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ABSTRACT

We begin this dissertation by studying the relationship between the Poincaré metric of a
simply connected domain 2 C C and the geometry of Dome(£2), the boundary of the convex
hull of its complement. Sullivan showed that there is a universal constant K, such that one
may find a conformally natural K.q-quasiconformal map from €2 to Dome(€2) which extends
to the identity on 02. Explicit upper and lower bounds on K., have been obtained by
Epstein, Marden, Markovic and Bishop. We improve upon these upper bounds by showing
that one may choose K., < 7.1695. As part of this work, we provide stronger criteria
for embeddedness of pleated planes. In addition, for Kleinian groups I' where N = H3/I"
has incompressible boundary, we give improved bounds for the average bending on the
convex core of N and the Lipschitz constant for the homotopy inverse of the nearest point

retraction.

In the second part of this dissertation, we prove an extension of Basmajian’s identity to
n-Hitchin representations of compact bordered surfaces. For 3-Hitchin representations, we
provide a geometric interpretation of this identity analogous to Basmajian’s original result.
As part of our proof, we demonstrate that for a closed surface, the Lebesgue measure on the
Frenet curve of an n-Hitchin representation is zero on the limit set of any incompressible

subsurface. This generalizes a classical result in hyperbolic geometry.

In our final chapter, we prove the Bridgeman-Kahn identity for all finite volume hyperbolic
n-manifolds with totally geodesic boundary. As part of this work, we correct a commonly
referenced expression of the volume form on the unit tangent bundle of H” in terms of the

geodesic end point parametrization.
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CHAPTER 1

Introduction

1. Convex Hulls, Sullivan’s Theorem and Lipschitz Bounds

In Chapter [3] of this thesis, we will consider the relationship between the Poincaré metric
on a simply connected hyperbolic domain 2 C C = OH? and the geometry of the boundary
of the H3-convex hull of its complement, denoted by Dome(£2). Sullivan [Sul81] (see also
Epstein-Marden [EMS8T7]) showed that there exists a universal constant K., > 0 such that
there is a conformally natural K.4-quasiconformal map f : € — Dome(2) which extends to

the identity on 0S2. Epstein, Marden and Markovic provided bounds for the value of K.

THEOREM 1.1. (Epstein-Marden-Markovic [EMMO04, EMMO06|) There exists K., < 13.88
such that if Q C Cisa stmply connected hyperbolic domain, then there is a conformally
natural Keq-quasiconformal map f : Q@ — Dome(2) which extends continuously to the

identity on OS2 C C. Moreover, one may not choose K¢q < 2.1.

Recall that f is said to be conformally natural if for all conformal automorphism A of C
which preserve €2, one has Ao f = fo A, where A is the extension of A to an isometry of H?.
In particular, this result is of interest in the setting of Kleinian groups. If I' < Isom™ (H?)
is a Kleinian group such that N = H?3/I" has non-empty incompressible boundary, then
Sullivan’s Theorem provides a universal bound on the Teichmiiller distance between the
hyperbolic structure on the convex core of N and its conformal structure at infinity. The

setting where N has compressible boundary has been extensively studied in [BC03, BC13J.

If one does not require that the quasiconformal map f : Q@ — Dome(2) to be conformally
natural, Bishop [Bis04] obtained a better uniform bound on the quasiconformality con-
stant. However, Epstein and Markovic [EMO05] showed that even in this setting one cannot

uniformly bound the quasiconformality constant above by 2.

THEOREM 1.2. (Bishop [Bis04]) There exists K' < 7.88 such that if Q@ C C is a simply
connected hyperbolic domain, then there is a K'-quasiconformal map f : Q@ — Dome(Q)

which extends continuously to the identity on 9 C C.

1



2 1. INTRODUCTION

In joint work with Bridgeman and Canary [BCY16], we further improve the upper bound.

THEOREM 1.3. There exists Keoq < 7.1695 such that if € C Cisa simply connected hyper-
bolic domain, then there is a conformally natural K.q-quasiconformal map f : € — Dome(f2)

which extends continuously to the identity on Q) C C.

Chapter [3]| is organized around the key techniques and results that culminate in the above
Theorem. We begin by realizing Dome(f2) as the image of a pleated plane P, : H> — H?
whose bending is encoded by a measured lamination u. Given L > 0, we define the L-
roundness ||u||r of 1 to be the least upper bound on the total bending of P,(a) where o
is an open geodesic segment in H? of length L. This generalizes the notion of roundness
introduced by Epstein-Marden-Markovic [EMMO04]. Our first bound improves earlier work
of Bridgeman [Bri98, [Bri03| on the roundness of embedded pleated planes. Below is an
extended version of what appears in our published work [BCY16].

THEOREM 1.4. If L € (0,2sinh™(2)], p is a measured lamination on H2, and P, is an
embedding, then ||u|| < F(L) where

cos 1 (—sin or sinh~!
F(L) = 2 ( h(L/2)) for L € [0,2sinh™" (1)]

3m—2cos! (( cosh(L) — 1) /2) for L € (2sinh (1), 2sinh~1(2)]

Next, we generalize the work of Epstein-Marden-Markovic [EMMO4, Theorem 4.2, part
2] and an unpublished result of Epstein and Jerrard [EJ], to give criteria on L-roundness

which guarantee that P, is an embedding.

THEOREM 1.5. There exists a computable monotonic function G : (0,00) — (0,7) such
that if 1 is a measured lamination on H? with ||u||L < G(L), then P, is a quasi-isometric
embedding. Moreover, P, extends continuously to ]5” - H2US! - H2UC with PM(Sl) a

quasi-circle.

With these bounds in place, we adapt the techniques of Epstein, Marden and Markovic
[EMMO04, EMMO06]| for using complex earthquakes and angle scaling to approximate dis-
tances in universal Teichiiller space. A computational approximation of an associated Rie-

mann mapping completes the proof of Theorem
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The extended version of Theorem allows us to improve bounds by Bridgeman [Bri03]
on average bending and the Lipschitz constant for the homotopy inverse of the retraction

map.

THEOREM 1.6. Let T be a Kleinian group with the components of Q(T') simply connected
and let N = H3/F. There exist universal constants Kg, K1 with Ko < 2.494 and K < 3.101
such that

(i) if pr is the bending lamination of OC(N), then

Coc(ny(pr) < Ko [x (OC(N))|

(ii) for any closed geodesic o on OC(N),

i, piy)
B = <K
r(a) o =K
where Br(«) is called the average bending of c.
(iii) there exists a (1 + Ki)-Lipschitz map s : OC(N) — Q(I')/T" that is a homotopy

inverse to the retract map r : Q(I') /T — 0C(N).

2. Basmajian’s Identity for Hitchin Representations

Spectral identities for hyperbolic manifolds express a constant quantity as a summation
over the lengths of some class of curves. The first such identity was introduced by McShane
in 1991 [McS91]. It was extended by Mirzakhani and used to give recursive formulas for
Weil-Petersson volumes of moduli space [Mir07b] and to count simple closed geodesics on

surfaces [Mir08]. This thesis will focus on the Basmajian and Bridgeman-Kahn identities.

Let ¥ be a connected oriented compact surface with nonempty boundary whose double
has genus at least 2. Given a finite area hyperbolic metric ¢ on ¥ such that 0¥ is totally
geodesic, Basmajian defined an orthogeodesic in (X,0) to be an oriented proper geodesic
arc perpendicular to 9% at both endpoints; denote the collection of all such arcs by O(%, o).
The orthospectrum |O(X, 0)| is the multiset of the lengths of orthogeodesics counted with
multiplicity. Basmagian’s identity [Bas93| states:

0,(0%) = Z 2log coth (5) ,
1€|0(E0)]

where ¢,(0X) denotes the length of 0¥ measured in o.
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In Chapter {4 we formulate an extension of this identity to the setting of Hitchin represen-
tations using Labourie’s notion of associated cross ratios [Lab08]. Hitchin representations
are the connected component in the character variety Hom(m (X), PSL(n,R)) / PSL(n,R)

containing the Veronese embedding of Fuchsian representations.

A Hitchin representation p : m(X) — PSL(n,R) gives rise to a notion of length given by

>\max (p(’}/)) '
Amin(0(7)) |7

where Apax(p(7)) and Amin(p(y)) are the eigenvalues of maximum and minimum absolute

£y(v) = log ‘

value of p(7), respectively. This definition make sense as p(7) is has all real eigenvalues

with multiplicity one [Lab06].

Let ¥ have m boundary components and choose A = {aq,...,a,} to be a collection of
primitive peripheral elements of 71 (X) representing distinct boundary components oriented
such that the surface is to the left. We call such a collection a positive peripheral marking.

Set H; = (), then we define the orthoset to be the following disjoint union of cosets:

oA = || E\mE@/H|u| || HE\®E)/H)\ HeH; | |

1<i#j<m 1<i<m

where e € 71(X) is the identity. The orthoset serves as an algebraic replacement for O(3, o)

and there is clear bijection between O(X, A) and O(X, o) in the hyperbolic setting.

A cross ratio on the boundary at infinity 0 (%) of m1(X) is a Holder function defined on
0o (2)" = {(2,,2,1) € 0no(2)*: w # t and y # 2}

and invariant under the diagonal action of 71(X). In addition, it must satisfy several
symmetry conditions (see Section |5 of Chapter . In [LabO08|, Labourie showed how to
associate a cross ratio B, to a Hitchin representation p of a closed surface. For compact
surfaces, this was done by Labourie and McShane [LMO09] using a doubling construction.

Define the function G, : O(X, A) — R by

Gp(Hngj) = log BP(OZ;F,Q : Ol;ra OZ;,Q ’ Oé;) )

where a®,a” € 9,(X) denote the attracting and repelling fixed points of a € m(9),

respectively. In joint work with Nicholas Vlamis [VY15], we prove :
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THEOREM 2.1. Let ¥ be a compact connected surface with m > 0 boundary components
whose double has genus at least 2. Let A = {aq,...,an} be a positive peripheral marking.

If p is a Hitchin representation of m1(X), then

LOD) = Y Gy,

z€O(X,A)

where £,(0X) = >, £,(vi). Furthermore, if p is Fuchsian, this is Basmagian’s identity.

In order to prove this result, we need to understand the measure of 0 (2) in the limit set of
its double. In [Lab06], Labourie defines a Hélder map &, : 0o (S) — PR™ for an n-Hitchin
representation p of a closed surface S, which we call the limit curve associated to p. The
image of this curve is a C'** submanifold and thus determines a measure class y, on 9 (9)

via the pullback of the Lebesgue measure. With respect to this measure we prove :

THEOREM 2.2. Let S be a closed surface and ¥ C S an incompressible subsurface. Let p be
a Hitchin representation of S and §, the associated limit curve. If u, is the pullback of the
Lebesgue measure on the image of £,, then ,(0x(X)) = 0.

This result generalizes a classical fact about the measure of the limit set of a subsurface for

closed hyperbolic surfaces (see [Nic89, Theorem 2.4.4]).

In Section [§] of Chapter [4, we give a geometric picture and motivation for our definitions
and techniques by considering the case of 3-Hitchin representations. These correspond to
convex real projective structures on surfaces as seen in the work of Choi and Goldman
[Gol90, ICG93]. We also show that our formulation recovers Basmajian’s identity for
Fuchsian representations. In Section [I0] we demonstrate the relationship between Theo-
rem and Labourie-McShane’s extension [LMO09] of the McShane-Mirzakhani identity
IMcS91), McS98|, Mir07a] to the setting of Hitchin representations. Both identities cal-
culate the length of the boundary by giving a countable full-measure decomposition. We
explain how these decompositions are related in both the classic hyperbolic setting and that

of Hitchin representations.

3. Bridgeman-Kahn Identity for Finite Volume Hyperbolic Manifolds

In Chapter 5], we provide an extension of the Bridgeman-Kahn orthospectral identity to
the setting of all finite volume hyperbolic manifolds with totally geodesic boundary. As
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part of our work, we provide the following correction to [Nic89, Theorem 8.1.1], where the

statement is off by a factor of 272,

THEOREM 3.1. Let Q = dVdw be the standard volume form in T{H" L. Then, with the
following coordinates arising from the upper half space and conformal ball models for the

geodesic endpoint parametrization
TIH" ™ = {(x,y,t) e R" x R" x R: x £y}

T\H" =~ {(p,q,t) €S" xS" x R: p # q},

we have
4O — 2hdx dy dt 2"dw(p) dw(p) dt
x —y|*" Ip—q*"
where | - | is the Buclidean norm in R™ and R""1 respectively.

Let M be a finite volume hyperbolic n-manifold with non-empty totally geodesic boundary.
As before, the collection of oriented geodesic arcs perpendicular to M at both ends is

called the orthoset of M, denoted Op;. The Bridgeman-Kahn identity states

THEOREM 3.2. (Bridgeman-Kahn [BK10]) Let M be a compact hyperbolic n-manifolds with
totally geodesic boundary, then

Vol(M) = > Fu(l)
€Oy

where F, : Ry — Ry is a decreasing function expressed as an integral of an elementary

function and satisfies

(i) there exists D, > 0, depending only on n, such that

Dy,

)= =

(i3) let H(m) denote the m'" harmonic number and T'(m) = (m — 1)!, then

n—2

== _ n—=2
fi 172 (1) = T DTS
(=0 L (") (")
(iii)
(n—1)l n—1 "2 (n
i € Fn(l):Q T2 F2(2)
S ()

Utilizing their identity, Bridgeman and Kahn were able to provide lower bounds on volume.
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THEOREM 3.3. (Bridgeman-Kahn [BK10]) There exists Cy, > 0, depending only on n, such
that if M is a compact hyperbolic n-manifolds with totally geodesic boundary, then

Vol(M) > Cy, Area(@M)%.

REMARK 3.1. It is important to note that we have taken the liberty to correct the asymp-
totics in Theorem to agree with our Theorem as the authors of [BK10] referenced

the volume form from [Nic89].

The proof of the identity relies on a clever decomposition of the unit tangent bundle. Cala-
grai [Call0] produced a similar identity for the orthospectrum using a rather different
decomposition. Recently, Masai and McShane [MM13], using a countable equidecompos-
ability argument, demonstrated that the Bridgeman-Kahn and Calagari identities are one

and the same. Additionally, they show thatﬂ

2m(l +1
R) = T

Note that the asymptotics agree with that of Theorem [3.2]

In the case of surfaces, Bridgeman extended his identity to surfaces with cusped boundary.

A boundary cusp of a surface looks like a vertex of an ideal hyperbolic polygon.

THEOREM 3.4. (Bridgeman [Brill]) Let S be a finite area hyperbolic surface with totally

geodesic boundary and m boundary cusps, then

Area(S) = gm + Z 2 L (sech2 ;)

T
l€|Os|

where £(z) = Llog|z|log(1 — 2) + 332, Z—z is the Rogers dilogarithm.

By applying this identity to simple hyperbolic surfaces with cusped boundary, Bridgeman
was able to recover classical functional equations for the Rogers dilogarithm and provide

infinite families of new ones.

In joint work with Nicholas Vlamis, we have extended the Bridgeman-Kahn identity to all

finite volume hyperbolic n-manifolds with totally geodesic boundary.

n [MM13], the authors compute the integral formula of [Cal10], which already takes into account dividing
by Vol(S?).
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THEOREM 3.5. Forn > 3 and M a finite volume hyperbolic n-manifold with totally geodesic
boundary, let € to be the set of O-cusps of M and |O(M)| the orthospectrum. For every
¢ € €, let B. be the maximal horoball in M and d. the Fuclidean distance along 0B, between

the two boundary components of c. Then

L Hn- )F(Tz) Vol(B)

Le|O(M)) el

where T'(m) = (m — 1)! and H(m) is the m™ harmonic number.

REMARK 3.2. Observe that by (i¢) of Theorem one has

T H H(n—2) (72) :VOI(S”) (n*Q)F(TQ)
T T R

Since both of these quantities compute volumes of tangent vectors, it is possible that there

lm "2 F,(]) =
lim ()

might be a direct relationship using some kind of geometric rescaling argument. Unfortu-

nately, our proof of Theorem does not provide such an insight.



CHAPTER 2

Background

1. Hyperbolic Space

1.1. Models. Hyperbolic n-space, denoted by H", is the unique complete, simply con-
nected, Riemannian n-manifold of constant sectional curvature —1. Throughout, dy» will
denote the hyperbolic metric, ds will be the length element, and dV will be the volume
element of H"™. We will also need to consider the standard compactification of H" via the
boundary at infinity OsoH™. We will think of J,H™ as the visual sphere at infinity from
any point of H" or as the space of endpoints of geodesic rays. A good reference for all of

the following details is [Rat13].
The conformal ball model, is given by

H' = {x cR": [x| <1} =B", O H"={xcR":|x|=1}=8""1,

_ 2ldx]| o 2Mdx
ds = =[x’ and dV = A= o)

Here, complete geodesics are realized as circular arcs perpendicular to S*~! and a hyperbolic

hyperplane is the intersection of B" with an (n — 1)-sphere perpendicular to S"~ .

In the upper half space model, one has

H'>{xeR":2, >0} =U", O H"={xeR":z,=0}U{occ}=R""!

dx dx
ds = u, and dV = ——.

Similarly, complete geodesics are circular arcs or lines perpendicular to R*~! and a hyper-

bolic hyperplane is the intersections of U™ with an (n — 1)-sphere or a Euclidean hyperplane

perpendicular to R™* 1.

A half space is the closure of a connected component of H"™ cut by a hyperplane. A horoball
is a Euclidean ball tangent to 0, H"™ and contained in H" in either of these models. In the

upper half space model, a horoball can also be realized as {x € R™ : z,, > a > 0}. The

9



10 2. BACKGROUND

boundary of a horoball is called a horosphere and is Euclidean in the induced path metric

from H".

The space of unoriented geodesics of H" will be denoted by
G(H") = (0soH" X 0cH" \ A)/(Zs)
and the space of hyperplanes by &2 (H").

We will also make mention of the hyperboloid model. Let (x,y)q = x1y1 + -+ + Tnyn —

Tpi1Yns1 be the Lorentzian inner product on R™*!, then
H* > P{x € R"™ : (x,x), = 1}, O H" =P{x € R"™: (x,x), =0}, and

PH") =2 P{x € R"™: (x,x), =1}

where the induced metric from (-, -)4 is the hyperbolic metric on H" and a pseudo-Riemannian

metric on &2(H").

1.2. Isometries. The group of orientation preserving isometries Isom™ (H") acts tran-
sitively on H” and can be realized in several different ways. Let M (]R”) denote the group of
transformations of R” is generated by reflections in hyperplanes and inversions in spheres.
Elements of M(R™) are called Mdbius transformations. The isometry groups Isom™ (U™)
and Isom™ (B") are precisely the orientation preserving elements of M (R") that preserve
U” and B", respectively. Note that a Mdbius transformation of H"~! or S"~! extends to

Mobius transformation that preserves U™ and B", respectively (see [Rat13] for details).

Additionally, we have Isom™ (H") = SO%(n,1) acting on the hyperboloid model. Here
SO (n,1) is the identity component in SO(n,1). In fact, one may realize H" as the ho-
mogeneous space SO (n,1)/SO(n). The metric and volume forms arise in this setting
by projecting the Killing form and the Haar measure. For a detailed reference on this

perspective, see [FLJ12].

For n = 2 and n = 3 we can identify Isom™ (U?) = PSL(2,R) and Isom™(U?) = PSL(2,C)
acting on z € U2 or z € C = 8,,U3 by

a b az+b
C 2
c d cz+d

Elements of Isom™ (H") are classified into three different types. We say g € Isom™ (H") is
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(i) elliptic if g fixes a point of H".
(ii) parabolic if g fixes no point of H" and unique point of J,H".

(iii) hyperbolic or lozodromic if g fixes no point of H"” and exactly two points of 0cH™.

2. Teichmiiller Space and Quasiconformal Maps

Let S be a closed smooth surface of genus g > 2. A (marked) hyperbolic structure on S
is a diffeomorphism f : S — X where X = H?/T" for a discrete torsion free subgroup I’
of Isom™ (H?) = PSL(2,R). For a € 71(S), this allows us to define £y () as the length
of the unique geodesic representative in the free homotopy class fi(a) on X. We say that
(X, f) ~ (Y,g) whenever go f~! is isotopic to an isometry between X and Y. Define the

Teichmiiller space of S as
Teich(S) = {(X, f) | f : S — X is a hyperbolic structure}/ ~ .

This space non-empty for g > 2 and is homeomorphic to R%=6. Notice that every hyper-
bolic structure (X, f) gives rise to a holonomy representation fi : m1(S) — PSL(2,R). In
fact, let AH(m(S),PSL(2,R)) denote the space of conjugacy classes of discrete, faithful
representations p with H?/p(71(S)) compact, then the holonomy map defines a natural
homeomorphism

Teich(S) U Teich(S) = AH (m1(S), PSL(2,R))

where S is S with the reversed orientation.

A metric on Teich(S) can be defined by measuring how far g o f~! is from being isotopic
to an isometry. A homeomorphism A form a plane domain Q@ C C onto f(2) is said to be
K-quasiconformal, if h has locally integrable, distributional derivatives h,, hs and

1 + |h2/h2’

— 2L = < K almost everywhere on 2
1= [hz/ha] = '

The quasiconformal constant K (h) is the smallest such K. Note, that h is 1-quasiconformal

if and only is it is conformal. Since X is locally a plane domain, we can define
dreicn((X, f), (Y, g)) = inf{K(R) | h is isotopic to g o f~'}.

Let k£ : D — D be a quasiconformal map with k(1) = 1, k(i) = i, and k(—1) = —1, then k

extends to quasisymmetric map on gs(k) : S' — S'. A map h : S! — S! that fixes three



12 2. BACKGROUND

points is said to be quasisymmetric if there exists M > 0 such that

i _ ‘h (ez:(x—i-t)) _ h (ezx) |
M — ’h(ezx) —h (ez(x—t)) ’

< M for all real x,t # 0 mod 2.

A powerful result of Ahlfors [Ahl66] shows that any quasisymmetric map extends to to
a quasiconformal map of the unit disk. Further, if I' < Isom™ (D) is discrete and hyh~!
is a restriction of a Mobius transformation for all v € T' (this is called the automorphy
condition), then the quasiconformal extension of h also satisfies the automorphy condition.

For details, see [GL99]. With this in mind, we define the universal Teichmiiller space as
U=1{h:S"—=S'|his quasisymmetric}/ Isom™ (D).

Observe that if we fix a point (X, f) € Teich(S), then we get an embedding Teich(S) — U
given by (Y, g) — ¢s([g o f~']), where [g o f~!] the quasiconformal map isotopic to g o f~*

which attains the minimal quasiconformal constant.

We would also like to mention that one can define a non-symmetric metric on Teich(.S),
called the Thurston metric, by considering the minimal Lipschitz constant in the isotopy
class of go f~!. Recall that a map h : X — Y between two metric spaces is K-bi-Lipschitz
if

1
e dx(x,y) < dy(h(z),h(y)) < K dy(v,y) forall x,y € X

and K-Lipschitz if only the right hand inequality holds.

Lastly, recall that a quasi-isometric embedding is a map h : X — Y such that there exist

constants A, K with
1
% x(2,y) =A< dy(h(z), h(y)) < K da(z,y) + A forall z,y € X.

3. Kleinian Groups and Convex Hulls

Let I' < Isom™ (H") be a discrete torsion free subgroup. Define the limit set of T’ to be
Ar =T 2N 0. H" for any € H”. This definition is independent of the choice of . We say
that ' is a Kleinian group (or a Fuchsian group for n = 2) if Ar contains at least 3 points.
The set Q(I') = 0-cH™ \ Ar is called the domain of discontinuity of I'. It can be equivalently

defined as the largest open subset in O, H"™ where I' acts properly discontinuously.

The conver hull CH(X) of a closed set X C 0o H" is smallest convex subset of H” such

that CH(X)N0JsoH™ = X. We require that X contain more than two points. For a Kleinian
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group I', the convex hull of I' is CH(Ar) and the convex hull of H"/T" is CH(Ar)/T', which

is the smallest 71-injective convex submanifold.

One defines the nearest point retraction r: H' — CH(X) as follows. For z € H' ~ CH(X)
let Bi(x) denote the 1-parameter family of hyperbolic balls or horoballs centered at = with
By, () C By, (z) for all tg < t;. Then, for z € CH(X), we define () = 2 and for all other
x, r(z) is the first (unique) intersection point of CH(X) with By(x). See [EMB87] for a proof
that this is a well defined continuous distance decreasing map. For a Kleinian group I, this

map projects to r: H"/T' — CH(Ar)/T.

We focus our attention to the case where n = 3 and 9. H? is identified with C. A hyperbolic
domain € in C is a connected open set such that C~ € is at least 3 points. In particular, a
connected component of Q(I") for a Kleinian group I' is a hyperbolic domain. Let X = CQ.
Epstein and Marden [EMS8T7] show that if X is not contained in a circle, then CH(X) has
non empty interior and a well defined boundary, denoted Dome(2) = OCH(X). If X lies in
a circle, then CH(X) lies in a hyperbolic plane and is bounded by a countable collection of
complete geodesics. In this setting, Dome({2) is defined as the double CH(X) along those

geodesics.

Points on Dome(§2) can be connected by rectifiable paths along Dome(£2) and so it inherits a
path metric from H®. Thurston [Thu91] showed that this path metric is, in fact, a complete
hyperbolic metric. Further, he demonstrates that the covering map H? — Dome(Q2) as a

very specific structure that we now describe.

A geodesic lamination on H? is a closed subset A C ¢(H?) which does not contain any
intersecting geodesics. It can be realized on H? as a closed set foliated by complete geodesics
and therefore the elements of A are called leaves. A measured lamination p on H? is a non-
negative countably additive measure p on % (H?) supported on a geodesic lamination. A
geodesic arc « in H? is said to be transverse to p, if it is transverse to every geodesic in

supp(u). Whenever « is transverse to u, we define

i) = p({y € 4(H) [yNa#0}).
If o is not transverse to p, then it is contained in a geodesic of supp(u) and we let i(u, ) = 0.

Given a measured lamination p on H?, we may construct a pleated plane p,: H? — H3,
well-defined up to post-composition with elements of Isom™ (H?). P, is an isometry on the

components of H? \ supp(u), which are called flats. If y is a finite-leaved lamination, then
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P, is simply obtained by bending, consistently rightward, by the angle p({l}) along each
leaf [ of pu. Since any measured lamination is a limit of finite-leaved laminations, one may

define P, in general by taking limits (see [EM87, Theorem 3.11.9]).

LeEMmMA 3.1. [EMBS8T] If Q is a hyperbolic domain, there is a lamination p on H? such that

P, is a locally isometric covering map with image Dome(2).



CHAPTER 3

Convex Hulls, Sullivan’s Theorem and Lipschitz bounds

1. Pleated Planes and L-roundness

1.1. Pleated Planes. For any point 2 € Dome({2), a support plane P at x is a totally
geodesic plane through x which is disjoint from the interior of the convex hull of C\ Q. At
least one support plane exists at every point x € Dome(£2) and Dome(£2) N P is either a
geodesic line with endpoints in 91, called a bending line, or a flat, which is the convex hull
of a subset of P containing at least 3 points. The boundary geodesics of a flat will also
be called bending lines. Support planes come with a preferred normal direction pointing
away from CH(C \ Q). The closure of the complement of H3 ~. P that lies in this direction
is called the associated half space, denoted Hp. A detailed discussion and proofs on these

facts can be found in [EMB8T7].

For a curve a : (a,b) — Dome(f2), it is natural to consider the space of support planes
at each point «(t). A theorem of Kulkarni and Pinkall [KP94] asserts that the space of
support planes to Dome({) is an R-tree in the induced path metric from & (H?) whenever
Q) is a simply connected hyperbolic domain. Recall that an R-tree is a simply connected,
geodesic metric space such that for any two points there is a unique embedded arc connecting
them. Therefore, dual to any rectifiable path « : (a,b) — Dome(f2), there is a continuous
path P, : (¢,d) — P(H3) and a map p : (¢,d) — (a,b) such that P; is a support plane
at a(p(t)). It also follows that we can define terminal support planes on the ends of o by

P, =lim;_,.+ P, and P, = lim,;_,4- P;.

Epstein and Marden further show that for every point € Dome(€2), there is a neighborhood
W C H3 of x such that if 11, l5 are bending lines that meet W, then any support plane that
meets /1 intersects all support planes that meet lo [EM87, Lemma 1.8.3]. The transverse
intersection of two support planes P, is called a ridge line. Notice that if two support
planes P, intersect, they either do so at a ridge line or P = Q). If P = ) and the interiors
of Hp, Hg are not equal, then C ~ Q is contained in a the circle dP.

15
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The exterior angle, denoted Z..+(P, @), between two intersecting or tangent support planes
is the angle between their normal vectors at any point of intersection or tangency. We define

the interior angle by Zin:(P, Q) = 7 — Zeat (P, Q).

Let 4 be the measured lamination on Dome(f2) such that P, : H> — Dome(Q?) is the
pleated plane. By a transverse geodesic arc « : (a,b) — Dome(£2), we will mean arc such
that P, L(«) is a geodesic arc in H? and transverse to supp(u). We say the terminal support
planes P,, P, form a roof over « if the interiors of the associated half spaces H; intersects

H, for all t. Roofs play an important role in approximating the bending along «.

LEMMA 1.1. (Lemmas 4.1 and 4.2 [BCO03]) Let u be the measured lamination on Dome(S2).
If a: (a,b) — Dome(Q) is a transverse geodesic arc such that the terminal support planes

P,, P, form a roof over a then i(a, 1) < ZLegt(P, Q) = 1 — Lint(P, Q).

LEMMA 1.2. Let Q be a simply connected hyperbolic domain and « : (a,b) — Dome(Q2) a
transverse geodesic arc. If the interiors of the terminal half spaces H,, Hy intersect, then

P, and Py form a roof over a.

PROOF. Intuitively, this is a consequence of the fact that support planes can’t form
“loops” when (2 is simply connected. Recall that the space of support planes to Dome(£2)
is an R-tree. Since « is geodesic, the of support planes P; to a must be embedded, and
therefore the unique path between P, and P,. As the interiors of H,, H}, intersect, either
P, = P, or P,, P, intersect at a ridge line £,.. In the former case, it follows that P, = P, = P,

is constant and therefore H; = H, for all ¢.

In the later case, consider the path § which goes from «(a) to ¢, along P, and from ¢, to
a(b) along P,. We can project 3 to () C Dome(Q2). Since P; is the unique path connecting
P, to P, it follows that the path of support planes along () must fun over all of P;. By
construction, every support plane to r(/3) must contain the ridge line ¢,. Thus, the interiors

of H; and H, intersect for all ¢ and P,, P, is a roof over «. O

1.2. L-roundness. For a measured lamination 4 on H?, Epstein, Marden and Markovic
[EMMO04] defined the roundness of p to be ||u|| = supi(u, @) where the supremum is taken
over all open unit length geodesic arcs in H2. The roundness bounds the total bending of P,
on any segment of length 1 and is closely related to average bending, which was introduced

earlier by Bridgeman [Bri98§].
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In our work, we consider the L-roundness of a measured lamination for any L > 0

||| = supi(e, 1)

where now the supremum is taken over all open geodesic arcs of length L in H?. We note
that the supremum over open geodesic arcs of length L, is the same as that over half open

geodesic arcs of length L.

In [Bri03], Bridgeman obtained an upper bound on the L-roundness of an embedded pleated

plane.

THEOREM 1.1. (Bridgeman [Bri03]) There exists a strictly increasing homeomorphism F :
[0,2sinh™*(1)] — [, 27] such that if p is a measured lamination on H? and P, is an

embedding, then ||p|| < F(L) for all L < 2sinh™*(1). In particular,

lpl] < F(1) = 27T2sin_1< > ~ 4.8731.

cosh(1)

Epstein, Marden and Markovic [EMMO04] provided a criterion guaranteeing that a pleated
plane is a bi-Lipschitz embedding.

THEOREM 1.2. (Epstein-Marden-Markovic [EMMO04, Theorem 4.2, part 2]) If i is a mea-
sured lamination on H? such that ||p|| < ca = 0.73, then P, is a bi-Lipschitz embedding
which extends to an embedding Pu :H2US! - H3UC such that PM(Sl) is a quasi-circle.

In [EMMO6]|, Epstein, Marden and Markovic comment “unpublished work by David Ep-
stein and Dick Jerrard should prove that co > .948, though detailed proofs have not yet
been written”. David Epstein kindly provided their notes. In Section [4] of this Chapter, we

prove a generalization of their result using the approach outlined in their notes.

2. An Upper Bound on L-roundness for Embedded Pleated Planes

In this section, we adapt the techniques of [Bri0O3] to obtain an improved bound on the
L-roundness of an embedded pleated plane. As it appears here, Theorem is an extended

version of our work in [BCY16, Theorem 3.1] and will appear in a separate manuscript.
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THEOREM 1.4. If L € (0,2sinh™%(2)], u is a measured lamination on H?, and P, is an
embedding, then |p||, < F(L) where
2 cos™1(—sinh(L/2)) for L € 0,2sinh~1(1)]

b= 37 — 2 cos™! (( cosh(L) — 1) /2> for L € (2sinh™!(1),2sinh " (2)]

The proof relies on a careful analysis of minimal lengths of arcs joining a sequence of 3 or

4 pleated planes. We present these arguments as Lemmas

LEMMA 2.1. Let Py, Pi, Py be planes in H? with boundary circles C; € OsH3. Assume that
ConNCy = {a}, a ¢ C1, and the minor angles £,,(Cy,C1) = L (C1,Co) = 0 < /2. If
a: [0,1] — H3 is a rectifiable path with a(0) € Py,a(1) € Py and a(ty) € Py for some
ty € (0,1). Then,

¢(a) > 2sinh ™! (cos 0).

PROOF. Since a ¢ O, there is a plane T C H? perpendicular to all P;. Let \; = TN P;.
Take @ to be the nearest point projection of o onto 7T'. Since nearest point projections shrink
distances, ¢(«) > ¢(@). In addition, as T is perpendicular to P;, we have @(0) € Ao, (1) € Ao

and @(t1) € A\;. We can identify T' with the Poincare disk and conjugate \; as in Figure

SIS

FIGURE 1. Configuration of \; C T in the Poincare disk model for Lemma [2.]

By symmetry, the shortest curve connecting Ay to Ao via A1 is the symmetric piecewise
geodesic 3 depicted in Figure[l] Let x be the sub-arc of A; between A\;N A2 and \;NS. Then,
one may apply hyperbolic trigonometry formulae [Bea95, Theorem 7.9.1] and [Bea95|
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Theorem 7.11.2] to obtain
sinh(z)tanf =1 and  sinh(¢(3)/2) = sinh(z) sin 6.

Therefore,

{(a) > €(B) > 2sinh ™! (cosh).

0

LEMMA 2.2. Let Py, Pi, Py, Py be planes in H? with boundary circles C; € OsH3. Assume

(i) BhNP,=PiNPy=FPNP;=1
(ii)) CoNC3 ={a} and C; N Cy = {b}
(i1i) a ¢ C1 UCy and b ¢ CoU Cs.
(iv) let n; be normal directions to C; such that ng,n3 point away from each other and

n1, M2 point toward each other, then Z(ng,m) = Z(n2,m3) =60 < w/2.

If a1 [0,1] — H3 is a rectifiable path with a(0) € Py,a(1) € P3, a(t1) € Py, and a(tz) € Ps
for some ty,ts € (0,1) with t1 < ta. Then,

{(c) > cosh™! ((2 cosf + 1)2) .

PRrOOF. Let p; denote the reflection across P; and p;j = p; o pj. Since « is supported
by the planes P;, we may look at pieces of o under a series of reflections. In particular,
consider the curve

B = al0,t1] U p1(alti, ta]) U pr12(alte, 1).

Notice that § is a curve from Py to p12(P3) and £(a) = £(3). Our goal is now to find a

lower bound for ¢(3) in terms of 6.

By construction, £ is longer than the geodesic from Py to p1 2(P3). Notice that this geodesic
intersects Py and p1(Ps), so after reflecting some pieces, it satisfies the assumptions of the
Lemma. Let T be the hyperplane going through the Euclidean centers of Cy and p12(C3).
Since the geodesic between Py and pj o(Ps) is unique, it must lie in 7. Refer to Figure

for the generic configuration.

We need to say a few words about the validity of Figure [2| for our computations. Conjugat-
ing, we can map the points @ — 0 and b — oco. It follows from (i) and (ii7) that Cq, Cy are

parallel lines and Cjy, C3 are circles in the plane. Assumptions (i) and (iv) also guarantee
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Cy p1(C2)

0
f1 (CO) 24 —
oT

p1,2(C3)
OH3 p1(C3)

FIGURE 2. Boundaries of the planes P; in Lemma [2.2] and their reflections
in the upper half space model.

that, maybe after flipping, 0 < ¢ < 7/2. It is straightforward to check that assumption (iv)

on a choice of normal directions guarantees that 0 is correctly labeled in Figure

Identify T with U? so that the center of Cy corresponds to 0. We compute the distance
between the two disjoint geodesics A = T'N Fy and v =T N p12(FP3). Let 21 < 29 < 23 < 24,

z; € R C 0T be the points O\ U 0. We can use the standard cross ration to compute

, _ -zl —2) 1
(21,23,22,24) = (21 — 2’4)(22 — 23) = th2 <2dH()\,’y)> >0

; 1
dH()\,'Y) :log (21,253,252,254)“‘ ]
V (21,23;22,24) -1

Let rg, 71, ¢, 0 be as in Figure [2| and normalize the diagram as shown. By directly construct-
ing a diagram from our parameters, one checks that a configuration satisfies out assumptions

if and only if
0<6<7/2 and 0< ¢ <m/2
0<r;+mr;cosd <1fori=0,1

1= (ro+r1) (cosf + cos ¢)

To evaluate the cross ratio, let 21 = —rg, 20 = 19,23 = ¢ — 19, and z4 = ¢ + 19, where c is

the distance between the Euclidean centers of Cjy and p; 2(C3). Computing, we have

2= (ro + 7“1)2 sin’ ¢ + (2 —(ro+171) cos <;5)2 =4 —4(rg+r1)cosp+ (ro + r1)2.
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The cross ratio of these point is then

(ro —m1)*— ¢ 14 ror _ rori
(ro+7r1)2—c2 1—(ro+r)cosg (ro +71) cos@’

x=(—rg,c—ry;ro,c+1r1) =

Therefore,

i NEES 1) i ( 2 )
) > du( Py, P3)) > inf lo = inf log(1+ )
(@) 2 dua(Fo, p1.2(Fs)) 2 T0,71,¢ 8 <\/5— 1 T0,71,0 8 V-1

Since log (1 4+ 2/(y/x — 1)) is a decreasing function of z, our goal is to maximize x over all

allowable configurations with fixed 0 < 6 < 7/2. Our parameter conditions imply

1

0<ri+rjcosf <1, .
cosf

TS cosd <(ro+mr1), and (ro+r)<

Since 0 < 6 < 7/2, it is easy to see that this region is a triangle in the (r¢, 71)-plane bounded

by r; = 1/(1 4+ cosf) and (ro + r1) = 1/(1 + cos(f)), see Figure

1

— 1 XN
r= 1+cosf

| 1
ro+ 71 1+cos 6

N

o = 1+cos

FicUrEe 3. Constraints for maximizing x = 1 + m in Lemma

We also have

Ou ot > 0 where {i,j} = {0,1}
_— —-———--- T Tr;,.7T, W T 1 =
Om (7“1' +7“j)2 v J ’ ’

so the maximum value of x is attained on the boundary of our triangle. On the edges
corresponding to r; = 1/(1 4 cosf), we get a maximum when rog =1 = 1/(1 + cos6). For
the edge corresponding to (rg + 1) = 1/(1 + cos()), we have a maximum at ro = r; =

1/(2 4 2cos ). Of these two points, = has the largest value at the former, so

1
2(1 + cos#) cos b

SUP T = |,—1/(14cos0)= 1 +
70,71,

Lastly, note that using cosh(z) = (e* + e¢7*)/2, we have

e (5 -3 (21 ) -
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Our desired results follows,

1 1
(o) > inf log <ﬁ+ ) = inf cosh™! <x+ 1) = cosh™! ((2c050 + 1)2) .

T0,71,¢ \/5 -1 T0,71,9 T —

O

COROLLARY 2.3. The shortest rectifiable path o(t) C H? connecting four mutually tangent
hyperplanes in H3 has length 2sinh*1(2) and is attained when the planes support four of

the faces of a standard ideal octahedron.

PROOF. If # = 0, then the geodesic we have find in Lemma [2.2 has length
cosh™! ((2 cos(0) + 1)2> = cosh™(9) = 2sinh~1(2).

The critical values of ro,r were r; = 1/(1 4 cosf) =1/2,s0 1 = (rg + r1)(cos @ + cos ¢) =
1+ cos¢ and ¢ = /2. This configuration and the other four planes supporting a standard
ideal octahedron are shown in Figure O

FI1GURE 4. The supporting planes of a standard ideal octahedron in Cor

Next, we prove a slight generalization of Lemma where we replace the tangency of Py

and P3 for another condition.

LEMMA 2.4. Let Py, Py, Py, P3 be planes in H? with boundary circles C; € OsH3. Assume
(i) PPN P,=P NP;=10
(i) C1NCy={b} and b ¢ CyUCs.
(111) let Py be the unique plane between Py and Py tangent to Ps, then 9P, N Cy # ()
(iv) let n; be normal directions to C; such that ng,n3 point away from each other and

M1, M2 point toward each other, then Z(ng,m) = Z(n2,n3) =60 < 7/2.
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If a1 [0,1] — H3 is a rectifiable path with a(0) € Py,a(1) € P3, a(t1) € Py, and a(tz) € Py
for some ty,ts € (0,1) with t1 < ta. Then,

{(a) > cosh™! ((2 cosf + 1)2) .

Proor. We will reduce to the case of Lemma [2.2] as follows. We can conjugate b — co
and build as similar diagram with C5 “below” Cy as before, except they may no longer be
tangent. Condition (ii7) implies that there is some “slide” of Py along P, to a plane P} that

is tangent to P, see Figure

OH3

p1,2(C3)

Cs

FIGURE 5. The “slide” move of Py to P in Lemma Notice that the
Euclidean length ¢ > (.

Notice that the “slide” operation does not change radii of the circles in our configuration.
In the proof of Lemma the cross ratio was given as

~ (ro— r1)? — c?

©(ro+ 1) —c2
This function is decreasing in ¢, so if we replace ¢ with the shorter ¢’ as in Figure 5| This
gives a larger value of x and, therefore, a shorter geodesic. Thus, we replace Py with B}

and apply Lemma [2.2 ]

Proor or THEOREM [L4l Fix L € (0,2sinh™!(2)]. If we fix ||u||z, then for every e > 0,
we can find a geodesic arc o : (0,1) = P, with ¢(«) = L such that ||u|p—e < i(a, p) < [|u]| L
Let {P;} for t € [0, 1] denote the path of support planes to « and p : [0,1] — [0, 1] be such
that P, is a support plane at a(p(t)). Here, we take Py = t£%1+ﬂ and P, = lim P,. We

t—1-
will divide our argument into cases via bounds on ||uz.
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Case ||p||r < 7. This is the trivial case as 0 < L implies ||u||z < 7 = F(0) < F(L).
Case 7 < ||u||z < 27. Fix € > 0 small enough and « of length L such that
m <l —e <ila,p) < [lull < 27

Let 20 = 27 — ||u||z + € < 7, then by assumption 27 — 20 < i(«, p). As the interior angle
between Py and P; decreases continuously, it follows from the roof property (Lemma
that there must be a t; such that Z;,:(Po, Py,) = 0 as i(a, u) > m — 6. Similarly, there must
be at to such that Zin¢(Psy, P,) = 0 as i(a,pu) > 2w — 20. Notice that Py N P, = 0, as

otherwise either they form a roof over a by Lemma and i(«, pu) < 7, a contraction.

OH3

OP;,

ap,

FIGURE 6. The “grow” move of Py to P} in Case 7 < ||u||;, < 27 of Theorem [1.4]

Since 20 < m, our planes Py, P, P, almost satisfy the conditions of Lemma By
mapping P;, to a vertical plane in the upper half space model for H?, we easy see that we
can “grow” Py to a plane P} that is tangent to P, while keeping the interior angle with P,
equal to 0, see Figure @ The plane P} is not a support plane, but a sub-arc of a[p(0), p(t2)]
joins it to P,,. Therefore, the shortest curve between P and P,, with a point on P, is

shorter than a. We apply Lemma to Py, P, P, and see
L>2sinh~!(cosf) = cos ! (sinh(L/2)) < 0.

lullz = 27 — 20 + € < 2 — 2cos ! (sinh(L/2)) + € = 2cos~ ! (—sinh(L/2)) + €.

Since € > 0 can be taken arbitrarily small and F'(L) is an increasing function, ||u||r < F(L).
Case 27 < ||u||r < 37. Fix € > 0 small enough and « of length L such that

21 < ||ullL — € < i(o, p) < |lplln < 3.
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Let 20 = 37 — ||u||z + € < m, then by assumption 37 — 20 < i(a,pu). As before, since
the interior angle decreases and we cannot violate the roof property, there exists t; such
that Zine(Po, Py) = 0, the smallest to such that Z; (P, P,) = 0, and t3 such that
Lint(Pr,, Pry) = 6.

OH?

0P,

oPs

FIGURE 7. The “grow” move of Py to Pj in Case 27 < |ju|p < 37 of
Theorem [1.4]

We want to modify our set of planes slightly to satisfy the assumptions of Lemma [2.4 We
see that PyN P,, = P, N P, = PyN P,; = () by Lemma as any roofs over subarcs of o
would decrease its bending. Let P, be the unique plane between P;, and P;, that is tangent
to Py,. If P, N Py = (), we can then “grow” Py to P} so that P} N P, # (), see Figure (7l As
before, Py is joined to P, by a sub-arc of a[p(0), p(t3)]. As 6§ < m/2, all the assumptions of

Lemma [2.4] are satisfied, so we have

L > cosh™! ((2 cosf + 1)2) —  cos ! ((\/m- 1) /2) <.

lullz =37 — 20 + € < 31 —2cos™! (( cosh(L) — 1) /2) +e.

Since € > 0 can be taken arbitrarily small, ||u||r < F(L).

Case ||p||z > 3m. We can choose « of length L such that i(a, u) > 3w. As before, we find the
smallest t1, ta, t3 (in that order) such that Zn.(Po, Pry,) = Zint(Pry, Pry) = Zint(Pry, Pry) = 0.
Notice that P, is not the terminal support plane for «, as i(«, ) > 37w. After a possible

“grow” move, this configuration corresponds to the case of Lemma with # = 0. This,
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however, implies
L > cosh™! ((2 cos(0) + 1)2) = cosh™1(9) = 2sinh~1(2)

which contradicts the fact that we fixed L € (0,2sinh™*(2)]. O

3. Improved Bounds on Average Bending and Lipschitz Constants

We take an aside from bounds on Sullivan’s Theorem to improve the Lipschitz and average

bending bounds of [Bri03, Theorem 1.2 ]. One may revisit this section at a later time.

THEOREM 1.6. Let T' be a Kleinian group with the components of Q(T') simply connected
and let N = H3/F. There exist universal constants Kg, K1 with Ko < 2.494 and K1 < 3.101
such that

(i) if ur is the bending lamination of OC(N), then
Locvy(pr) < Ko [x (OC(N))]
(ii) for any closed geodesic o on OC(N),

Br(a) = i(?(’;;) < K

where Br(«a) is called the average bending of c.
(i1i) there exists a (1 + Ki)-Lipschitz map s : OC(N) — Q(I')/T" that is a homotopy
inverse to the retract map r : Q(T')/T — 0C(N).

PROOF. Our result is a direct generalization of [Bri03| by using our function F'(L) from

Theorem [I.4]. We provide an outline of the proof.

Let ¢ be a geodesic arc on P, and fix L € (0,2sinh™!]. Set [2] to be the least integer > z.
By subdividing § into arcs or length < L, we see

Br(6) < ||Z(F6|lL Vm - H%@L <£<L5> +1> _ ||uz||L (”zfa)) - F<LL> (”eé}))

For an infinite length geodesic 8 on P,. and a point x € S, let % denote the sub-arc

centered at x of length 2¢. One can define average bending for 5 as

Br(f;) = limsup BF(ﬁi)

t—o00
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In [Brig8|, Bridgeman shows that this notion is well defined and independent of z. In
particular, by taking ¢(§) — oo in the bound on Br(d), we see that for any infinite length

geodesic 5 on P,

Br(p) < al (LL) for all L € (0,2sinh™(2)].
Let
K1 = min [(?m —2cos™! (CO;h(L) — ;)) /L] over L € (2arcsinh(1),2sinh™*(2)]

Then, Br(f) < K; < 3.101, where the minimum is attained at L ~ 2.74104.

For a closed geodesic o on dC(N), let &« C P, be a lift. Then (i) follows, as
Bp(a) = Br(a) < Kl.

The statement of (iii) can be derived from (ii). Let K4 be the minimal Lipschitz constant
of s : 0C(N) — Q(I')/I'. Then, Thurston characterized

oo 42
and McMullen’s showed that {(s.a) < l(a) + i(a, pr) (see [Thu98, Theorem 8.5] and
[McM98|, Theorem 3.1]). Combining these two facts gives Ky < 1+ Br(a) < 1+ Kj, so
(7i7) holds.

« is a simple closed curve on 0C(N )}

For (i), we use a computation from [Bri03l, Section 5] to bound ¢(ur) by integrating along
the unit tangent bundle of AC(N). Fix L € (0,2sinh™1(2)] and for v € T1(dC(N)), let
v (0,L) — OC(N) be the unit speed geodesic in the direction v. Then, Bridgeman and

Canary [BCO05| show
1

Uur) = — / i(ovy, i) d2
RSV W T

By taking a maximal lamination i O pr, one can integrate our bound F'(L) > i(ay, ur)
over the set of ideal triangles OC'(N) ~\ . In [Bri03l Section 5], Bridgeman works out this
integral and shows that

— D(z,y)
Upr) 3 / dz dy /ws (&) F <L—tanh—1 (D(x’y)» b = K
> = Req
(z 0

T X (QC(N)| ~ 7L J@yev ¥

where U is the ideal triangle

U={(z,y)| -1<z<1,y>+V1—22} and
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22+ -1
V@2 + 2 —1)% + 4y
computes the length of the unique perpendicular from (z,y) to the “bottom” edge of U.

D(l‘,y) =

We compute this integral with using numerical approximation in Mathematica. We choose

L = sinh™1(89/10) < 2sinh™!(2) and find the upper bound

£(pr)

BT oK, < 2.494.
72 |x (QC(N))| —

4. A New Criterion for Embeddedness of Pleated Planes

In this section, we provide a new criterion which guarantees the embeddedness of a pleated
plane. This section is a revised version of what appears in [BCY16]. Our results generalize
earlier work of Epstein-Marden-Markovic [EMMO04] referenced here as Theorem and
an unpublished work of Epstein-Jerrard [EJ].

THEOREM 4.1. There exists a computable increasing function G : (0,00) — (0,7), such that

if p s a measured lamination on H? and

lullL < G(L),
then P, is a bi-Lipschitz embedding and extends continuously to a map PM : H2US! — H3UC.
Further, PH(Sl) is a quasi-circle.
Since G(1) =~ 0.948, we recover this result claimed by Epstein and Jerrard as a special case.
COROLLARY 4.1. (Epstein-Jerrard [EJ]) If u is a measured lamination on H? such that
[lull1 < 948
then P, is a bi-Lipschitz embedding and extends continuously to a map ]5“ : H2US! — H3UC.

Further, PM(Sl) is a quasi-circle.

The derivation begins by finding an embedding criterion for piecewise geodesics. This por-
tion of the proof follows Epstein and Jerrard’s outline quite closely. Such a criterion is
easily translated into a criterion for the embeddedness of pleated planes associated to lami-

nations with finitely many leaves. We proceed to show that, in the finite-leaved lamination
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case, the pleated planes are in fact quasi-isometric embeddings with uniform bounds on the
quasi-isometry constants. The general case is handled by approximating a pleated plane by

pleated planes associated to finite-leaved laminations.

REMARK 4.2. As in [EMMO04, Theorem 4.2] one can consider a horocycle H in H? and a
consecutive sequence of points on H hyperbolic distance L apart. Connecting these points
in sequence, one obtains an embedded piecewise geodesic v in H3. Let PM(H2) be the pleated

plane in H3 obtained by extending each flat in v to a flat in H?. One may check that

L
||p||p = 2sin~! <tanh (2>> .

This is the conjectured optimal bound. Since 2sin~!(tanh(1/2)) ~ .96076, Theorem is
nearly optimal when L = 1. In Figure |8, we observe that our G(L) is close to optimal for
all L € [0,2sinh™(1)].

16 Cptimal ]
Gl

08 F -

a6 -

0.4 .

n2r -

il 1 1 1 1 1 1 1 1
a 0z 0.4 06 0ag 1 12 1.4 16

LengthL)

FIGURE 8. G(L) and the conjectured optimal bound 2sin™!(tanh(L/2)) on [0,2sinh~!(1)]

4.1. Piecewise Geodesics. Let J be an interval in R containing 0. A continuous map
v :J — H? will be called a piecewise geodesic if there exists a discrete set {t;} C int(.J),
parameterized by an interval in Z (possibly infinite), such that, for all i, ¢; < t;1; and

Y |t 4.51) 1 @ unit speed geodesic. We call t; (or 7(t;)) a bending point of 4. The bending
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angle ¢; at t; is the angle between ~y([t;—1,t;]) and v([ti, ti+1)). We will further assume that
¢; > 0 for all i. By analogy with the definition of L-roundness, we define ||v||1 to be the

supremum of the total bending angle in any open subsegment of v of length L > 0.

For t # t; for any 1, let 6(t) € [0, 7] be the angle between the ray from ~(0) to () and the
tangent vector 7/(t). For i = 1,...,n, define 6% (¢;) € [0, 7] to be the angle between the ray
from ~(0) to y(¢) and limt_)t:r ~'(t) or hmt—n; 7' (t), respectively. We set 0% (t) = 6(t) for
t # t;. Notice that 6(t) smooth and non-increasing on (t;,t;+1) for all i and that

(4.1) 10 (t:) — 0 (t:)] < ¢; for all 4.

If t # t; for any i, Epstein-Marden-Markovic [EMMO04), Lemma 4.4] show that for

7 (t) = dgs (7(0), (1))

one has

sin(0(t))

(4.2) v (t) = cos(A(t)) and @'(t) = —m

7 <sin(6(1)).

4.2. The Hill Function of Epstein and Jerrard. A key tool in Epstein and Jer-

rard’s work is the hill function h(z), where
(4.3) h:R — (0,7) is given by h(z) = cos™!(tanh(z)).
The hill function is convex, decreasing, and a homeomorphism, with the key features

(4.4) h'(x) = —sech(x) = —sin(h(z)) and h(0) = g

For fixed L > 0, we consider solutions for x to the equation

h(z) — h(x — L)‘

W(a) = .

Geometrically, this corresponds to finding a point on the graph of h such that the tangent
line at (x, h(z)) intersects the graph at the point (z — L, h(z — L)), see Figure[9] We will
show that there is a unique solution « = ¢(L) and that ¢(L) € (0, L).

Given z € R ~ {0}, the tangent line at (x,h(z)) to the graph of h intersects it in two
distinct points (z,h(x)) and (f(z),h(f(x)). Letting f(0) = 0, we see that function f
is continuously differentiable and odd. Define A(x) = x — f(x) and note that it is also
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continuously differentiable and odd. We argue that A is strictly increasing. Since A is odd,
it suffices to work over [0,00). Suppose that 0 < 21 < z9, and that T; is the tangent line
to h at z;. As h is convex on [0,00), T1 N Ty = (zo,yo) lies below the graph of h and
x1 < xg < x9. For x < xy, it follows that Tb lies below 77 and f(x2) < f(x1) < f(0) = 0.
We conclude that f is decreasing and A(x) = x — f(z) is increasing with A(xz) > x for all
x € (0,00). The function c is the inverse of A, so ¢ is also continuously differentiable and

strictly increasing. Since A(z) > x for x > 0, ¢(L) € (0, L).
Define
O(L) = h(e(L)) and G(L) = h(c(L) — L) — h(c(L)) = =LK (e(L)).

We observe that G is monotonic. Define B(x) = h(f(x)) — h(z) to be the height difference
between intersection points of the tangent line at (x, h(x)) with the graph of h. As h and
f are both strictly decreasing continuous functions, B is strictly increasing and continuous.

By definition, G(L) = B(c(L)), so G is also strictly increasing and continuous.

The following fact is the key estimate in the proof of Theorem

LEMMA 4.3. If v : [0,00) — H? is piecewise geodesic with a first bending point, L > 0, and

IVl < G(L),

then for allt >0
07 (t) <O(L) +G(L) = h(c(L) — L) < .

PROOF. Our argument will proceed by contradiction. Fix L > 0, ¢ = ¢(L), G = G(L),
© = O(L) and choose our indexing so that ¢; > 0 is the first bending point of . Suppose
there exits Ty with 07 (Ty) > © + G. Define

T =inf{t € [0,00) | 6T (t) > © + G > 0}

and note that 7> 0 as 7 (t) = 0 on [0,¢1). In addition, T is a bending point of v as 6% ()
is continuous and non-increasing on [t;, ¢;+1) for all 7. It follows that T is the first bending

point with 6% (T) > © + G. Also, since 0~ (t) = 0 (¢) on (t;,t;1+1), we have

0<6*t)<O+G<nforallte (t,T).
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Using equation (4.2)), we see that
0'(t) < —sin(0(t)) for t € (t;,tir1) C (t1,T).

In particular, 6 is decreasing on those intervals. For the remainder of the argument, we

only consider (t;,t;4+1) C (t1,7T).

Define
so =sup{s € (0,7 | 6~ (s) < ©}.

By continuity, 6~ (sp) < ©. Observe that sp < T, as otherwise s9 = T and we obtain a

contraction by
Mle<G = 07(T) =07 (s0)| <G = 07(T)<0 (s0)+G<O+G.

Further, we must have sy = ¢; for some 4, as otherwise the fact that #~ is continuous and

decreasing on all intervals (¢;,t,11) would contradict the choice of sp.

If T — sg < L, then [sg,T] is contained in an open interval of length L and we again obtain

a contradiction by

Wl <G = 07(T) <0 (s0)+G<O+0G.

Thus, we may assume that 7' — sop > L and 67 (¢) > © on (so, so + L] by our choice of sg.
In addition, note that % (t) € [0,0 + G] for t € [sg, so + L), as otherwise the decreasing
nature of % on (t;,t;41) contradicts the definition of sy or T. We now proceed to obtain a
contradiction and complete the proof. Our trick will be to use the hill function h to keep

track of the drops in 6(t) over (t;,t;+1) and the jumps at ¢;.

To have a visual picture for our construction, we define maps P* : (t1,T) — R? which
are continuous away from {t;} and whose images lie on the graph of h. Since h is a
homeomorphism onto (0,7) and 0 < 6*(t) < 7 for all t € (t;,T), we can find a unique
gt (t) € R, such that

0= (t) for t € (t1,7T).

>
—~
N}
H
=
~—
|

We then define
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Since the functions P+ and P~ agree away from the bending points, we denote the common

functions by P(t), g(t), and 6(t) on the intervals (t;,t;+1).

Notice that as one moves along the geodesic ray +, the functions #%(t) decrease on each
interval (¢;,t;+1) and have vertical jumps equal to ©; = 0%(t;) — 0~ (¢;) at each t;. By
equation we have

[l =107 (t:) — 07 (ta)| < ¢s.

Correspondingly, the points P*(t) slide rightward and downward along the graph of h for
t € (t;,ti+1) and jump vertically, either upward or downward, by 1; at t;, see Figure @

FIGURE 9. Jumps and slides of P*(t) on the graph of h

Under our hypotheses, a careful analysis of this picture will lead to the contradiction that

0~ (so + L) < O. The key observation in the proof is that

W(g(1))g'(t) = 0'(t) < —sin(0(t)) = —sin(h(g(t))) = I'(9(t))

where the last equality follows from equation (4.4]). Since h'(g(t)) < 0, we conclude that
g'(t) > 1 for all t € (t;,t;+1) and therefore, by the Mean Value Theorem, for all i we have

(4.5) g (tiv1) — g7 (i) > tig1 — i

Let {so = tj,tj41,...,tj+m} be the bending points in the interval [sg, so + L). For conve-
nience, we redefine ;41 = so + L. Since ||7||z < G, the total vertical jump in the region
[s0, S0 + L) is at most G, that is

Jj+m

S 167 (1) — 67 (t)] < G.

Let
d = min{g* () | ¢ € [s0,50 + L)}.
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Notice that d € [c — L, ¢] since 87 (¢) € [0,0 + G| for all ¢ € [so, so + L) by our choice of sg

and T. We now break the proof into two cases on the values of d.

Case d € [—c,c]. If d € [—c,c] then g*([so,s0 + L)) C [—¢,¢]. Since 6~ (t) > © on
(s0, 80 + L], we have g~ ((s0, so + L]) C [—¢, c]. Notice that since h/(x) = —sin(h(x)) and h

is decreasing, then for = € [—c, c],

Therefore, applying equation (4.5) and the Mean Value Theorem, we see that

0 (t1) — 0¥ (6) WO (ti11) = 97 () = = (9 (1) = g7 (0)) <~ (131 — 1)

for all i = j,...,7 4+ m. Thus,

Jj+m Jj+m

Z ot (t) — 0~ (t;) | + Z 0~ (tip1) — 07 (t;)

j+m Jj+m G
< (Z 07 (t:) — 0™ (ta)] | — (Z 7 (i1 = ti))
G

0 (so+L)—0 (s0) =

i=j i=1
j+m
Z(tiﬂ — ;) = 0.

i=1

IN

QR

Since 0~ (sp) < ©, this implies that 6~ (so + L) < ©, which contradicts the choice of sg.

Case Il: d€ [c— L,—c). If d € [c— L, —c), then for all t € [sg, so + L), we have
1 (g(t))] > |1/ (d)]
Another application of the Mean Value Theorem gives
(4.6) 0" (t;) — 07 (tir1) = [N (d)|(g (i) — " () > [W(d)|(tis1 — 1)
for all i = j,...,j +m. Whenever g (¢;) < g~ (t;) for i = j,...,j +m, we also obtain

(4.7) 07 (ti) — 07 (t:) > [W(d)|(g (t:) — g™ (t:)) > 0
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Notice that as g7 is increasing on [t;, t;11) for all 4, there exists a largest k € {j,...,5 +m}
with g% (tx) = d. By (4.6), we obtain

Ze+ “(ti1) > W@tk — s0).
Since 07 (tx) = h(d) and 6~ (t;) = 6~ (so) < ©,

Ze+ (t;) > h(d) — © + |B'(d)|(t; — o).

Therefore, as the total jump on the interval [sg, so + L) is at most G,

Jjtm

R (ti) < G = (h(d) — ©) = |W(d)|(tx — s0) = h(c — L) — h(d) — [W'(d)| (tx — s0)-

i=k+1

Since g7 (tx) = d and so + L = tj4m+1,

j+m j+m
9 (so+L)=d+ (Z 9 (tiy1) — g+(tz‘)> - < > g () - g+(tz')> :
i=k i=k+1

Let I={i|k+1<i<j+mandg (t;) —g"(t;) > 0}. After dropping any terms in the
right hand sum with indices not in I, we can applying inequalities (4.5 and (4.7]) to obtain

J+m
g (so+L)>d+ (Z tit1 — ti) - |h’%d)] (Z 0% (t:) — 9(tz‘)>

1=k el
S dt (so+ L — 1) — chm (h(e— L) — h(d) — I ()] (tx — 50))
B h(c — L) — h(d)
‘“L‘( ()] )

Since I’ is negative and decreasing on the interval [c — L, d], we can take the tangent line
at d and observe that
h(c— L) < h(d) + W (d)(c — L — d)
which implies that
h(c— L) — h(d)
|7 (d)]

<d—-c+ L.

Therefore,

g (so+L)>d+L+(d—c+L)=c

Since © = h(c), this implies that 67 (sp + L) < O contradicting the definition of so. This

final contradiction completes the proof. O
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As anearly immediate corollary, we obtain an embeddedness criterion for piecewise geodesics.

COROLLARY 4.4. If v :[0,00) — H?® is a piecewise geodesic with a first bending point, and

17l < G(L) for some L > 0, then ~y is an embedding.

PRrOOF. If the corollary fails, then there exist 0 < a < b such that v(a) = ~(b). Let
B :10,00) — H3 be given by 8(t) = y(t+a). Then ||3||, < G(L) and since a, b are separated
by a finite number of bending points, 8 has a first bending point. By definition, there exists
t; € (0,b) such that 8 is geodesic on [t;, b]. However, this implies that 61 (¢) = 7 on (¢;,b),

a contradiction to Lemma [4.3] above. O

For a finite-leaved measured lamination p on H? and any geodesic ray a : [0,00) — H?,
the curve v = P, o o is a piecewise geodesic and ||y||, < ||u||z by definition. Since any
two points in H? can be joined by a geodesic ray, we immediately obtain an embeddedness

criterion for pleated planes.

COROLLARY 4.5. If u is a finite-leaved measured lamination on H? and ||u||; < G(L) for

some L >0, then P, : H? — H3 is an embeddinyg.

4.3. Uniformly Bi-Lipschitz Embeddings. We next prove that if v: R — H? is a
piecewise geodesic and |||/, < G(L), then 7 is uniformly bi-Lipschitz. We note that since
~ is 1-Lipschitz by definition, we only have to prove a lower bound K for the bi-Lipschitz
constant depending only on L and ||u||z. This will immediately imply that if x is a finite-
leaved lamination on H? and ||ur|| < G(L), then P, is a K-bi-Lipschitz embedding.

PROPOSITION 4.6. If v : R — H? is a piecewise geodesic such that

Ivlle < G(L),

then v is K-bi-Lipschitz where K depends only on L and ||v||L.

PROOF. We first set our notation. We may assume, without loss of generality, that 0 is
not a bending point of v. Let tp = 0 and index the bending points in (0, c0) by an interval
of positive integers beginning with 1 and the bending points in (—oo,0) by an interval of

negative integers ending with —1. As before, ¢; will be the bending angle of v at ;.

The following lemma will allow us to reduce to the planar setting.
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LEMMA 4.7. There exists an embedded piecewise geodesic o : R — H? with the same bending

points as vy such that

(i) if the bending angle of a at a bending point t; is given by ¢,, then ¢, < ¢;,
(i) d(a(0), a(t)) = d(~(0),~(t)) for all t, and
(iii) there exists a continuous non-decreasing ¥ : R — (—m,m) such that for t > 0,
U(t) is the angle between «([0,t1]) and the geodesic joining a(0) to a(t) and for
t <0, U(t) is the angle between a([—t1,0]) and the geodesic joining a(0) to a(t).

PROOF. Let f; be the geodesic arc from «(0) to v(¢;) and let T; be the possibly degen-
erate hyperbolic triangle with vertices v(0), v(¢;), and 7 (t;+1) and edges f;, v([ti, tiy1]) and
fi+1. We construct « by first placing an isometric copy of Ty in H?, so that f; is counter-
clockwise from fy.We then iteratively place a copy of T; counterclockwise from a copy of
T;_1 along the image of f; for all positive ¢;. We then place a copy of 71 in H? so that the
image of f_o is clockwise from f_;, T_; and T meet at the image of v(0), and the images
of fi and f_; lie in a geodesic. We then iteratively place a copy of T_;_1 clockwise from a

copy of T;_1 along the image of f; for all negative ¢t_;. See Figure [10]

Ay

FIGURE 10. The construction of «, shown in red, for Lemma [1.7]

3
\
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Let o : R — H? be the piecewise geodesic traced out by the images of the pieces of ~.
By construction, « has the same bending points as v and, moreover, since d(«(0), a(t)) is
realized in the isometric copy of T; for t € [t;,ti11], it is immediate that d(a(0), a(t)) =
d(~(0),~(t)) for all ¢.

We next check that the bending angle ¢} of v at ¢; is at most ;. Note that the possibilities
for gluing T; to Tj_; in H? are given by the one-parameter family of triangles obtained by
rotating 7} about f;. Consider the vectors v; =+’ (t;) and v;" =~/ (¢;) at v(t;). Then the
exterior angle ¢; is the distance between v;” and vj in the unit tangent sphere at v(t;). The
edge f; defines an axis r; in this unit sphere and our one-parameter family corresponds to

rotating U;L around 7;. It is straightforward to see that that distance between v; and fuj
Jr

)

See Figure We conclude that, ¢, < ¢;. It follows that

is minimized when v;",v;” and r; are coplanar and the interiors of T; and T;_; are disjoint.

lallz < [lllz < G(LD),

so Corollary [4.4] implies that « is an embedding.

1
1
1
1
1
1
1
1
1
é
I

+

)

FIGURE 11. Configuration of triangles T;,T;,, vectors v
for the piecewise geodesic v in Lemma [£.7]

, and the axis r;

We can now define a continuous non-decreasing function ¥ : R — R with ¥(0) = 0 and
the property that for ¢ > 0, ¥(¢) mod 27 is the angle between «([0,¢;]) and the geodesic
joining «(0) to «(t) and for t < 0, ¥(¢) mod 27 is the angle between a([—%1,0]) and the

geodesic joining a(0) to «(t).

To conclude (iii), we show that U(t) < « for all ¢ > 0. If this fails, then 7 intersects the

geodesic gg containing «([0,¢1]). Suppose that a(b) € gg for some b > 0. Then, consider
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the piecewise geodesic & given by &(t) = a(b —t) for t € [0,b] and unit speed along g in
the direction of a(b) for ¢ > b. Notice that & is not an embedding. However,

lallz < flafl < G(L),

so Corollary would imply otherwise. Therefore, & cannot exist and ¥(t) < 7. One
similarly argues that ¥(t) > —m for all t < 0, completing the proof of (7). O

Our next goal, before we can address the bi-Lipschitz constants of o and ~, is to show that

« is proper. Since V¥ is monotone and bounded we may define
U,io = tli)rgo U(t) and VY_, = t_l}r_noo\Il(t).

LEMMA 4.8. The piecewise geodesic o : R — H? constructed in Lemma m 18 proper.

PROOF. The basic idea is that by monotonicity of ¥, «([0,00)) can only accumulate
on the geodesic ray py emanating from «(0) and making angle ¥ with «([0,¢;]). If it has
an accumulation point ¢ € H?, then there must be infinitely many segments of o running
nearly parallel to p; and ¢ € p;. However, Lemma tell us that no segment of o can be
“pointing” nearly straight back to «(0). In particular, the total length of these segments

which are “pointing” towards «(0) is finite. This will allow us to arrive at a contradiction.

Fix L > 0 and assume that « is not proper on the ray alj ). Recall that if ¢ is not a
bending point, then 6(t) is the angle between o/(t) and the geodesic segment joining «(0)
to a(t). Lemma implies that for all ¢ > 0

0+ (t) < Oy = O(L) + G(L) < .

Since Oz“ovoo) is not proper, there is an accumulation point ¢ of a\[opo) on the ray p;

emanating from «(0) which makes an angle ®, with a([0,%1]).

Working in the disk model, we let a(0) = 0 and «([0,¢;]) lie on the positive real axis. For

small € > 0, we consider the region B, given in hyperbolic polar coordinates (r, p) at 0 by

Be = [r(q) — &,7(q) + €] x [p(q) — €,0(q)] C D*.

A standard computation in these coordinates shows that the hyperbolic metric on B,

given by ds? = dr? 4 sinh?(r)dg®. On B, we also consider the taxicab metric given by
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dr((ri,¢1), (ra,2)) = |r1 — ro| + |1 — 2| It follows that dr and dy are bi-Lipshitz
equivalent on B.. We will show that «([0,00)) N Be has finite length in the taxi cab metric.

Let J = a~!(B,) and note that .J is a countable collection of disjoint arcs with a(J) =
a([0,00))NBe. Since ¥ is monotonic, the ¢ coordinate of « is also monotonic, and therefore,
the total length of a(J) in the ¢ direction is bounded above by e. In addition, since «

accumulates on ¢, the signed length of a(J) in the r direction is bounded above by 2e.

We will now use the fact that 61 (¢) < Oy, to show that the length in the negative r-direction
is bounded. Let (U(t),r(t)) parametrize « in polar coordinates over some ¢ € [a,b) C J
away from bending points. By the law of sines on the triangle with vertices «(0), a(a), a(t)
for t € (a,b) and since « is unit speed, we have

sin(U(t) — ¥(a)) _ sin(6(t))
sinh(t — a) sinh(rq(a))

Taking the limit as t — a, we obtain

;o sin(0(a))
V9 = Shrata)
Equation then gives
drg drg

SR (W) W) = (1) = cos(6(t) = T (¥(a)) = cot(6(a)) sinh(r (a))

Since 0 < f(a) < O < m and r(a) < r(q) + ¢, we have % (U(a)) > cot(Op) sinh(r(q) + €).
Integrating over ¥, we see that the total length of of «(.J) in the negative r-direction is
bounded by €| cot(Og)|sinh(r(q) + €). Therefore, using the 2¢ bound on the signed length,
the total length of a(J) in the r-direction is bounded by 2 € (1 + | cot(Og)|sinh(r(q) + €)).

It follows that «(.J) has finite length in the taxicab metric on B.. We can therefore choose ¢ €
J, so that a(J N [t,00)) has length less than €/4 in the taxicab metric and dr(«a(t), q) < €/4.
Therefore, a(J N [t,00)) C B¢2(q) and m C B, where B,/5(q) is the neighborhood
of radius €/2 of ¢ in the taxicab metric on B.. This implies that [¢,00) C J and therefore
a([t, 00)) has finite hyperbolic because dp and dy are bi-Lipshitz equivalent on B.. However,

« is unit speed, so this is a contraction. Therefore, & must be proper. ]

Returning to the proof of Proposition we note that it suffices to show that there exists
K, depending only on L and |||z, such that for all ¢t € R,

r4(t) = d(7(0),7(t)) = d(a(0), a(t)) = Klt].



4. A NEW CRITERION FOR EMBEDDEDNESS OF PLEATED PLANES 41

Indeed, if v : R — H? is any piecewise geodesic with ||y||, < G(L) and a < b, then we
can consider the new piecewise geodesic 7, : R — H? given by 7,(t) = v(t + a). Then by

construction |||z = |||l < G(L) and

" (t) = d(7a(0),7a(t) = K[t] = d(v(a),7(b)) = 74,(b—a) = K|b—al.
Since v is 1-Lipschitz by definition, it would follow that « is a K-bi-Lipschitz embedding.
As we have show that « is proper and ¥ is monotone, a has two unique limit points £~

and ¢ in S' which are endpoints of the geodesic rays from «(0) that make angles ¥_

and ¥ with a([t_1,%1]). Since « is embedded,
\I/+OO - \I/,oo S .

In fact, this inequality is strict by the following argument. Let B = (G(L) — ||||1)/2 and
construct a new piecewise geodesic a; : R — H? which has a bend of angle B at 0. Then,

by definition,
laallz < laflz + B = |lallz + (G(L) — [lallz)/2 < G(L)
and by Corollary [£.4] oy is an embedding. Therefore,

\I/+oo—\I/_OOS7T—B<7T.

Let g be the geodesic joining £~ to £T. By the above inequality, the visual distance between
€1 and £, as viewed from «(0) is at least B. It follows that there exists C, depending only
on B, so that d(a(0),g)) < C. In fact, one may apply [Bea95, Theorem 7.9.1] to choose

C = cosh™* <Sm(}9/2)> .

Notice that, by applying the above argument to a;(s) = a(s + t), we see that the visual
distance between £ and £ is at least B as viewed from «(t) for any ¢t € R. Therefore,

a(t) lies within C of g for any t € R.

We now claim that there exists K > 0 such that if p : H?> — ¢ is the orthogonal projection,
then p o «v is a 1-Lipschitz and K-bi-Lipschitz orientation-preserving embedding. The fact
that p o a is 1-Lipschitz follows immediately since both p and « are 1-Lipschitz. Let hy be
the oriented orthogonal geodesic through «(0) toward g and let v be the angle between hg
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and the oriented geodesic segment a([t_1,1]). Since U4oo — V_oo < 7 — B, one has that

< <
Z <y - =
2_0_7T 2

and, therefore, restriction of p o a to [t_1,¢1] is an orientation-preserving embedding. Let
7o be a unit tangent vector at «(0) perpendicular to hg. Then, since p is an projection,

1 S 1
cosh(d(«(0),g)) — cosh(C)

17" (cx(0)) (mo) | = = sin(B/2)

Since B/2 < 1y < m — B/2, the projection of ¢/(0) onto 1 has lengths at least sin(B/2), so

1

sin(B/2) _ 1
—_— e

cosh(C) = sin(B/2)

I(poa) (0)]] =

By reparameterizing oy (s) = a(s + t), we conclude that away from bending points, p o « is

an orientation-preserving local homeomorphism and ||(p o a)'(t)|| > . Therefore, for all ¢,

t

d(p(7(0)),p(7(t)) = 2

Lastly, since p is 1-Lipschitz (in fact, it decreases lengths),

t

ry(t) = d(a(0), a(t)) 2 d(p(7(0)),p(r(1))) 2 &

Our previous remarks show that this is enough to guarantee that v is K-bi-Lipschitz. [

As an immediate corollary, we obtain a version of Theorem [.] for finite-leaved laminations.

COROLLARY 4.9. If 11 is a finite-leaved measured lamination on H? such that

lulle < G(L),

then P, is a K-bi-Lipschitz embedding, where K depends only on L and ||p||f.

PrOOF OF THEOREM .1l Suppose that j is a measured lamination on H? with ||u|| <
G(L). By [EMMO06, Lemma 4.6], there exists a sequence {u,} of finite-leaved measured
laminations which converges to p such that ||uy||z = |||z for all n. Corollary implies
that each P,, is a K-bi-Lipschitz embedding where K depends only on L and ||u||r. The
maps {P,, } converges uniformly on compact sets to P, (see [EMB87, Theorem III.3.11.9]),
so P, is also a K-bi-Lipschitz embedding. It follows that P, extends continuously to ]5# :
H2USL, — H?USZ and P,(S!) is a quasi-circle. O



5. COMPLEX EARTHQUAKES 43

5. Complex Earthquakes

In this section, we use Theorem to give improved bounds in results of Epstein-Marden-
Markovic which will lead to the improved bound obtained in Theorem We first obtain
new bounds guaranteeing that complex earthquakes extend to homeomorphisms at infinity,
see Corollaries and Once we have done so, we obtain a generalization of [EMMO04,
Theorem 4.14] which produces a family of conformally natural quasiconformal maps associ-
ated to complex earthquakes with the same support p which satisfy the bounds obtained in
Corollary or Corollary Finally, we give a version of [EMMO06, Theorem 4.3] which
gives rise to a family of quasiregular maps associated to all complex earthquakes with pos-
itive bending along . Recall that a map g = h o f is quasiregular if f is a quasiconformal

homeomorphism and & is locally injective and holomorphic on the image of f.

The goal of building these families will be to construct a holomorphic map F from the
largest possible domain in C into the universal Teichmiiller space such that the image
contains the quasisymmetric map associated of r : Q@ — Dome(Q2) and the identity map.
The quasiconformal constant for the retraction map corresponds to the distance between
these two points in universal Teichmiiller space. The larger we can make the domain, the

better the Poincare metric on the domain approximates Teichmiiller distance.

If ;1 is a measured lamination on H?, we let E,: H? — H? to be the earthquake map defined
by fixing a component of the complement of y and left-shearing all other components by an
amount given by the measure on pu. An earthquake map is continuous except on leaves of
with discrete measure and extends to a homeomorphism of S'. In particular, any measured
lamination A on H? is mapped to a well-defined measured lamination on H?, which we

denote E,(A).

Given a measured lamination p on H? and z = x +1iy € C, we define the complex earthquake
CE. = Pyg,, o By : H? — H°

to be the composition of earthquaking along xp and then bending along the lamination

yEz,(1). The sign of y determines the direction of the bending. By linearity,

Ny ()l = [yl | Ezp ()] z-
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See Epstein-Marden [EMS8T7, Chapter 3] or Epstein-Marden-Markovic [EMMO04], Section

3] for a detailed discussion of complex earthquakes.

The following estimate allows one to bound ||Ey,(1)|| -

THEOREM 5.1. (Epstein-Marden-Markovic [EMMO4, Theorem 4.12]) Let {1 and {2 be dis-
tinct leaves of a measured lamination u on H?. Suppose that o is a closed geodesic segment
with endpoints on £y and ly and let © = i(a, p). Let ¢} and t be the images of £1 and lo
under the earthquake E,,. Then

sinh(d(£;,04)) < e®sinh(d(f1,05)) and  d(€},0h) < e*/2d(ty, 05).
Furthermore,

sinh(d(f1,62)) < e®sinh(d(¢},05)) and  d(f1,0s) < e*/2d(0, 05).

Motivated by this result, Epstein, Marden, and Markovic define the function
(5.1) f(L,z) = min (Lem/?, sinh ! (el®! sinh(L))> .
Corollary 4.13 in [EMMO04] to Theorem generalizes to give:

COROLLARY 5.1. If pu is a measured lamination on H?, z = x + iy € C, and L > 0, then

1Bl < [ 222 s

Furthermore, if

Gr)
252 o

then CE. extends to an embedding of S* into C.

ly| <

We similarly define

(5.2) g(L,z) = max (L€7|I|/2, sinh ™! (e~ 17! Sinh(L)))

and combine Theorem [5.1] and Theorem [.1] to obtain :

COROLLARY 5.2. If 11 is a measured lamination on H?, 2 = x + iy € C, and L > 0, then

B (1)l lg(L.a) < Il
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Furthermore, if

Gly(L,x))
[l

then Pyg,, is a bi-Lipschitz embedding and CE, extends to an embedding of St into C.

ly| <

9

Note, we will show later that if 2tanh(L) > L then g(L,z) = Le~1*//2, See Lemma

PrOOFS. The proofs of Corollaries [5.1] and [5.2 both follow the same outline as the proof
of [EMMO04,, Corollary 4.13].

Let 1 be a measured lamination on H?, z = z + iy € C, and fix L > 0. Suppose that
A > 0 and that « is an open geodesic arc in H? of length A which is transverse to Ey,(u).
Theorem guarantees that one can choose an open geodesic arc 3 in H? of total length
at most f(A,x) which intersects exactly the leaves of ¢ of y for which E,,(¢) intersects .

By construction,
i(or, B () = (8, ) < |l pa,2)

and therefore,

(5:3) [ Eap ()[4 < [lell pea,m)-

For the proof of Corollary inequality [5.3] immediately implies that

(1) lg(ze) < Nl peg(n,2),2) = il L-

Thus, by linearity,

G(g(L,x
yl < CULD) B < Glo(L2)).

el 2
Theorem then implies that Pyp,, is a bi-Lipschitz embedding which extends to an
embedding of S into C. Since E,;, extends to a homeomorphism of St, it follows that CE,
extends to an embedding of S! into C. This completes the proof of Corollary

We now turn to the proof of Corollary If we subdivide a half open geodesic arc in H?
of length f(L,z) into [f(L,z)/L] half open geodesic arcs of length less than or equal to L,

then (j5.3]) implies

L,
1Eele < ollrr < |52l
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Therefore, linearity again gives

G(L)

L:
252 .

and we may again use Theorem [£.1] to complete the proof of Corollary [5.1} O

lyl < = |y Exu(w)ll < G(L).

For all L > 0, define
(5.4) Q(L,x) = max

and

(5.5) T = int({z +iy | Iyl < Q(L,)} .

The following theorem is a direct generalization of Theorem 4.14 in Epstein-Marden-Markovic
[EMMO04]. In its proof, we simply replace their use of Corollary 4.13 in [EMMO04] with
our Corollaries [5.1] and

THEOREM 5.2. Suppose that L > 0 and p is a measured lamination on H? such that ||u||; =

1. Then, fort € T,

(i) CE; extends to an embedding ¢y : S* — C which bounds a region ).

(ii) There is a quasiconformal map ®; : D?> — Q; with domain the unit disk and
quasiconformal dilatation K; bounded by

1+ |h(2)]
e
where h : 76L — D? is a Riemann map with h(0) = 0. Moreover, the map
O, U :D2US! = C is continuous.

(i1i) If G is a group of Mébius transformations preserving p, then ®; can be chosen so
that there is a homomorphism py : G — Gy where Gy is also a group of Mobius
transformations and

®io0g=pi(g) o Py
forallg e G.

In order to extend the family of quasisymmetric maps that arise from ®; to a larger domain,

Epstein, Marden and Markovic introduce the theory of complex angle scaling maps and use
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them to produce a quasiregular family ¥, o ®,, which agree on S with ®; for t € 7X. Given

Theorems [4.1] and their proof of this extension follows immediately:

THEOREM 5.3. ([EMMO06, Theorem 4.13]) Suppose that L > 0, u is a measured lamination
on H2 with ||u|| = 1, vo > 0 and tg = vy € 76’:. Ift € ’76L, let Q; be the the image of D?
under the map ®; given by Theorem . Then there exists a continuous map ¥ : U? x Qy, —
@, such that

(i) Uy, = id.
(ii) For each z € Qy,, ¥(t,z) depends holomorphically on t.
(iii) For each t € Tg¥ NU?, W, can be continuously extended to O, such that

Upo@lgr = Pylgr -

In particular Wo : 0, — S! and Dy, S — 9Qg are inverse homeomorphisms.
(iv) If t € T8 NU?, then U, is injective and Wy () = ®(D?) = Q.
(v) If t = u + v € U2, then W, is locally injective Ky-quasiregular mapping where

1+ |k(t)] ()] — u? + (v — )2
R0 ML iy o

Ky

(vi) If G is a group of Mobius transformations preserving o, then there is a homo-

morphism py : G — Gy where Gy is also a group of Mdbius transformations, such

that
Viog=pi(g) oW,
forallg € G.

6. Quasiconfomal Bounds

By combining their version of Theoremand Epstein, Marden and Markovic [EMMO06]

produce a family of quasiregular mappings indexed by

0.73
SL:int{a:—i—i ecC > — }
veClv> =51y

such that if |[Im(¢)| < %, then ®; is quasiconformal. We consider the enlarged region

TE=TFuU? =int{z+iyeC |y > -Q(x,L)}.
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One can now readily adapt the techniques of the proof of Epstein-Marden-Markovic [EMMO6),
Theorem 6.11] to establish:

THEOREM 6.1. If Q is a simply connected hyperbolic domain in C and L > 0, then there
is a conformally natural K-quasiconformal map f : Q@ — Dome(Q2) which extends to the

identity on OS2 C C such that
log(K) < dyr(ic1(L),0)

where dyv is the Poincaré metric on the domain T* and ¢1(L) = 2cos™! (— sinh (%))

We offer a brief sketch of the proof in order to indicate where our new bounds, as given in

Theorems and are used in the argument.

We recall that universal Teichmiiller space U is the space of quasisymmetric homeomor-
phisms of the unit ciricle S', modulo the action of M&bius transformations by post-composition
(see, for example, Ahlfors [Ahl66, Chapter VI]). The Teichmiiller metric on the space U is
defined by

dy(f,9) = loginf K(f " 0 g)
where the infimum is over all quasiconformal extensions f and g of f and g to maps from
the unit disk to itself and K( f'_l o g) is the quasiconformal dilatation of f‘l og. If T
is a group of conformal automorphisms of D?, we define U(T')) C U to be the quasisym-
metric homeomorphisms which conjugate the action of I' to the action of an isomorphic
group of conformal automorphisms. The Teichmiiller metric on U(T") is defined similarly by

considering extensions which conjugate I' to a group of conformal automorphisms.

Let g : D? — C be a locally injective quasiregular map, i.e. g = ho f where f is a
quasiconformal homeomorphism and h is locally injective and holomorphic on the image
of f. We may define a complex structure C,; on D? by pulling back the complex structure
on C via g. The identity map defines a quasiconformal homeomorphism ¢ : D? — C,. We
then uniformize Cy by a conformal map R : Cy — D? and consider the quasiconformal
map Ro §:D? — D2 This map extends to the boundary to give a quasisymmetric map

qs(g) : St — S
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Fix L € (0,2sinh™*(1)] and choose p so that Dome(Q) = P.,(D?) where ||u|[, = 1 and
¢ > 0. We use Theorem [5.2] to define a map

F:TE-SUT) by F(t)=qs(®) = (Rio By)ls

where I is the group of conformal automorphisms of H? preserving p and Ry : ; — D? is

a uniformization of .

Similarly, we may use Theorem with some choice of tg = ivg € 76L , to define a map
QU%U(F) by g(t) ZQS(\I/tO(I)tO)

If ¢ lies in the intersection of the domains of F and G, then even though ®; and ¥; o @,
need not agree on D?, Theorem implies that they have the same boundary values and
quasi-disk image §2;. Therefore F' and G agree on the overlap 7E)L N U of their domains. We

may combine the functions to obtain a well-defined function
F:TE = U().

Theorem [EMMO06], Theorem 6.5 and Proposition 6.9] further shows that F is holomorphic.

The Kobayashi metric on a complex manifold M is defined to be the largest metric on M
with the property that for any holomorphic map f : D? — M, f is 1-Lipschitz with respect
the hyperbolic metric on D?. Therefore, holomorphic maps between complex manifolds
are 1-Lipschitz with respect to their Kobayashi metrics. The Kobayashi metric on U/ and
U(T') turns out to be equivalent to the Teichmiiller metric we describer earlier (see [GL99),
Chapter 7]). Moreover, the Poincaré metric on any simply connected domain, in particular

TE agrees with its Kobayashi metric. It follows then that for any ¢t € 7%,

dyry(F(t), F(0)) < dye(t,0).

Since we normalized Dome(Q2) = P, (D?) and ||p||;, = 1, Theorem our upper bound on

L-roundedness, implies that
L
c<eci(L)=2cos! (— sinh <2>> .

dy(ry(F(ic), F(0)) < dri(ic,0) < dyi(ici(L),0).

Therefore,
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Since CE;. = P, and €2 = ;. is simply connected, the map g;. = ¥;. 0 Py, is a conformally
natural quasiconformal mapping with image 2. Moreover, P.,0g;." :  — Dome(f2) extends
to the identity on 9Q = dDome(f2). For more details, see the discussion in the proofs of

[EMMO06, Theorem 6.11] or [BC13|, Theorem 1.1].

We have that F(ic) = ¢s(gic) = (Ro gic)|st where R : Q — D? is a uniformization map.

Therefore,

dyy(ry (F(ic), F(0)) = dyyry(F(ic), Id) = loginf K (h)

where the infimum is taken over all quasiconformal maps from D? to D? extending (R o gic)|s:
and conjugating I' to a group of conformal automorphisms. By basic compactness results
for families of quasiconformal maps, this infimal quasiconformal dilatation is achieved by a

quasiconformal map h : D? — D2, If f: Q — D? is given by f = h™! o R, then
K(f) = K(h) = dy(r)(F(ic), F(0)) < dyv(ici(L),0).

Since h and R o g;. are quasiconformal maps with the same extension to 0H?, they are
boundedly homotopic (see, e.g., [EMMO06l Lemma 5.10]). Therefore, f is boundedly ho-
motopic to gizl and P, o f : © — Dome(f2) is boundedly homotopic to P, o gi_cl. Since
P,o gi_c1 extends to the identity on 91, it follows that P, o f also extends to the identity on
9. Therefore, Py, o f: © — Dome(£2) is the desired conformally natural K-quasiconformal

map which extends to the identity on 0f) such that
log(K) < drr(ici(L),0).
This completes the sketch of the proof of Theorem
Remark: Epstein, Marden and Markovic showed that if £ is simply connected, then a
quasiconformal map between Q and Dome(€2) extends to the identity on 0f2 if and only if it

is boundedly homotopic to the nearest point retraction from €2 to Dome(2). See [EMMOG,
Theorem 5.9].

7. Derivation of Numeric Bound

In order to complete the proof of Theorem it suffices to show that one can choose
L € (0,2sinh~*(1) such that
drr(ici(L),0) < 7.1695.



7. DERIVATION OF NUMERIC BOUND 51
Motivated by computer calculations for various values of L, we choose L = 1.48.
We will construct an inscribed polygonal approximation 7;Lol for the region 7% and then use

an implementation of the Schwarz-Christoffel formula to approximate the Poincare distance.

The approximation is constructed using MATLAB’s Symbolic Math Toolbox and variable

i -15 -10 -5 1] 5 1 15 20

FIiGURE 12. Polygonal approximation 7;Lol of T

precision arithmetic. Variable precision arithmetic allows us to compute vertex positions to
arbitrary precision. In particular, we can deduce sign changes to find intervals containing

intersection points.

Our polygonal region will be bounded by a step function Step(z) < Q(L,x), as seen in
Figure [12] Let us recall that

Q(L,z) = max G(i)

@v G(g(L,x))

L

To construct Step(z), we find all intervals where % and G(g(L,z)) intersect in a

desired range of x € [—a,a]. For values where % dominates, we bound Q(L,x) by
truncated decimal expansions (i.e. lower bounds) of values of %, which we compute

using variable precision arithmetic.

For parts dominated by G(g(L,z)), we simplify our computation by using the following

Lemma.
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LEMMA 7.1. Let Ly > 0 be the unique positive solution to 2tanh(L) = L. If L < Ly =
1.91501, then 2tanh(L) > L and g(L,z) = Le™1®l/2,

PROOF. Recall that
g(L,x) = max (Le_M/z, sinh~' (e~ 1*! sinh L)> :

Let L < Lo and consider the function j(x) = e® sinh(Le~*/2). It has a critical point precisely
when

2 tanh(Le™%/?) = Le™/2,

Since L < Lg, we have Le™*/2 < Ly when z > 0, so J has no critical points in the interval

[0,00). Since j'(0) = sinh L — % cosh L > 0, j is increasing on the interval [0, c0). Therefore,
j(z) = ® sinh(Le™*/%) > sinh(L) = 5(0)

for all x > 0, so

Le=*/2 > sinh ! (e~ sinh(L))

for all # > 0. Thus, g(L,z) = Le~|*I/2 for all z. O

From our initial analysis of the hill function h, we know that G(t) is an increasing function
ont € [0,00). It follows that G(g(L,x)) is a decreasing function for x € [0,00). Therefore,

we can approximate G(g(L,z)) by a step function from below.

To compute the values of G(g(L,x)), recall that G(t) = h(c(t) —t) — h(c(t)). The function

¢(t) can be computed to arbitrary precision from the equation

th'(c(t)) = h(c(t)) — h(c(t) —t).

In particular, variable precision arithmetic can give us truncated decimal expansions of
values of G(g(L,x)). We sample at a collection of points to obtain a step function where

G(g(L,x)) dominates.

These computations give Step(xz) < Q(L,z) on some interval [—a,a]. Outside of that
interval, we set Step(z) = 0. The graph of —Step(z) gives bounds of our region 7;Lol,
which is properly in 7%. Proper containment implies that the inclusion map 7;& —TLis

1-Lipschitz in the Poincare metric.
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L=1.48

G(L) = 1.327185362837166

HPL(0) = 0.000007509959438 + 0.0093475472306741
HPL(B) = 0.000009420062234 + 0.0670169706867421
H(L) = 1.969831901361628

K(L) = 7.169471208698489

Figure 13. Output of our program for computing a bound on the quasi-
conformal constant in Sullivan’s Theorem

Using the Schwarz-Christoffel mapping toolbox developed by Toby Driscoll [Dril, the images
of the points 0 and 2 cos™! (— sinh (%)) i are computed under a Riemann mapping for 7;%1
to the upper half plane. Computing the hyperbolic distance between the images provides
the result. The Schwarz-Christoffel mapping toolbox provides precision and error estimates.

The error bounds are on the order of 107°.

We found that the optimal bound is given when L is approximately 1.48. Using L = 1.48,

the point
L
B =c¢i(L)i=2cos ! (— sinh <2>> i~ 5.027888826784:

and

edrr(ier(L).0) ~ 7 16947,

A truncated version of the output (Figure provides the values of G(L), HPL(0), and

HPL(B), where HPL : 7;%1 — H? is the Riemann mapping. We also have the computed

values H(L) = dg2(HPL(0), HPL(B)) and K(L) = exp(dyz(ici(L),0).






CHAPTER 4

Basmajian’s Identity for Hitchin Representations

1. Hitchin Representations

Let ¥ be a connected compact oriented surface possibly with boundary and with negative
Euler characteristic. A homomorphism p : 71(X) — PSL(2,R) 2 Isom™ (H?) is said to be
Fuchsian if it is faithful with discrete image I" such that CH(I")/T" is compact (i.e. convex
cocompact). Let ¢: PSL(2,R) — PSL(n,R) be a preferred representative arising from the
unique irreducible representation of SL(2,R) into SL(n,R). An n-Fuchsian homomorphism

is defined to be a homomorphism p that factors as p = ¢ o pg, where pg is Fuchsian.

Following the definition in [LMO09], a Hitchin homomorphism from 7 (X) — PSL(n,R) is
one that may be deformed into an n-Fuchsian homomorphism such that the image of each
boundary component stays purely loxodromic at each stage of the deformation. An element

of PSL(n,R) is purely lozodromic if it has all real eigenvalues with multiplicity 1.

For the rest of the Chapter, we will let p denote the conjugacy class of a Hitchin homomor-

phism and refer to this class as a Hitchin representation.

2. Doubling a Hitchin Represenation

In this section, we will recall relevant details from the construction of Labourie and McShane

on doubling of Hitchin representations. See [LIMO09, §9] for a complete discussion.

Let X be a connected compact oriented surface with boundary whose double 5 has genus
at least 2 and let p be an n-Hitchin representation of m1(X). There are two injections
Lo, L1: X — $ and an involution ¢ : & — & fixing all points on 0% such that ¢ oty = ¢1.
Fix a point v € 9¥ and a primitive element 0, € ﬁl(i, v) corresponding to the boundary
component of v. For v € ﬂl(i,v), define ¥ = 14(y). One can choose R : m(3,v) —

PSL(n,R) in the conjugacy class of p with R(9,) a diagonal matrix with decreasing entries.

55
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Such a representative is called a good representative. Define

1 0 0 ... 0

0 -1 0 ... 0
=10 0 1 ... 0|,

0 0 O 1

then Corollary 9.2.2.4 of [LMO09] constructs a Hitchin representation 5 of (%) whose
restriction to m(X) is p; furthermore, for any good representative R of p there exists

R: ﬂl(i, v) — PSL(n,R) in the conjugacy class of p with

for all v € Wl(i, v). We refer to such a p as the Hitchin double of p and we will refer to E,

as constructed from R, as a good representative of p.

From this construction and [Lab06l, Theorem 1.5], it follows that for a Hitchin representa-
tion p, the image p(y) of any nontrivial element of 71 (X) is purely loxodromic. In particular,

associated to a Hitchin representation p there is a length function ¢, defined by

)\max (p(’)/))
Amin (0(7))

where Apax(p(7)) and Apin(p(y)) are the eigenvalues of maximum and minimum absolute

)

(2.1) £p(y) = log \

value of p(7), respectively. Note that for a 2-Hitchin representation (i.e. a Fuchsian repre-

sentation) this length function agrees with the hyperbolic length.

3. The Boundary at Infinity

Let 3 be a connected compact oriented surface with negative Euler characteristic and choose
a finite area hyperbolic metric o such that if 9X # ), then 9% is totally geodesic. We can
then identify the universal cover 3 of ¥ with H? if 8% = 0 or with a convex subset of H?2

cut out by disjoint geodesics in the case that 9% # (.

One defines the boundary at infinity 0s(X) of m(X) to be > N OH’. With this definition,
it makes sense to talk about Holder functions on 0 (X). Recall that a map f: X — Y

between metric spaces is a-Holder for 0 < a < 1, if there exists C' > 0 such that,

dy (f(x), f(y)) < Cdx(x,y)* forall z,y € X
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Clearly, Holder functions are closed under composition, though the constant may change.
For any two hyperbolic metrics 01,09 on 3, there exists a unique 7 (X)-equivariant qua-
sisymmetric map oo (X, 01) = Joo(X, 02) (see [ARI66l IV.A]). This map is a Holder home-
omorphism (see [GHO2, Lemma 1]) and therefore a Holder map on 0 (X) will remain so if
we choose a different metric. Our definition of 0 (%) topologically coincides with the Gro-
mov boundary of a hyperbolic group (see [BH13| III.H.3]), however the Holder structure

is additional.

Note that if ¥ is closed, then 0, (X) =2 S!. If ¥ has boundary and a double of at least genus
2, then 05 (%) is a Cantor set. Further, 0 (%) is identified as a subset of Sl = OH" and
therefore admits a natural cyclic ordering from the orientation of ¥. For convention, we

will view the ordering as counterclockwise.

We will use the notation (z,y) C 0x(X) to denote the open set consisting of points z such

that the tuple (z, z,y) is positively oriented. Note that (y,z) N (x,y) = 0.

We say that a quadruple (z,y, z,t) is cyclically ordered if either (z,vy, 2), (y, z,t) and (z,t,x)

are all positively or negatively oriented.

4. The Frenet Curve

Let .% be the complete flag variety for R™, i.e. the space of all maximal sequences Vi C
Va...Vp_1 of proper linear subspaces of R”. Consider a curve Z: S' — % with E =

(&1,&2, ... ,&n—1). We say that Z is a Frenet curve if

e for all sets of pairwise distinct points (x1,...,7;) in S' and positive integers dj +

cotdi=d<n,
l

@fdi (z;) =R%.

=1

e for all z in S' and positive integers dy +--- +d; = d < n,

i=l
(ylhf,rll)_,m (@ €d; (l/z)) =&y(x).

y; all distinct =1

We call £ = &; the limit curve and 0 = &,,_1 the osculating hyperplane. The second property

above guarantees that the image of ¢ is a C''-submanifold of PR".
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It turns out that given a Hitchin representation of a closed surface, one can construct an
associated Frenet curve. As a set of points, this curve is the closure of the attracting fixed

points of p(v) for all v € m(S).

THEOREM 4.1. [Lab06, Theorem 1.4] Let p be an n-Hitchin representation of the funda-
mental group of a closed connected oriented surface S of genus at least 2. Then there exists

a p-equivariant Hélder Frenet curve on Oxo(S) .

The metric on % arrises from a choice of inner product on R™ and the associated embedding
F — H?;ll PR™. In particular, we may use the usual spherical angle metric on im &;. Since

&5 is Holder, we have the immediate Corollary.

COROLLARY 4.1. If £ : 0x(S) — F is the Frenet curve associated to an n-Hitchin repre-

sentation, then im(€) is a C1T submanifold of PR™.

For a closed surface, let £, and 6, be the limit curve and osculating hyperplane associated to
a Hitchin representation p, respectively. For a connected compact surface 3 with boundary
and a Hitchin representation p, we define §, to be the restriction of {5 to m1(X), where p is

the Hitchin double of p.

5. Cross Ratios

In this section, following [Lab08], we construct the Holder cross ratio on 0. (%) associated

to a Hitchin representation. Let

Do (Z)Y = {(2,y,2,1) € 00o(Z) |z # t and y # 2} .

A cross ratio on O (X)) is a 7 (X)-invariant Holder function B: s (3)** — R satisfying:

(5.1) B(z,y,2z,t) =0 < z=yorz=t,
(5.2) B(z,y,z,t) =1 < z=zory=t,
(5.3) B(z,y,z,t) = B(z,y,w,t)B(w,y, z,t) ,

(5.4) B(z,y,z,t) = B(z,y, 2z, w)B(z,w, 2,t) .
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In addition, the above conditions imply the following symmetries:

(5'5) B(x7 y? Z’ t) = B(Z’ t7 :L‘7 y) b
(5.6) B(z,y, z,t) = B(z, y,x,t)_l ,
(5.7) B(z,y,z,t) = B(x,t, z, y)_l .

The period of a nontrivial element « of 71(3) with respect to B is

(p(7) :==log|B(v",z,7v",vz)| = log |B(y " ,vz,7", 2)],

where 41 (rest., v7) is the attracting (rest., repelling) fixed point of 7 on 0 (X) and x is
any element of 5 (3) \ {y*,y~}. This definition is independent of the choice of .

A cross ratio B is said to be ordered, if in addition B satisfies

(58) B(a:,z,t,y) > 1a

(5.9) B(z,y,z,t) <0,
whenever the quadruple (z,y, z,t) is cyclically ordered.

This definition of the cross ratio is motivated by the classical cross ratio Bp on RP' defined

in an affine patch as

(510) BP(x7y7Z7t) =

Before we associate a cross ratio to a Hitchin representation, consider the following con-
struction. If L C RP" is a projective line, let RPY,* = {Z € RP"" : V ¢ Z} and let
ny : RPY* — RP™ be given by ny(w) = wN V. For points p,q € RP" with V = p @ q and
r,s € RPY", define

B(r,p,s,q) = By (nv (1), p,nv(s),q) ,

where By is the classical cross ratio on V. Note that 8 is a smooth function on its domain.

Let p be a Hitchin representation for ¥, a connected compact oriented surface with double
of genus at least 2. We can then define B,, the cross ratio associated to p, for a quadruple

(7,9, 2,t) € Ooo(X)* by

(511) Bp($7yaz7t) = SB (ep(x)agp(y)7Hp(z)vgp(t)) .
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By [Lab06, Theorem 1.4] and [LMO09, Theorem 9.1], B, is an ordered cross ratio. Further-

more,
lB,(7) = Lp(7)

for any nontrivial element ~y of 71 (X%).

Remark. We should note that the cross ratio associated to a Hitchin representation p as
defined here is referred to as B, in [Lab08] and [LMO09], where p*(v) = p(y~1')!. The cross
ratio used in [Lab08] and [LMO09] has B,(x,y, 2,t) = B, (y, x,t, 2). Both cross ratios have
all the same properties, as shown in [Lab08]. The choice to use this definition is a cosmetic

one for the case of RP2-surfaces considered below.

6. Lebesgue Measure on the Frenet Curve

Let S be a closed surface and > C S an incompressible connected subsurface. A complete
hyperbolic structure on S gives an identification of Js(S) with Sl = OH2. It is a classical
result that under this identification s (X) is measure 0 with respect to the Lebesgue mea-
sure on SL (for instance, see [Nic89 Theorem 2.4.4]). The goal of this section is to show
that this holds true with respect to the Lebesgue measure on the limit curve associated to

a Hitchin representation.

For the entirety of this section, if p is a Hitchin representation of a surface with boundary,

we will use R to denote a good representative. Further, we will assume that £, = {g.

LEMMA 6.1. Let p be the Hitchin double of p : w1 (X) — PSL(n,R), then J, preserves the

limit curve {5 C PR™ associated to p.

PROOF. Let § = &5 = {p. Since the attracting fixed points of R are dense in &, we will

first show that J, preserves the set of attracting fixed points.

Let v € m1(3), then by equivariance, £(yT) is the attracting fixed point of R(7). It follows
that J, - £&(y1) is fixed by J,, - ]?i('y) cJp = ]?{(7) Recall that 7% is the image of v under
the induced map of the canonical involution of ¥. Choose z ¢ R(7): such that y =
In-x ¢ E(’y)l. Here, ]?{('y)l is the hyperplane spanned by the eigenvectors associated to
the eigenvalues of non-maximal absolute value. We then have that

lim (R(7)*-z) = &)

k—o0
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and also
G )—Jgﬁ:o (- R0 -2)
i
=Jn-€(77)

In particular, £(FT) = J,, - £&(yT) € £ is the attracting fixed point of ]%("y) Now choose

z € £, then there exists a sequence {;} in 71(3) such that

lim £(v;") =
]-)OO
Hence,
tim (Jn- €)= Ju -2
j—00
and as £ is closed, we have J,, - z € £. Therefore J,, preserves &. U

DEFINITION 6.2. A finite positive measure p on 0x(S) is quasi-invariant if, for every
g € m(S), the pushforward measure g.(u) is absolutely continuous with respect to p.

In addition, if the Radon-Nikodym derivative is Holder, we say u is Holder quasi-invariant.

Let £,: 0(S) — PR™ be the limit curve associated to an n-Hitchin representation p of
m1(S). By Corollary the image of £, is a C1T® submanifold, so we let 7,: S — im(¢)
be a Cl-parameterization with Holder derivatives. W further assume that 7, is constant
speed |n,]| = ¢, (recall that PR™ carries the standard spherical metric). Let A be the

Lebesgue measure on S! and define p, = (fp_l 0 Np)sA
LEMMA 6.3. The measure i, s Holder quasi-invariant.
PRrOOF. Fix v € m1(S) and let A C 05(S) be measurable. By definition,
Yektp(A) = pp(yHA) = A (1, 0 € (YTHA)) = A (o p(y ) 0 £ (4)).
Let s,(t) =, " 0 p(y~") o mp(t) then,
61 ) =Ny (o€ = [ sin= [ S on o du,
M &(A) A
Since 7 is constant speed and p(y~!) preserves im(&),

$5(8) = 1D i1y (1o (£)) - 1, ()| /.
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Because D1y is continuously differentiable on T (PR") (and therefore Hélder) and #,,(t)
is Holder by construction, it follows that s’v(t) is as well. Additionally, since 7, is constant

speed, the quantity
ds1 (p,
sup s1(p:q) < too.
paes? dprn (1p(p), Mp(q))

It follows that sﬁy o 77;1 o & is Holder and therefore p is a Holder quasi-invariant measure

with respect to the action of m1(S) on 05 (S) by (6.1). O

This Lemma along an argument of Anosov, as cited by Ledrappier [Led94, Section €], tells
us that that p, is m1(S)-ergodic. In particular, if A C 05(S5) is a m1(S)-invariant set, then
A has either null or full measure. We now apply this 71 (.5)-ergodicity to obtain:

LEMMA 6.4. For a compact bordered surface ¥ with a double 5 of genus at least 2, fix p a

Hitchin representation of m (%) and its Hitchin double p. Then, viewing dss(X) C 0s0(2),

,U/ﬁ(aoo(z)) =0.

PROOF. Fix a basepoint in ¥ and consider 9x(X) C 9(2) via the natural inclusion

~

m1(2) = m1(X). Let £ = {5 = . Define

U= |J g-9=(%).

gem(X)

As p, is ergodic, either p,(U) = 0 or U has full measure. Let ¢ be the involution on 800(2)
defined by €' o J, o &. Then,
U =(U)
is another 7 (S)-invariant set implying it either has null or full measure. Moreover, since
Inlim(e,) 18 ct,
(U) =0 = 1, (U") = 0.
Notice that both p,(U) and p,(U’) cannot be full measure, as U N U’ consists of the

attracting and repelling fixed points of primitive peripheral elements and must be countable.

Therefore, 0 = 11,(U) > 15(0s0 (X)) O

This measure property for the Hitchin double will be enough to prove the general case where

¥ C S is an incompressible surface. For this, make use of the Hausdorff measure in R 1.
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LEMMA 6.5 (Theorem 3.2.3 [Fed69]). Let f : R™ — R™ be a Lipschitz function for m < n.
If A is an \™ (Lebesgue) measurable set, then
[ amts@naxe= [ NG| Agyanny
A R
where H'™ is the m-dimensional Hausdorff measure, N(f | A,y) = #{x € A | f(zx) = y},

and Jp(f(z)) = /det(Dft- Df)(z).

THEOREM 2.2. Let S be a closed surface and ¥ C S an incompressible subsurface. Let p be
a Hitchin representation of S and £, the associated limit curve. If u, is the pullback of the
Lebesgue measure on the image of £,, then 1,(0s(X)) = 0.

PRrROOF. By fixing a basepoint on ¥, there are natural inclusions ¢ : 71(X) — 71 (5) and
?: m(2) = m () and the induced inclusions iy, i, on the boundaries at infinity. Let R
be a representative of p such that R oi is a good representative for p| (D) and build R by

doubling R o i.

Let £ = €&k and é = {g be the limit curves associated to p and p, respectively. For vy € m1(2),
Eoi(yh) = R(i(1))* = R(G(7) " =&oi(yh)

as R(i(7)) = R(i(y)). By the density of attracting fixed points in s (3) we see that
£oi, = Eoi,. In particular, they have the same image Ay, = £ 04 (050 (2)) = € 014 (0s0 ().

Fix some affine chart R"~! of PR containing Ay, (and by convexity im(¢) and im(€) as well).
Let 1,7 : 9s0(S) — R™ 1 be the two C112 constant speed parametrization for im(€), im(€) of
constant speed c,, ¢, respectively. We apply Theorem [6.5/and Lemmal[6.4] By construction,
Jn-1(n) = ¢, and Jp,—1(n) = ¢; and therefore

o (0(2) = [ L A=)
Mp =

0= nalis(0(2) = [ | cpdr=Hi(Ay)
n; (Ax)
It follows that 1, (i4(0sc(X))) = 0, as desired. O

REMARK 6.6. Notice that we have show that the Hausdorff dimensions of Ay, is < 1. A
questions of interest would be to understand the variation this quantity under deformations

of p as one leaves the Fuchsian locus.
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7. Orthogeodesics and Double Cosets

Let ¥ be connected compact orientable surface with genus g and m > 0 boundary compo-
nents such that the double of 3 has genus at least 2. Fix a finite volume hyperbolic metric
o on Y such that 9% is totally geodesic. In particular, we can fix an identification of the
universal cover U of ¥ with a convex subset of H? cutout by geodesics. This also gives an

identification of 71(3) with a discrete subgroup of Isom™ (H?).

An orthogeodesic in (X,0) is an oriented properly embedded arc perpendicular to 0% at
both endpoints. Denote the collection of orthogeodesics as O(X, o). The orthospectrum is
the multiset containing the lengths of orthogeodesics with multiplicity and is denoted by
|O(X, 0)|. Observe that every element of |O(X, o)| appears at least twice as orthogeodesics
are oriented. Also note that O(X,0) is countable as the orthogeodesics correspond to a
subset of the oriented closed geodesics in the double of (X, 0). Let £,(0X) be the length of
0¥ in (¥, 0), then recall Basmajian’s identity [Bas93]

l(08) = > 2logcoth<§>.

telO(%,0)]

In order to extend this identity to the setting of Hitchin representations, we first need to

replace the geometric object O(X, o) with an algebraic object; this is the goal of this section.

Let A = {ai,...,am} C m1(X) be a collection of primitive elements representing the m
components of 9% in m1(X) oriented such that the surface is to the left. We will call such
a set A a positive peripheral marking. Set H; = (c;) and, treating m1(X) as a subgroup of

PSL(2,R), let &; C H? be the lift of a; such that H; = Stab(a;).

Fix 1 <i,j <n (possibly ¢ = j), then for g € m(X) (or g € m1(X) \ H; if i = j) define the
arc &; j(g) to be the minimal length arc oriented from a; to g- a;. Now @; ;(g) descends to

an orthogeodesic o ;(g) on (3,0). For i # j, we denote the set of double cosets
0ij(3,A) = Hi\m(%)/H; = {HigH;: g € m (%)}

and for ¢ = j, define

OLZ‘(E,A) = (HZ\Wl(E)/HZ) AN {HZ‘GHZ‘},

where e € m1(X) is the identity. We will denote an element of O; ;(X,.A) corresponding to
H;gH; as [g]; ;. Associated to the pair (X,.A) we define the orthoset to be the collection of
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all such cosets

O, A) = || 03 A).

1<i,j<n

From the definitions, it is clear that the map
P:0%,A) = 0O(%,0)
given by

®([gli ) = aij(g)

is well-defined.

ProproOSITION 7.1. The map ® s a bijection.

ProOF. We first show it is injective. Suppose ®([gli;) = ®([¢]i ;7). First note that
i" =i and j = j since the arcs must be oriented from «; to ;. Now @&; j(g) and @; ;(g’)
must differ by an element of 71(X). Since both these arcs start on @; it is clear that there

exists h; € H; such that
@i j(g9) = hi- qij(g).
In particular, we must have that g - &; = (h;¢’) - &; implying
() thitg e Hj.
Set hj = (¢/)"*h;'g € H;, then
g = hig’hj S Hig/Hj s
so that [g];; = [¢];; and @ is injective.

To see that ® is surjective, take an orthogeodesic f € O(%,0) from «; to a;. Choose a lift
5 of 5 such that B starts on a;. But 5 must also end on some lift of o; which we can write
as g - oy, so that ®([gl; ;) = B and ® is surjective. Notice that if i = j, then g ¢ H;eH; as

[ is a non-trivial orthogeodesic. O

We will see how to rewrite Basmajian’s identity in terms of the orthoset as a corollary of

generalizing the identity to real projective structures.

REMARK 7.2. (1) In his paper, Basmajian [Bas93| uses the fact that an orthogeodesic can

be obtained from g € 71(X); in our notation, he constructs o ;(g) for a fixed 1.
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(2) Despite using the language and setting of surfaces, the above discussion holds just as

well for connected compact hyperbolic n-manifolds with totally geodesic boundary.

8. Real Projective Structures (n = 3)

A convex real projective surface, or convex RP%-surface, is a quotient /T’ where  C RIP?
is a convex domain in the complement of some RP! and I' < PGL(3,R) is a discrete
group acting properly on 2. A convex RP2-structure on a surface S is a diffeomorphism
f: 8 — QJ/T. The work of Goldman [Gol90] tells us that the conjugacy class of the
holonomy coming from a convex RP2-structure on a surface S is a Hitchin representation
m1(S) — SL(3,R). In fact, for closed surfaces this identification is a bijection by the work
of Choi-Goldman [CG93].

In this section we give a generalization of Basmajian’s identity to convex RP?-surfaces and
by extension to 3-Hitchin representations. This result is an immediate corollary of Theorem
however, the proof here is geometric in nature and will closely follow Basmajian’s

original proof in [Bas93|. Further, it motivates the general case.

8.1. Hilbert metric. Let F' = Q/T be a convex RP2-surface, then F carries a natural

Finsler metric called the Hilbert metric, which we now describe.

Let z,y € Q and define L C RP? to be the projective line connecting x and y. L intersects
0f) in two points p, g such that p, x,y, ¢ is cyclically ordered on L. Choose any affine patch

containing these four points, then the Hilbert distance between x and y is

h(z,y) :=log Bp(p,y,q, ) ,

where Bp is the projective cross-ratio defined in (5.10]). The geodesics in the Hilbert geom-
etry correspond to the intersection of projective lines with 2. As the cross-ratio is invariant

under projective transformations we see that the Hilbert metric descends to a metric on F.

Let p be the holonomy associated to a convex RPZ?-structure on a surface S, then for a
primitive element g € m1(X), the length £,(g) (see (3.3))) agrees with the translation length

of the geodesic representative of p(g) in the Hilbert metric.

Note that when €2 is a conic, it is projectively equivalent to a disk. In this case, F' is
hyperbolic and h = 2dg where dyg denotes the hyperbolic metric. For more details on

Hilbert geometry see [BK12].
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8.2. Basmajian’s identity. Let F be a connected compact orientable convex RP?-
surface with non-empty totally geodesic boundary whose double is at least genus 2. Using
the doubling construction described in §2| for Hitchin representations, let F=0Q /T be the
double of F. Then F is a closed convex RP2-surface. Note that there is also a doubling con-
struction in [Gol90] inherent to convex RP2-surfaces, which is essentially a more geometric

version of the Hitchin doubling that we have already discussed.

FIGURE 1. Orthogonal projection of g - L; onto L; whose image we defined as ﬁf ;i

Choose a positive peripheral marking A = {a;}7*,. Let F C Q be the universal cover of
F and let L; be the geodesic in € stabilized by «; € I'. In projective geometry, orthogonal
projection to L; is defined as follows: As ( is strictly convex [Gol90], for x € 02 let 6(x)
denote the line tangent to 92 at x. Set af = 6(a;") NO(a; ), then the projection to L; is
defined to be 7; : Q© — L; where 7;(y) is the intersection of the line connecting o) and y

and the line L;. For [g]; ; € O(F, A), we let
U =mnilg- Ly)
be the orthogonal projection of g - L; onto L;. This is shown in Figure E

LEMMA 8.1. Let 7:Q — F be the universal covering map, then W|[7£j 18 1njective.

)NUY . # 0. This can only

PROOF. Suppose that ﬂ\ﬁgj were not injective, then («a; - UY g

l?j
happen if («;g) - L;j and ¢ - L; intersect in 2, which is impossible as the boundary is totally

geodesic. ]

By Lemma we may define Ufj = 77((7&»).
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LEMMA 8.2 If [glij, [Prs € O(F, A) are distinct elements, then U}, N U’y = 0.

PRrROOF. If Ugj intersects U™

7,87

then ¢ = r and by fixing lifts, one has g- Lj Nh- Ly # 0,
which would mean that 9% is not totally geodesic. g

We define Gp: O(F, A) — R" by

Gr(lglij) =log Be(a; ,mi(g - af ), a7 ,mi(g - @} )

for [g];; € O(F,A). Let p be a 3-Hitchin representation realizing F', then by a standard

fact in projective geometry about cross-ratios of four lines

Gr(lglij) =log By(o; g af,a; . g-a;),

which agrees with our function in Theorem We can then write Basmajian’s identity:

PROPOSITION 8.3 (Basmajian’s identity for RP2-surfaces). Let F be a connected compact
orientable convexr RP?-surface with non-empty totally geodesic boundary whose double has

genus at least 2. Let A= {au,...,am} be a positive peripheral marking. Then,

(r(OF) = % Gp(x)

z€QO(F,A)

where {p measures length in the Hilbert metric on F and (p(OF) =Y 1 | £p(cy). Further-

more, if F' is hyperbolic, then this is Basmajian’s identity.

PROOF. Abusing notation, we will use «; to denote both the element in 7 (F') and its
geodesic representative in F. From above, we have Ui*‘f j is an interval embedded in «; and
by construction

UUY;) =log Be(a; ,mi(g - ay ), a; ymi(g - ) -

For a fixed i, the complement of
U v
[9]i,;€0(F,A)
in «; is the projection of O (F'), or m(1;(0sc(F))), which has measure zero by Lemma

This gives the identity as stated.

We now show that this is Basmajian’s identity in the case that 3 is hyperbolic. In this
case, we may draw a standard picture with  being the unit disk in an affine patch as in

Figure[2l The line connecting g-L; and L; is a lift of the orthogeodesic corresponding to the
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9-L (z,y)

FIGURE 2. A standard diagram for the orthogonal projection of g - L; onto

L; in the hyperbolic case.
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element [g]; ; (this can be seen by considering the corresponding geodesics in the Poincaré

disk model). We have

l= log BP((O, —1), (07y)7 (07 1)7 (O’O)) = IOg <1+:Z>

is the length of this orthogeodesic in the Hilbert metric and let

1
L = log Be((~1,0), (,0), (1,0), (—z,0)) = 2log (1 * x)
be the length of the projection of g - L; onto L;. From this we see that
L l
T :tanhz and y :tanhg.

From 22 + y? = 1 we see that

L l L 14
1 = tanh? <4> + tanh? <2> —  tanh?® <4> — sech? <2) )
Now using the fact that
1 142
h(z) = -1
arctanh(z) 5 log <1 — z>

we have

1 h (£
L = 4arctanh (sech <£>> = 2log HL(QE) = 4log coth <€> .
2 1 —sech (%) 4
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Recalling that the Hilbert metric is twice the hyperbolic metric, we recover

h(OF) = Z 2log coth (%) ,

EhelO(F)]

where (5, () measures length of v in the hyperbolic metric on F', which is as desired. O

9. Basmajian’s Identity

We saw in the case of convex RP2-structures (or 3-Hitchin representations) on a bordered
surface that Basmajian’s identity is derived by computing the lengths of orthogonal projec-
tions in the universal cover. In the n-Hitchin case, we no longer have the same picture of
a universal cover (for n > 3), but the idea is roughly the same. In fact, in terms of cross

ratios, we will be using the same function on the orthoset as the summand.

Let X be a compact surface with m > 0 boundary components whose double has genus at
least 2. Choose a positive peripheral marking A = {ay, -+, oy, }, then for an ordered cross

ratio B on 0 (X) we define the function Gg: O(3, A) — R by
Gp(l9lij) :==log B (e ,9-a],a;,9-a;).
For a Hitchin represenation p and the associated cross ratio B, we set

G,=Gp

o

+

We think of G,([g]i,j) as measuring the length of the projection of the line connecting g- o]

— . . + —
and g - a; to the line connecting o and o .

THEOREM 2.1. Let ¥ be a compact connected surface with m > 0 boundary components
whose double has genus at least 2. Let A = {aq,...,am} be a positive peripheral marking.

If p is a Hitchin representation of (%), then
6O%) = Y Gyla),
zeO(X,A)

where £,(0X) = Y% £p(cv). Furthermore, if p is Fuchsian, this is Basmagian’s identity.

Remark. Theorem holds for surfaces ¥ with m > 0 boundary components and p
cusps if one assumes that Hitchin representations of i, the double, have associated Frenet

curves. In particular, our result relies of the existence of a Frenet curve for closed surfaces.
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It is currently not known if all Hitchin representations with parabolic holonomy around

punctures admit Frenet curves.

PrOOF. We use the framework from [LIMO09, Theorem 4.1.2.1]. Let us focus our at-
tention on a single boundary component. Let a = «1. Fix a finite area hyperbolic
structure on ¥ so that 0¥ is totally geodesic. Identify ¥ with U/T" for a convex set
U C H? whose boundary in H? is a disjoint union of geodesics. With this identification,
00 () =2 05U = UNSL, and m(X) = I'. Moreover, S5, \ 95U is a union of disjoint
intervals of the form I, 3 = (B7,B7T) for primitive peripheral elements 3 € I" which have ¥
on their left. By construction, 8 = go; g~ ! for some a; in the positive peripheral marking

Aand g eT.

1 1

Observe that (g()zjg_l)i = a,f if and only if gajg™ = ay because gajg~ and oy are

primitive. In particular, we must have that j = k and g € H; = (o). We therefore

conclude that Iglajgl—l = Igzockg;

1 if and only if j = k and g;lgl € Hj, giving us the
bijection
{Components I of SL, ~ BOOU} = |_| m(X)/H; .

1<j<n
Let B = B, be the cross ratio associated to p and fix some ¢ € (o™, a”) C 0oo(X) in order

to define the continuous function Fg: (a*,a™) — R by
(9.1) Fp(z) =log B(a™,z,a7, ().

Note that B(a™,z,a™,() is positive by (5.8)) and ([5.7).

LEMMA 9.1. Fp is a homeomorphism onto its image. Further, if X is closed, then Fp is

surjective.

PRrOOF. This follows from the proof of [LMO09, Theorem 4.1.2.1] bur we include an
argument here for completeness. First injectivity: if B(ay,z, () = B(ay,2’, @,(), then

B(at,z,a™,2') = 1 by (5.3)); hence, z = 2’/ by (5.2). Furthermore, the inequality (5.8)

implies Fp preserves the ordering and therefore it is a homeomorphism onto its image.
Lastly, note that as 2 — a® we have Fg(z) — Foo by (5.1) and (5.7) and that (a™,a™) is

connected if ¥ is closed. ([
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Since Fp is increasing, we see that the set R \ Fp(0xU) is a union of disjoint intervals

fﬁ = (Fp(B87), Fp(8")). Further,

FB(OJ'CU) :logB(aJr’a,%?a*?C)

B(a+7 x? ai? C)
Blat,z,a",a-x)

— Fp(a) - £,(a)

= log

by (5.4) and (5.7). Now, set T = R/{,(a)Z and define m : R — T to be the projection.
From above, we have that faﬁa_1 NIg=0and

IAa,Bofl = (FB(CV : 6+)7FB(Q : /3_)) - jﬁ _EP(O‘)

S0) 7T|f5 is injective. Define Ig = 7(I3) and observe that

{Components I of T\ m(Fp(0-U))} <= | | | H\\mi(Z)/H; | ~ {HieH:},

1<j<m

where we remove HieH; as it corresponds to the interval fa, which is outside (a™,a™).

Using our notation from @ the right hand side is simply | |, <;<,, O1,;(E, A).

For each Iz, there is a j and an element [g]1; € O1;(%,.A), where 8 = gajg~!. With this

representative, we see that if A is the Lebesgue measure on R, then

A(Ig) = Fp(B") — Fp(87)

_l B(Oé+,5+70[_,g)
8Bt B,a,0)

= log (B(oﬁ', BT,a7,¢)- Blat,(, 04_75_)) (by )
=logB(a™, 5%, a7, 87) (by (5.4))
=logB(at,g- ozj, a,g-a;)

= Gy(lgl) -

It follows that
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Lemma tells us that A(7(Fp(0xU))) = 0 giving the identity for a single boundary
component. By doing the same for the other boundary components and summing, we have

arrived at

LO%) = ) Gyla).

z€O(%,A)
We finish by noting that the proof of Proposition implies that if p is Fuchsian then we

recover Basmajian’s original identity. ]

Remark. In Theorem 2.1, G, is defined using the Frenet curve associated to the doubled
representation p : 7 (%) — PSL(n,R). However, if we are given ¥ as a subsurface of a
closed surface S and a Hitchin representation p’ : 71(S) — PSL(n,R), then we may use the
cross ratio associated to p’ restricted to 71 (X)**, which agrees with that of j as seen in the

proof of Theorem

10. Relations to the McShane-Mirzakhani Identity

In this section, we discuss the relation between our identity and Labourie-Mcshane’s gener-
alization of the McShane-Mirzakhani identity. We will first consider the hyperbolic surface

case and then generalize to Hitchin representations.

There are three spectral identities on hyperbolic surfaces with nonempty totally geodesic
boundary (the McShane-Mirzkani [Mir07a)], Basmajian [Bas93], and Bridgeman [Brill]
identities) that originally appeared to be using completely different ideas, but were put
into a unified framework by S.P. Tan by viewing them as different decompositions of the
geodesic flow. This viewpoint is outlined in the survey [BT16|]. These ideas led to the

Luo-Tan identity for closed surfaces [LT14]. This is the viewpoint we take in this section.

We note that finding relationships between the identities listed has been of recent interest.
Connections between Basmajian and Bridgeman’s identities were explored in [BT14] and
[V1al5]. Also, in a sense, the identity of Luo-Tan for closed surfaces gives connections

between Bridgeman’s identity and that of McShane-Mirzakhani.

The McShane-Mirzakhani identity gives the length of a boundary component as sum over a
collection of pairs of pants in the surface. As the geometry of a pair of pants is dictated by the
lengths of its boundary components, the summands depend on the lengths of simple closed

geodesics in the surface. In order to prove this identity, one has to give a decomposition



74 4. BASMAJIAN’S IDENTITY FOR HITCHIN REPRESENTATIONS

of the boundary into intervals. As this is the same idea for Basmajian’s identity, the goal
of this section is to relate the Basmajian decomposition of the boundary to that of the

McShane-Mirzakhani decomposition.

10.1. McShane-Mirzakhani Decomposition. Let F' be a compact hyperbolic sur-
face with nonempty totally geodesic boundary. Fix « to be a component of OF. For a point
x € a, let B,(t) be geodesic obtained by flowing the unit vector v, normal to « at z for

time t. Define t, € R4 to be either

e the first value of ¢ such that there exists tg € [0,t) with 5,(t) = Bz(to), i.e. ty is
the first time the geodesic obtained by flowing v, hits itself, or

e if the arc obtained from this flow is simple and returns to the boundary, then we
let ¢, to be the time it takes to return to OF, i.e. B,(t;) € OF, or

e if the arc is simple and infinite in length, let ¢, = oc.

Note that the set of boundary points with ¢, = oo is measure zero as the limit set projects
to a set of measure zero on « in the natural Lebesgue measure class. For those z € a with
t, < 00, define the geodesic arc d, = B,([0,t,]). The arc 0, defines a pair of pants P, as

follows (there are two cases):

(i) If 4, is simple and finite, let o be the components of OF containing nq(t,) (possibly
o/ = a) and define P, to be the neighborhood of §, Ua U« with totally geodesic
boundary.

(ii) If d, is not simple, then define P, to be the neighborhood of 4, U o with totally

geodesic boundary. This case is shown in Figure [3]

FIGURE 3. An example of P, with J, non-simple.
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The McShane-Mirzakhani decomposition of the boundary is as follows. Let P, (F) be the
set of embedded pairs of pants P C F with geodesic boundary and with « as a boundary
component. For P € P, (F) set

Vp ={z € a: P, = P},

We then have that Vp is a disjoint union of two intervals unless P contains two components

of OF, in which case Vp is a single interval. Further, Vp N Vp, = () for P # P’ yielding
ey=2| |J Vel= D «vp),
PePa(F) PePa(F)
see [Mir07a] or [BT16| for details. The McShane-Mirzakhani identity is derived from

computing ¢(Vp) for P € Py (F).

In the case that F' has a single boundary component, this identity becomes

“ap) U(OF)
+ e
) >+l

PePo(F €

10.2. Comparing Decompositions. In we saw how to decompose the boundary
for Basmajian’s identity using orthogonal projection in the universal cover; let us give the
same decomposition from a slightly different perspective that better matches the discussion

on the McShane-Mirzakhani decomposition.

For x € OF, let B, be the oriented geodesic obtained by flowing the vector normal to OF
based at x as before. (5, will have finite length and terminate in OF for almost every « € 0F
as the limit set projects to a set of measure zero on OF. For every orthogeodesic 8 € O(F)
we define

Ug = {x € OF: B, is properly isotopic to (}.

As no two orthogeodesics are properly isotopic, we see that Ug N Ug = () and as almost

every [, is properly isotopic to some orthogeodesic we again arrive at Basmajian’s identity

_ ‘s
o)y =t J Uﬁ = Y UU) = Z 2log coth =~

BeO(F BEO(F) BEO(F

As the McShane-Mirzakhani identity calculates the length of a particular boundary com-
ponent, for a a component of 9F, let O, (F') be the collection of orthogeodesics emanating

from a.
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ProPOSITION 10.1. Let F' be a compact hyperbolic surface with nonempty totally geodesic
boundary. For each B € O(F), there exists P € Puo(F') such that Ug C Vp.

Proor. There exists x such that 8 = 3;, so we set P = P,. Given y € Ug, we know
that there is a proper isotopy taking 3, to §, which must also take d, to .. Given the
definition of Py, we have that P, = P. ]

For P € P,(F), let
OPZ{BGOQ(F): UﬁCVP}.

We then immediately have:

COROLLARY 10.2. Let F be a compact hyperbolic surface with nonempty totally geodesic
boundary. For P € P(F)

LVp) = Z 2logcoth€(§).

BeOp

10.3. Decompositions in the Hitchin Setting. In order to proceed, we need to
translate the geometric language in the two decompositions to information about the fun-
damental groups of the surface. We have already seen how to do this in the context of
Basmajian’s identity using the orthoset in §71 Now let us do the same for the McShane-
Mirzakhani identity following [LIM09J.

Let X be a compact connected oriented surface with nonempty boundary whose double has
genus at least two. Fix a hyperbolic metric o on ¥ such that 9% is totally geodesic. As we
have done before, let us identify the universal cover of ¥ with a convex subset of H? cut out
by geodesics. Fix a positive peripheral marking A = {a1,...,a,} for ¥ and let a« = a3 be
a fixed peripheral element. As in the previous section, we have the set P, (3, o) consisting
of embedded pairs of pants with totally geodesic boundary containing the component of 93
represented by a. We would like to replace these geometric objects with topological ones.
In particular, we will translate Vp into a subset of S instead of a subset of « itself. In the

geometric setting, this would be done via projection from « to (a™,a~) C SL..

Given P € P,(X,0) we can find a good pair (8,7) € m(P)? such that ay3 = e and
B,~ oriented with P on the left. Let (5',7’) be another good pair, then we will say that
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(B,7) ~ (B',7") if for some n

B/ — anﬁa—n
’Y/ —a" ~y a .
Up to his equivalence there only exist two such pairs: (3,7) and (y,v8y~!). These pairs
and equivalences depend only on the topology, so let us define P, (X) to be the set of isotopy

classes of embedded pairs of pants in 3 containing « as a boundary component. Note that

we have a natural bijection P, (3, 0) — Pn(2) by sending P to its isotopy class [P].

The pairs (3,7) and (v,v87~!) correspond to the two isotopy classes of embeddings of a
fixed pair of pants Py into ¥ with a choice of peripheral elements ag, 5y,v0 € 71 (Py) with

Py on the left, agyo5p = e and ap — «. This language is used in [LMO9].

FI1GURE 4. A fundamental domain D for P and the lift of §,. One can verify
that ay3 = e and o~ - B+ =~ . g%,

Let us fix [P] € Py (%) with P € P,(X,0) and fix a good pair (3,7) € 71 (P)? C m(X)2.
We can draw a fundamental domain D for P as in Figure 4} Abusing notation and letting
« also denote its geodesic representative in 03, let x € «a be such that P, = P. Lift x
to & € D on the geodesic &(a~,at) € H? and let d, be the lift of &, (as defined in the

previous subsection) living in this fundamental domain.
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Assuming 8 and 7 are not peripheral, observe that J, determines P if and only if 6, C P
and has finite length, see Figure [3| for an example. In particular, this means that §, stays

inside P and either self interests or hits a. This is equivalent to having S; in the set
Jp= (") Uty B7) C 8y

as shown in Figure The orthogonal projection of Jp to the geodesic &(a~,at) C H?

followed by the universal covering projection to 0% is injective and corresponds to Vp.

Now suppose only ~ is peripheral, then ¢, determines P if and only if S;F is in the interval
Jp = (81,7 7). We simply add in the interval (y~,~*) to allow for simple arcs &, that

hit the boundary component ~ for the scenario in the previous paragraph.

Similarly, if only 3 is peripheral, then J, determines P if and only if S;F is some « translate

of a point in the interval
jP = (O[ . 7+7’yi) = (/877’77) Uoao- (’YJra’Y : 67) .

The technicality of translating by « arrises because be chose our lift £ € D and want to

write Jp as one interval.

If both 8 and ~ are peripheral, then ¥ = P and the interval is simply Jp = (67,7 - 87).

The same sequence of projections also gives Vp in these cases.

Let p be a Hitchin representation of X and let B = B, be the associated cross ratio.
We define the pants gap function H, : Po(X) — R as follows. Let [P] € Py(X) and let
(B,7) € m1(P)? C 71(X) be a good pair. Define the auxiliary function ig : 71 (%) — {0,1}

by ig(w) = 1 if w is primitive peripheral and ig(w) = 0 otherwise. Then

Hy([P]) =log [B(a",v",a",87) Bla",v 87,0, 7]+

+ig(B)log B(a™, 87, a™,7) +ig(v)log Ba™,v",a7,77).

With this setup at hand, the McShane-Mirzakhani identity for Hitchin representations from
ILMO9] states

bla)=" > Hy(P)).

[PlePa(E)
If we let T = R/¢,(a)Z and let Jp be the projection of Jp under the composition of the
projection m : R — T and the map Fp defined in (9.1), then the McShane-Mirzakhani

identity is saying that the Jp are all disjoint and give a full measure decomposition of T.
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As in the proof of Theorem for a primitive peripheral element 3 of 71 (%), let I 5 =
(87,8T)and Ig = w((Fp(8™), Fs(8+))). Using & = ay in some positive peripheral marking,
let

Oa(2,A4) =0;(%,A).

We saw that Ig corresponds to an element z € O4(X,.A), so let us rename this interval
I,. As the sets Jp are all disjoint, it follows that for x € O, (X, A), there is a unique
[P] € Pa(X) such that I, C Jp. This gives the analog of Proposition [10.1}

PROPOSITION 10.3. Let ¥ be a compact connected orientable surface with nonempty bound-
ary whose double has genus at least 2. For each © € Oy(3,A) there erists a unique

[P] € Pa(X) such that I, C Jp.

For [P] € Pn(X), let
Op(X,A) ={x € Ou(X,A): I, C Jp}.

We then immediately have the analog of Corollary
COROLLARY 10.4. Let 3 be a compact connected orientable surface with nonempty boundary

whose double has genus at least 2 and let [p] a Hitchin representation of m(X). For [P] €
Pa(X)






CHAPTER 5

Bridgeman-Kahn Identity for Finite Volume Hyperbolic
Manifolds

1. Finite Volume Hyperbolic Manifolds with Totally Geodesic Boundary

For us, a hyperbolic n-manifold with totally geodesic boundary M can be defined as an
orientable manifold with boundary that admits an atlas of charts {p, : Uy, — Dy}, where
D, C H? are closed halfspaces, @ (Usy NOM) = 0o (Uy) NOD,, and the transition maps are
restrictions of elements of Isom™ (H?). We will assume that all our manifolds are complete,
in the sense that the developing map D : M — H3is a covering map onto the convex hull
of some subset of J,,H™. If fact, when M has finite volume, it can be show that D is an
isometry and D(M ) is a countable intersection of closed half-spaces bounded by mutually
disjoint hyperplanes. Further, if I' is the image of the holonomy map, M = CH(Ar)/T (see,
for example, [Deb07]). To understand the structure of M, we have the following result

of Kojima.

THEOREM 1.1. (Kojima [Koj90]) If M is a complete finite volume hyperbolic n-manifold
with totally geodesic boundary, then OM is a complete finite volume hyperbolic (n — 1)-

manifold.

In particular, if X C M is a boundary component, then Xisa hyperplane on OM.

1.1. Cusps. Let M be a complete finite volume hyperbolic n-manifold M and T' <
Isom™ (H") the image of the holonomy map for M. A cusps ¢ of M is a T-orbit of the fixed
point of some parabolic element g € I'. By the Margulis Lemma, ¢ admits an embedded
horoball neighborhood B, € M. Following [Ko0j90], ¢ arises in two different ways. We say
¢ is an internal cusp of M whenever B, = E; x [0,00) for some closed Euclidean (n — 1)-
manifold E.. We call ¢ a boundary cusp, or d-cusps for short, whenever B, = E? x [0, 00) for

some compact Euclidean (n — 1)-manifold E? with totally geodesic boundary. In the case

81
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of a 0-cusp, the two components of E?E? correspond to horoball neighborhoods of cusps of

OM . In particular, 0-cusps corresponds to some pairs of cusp of OM.

2. Volume Form on the Unit Tangent Bundle

2.1. Unit Tangent Bundle. The volume form € on T{H" is invariant under the
action of Isom™ (H") 22 SO (n, 1) in the hyperboloid model. Here SO (n, 1) is the identity
component in SO(n, 1). As homogeneous spaces, one may identify H" = SO (n,1)/SO(n)
and T{H" = SOT(n,1)/SO(n — 1). The form € arrises by projecting the Haar measure
from SOT(n,1) to T{H", which is unique up to multiplication by a scalar. We may also
parametrize T{H™ = H" x S* !, which carries the natural volume element dV dw. Since
SO*(n,1) acts on T1B" by orientation preserving Mobius transformations, dV dw is also

invariant. With this in mind, we normalize to have
(2.1) dQ = dV dw.

For a detailed reference on this perspective, see [FLJ12].

2.2. Stereographic Projection and Standard Volume Formulae. We will need
a few facts about the standard volume element dw on S” C R™*!. Instead of using spherical
coordinates, we can parametrize S” — {e,11} using stereographic coordinates. Define 7 :

R™ — R” by
_ 2x
I

7(x)

Then stereographic projection m : R™ — S" — {e, } is given by

, x| —1 211 2z, |x2 -1
2.2 = — | = e .
(22) m(x) (ﬂXLMP+1 X210 P X2+ 1

We will also make use of the standard transformation n : U" — B" given by n = o o r,

where o is the reflection in the sphere S(e,, \/i) and 7, is the reflection through the plane

e, = 0. In coordinates, for x € U — {c0},

2z1 2T,1 x| —1 >

2.3 =
( ) 77(3617 71'11) <|X‘2+2xn+1’ "X’2+2$n+1, ‘X‘2+2$n+1

See [Rat13, §4.4] for details. Notice that 7 = n |gn.

Next, we consider the volume form 7*(dw) in stereographic coordinates.
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LEMMA 2.1. The pullback of w from S™ to R™ via m has element

2™ dx

7 (dw) = RE+ 1)

Unable to find a reference for this fact, we do the computation in the appendix (see [0.2)).

Our volume form dw is induced from R"™ and therefore

n 27TnT+1
(2.4) Vol(S") = T ()
(2.5) Vol(S™)/ Vol(S" 1) = vrl(3)

L%
where T'(+) is the I-function normalized to I'(n) = (n — 1)! for n € Z™.

Let Byn(R) denote a hyperbolic ball of radius R. Using spherical coordinates for H", one

can derive
R

(2.6) Vol(Bgr (R)) :Vol(S")/ Sinhnfl(r) dr
0

see [Rat13, §3.4] for details. In the appendix, we provide a expression for this volume in

terms of hypergeometric functions (see Proposition (0.3]).

2.3. Mobius Transformations. For v € M(R") and x € R, 4/(z) is a conformal
matrix (i.e. a constant multiple of an orthogonal transformation). Thus, we can define

|7/ (z)| € Ry to be the unique number such that ~/(x)/|y/(x)| is orthogonal.
In this Chapter, | - | will always denote the standard Euclidean norm |x| = /2% + ... + 22
for x € R™ and {e;}}"; will be the standard basis for R". With this in mind, Nicholls

provides the following useful formula for v € M(R") and x,y € R” [Nic89, (1.3.2)].

(2.7) () =) = Y M Y ()7 [x — vl
We will make extensive use of equation (2.7). Additionally, we will need the following two
constructions.

Let 6(v) = v/|v|? be the inversion through the sphere of radius 1 around 0 € R™. A simple
computation (see [Rat13l proof of Theorem 4.1.5]) shows that the Jacobian of ¢ is

(2.8) | det 6’| = 1/|v|2”
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Lastly, for y € R*"™! € 9,,U", we construct a hyperbolic rotation Yy - U" — U" around
e, € U” that takes 0 to y. Observe that the stereographic projection 7 acts radially in the
sense that the plane (e,,y) equals (e,,7(y)). Let oty be a rotation of S"~! in the plane
(en, (y)) taking —e,, to m(y) and define 7y, = 7! oroty om. From the definition, it is clear
that 7y acts on the line Ry. A simple computation in this plane shows that
Yy <ty> :LML for t € R.
yl)  1—=lylt lyl

Since 'y;, is conformal, we can compute

d

(29) (0)] = =

t+!y!
o L—lylt

2

=1+y|

2.4. Hypergeometric, Gamma, and Harmonic Number Functions. We will
need to use a few special functions. Recall that the I" function defined by I'(m) = (m — 1)!

for m € Z* satisfies the following doubling formula,
(2.10) ()T (2 + 1) =2'72% /7 ['(22)

We will also use the m‘ harmonic number H(m) given as

m

1 L1 —qm
2.11 Hm)=) == d
(2.11) (m) ;k . 1w w

Lastly, we will require a few facts about hypergeometric functions. Given a,b,c € C with

¢ ¢ Z_ U {0} one defines the hypergeometric function

> I( EYT(b+ k) z
(2.12) oF1(a,b,c; z) (atk)T(b+ >— for |z| <1
k:o L(c+k) k!

and by continuation elsewhere. Note that oF}(a,b,c;2) = 2F1(b,a,c; z). For a reference on

hypergeometric functions see [AAR99].

[HEOREM 2.1 (Euler 1769, [AAR99, Theorem 2.2.1] for proof). If R(c) > R(b) > 0, then
['(c) ! b—1 —b—1 _

2.1 F )= L 2)eb1 (] — sp)a

(2.13) 2F1(a,b,c; 2) ROICED) /0 27 (1—x) (1—zz) *dx

for z€ C—[1,00), arg(t) = arg(1 —t) =0 and (1 — zt)~ taking its principal value.

Using this integral formula, one can prove the following transform due to Pfaff and Euler.
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THEOREM 2.2 (Euler 1769, [AAR99, Theorem 2.2.5] for proof).

(2.14) oF1(a,b,c;2) = (1—2) % 9F (¢ —a,c—b, ¢ 2)

2.5. Geodesic Endpoint Parametrization. In this section, we will rewrite the natu-
ral volume element d2 = dV dw on T1H" in terms of the geodesic endpoint parametrization.
A common reference for this formula can be found in [Nic89, Theorem 8.1.1], however, the
formula is off by a scalar multiple. We correct this here. After this manuscript was com-
plete, we did find a correct version in [FLJ12, Proposition III1.6.2.6], however, our proofs

are dramatically different.

For this parametrization we fix a base point O € H". For convenience, we will choose
the origin 0 € R"™ in the conformal ball model and e, € U". In the geodesic endpoint
parametrization a point v € T1H"™ is mapped to a triple (§_,&4,t) € JooH" X 0o H™ X R where
&_, &4 are the backwards and forwards endpoints of the geodesic defined by v, respectively.
On this geodesic there is a closest point p(£_, &) to O, called the reference point. The value
of t is the signed hyperbolic distance along this geodesic from p(£_, &) to the basepoint of

v. This assignment is a bijection and we have

TUH" = {(6-,64,1) € 0oH" X OoH" x R: £ # €4},

For a a Mobius transformation v of H" and a point ({_,&4,t) we have that

(2.15) V(€= &xst) = (V(E-)s v(§4)st + 54(6,64))

where s, ({—, &4 ) is the signed distance between p((v(£-),v(&+)) and y(p(€—,&+)) along the
geodesic from y(£_) to y(&4).

The following proposition is the corrected version of [Nic89, Theorem 8.1.1].

THEOREM 3.1. Let Q = dVdw be the standard volume form in T{H"1. Then, with the
following coordinates arising from the upper half space and conformal ball models for the

geodesic endpoint parametrization
TiH" ! = {(x,y,1) e R" x R" x R: x # y}

T\H"t = {(p,q,t) €S" xS" x R: p # q},



86 5. BRIDGEMAN-KAHN IDENTITY FOR FINITE VOLUME HYPERBOLIC MANIFOLDS

we have
46 — 2hdxdy dt  2"dw(p) dw(p) dt
x —y[*" Ip—q*"
where | - | is the Euclidean norm in R™ and R™*! respectively.

We first do a computation to show the second equality in Theorem [3.1]

LEMMA 2.2. The standard transformation n : U" — B" induces the map ¢ = ® x 7 X id
between the two geodesic endpoint parametrization models, where w is the stereographic

projection. In addition

o <2”dw(p) dw(p) dt) _ 2Mdxdydt
Ip—qf* x—y[*

PROOF. Since n(ept+1) = 0 (our fixed base points) and 7 preserves the hyperbolic

metric, the identity component of ¢ is clear. By constriction, 7 |gn= 7 and so Proposition

[2.1] implies

(2.16)

& (2"dw(p) dw(p) dt) B 2n A 2ndx dy dt
p—q|>" (xP+1Dm (yP+1" [r(x) —m(y)l
Using the defining equation (2.2)) for m, we get

2x 2y 2+<]x|2—1 |y|2—1>2
x2+1 Jyl2+1 x2+1 |yl2+1
4)x[? 4lyl|? 8x -y

(xP+1)2  (yP+1?  (xP+D(yPP+1)
(Ix? =12 (yPP-12 2(x-1)(y-1)

(X202 (yE+1)2  (xE+D(yP+1)

|m(z) = m(y)” =

Adding the terms vertically, we have
2(x* - D(lyP -1 +8x-y
(k< + D)(lyl* + 1)
_2(xP+D(yP+1) —2(xP - 1)(y? - 1) —8x-y
(x> + D(ly[* + 1)
AP 4y -8xy Ax —y|?
(> +D)(ly[* + 1) (x[?+ 1)(ly? + 1)

m(z) = m(y)P=1+1~

Substituting into equation ([2.16)), we obtain the desired result

& <2"dw(p) dw(p) dt) _ 2Mdxdydt
Ip—q/*" x—y[*
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LEMMA 2.3. There exists a constant C € R such that

2hdx dy dt  2"dw(p) dw(p)dt

CdQ = —
x —y[*" Ip—q*"

PROOF. By Lemma[2.2] we can work in the upper half space model. Recall from section
that the form Q arrises from the Haar measure on SO (n, 1), with SO (n, 1) acting on
TH" 22 SO*(n,1)/SO(n — 1) by orientation preserving Mébius transformations. Let + be
a Mobius transformation of U+, then

N <2"dx dy dt> _ 2'dy(x) dy(y) d(t + 5, (%))
x —y[* () = (y) PP
B 2"y (%)Y ()" dx dy dt _ 2Mdxdydt
(W I2h ol 2 —y )™ =y

using equations (2.15) and (2.7) for Mobius transforamtions. By uniqueness of the Haar

measure up to scalar multiple, our lemma follows. ]

Define
Bj, = {z € H"™ | dy(z,O) < arcsinh(1)}

In U™+, By, has Euclidean center \@enﬂ and radius 1. We will prove that

2n
(2.17) / dQ:/ M,
Ty By, .8, |X—y[*"

which implies C' = 1 and Theorem [3.1]holds. We will make use of standard volume formulae
(2.2) and hypergeometric functions (2.4})

LEMMA 2.4.

(2.18) /T N dQ = Vol(S™) Vol(S" 1) N o F < —

(%)

PROOF. Using d) = dVdw on T1Byj, = Bj, x S™ and the volume formula ({2.6]),

1 4(n—1)/2
21+t
where we made the substitution p = arcsinh(v/t) with dp = dt/(2 v/t /1 +t).

dt

arcsinh(1)
/ dQ = Vol(S")? / sinh"(p) dp = Vol(S™)? /
T1Bp 0 0
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It is straight forward to recognize this integral as a hypergeometric function with coefficients
a=1/2,b=(n+1)/2, c=(n+3)/2, and z = —1 (see [2.4). For future convenience, let
;o Vol(s") /1 tr 2 VAT (5)T ()T (c—b)
STV ) Jy 2vT+e . T(HL) 20(o)
fr(g) (T (1) . (1 n+1 n+3'_1>

QFl (CL, b7 & Z)

27 2 72

using equations 1D and 1} Note that leBh d) = Vol(S™) Vol(S"~1) Iq. O

For the sake of completeness, we write down the volume formula for a hyperbolic ball of

arbitrary radius in the appendix (see [0.3]).

LEMMA 2.5.

2"dx dy dt 1 VTT (%) < n+3 >
2.19 / ———— = Vol(S") Vol(S" ——=2 = o F —+1, ;—1 .
( ) T1By |X_y|2n ( ) ( ) \/ir(nT—H))) o 2

PROOF. Let ¥(x,y) be the complete oriented hyperbolic geodesic from x to y and
define

Lp, (x,y) = hyperbolic length of B, N¥(x,y).

Note that Lp, is invariant under any hyperbolic isometry fixing O € H"*!. Then

2"dx dy dt 2™ L
/ - yQ” / / - (inY) dxdy
T1Bp ’X Y| n Jprojy (By) |X Y|

where projy(B},) is the geodesic visual projection of B, from y onto 9,,H"™!. By Fubini’s

Theorem, we can integrate dx and dy separately.

Let 7y denote the hyperbolic rotation around e, defined in Section that takes 0 to y.
Recall that |y, (0)] = 1 + |y|* by formula (2.9). Using the change of coordinates x = 7y (u)
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with dyy (1) = |7y (u)|" du, equations (2.9) and (2.7)), and Lemma. we obtain

|- “Mﬁu@
T1 By, ‘X_ ’ n Jprojy(By) ’X Y|
(B ) 4
n Jyy * (projy(Bh)) Ix -yl
2™ I u), 0
n Jprojo(Br) \ [y (@) =y (0)]
2" Lp, (u,0) , >
= V(W) du | dy
LL%@KMMWMW%W”“'
Y Ty XU
R (1 + |Y|2)n projo(Br) ‘u|2n

L
—vol(s") [ Lo fa D) du
[uj>1 ‘u|

We used the fact that By, has Euclidean center v/2 e,,; 1 and radius 1 to substitute projo(Bp,) =

{u € R" | |u| > 1}. For convenience, we set

1o — 1 / 2hdx dy dt 1 / Lp, (u,0)du
YT VoIS Vol(S™ 1) Jryp, =y T VOIS Syt [uf

Let 5(v) = v/|v|? be the inversion through the sphere of radius 1 around 0 in R”. Note
that ¢ preserves Bj. By formula the Jacobian is |det 6’| = 1/|v|?*" = |u|?". Changing

coordinates using u = &(v) with du/|u|?*® = dv, we have

1 7 7 = 71 v,00)dv
W /v|<1 LB}L (U(V)7 U(OO)) dv = VOl(Snil) /v<1 LBh( ’ )d '

By symmetry, the choice of By, and the formula for hyperbolic distance in U2, we have

Iy =

LMW@=m<fﬁ_m3

Let dv = p" ! sin®2(61)...sin(0,_2) dpdfy ...dh, o be the spherical change of coordi-

nates for v € R™, then



90 5. BRIDGEMAN-KAHN IDENTITY FOR FINITE VOLUME HYPERBOLIC MANIFOLDS

1 L V24+4/1-p
I\IJ—\/.OI(STL_I)/I\’KlLBh(V,OO)dV_/O P 110g (f_\/l_i>

p"l V24 +/1—p? +/ " 2v/2p d
\/5—\/1— n \/1—p2(1+p?)
\/5 1 2pn+1 _Q 1 tn/2

=0+ 0o V1I-p2(1+p?) P= ), 1—t(1+t)dt

where we substitute p = v/t with dp = dt/(2/t). It is straight forward to recognize this

integral as a hypergeometric function with coefficients a =1, b= (n+2)/2, ¢ = (n+3)/2,
and z = —1 (see[2.4). If follows that

V2 ! /2 dt_@r(b)r(c—b)
nJo Vi—t(l+t)  n 2T (c)
V2T (3+1)T(3) F< n,,n+3 1)
= 2£1

I\IJ - 2F1 (a,b,c;z)

1, —+1,
’2+ 2

VTT (%) n n+3
=| Zmm sy 2h1 1754‘17 5 ;-1

Note that [ 5 2"dxdydt/|x — y|?" = Vol(S™) Vol(S" 1) Ty. O
We can now combine all of our results to complete the proof of Theorem

PROOF OF THEOREM [3.1] The work we have done in Lemmas 2.4 and
shows that we only need I = Iy. To do this, we use the symmetry of the a,b parameters

and the hypergeometric transformation (2.14). Witha =1/2, b= (n+1)/2, ¢ = (n+3)/2,

and z = —1, we have

1 1 3
2F1< nt 7n+ ;_1>:(1_Z)c_b_a2F1(c_bac_a7C;z)

3
22F1< +1n_2F : 1>

VT I(3)

Multiplying both sides by ED) gives I = Iy as desired. O
2
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3. Identity for Manifolds with Cusped Boundary

The Bridgman-Kahn identity for a compact hyperbolic n-manifold M with totally geodesic

boundary can be expressed as
Vol(T1 M) = Vol(S™™ 1) > Fu(0),
Le|lO(M)]
where O(M) is the set of all oriented orthogeodesics of M and |O(M)] is the length spec-
trum. For each v € T1M, let exp, : I, — M be the longest unit speed geodesic with
exp,(0) = v and I, C R and interval. Define ¢, to be the length of exp,. For each
v € O(M), Vol(S"~1)F,(£,) represents the volume of vectors

Vy ={v € T1M | exp, has finite length and exp, is homotopic to v relative M }.

A universal covering argument shows that F, only depends on the length of ~. In this

section, we extend this identity.

THEOREM 3.5. Forn > 3 and M a finite volume hyperbolic n-manifold with totally geodesic
boundary, let € to be the set of O-cusps of M and |O(M)| the orthospectrum. For every
¢ € €, let B. be the maximal horoball in M and d. the Fuclidean distance along 0B, between

the two boundary components of c. Then

H(n—2)T ("32) < Vol(B)
Vol(M) = F,(0) + — —
ﬁe%:Mn VAL (47 % a

where T(m) = (m — 1)! and H(m) is the m™ harmonic number.

The asymptotics of our coefficient are straightforward to analyze. In particular, one has

PROPOSITION 3.1. Asn — oo,

R 2 ) ()

where v 1s Fuler’s constant.

PROOF. This observation follows directly of the well known asymptotic of H(m) and
I'(z). Asm,z — 0,

1 1
H(m)%7+log(m)+2m+O<m2),
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T —-b b—1 1
1) (), a-Watb-1) (1
I'(z+0b) 22 22

where we take z =n/2, a = —1 and b= —1/2. O

3.1. Decomposition of the Unit Tangent Bundle. For finite volume hyperbolic
n-manifold M with totally geodesic boundary without d-cusps, the set Uveo( M) V, is full
measure in T1M by ergodicity of the geodesic flow for the geometric double DM (see
INic89| Theorem 8.3.7]). Indeed, ergodicity implies that for almost every vector v € T1 M,
exp, has finite length, and since the geometric structure on OM has no cusps, every such arc
is homotopic to some orthogeodesic relative M. To extend this construction to the case
where OM has a geometric structure with cusps, we must consider the volume of vectors
that exponentiate to finite arcs homotopic out a 0-cusp of M relative M. Notice, we do
not worry about internal cusps of M as the set of vectors what wander off into an internal

cusp has measure zero by ergodicity.

Fix a 0-cusp ¢ of M and let
Vi = {v € T1M | exp, has finite length and exp, is homotopic out ¢ relative 9M }.

Then, immediately, we have

(3.1) Vol(T{M) = Y Vol(V;) + > Vol(V;)
~yeO(M) el

We now proceed to compute Vol(V;).

Let v € T1 M be such that exp, is of finite length and homotopic out ¢. Let X_ and X
be the backwards and forwards boundary components hit by exp,. They are precisely the
components that meet every horoball neighborhood of ¢. As discussed in Section any
lift of a component of M is a complete hyperplane in H” that bounds M. Thus, any lift
exp, must terminate on two hyperplanes H_ and H, in H" corresponding to X_ and X .
Further, as we have remarked in Section they are tangent. We fix a lift exp, and let
p = H_ N H, be the unique point of tangency on 9, H". Let I'. < w1 (M) be the subgroup

of elements fixing p. Recall that [ is a discrete group of parabolic transformations.

Let B, be the maximal horoball neighborhood of ¢ in M and let d. denote the Fuclidean
distance along 0B, between X_ and X,. Conjugating to take p — oo, we can assume

that every element v € I'c acts on span(ei,...,e,—1) by v(z) = a, + Ayx, where A, is
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an orthogonal transformation, a, # 0, and Aya, = a, [Ratl3, Theorem 4.7.3]. We can

further assume that in standard coordinates for H"
OB, ={x e H" |z, = 1}
H_ ={xeH" |z =0}
H, =de + H_.

In particular, this implies that a, - e; =0 and A,e; = ey for all vy € I'. Let
V={xeH"|0<z <d}

denote the region between H_ and H,. We will also need to consider the subsets
U_ ={x€ 0 .H" |21 <0}
Uy ={x € 0-H" | 1 > d.}.

Note that I', naturally acts on Ux.

To compute Vol(V;), we must find the volume of all unit tangent vectors v € TV such that
the complete geodesic exp, has endpoints in U_ and U up to the action of I'.. Let D be

a fundamental domain for the action of I'; on U_, then
Vol(V;) = 2Vol{v € T1V | v is tangent to a complete geodesic going from D to U, }.

For points x,y € d,H", let 4(x,y) be the complete hyperbolic geodesic connecting x and
y. Define
L(x,y) = hyperbolic length of V N¥(x,y).

Note that L(x,y) = ¢, for every vector tangent to 4(x,y) N V. See Figure

From Theorem [3.1] it follows that

n—1 L dxd
(3.2) Vol(V)) = [ d =2 / / (X”gi_;‘ Y
Ve yeUy JxeD ‘X - y‘

where we integrate out the dt to get L(x,y).

To evaluate the quantity L(x,y), we will need a generalization of the following computation

of Bridgeman and Dumas. See Figure
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Ficure 1. To compute Vol(V;), we must find the volume of all vectors
v € V for which the corresponding complete geodesic emanates from D and
terminates in Uy .

LEMMA 3.2. [BDO7, Lemma 8] Forn =2 and d = 1, for z,3y € R C 0,,H?, with x < 0 and

Liz,y) = %log <y(”j_1§> .

x(y—1

y>1,

LEMMA 3.3. As defined above, the function L only depends on the x1,1y1 coordinates of
X,y € OsocH™ and on d.. In particular,

(3.3) L(x,y) = %log <m> .

PRrROOF. Without loss of generality, we may fix x = (21,0,...,0) by applying parabolic
transformations that fix co and preserve H_, Hy. We will show that L(x,y) depends only
on z1,y; and d.. Consider Figure |2/ showing x,y on d,,H". Here, ¥(x,y) is perpendicular
to the page. There is a hyperbolic 2-plane Hi,y in H™ whose boundary is the line through
x,y. It follows that L(x,y) is the length of the arc on the geodesic 4 (—u, w+wv) lying above
the interval (0,w) in Hi,y? where u, d,v are as in Figure [2l By construction, w = cos(0) d.,
u = cos(f) |x1] and w+v = cos(#) y;. Since multiplication by cos(f) is a hyperbolic isometry,

L(x,y) we see that the length of the arc on the geodesic 4(z1,y1) lying above the interval
(0,d.) in H2. See the diagram in Figure

Rescaling further by 1/d,, we see by Lemma that

L (2@ =D 1 (e —do)
Hooy) =g los (( - 1>> —alos <x1<y1 —dc>>

de Nde
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y

U_ O H_ OscH U,
v
} |y - y1e1|
u
/
x EA Ol d, y1 — de

F1GURE 2. The diagram above shows the points x,y on 0,H" without oo
in the ej,...e,_1 coordinates. The point O = (0,...,0) denotes the origin
and horizontal is the ej-axis.

x1 O d, Y1

FIGURE 3. The diagram showing L(z1,¥1) in the plane Hi’y for Lemma

3.2. Integration. To set up the integration, we observe that D = (—o0,0) x D’ where
D’ is a fundamental domain for the action of I’ on d,c H- = {x € O,H" | 1 = 0}. Also,
U, = (d¢,00) x R"2 refer once again to Figure |l Applying our observations to equation

(3.2) and making the substituions w; = y; — x; for i = 2,...n — 1, we obtain

)

- log )) dyo ...dyp—1dxy...2e_1dy; dr;
Vol ‘/c 2 / / ///Rn ) 2n—2

1) + 0 (i — y:)?
(3.4)
- log g) dws . ..dwy,dxsy ...z, dy; dz;
SN . S
¢ ( ) + Zz 2 w

To integrate out w; for ¢ = 2,...n-1, one can show with induction on k£ > 3 and the

substitution w = Atan(0) that

N JET((E— 1))
(3.5) /_mm’f - /_W/QCOS’“ (00 = Y

See Proposition [0.1] in the appendix for the proof.
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For w; with 7 > 2, we let A = \/(xl —11)?+ Z;:}_H wjz and k = 2n —i. Applying equation
(3.5)) recursively for ¢ > 2, we obtain

Vel < 2 17r<n 2/2 P(n/2) / / / log (L5249 ) day ...y dyy
(n—1) . I (y1 — x1)"

2= lg(=2/2No(D') T(n/2) / / log (L2129 ) dyy day
T(n—1) . (y1 — x1)"

Note that the Euclidean volume Vol(D') is finite by the following lemma.

LEMMA 3.4. In the given parametrization,

(n — 1) Vol(B,)

Vol(D') = y
C

PROOF. By construction, I'. < (M) is the largest subgroup fixing co and
B, ={zeH" |z, >1}/T..

Recall that v € I'c acts on span(ey, ..., e,—1) by v(z) = ay+ Az, where A, is an orthogonal
transformation, a, # 0, and A,a, = a, [Rat1l3, Theorem 4.7.3], and that a, - e; = 0 and
Ayer = ey for all v € I'. In particular, the action of I'¢ restricts to span(es,...,en—1)
with D" as a fundamental domain for this action. It follows that [0,d] x D’ x (0,00) is a
fundamental domain for the action of I'; on {x € H" | ,, > 1} and, by the volume form on

U", we have

Vol(B,) = d. Vol(D')/(n — 1).

For the remaining integral, we turn to the following Lemma, which we will prove last.

LEMMA 3.5. Forn >3

/ / log (yd%)dydx_ 2H(n —2)

)" C(n=1)(n—2)d?

It follows that
on(n—2)/2 H(n—2)T'(n/2) Vol(B)

Vol(V;) =

(n—2)T'(n—1) a1t
and
1 _ 2" H(n —2) T'(n/2)* Vol(B:)
Vol(S"—1) Vol(Ve) = 7(n—2)T(n—1) a1t
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By the duplication formula (2.10) for I'(z), one has

I oL G B S O]

Using this relation, we can simplify

Vol(V;) =

o
Vol(S»—1)

Up to the proof of Lemma our version of the Bridgeman-Kahn identity is complete by

assembling our computations and the decomposition in equation ([3.1]).

H(n—2)T ("7%) « Vol(B)
Vol(M) = Fo(0) + = s
o TP

PROOF OF LEMMA [B.5l We first split up the integral into three pieces

log m d‘;)dydaj
I—/ / a =I5 —1I,—1I3

where

We can easily compute I; to be

/ /Oologd—x dy dx
I =

_ /0 log (d. — x) da

n—1J_o (dg—x)n1
1 log(d. — x) 1 0
n—1 [( “N(de— a2 (= 2)2(de — )2 —o0

(n —2)log(d,) + 1
(n—1)(n—2)*d"?
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For I, we first use the change of coordinates z = z/y and y = y, where dydx = ydydz.
With the proper change of limits of integration,

12:/ /OOlog x/y dydw
[ e
0 (o) z
T (-2 >dc" 2/_mli(—z)>d

Next, we change coordinates to w = 1/(1 — z) with dw = dz/(1 — 2)?, giving

1 ! 1 n—2
Lh=——7— log| — —1)w" “dw
(n—2)d" " Jo w

—H(n—-2)
(n—1)(n—2)d">

by Lemma [3.6] below.

LEMMA 3.6. For m € Z>,

1 —
/ log <1 - 1> W — — 1)
0 w m+1

PRrROOF OF LEMMA [3.6l We begin by splitting the integral into two parts,

1 1 1
/ log < - 1> wmdw = / log (1 — w)w™ — log (w) w™dw
0 w 0

_ 1log(1—w) _ ™t 1log(w) wm
= [P e - [ )

—-m —1 0 m+1

As m > 0, the two integrals inside are as follows

Plog(L—w) oy _ log(1—w) (1—w™!)]" 1 Piowmi
[ = | | ot s

-m—1 -m—1 m+1 1—w

H(m+1)
m+1

and

m4171
o) ey _ [l )Ly,
o m+1 m+1 o m+1J

1
(m +1)2
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Combining, we see that

! 1 1 1 —H(m)
log| ——1)w"dw=——|—-H 1 —
/0 Og(w >w v m+1< (m + )+m+1> m+1

0

Returning to the proof of Lemma we compute I3 using the change of coordinates

u=1y/d. and z = x/y, where dy dz = ud? dudz.

1_3_/ /oolog y—d) dydx
> log (de(u — 1)) dudz
/ / un- 1 — 2)ndl 2
B 0 log(d)dz > du 0 dz *log (u — 1) du
(L [ Lot )

1 C%am Lo, /wmgu—nmﬁ‘

:dc"_2 n—1n—-2 n-1 un—1

We do one last change of coordinates to w = 1/u with dw = —du/u? and apply Lemma

1 log (d,) /1 1 3
I3 = log | — —1)w"3d
3 (n—l)dcn_2<n—2 + A 0g w w w

_ 1 C%MJ_HW—$>

to obtain

(n—1)d»2*\ n—2 n—2
N log (d¢) — H(n —3)
Cln=1)(n—2)d"?

Combining, we have our desired result.

I=1—I—1Is
_ (n—2)log(d,) +1 H(n-2) n H(n —3) —log (d,)
(n—1)(n-2)2d"? (n-1)n-2)d*? (n-1)(n-2)d"?>
—(n_lx;;%d?2<ni2+lﬂn—%+iﬂn—30
2H(n—2)

(n—1)(n—2)de™?
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Appendix

ProposiTIiON 0.1. For k > 3,

K _ V(R -1)/2)
/_W/2 cos" " “(0)dh = T(k/2) .

PrOOF. We proceed by induction on k. For k = 3, we have

/2 Rl JRT(B-1)/2)
/_W/2 cos(0)df =2 = NI T(3/2) )

We also need to compute for k = 4,

T [0 sin(®)cos0)? x  VE(VT/2)  VET((A-1)/2)
e “’)‘”‘{ }/ 2 1 Tz

— + —
—7r/2 2 2

Using the induction assumption for k > 4, we have

/2

/2 k—3 ; _ w/2
/ cost2(0)df = [COS ©) Sm(g)] L R3 / cos=4(6)do
—7/2 k—2 —7/2 k—2 —m/2

g Vr(k=3)/2) D((k—3)/2) _ yrI((k—1)/2)
((k=2)/2) T((k = 2)/2) L(k/2)

ProPOSITION 0.2. The pullback of w from S™ to R™ via m has element
2" dx
(k[ +1)"
101

7 (dw) =
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PRrOOF. The induced Riemannian metric on the S” from R"*! in stereo graphic coor-

dinates is given by

2 n 2
(2 2 — <P —1 > o
gsn = (dyi + .-+ dyn i) [y = <d <|x|2 + 1>> - (d <|X2 +1
i=1

n n
dx; x| +1 — 227 2z 3
=Y E —d =Y o day
< (xP+1)? ) — |\ (P (x2 + 12 ™

i=1 j=Li#i

2

n Qx;x
; dr; — 0 dys
- (zwmx) o3 (@ >

n
Let o = Y z; dx;, then
i=1

4 22 o2 dx,; dx; o
N d 3 _ % 7
9 \x!? rx|2+1 +Z< SN EENE \x\2+1>>

4|x\2042
da?
\x12+1 ( yx|2+1 DL |x\2+1+z B

2 dx
=1

\XP

Since gsn is diagonal, it follows that

* 2" dx
T W= \/detggndX— W

PROPOSITION 0.3. Let Byn(R) denote a hyperbolic ball of radius R in H", then

inh" (R 1
Vol (B (R)) = Vol (S"1) SR g ( T P sinh2(3)>
n 27272
sinh"(R) 72 1 nn . 19
YT R (2,2 11 —sinh
F(%—‘rl) 2 1<25272+ ) sin (R)>

Note that there are several different transformations that can be applied to o Fy to get different
version of this formula. We prefer this form because sinh(R) is the Fuclidean radius of

Bpyn (R) centered around e, € U™.
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PRrROOF. The volume formula [2.6] gives

sinh™(R) t("~ 2)/2
24/1 + sinh?(R

where p = arcsinh(sinh(R)+/t) with dp = sinh(R) dt/ (2 Vt /1 +sinh?(R) t> .

Vol (Bgn(R)) = Vol(S"™1) /0 Rsmh" Y(p) dp = Vol (") /

It is straight forward to recognize this integral as a hypergeometric function with coefficients
a=1/2, b=n/2, ¢c=(n+2)/2, and z = —sinh?(R) (see [2.13)). Therefore
sinh”(R)T (b)T (¢ —b)

Vol (B (R)) = Vol (§"1) =— e 2F1 (a,b, ¢; 2)
B a1y SINh™(R) T (%) T (1) 1 nn B 9
= Vol (") 5 C(2+1) oIy 39 2+1 sinh*(R)
" 1
= Vol (") Sinh” (R) 21 <7 E, s L - Slnh2(R)>
2°2°2
_ sinh"(R) T2 1 nn 9
Tzl 2F1(27272+17 sinh (R>>
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