r ) , z )

def vz ( s e l f , r , z ) :
re turn s e l f . i n t e r p V z ( f a b s ( r ) , z )

def vr ( s e l f , r , z ) :
re turn s e l f . i n t e r p V z ( f a b s ( r ) , z )
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## \ b r i e f C r e a t e s a n e u t r a l d e n s i t y plume
##
## C r e a t e s a n e u t r a l d e n s i t y plume based on t h e method d e s c r i b e d i n
## Cai , C . and I a n D. Boyd . 2007 . C o l l i s i o n l e s s Gas Expanding i n t o Vacuum .
## J o u r n a l o f S p a c e c r a f t and Rocke t s 44 (6 ) :1326 −1330 .
c l a s s H E T a n a l y t i c a l :

def _ _ i n i t _ _ ( s e l f , R1 , R2 , mdot , M, T0 , p r o p u t i l = 0 . 8 , gamma = 1 . 7 ) :
s e l f . R1=R1 ##<− I n n e r r a d i u s i n m
s e l f . R2=R2 ##<− Oute r r a d i u s i n m
s e l f . mdot=mdot ##<− Mass f low r a t e i n kg / s
s e l f . p r o p u t i l = p r o p u t i l ##<− P r o p e l l e n t u t i l i z a t i o n
s e l f .M=M ##<− S p e c i e s mass i n amu
s e l f . T0=T0 ##<− N e u t r a l t e m p e r a t u r e i n K
s e l f . B= 1 / ( 2∗ k . R∗ s e l f . T0 )
s e l f . gamma=gamma
s e l f . _ _ c a l c n 0 ( )

## C a l c u l a t e s d e n s i t y assuming t h e e x i t i s a s o n i c o r i f i c e
##
## Assuming a s o n i c o r i f i c e , t h e e x i t v e l o c i t y i s known :
## \ f [ u_0 = a = \ s q r t { \ f r a c { \ gamma R T_0 }{M}} \ f ]
## The mass f low r a t e i s \ f$ \ o v e r d o t {m} = \ o v e r d o t {n} M \ f$
## and t h e d e n s i t y a t t h e e x i t p l a n e i s g i v e n by
## \ f$ n_0 = \ o v e r d o t {n} u_0 /A \ f$ . T h e r e f o r e :
## \ f [ n_0 = \ f r a c { \ o v e r d o t {m}}{M \ t e x t { ( kg / atom ) }
## \ s q r t { \ f r a c { \ gamma R T_0 }{M \ t e x t { ( kg / mol )}} } \ f ]
def _ _ c a l c n 0 ( s e l f ) :

s e l f . U0 = s q r t ( s e l f . gamma∗k . R∗ s e l f . T0 / s e l f .M) # speed of sound
s e l f .A = p i ∗ ( s e l f . R2∗∗2 − s e l f . R1∗∗2)
s e l f . n0 = s e l f . mdot∗(1− s e l f . p r o p u t i l ) / ( s e l f .A∗k . a tomic_mass∗ s e l f .M∗ s e l f . U0 )

## C a l c u l a t e s t h e n e u t r a l d e n s i t y
##
## C a l c u l a t e s t h e n e u t r a l d e n s i t y a t t h e p o s i t i o n ( r , z ) f o r t h e
## c o n d i t i o n s g i v e n i n t h e i n i t i a l i z e r u s i n g Cai ’ s model . The f u n c t i o n
## a c c e p t s
##
## \ param r The r p o s i t i o n ( s ) a t which t o e v a l u a t e t h e d e n s i t y i n m
## Accep t s s c a l a r s o r numpy a r r a y s .
## \ param z The z p o s i t i o n ( s ) a t which t o e v a l u a t e t h e d e n s i t y i n m
## Accep t s s c a l a r s o r numpy a r r a y s .
## \ r e t u r n s The d e n s i t y ( i e s ) i n m^−3. R e t u r n s a s c a l a r o r a numpy a r r a y
## match ing t h e rank and dims of r and z
def n ( s e l f , r , z ) :

X=z # Fol low p a p e r c o n v e n t i o n s
Z= r # Fol low p a p e r c o n v e n t i o n s

a s s e r t (X. shape == Z . shape )

d r =( s e l f . R2−s e l f . R1 ) / 1 0 0 .
r = a r a n g e ( s e l f . R1 , s e l f . R2+dr , d r )
shp = [ 1 0 1 , 1 ]
shp . e x t e n d ( [ 1 ] ∗ l e n (X. shape ) )
r . shape =shp
dq= p i / 1 8 0 .
q= a r a n g e (− p i / 2 , p i /2+ dq , dq )
shp = [ 1 , 1 8 1 ]
shp . e x t e n d ( [ 1 ] ∗ l e n (X. shape ) )
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q . shape =shp

shp = [ 1 , 1 ]
shp . e x t e n d ( l i s t (X. shape ) )
X. shape =shp
Z . shape =shp

Q=X∗∗2 / (X∗∗2 + Z∗∗2 + r ∗∗2 − 2∗Z∗ r ∗ s i n ( q ) )
Q2=Q∗∗2
U02= s e l f . U0∗∗2
K=Q2∗ s e l f . U0 / s e l f . B∗exp(− s e l f . B∗U02∗Q) + \

( 0 . 5∗Q/ s e l f . B+Q2∗U02 )∗ s q r t ( p i ∗Q/ s e l f . B ∗ \
(1+ e r f ( s q r t ( s e l f . B∗Q)∗ s e l f . U0 ) ) )

E=exp(− s e l f . B∗U02 ∗ ( ( r ∗∗2+Z∗∗2−2∗Z∗ r ∗ s i n ( q ) ) \
/ ( X∗∗2+ r ∗∗2+Z∗∗2−2∗Z∗ r ∗ s i n ( q ) ) ) )

I = i n t e g r a t e ( E∗ r ∗K, dx=dr , a x i s =0)
I = i n t e g r a t e ( I , dx=dq , a x i s =0)
X. shape = a r r a y (X. shape ) [ 2 : ]
Z . shape = a r r a y ( Z . shape ) [ 2 : ]
I ∗=X∗∗(−2)∗( s e l f . B / p i )∗∗1 . 5
re turn s e l f . n0∗ I

def main ( ) :
atom=HET_atom ( )
r = a r a n g e (−0.2 , 0 . 2 , 0 . 0 1 )
z= a r a n g e ( 0 , 0 . 4 , 0 . 0 1 )
R , Z= meshgr id ( r , z )
N0=atom . n0 (R , Z )

p . c o n t o u r f (R , Z , N0 )
p . c o l o r b a r ( )
p . show ( )

def t e s t a n a l y t i c ( ) :
t = H E T a n a l y t i c a l ( 0 . 0 3 , 0 . 0 5 , 4e−6, 1 3 1 . 2 9 , 500)
r = a r a n g e ( 0 . , 0 . 4 , 0 . 0 1 )
z= a r a n g e ( 0 . 0 0 5 , 0 . 4 , 0 . 0 1 )
R , Z= meshgr id ( r , z )
n= t . n (R , Z )
n= log10 ( n )
p . c o n t o u r f (R , Z , n )
p . c o l o r b a r ( )
p . show ( )

i f __name__ == ’ __main__ ’ :
t e s t a n a l y t i c ( )
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Appendix B

Double Probe Heating

During the work with xenon probes (see Appendix C) the double probe was moved
through a pattern which left it exposed to dense, hot plasma for long periods of time
on the order of one minute. The resulting probe heating had a deleterious effect on the
resulting measurement. Specifically, it resulted in electron temperature measurements
that were large by an order of magnitude. To determine that probe heating was the
cause of the error I placed a cool probe inside a hot region of the thruster and took
double probe traces every second for two minutes. The probe was cooled by placing
it a low density, low temperature region of the plasma, specifically, behind the thruster
and as far radially as the motion table would allow: r =∼ 200 mm.

The results are plotted in Figure B.1 at 15 second intervals. Additonally, the time
zero traces are plotted in gray on each of the graphs for reference. The Peterson and
Talbot reduction was performed on each trace, and the results printed on the graphs.
One can see a general increase in the slope of the tails of the I-V curves as time pro-
gresses. This leads to higher estimations of both Te and ne (Figure B.2), which, in turn,
lead to higher values for Vp. The obvious conclusion is that probes should spend a
minimum amount of time in dense, hot plasmas or the results will be inaccurate.

Perhaps a more intuitive way of viewing the data is the animation in Figure B.3.
This figure shows the complete dataset over the two minute acquisition period at a
speed factor of 10x.
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Figure B.1: Effect of probe heating on double probe traces
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Appendix C

Plume Properties

This appendix presents the near-field plume plasma properties for each of the condi-
tions measured. Plume properties were measured while the thruster was operated with
both the original outer pole (OOP) and the extended outer pole (EOP) using krypton
propellent, and with the OOP when using xenon propellent. Further details of the the
experiments can be found in Chapter 8. Each figure presents Te, ne, Vf , Vp, and Cost (the
quality of the match of the data to the theoretical model) as described in Sections 5.4.2
and 5.4.3.

Figures
C.1 Plasma properties for Kr with the OOP with ṁc = 2 SCCM, r = 50 mm186

C.2 Plasma properties for Kr with the OOP with ṁc = 2 SCCM, r = 60 mm187

C.3 Plasma properties for Kr with the OOP with ṁc = 2 SCCM, r = 80 mm188

C.4 Plasma properties for Kr with the OOP with ṁc = 2 SCCM, r =
100 mm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

C.5 Plasma properties for Kr with the OOP with ṁc = 5 SCCM, r = 50 mm190

C.6 Plasma properties for Kr with the OOP with ṁc = 5 SCCM, r = 60 mm191

C.7 Plasma properties for Kr with the OOP with ṁc = 5 SCCM, r = 80 mm192

C.8 Plasma properties for Kr with the OOP with ṁc = 5 SCCM, r =
100 mm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193

C.9 Plasma properties for Kr with the OOP with ṁc = 5 SCCM, r =
120 mm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194

C.10 Plasma properties for Kr with the OOP with ṁc = 5 SCCM, r =
200 mm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195
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C.13 Plasma properties for Kr with the OOP with ṁc = 10 SCCM, r =
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100 mm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199

C.15 Plasma properties for Kr with the OOP with ṁc = 10 SCCM, r =
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C.20 Plasma properties for Kr with the EOP with ṁc = 2 SCCM, r = 100 mm207
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C.1 Kr OOP
These data were acquired while operating the HET at Vd = 250 V with krypton and

the original outer pole. Imag was 2.5 A.
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Figure C.1: Plasma properties for Kr with the OOP with ṁc = 2 SCCM, r = 50 mm
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Figure C.2: Plasma properties for Kr with the OOP with ṁc = 2 SCCM, r = 60 mm
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Figure C.3: Plasma properties for Kr with the OOP with ṁc = 2 SCCM, r = 80 mm
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Figure C.4: Plasma properties for Kr with the OOP with ṁc = 2 SCCM, r = 100 mm
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Figure C.5: Plasma properties for Kr with the OOP with ṁc = 5 SCCM, r = 50 mm
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Figure C.6: Plasma properties for Kr with the OOP with ṁc = 5 SCCM, r = 60 mm
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Figure C.7: Plasma properties for Kr with the OOP with ṁc = 5 SCCM, r = 80 mm
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Figure C.8: Plasma properties for Kr with the OOP with ṁc = 5 SCCM, r = 100 mm
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Figure C.9: Plasma properties for Kr with the OOP with ṁc = 5 SCCM, r = 120 mm
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Figure C.10: Plasma properties for Kr with the OOP with ṁc = 5 SCCM, r = 200 mm
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Figure C.11: Plasma properties for Kr with the OOP with ṁc = 10 SCCM, r = 50 mm
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Figure C.12: Plasma properties for Kr with the OOP with ṁc = 10 SCCM, r = 60 mm
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Figure C.13: Plasma properties for Kr with the OOP with ṁc = 10 SCCM, r = 80 mm
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Figure C.14: Plasma properties for Kr with the OOP with ṁc = 10 SCCM, r = 100 mm
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Figure C.15: Plasma properties for Kr with the OOP with ṁc = 10 SCCM, r = 120 mm
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Figure C.16: Plasma properties for Kr with the OOP with ṁc = 10 SCCM, r = 200 mm
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C.2 Kr EOP
These data were acquired while operating the HET at Vd = 250 V with krypton and

the extended outer pole. Imag was 1.5 A.
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Figure C.17: Plasma properties for Kr with the EOP with ṁc = 2 SCCM, r = 50 mm
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Figure C.18: Plasma properties for Kr with the EOP with ṁc = 2 SCCM, r = 60 mm
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Figure C.19: Plasma properties for Kr with the EOP with ṁc = 2 SCCM, r = 80 mm
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Figure C.20: Plasma properties for Kr with the EOP with ṁc = 2 SCCM, r = 100 mm
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Figure C.21: Plasma properties for Kr with the EOP with ṁc = 2 SCCM, r = 120 mm
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Figure C.22: Plasma properties for Kr with the EOP with ṁc = 5 SCCM, r = 50 mm
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Figure C.23: Plasma properties for Kr with the EOP with ṁc = 5 SCCM, r = 60 mm
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Figure C.24: Plasma properties for Kr with the EOP with ṁc = 5 SCCM, r = 80 mm
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Figure C.25: Plasma properties for Kr with the EOP with ṁc = 5 SCCM, r = 100 mm
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Figure C.26: Plasma properties for Kr with the EOP with ṁc = 5 SCCM, r = 120 mm
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Figure C.27: Plasma properties for Kr with the EOP with ṁc = 5 SCCM, r = 200 mm
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Figure C.28: Plasma properties for Kr with the EOP with ṁc = 10 SCCM, r = 50 mm
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Figure C.29: Plasma properties for Kr with the EOP with ṁc = 10 SCCM, r = 60 mm
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Figure C.30: Plasma properties for Kr with the EOP with ṁc = 10 SCCM, r = 80 mm
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Figure C.31: Plasma properties for Kr with the EOP with ṁc = 10 SCCM, r = 100 mm
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Figure C.32: Plasma properties for Kr with the EOP with ṁc = 10 SCCM, r = 120 mm
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Figure C.33: Plasma properties for Kr with the EOP with ṁc = 10 SCCM, r = 200 mm
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C.3 Xe
These data were acquired while operating the HET at Vd = 250 V with xenon and

the original outer pole. Imag was 4 A. Due to excessive probe heating, all of the mea-
surements except for the floating potential should be considered unreliable (see Ap-
pendix B). However, data on the left half of the figure, where the probe had not yet
entered the hot regions of the plasma, is slightly more believable. The floating potential
data is considered reliable as the probe heating had little effect on this measurement.
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Figure C.34: Plasma properties for Xe with ṁc = 2 SCCM, r = 60 mm



C.3. XE 223

80 mm

T e
(e

V
)

n e
(×

10
17

m
−3

)
V

f
(V

)
V

p
(V

)
C

os
t

Figure C.35: Plasma properties for Xe with ṁc = 2 SCCM, r = 80 mm
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Figure C.36: Plasma properties for Xe with ṁc = 2 SCCM, r = 120 mm
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Figure C.37: Plasma properties for Xe with ṁc = 5 SCCM, r = 60 mm
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Figure C.38: Plasma properties for Xe with ṁc = 5 SCCM, r = 80 mm
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Figure C.39: Plasma properties for Xe with ṁc = 5 SCCM, r = 120 mm
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Figure C.40: Plasma properties for Xe with ṁc = 10 SCCM, r = 60 mm
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Figure C.41: Plasma properties for Xe with ṁc = 10 SCCM, r = 80 mm
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Figure C.42: Plasma properties for Xe with ṁc = 10 SCCM, r = 120 mm



Appendix D

Xenon Results for the Separatrix
Crossing Experiment

D.1 Performance
The thruster performance data as a function of cathode position are plotted for

the three cathode mass flow rates in Figure D.1. The data show a consistent trend
with thrust, cathode coupling voltage, and efficiency highest near thrust-centerline, and
falling off to ∼120 mm. Beyond this point, these parameters rise slightly. The current,
meanwhile, decays rapidly from 40–80 mm, after which it is constant. The decay is
more rapid as cathode mass flow decreases.

D.2 Faraday Probe Data
The current density as a function of angle is plotted in Figure D.2. The data are

plotted on a polar graph. However, note there is a change of units at r = 250 mm.
Inside this region, a representation of the thruster and cathode are plotted for reference.
Outside, the radial dimension corresponds to current density. Each subfigure groups
together the data taken at the same radial position but different cathode mass flow rates.

One notes an increased broadening and decreased center-spike magnitude as the
cathode is moved away from the thrust axis. There is also a decrease in the overall
magnitude of the current densities with decreasing cathode mass flow, though this is
less pronounced when the cathode is further from the thrust axis.
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Figure D.1: Thruster performance as a function of cathode position.
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(c) Cathode r=80 mm
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(d) Cathode r=120 mm
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Figure D.2: Current densities for select cathode positions
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D.3 RPA Data
Figures D.3 through D.5 show the IEDFs as a function of angle for each cathode

position and mass flow operating point measured. Roughly speaking, it shows the
probability of an ion at a given angle having an energy that corresponds to the radial
dimension. To calculate the total probability, one would need to multiply the probability
on the IEDF by the normalized current density at that angle.

The data were taken at 10-degree intervals from -90 degrees to 30 degrees. The
remaining data have been interpolated in the figures. The corresponding current density
as measured by the Faraday probe is overlaid. Note that the arrangement of the radial
axis is identical to that of Figure D.2.

Several of the plots show broad energy distributions at zero degrees. It is possible
that these are due to pressure effects inside the RPA and may not, therefore, represent
valid data. This will be further addressed in the discussion.

The most striking feature of these graphs is that as the cathode is moved away from
the thruster, the distributions become narrower in energy space. Furthermore, the broad
energy distribution at 0 degrees seems to go away as the cathode is moved away from
the thrust axis and as cathode mass flow is decreased. When present, the narrow spike
in probability density occurs at approximately 200 V, regardless of cathode position,
and extends out to about -60 degrees. It appears to vary slightly with cathode mass
flow, moving from ∼200 V to ∼210 V as the mass flow is varied from 2 SCCM to
10 SCCM.

Finally, one notes a low energy spike near -90 degrees. However, signal levels
here are quite small, and we have low confidence in the data taken between -80 and
-90 degrees.

D.4 Efficiency Analysis
The calculated efficiencies show good agreement with the measured efficiencies,

except when ṁc = 10 SCCM and at all cathode mass flow rates when r = 60 mm. The
reasons for these discrepancies are unclear. The voltage utilization efficiency is the
dominant loss mechanism, with beam divergence being a close second. The remaining
efficiency components are all ∼85% or better. All efficiency components show similar
trends as cathode position is varied, regardless of cathode mass flow. The consistency
of the trends suggests that there is no fundamental difference in thruster operation as a
function of cathode mass flow rate.

The voltage utilization efficiency increases as the cathode is moved away from the
thruster. This is likely explained by the decrease in cathode propellent ingestion as r
increases. Ingested cathode propellent is more likely to be ionized further down the
potential hill and across a greater range of potentials, as it comes from outside the



D.4. EFFICIENCY ANALYSIS 235

(a) ṁc=2 SCCM, Cathode r=40 mm (b) ṁc=2 SCCM, Cathode r=60 mm

(c) ṁc=2 SCCM, Cathode r=80 mm (d) ṁc=2 SCCM, Cathode r=120 mm

(e) ṁc=2 SCCM, Cathode r=200 mm

Figure D.3: Ion energy distributions and ion current density as a function of angle for cathode
mass flow rates of 2 SCCM
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(a) ṁc=5 SCCM, Cathode r=40 mm (b) ṁc=5 SCCM, Cathode r=60 mm

(c) ṁc=5 SCCM, Cathode r=80 mm (d) ṁc=5 SCCM, Cathode r=120 mm

(e) ṁc=5 SCCM, Cathode r=200 mm

Figure D.4: Ion energy distributions and ion current density as a function of angle for cathode
mass flow rates of 5 SCCM
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(a) ṁc=10 SCCM, Cathode r=40 mm (b) ṁc=10 SCCM, Cathode r=60 mm

(c) ṁc=10 SCCM, Cathode r=80 mm (d) ṁc=10 SCCM, Cathode r=200 mm

Figure D.5: Ion energy distributions and ion current density as a function of angle for cathode
mass flow rates of 10 SCCM
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Figure D.6: Efficiency decomposition versus cathode radial location
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thruster, rather than the back of the anode. An increase in cathode propellent ingestion
would, therefore, result in a decrease in voltage utilization, as the velocity distribution
was spread to lower values. The fact that the velocity distribution efficiency trends in
the same fashion as the voltage utilization also supports this theory, as it measures the
spread in velocity space of the beam ions.

The current utilization efficiency is quite high, and relatively flat. It does drop sig-
nificantly at 40 mm, which in part explains the consistently poor performance at this
point. Given the high, periodic oscillations in cathode coupling voltage observed, it is
possible that there was increased electron mobility in the HET channel, which would
exhibit itself as a decrease in current utilization efficiency. A more interesting trend is
seen when comparing the overall current utilization from each of the cathode mass flow
rates. As cathode mass flow rate increases, current utilization decreases. One possi-
ble explanation is that the increased cathode flow results in increased charge-exchange
collisions. The fast neutrals, which must be captured for a completely accurate picture
of current utilization, are not detected by the Faraday probe. On the other hand, if this
were the only effect, one would expect the current utilization to be much worse with
the cathode close to the thruster, than with it at r = 200 mm. This is not the case. But,
increased ionization of the cathode propellent may offset this, making the two effects
impossible to disentangle with the current data.

The cathode coupling efficiency trends nicely match the trends in efficiency. This
can be seen in Figure D.1, where Vcg (∝ ηVcg) is seen to vary nearly in step with per-
formance. However, cathode coupling efficiencies only vary by roughly 5% as the
cathode position is changed, while total efficiencies vary by up to 20%. We see that the
beam divergence efficiency shows roughly the same trend as the overall efficiency, and
also approximately matches the coupling voltage efficiency trends. The divergence ef-
ficiency exhibits a maximum change of roughly 10% as cathode position changes. It is
surprising that even at 40 mm, where the cathode partially blocks the thruster channel,
beam divergence remains good. As previously mentioned, the trend seen here is further
supported by the conclusions of Hofer et al.1 Clearly beam divergence is an important
factor in explaining the trend in total efficiency.

References for Appendix D
[1] Hofer, R. R., Johnson, L. K., Goebel, D. M., and Fitzgerald, D. J., “Effects of an

Internally-Mounted Cathode on Hall Thruster Plume Properties,” 42nd AIAA/AS-
ME/SAE/ASEE Joint Propulsion Conference, July 9–12, 2006, Paper No. AIAA-
2006-4482
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Appendix E

Single-Point Data

This appendix presents a table of all of the scalar quanties measured at each of the
combinations of pole, cathode mass flow rate, and cathode position measured in the
separatrix crossing experiment of Chapter 8. All of the parameters are explained and
ncertainty estimates for most of the parameters are given in that chapter. See Table 8.2
for further explanations of Order and the scalar plume parameters.
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Table E.1: Scalar data from separatrix crossing experiment
Independent Variables Performance Beam Plume Efficiency Components Efficiency

Pole
ṁc

(SCCM)
r

(mm) Order
Thrust
(mN)

Id
(A)

Vcg

(V)
Ib

(A)
〈|θ |〉
(◦)

Vp

(V)

V f

(V)
Te

(eV)

ne(
×1017 m−3

)
ηθ ηI ηVcg ηvdf ηV ηa ηt

OOP 2 40 2 26.5 3.95 32.7 2.81 31.9 0.635 0.712 0.868 0.935 0.584 0.139 0.132
OOP 2 50 8 25.3 3.36 26.4 2.61 28.4 2.72 28.5 5.86 3.62 0.689 0.775 0.894 0.879 0.487 0.148 0.141
OOP 2 60 5 25.1 3.15 29.8 0.438 32.7 6.08 3.16
OOP 2 70 10 22.4 2.93 41.0 2.56 34.5 0.598 0.876 0.835 0.947 0.559 0.134 0.127
OOP 2 80 6 20.4 2.84 48.6 2.56 34.9 11.8 42.8 5.79 3.58 0.597 0.902 0.805 0.915 0.558 0.114 0.109
OOP 2 90 9 21.9 2.91 46.1 2.41 38.7 0.540 0.828 0.815 0.953 0.598 0.128 0.122
OOP 2 100 1 20.0 3.03 46.2 2.08 36.8 23.0 63.0 7.56 3.01 0.568 0.687 0.815 0.965 0.610 0.103 0.0982
OOP 2 120 7 19.9 3.00 48.7 2.02 37.1 0.566 0.675 0.805 0.983 0.613 0.103 0.0982
OOP 2 180 4 20.7 2.96 47.9
OOP 5 40 3 28.2 4.22 24.0 2.64 29.5 0.674 0.626 0.903 0.942 0.606 0.147 0.131
OOP 5 50 11 25.2 3.66 19.8 2.56 26.6 0.503 26.7 5.08 3.71 0.717 0.699 0.920 0.909 0.522 0.135 0.120
OOP 5 60 6 25.1 3.53 19.9 2.71 27.7 1.15 28.3 5.10 3.23 0.702 0.769 0.920 0.888 0.492 0.139 0.124
OOP 5 70 14 21.6 3.18 25.3 2.80 32.1 0.634 0.881 0.898 0.918 0.530 0.114 0.102
OOP 5 80 8 20.9 3.04 33.3 2.78 35.7 7.51 34.9 5.12 3.62 0.580 0.917 0.866 0.894 0.496 0.112 0.100
OOP 5 90 13 18.8 2.96 38.2 2.57 33.7 0.616 0.865 0.847 0.955 0.599 0.0932 0.0831
OOP 5 100 2 21.6 2.93 41.2 2.40 33.7 14.6 49.6 6.56 3.65 0.619 0.817 0.835 0.963 0.619 0.124 0.111
OOP 5 120 5 19.4 2.99 39.0 2.15 33.1 18.4 53.6 6.67 2.69 0.630 0.719 0.843 0.977 0.630 0.0982 0.0876
OOP 5 140 9 18.9 3.03 39.4
OOP 5 160 7 20.1 3.09 38.2
OOP 5 180 10 19.9 3.10 38.9
OOP 5 200 4 22.4 3.06 37.7 2.29 39.1 15.5 52.5 6.97 3.36 0.536 0.747 0.849 0.963 0.602 0.128 0.114
OOP 5 250 12 21.2 3.01 38.1
OOP 10 40 2 32.4 4.38 25.6 2.85 29.5 0.675 0.651 0.897 0.889 0.545 0.187 0.150
OOP 10 50 10 27.5 4.03 17.1 2.78 26.6 0.244 21.4 4.03 3.67 0.717 0.689 0.931 0.865 0.477 0.146 0.118
OOP 10 60 5 28.2 3.98 15.9 3.00 28.5 0.520 21.1 3.86 2.95 0.688 0.754 0.936 0.863 0.462 0.155 0.125
OOP 10 70 13 26.0 3.57 19.9 2.93 30.3 0.662 0.821 0.920 0.841 0.442 0.147 0.118
OOP 10 80 7 25.1 3.37 23.1 2.95 33.1 4.61 24.9 3.76 3.53 0.620 0.875 0.907 0.864 0.471 0.145 0.117
OOP 10 90 12 22.7 3.20 26.4 2.88 34.5 0.599 0.900 0.894 0.881 0.490 0.125 0.101
OOP 10 100 4 23.8 3.16 29.2 2.91 36.0 9.13 34.4 4.72 3.40 0.574 0.921 0.883 0.892 0.511 0.139 0.112
OOP 10 120 1 24.2 3.08 30.7 2.66 34.0 10.4 31.2 3.88 2.98 0.611 0.861 0.876 0.935 0.588 0.148 0.119
OOP 10 140 8 20.3 3.05 29.9
OOP 10 160 6 21.3 3.03 30.5
OOP 10 180 9 22.3 2.99 32.0
OOP 10 200 3 23.3 2.99 31.6 2.66 34.2 12.2 37.1 4.64 2.98 0.607 0.888 0.873 0.967 0.624 0.141 0.113
OOP 10 250 11 23.5 2.93 32.5
EOP 2 40 2 30.8 4.05 30.8 2.49 28.7 0.694 0.616 0.876 0.948 0.653 0.183 0.174
EOP 2 50 4 27.3 3.38 27.8 2.32 27.7 1.22 25.5 5.01 3.43 0.705 0.687 0.888 0.864 0.503 0.172 0.164

Continued on next page. . .
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Table E.1 – continued from previous page
Independent Variables Performance Beam Plume Efficiency Components Efficiency

Pole
ṁc

(SCCM)
r

(mm) Order
Thrust
(mN)

Id
(A)

Vcg

(V)
Ib

(A)
〈|θ |〉
(◦)

Vp

(V)

V f

(V)
Te

(eV)

ne(
×1017 m−3

)
ηθ ηI ηVcg ηvdf ηV ηa ηt

EOP 2 60 7 26.1 3.34 25.3 2.33 28.1 0.427 30.5 5.64 3.65 0.700 0.699 0.898 0.158 0.151
EOP 2 70 5 25.3 3.24 26.4 2.39 30.2 0.667 0.737 0.894 0.942 0.580 0.153 0.146
EOP 2 80 1 24.8 2.90 36.4 2.34 31.4 4.28 34.5 5.67 3.58 0.648 0.805 0.854 0.164 0.157
EOP 2 90 6 25.1 2.81 38.8 2.13 26.5 0.736 0.755 0.844 0.941 0.603 0.174 0.165
EOP 2 100 3 24.7 2.88 43.5 2.46 32.1 12.3 40.8 5.34 3.39 0.635 0.855 0.825 0.943 0.591 0.166 0.158
EOP 2 120 8 20.5 2.92 50.3 2.51 34.9 19.8 56.4 6.91 3.03 0.601 0.862 0.798 0.949 0.591 0.112 0.107
EOP 2 140 9 21.4 2.80 43.6
EOP 5 40 6 33.1 4.18 26.1 2.42 27.3 0.718 0.580 0.895 0.927 0.624 0.204 0.182
EOP 5 50 2 28.9 3.43 22.4 2.20 24.9 0.528 22.1 4.21 3.78 0.752 0.643 0.910 0.962 0.630 0.190 0.169
EOP 5 60 11 27.9 2.88 32.5 2.44 27.2 0.840 25.8 4.66 3.85 0.714 0.846 0.869 0.943 0.593 0.210 0.187
EOP 5 70 7 27.4 3.31 20.1 2.49 27.7 0.708 0.750 0.919 0.918 0.557 0.177 0.157
EOP 5 80 13 25.0 2.82 34.4 2.27 29.3 0.864 23.2 4.18 3.24 0.681 0.804 0.862 0.936 0.621 0.172 0.153
EOP 5 90 1 25.7 2.79 32.4 1.93 27.0 0.725 0.692 0.870 0.932 0.616 0.185 0.165
EOP 5 100 5 24.7 2.85 35.7 1.98 28.3 13.2 42.6 5.51 3.23 0.699 0.695 0.857 0.957 0.634 0.167 0.149
EOP 5 120 8 22.7 2.80 37.7 2.65 32.7 20.6 57.5 7.00 2.82 0.634 0.948 0.849 0.962 0.639 0.144 0.128
EOP 5 140 3 21.1 2.79 42.6
EOP 5 160 9 20.8 2.82 40.6
EOP 5 180 12 21.8 2.81 40.4
EOP 5 200 4 21.5 2.84 46.7 2.47 33.5 27.6 68.2 7.73 2.60 0.621 0.867 0.812 0.953 0.617 0.126 0.112
EOP 5 250 10 21.6 2.81 39.7
EOP 10 40 9 33.6 4.27 24.1 2.33 25.9 0.744 0.546 0.903 0.959 0.659 0.206 0.165
EOP 10 50 2 29.9 3.53 20.6 2.44 27.0 0.513 18.6 3.54 4.10 0.714 0.692 0.917 0.948 0.629 0.197 0.158
EOP 10 60 8 29.3 3.39 19.6 2.41 25.4 0.0352 21.0 3.91 3.96 0.745 0.710 0.921 0.906 0.585 0.197 0.158
EOP 10 70 12 28.9 3.37 19.1 2.50 26.2 0.734 0.740 0.923 0.931 0.590 0.193 0.155
EOP 10 80 5 27.8 2.98 29.2 2.64 29.6 0.828 21.5 3.86 3.49 0.677 0.884 0.883 0.926 0.604 0.202 0.162
EOP 10 90 13 27.8 2.91 25.4 2.61 29.2 0.689 0.899 0.898 0.941 0.630 0.207 0.166
EOP 10 100 1 26.6 2.91 31.2 2.39 29.1 9.52 31.6 4.13 2.98 0.691 0.820 0.874 0.936 0.623 0.189 0.152
EOP 10 120 10 24.0 2.79 27.8 2.52 30.6 15.4 46.0 5.75 2.92 0.670 0.904 0.888 0.945 0.637 0.161 0.129
EOP 10 140 11 22.9 2.78 34.9
EOP 10 160 3 21.0 2.76 28.3
EOP 10 180 7 22.5 2.77 32.3
EOP 10 200 4 22.5 2.78 34.3 2.68 33.1 18.8 54.7 6.81 2.71 0.626 0.965 0.862 0.962 0.635 0.141 0.114
EOP 10 250 6 23.1 2.77 32.4
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Permission to Use Material

The letter below grants the author permission to publish the photograph of the
Busek BHT-200 included in this document as Figure 1.2.

245



246 APPENDIX F. PERMISSION TO USE MATERIAL


	Hall-effect thruster-cathode coupling : the effect of cathode position and magnetic field topology
	Recommended Citation

	Abstract
	Acknowlegements
	About the Electronic Edition
	List of Figures
	List of Tables
	Nomenclature
	Introduction
	Hall-Effect Thruster--Cathode Coupling and Performance
	Contribution of this Work
	Outline
	References for Chapter 1

	Background
	Electron Motion in Magnetized Plasmas
	Charged particle motion in a uniform magnetic field
	Charged particle motion in crossed electric and magnetic fields
	Bulk effects
	Collisions
	Electron diffusion and mobility

	Hall-Effect Thrusters
	Basic mechanics
	Efficiency
	Efficiency loss mechanisms

	Cathodes
	HET--Cathode Coupling
	References for Chapter 2

	Review of Prior Research
	Cathode Design
	Early Work
	HET--Cathode Coupling
	Cathode type
	Cathode mass flow rate
	Cathode position

	Summary
	References for Chapter 3

	Experiments
	Overview
	Setup
	Procedure
	Equipment
	Diagnostics
	Vacuum facility
	Hall thruster
	Cathode
	Mass flow controllers

	References for Chapter 4

	Electrostatic Probes
	Langmuir Probe
	Faraday Probe
	Theory
	Bias electronics
	Design and operation
	Sources of error

	Retarding Potential Analyzer
	Design and operation
	RPA trace smoothing

	Double Probe
	Description and simple analysis
	Peterson and Talbot analysis
	Algorithm
	Design and operation

	References for Chapter 5

	Magnetic Field
	Motivation
	Magnetic Field Model
	Model

	Model Results
	Validation of the Model
	Larmor Radius and Hall Parameter
	Larmor radius
	Hall parameter

	Discussion
	Other HET Designs
	References for Chapter 6

	Preliminary Experiments
	Cathode Position Experiment
	Results
	Discussion
	Performance vs. B Field
	References for Chapter 7

	Separatrix Crossing Experiments
	Motivation and Overview
	Design of Experiment
	Design of the extended outer pole
	Setup
	Procedure

	Performance
	Results
	Discussion

	Ion Beam Properties
	Ion current density profiles
	Ion energy distributions

	Efficiency Analysis
	Method
	Results
	Discussion

	Plume Properties
	Results
	Discussion
	Average near-field plume properties

	Discussion
	References for Chapter 8

	Extended Outer Pole Performance
	Motivation and Design of Experiment
	Results
	Discussion

	Conclusion
	How Cathode Position Affects Efficiency
	How Cathode Position Affects Cathode Coupling
	The Separatrix
	Future Work
	Epilogue
	References for Chapter 10

	Code Listings
	Langmuir Probe Processing Algorithm
	peterson.py
	langmuir.py

	Savitzky-Golay Smoothing Algorithm
	Cai Plume Neutral Density Model
	References for Appendix A

	Double Probe Heating
	Plume Properties
	Kr OOP
	Cathode mass flow = 2 SCCM, r = 50 mm
	Cathode mass flow = 2 SCCM, r = 60 mm
	Cathode mass flow = 2 SCCM, r = 80 mm
	Cathode mass flow = 2 SCCM, r = 100 mm
	Cathode mass flow = 5 SCCM, r = 50 mm
	Cathode mass flow = 5 SCCM, r = 60 mm
	Cathode mass flow = 5 SCCM, r = 80 mm
	Cathode mass flow = 5 SCCM, r = 100 mm
	Cathode mass flow = 5 SCCM, r = 120 mm
	Cathode mass flow = 5 SCCM, r = 200 mm
	Cathode mass flow = 10 SCCM, r = 50 mm
	Cathode mass flow = 10 SCCM, r = 60 mm
	Cathode mass flow = 10 SCCM, r = 80 mm
	Cathode mass flow = 10 SCCM, r = 100 mm
	Cathode mass flow = 10 SCCM, r = 120 mm
	Cathode mass flow = 10 SCCM, r = 200 mm

	Kr EOP
	Cathode mass flow = 2 SCCM, r = 50 mm
	Cathode mass flow = 2 SCCM, r = 60 mm
	Cathode mass flow = 2 SCCM, r = 80 mm
	Cathode mass flow = 2 SCCM, r = 100 mm
	Cathode mass flow = 2 SCCM, r = 120 mm
	Cathode mass flow = 5 SCCM, r = 50 mm
	Cathode mass flow = 5 SCCM, r = 60 mm
	Cathode mass flow = 5 SCCM, r = 80 mm
	Cathode mass flow = 5 SCCM, r = 100 mm
	Cathode mass flow = 5 SCCM, r = 120 mm
	Cathode mass flow = 5 SCCM, r = 200 mm
	Cathode mass flow = 10 SCCM, r = 50 mm
	Cathode mass flow = 10 SCCM, r = 60 mm
	Cathode mass flow = 10 SCCM, r = 80 mm
	Cathode mass flow = 10 SCCM, r = 100 mm
	Cathode mass flow = 10 SCCM, r = 120 mm
	Cathode mass flow = 10 SCCM, r = 200 mm

	Xe
	Cathode mass flow = 2 SCCM, r = 60 mm
	Cathode mass flow = 2 SCCM, r = 80 mm
	Cathode mass flow = 2 SCCM, r = 120 mm
	Cathode mass flow = 5 SCCM, r = 60 mm
	Cathode mass flow = 5 SCCM, r = 80 mm
	Cathode mass flow = 5 SCCM, r = 120 mm
	Cathode mass flow = 10 SCCM, r = 60 mm
	Cathode mass flow = 10 SCCM, r = 80 mm
	Cathode mass flow = 10 SCCM, r = 120 mm


	Xe Separatrix Crossing Experiment
	Performance
	Faraday Probe Data
	RPA Data
	Efficiency Analysis
	References for Appendix D

	Single-Point Data
	Permission to Use Material

