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Positron scattering and annihilation from hydrogenlike ions
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The Kohn variational method is used with a configuration-interaction-type wave function to determine the
J=0 andJ=1 phase shifts and annihilation paramefgy for positron-hydrogenic ion scattering. The phase
shifts are within 1-2% of the best previous calculations. The valu@sgofre small and do not exceed unity
for any of the momenta considered. At thermal energigss minute with a value of order I8° occurring for
He' at kZO.OFﬁal. In addition to the variational calculations, analytic expressions for the phase shift and
annihilation parameters within the Coulomb wave Born approximation are derived and used to help elucidate
the dynamics of positron collisions with positive ions.
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[. INTRODUCTION basis functions with Coulomb functions. Besides presenting

) ) o ) s- and p-wave phase shifts, an analysis of positron annihila-

The scattering of positrons from atomic ions is not a prob-jon during the collision is also presented. Initially, the Cou-
lem that has rgcelved much aftention. There are a var[ety_qgmb wave Born approximatiofCWBA) is used to show

reasons for this. On the experimental side, the difficulties inp4; the positron annihilation rate is largely dominated by the

working with positron beams are well known and there hasypijity of the positron to tunnel through the repulsive Cou-
never been an experiment upon such a system. From thgmp interaction. The annihilation paramet&g; is then

theoretical side, the asymptotic form of the wave functioncompyted using the wave functions obtained from the varia-
involves Coulomb waves which have more complicated anagona| calculation.

lytic forms than plane waves. For example, some methods
used in the momentum space solutions of the Lippmann-

Schwinger equation for positron-hydrogen scatterjig?] Il. DETAILS OF THE CALCULATION
are not easily adapted to the positrontkgstem. . o
When it comes to calculations of the positrontsgstem, A. The scattering Hamiltonian

one can literally count the different calculations on one hand. The interaction Hamiltonian for positron-hydrogen-like
The first published calculations treated electron-positron cofions is written as

relations realistically, but were not large enough to achieve

convergencd3]. More recently, Bransdent al. [4] solved yo-ty2, 2 12 2 1 0

the Lippmann-Schwinger equation in a mixed basis 20

of e*-He* and Ps-Hé&' channels to obtain relatively accurate _. .

phase shifts for the positron-Heystem. Most recently, the Since th_e target system only contains one electr_on, the
Harris-Nesbet variational method has been applied by Giesﬁsymptotlc potentl_al exerted on the positron at long distances
to give phase shifts for positron scattering for the variou rom the nucleus i$Z-1)/r.

ions (He*, Li%*, Be**, and B") in the elastic-scattering re-

ro 2 ' e for

gion [5,6]. . . B. The Kohn variational method and trial wave function
In the present paper, the Kohn variational method is ap-

plied to the problem of positron scattering from hydrogenic The Kohn variational method10-12 is a commonly
ions. Unlike some other applications of the Kohn method toused method to solve the Schrodinger equation for low-
simple system§5,7,8), the present approach does not include€nergy-scattering problems. The CI-Kohn formalism pre-
basis functions with interelectronic coordinates and insteagented here closely follows that outlined in REJ], which
uses a basis of functions all centered on the nucleus. The u¥és based on the exposition in the monograph of Burke and
of such a configuration-interactiq€!) -type basis does en- Joachain13].

tail some large-scale calculations, but the issues involved in The Cl-type trial wave function adopted for the present
doing these calculations at low energies have been effed<ohn variational calculations has the form

tively solved[9]. The only changes that had to be made to
the program used for the positron-hydrogen system were the [W3IMy) = ag| Ps; IMy) + ag| D IMy) + E Cij|®
replacement of the long-range spherical Bessel function type "

ij s IMy),

2)

where the first two terms involve continuum functions that
*Present address: Department of Physics, Kansas State Universigte equal to the regular and irregular Coulomb functions, at
Manhattan, KS 66506, USA. large distances from the origin. The three types of functions
"Electronic address: jxm107@rsphysse.anu.edu.au are written as
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®IMy) = emem|IM) ()b (ro), 3 ther choice is permissible, but we chose to orthogonalize
By IM ,T%nj< MEMIM) (1) (7o) ® since this simplified the evaluation of the matrix elements.
The generalized Kohn functional,=tan(8,—7) is given

|(I)S;‘]M.]>: 2 <€g.s.mg.s.€m|‘]MJ>¢g.s.(rl)as(ro)v (4) by

Mg.s.M

a, = ap— AW H - E[¥)). (11

|Dg;IMy) = >, (€gsMys{MIM g o(r1)6(ro). (5)  Applying the Kohn condition that the Kohn functional is
Mg.s.M stationary with respect to the linear variational parameters in

In these expressiong(r;) andd(ro) are short-range square the trial wave function leads to the linear equations

integrable functions with orbital angular momeriaand ¢;.

The function, ¢y (r4) is the ground-statég.s) wave func- 9% _ 0, (12)
tion of the target ion, whilef,(ry) and 6.(ry) are the con- J oy

tinuum functions. Considerations of spin have been omitted

from the wave function since they exert no impact upon the Ja .

scattering wave function. Since the target ion ground state “=0, i=1,2,...Ngp (13

. . Jd G
has{,s =0, considerations of angular-momentum conserva- !

tion require thatt=J. The radial parts of the positron con- \hereNg,is the total number of short-range basis functions.

tinuum functions have the form These equations are solved to determipandc;. The error
04ro) = F(m,kry), (6) in @, upon solv!ng the set o(ﬂ\ISR_+ 1_) Ilngar equgtlons is of
second order with respect to variations in the trial wave func-
—r1_ _ 2041 tion.
Oc(ro) =[1 = exp(= Bro)J*"Gy(7.kro). 7) Besides the phase shift, the annihilation paramgtgiis

For hydrogenlike iongy=(Z-1)/k. For neutral atoms;=0, also calculated. The spin-averaged annihilation parameter
and the Coulomb functions are reduced to spherical BesséRn be written a$16-19

functions: F;(0,kr)=krj,(kr) and G,(0,kr)=-krny(kr). The

[1—e?<p(_ﬂr0)]23+1 factor is used to make the irregular Zefr:Nfd3f0d3r1|‘1’(fo,f1)|25(ro—fl), (14)
solution 6.(r) go to zero as,— 0. The factorB was gen-

erally set to 2.0 for the present calculations. The scattering i i

lengths and annihilation paramet& were insensitive to  WhereW(ro,ry) is the total wave function of the system. In
#i(ry and ¢j(ro) are written as a linear combination of tion is written as a plane wave and the annihilation parameter
Laguerre-type orbitaléLTOs). All the basis functions so IS €qual to the number of atomic electrons, i&4=Ne.

far, except|/®g;JM;) and |®.;IM;), are identical in func- The partial-wave contributions to E(l4),

tional form to the basis functions used in earlier CI-Kohn

calculations of positron-hydrogen and positron-copper _ . )
scattering[9]. Lot = E Lt (15
The asymptotic form of the scattering wave functions can
be written with a number of different normalizatiof%4] can be written as
depending on the form adopted fag and «. These condi-
tions are Nc
(g =COST— atSiI’l 7 (8) Zeff Nki’jE:1 C|C] f r¢ai(r)r¢aj(r)¢pi(r)¢pj(r)dr
kmax
@ =SIN 7T+ COST, ©) X 2 (2k+ 1){ gy IICKTD) - C(Fo)ll o by i)
k=Kmin
a=tan(s - 17), (10) (16)

where &, is the phase shift of the trial wave function and
e [0,7/2]. When 7=0, o, reduces to ta®,), which is just
the K-matrix element. The choicer=n/2 gives «
=cot(&), which is just the reciprocal df-matrix element.
ggtiggfl'g]e;:ﬂz Is sometimes called the inverse Kohn ing Eg. (10)] for a specific value ofr. The factorNy is
Besides the normalizing condition, there is one other aregefmed as

where there is flexibility in the choice of the continuum func-

tions. This concerns whether the functiofisand 6. are or- Ne=—5—.
thogonalized to the short-rang@ radial basis functions. Ei- k(ag + af)

whereNg,=(Nggt+2) is total number of basis functions. The
functions¢ai(r), ¢pi(r), etc., are the radial parts of the single
electron and positron orbitals. The coefficiemgand «; of
the two continuum basis functions are evaluated fegrfus-

L 17
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The L? basis was constructed by populating all the pos- 1ll. THE COULOMB WAVE BORN APPROXIMATION
sible configurations that could be formed by letting the elec-

: : ; ~ The CWBA is the simplest of all approximations used in
tron and positron populate all the orbitals subject to the sethe paper. The expression for the phase shifs

lection rules,
2 (" 1
max (€;,¢;) < Lmax (18) tan 8;=— P f Fﬁ(n,kro)eﬂro(r— + Z)dro, (24)
0 0
1€ _€i| <J, (19 where the regular Coulomb function is defined as usual in
terms of the confluent hypergeometric functid]
(- D= (-1, (20 Jg-(1/2)mn
— H —ik J+1
In these expression§; is the positron angular momentum Fa(p.kro) = 23+ 1)! [T+ 1 +im)|e™ ko)™
and{; is the electron angular momentum. It is necessary to ) ]
choose a basis with a large valuelgf,, in order to obtain XM +1-in2]+2,2krg). (25

results close to convergence. It is known that the attractivi: der t luate the int | the id
interaction between the electron and positron leads to local In order to evaluate the integrals we use the ideri@5j

ization of the atomic electrons in the vicinity of the positron o
[19,20. The formation of something akin to a virtual Ps v:f
cluster leads to very slow convergence withThe conver-
gence ofZ.; with respect td_ 4« is typically much slower
than the phase shift.

The slow convergence of the phase shift and annihilation ) kk'
rate with increasind. ., Means an extrapolation technique szl(“y“ ;y;m)’ (26)
must be used to estimate thg,,,— o limit. Making the

assumption that the successive increments to an physical oind make use of parametric differentiation to develop
servableX; scale as 1UP for sufficiently largeL, one can

e IM(a, ¥, k)M (', 3, k' x)dx
0

= DY =K\ - k')

write © dv
e MM (a, y,kXM(a’, y,K' x)dx=— aw (27)
X,= lim | X +A g: 1 (21 O

e\ M P Finally, making use of
The power series is easy to evaluate, the coefficieris (#”)i“: ~2u arctaril/u) (28)
defined as =i '

A=(X, =X D) (Lnad® (22)  whereu=2Z/k leads to
and the exponer can be derived from 1 27 arctal/y) “

tan 53 =- —W(7])—2JJr2
2k (L+u)7 25
Lmax P XLmax_l B Xl-max_2
= . (23) 1+ 2( +1+2+7) ) 1n+J
Lmax_ 1 XLmax_ XLmax_l pn T H (52 + 772),

ni(n+23+1)! (1 +ud" 7
Recently Gribakin and Ludloy21] using second-order per- ( IO+ o
turbation theory to study bound positron-atom complexes (29)
showed that the energy expongrtwas 4, while the expo- . _ -
nent for the annihilation ratepy, was 2. Translating these Vit W(z) =2/ (€77 1).
results to the scattering region suggests thashould be 4 For the CWBA, Eq/(14) collapses to
while p, should be 2. In practice, the exponents obtained in
large-scale calculations are usually slightly smaller than the Zoi = f dProd®r 1| (ro) us(r)|?sro=ry). (30
expected valueg9,22,23.

One criticism of the present ansatz is that the single- . . .
center trial wave function does not explicitly include the U_smg _the partial-wave de.comp05|_t|or? for the three-
electron-positron coordinate. However, this deficiency is rec_dlmensmnal Coulomb scattering functigwith o; set to the

tified by the use of higt components in the wave function. Coulomb phase shift

For example, positron-hydrogen phase shifts computed with . ®

the CI-Kohn formalism agree with the best variational phase r=— (21 + Di'dE (n.kr) Pk -1 31
shifts to an accuracy of I®rad[9]. The accuracy achieved (o) rog( ) (7 kro)Pi(k -ro) - (31)
for Zy is not quite as good, but even here agreement at the

5% level was achievefb]. and the standard expansion for the delta function
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o FIG. 2. The CWBA annihilation parameté@ vs the scaled
FIG. 1. The CWBA annihilation parametés vs the scaled momentumk/(Z—1) (in units Ofagl) for Z=2.3.5 9. and».
momentumk/(Z-1) (in units ofaal) for Z=2,3,5,9, ande. The
size ofZ.¢ increases monotonically with for the range of momen-

tum considered. rate the curves for differer on the plot. To put the minute

size for Hé into perspective,Z)=1.66x 10752 and Z.3
" :g).lox 10752 at k:0.0Eaal. The vanishingly small size of
ke . ke Z:. is easily explained in terms of physical considerations.
“%(2'” DCHT) - Ci(Fo), The classical turning radius forke0 positron incident upon
(32 He" at k:O.OEa(;l is (Z—1)/k?=400g,. For the positron to
annihilate with the electron it has to tunnel almost D0
one obtains through a Coulomb barrier that gets increasingly more repul-
sive as it approaches the nucleus. The rapid variatiofypf

1
rog—ry)=——=0dro—
(0 1) 47Tri(o

9 _ 473 ® o7t at small values of 1% seen in Fig. 1 reflects the change in
Lot = ?(2‘] +1) . F3(7,kro)e”"odro. (33 the size of classical forbidden region, and therefore a change
in the tunneling distance, as the energy changes. The steadily
Using the reduced variabbe=kr,, this simplifies to decreasing amplitude of the positron wave function close to

the origin due to tunneling is reflected mathematically by the
W(%) factor in Eq.(35).
It is also noted that the size &4 at constant 17 in-
creases monotonically witl for the range of momentum
Once Eq(25) is inserted into Eq(34) and use is made of considered. This is discussed in more detail later.
Egs.(27) and(28) one gets Figure 2 plots thes-wave annihilation paramet&) ver-
sus 1/ for 2=2,3,5,9, ande. When 1/y is fixed, there is

Z0 = 44523+ 1) J F2(7,x)e #*dx. (34)
0

le; arctarfl/u)

Z0 =23+ YW( N2z i a tendency fozgg to increase monotonically witl. How-
(14 ever, the curves tend to intersect atyk 1.5 and for 14> 2
o N+J+1+ 7/ 1™ (not depicted on the grap)hzgg decreases monotonically
X =112+ 7. with Z.
g,n!(n+23+1)!(1+;;2)“7;2g( )
(35 A. Analytic expressions forZg when =0
The CWBA estimates of the phase shift g are given The expressions fc&) reduce to much simpler forms for

been chosen so that entries of differ@nare often given at s \vave scattering becomes

the same values af. These estimates of thg andZSf} were
computed independently with two different methods. First of 0 u?
all, Egs.(29) and(35) were evaluated by summing the power Z(eff)
series. In addition, Eq$24) and(33) were integrated using
Gaussian quadratures. The two methods gave numerical r
sults in agreement to better than ten significant digits.
Figure 1 plots the CWBA estimate of the toia) versus

the scaled momentum %£k/(Z-1) for Z=2,3,5,9, ande. 2 2
For no speci N 4{ ( K~ ) 1 !

pecies doeg exceed 1.0 at any momentum con- Zg; = 55 T 6u”|In 5|+ 5+ 53 |-
sidered. The increase i, with k reflects the fact that a (1+u9) 1+po) 1+p® 201+4)
positron is better able to tunnel through the repulsive Cou- (37)
lomb field at higher energies. Figure 1 does not show values
of Zy below 1/7=0.4a5" since Z; becomes minute at These expressions are only presented for completeness since
smallerk values and therefore it would be difficult to sepa- no calculations are presented for hydrogen.

T (36)

Bor p-wave scattering, analytic evaluation is still possible but
the answer is somewhat more complicated:
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The behavior ofzgf} for positive ions at low values df
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TABLE |. The coefficients of the power-series expansiokihZ—1)2, Eq. (38) of Z(J)

z v S a; a, by by b,

2 0.500 49778 0.9262 0.02613 -2.0254 0.4641 0.1147
3 0.666 8.8109 2.6115 0.1257 -7.2369 0.08679 0.4830
5 0.800 14.0408 5.4829 0.3670 -18.2063 -2.6695 1.1924
9 0.888 19.2296 8.7363 0.7046 -32.5939 -7.9946 1.9504
o 1.00 28.5973 15.2720 1.5112 -65.6166 -23.6940 3.1152

B. The k—0 limit for z$))

can be written as

=W(nm)| ay(v) +by(¥) S——

wherev=(Z-1)/Z and

Some typical values of; andb; are listed in Table I. The
interesting feature of this analysis is that thep, andd
waves have terms in the power-series expansiod %}fln

the same order ok?®. However, thes-wave coefficient nd

a,(v)=(23+ 1)e2VV232

by(v) =

J - -
(23 + 1)e?” Vz%n,(mm”)'

n+J+1+v
n'(n+23+1)lv

k
(Z-17

2

+0(KY |,

2n

n+J+1+v

n

X{(n+J)(n+J+1)(2n+2J+1)

6

_ 25
(n+J+2)12 3v]

e277 arctaril/n)

Ao(J,m) = (23 + HW( n)(1+—7]2)3+2

Xi n+J+2 1
Nl (N+23+ 1) (1+2)"

n+J

><]_£(32+ 7). (42)

(38)

The leading correctior\1(J, 7) is
(39

[

e27; arctaril/qn)

T 7722 {n+\]+7/4
P (n+J+2)(n+J+3)]
1+ 97 2

1
Xn'm+2J+DW1+%w

A3, 1) =423+ DW(9)———57

n+J

[T+, (43

(40) It is also possible to writé\y(J, ) and A;(J, ») in terms of
the integrals derived from Eq34) (u— 7) as

Ao(J,7) = 47323+ 1) f : F3(7,x)€ 27dx (44)

ay(v) is larger than theo-wave coefficienta;(v), which is

in turn larger than the-wave coefficienta,(v). Although

values have not been tabulated, the higher partial waves A1(J,7) =3Ao(J,7) = 87 23+1)f XF(7,x)e 27 dx.
also have terms of the same order in the power-series

expansion.

The energy dependence Dgﬂ}(k) is to a very large extent
determined by the reciprocal of the scaled momentgm

=(Z-1)/k through theW(#) factor.

C. The Z— o limit for Z{)

(45)

The coefficients\y(J, ) andA4(J, ) are tabulated in Table
Il for a series ofy values forJ=0,1, and 2. It isnoticeable
that the relative size of th&,(J, )/ Ay(J, ») ratio decreases
ask/(Z-1) increases. The series in B4.1) is more quickly
convergent at larger values kf

The limit for Z(ejfz asZ—x is well defined, provided the

limit is taken under the constraint thgt=(Z-1)/k remains

constant. It is possible to show that

Z(np) =

Ao+ ———

A4,
Z-

)
1

+0((Z-1)7d.

D. Computation of the Coulomb functions

The asymptotic scattering functions are regular and ir-

regular Coulomb functions. Since all integrations are done

(41) numerically this meant that computer programs to calculate
Coulomb functions were needed, and the more accurate the
functions the better. The necessary values of the Coulomb

The coefficientAq(J, ) only depends ony as u— n and  function were computed with two complementary ap-

Z— o;

proacheg26,27.
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TABLE Il. The coefficients of the power-series expansion itZ1), Eq. (41) of Z(J) The numbers in square brackets denote powers
of 10, therefore fo] means & 10°.

J=0 J=1 J=2

1/77 AO Al AO Al AO Al
0.25 0.7610-8] -0.2466-7] 0.4250-8] -0.1937-7] 0.5133-9] -0.3200-8]
0.50 0.7566-3] -0.1819-2] 0.4750-3] -0.1743-2] 0.8588-4] -0.4501-3]
0.75 0.203p-1] -0.2981-1] 0.1493-1] -0.3952-1] 0.3973-2] -0.1623-1]
1.00 0.737[-1] -0.4740-1] 0.6328-1] -0.1102 0.2300-1] -0.6985-1]
1.25 0.1255 -0.94033] 0.1250 -0.1272 0.57881] -0.1261
1.50 0.1528 0.70981] 0.1736 -0.7995-1] 0.9702-1] -0.1457

The program of Seatoj26] evaluates the Coulomb func- Seaton program was initially developed on the 64-bit
tions by direct evaluation of the power series. As can beALPHA architecturg. Accordingly, various sundry program
expected, such an approach is accurate close to the origmodifications entailing less than 60 min of editing time had
where relatively few terms are required in the power seriesto be made before the program performed to its expected
At larger values okr, round-off and series truncation errors accuracy.
in the oscillating terms of the power series become more Figures 3 and 4 show a comparison between the contin-
important and start to limit the accuracy. ued fraction(CF) and power-seriesPS evaluations of the

The program of Barnett uses an approach based on coGoulomb functions. Denoting$", G5 andF}S G[Sas the
tinued fractions[27]. This continued fraction algorithm is two different computational implementations of the regular
known to be accurate at distances larger than the classicahd irregular Coulomb functions, the quantities plotted are
turning point, |FSF- Fgﬂ/|F%S1 and|G°F—G§51/|Ggs1 A plot of the relative

dlfferences|F - 13/|FPS1 and |G5F-GYY/|GES for the J
3 Z=1+\(Z-1)2+JJ+ 1)k2 =1 Coulomb function were not shown since they were al-
c” K2 (46)  most identical to that fod=0.
The increasing degree of inaccuracyA§t andG5F at the
Inside the classical turning point round-off errors have asmallest values of is readily apparent. There is a complete
negative impact upon the reliability of the continued fractionfailure in F at the smallest values af, but this is not
calculation. shown in the figures. There is an extended regiom bg-

There is one aspect about the Seaton program that waiween ly and 5, where both algorithms are working with
rants specific mention. Although this program is stated to belose to machine precision. This region straddles the classi-
a double precisiori.e., 15 digitg program, the program as cal turning radius which for the kinematic conditions shown
published cannot be guaranteed to be this accurate overim the figures is 2@0 for swave scattering. Larger fluctua-
variety of architectures. In our initial calculations upon ations betweerF andF S occur forr > 5a, when round-off
32-bit INTEL based Linux workstation it was noticed that errors |nF become more important.
the Coulomb functions were only accurate to seven signifi- For the calculatlons reported in this paper, the PS method
cant digits. The Seaton code did not pay enough attention twas used for <r}/2 while the CF fraction method was used
the explicit definition of data types to ensure they would befor r>rJ/2 A correct choice of the appropriate algorithm
double precision under different architectufeste that the was |mportant for smalk and highZ. Some calculations

r

9 ' l I 10° CF_~PSy/ ~PS
e e (e oA IO 071~ (Gg'-Go YGy'l vs r

\//\ 10"

3
3
| (
1073 10"

s sl s suid il sl

1074 107
107 . i . | 1077 i i .
0.01 01 1 10 0.01 0.1 1 10
r (units of a ) r (units of a,)
FIG. 3. The relative differencéFS™—F§3/|F5S between the FIG. 4. The relative differencéG5™—G§9/|GEY between the

Coulomb functions calculated by the continued fraction and powerirregular Coulomb functions calculated by the continued fraction
series algorithms as a function ofThe present curves were plotted and power-series algorithms as a functiorr oThe present curves
for (z-1)=1 andk=1.0a5" were plotted usingZ-1)=1 andk=1.0a;".
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TABLE Ill. The phase shiftss; (in radiang for positron scattering from He The columnk reports momentum iaal. The numbers in
square brackets denote powers of 10.

k CWBA cCl) (oo ) CC(3) CIKOHNg®  CIKOHN.,, BNW  Gien(E6PS  Model
J=0
0.25 -0.758-10] -0.704-10] 0.122{-4] 0.1852-4] 0.1852-4] 0.1852-4] 0.1862-5]
0.50 -0.203p-4] -0.1876-4] 0.4403-3] 0.6864-3] 0.7160-3] 0.7163-3] 0.7244-3]

0.75 -0.121p-2] -0.1113-2] 0.1909-2] 0.3826-2] 0.4793-2] 0.4810-2] 0.473-2] 0.47§-2]  0.488(-2]
1.00 -0.87901-2] -0.7869-2] -0.441§-3] 0.5430-2] 0.1023-1] 0.1031-1] 0.103-1] 0.103-1]  0.103¢-1]
1.25 -0.270B-1] -0.237{-1] -0.1277-1] -0.2343-2] 0.8374-2] 0.8554-2] 0.725-2] 0.84-2]  0.7585-2]
150 -0.542p-1] -0.469{-1] -0.343¢9-1] -0.2070-1] -0.4375-2] -0.4133-2] -0.661-2] -0.426-2] -0.7747-2]

J=1
0.25 -0.42f-11] -0.361-11] 0.1112-4] 0.1691-4] 0.1691-4] 0.169{-4] 0.1664-4]
050 -0.131p-5] -0.1295-5] 0.2964-3] 0.4523-3] 0.4607-3] 0.4607-3] 0.4651-3]

0.75 -0.953F-4] -0.9361-4] 0.1444-2] 0.2303-2] 0.2545-2] 0.254§-2] 0.254-2] 0.253-2]  0.2567-2]
1.00 -0.840B-3] -0.8219-3] 0.2924-2] 0.5339-2] 0.666§-2] 0.668§-2] 0.664-2] 0.66§-2]  0.6649-2]
1.25 -0.313p-2] -0.304§-2] 0.3082-2] 0.7772-2] 0.1132-1] 0.113$-1] 0.111-1] 0.113-1] 0.1103-1]
150 -0.750p-2] -0.7255-2] 0.8326-3] 0.8099-2] 0.1463-1] 0.1474-1] 0.143-1] 0.146-1]  0.1344-1]

L max Was set to 9 fod=1.

with different choices of the PS to CF transition radius wereconvergingz(1 The exponents of the LTO basis were opti-
made, and it was found that symmetry of the Kohn matrixmized manually for all the systems by maximizing the phase
could be destroyed by an inappropriate choice. Even with thghift at a momentum ok=(Z-1). These calculations are
best possible choice of the PS to CF transition, calculationgeferred to as the CIKOHN(or CIKOHN,) calculations.

at smallk were quite exacting and numerical inaccuracies in  (vi) The calculation withL ,,,— . The limit is deter-
the phase shift of up to 1% could easily be present for thenined by using Eqs21)«23) in conjunction with the three
smallest values ok given in the tables for each ion. How- calculations with the largest values bf,,,. These calcula-
ever, the annihilation parame’réfff was not very sensitive to  tions are referred to as the CIKOHNMalculations.

the exact choice of the PS to CF transition radius. The validity of the programs were tested by a number of
checks. First of all, the results of the CI§ calculation were
IV. THE SCATTERING OF POSITRONS FROM He * compared with phase shifts and annihilation parameters com-

puted by a direct integration of the Schrodinger equation by

A sequence of calculations of different sophisticationthe Numerov method. Next, calculations of electron-He
were performed to give insight into the collision dynamics.scattering in the static-exchange approximation were com-
These calculation were as follows. pared with independent calculations in the same m{@2#l

(i) The CWBA as described in the preceding section.  Calculations were also performed at two valuesrpf=0,

(i) The one-state close-coupling approximation (OC and r==/2. The computed phase shifts adg; agreed to
with the electron target states restricted to be thé He about five significant digits for all combinations @fand k

(i) The three-state close-coupling approximation(8C reported in the tables with the exception of the lowesor
with the electron target states restricted to be thé He 2s, each ion. Even here, values Bf; were in agreement to five
and 2 states. _ digits and the differences between the two phase shifts never

(iv) The three-state close-coupling approximation(8)C  exceeded 1%. Finally, the algebra related to the inclusion of
with_the electron target states restricted to be the H#e2s,  the Coulomb functions was tested by using this part of the
and 2p states. The2p pseudostate is constructed to recoverprogram(with »=0) to reproduce previous calculations of
all of the ground-state dipole polarizability O. 28]9%5 positron-hydrogen scatterir[@].

(v) The CI-Kohn calculation withL,,,=8. This is the The phase shifts and.; for theJ=0 and 1 partial waves
largest explicit calculation that was performed and includechre listed in Tables Ill and IV. The present phase shifts are
short-range functions up 1g,,,,=8. The details of the calcu- compared with those of Bransden, Noble, and Whitehead
lations were slightly different fos-wave andp-wave calcu-  (BNW) [4] and the Harris-Nesbet variational results of Gien
lations. A very large number of short-range functions, e.g.[5,6]. The results of the Gien E6PS basis are presented. In
about 45, are needed for the positron channels that are dipod®me instances the BNW and Gien phase shifts are interpo-
coupled to the entrance channel. For the0 partial wave, lated from their published values. As expected, the phase
this is the€=1 positron channel. For thé&=1 partial wave, shifts become more positive as the flexibility of the channel
one needs the large basis for tiie0 and =2 positron  space is increased. The Q¢ phase shifts are most negative,
orbitals. TheJ=1 calculation extended the partial-wave ex- while theL,,,,=8 phase shifts are the largest. The extrapola-
pansion tol,,=9 in order to compensate for a more slowly tion corrections to the phase shifts are generally small,
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TABLE IV. The annihilation parametezfjfz for positron scattering from He The columnk reports momentum ila(")l. The numbers in
square brackets denote powers of 10.

k CWBA cC(l) CC(3) ccR) CIKOHNg? CIKOHN., Model
J=0
0.25 0.148f-8] 0.1332-8] 0.1635-8] 0.1850-8] 0.3171-8] 0.3856-8] 0.3548-8]
0.50 0.1977-3] 0.1756-3] 0.2119-3] 0.2394-3] 0.4176-3] 0.5026-3] 0.4715-3]
0.75 0.7758-2] 0.6735-2] 0.8027-2] 0.9200-2] 0.1607-1] 0.1904-1] 0.1834-1]
1.00 0.4085-1] 0.3429-1] 0.4015-1] 0.4654-1] 0.8134-1] 0.9472-1] 0.9405-1]
1.25 0.974f-1] 0.7886-1] 0.9033-1] 0.1051 0.1829 0.2093 0.2142
1.50 0.1577 0.1241 0.1392 0.1613 0.2782 0.3134 0.3299
J=1
0.25 0.2916-9] 0.2845-9] 0.3911-9] 0.4259-9] 0.7632-9] 0.9531-9] 0.8840-9]
0.50 0.4495-4] 0.4379-4] 0.5818-4] 0.6321-4] 0.1166-3] 0.145(-3] 0.1365-3]
0.75 0.214f-2] 0.2079-2] 0.2701-2] 0.3009-2] 0.5548-2] 0.6795-2] 0.6529-2]
1.00 0.1398-1] 0.1342-1] 0.1701-1] 0.1944-1] 0.3586-1] 0.4315-1] 0.4240-1]
1.25 0.4077-1] 0.3883-1] 0.4809-1] 0.5621-1] 0.1038 0.1226 0.1230
1.50 0.7955-1] 0.7494-1] 0.9096-1] 0.1084 0.2003 0.2327 0.2364

L max Was set to 9 fod=1.

thereby indicating that the convergence of the phase shifhifts. First, the phase shift increases monotonically as the
with Ly, IS satisfactory. sophistication of the calculation increases. Second, the
The agreement of the CIKOHNphase shifts with the CC(3) phase shift is very close to CIKOHNphase shift at
BNW and Giens-wave phase shifts is generally very good. the lowest momentum. As the momentum increases the dif-
In some instances the BNW phase shifts are a bit smalleferences between these two calculations increases. At the
than the Gien phase shifts, in these cases the CIKOHN|owest momentum, the positron is less likely to penetrate
phase shifts are in better agreement with the Gien phasgose to the nucleus, and therefore the dominant atomic ef-
shifts. The overall comparison with the Gien results and prefect is the ay/(2r%) dipole polarization potential. Since the
vious experience on the positron-hydrogen sysfeinsug-  CC(3) model gives the dipole polarizability exactly, it is ex-
gest that CIKOHN phase shifts are accurate to about 1%.pected to give an accurate phase shift very close to threshold.
Any residual error will probably lead to the exact phaseas the energy increases, the positron has a larger probability
shifts being underestimated. For most momenta theyf penetrating closer to the nucleus and therefore short-range
CIKOHN., phase shifts are more positive than those of Gierelectron-positron correlations become more important.
and in these cases it is ||ke|y that the present phase shifts are The annihilation parameter genera”y shows a tendency to
slightly more accurate. increase in magnitude as the sophistication of the calculation
The CIKOHN., p-wave phase shifts are also in reasonablés improved. One salient feature is the stronger contribution
agreement with the variational phase shifts of GI&6l.  made by the extrapolation correction to final valueZ{.
The size of theLyg,—c correction is less than 1% at all g gjze of the correction was about 15% @f). The
momenta listed in Table Ill. The tendency for the CIKOEIN o o inilation parametd(lfg is more slowly conver-
phase shifts to b? sll_ghtly larger than those of Gien can b%ent and therefore the calcula?ions were done Wjth, in-
gil;?\rtllyar?]o?g plrnedc;ics?atlon that the present phase shifts a eased to 9. Elven so, the correction constitutes 18% of the
: '\nal value onfeﬁ) atk=1.0ay". If it is assumed that the ex-

The uncertainties in the phase shifts are largest at sm . o )
- : . “trapolation correction itself has an uncertainty of 20%, then
momenta for two distinct reasons. First, the relative contri-

Lo (L

butions of the polarization interactions to the phase shifts ar'® N€t uncertainty i,y could be about 4%. 0
largest at these momenta. Although the number of short- |he most notable feature of the energy depenfjlentzérpf
range basis functions used to describe the positron channil its extremely small size of 4107 at k=0.25%, -15Th'25
associated with dipole excitations was large, the long rangEanslates to an annihilation cross section of B ">ma,.
of the dipole interaction does slow convergence. It is pos- "€ small cross section is basically duevi) which im-
sible that incompleteness of the radial basis could lead tedes the ability of the positron to tunnel through the repul-
errors of order 1%. The other area of uncertainty lies in theSivé Coulomb potential. As the energy decreases further the
accuracy of the regular and irregular Coulomb functions. Thénnihilation rate becomes minute, and at close to thermal
numerical procedures used to compute to these functions afdergies, i.ek=0.0%,", considerations based on the CWBA
most slowly convergent and most susceptible to round-offuggest thaZy) should be of order IG™
errors at small values . The slower convergence (}Z(elf? was also present for

Some interesting trends are seen when one examines tp@sitron-hydrogen scatterin@]. The slow convergence of
CC(1) — CC(3) — CC(3) — CIKOHNg— CIKOHN,, phase ijf; is known to result from the strong localization of the
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TABLE V. The phase shifts; in radians for positron scattering from2fi The columnk reports momentum ilaal. The numbers in
square brackets denote powers of 10.

k CWBA ccl) CC3) cC3) CIKOHNg?  CIKOHN.  Gien(E6PS Model
J=0
050  -0.109p-9] -0.108%-9]  0.9746-5]  0.1487-4]  0.1483-4]  0.1483-4] 0.1513-4]
100  -0.278p-4] -0.267§-4]  0.3206-3]  0.5093-3]  0.5389-3]  0.5391-3] 0.5503-3]

1.50 -0.1536-2] -0.1458-2] 0.5074-3] 0.1841-2] 0.256%-2] 0.257%-2] 0.256-2] 0.2692-2]
2.00 -0.1006-1] -0.9392-2] -0.5311-2] -0.1747-2] 0.1174-2] 0.1213-2] 0.116-2] 0.122%-2]
2.40 -0.238p-1] -0.2203-1] -0.1691-1] -0.1171-1] -0.659%-2] -0.6533-2] -0.662-2] -0.7593-2]

2.50 -0.281f-1] -0.2588-1] -0.2061-1] -0.1510-1] -0.9462-2] -0.9396-2] -0.1078-1]
3.00 -0.518p-1] -0.4729-1] -0.4191-1] -0.3539-1] -0.2757-1] -0.2749-1] -0.3189-1]
J=1
0.50 -0.10f-10] -0.120Q-10] 0.8867-5] 0.1349-4] 0.1349-4] 0.1349-4] 0.1357-4]
1.00 -0.292p-5] -0.2894-5] 0.2271-3] 0.3486-3] 0.359%-3] 0.3596-3] 0.3647-3]

150  -0.190p-3] -0.1883-3]  0.9096-3]  0.1561-2]  0.1796-2]  0.1799-2]  0.179-2] 0.1837-2]
2.00  -0.14901-2] -0.1467-2]  0.9243-3]  0.2660-2]  0.3713-2]  0.3731-2]  0.37Q-2] 0.3770-2]
2.40  -0.405p-2] -0.397{-2] -0.627§-3]  0.2216-2]  0.4309-2]  0.4344-2]  0.429-2] 0.4118-2]
250  -0.492B-2] -0.482%-2] -0.1270-2]  0.1863-2]  0.4245-2]  0.428%-2] 0.3913-2]
3.00 -0.1058-1] -0.1027-1] -0.5930-2] -0.880{-3]  0.253§-2]  0.259§-2] 0.7832-3]

A naxWas set to 9 fod=1.

electron and positron clouds in the vicinity of each other. The It is noticeable that the relative size of thg,,,— > cor-
presence of the additional centrifugal barrier for thel  rection forzgf)f is largest at the smallest momentum. Previous
partial-wave results in the region of the maximum electroncalculations on neutral targets also had relatively larger
positron overlap being further from the nucleus, and thus the ,,— o« corrections closer to thresho[@]. This is true for
maximum angular momentum of the nuclear centeredhe multiply charged ions as weliefer to Tables VI, VI,
partial-wave expansion of the scattering wave function needand X). Part of the reason may be due to the fact that the
to be increased. radial basis was optimized &t=(Z-1). A poorer optimiza-
tion of the LTO exponents for the highér values at low
momenta leads to the successive incremengeﬁajecaying

] o N too quickly. If this is the case, thehfj# could be systemati-
The major source of uncertainty in the annihilation Pa-cally too large by a couple of percent at the smallest mo-
rameter is the contribution from the extrapolation correction,enta.

In orde_r to do thls_ reliably it is necessary_to compman_d On the other hand, the relative contribution of the,,

p; precisely. This in turn requires calculations for a series of . % correction to the phase shift is smallest at small mo-
Lmax that are close to exact. Fortunately, the two major conmenta. The repulsive potential prevents the positron from
tributions leading to errors from a given calculation tend Otunneling into the electron charge cloud, and therefore short-
cancel each other. range electron-positron correlations are relatively less impor-

The first source of error is that _the value QOes tend tant in the scattering proce&he small size osz} is consis-
to change withlL 5. The asymptotic valu@,=2 is usually tent with this explanation

approached from below ds,,,, increaseg23]. Typically, p;
is about 1.80 for most of the calculations reported here.

Comment on the extrapolation correction

V. POSITRON SCATTERING FROM MULTIPLY

Therefore, this leads to the _correction being ove_restimated. CHARGED IONS
Another source of error is of course the radial basis. In
order to compute the successive increments With, ex- Tables V—X give the phase shifts and annihilation param-

actly one needs a radial basis that is complete. Since theters for multiply charged hydrogenic ions?t,i Be**, and
increments represent tiaéferencebetween two calculations, F&*. The calculations performed used basis sets which were
any incompleteness in the basis is amplified. We have novery similar in size to those performed for the *Hgystem.
ticed thatp, tends to decrease as the dimension of the radialhe exponents of the LTO basis for each ion were reopti-
basis is increased. The radial basis used in the present calamized atk=(Z-1).

lations are large, but not complete. This mepp$ends to be The comparison with the phase shifts of G[éh for Li2*
overestimated for any specific calculation with a finite basisand B* is generally very good with agreement at the 1—-2%
This has been noticed in earlier CI-Kohn calculations of thdevel being typical. Once again, the CIKOENbhase shifts
€'Cu system[23]. Therefore truncation of the radial basis are slightly more positive than those of Gien, which suggests
results in the extrapolation correction being underestimatechat they may be slightly more accurate.
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TABLE VI. The annihilation parametezfjf)f for positron scattering from Bf. The columrk reports momentum ia(‘)l. The numbers in
square brackets denote powers of 10.

k CWBA CcC(l) CC3) cC(3) CIKOHNg? CIKOHN.. Model
J=0
0.50 0.2560-8] 0.2433-8] 0.2829-8] 0.3018-8] 0.4294-8] 0.4890-8] 0.4539-8]
1.00 0.318p-3] 0.2995-3] 0.3420-3] 0.3684-3] 0.5235-3] 0.5894-3] 0.5612-3]
1.50 0.113p-1] 0.1042-1] 0.1169-1] 0.1277-1] 0.1810-1] 0.2008-1] 0.1965-1]
2.00 0.5328-1] 0.4767-1] 0.5243-1] 0.5774-1] 0.8159-1] 0.8913-1] 0.8982-1]
2.40 0.1015 0.88821] 0.9632-1] 0.1062 0.1494 0.1614 0.1662
2.50 0.1136 0.98981] 0.1070 0.1179 0.1657 0.1786 0.1847
3.00 0.1659 0.1423 0.1523 0.1671 0.2337 0.2492 0.2626
J=1
0.50 0.799[-9] 0.788§-9] 0.9987-9] 0.1039-8] 0.1468-8] 0.1706-8] 0.1638-8]
1.00 0.1138-3] 0.1121-3] 0.1366-3] 0.1434-3] 0.2080-3] 0.2432-3] 0.2334-3]
1.50 0.484f-2] 0.4750-2] 0.5635-2] 0.6075-2] 0.8802-2] 0.1012-1] 0.9923-2]
2.00 0.2765-1] 0.2691-1] 0.311§-1] 0.344¢-1] 0.4979-1] 0.5625-1] 0.5632-1]
2.40 0.6110-1] 0.5899-1] 0.6739-1] 0.7549-1] 0.1093 0.1218 0.1233
2.50 0.7087-1] 0.6830-1] 0.7780-1] 0.8747-1] 0.1266 0.1407 0.1472
3.00 0.1222 0.1167 0.1318 0.1526 0.2195 0.2407 0.2426

L maxWas set to 9 fod=1.

The following ordering CQCl)<CWBA<CC(3) electron distribution will be closer to the nucleus. Therefore
< CIKOHN.,, < CIKOHN.,, of the magnitude ozfjhl is rigor-  the region where electron-positron correlations are important
ously obeyed by all the results given in Tables IV-X. Thisis located closer to the origin and consequently the conver-
ordering is a measure of the variational flexibility of the pos-gence of the partial-wave expansion is faster.
itron basis in allowing the positron to approach the nucleus
and overlap with the electron. It is also noticed that the rela-
tive difference between the CWBZy and the CIKOHN The s-wave phase shifts initially increase as the energy
estimates ofZ.; decreased aZ increased. This is readily increases from threshold. This is simply explained by con-
seen in Figs. 5 and 6 which are discussed in more detail latesideration of the effective potential for positron-ion scatter-

There was another consistent variatiori@ﬁ with Z. The  ing.
relative size of the extrapolation correction became less im- The residual interaction[after subtraction of the
portant asZ increased. As the nuclear charge increases, thasymptotic(Z-1)/r potentia] consists of two parts. At long

Heuristic description of phase-shift behavior

TABLE VII. The phase shiftss; in radians for positron scattering fronf'8 The columnk reports momentum ila{)l. The numbers in
square brackets denote powers of 10.

k CWBA cCo(l) oo ) cci) CIKOHNg  CIKOHN,  Gien(E6PS Model
J=0
1.00  -0.1184-9] -0.1208-9]  0.5029-5]  0.7651-5]  0.7653-5]  0.7653-5] 0.7872-5]

2.00 -0.280p-4] -0.2754-4]  0.1457-3]  0.2414-3]  0.258¢-3]  0.2591-3] 0.253-3] 0.2662-3]
3.00 -0.141p-2] -0.1371-2] -0.5023-3]  0.1244-3]  0.4723-3]  0.4761-3] 0.466-3] 0.4983-3]
400 -0848p-2] -0.8153-2] -0.6521-2] -0.5022-2] -0.380{-2] -0.378§-2] -0.38G-2] -0.4174-2]

5.00 -0.219B-1] -0.208¢-1] -0.1887-1] -0.1677-1] -0.145¢-1] -0.145§-1] -0.1634-1]
6.00 -0.378f-1] -0.3590-1] -0.3412-1] -0.327{-1] -0.2907-1] -0.290%-1] -0.3218-1]
J=1
1.00  -0.146-10] -0.157-10]  0.622§-5]  0.6931-5]  0.6936-5]  0.6936-5] 0.7060-5]

2.00 -0.390f-5] -0.3882-5] 0.156%-3] 0.1750-3] 0.1823-3] 0.1823-3] 0.176-3] 0.1861-3]
3.00 -0.2295-3] -0.2280-3] 0.550%-3] 0.6176-3] 0.7476¢-2] 0.7492-3] 0.741-3] 0.7712-3]
4.00 -0.161B-2] -0.1597-2] 0.1931-3] 0.2747-3] 0.7766-3] 0.783%-3] 0.759-3] 0.7213-3]
5.00 -0.483¢-2] -0.4768-2] -0.1876-2] -0.1782-2] -0.706%-3] -0.6930-3] -0.1451-2]
6.00 -0.9506-2] -0.9348-2] -0.5576-2] -0.4556-2] -0.5067-2] -0.5052-2] -0.5838-2]
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TABLE VIII. The annihilation parametezfjfz for positron scattering from 8. The columnrk reports momentum iagl. The numbers in
square brackets denote powers of 10.

k CWBA cCol) (oo c)) cci) CIKOHNg CIKOHN,, Model
J=0
1.00 0.3965-8] 0.3873-8] 0.4275%-8] 0.4413-8] 0.5416-8] 0.583§-8] 0.5490-8]
2.00 0.456f-3] 0.4432-3] 0.4812-3] 0.5021-3] 0.6150-3] 0.6583-3] 0.6293-3]
3.00 0.1468-1] 0.1404-1] 0.1500-1] 0.1582-1] 0.1931-1] 0.2045%-1] 0.1997-1]
4.00 0.624p-1] 0.5849-1] 0.6165-1] 0.6531-1] 0.7946-1] 0.833¢-1] 0.8305-1]
5.00 0.1214 0.1119 0.1168 0.1237 0.1500 0.1559 0.1582
6.00 0.1640 0.1502 0.1545 0.1577 0.1969 0.2033 0.2118
J=1
1.00 0.162p-8] 0.1616-8] 0.1821-8] 0.1876-8] 0.2329-8] 0.2561-8] 0.2433-8]
2.00 0.212p-3] 0.2113-3] 0.2391-3] 0.2451-3] 0.3037-3] 0.3314-3] 0.3184-3]
3.00 0.810p-2] 0.8016-2] 0.9139-2] 0.9291-2] 0.1149-1] 0.1239-1] 0.121¢-1]
4.00 0.412p-1] 0.4049-1] 0.4657-1] 0.4695-1] 0.5795-1] 0.6174-1] 0.6110-1]
5.00 0.948p-1] 0.9257-1] 0.1079 0.1084 0.1346 0.1420 0.1395
6.00 0.1489 0.1446 0.1697 0.1792 0.1989 0.2081 0.2174

distances there is the adiabatic polarization potential which is The maximum positive value of the phase shift is quite
written asV ~ —ay/ (2r#). The polarization potential is largest small for all the systems considered. This is not surprising
at the edge of the ground-state charge distribution. Thesince the polarizabilityxy=4.5/Z* is small forZ=2. Since
there is the increased nuclear repulsion that is seen whenewéére polarizability decreases asincreases it would be ex-
the positron is inside the electron charge distribution. pected that the magnitude of the phase shift at its maximum
The attractive interaction is the more important term atpositive value should decrease Zsincreases, and this is
low energies. The asymptotiz—1)/r repulsion acts to keep what happens.
the incident positron away from the interior region of the Research on atomic systeri®20,29-31 has shown that
target. Therefore, the increased nuclear repulsion has a sméltlere is a dynamical connection between the size of the low-
impact on the phase shift since the amplitude of the scatteenergy phase shifts and the annihilation parameter. An attrac-
ing wave function is small here. However, as the kinetictive interaction leads to the amplitude of the wave function
energy of the positron increases, it is more likely to tunnelbeing larger close to the origin, and therefore can be ex-
through the Coulomb barrier into the inner region of thepected to increase the annihilation parameter. However, the
atom. When this occurs, the increased nuclear repulsiomaximum positive value of the phase shift obtained in all the
starts to have an impact and the phase shift then becomeslculations was no larger than 0.015 rad. The small size of
negative. the phase shift suggests that the effective polarization poten-

TABLE IX. The phase shiftss; in radians for positron scattering fron¥* The columnk reports momentum ilaal. The numbers in
square brackets denote powers of 10.

k CWBA cCo(l) cCm) cci) CIKOHNg CIKOHN.. Model
J=0
2.00  -0.958-10]  -0.94Q-10] 0.1941-5] 0.2952-5] 0.2954-5] 0.2954-5] 0.3011-5]
400  -0.215p-4]  -0.2131{-4] 0.4289-4] 0.7884-4] 0.8600-4] 0.8605-4] 0.8956-4]
6.00  -0.101p-2]  -0.9996-3]  -0.6980-3]  -0.474%5-3]  -0.350{-3]  -0.3489-3]  —0.3470-3]
8.00  -0.570p-2]  -0.558%-2]  -0.5056-2]  -0.455%-2]  -0.4153-2]  -0.4148-2]  —0.4366-2]
10.00  -0.140f-1]  -0.1363-1]  -0.1310-1]  -0.123§-1]  -0.117%-1]  -0.117%-1]  -0.1242-1]
1200  -0.232p-1]  -0.2257-1]  -0.2183-1]  -0.2114-1]  -0.2182-1]  -0.2181-1]  -0.2162-1]
J=1
2.00  -0.139-10]  -0.135-10] 0.1756-5] 0.2647-5] 0.2650-5] 0.2650-5] 0.2702-5]
400  -0.348p-5]  -0.3477-5] 0.4020-4] 0.6376-4] 0.6692-4] 0.6693-4] 0.6904-4]
6.00  -0.190p-3]  -0.1893-3]  -0.323¢-5] 0.1175-3] 0.1675-3] 0.1680-3] 0.1787-3]
8.00  -0.124p-2]  -0.1233-2]  -0.8712-3]  -0577{-3]  -0.401%-3]  -0.3994-3]  -0.4429-3]
10.00  -0.3482]  -0.3459-2]  -0.287{-2]  -0.2387-2]  -0.2190-2]  -0.2187-2]  —0.2435-2]
12.00  -0.651p-2]  -0.6448-2]  -0.5263-2]  -0.4537-2]  -0.4804-2]  -0.4800-2]  -0.5436-2]
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TABLE X. The annihilation parameteZ(le} for positron scattering from&. The columnk reports momentum iagl. The numbers in
square brackets denote powers of 10.

k CWBA col) CC(3) cC(3) CIKOHNg CIKOHN., Model
J=0
2.00 0.530p-8] 0.5244-8] 0.5556-8] 0.5639-8] 0.6306-8] 0.6585-8] 0.6303-8]
4.00 0.574p-3] 0.5664-3] 0.5933-3] 0.6072-3] 0.6777-3] 0.7030-3] 0.6813-3]
6.00 0.1715-1] 0.1674-1] 0.173%-1] 0.1787-1] 0.199¢-1] 0.2050-1] 0.2015-1]
8.00 0.6787-1] 0.6546-1] 0.6732-1] 0.6951-1] 0.7721-1] 0.7911-1] 0.7873-1]
10.00 0.1243 0.1188 0.1214 0.1258 0.1389 0.1417 0.1427
12.00 0.1599 0.1526 0.1548 0.1603 0.1727 0.1755 0.1831
J=1
2.00 0.2525-8] 0.2517-8] 0.2736-8] 0.273§-8] 0.3079-8] 0.3253-8] 0.3175-8]
4.00 0.3097-3] 0.3084-3] 0.3300-3] 0.3351-3] 0.3762-3] 0.3940-3] 0.3892-3]
6.00 0.108p-1] 0.1079-1] 0.1139-1] 0.1172-1] 0.1313-1] 0.1365-1] 0.1362-1]
8.00 0.5095-1] 0.5042-1] 0.5276-1] 0.5479-1] 0.6133-1] 0.6334-1] 0.6363-1]
10.00 0.1094 0.1078 0.1134 0.1187 0.1308 0.1341 0.1360
12.00 0.1622 0.1594 0.1704 0.1858 0.1950 0.1994 0.2009

tial has a relatively minor influence upon the size of the The annihilation of positrons in the model is written as
annihilation parameter. This point will be verified later. [29]

VI. MODEL POTENTIAL DESCRIPTION
2, (49)

Z(J):fd3rG r)|®(r
In this section a model potential description of the eff 311)|®5(r)

positron-ion collision is presented using the method of . .
Mitroy and co-workers[29,32. The effective Hamiltonian where p;(r) is the electron density of theslground state
for the positron moving in the field of the ion is approxi- and ®,(r) is the positron scattering function for the scatter-

mated by the model potential, ing wave function with angular momentudn The enhance-
—_1g2 ment factorG; is introduced to take into consideration the
H==3V5+ Vair(ro) + Vpol(ro) - (47) impact that electron-positron correlations have in increasing

The repulsive direct potentiaVy, is computed from the the annihilation rate. In previous works, a common value of
ground-state wave function of the target ion. The polariza—J was adopted for all partial waves. A different enhancement

tion potential is given the form factor was adopted for the different partial waves because
calculations revealed thdb, was consistently bigger than
v _ ag[1-exp(-r%p%] 48 Gy. This is understandable since the centrifugal barrier will
pol(T0) = or4 ' (48) lead top-wave annihilation occurring at larger values rof

o than s-wave annihilation. Therefore, the nuclear Coulomb

where ay=4.5/2"ag for the hydrogenic ions. potential Z/r will have less impact in disrupting electron-

The adjustable parametgris fixed by tuning the model positron localization. Enhancement factors are often used in
potential phase shift to give a reasonable fit to the CIKQHN the calculation of the annihilation rate of positrons in
phase shifts. Values qf are giVen in Table XI. The phase condensed-matter Systerﬁ%_ga'
shifts from the model potential calculation are tabulated in The valence enhancement faC@ﬁ is Computed by the
Tables IlI, V, VII, and IX. The model potential phase shifts simple identity
track the CIKOHN, phase shifts reasonably well although
there is a tendency for the model potential phase shifts to be ng}Kohn

slightly too negative at the largest momenta. G (50)

J~ Zg;model'

TABLE Xl. The parameters of the model potential. (J)Kohn

whereZ is the annihilation rate of the positron with
the valence orbitals as given by tk@BKOHN,, calculation

on (2o Go G andz\i™*'is the annihilation rate predicted by the model
Het 1.218 2.52 3.00 potential calculation witlG;=1. Values ofG; are listed in
Li2* 0.837 1.83 2.05 Table XI. The model potential phase shifts aZ@ are
B4+ 0.540 141 1.50 listed in Tables IlI-X. The deviation from th€EIKOHN,,
= 0.310 1.20 1.26 values onfjf} does not exceed 10% for any of the entries in

Tables 1V, VI, VIII, and X. This is an impressive result
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TABLE XIl. The total Zg for a number of ions at different 0.10 -
values of 1m=k/(Z-1). The CIKOHN, values are used fozg;} - —
andzgf); and the higher partial-wave contributions fram2, 3, and 0.08 Z B
4 are taken from the model potential using the parametersd G; —_1=
of Table XI. The numbers in square brackets denote powers of 10. /v7¥:"f/f
0.06- i
T e-cwBA
1/9 He" Li2* B4 F8* //;/ a-CC(1)
v/ ® - CIKOHN
0.04{ < _cca)
0.25 0.484-8] 0.670-8] 0.861-8] 0.102-7] . M
0.50 0.655-3] 0.83§-3] 0.103-2] 0.116-2] 2 4 , 6 8 10
0.75 0.264-1] 0.31§-1] 0.359-1] 0.378§-1]
1.00 0.144 0.159 0.166 0.168 FIG. 5. Thes-wave annihilation parametdg# at p=1.0 as a
1.25 0.357 0.369 0.365 0.353 function of Z for various approximations®, CWBA; A, CC(1);
1.50 0.613 0.606 0.552 0.528 V¥V, CC(3); E, CIKOHN,. The horizontal line across the right axis

denotes th&Z=« value for the CWBA.

though the absolute changes are small. However, the annihi-
lation parameters changed fronzggzo.0883 to Z(e?f)
=0.0858 and fronZ,;=0.0495 toZ}/=0.0484. The net de-
crease in the annihilation parameter is about 4% forshe

. > wave and 2% for th@ wave. Although the polarization po-
are used for thd=0 andJ=1 partial waves. The contribu- (eniia| does increasf the positron gensitypin the viciniqy of
tions from J=2,3, and 4used Eq.(49) with G;=G,. An the nucleuge.g., the positive phase shiftis has a minimal
estimate of the importance of the high&rvalues can be effect upon the annihilation rate. The minor increase caused
gauged by comparison of Table XII wigtf; given in Tables by the overlap effect demonstrates that the cluster effect is
IV, VI, VIII, and X. The difference between the sum Zﬁ; the dominant cause of the annihilation enhancement for pos-
andZ\l andZ. in Table Xl is due to the contribution from itron scattering from positive ions.

the higher partial waves. The relative contribution from the This partly explains the ability of the model with a simple
higher partial waves is largest at the highest momentum, buicaling factor to reproduce the more sophisticated variational
even here it does not exceed 25%. The partial-wave sum fdi@lculation. In effect, the relative unimportance of overlap

Z.« converges quickly with) and theJ=4 term makes a enhancement in increasing the annihilation parameter means
cgntribution of 1% or less. that it is not sensitive to the fine details of the polarization

potential. The rapid variation in the annihilation parameter as

the positron energy approaches threshold is largely driven by

VIl. ON THE NATURE OF ANNIHILATION kinematic factors related to the ability of the positron to tun-
ENHANCEMENT nel into the repulsive Coulomb barrier.

The electron-positron interaction modifies the scattering__ 11€re are some numerical regularities present in Table XI.
wave function in two respects. gThe product(G;—-1)(Z-1) is almost constant for all the dif-

(i) The attractive polarization potential leads to positive €7€nt ions. The product is approximately equal to 1.5Xor

phase shifts at threshold. This implies an increase in the pos?—0 and approximately equal to 2.0 fa=2. The values op

itron charge density in the vicinity of the target electron scale roughl_y as 7. S('J?C.e the specific val_ue ¢f does not
charge distribution. This will be referred to as theerlap ~ Nave much impact o, it should bp; possible to apply the
enhancement and there are a number of studies of positroRf€Sent model to predict values gty for other ions. The
atom scattering showing the correlation between a large scagh0icesp=2.5/Z, andGy~1+1.50A2-1) andG,=G,~1
tering length and a large threshoBly. As an aside, it is +2.0/(Z-1) would seem to be reasonable.
worth remarking that it is the vanishingly small overlap be- Figure 5 p|0t32$2 versusZ at constants. The CWBA
tween the electron and positron wave functions for positiveesult increases monotonically frodr2 to Z=9. This can
ions at thermal energies that leads to the mirfigeat these be easily explained by reference to the relative size of the
energies. classical turning radius.; to the mean orbital radiusgr)

(i) The attractive nature of the electron-positron interac=1.5/Z of the ground-state hydrogenic ion at constgnAt
tion leads to a localization of the positron in the vicinity of Z=2 the ratioZr./1.5 is 8/3, which decreases to 4/3 As
the electron. This effect will be called thdusteringeffect ~ —oe. The tendency for the positron to penetrate deeper into
and is well known in condensed-matter systef88,34, the electron cloud aZ increaseq» constant explains the
positron-atom  scattering systemg20,29,30,3% and tendency forzgf)f) to increase. However, the CIKOHNcal-
positron-atom bound stat¢$9,37). culation shows a tendency to decreaseZascreases. The

The L”* model potential calculation &=2.0 has been ability of electron-positron correlations to increase the anni-
repeated with the polarization potential set to zero. When thigilation rate diminishes aZ increases. The stronger Cou-
is done, the phase shifts change fropr0.116x 102rad to  lomb field of the target inhibits electron-positron localization
8=-0.939x 102 rad and froms,=0.376x102rad to 8;  and thereforeZ. enhancement due to the clustering effect
=-0.147x 1072 rad. The phase shifts have changed sign alwill decrease.

when one considers that the calculations f8f §o up to
about1000 eVpositron energy.

Table XIlI gives the total. at the common values of 4/
for the four different ions. The CIKOHNcalculations 01Zf;f)f
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2(1') . e which explicitly include the electron-positron distance in the
0.064 “eft __—* scattering wave function. Indeed, we believe that the present
/ /v;: phase shifts are marginally more accurate than those of Gien
p /‘/‘ since they are slightly more positive. Besides giving close to
0.0 //,/' ] converged phase shifts, results are also presented for a num-
/'/ ::8\&?;\ ber of less sophisticated models which restrict the allowable
002! ¢ / " -CIKOHN | excitations of the target electron. Such calculations are useful
y v-CCE) as benchmarks in developing alternative methods to compute
3 2 A A 10 positron-ion scattering.
z In common with other positron scattering calculations

with a single-center basis it is found that the convergence is
slow with respect to the maximum orbital angular momenta
of the basis states included in the partial-wave expansion of
the wave function. The convergence problems were not as
severe as for neutral systems since the region of strong
electron-positron localization occurs closer to the origin. It is
The plot of Zyy versusZ shown in Fig. 6 shows some found that convergence of the annihilation parameter is
differences in qualitative behavior from tisevave plot. The  sjower for p-wave than fors-wave scattering. This is com-
p-wave CWBA plot is reminiscent of the-wave plot; ng) patible with earlier calculations for neutrals and suggests the
increases monotonically fromd=2 to Z=9. Once again, the electron-positron localization occurs further from the origin
relative size of the classical turning radius to the mean ordue to the presence of the centrifugal barrier.
bital radius, i.e.Zr./1.5 decreases &increases at constant ~ However, extrapolations in angular momentum were
7. But, unlike the case fal=0, the CIKOHN. result shows needed in order to mopup the last 0.1-2% of the phase shift
a tendency to increase with increasidg This is a conse- and the last 5—-20% of the annihilation parameter. While the
quence of the centrifugal barrier which acts to suppress thextrapolation correction is probably the largest source of er-
ability of the positron to penetrate into the electron cloud.ror in the tabulated phase shifts and annihilation parameters,
The relative importance of the centrifugal barrier is strongelit should be noted that a 20% error in tﬁg extrapolation
at smaller values oZ. Therefore, thep-wave CWBA value  correction would only lead to a 4% error in the final value of
increases by a factor of 3.6 froi=2 to Z=9 while the 7))

. . . (J) eff . i .
corresponding increase in treewave CWBA value ofZ One of the more interesting results of the present work is
was only a factor of 1.5. The tendency for tigewave  the importance of cluster enhancement of the positron anni-
CWBA to increase more quickly with increasing over-  hjlation rate even for strong Coulomb fields. Even for the
whelms the tendency for the clustering effect to decreas@eavily ionized B* system, there is still a 20% enhancement.
with increasingZ and the net effect is @ that decreases The annihilation parameter at thermal energies is micro-
with increasingZ. scopically small due to the diminishing amplitude of the pos-

itron wave function as it tunnels through the repulsive Cou-
VIIl. CONCLUSIONS lomb barrier. This means that losses due to annihilation do

o ) _not have to be considered in cooling schemes involving posi-
The Kohn variational method using nuclear centered basi§ye ions and positronf38—41.

functions has been applied to the calculation of the phase

FIG. 6. Thep-wave annihilation parametd(elﬁ) at »=1.0 as a
function of Z for various approximations®, CWBA; A, CC(1);
V., CC(3); B,CIKOHNL,,. The horizontal line across the right axis
denotes th& =~ value for the CWBA.

shifts and anni_hiIaFion parameters for_ positron scattering ACKNOWLEDGMENTS
from hydrogenlike ions. The phase shifts agree very well
with those of a previous variational calculation by G[é&r6] This work was supported by a research grant from the
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