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Reversible Combination of Inequivalent Kinds of Multipartite Entanglement
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We present a family of tripartite entangled states that, in an asymptotical sense, can be reversibly con-
verted into Einstein-Podolsky-Rosen (EPR) states, shared by parties B and C, and tripartite Greenberger-
Horne-Zeilinger (GHZ) states. Thus we show that a bipartite and a genuine tripartite entanglement can
be reversibly combined in a tripartite state. For such states the corresponding fractions of GHZ and
EPR states represent a complete quantification of their (asymptotical) entanglement resources. More
generally, we show that AB, AC, and BC EPR entanglement and GHZ entanglement can be reversibly
combined in a single tripartite state. Finally, we generalize this result to any number of parties.

PACS numbers: 03.67.Hk, 03.65.Bz, 03.65.Ca

Understanding the inequivalent ways in which the parts
of a composite system can be entangled is one of the cen-
tral open questions of quantum information theory. When
the system consists of only two parts, A and B, and it
has been prepared in a pure state |i/)4p, then its entangle-
ment properties are qualitatively equivalent to those of an
Einstein-Podolsky-Rosen (EPR) state [1],
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in the following sense [2]. If two parties, Alice and Bob,
share N copies of the system in state |¢/)4p and are allowed
to perform local operations assisted with classical commu-
nication (LOCC), then they can transform, reversibly in
the large N limit, the state of their systems into NE(i/4p)
copies of an EPR state (1), where E(i4p) is the entropy of
entanglement of state |/ )45, namely, the von Neumann en-
tropy of the reduced density matrix describing either part
A or B. Thus, reversibility of asymptotical conversions jus-
tifies that we regard all bipartite pure-state entanglement as
equivalent and quantify it by means of E(¢4p).

It has been recently shown [3] that a Greenberger-
Horne-Zeilinger (GHZ) state [4]
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of a tripartite system is inequivalent, even in this asymp-
totic sense, to EPR states distributed among the parties.
This indicates that there is genuine tripartite entanglement.
Similarly [3] (see also [5]), for any number n of parties
sharing a system, the n-partite GHZ state
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cannot be reversibly converted by means of LOCC into
any distribution of entangled states, each one involving
less than n parties. Here we will refer to entanglement
of the form (3) as canonical. Thus, in the general case of a
m-partite system, one can find at least 2" — m — 1 kinds
of entanglement that are asymptotically inequivalent. They
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correspond, for each n = 2,...,m, to all m!/[n!(m —
n)!] kinds of n-canonical entanglement, that is involving
different subsets of n parties [6].

In this Letter we show that inequivalent kinds of mul-
tipartite entanglement can be reversibly combined into a
pure state by means of LOCC. More specifically, we show
that all kinds of n-canonical entanglement, n = 2,...,m,
can be combined in a m-partite state, and then again
reextracted, with asymptotically vanishing losses.

For instance, we will prove that N copies of some tri-
partite state
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can be reversibly transformed, in the limit N — %, into
copies of an EPR state shared by Bob and Claire, and
copies of a GHZ state, that is,

l)®N ~ |EPRpc)®N'c @ |GHZ)®Nasc, (5)

This means that the asymptotical entanglement properties
of |¢) can be completely characterized by simply specify-
ing the values of Igc and lspc. Some other states |¢f) of
three parties will be reversibly converted into the three in-
equivalent kinds of bipartite EPR states and GHZ states, so
that their entanglement can be characterized by the multi-
component measure Ly = (Iap, lac, Ipc; lapc). For an ar-
bitrary number m of parties, a (2" — m — 1)-component
measure will also quantify the entanglement properties
of some other states |/"") by providing the amount of
all inequivalent kinds of n-canonical entanglement (n =
2,...,m) that can be reversibly extracted from them.

While it is not yet clear how many asymptotically in-
equivalent kinds of entanglement exist, not even whether
there is only a finite number of them for the simplest non-
trivial case (i.e., for tripartite systems), our results arguably
help in the ongoing effort [3,5,7] to understand and clas-
sify multipartite quantum correlations, as they show for the
first time that it is possible to quantify the entanglement of
a given state by relating it to several inequivalent forms of
entanglement.

l) = c0l000) + c1|1) —= (I11) + [22)) “4)
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We start by analyzing the asymptotic properties of the
tripartite state ) € ¢? ® ¢3 ® ¢3 given by Eq. (4),
where cg,c; = 0, c(% + ¢i = 1. We will show how the
parties can extract, from N copies of it and by means
of LOCC, up to Nc? + g1(N) EPR pairs between Bob
and Claire and NS(c3,c?) + g2(N) GHZ states, where
S(x}) = — 3, xilogyx; and both g1(x)/x and g(x)/x
vanish as x — . We will then prove that the same
amounts of canonical entanglement—up to corrections
that vanish as N — co—suffice to create the state |¢)®V
(actually a state as faithful to |¢)®Y as wished if N
can be made arbitrarily large). Therefore we will have
Igc = ¢} and lapc = S(ch,c?). Finally, we will then
describe generalizations of this result to all possible kinds
of canonical entanglement and to an arbitrary number of
parties.

Let us consider, then, two copies of |¢/), which after
some convenient relabeling of the local orthonormal basis
in HV=2 = ¢* ® ¢° ® ¢° can be written as

1
|)®* = cil1%) N 11919y + 12929y + 13930 + [494D))
1
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By means of a local measurement the parties can project
the state (6) into one of the three subspaces characterized
by a constant coefficient ke (k =0,1,2). We point
out the relevant fact that either Alice, Bob, or Claire could
perform such a measurement locally because |¢) is a linear
combination cg|¢;) + c1|ds) of two locally orthogonal
states |¢;), i.e.,

Trlpfpj]=0 Vi #j, a=AB,C, (7)

where p|* is the reduced density matrix of |¢;) for sub-
system «, and this implies that the three subspaces of (6)
are also locally orthogonal; in other words, the parties can
manipulate locally each of these subspaces independently.
If the result of the measurement corresponds to k = 0,
then Bob and Claire will be sharing a 22-level maximally
entangled state, that is, two EPR pairs. If the outcome
corresponds to k = 1, then the parties end up sharing an
EPRpc state and a GHZ state, as can be straightforwardly
checked by expanding |EPRpc) ® |GHZ) as a linear com-
bination of product states. Finally, an outcome related to
the subspace k = 2 leaves the parties with a product state
[000). This structure of outcomes easily generalizes to the
case of N copies. Let us call block (N, k), denoted by
|By x), the normalized projection of |#)®" into the sub-
space characterized by the coefficient cl(; c{v k. that is,

N
)N = ke by 1By, (8)
k=0

byy = NV/[k(N — k)!].
that [By ) is of the form
e
Jrt

A direct computation shows

|By i) = {I (11) + 12Y28) + -+ + 7))
+ 25y (N5 15) + 12525y + - + [rhr))
+ 1Y AT + 1282) + - + Irfrf)),
9
where r =2V 7k = bn ik, and the local states satisfy
@ik | jiy = 8 j0kwbap in both Bob and Claire and
@i | ¥y = 8,6 1 in Alice. Notice that (9) is equivalent
to the tensor product of an r-level EPR state and a ¢-level
GHZ state,

|By i) = (% ; |ii>3c> ® (% ; |iii>>
= |r — EPRpc) ® |t — GHZ). (10)

Thus, by means of a local measurement projecting onto
these blocks, the parties will obtain state (10) with proba-
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correspond, respectively, to the fraction lpc of EPRpc¢
states and to the fraction l4gc of GHZ states that are
obtained, on average and per copy of |¢), from [i)®N
[8]. Because of the smooth behavior of the functions
(N — k)/N and (log,byx)/N compared to the bino-
mial distribution Py, we can calculate the expectation
values (11)—up to corrections that vanish in the limit
N — o—by just evaluating the two functions at the
peak of Py, namely, at kpax = Nc%, which gives us the
announced amount of entanglement for each of the two
canonical forms.

Let us look now at the inverse transformation. We start,
for clearness sake, by showing that two EPRgc and two
GHZ states suffice to create state (6) locally and with cer-
tainty. Let us expand |[EPRp¢)®? ® |GHZ)®? as

). The expectation values

(1)
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3110 7 1 + 1202+ 13450 + et
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+ 121 7= (11315) + 1220) + 1333) + [434))
Nz

+ 110 —= (171D + [212]) + [313]) + [414}))

1
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F ) (212 + (2222 + [3232) + |4%4%>>}.
(12)

In this expression [cf. Eq. (6)] we would like to give the
first row a weight c%; in both the second and third rows
we should get rid of [3737) and |4747) and give each of the
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rows a weight cgcy; the fourth row should be reduced to
a product state with weight cg. After these changes have
been made, we will have state (6). We first note that the
parties can transform, with certainty, the two GHZ states
into a triorthogonal state with arbitrary relative weights,

4

4
% iy — D Alidi), (13)
i=1

by means of a local positive operator-valued measurement
(POVM) {0;}, j = 1,...4, on (any) one of the parties fol-
lowed by an outcome-dependent, local unitary U; applied
once in each of the parties’ subsystems. Here O; is propor-
tional to >; A;li ®4 j)(i @4 j| [9] and U; takes |i &4 j)
into |i) on each local subsystem. The tensor product of
two EPRpc states with the resulting state in (13) is equiva-
lent to (12) but with row i having weight A;. Bob and
Claire can now address each of the four rows locally and
reduce their length at wish. Indeed, in order to shorten the
fourth row into a product vector, one of them, say, Bob,
can perform a POVM with four positive operators

0 =@+~ 3 P,

i=1,...,4, (14
2 j=234

where P; is a projector onto the local subspace support-
ing row j, e.g., P» =Y, lii)(il|; then Bob and Claire
need to relabel the surviving term |i 121' 12> of the first row as
[131%). By means of similar POVMs followed by outcome-
dependent local unitaries, Bob and Claire can also tailor
the second and third rows so that they contain only two
product terms each. Explicitly, a two-outcome POVM that
reduces the second row reads

of = )il + 2i2h@i2il + 7 > P
j=134
1 15)
= BN+ a4l + 5 D> P
j=134
Notice that such measurements do not modify the relative
weight of the rows. A proper choice of the coefficients A;
in the first step of the transformation, namely A; = c%,
Ay = A3 = cqco, and Ay = c(z), completes therefore the
protocol for preparing two copies of [i).
In the case of a large number N of copies the parties start
with several EPRg- and GHZ states, and want to create a
state

ING) =K Z kb g IByg),  (16)
k=k_
such that F = |<N;If7+ | @)% =1 — h(N), where

h(x — ) = 0, that is, a state which asymptotically can-
not be distinguished from |¢)®V. We note that an arbitrary
faithfulness can be achieved, asymptotically, by consid-
ering only the blocks |By x) [cf. Eq. (9)] that correspond
to k’s around k. = Ncé. Indeed, a straightforward
computation of the fidelity shows that it suffices to take
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ke = c{N * aNP for some @ >0 and 1/2 < B < 1:
by noting that a binomial distribution is asymptotically
equivalent to a normal (Gaussian) distribution, the fi-
delity F can be seen to be bounded from below by
®Q2aNA™12), where ®(x) = 1/27 [* e /2 dy. For
our choice of «, 8, we see that F — 1 when N — <,
As with the N = 2 case, our plan is [starting from a
reasonable amount of EPRp- and GHZ states, which
can be expanded in the fashion of (12)] (i) to modify
conveniently the weight of each row in the expansion
and (ii) to shorten the length of each row, in order to
obtain the pattern of lengths given by the block structure
of (16). Notice that a straightforward generalization of
(13) provides row i with an arbitrary weight A; by locally
manipulating the initial GHZ states, and we have also
already seen how to shorten each row independently
by means of a local POVM in either Bob’s or Claire’s
side (see POVMs (14) and (15) as examples). Thus,
the only question left concerns the amount of canonical
entanglement required to produce all blocks |Byy) in
(16). Since we have a mechanism to shorten but not
to lengthen the rows, the number of EPRp¢ states must
allow one to obtain the longest rows, which are those of
the block |N, k_) and contain 2V 7%~ product terms each.
That is, N — k— EPRpc¢ states will suffice. The total
number of GHZ states required is the logarithm of the
total number of rows in (16), and thus reads as follows:
log,(Xie byi). Let ko € [k_,k.] be the value that
maximizes by in this interval. Then the amount of GHZ
states required to prepare (16) is bounded from above by
log,[(k+ — k— + 1)byy,]- Finally, substitution of k+
and ko in this bound and the previous estimation for
EPRp¢ states shows that both amounts of canonical en-
tanglement needed to prepare (16) are the expected ones,
apart from corrections which scale sublinearly in N and
that therefore become irrelevant for N sufficiently large.
This concludes the proof that state (4) is asymptotically
equivalent to canonical entanglement.

We can now generalize the previous example and re-
versibly combine the three kinds of bipartite entanglement
and the canonical tripartite entanglement in a single state.
Indeed, the tripartite state,

") = col000) + c1l1) —= (I11) + [22))

\/_

1
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+ ez = (144) + I55)15), 17)
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can be transformed by means of LOCC into EPR states
shared by two parties and into GHZ states, with the asymp-
totic ratios being l4p = c%, lac = c%, and lgc = c% for
the bipartite entanglement and Iygc = S({c7}) for the tri-
partite entanglement.

This result follows from considering analogous trans-
formations to the ones described above. The expansion
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of the state of N copies of |¢') into locally orthogonal
subspaces such as in (8) depends now on three indepen-
dent indices, with the weights defining the block structure
being cp’ct ex’ey 77" The binomial probability dis-
tribution is replaced by a multinomial distribution, centered
at k; = Nc?, and each one of the new blocks | BN ko ) 1)
is equivalent to the tensor product of some number of GHZ,
EPR4g, EPR4¢, and EPRp( states. A local measurement
onto the blocks leads, for sufficiently large N, to the de-
sired expectation values for the fractions of canonical en-
tanglement. Conversely, these amounts of entanglement
suffice to create all of the relevant blocks |By x, 4, k,)- This
is done by introducing some weights A; in the initial GHZ
states and by locally tailoring the (now multidimensional)
rows in the pertinent expansion, as we explained in the
previous example.
More generally, let the m-partite state

/

lp"y = > cild) (18)

i=0

be a linear combination of locally orthogonal states [see
Eq. (7)] such that each one is the tensor product of a
canonical state |7;) (3) for n; of the parties, and a prod-
uct vector for the remaining m — n; parties [10]. Then N
copies of the state |i/"") are asymptotically equivalent to
Nc§ copies of |o), . .., Nci copies of |7;) and to NS({c?})
copies of a m-canonical state, i.e.,

l

) = [® |»r,->®NC?} ® (10°) + 197,
i=0
(19

In this Letter we have provided examples of multipar-
tite states whose entanglement properties can be classified
and quantified in relation to the set of canonical states (3).
The criteria underlying such classification is the asymptoti-
cal equivalence of states under LOCC. We have shown
that at least in some cases, namely, for states of the form
(18), this criteria brings a significant simplification to the
general problem of classifying entanglement. Indeed, our
results show that the states (18), which depend on the
set of continuous nonlocal parameters {c;}, contain only a
finite set of inequivalent forms of entanglement. We have
gone further and quantified the amount of each form of
entanglement contained in state (18), which gives rise to
a multicomponent measure. We do not know to what ex-
tent the coefficients, as well as the reference states of this
measure, are essentially unique.
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