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Although sound propagation in a forest is important in several applications, there are currently no rig-
orous yet computationally tractable prediction methods. Due to the complexity of sound scattering in
a forest, it is natural to formulate the problem stochastically. In this paper, it is demonstrated that the
equations for the statistical moments of the sound field propagating in a forest have the same form as
those for sound propagation in a turbulent atmosphere if the scattering properties of the two media
are expressed in terms of the differential scattering and total cross sections. Using the existing theo-
ries for sound propagation in a turbulent atmosphere, this analogy enables the derivation of several
results for predicting forest acoustics. In particular, the second-moment parabolic equation is formu-
lated for the spatial correlation function of the sound field propagating above an impedance ground
in a forest with micrometeorology. Effective numerical techniques for solving this equation have
been developed in atmospheric acoustics. In another example, formulas are obtained that describe the
effect of a forest on the interference between the direct and ground-reflected waves. The formulated
correspondence between wave propagation in discrete and continuous random media can also be

used in other fields of physics. https://doi.org/10.1121/1.5024904

[JFL]

I. INTRODUCTION

Sound propagation in a forest is a complicated phenom-
enon due to multiple scattering by trunks and branches,
visco-thermal attenuation and induced vibration in the can-
opy, the ground effect, and micrometeorology. This problem
is important in several applications such as noise reduction
near highways by a stand of trees and localization of sound
sources in forests. Recent overviews of forest acoustics can
be found in Refs. 1 and 2.

Predicting sound propagation in a forest presents chal-
lenges. Most modeling is based on engineering approaches
where different propagation factors are accounted for sepa-
rately and their interactions are ignored. Finite-difference
time-domain (FDTD) techniques have recently been applied
to forest acoustics.>™ However, accurate numerical model-
ing of sound scattering by numerous scatterers in a forest is
still computationally prohibitive. Therefore, it is desirable to
develop rigorous methods for predicting forest acoustics,
which are computationally feasible.

Due to the complexity of sound propagation in a forest,
it is convenient to employ a stochastic approach by assuming
that different scatterers, such as trunks and branches, have
random locations. This enables the derivation of closed-form
equations for the first two statistical moments of the sound
field: the mean sound field and the spatial correlation func-
tion of the sound field (including the mean intensity). The
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second statistical moment is usually measured experimen-
tally; the mean sound field can be used to approximate the
mean intensity at relatively short propagation ranges. Note
that a stochastic approach might not be applicable for forests
in which the trees are planted in regular patterns.*°

In the literature, two-dimensional (2D) multiple scatter-
ing theory has been used to calculate the mean sound field
(e.g., Refs. 1,7-9). In this approach, the effective sound wave-
number k. due to sound scattering by trunks is obtained first.
Then, sound propagation in a forest is represented as propaga-
tion in free space with the sound wavenumber replaced with
keff-

Recently, three-dimensional (3D) multiple scattering the-
ory has been employed in describing forest acoustics. In Ref.
10, the effective sound wavenumbers k¢ due to sound scatter-
ing by trunks, large branches, and the canopy were calculated.
Trunks and large branches were approximated as vertical and
slanted finite cylinders, while the canopy layer was modeled
by diffuse scatterers. The mean sound field was then calcu-
lated for several cases of the problem with increasing com-
plexity: sound propagation above an impedance ground in free
space, a trunk layer added to the previous case, a canopy layer
added above the trunk layer, and inclusion of the effective
sound speed in the trunk and canopy layers. In Ref. 2, sound
propagation in a forest was analyzed using the radiative trans-
fer equation (RTE) for the second statistical moment of a
sound field. The RTE can be derived from first principles
using 3D multiple scattering theory. The RTE was solved in a
modified Born approximation to calculate and analyze the
mean sound intensity transmitted and reflected from a stand of

0001-4966/2018/143(2)/1194/12/$30.00
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trees.” A modified Born approximation was also used to study
pulse propagation in a forest.'!

The current paper continues the application of 3D multi-
ple scattering theory to forest acoustics and has three main
goals: (i) show the correspondence between equations describ-
ing the first two statistical moments of the sound field in a
forest and a turbulent (random) atmosphere; (ii) using this cor-
respondence, obtain new results for sound propagation in these
media; and (iii) study the effect of sound scattering on the
interference of the direct and ground-reflected waves in a
forest.

Sound propagation in discrete and continuous random
media, such as a forest and a turbulent atmosphere, is described
by different starting equations. However, it has been noted in
the literature (e.g., Refs. 12,13) that some equations for the sta-
tistical moments of the electromagnetic or sound field in dis-
crete and continuous random media have a similar form. In the
present paper, we build on these results and argue that the
equations for the statistical moments of the sound field in a for-
est and turbulent atmosphere should have the same form if, in
these equations, the scattering properties of the two media are
expressed in terms of the differential scattering cross section
(DSCS) and total cross section (TCS). This conclusion is also
valid for wave propagation in many other discrete and continu-
ous random media, and can be utilized in various applications
such as sound scattering by air bubbles in water and urban
acoustics.

The theories of sound propagation in a turbulent atmo-
sphere have been well developed in the literature and summa-
rized in Ref. 14. In the present paper, we use these theories
and the abovementioned similarity between sound propaga-
tion in discrete and continuous random media to advance for-
est acoustics. Furthermore, some results from forest acoustics
enable new formulations for sound propagation in a turbulent
atmosphere.

As an important example, this paper considers the inter-
ference between the direct and ground-reflected waves in a
forest. For typical, relatively soft forest floors this interference
could theoretically result in significant reduction of sound lev-
els. 1516 However, in practice this reduction is not fully
observed since scattering by trees results in a coherence loss
between the direct and ground-reflected waves, thus, produc-
ing an apparent increase in sound levels. In Ref. 17, a heuris-
tic approach was used to account for the loss of coherence
between the direct and ground-reflected waves in a forest. A
similar effect has been well studied for sound propagation in
a turbulent atmosphere.'*'®*2! In the present paper, we use
the latter theory to analyze a similar effect in a forest. This
was also done in Ref. 22, in which the variance and the corre-
lation length of the Gaussian-spectrum model of atmospheric
turbulence were used as adjustable parameters for best fit
between theoretical predictions and experimental data.

The paper is organized as follows. In Sec. II, the corre-
spondence between equations for the statistical moments of
the sound field in a forest and turbulent atmosphere is formu-
lated. Section III considers the case where sound waves in
these two media can be scattered at large angles. In Sec. IV,
the narrow-angle approximation for sound propagation in a
forest and turbulent atmosphere is studied. The effect of
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sound scattering on the interference between the direct and
ground-reflected waves is analyzed in Sec. V. Conclusions
are summarized in Sec. VL.

Il. CORRESPONDENCE BETWEEN SOUND
PROPAGATION IN A FOREST AND TURBULENT
ATMOSPHERE

Sound propagation in an inhomogeneous, non-turbulent
atmosphere is affected by several factors such as refraction,
diffraction, and interaction with the ground. These factors
can be accounted for with the well-known equations such as
a Helmholtz equation or parabolic equation (PE) with the
corresponding boundary conditions at the ground. In addition
to these factors, a forest and atmospheric turbulence result in
sound scattering. If this scattering can be described similarly
for both media, the equations for the statistical moments of
the sound field should have the same form.

A. Cross sections

For both a forest and turbulent atmosphere, the quanti-
ties characterizing sound scattering are the DSCS, ¢, and
TCS, o; see Ref. 2 and Sec. 6.4 in Ref. 14. The DSCS is
defined as follows:

I;(R.;n’,n)R?

Rc; /a =
o4(Re;m', ) NG

)]

Here, V is the scattering volume, which contains random
inhomogeneities, R, are the coordinates of its center, R is the
distance between R, and the receiver, [ is the intensity of a
plane sound wave incident on the scattering volume, /; is the
intensity of the scattered wave at the receiver, and n and n’
are the unit vectors in the directions of the incident and scat-
tered waves, respectively (Fig. 1).

The TCS is a sum of the absorption cross section (ACS),
0,4, and the scattering cross section (SCS), o,

O-(Rc; ll) = Ua(Rc'; n) + GS(RL'; ll). )

Receiver

’ : N
v  Scattering N
volume

Scattered
wave

Incident
wave

FIG. 1. Geometry for determining the DSCS. V is the scattering volume, R,
is its center, and n and n’ are the unit vectors in the directions of the incident
and scattered waves, respectively.
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These cross sections depend on the direction of sound propa-
gation n. The ACS characterizes acoustic energy absorbed
during scattering. The SCS characterizes the loss of energy
due to sound scattering in all directions and can be expressed
in terms of the DSCS,

os(R;;m) = J ca(Re;n' n) dQ(n’). 3)
4

Here dQ(n’) = sin 0'd0'd¢’ is the solid angle in the direction
of the unit vector n’, where 0’ and ¢’ are the polar and azi-
muthal angles of n’, respectively, in a spherical coordinate
system. If ¢,=0, then ¢ =0, and only the DSCS is needed
to completely describe sound scattering.

The mean sound field in a random medium can be calcu-
lated as that in a non-random medium if the sound wave-
number k is replaced with the effective wavenumber kg
=k, +iy. Here, k; and y are the real and imaginary parts of
the effective wavenumber, respectively, with y being termed
as the extinction coefficient of the mean sound field. There is
a useful relationship between the TCS and the effective
sound wavenumber,

o = 2Im ke = 2y. 4)

This relationship is a consequence of the optical theorem.

If the equations for the statistical moments of the sound
field propagating in a forest and turbulent atmosphere are
expressed in terms of ¢, and o, these equations should have
the same form. This similarity can be found in Refs. 12 and
13, and is also demonstrated below by several examples. In
the present paper, this similarity is used to advance formula-
tions of sound propagation in a forest using results known
for a turbulent atmosphere and vice versa. Although the
equations for the statistical moments of the sound field in a
forest and turbulent atmosphere can be expressed in the
same form, o, and o in these equations are quite different in
these two media. Below we specify the cross sections in a
turbulent atmosphere and forest.

B. Turbulent atmosphere
In a turbulent atmosphere, the DSCS may be given by
[e.g., Eq. (6.114) in Ref. 14],
(n"-n)®r (R k(n —n'))
4T3
n (n’ - n)znl-nj(I)ij(RC; k(n — n’))] s

o4(Re;n',n) = 27k

2
Co

where @7 is the spectrum of temperature fluctuations, ®;; is
the spectral tensor of wind velocity fluctuations, and T, and
co are the reference values of temperature and sound speed,
respectively. For sound scattering by atmospheric turbu-
lence, o,=0 so that ¢ = g,. Substituting g, into Eq. (3), we
can calculate the TCS, o, and the extinction coefficient, 7},
for different spectra of turbulence.
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C. Forest

A forest consists of discrete scatterers such as trunks,
branches, and the canopy. Scattering by one scatterer is char-
acterized by the scattering amplitude f(R.;n’, n) defined as
follows. Suppose that a plane sound wave propagating in the
direction of the vector n is incident on a scatterer centered at
R. (Fig. 2). In the far field, the sound pressure of the scattered
field can be expressed in terms of the scattering amplitude,

exp(ik|R — R,|)

sR = RC; /7
PR = (R ) ST

(6)

Here, pg is the amplitude of the incident plane wave and n’ is
the unit vector in the direction to the observation point R.
Using this formula, the intensity /; of the scattered sound
field can be calculated. Substituting the result into Eq. (1)
and replacing 1/V with the number of scatterers per unit vol-
ume v, we obtain the DSCS for discrete scatterers

aq(Re; ', n) = vlf (Rsm',m)|. 7

The TCS and SCS can be calculated with Egs. (2) and (3),
respectively. However, in many cases, it is more convenient
to calculate the TCS using the optical theorem,

o(Re;m) = 4ka Imf(R.;n,n). ()

Here, f(R.; n, n) is the forward scattering amplitude.

Reference 2 provides the DSCS for trunks, branches,
and the canopy. The trunks and branches are modeled as ver-
tical and slanted finite solid cylinders, while the canopy layer
is modeled with diffuse scatterers. For concreteness, we will
consider sound scattering by trunks. The scattering ampli-
tude of a finite cylinder is obtained in Ref. 23. Substituting
the result into Eq. (7), we obtain the DSCS

Scattered

Incident
wave

FIG. 2. Geometry for determining the scattering amplitude of a discrete
scatterer. The unit vectors n and n’ are in the directions of the incident and
scattered waves, respectively.

Ostashev et al.



O-d(n/7 n) = Gd(a/7 q)/a o, (rD)
= vk*h*b? sinc? [kh(sin o — sin «)/2]
2

ZB,, cos [n((p' — (p)] . )
n=0

X

Here b is the radius of the cylinder, / is its height, sinc(7)
=sin(n)/n is the sinc function, and the unit vector n’ is
expressed as

n' = (n,nl,n’) = (cos o cos @', cos o sin ¢', sin o).

x0Ty

(10)
Here o/ is the angle between n’ and the plane perpendicular to
the axis of the cylinder and ¢’ is the azimuthal angle (Fig. 2).
These angles vary within the intervals [-7/2,7/2] and [-n,7],

respectively. The angles « and ¢ pertinent to the unit vector n
are defined similarly. The functions B,, are

B, (o ,a) = %"J’n (kb cos o) [cos o, (kb cos o)

—cos o'J", (kb cos o)

(1)
H'\V(kb cos o) Can
HY (kb cos o)

where J,, is the Bessel function, H 5{1) is the Hankel function
of the first kind, primes above J, and H") denote derivatives
with respect to the argument, and ¢, is the Neumann factor:
g=1and ¢, =2 forn#£0.

For sound scattering by solid cylinders, o,=0 so that
g =g, The TCS is obtained with the use of Eq. (8),2

00

4vh ZS J' (kb cos o)

o(e) =——Re . (12)
k o H,(ql)/(kh cos o)

lll. WIDE-ANGLE SCATTERING

When considering sound propagation in a forest and tur-
bulent atmosphere, it useful to treat separately two cases. In
the first case considered in this section, a sound wave can be
scattered at wide (or all) angles. Wide-angle scattering occurs
if the sound wavelength / is greater than the scale L of dis-
crete scatterers or medium inhomogeneities. In this case,
using 3D multiple scattering theory, calculation of the corre-
lation function of the sound field both in a forest and turbu-
lent atmosphere can be reduced to the RTE. In the second
case (Sec. IV), a sound wave is scattered predominantly in
the direction of propagation.

A. Forest

For sound propagation in a forest, the starting equations
are the Helmholtz equation in free space and the sound field
scattered by a discrete scatterer. Assuming that there are many
scatterers whose positions are random, an integral equation for
the spatial correlation function of the sound field p(R) can be
derived.'*'* This correlation function can be expressed in
terms of the radiance J(R.,n),

J. Acoust. Soc. Am. 143 (2), February 2018

B(R.;R4) = (p(R1)p"(R2))

- QCOJ J(Re,n)e ™R gQ(m). (13)
47

Here, ¢ is the air density, and R, =(R; +R;)/2 and R, =R,
— R, are the center and difference coordinates, respectively,
of the two points of observation, R; and R,. The radiance
satisfies the RTE, which can be derived from the integral
equation for the correlation function,

0
(n . m)f(Rc7 n) + o(R;;n)J(R.,n)
— J O'd(Rc; n, Il/)](R“ n/) dQ(n/) + QS(RCL (14)
4n

where the function Qy(R.) characterizes the sound sources
distribution. Reference 2 outlines application of the RTE to
forest acoustics. The RTE accounts for sound scattering and
absorption by different scatterers in a forest such as trunks,
branches, and the canopy. The RTE can be generalized to
account for sound refraction."?

The radiance J can be written as a sum

J(Rc,l'l) :Jcoh(RC;n)+Jd(Rcvn)7 (15)

where J.,, and J; are the coherent and diffuse radiances,
respectively. The J.., satisfies Eq. (14) with ¢,=0 and in
many cases can be calculated analytically. The diffuse radi-
ance satisfies the integro-differential equation,

<n - %)MRC, n) + o(Rein)Ju(R,, m)

- j 6a(Re; 0, 0)Joon (Res ) + Ty (R, )] dQn').
4n
(16)

Numerical solutions of the RTE are well developed in
many fields such as nuclear physics, optics, and radiation
transfer in the Earth, planetary, and solar atmospheres (e.g.,
Sec. 4.6 in Ref. 13 and Ref. 24).

B. Turbulent atmosphere

The starting equation for sound propagation in a turbu-
lent atmosphere is a Helmholtz-type equation [e.g., Eq.
(8.53) in Ref. 14], which accounts for scattering by tempera-
ture and wind velocity fluctuations and differs significantly
from the starting equations for forest acoustics. The correla-
tion function of the sound field in a turbulent atmosphere can
also be expressed in terms of the radiance, which satisfies a
RTE. Equation (8.107) in Ref. 14 for the diffuse radiance J,,
obtained for a homogeneous turbulence (the cross sections do
not depend on R,) coincides with Eq. (16). Thus, even though
the starting equations for sound propagation in a forest and
turbulent atmosphere are different, the equations for the cor-
relation function of the sound field have the same form.

Using this similarity, we can account for inhomogeneity
of atmospheric turbulence in formulations for the correlation

Ostashev et al. 1197



function of the sound field. This correlation function can be
written as Eq. (13), in which the radiance J(R,, n) satisfies
Eq. (14), where the DSCS is given by Eq. (5). This is a new
result for sound propagation in a statistically inhomogeneous
and anisotropic turbulence, which would be otherwise diffi-
cult to obtain.

IV. NARROW-ANGLE APPROXIMATION

Sound propagation in a forest and turbulent atmosphere
are usually studied in the narrow-angle approximation using a
PE. For sound propagation in a continuous random medium,
this approximation is valid if the sound wavelength / is smaller
than the scale L of medium inhomogeneities. (For sound propa-
gation in the atmosphere, L can be chosen as the outer scale of
turbulence, e.g., see Secs. 6.2 and 7.1.1 in Ref. 14.) For forest
acoustics, a similar requirement is a necessary but not sufficient
condition since a solid object scatters sound both in the forward
and backward directions. The RTE is applicable for any ratio
between A and L, but significantly simplifies if 4 < L. In this
section, following Refs. 13 and 25 and using the narrow-angle
approximation, the RTE is reduced to the second-moment PE.
The cross sections pertinent to sound scattering in a forest and
turbulent atmosphere are simplified in this approximation.

A. Second-moment PE

Let us consider sound propagation close to the x axis
and assume that the two points of observation, R; = (x, ry)
and R, = (x, ry), be located at the same range x (Fig. 3). In
this case, R.=(x, r,) and R;=(0,r;), where r.=(r; +r,)/2
and ry=r; — r, are the center and difference coordinates,
respectively, in the plane perpendicular to the x axis.

In the narrow-angle approximation, we have

n=(n,n)~(l-ni/2,n)~(1,n), (17)

where n | = (n,,n.) is the component of the vector n perpen-
dicular to the x axis. In the narrow-angle approximation, 7
is a small parameter; hereinafter, all calculations are done to
order n . The radiance can be written as

J(Reyn) =J(x,re;ng,ny) &~ J(x,re;1,ny)
=J(x,re;ny). (18)

Similarly, we express the cross sections,

zZA
y
Incident
wave ® (x,r)
_— Tq! X
® (x,r2)

FIG. 3. Schematics of sound propagation in the narrow-angle approxima-
tion. The two points of observation, (x,r;) and (x,r,), are located close to the
X axis; r4 is the distance between these points.
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d(Re,n)~o(x,r.;1,n, ) =0(x,r;n, ),
cs(Re,n',n) ~ay(x,r; 1,0 ;1,0 ) =04(x,r;n’,n)).
(19)

Finally, the differential and integral operators appearing in
the RTE simplify,

R, ox ™ or. Tox ™ or.
J dQ(n’) ~ szn; = Jdn’y Jdn/z. (20)
47

Hereinafter, if the limits of integration are not indicated,
they are assumed to be from —oco to co. As a result of these
approximations, the RTE, Eq. (14), takes the form

0 0
g +n; '8_1’C+ o(x,re;ny ) [J(x,reny)

= JGd(X, reng,n )J(ergn' ) din 21

In Eq. (13), we assume for simplicity that k; =k. We
also express n; =k /k, where k¥, = (ky, ;) is a vector in
the plane perpendicular to the x axis, and write J(x,r.;n)
=J(x,re; K /k) as J(x,r.; k). Then, Eq. (13) becomes

0Co

B(.X, rc,rd) = ﬁ

JJ(x, oK )e™ T dPc ) (22)

With these notations, Eq. (21) takes the form

0 K| 0 . .
|:a + 7 . a_l'c + O-(-x7r(f7 Kl/k):|‘](xa Ie; KJ_)

1
:ﬁjad(& reK, [k, "/i/k)J(XJ(-;K’L)dZK’L, 23)

As will be shown below, for sound propagation in a forest and
turbulent atmosphere the TCS and DSCS can be written as

o(x,re; k) Jk) ~ a(x,r.), oa(x,rex) kx| [k)

zod(x,rc;(nL—K’L)/k). (24)

We apply the operator (1/k?) [ exp (ik, - ry)d*k; to both
sides of Eq. (23). After some manipulations and taking into
account Eqgs. (22) and (24), we obtain a differential equation
for the correlation function of the sound field

o i 0

ox  karar, o™ l’a)}B(x; re,Tq)

1 )
= B(x;r,1y) 2 J oa(x,ve; 1L Jk)e™ T dPe ) (25)

In this equation, we recall that ¢ =0o,+ o,. In the narrow-
angle approximation, g, can be written as

1
o (x,re) :ﬁjad(x, re; i, k) dr . (26)

Ostashev et al.



Using this formula, we obtain the desired form of a differen-
tial equation for the correlation function,

Ox kOr.Ory

H 2
{a L0 () + Q(xiresra) | B(xire,ra) =O0.

27)

Here,
1 )
Q(X;l"(;,rd) :ﬁjad(xarc';xl/k)(l _emrrd)dzkj_- (28)

Thus, in the narrow-angle approximation, the RTE
reduces to Eq. (27). This a parabolic-type equation for the
correlation function of the sound field, B(x;r,.r,), and we refer
to this equation as the second-moment PE. This equation
is valid for sound propagation in a statistically inhomoge-
neous and anisotropic random medium (discrete or continu-
ous). Equation (27) is much simpler than the RTE and can be
readily solved numerically. If the approximation k; =k is not
used, the correlation function still satisfies Eqs. (27) and (28)
with k replaced by k.

The results obtained in this subsection are valid for arbi-
trary cross sections. In Secs. IVB and IV C, we specify the
DSCS in a turbulent atmosphere and the trunk region of a
forest. Equation (27) is a new result in forest acoustics; in
atmospheric acoustics, this equation has been previously
used for analytical and numerical calculations (Secs. 7.4.4
and 11.2.3 in Ref. 14 and Refs. 26-28).

B. Turbulent atmosphere

In Eq. (5), we ignore terms proportional to 7% and also
omit products of two small quantities such as n @, (this
term is small in comparison with ®;; = ®,,). As a result, in
the narrow-angle approximation, the DSCS in a turbulent
atmosphere simplifies,

7'C_k4 (DT(-X7 rc‘;oa k(nl_ - n,l))
2 T2

O-d(xv rc;nlj_ - nJ_) =

+4(I)11(x7 re;0,k(n, —n'y))

2
Co

(29)

In this formula, the quantity in the square brackets can be
recognized as the effective spectrum of turbulence,

Or(x,r:50,%,)
T3
40 100K
T 11(X L)

2 )
Co

Defr (x,1;0,6,) =
(30)

where Kk, = k(n; — n’} ). With these notations, Eq. (29) can
be written as

4

ik
oa(x,re; Ky [k) :T(I)eff(xa re;0,x.). (3D
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This formula relates the DSCS pertinent to the RTE with the
effective spectrum @, which plays a key role in the theo-
ries of sound propagation in a turbulent atmosphere in the
PE approximation (Chap. 7 in Ref. 14).

Substituting Eq. (31) into Eq. (26), the TCS and SCS are
expressed in terms of the effective spectrum,

k2
o(X,r;) = 05(X,rc) = %J(Deff(x,rc;o, K )d’k..  (32)

Substituting Eq. (31) into Eq. (28), we express the function
Q via the effective spectrum,
k2

O(x;re,rg) = %J(Deff(x, re; 0,56 ) (1 — e™%) @i

(33)

The first two statistical moments of the sound field in the
turbulent atmosphere in the PE approximation are analyzed
in Chap. 7 of Ref. 14. It is insightful to compare these statisti-
cal moments with those obtained above by considering the
RTE and cross sections in the narrow-angle approximation.
The extinction coefficient of the mean sound field y =o,/2,
which can be obtained with Egs. (4) and (32), coincides with
Eq. (7.151) in Ref. 14. The second-moment PE for the corre-
lation function, Eq. (27) with ¢, =0 and Q given by Eq. (33),
coincides with Eq. (7.158) in this reference. This correspon-
dence elucidates the connection between the RTE in the
narrow-angle approximation and the PE approximation.

C. Forest

For sound propagation in a forest in the narrow-angle
approximation, the TCS is still given by Eq. (12), where
o=0. In this formula, in the considered high-frequency
approximation, the real part of the infinite series tends to kb.
As a result, the TCS becomes

o(o=0) = 4vhb = 21S,,. (34)

Here S,=2hb is the projected area of one cylinder. This
result, as it should, coincides with the high-frequency
approximation for the TCS for solid objects (e.g., Sec. 9.1 in
Ref. 29). In this approximation, half of the energy is scat-
tered in the narrow cone in the direction of sound propaga-
tion and the other half in other directions (e.g., Sec. 8.1 in
Ref. 30). Therefore, the TCS can be written as ¢ = o;+ 0,
where or and ¢, are the TCSs in the forward and other
directions,

or = 0, = 2vhb. (35)

In the considered approximation, the angles «, o, ¢, and
¢’ appearing in Eq. (9) for the DSCS are small. From Eq.
(10), we have n’ = (1,7}, n.) = (1, ¢', o). The vector n can
be approximated similarly. As a result, Eq. (9) simplifies,

oa(n' | —ny) = vk®h*b* sinc® [kh(n] — n.) /2]

00 2
ZB” cos {n(n; - ny)} ‘ : (36)
n=0

X
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Introducing the vector k| = (ky, k.) = k(n’; —n ), we have

2
cq(k)) = vK*h*b* sinc? (hi, /2)

ZB” cos (nky/k)
n=0

(37

In this formula, the functions B,, given by Eq. (11) can be
evaluated at o = o/ = 0,

iy J'(kb)
B,(0,0) = nkbm~

(38)

The forward TCS, o, can also be calculated by substitut-
ing g,(k,) into Eq. (26). The integration over . can be
reduced to evaluation of the integral [;* sinc® (i) dy, which is
equal to /2. In the integral over i, we introduce a new vari-
able ¢ = k,/k. With these manipulations, we obtain

2vh

Here, the integral /,, is given by
00 o)
1, = J Z Eném COS(NP)Cos(my)
—00 nm=0

J'a(kb)J" (kb)
HA (ko) (2 (kb))

=do. (40)

The value of I, = mkb can be obtained by taking into account
that o,is given by Eq. (35) in the considered approximation.

D. Sound propagation above an impedance ground in
a refractive, turbulent atmosphere

In many cases, sound propagation in a turbulent atmo-
sphere and forest should account for sound refraction and
interaction with the impedance ground. For a turbulent
atmosphere, Sec. 8.2.4 in Ref. 14 generalizes Eq. (27) for
these phenomena. The correlation function of the sound
field B(x;ry,ry) = (p(x,r1)p*(x,ry)) satisfies the following
equation:

o i

T +Q<x;r1,rz>}3<x;rhrz> =0. (41)

Here, the operator M is given by

2 2
€o €o 1

(N T1) (X, T2)

M=V} -V, + i

2ik
—+ C—O [VL(X,rl) : vr] + VL(-X; r2) : vl‘z]) (42)

where V,, = (0/dy1,0/0z;) and similarly for V,,, cer = ¢
+ v, is the effective sound speed, c is the sound speed, and v,
and v, are the components of the wind velocity along the x
axis and perpendicular to it. The third and fourth terms in the
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operator M describe refraction and advection of sound with the
cross wind, respectively. In Eq. (41), the function Q is given by

2

nk
O(x;ry,r2) = Tj[q)eff(xﬂ'l ;0,61)

+ Der (x,12; 0,5 ) —2e™+ ("17T2)

X Dege (x, (71 +12) /20,5 )| dic. (43)

For a quasi-homogeneous turbulence, the effective spectrum
Depr(x,r1;0,6, ) is a slow varying function with respect
to (x, ry). Therefore, we can approximate the effective spec-
trum as Dee(x, (r; +1r2)/2;0,%, ). The effective spectrum
Dcfr(x,12; 0, %, ) can be approximated similarly. Substituting
these results into Eq. (43) and expressing @ (x, (r1 +17)/
2;0,x ) in terms of the DSCS, we obtain

Q(x;ry,12) = %Jod (x,(r1 +12)/2;0,%.)

x [1 — ™ rr)] 2y (44)

This formula coincides with Eq. (28) if r; and r, are expressed
in terms of r. and r,, respectively. It can also be shown that if
refraction and advection are absent, Eq. (41) coincides with
Eq. (27).

Sound interaction with the ground is accounted for with
the impedance boundary conditions,

OB(x;y1,213 Y2, 22)

_ikﬁgB(x;thl;yL 22)|z|:0a

621 2,=0
(45)
OB(X;y1,21; Y2, 22) o
| B )
(46)

where f, is the normalized admittance of the ground. Equation
(41) with these boundary conditions has been used to study the
correlation function of the sound field and mean intensity prop-
agating above the impedance ground in a refractive turbulent
atmosphere. 2%

E. Sound propagation above an impedance ground in
a forest with micrometeorology

Equation (41) can also be used in forest acoustics, where
it is often important to account for atmospheric stratification
due to micrometeorology.!

For sound propagation in a forest, the term o,(x, r.)
should be included in the square brackets in Eq. (41) to
account for possible sound absorption,

o i -
e _ﬂM +04(x, 1) + O(x;11,12) | B(x511,12) = 0.

(47)

This equation and the boundary conditions, Eqgs. (45) and
(46), describe sound propagation above an impedance ground
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in a forest with temperature and wind velocity stratification.
Effective solutions of Eq. (47) have been developed for
sound propagation in a turbulent atmosphere (Sec. 11.2.3 in
Ref. 14 and Refs. 26-28) and can be used in forest acoustics.
Formulation of this equation is one of the main results of the
current paper.

As explained above, when sound propagates through tree
trunks, half of the energy is scattered in the direction of prop-
agation and the other half in other directions. To account for
the loss of energy due to scattering in other directions, the
effective ACS, ¢°f, can be added into the square brackets in
Eq. (47). The effective ACS can be chosen as asz = ga,,
where ¢, is given by Eq. (35) and g is a numerical factor (or
adjustable parameter) of order unity.

V. INTERFERENCE BETWEEN DIRECT AND
GROUND-REFLECTED WAVES

In the atmosphere at relatively short propagation ranges,
the sound field at the receiver is a sum of the direct and
ground-reflected waves. The interference between these two
waves results in maxima and minima of the sound pressure
level (SPL) as a function of frequency. Scattering of sound
by atmospheric turbulence and trees diminishes the coher-
ence between the direct and ground-reflected waves, and can
significantly change the interference pattern. This phenome-
non is well studied for sound scattering by atmospheric tur-
bulence, but remains an important, unsolved problem in
forest acoustics. In this section, using the results pertinent to
sound propagation in a turbulent atmosphere, the interfer-
ence of the direct and ground-reflected waves in a forest is
considered.

A. Turbulent atmosphere

The geometry of the problem is shown in Fig. 4.
The source and receiver coordinates are Ry, = (0, 0, A,) and
R, = (x,0,h,), respectively. Here, hg and h, are the source and
receiver heights above the ground and x is the distance
between them. The subscripts s and r correspond to the
source and receiver, respectively.

The interference of the direct and ground-reflected
waves in a turbulent atmosphere is described in detail in Sec.
8.1 of Ref. 14. The mean-squared sound pressure due to a

unit strength point source is given by'®'?
ZA
Source y
' 1
Receiver

hs

2 2t |
ihr
6 X 0 :
1! L 5

Ground

FIG. 4. (Color online) Schematics of the interference of the direct (1) and
ground-reflected (2) waves in the atmosphere.
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1 | ‘2 2’| ‘Ccoh
oo L RE L 2RICean R, —Ry) + Bl.
p”) R% R% RiR, cos[k(R> 0+ A

(48)

Here, R; = \/x* + (hs — hr)2 and Ry = \/x* + (hs + h,.)2
are the path lengths of the direct and ground-reflected waves,
and R = |R|exp (iff) is the spherical-wave reflection coeffi-
cient. The indices 1 and 2 refer to the direct and ground-
reflected waves (Fig. 4). In the approximation of the near-
grazing sound propagation (x > hgh,) and for the locally
reacting surface, R is given by

RﬁZsinH—l—&-ZF(d)
B Z sin0 + 1

; (49)

where Z is the normalized specific impedance of the ground,
0 is the grazing angle of the wave incident on the ground,
and

F(d) = [1 + iy/nd exp(—d*)erfc(—id)] (50)

is the boundary loss factor. Here, d = /ikR, /2(1/Z + sin 0)
is the numerical distance and erfc is the complementary error
function.

In Eq. (48), C.qn is the coherence factor, which describes

the coherence between the direct and ground-reflected waves
and is given by [Eq. (8.24) in Ref. 14 and Refs. 20,21]

k2 1 .
Ceon =€Xp [—%J dnJ(Deff(O,xL)(l—e’”"’h"')dzlq ,
0
(51)

where h,, = 2hh,/(hg + h,) is the maximum separation between
the direct path from the source to the receiver and the path
reflected from the ground. Expressing the effective spectrum
in terms of the DSCS [Eq. (31)], we obtain

X 1 00
Ceon = €Xp fﬁj dnj dry

0 —o0

X JOC dk; 04(Ky, KZ)(l — ei’7kzh‘f")] ) (52)

—00

These equations have been used to analyze the interference
between the direct and ground-reflected waves in a turbulent
atmosphere.

B. Forest

Given the similarity between equations for the statistical
moments of the sound field in discrete and continuous ran-
dom media, we argue that the equations in Sec. VA also
describe the interference between the direct and ground-
reflected waves in a forest. In particular, the mean-squared
sound pressure is given by Eq. (48), where the coherence
factor is determined with Eq. (52).

Substituting the DSCS in the trunk layer into Eq. (52),
we obtain the coherence factor for sound propagation in a
forest,
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o)

1
Ceon = €Xp [—wchzsz d;yj dx.
0

—00

x (1 — e™"r)sinc? (1e.h/2)

00 00
X J dx, Z B,B;, cos (nky /k) cos (micy [k) | .

-0 n,m=0

(53)

In this formula, the integral over 1 can be readily evaluated.
The integral over k, equals Iw/(nzkbz) = 1/(nb). With these
manipulations, we obtain

Ceon = exp [—xapF (hg/h)| = exp [~2xvhbF (hg[h)).
(54)

Here, oy is determined with Eq. (35) and function F is
given by

F(hg/h) = %J:C[l — sinc(2nhy, /h)|sinc®n dy. (55)

It follows from Eq. (54) that the coherence factor decreases
exponentially with increasing range x. The attenuation coef-
ficient equals the product of the forward TSC oy and function
F(hg/h), which is plotted in Fig. 5. It follows from Fig. 5
that F(hy/h) monotonically increases with increasing ratio
hg,/h. If both the source and receiver are located inside the
forest (hy < h and h, < h, respectively), it can be shown that
he/h < v/2. In this case, the maximum value of F is 0.646
(Fig. 5). It also follows from Fig. 5 that F ~ 0.5h/h if h,/
h < 1. In this case, the coherence factor takes the form

Cecon = exp (—xNbhy, /h). (56)

Here, N =vh is the number of trees per unit area. According
to this equation in the high-frequency approximation, the
coherence factor depends on the propagation range (x), the
number of trees per unit area (N), the tree radius (b), the max-
imum separation between the direct and ground-reflected
waves (h,,), and the tree’s height (#). The coherence factors
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FIG. 5. Function F(hy/h) and its approximation h/(2 h) appearing in the
coherence factor.
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Ceon given by Egs. (55) and (56) differ from that in Ref. 17
obtained by an engineering approach.

C. Numerical results

Consider the SPL relative to that in free space,
SPL = 10 log ((pp")R}), (57)

where (pp*) is given by Eq. (48). Formulations from Sec. VB
enable calculation of the SPL of the sum of the direct and
ground-reflected waves in a forest. In Fig. 6, the SPL is plotted
versus sound frequency f for the propagation range x=75m,
and the source and receiver heights #;=1m and A, =1.5m.
The tree height is 4 =20m, the number of trees per unit area
isN=0.1 mfz, and the tree’s radius is b =0.15 m. With these
parameters, hy,/h = 0.06 and the function F in the exponential
in Eq. (54) equals 0.094.

The normalized specific impedance of the ground is cal-
culated with the relaxation model,M’3 2

q y—1 1 -2
=g [(1+\/1 —i(m—) (1_\/1 —imvﬂ - 69

Here, Q is porosity of the ground, ¢=Q %% is tortuosity,
7, = 204*/(Q¢) is the vorticity relaxation time, where ¢ is
the static flow resistivity, and 7,=0.7097v is the entropy
relaxation time. The relationships between some of these
parameters follows from Ref. 33. The static flow resistivity
and porosity are chosen for the fermentation/humus layer in
a forest:** ¢ =52kPa s m 2 and Q = 0.763. Furthermore, in
Eq. (58), @ =2xf is the angular frequency, ¢ = 1.2kg/m” is
the air density, and y = 1.4 is the ratio of the specific heats in
air.

The relative SPL is plotted in Fig. 6 for the three cases:
sound propagation above an impedance ground in a free

o
<l no forest
1 = = - with forest i
33 """"" incoherent
1]

2 .
E o -
[0}
o

-20 - b

102 10° 10

Frequency f (Hz)

FIG. 6. Relative SPL of the sum of the direct and ground-reflected waves
versus the sound frequency f. The three lines correspond to sound propaga-
tion above an impedance ground in a free atmosphere, a forest, and when
the direct and ground-reflected waves are incoherent. The propagation range
is x=75m, the source and receiver heights are i,=1m and h,=1.5m,
respectively, the tree height and radius are #=20m and b=0.15m, respec-
tively, and the number of trees per unit area is N =0.1m 2.
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atmosphere (C.o,=1), for the case when the direct and
ground-reflected waves are incoherent (C.,, =0), and in a
forest with parameters specified above. In the first case, the
interference between the direct and ground-reflected waves
results in maxima and minima of the SPL as a function of the
sound frequency f. In the second case, these maxima and
minima are completely suppressed and the SPL only slightly
depends on the frequency. Finally, for sound propagation in a
forest, the interference minima are reduced due to the coher-
ence loss between the direct and ground-reflected waves,
resulting in an apparent increase in the SPL (for this case
Ceon=0.935). Thus, the SPL of the sum of the direct and
ground-reflected waves significantly depends on the coher-
ence factor Cqp.

D. Comparison with experimental data

In this subsection, the theoretical results are compared
with experimental data on sound propagation in different
forests reported in Ref. 17.

In Figs. 7-9, black crosses represent the SPL relative to
that in free space in one-third octave bands measured in a
poplar forest for three propagation ranges x =40m, 60 m,
and 80m (Fig. 5 in Ref. 17). The forest had been planted,
with parallel, symmetrical rows of trees. The number of trees
per unit area was N =0.042 mfz, the averaged tree radius
was b =0.135m, and the averaged tree height was 7 =9m.
Green crosses correspond to the SPL calculated with the
Nord2000 model.'” The predictions use the Delany-Bazley
impedance model of the ground,® which is characterized by
one parameter, the effective flow resistivity ®. The ground
impedance was not measured during the experiment, but
rather @ was used as an adjustable parameter for the best fit
between theoretical and experimental data. As a result, the
values of @ were varied with range; for Figs. 7, 8, and 9, the
effective flow resistivity was 90kPa s mfz, 100kPa s mfz,
and 90kPa s m 7, respectively. Also, although the single-
parameter nature of the Delany-Bazley model is convenient,

-10

= = =No forest
= With forest
—*— Experiment

15t —*—Tarrero etal. | |

-20 ! J
102 10°
Frequency f (Hz)

FIG. 7. Relative SPL versus the sound frequency in a poplar forest for prop-
agation range x =40 m. Black crosses are experimental data (Ref. 17), green
crosses are predictions of the Nord2000 model, and the dashed and solid red
lines are predictions of the current paper.
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FIG. 8. Same as in Fig. 7, but for the propagation range x = 60 m.

it should be noted that the model is not physically
admissible.*

In Figs. 7-9, the red lines represent the SPL calculated
with Eq. (48). The dashed lines correspond to the case when
scattering in the forest is ignored (C,, = 1), while the solid
lines correspond to the case when C., is calculated with Eq.
(54), where N, b, and h are the parameters of the poplar for-
est indicated above. The ground-impedance model is an
extension®’ of the relaxation model,

Zor = coth(—ikgdy)Z. (59)

Here, Z is given by Eq. (58), d,, is the thickness of a hard-
backed porous layer, and k,, is the sound wavenumber in the
layer,

v 1 1/2 1 ~1/2
+ I —— .
V1= icore) ( V1— iwrv)
(60)
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FIG. 9. Same as in Fig. 7, but for the propagation range x = 80 m.
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The ground parameters ¢=110kPa s m 2, Q=0.7, and
dgy=0.05m represent the best fit between the theoretical
predictions and experimental data.

For x=40m (Fig. 7), the theory developed predicts cor-
rectly the SPL at low and high frequencies, as well as the loca-
tion of the interference minimum, but overpredicts the depth
of the minimum compared with the data. Note that at the inter-
ference minimum, the experimental data exhibit some fluctua-
tions indicating that they might have been affected by one of
the factors described in the next paragraph. In Fig. 7, the root
mean square error (RMSE) between theoretical predictions
and experimental data is 2.59 dB. The Nord2000 model pre-
dicts a deeper interference minimum with the RMSE 2.63 dB.
At x=60m (Fig. 8), the theory developed agrees better with
experimental data; the RMSE is 1.29 dB. The RMSE for the
Nord2000 model is slightly smaller, 1.15dB. For x=80m
(Fig. 9), the theory developed underpredicts the interference
dip. At this range, the RMSE is 3.36 dB, while that for the
Nord2000 model is smaller, 2.60 dB.

Several factors affect the comparison between the theory
and experiment. First, and probably most important, the ground
impedance Z,, was not measured during the experiment and
might have been range dependent. Furthermore, the ground
was not completely flat and homogeneous.'” Different values
of the effective flow resistivity @ were used in Ref. 17 at dif-
ferent ranges, while in our predictions, the same ground param-
eters were used at x=40m, 60m, and 80m. Second, the
poplar forest was a regularly planted forest with possible sonic
crystal effects. Third, the experimental data are in one-third
octaves, while the theory developed is narrow band. Fourth,
as mentioned in Ref. 17, refraction in the forest might have
affected the experimental data at long ranges, while it is
ignored both in the theory developed and the Nord2000 model.
Last, but not least, modeling of trees as vertical cylinders of
the same radius and height, and ignoring scattering by branches
and canopy might result in some errors. A similar approach in
Ref. 7 yielded good agreement between theoretical predictions
and experimental data if the number of trees per unit area was
reduced by 60%. To overcome this possible issue, the SCS g,
can be measured experimentally and then used in Eq. (52) for
the coherence factor C,.

Reference 17 also considers sound propagation in a pine
forest and an oak forest. Though not presented here for brev-
ity, the theory developed predicts that in the pine forest, the
effect of trees on the SPL is small. This conclusion agrees
with the Nord2000 model.!” In the oak forest, the theory
developed overestimates the scattering by trees as is the case
for the 80 m range in the poplar forest. The probable reason
is that the oak forest (Fig. 8 in Ref. 17) does not resemble
vertical cylinders; a SCS ¢, different from that given by Eq.
(54) should be used in this case.

VI. CONCLUSIONS

In this paper, it has been demonstrated that the equations
for the statistical moments of the sound field propagating in a
forest and turbulent atmosphere have the same form if, in these
equations, the scattering properties of the two media are
expressed in terms of the DSCS and TCS. This analogy enables
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the advancement of forest acoustics using results known for
sound propagation in a turbulent atmosphere and vice versa; it
can also be used for studies of wave propagation in many other
discrete and continuous random media. Using this analogy, the
following new results were obtained in the paper.

The correlation function of the sound field in a turbulent
atmosphere was expressed in terms of the radiance J; see Eq.
(13). The radiance satisfies the RTE, Eq. (14), where the
DSCS is given by Eq. (5). This is a new result for sound prop-
agation through a statistically inhomogeneous and anisotropic
turbulence, which would be difficult to obtain with other
approaches.

The second-moment PE, Eq. (47), for the correlation
function of the sound field and mean intensity in a forest was
obtained. This equation and the corresponding boundary con-
ditions enable to account for temperature and wind velocity
stratification in a forest and sound interaction with the imped-
ance ground. Effective numerical techniques for solutions of
the second-moment PE have been developed for sound prop-
agation in a turbulent atmosphere and can be readily applied
to forest acoustics.

For the first time, the interference of the direct and
ground-reflected waves in a forest was formulated analytically.
This interference was then studied numerically by modeling
trunks as finite vertical solid cylinders. It was shown that
sound scattering by trunks reduces the interference minima in
the SPL as a function of frequency, thus, resulting in apparent
increase in the SPL. Theoretical predictions were compared
with experimental data presented in Ref. 17.

Other results known for sound propagation in a turbu-
lent atmosphere can be generalized to forest acoustics. These
include the variances and correlation functions of the phase
and amplitude fluctuations, the spatial coherence, the fre-
quency coherence, and pulse propagation.

The theories developed in this and companion
papers™'*!'! enable predictions of sound propagation in a for-
est provided that the DSCS and TCS are known. These papers
consider several approaches for determining these cross sec-
tions such as modeling the trunk layer with finite vertical cyl-
inders, branches with slanted finite cylinders, and the canopy
layer with diffuse scatterers. It remains to be seen for what
types of forests these approaches provide realistic DSCS and
TCS. These cross sections can also be measured experimen-
tally by comparing experimental data to theoretical predic-
tions and retrieving DSCS and TCS. For such measurements,
it seems preferable to use short pulses to separate sound scat-
tering in a forest from ground reflection.
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