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The linear vacuum
In the linear vacuum an electromag-
netic field,

Fµν = ∂µAν − ∂νAµ,

will propagate according to Maxwellian
electrodynamics. From this field there
are two Lorentz invariant quantities
which can be obtained,

X =− 1

4
F µνFµν =

1

2

(
E2 −B2

)
Y =− 1

4
F̃ µνFµν = (E.B)

where F̃ µν = εµναβFαβ /2 is the dual
electromagnetic field.
The field equations can be obtained
from the action,

S =

∫
d4z
√
−gX,

and are given by,

∂µF
µν = 0

∂µFνλ + ∂νFλµ + ∂λFµν = 0

These equations have been extensively
tested and verified, and account for all
the low intensity properties of electro-
magnetic fields in the vacuum.

Non-linear theories

Non-linear vacuum electrodynamics theories aim to describe high
intensity processes which are not captured by the theory of
Maxwellian electrodynamics. They are defined by a generaliza-
tion of the action,

S =

∫
d4z
√
−gL(X, Y ),

where L(X, Y ) is an arbitrary function of the Lorentz invariants.
Varying the action with respect to the gauge field Aµ gives a mod-
ification to Maxwell’s equations, which allow for the non-linear
interaction of electromagnetic fields,

∂µH
µν = 0,

∂µFνλ + ∂νFλµ + ∂λFµν = 0

where we have defined the excitation tensor,

Hµν =
∂L
∂X

F µν +
∂L
∂Y

F̃ µν.

The excitation tensor characterises the non-linear interaction be-
tween electromagnetic fields, which causes waves moving through
a strong background to behave in an analogous way to light in-
teracting with a medium (see e.g. [1] for review).
In the literature two particular non-linear theories have been ex-
tensively studied — Euler-Heisenberg [2] and Born-Infeld [3].

Euler-Heisenberg

Quantum field theory led to the discovery of fluctuations in the
vacuum in the form of virtual particle-antiparticle pairs which
can interact with an electromagnetic field. The theory of Euler-
Heisenberg describes this interaction using an effective theory
in which electromagnetic waves can interact with each other,

LEH =X +
2α2

45m4

(
4X2 + 7Y 2

)
.

Fig. 1: Vacuum polarization.

Born-Infeld

The theory of Born-Infeld was an attempt to give a finite value
for the classical electron self-energy and is defined by,

LBI =
1

κ2

(
1−

√
1− 2κ2X − κ4Y 2

)
,

where κ is a new fundamental constant. The discovery of renor-
malization was eventually found to take care of the divergent
self-energy, however interest in Born-Infeld has been renewed
due to its rediscovery as a low energy limit in string theory.

Conformal invariance
Quantum electrodynamics is characterized by its Lorentz symmetry, however Maxwellian
electrodynamics respects the the larger conformal symmetry group. The use of conformal
invariance has been helpful in the study of many intractable problems — can it be used to
help approximate quantum processes with a non-linear theory? The group is defined by the
multiplicative invariance of the line element under coordinate transformations [4],

gµνdx
µdxν = Ω(x)2gµνdx̃

µdx̃ν.

Conformal invariance reduces the Lagrangian density to,

Lconformal = XG (Y/X) .

The function G depends only on the combination Y/X , but is otherwise arbitrary. Any
non-linear extension of electrodynamics must reproduce the results of Maxwell’s theory in
the low field limit to be physically realistic, i.e. we require,

lim
X,Y→0

G = 1.

However, the restriction of the functional dependence being Y/X means that the only
function satisfying this limit is unity. Maxwellian theory has a privileged status as the
only physical conformal theory of electrodynamics. Conformal transformations can rescale
a weak field into a strong field. A field described by Maxwell at low intensity must also be
described by Maxwell at high intensity for conformally invariant theories.

Energy-momentum

The energy-momentum of light waves interacting with a real medium has two
conflicting descriptions in the literature — Minkowski and Abraham (see [5] for
review). Non-linear theories cause the vacuum to behave analogously to a dielectric
material, but are simpler to work with. Can the problem be resolved in this context?
The energy-momentum tensor in non-linear electrodynamics is given by [6],

T µν = HµαFαν − δµνL.
In the usual context, the energy-momentum is partitioned into wave and material
parts. The analogous case is to separate the full electromagnetic field into a strong
background and weak probe, F µν = Fµν + fµν, such that, Hµ

ν = Hµ
ν + hµν +

H µ
ν +O(f 3). Expanding the non-linear energy-momentum,

T µν = T µν + tµν + hµαfνα −
1

4
δµνh

αβfαβ︸ ︷︷ ︸
Minkowski

+ H µαFνα

The O(f 2) contribution is naturally defined in terms of the Minkowski energy-
momentum, which is not symmetric in general. However, the antisymmetric part
of the final term in the expansion above exactly cancels the non-symmetric part
of the Minkowski term, ensuring the total is symmetric. Appealing to Lorentz
invariance of the theory also identifies Minkowski as the best description [7].

Non-linear generation of fields

Taking a background field Fµν for which the invariants X, Y vanish – such as a plane-wave
– then both,

∂µFµν =0 and ∂µHµν =0,

are satisfied. The superposition of two plane-waves is also a solution of Maxwell’s equations.
Defining two counter-propagating linearly polarized plane-waves,

Fµν =
∑
i=1,2

Fµνi (φi), Fµνi (φi) =(kµi ε
ν − kνi εν)Ei(φi), φi = ki.x,

the non-linear interaction between these will generate a new field fµν, satisfying,

∂µf
µν = −∂µHµν ≡ jν.

This spreads out with the initial fields, so the total outgoing field in the direction of the
pulse with initial momentum k1 will be,

F
µν
1 (φ1) =(k1

µεν − k1
νεµ)

[
E1(φ1)−

1

4
βE ′1(φ1)

∫ ∞
−∞

dφ2E2(φ2)E2(φ2)

]
with β a theory dependent constant. This essentially looks like the first term in a Taylor
expansion of the initial field. The outgoing wave will be delayed by an amount proportional
to the fluence of the k2 direction wave.
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Fig. 2: Delay of field due to non-linear interaction for N = 2 cycle
sin2 pulses.

Initial pulse Fµν1 (φ1) for Euler-Heisenberg theory.
Outgoing pulse F µν

1 (φ1) has been delayed relative to the initial
pulse, but has same total energy.

Note: parameters adjusted to demonstrate effect.
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