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1. INTRODUCTION

The emission of radiation from a relativistic parti�
cle in a periodic layered structure has been tradition�
ally considered in the Bragg scattering geometry for
the case when reflecting layers are parallel to the input
surface (i.e., for the case of symmetric reflection).
Radiation in a periodic layered structure was usually
considered as resonant transition radiation [1, 2]. In
[3], radiation from a multilayer periodic structure was
represented as the sum of diffracted transition radia�
tion (DTR) and parametric X�ray radiation (PXR). In
the above publications, radiation from a relativistic
particle in a multilayer medium was considered in the
Bragg scattering geometry for the particular case of
symmetric reflection of the particle field relative to the
target surface (for diffracting layers parallel to the tar�
get surface). In [3], radiation was analyzed analo�
gously to coherent radiation induced by a relativistic
electron in a crystalline medium [4–7]. 

Here, we develop a dynamic theory of coherent
radiation in an artificial periodic structure in the Laue
scattering geometry for an arbitrary asymmetry of
reflection of the electron field relative to the target sur�
face (i.e., for an arbitrary angle between the reflecting
structure and the target surface). An important feature
of the geometry considered here is that in contrast to
the traditional Bragg scattering geometry [1–3], emit�
ted photons move forward and intersect the target. The
possibility of changing the photon yield of coherent
radiation in a crystal due to dynamic effects in radia�
tion (in particular, asymmetry in the field reflection
relative to the target surface) has been demonstrated
earlier [8–10]. The influence of the reflection asym�
metry on the radiation yield in a crystal is confirmed
by the results of experiments in [11]. In [10], coherent
X�ray radiation in a direction close to that of the veloc�
ity of a relativistic electron crossing the crystal was

considered as the sum of the contributions of forward
parametric X�ray radiation (FPXRs) and transition
radiation (TR) (Fig. 1).
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Fig. 1. Geometry of emission: θ and θ' are angles of inci�
dence of radiation, θB is the Bragg angle, δ is the angle
between the plate surface and the diffracting layers, and k
and kg are the wavevectors of the incident and diffracted
photons.
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In this paper, we consider coherent radiation gen�
erated by a relativistic electron in an artificial periodic
medium as a result of operation of two coherent radi�
ation mechanisms (PXR and DTR). Emission occurs
in a different direction (see Fig. 1), namely, in the
direction of Bragg scattering of pseudophotons of the
Coulomb field of an electron from a system of diffract�
ing layers of the target material. The expressions for
the spectral�angular radiation density induced by a
relativistic electron crossing the artificial multilayer
periodic structure formed by alternating layers of sub�
stances with sharply differing permittivities in the con�
sidered radiation frequency range will be obtained
using the two�wave approximation of the dynamic dif�
fraction theory. Analysis of these expressions shows
that dynamic diffraction effects can noticeably mani�
fest themselves in the radiation emitted by a relativistic
electron in a periodic layered medium. Moreover, it is
shown that under almost analogous conditions, the
photon yield in a periodic layered structure is almost
an order of magnitude higher than the photon yield in
a crystalline medium due to the dynamic effects.

2. RADIATION FIELD AMPLITUDE

Suppose that a relativistic electron crosses at veloc�
ity V a multilayer structure (see Fig. 1) of thickness L,
which is formed by periodically arranged amorphous
layers with thicknesses a and b (T = a + b is the period
of the structure) and susceptibilities χa and χb, respec�
tively. In Fig. 1, µ = k – ωV/V2 is the momentum com�
ponent of a virtual photon, which is perpendicular to
velocity V (μ = ωθ/V, where θ � 1 is the angle between
vectors k and V), θB is the Bragg angle, and ϕ is the azi�
muthal angle of incidence of radiation measured from
the plane formed by electron velocity vector V and vec�
tor g perpendicular to the reflecting layers. The length
of vector g can also be expressed in terms of the Bragg
angle and Bragg frequency ωB: g = 2ωBsinθB/V.

In [10], a theory of coherent X�rays propagating in
the direction of vector k (see Fig. 1) close to the direc�
tion of the velocity of a relativistic electron was con�
structed, in which radiation was treated as the sum of
FPXR and TR. However, in the two�wave approxima�
tion of dynamic diffraction theory [12], each photon
moving in direction k corresponds to a photon propa�
gating in direction kg = k + g (see Fig. 1), and waves
from one direction are permanently pumped in the
crystal in the other direction and back. Here, we con�
sider radiation from a relativistic electron in an artifi�
cial periodic structure in the kg direction. Having per�
formed analytic procedures for the kg direction, which
are analogous to the procedures described in [10], we
obtain for radiation in the k direction the following
expressions for the radiation field as the sum of the
contributions from the PXR an DTR:
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s( )

,+=
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Expressions (1b) and (1c) are the amplitudes of the
PXR and DTR fields, respectively, in the direction of
the Bragg vector (vector kg in Fig. 1). It is noteworthy
that these expressions differ from those for the corre�
sponding field amplitudes (see expressions (18b) and
(18c) in [10]) in the direction of the velocity of an elec�
tron emitting FPXR and TR (vector k in Fig. 1).

In expressions (1), we used the following notation,
which is analogous to that from [10]:
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γ0 = cosψ0, γg = cosψg, ψ0 being the angle between
wavevector k of the incident wave and vector n normal
to the plate surface and ψg being the angle between
wavevector kg and vector n (see Fig. 1), and

(3)

For the value of parameter s = 1, radiation field
amplitudes (1) describe σ�polarized fields, while for
s = 2, these amplitudes describe π�polarized fields.

Quantities χ0 and χg for the artificial periodic struc�
ture under investigation have the form

(4)

An important parameter in expression (2) is
parameter ε, which can be written in the form
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this parameter determines the degree of asymmetry of
reflection of the fields relative to the target surface.
Here, θB is the angle between the electron velocity and
reflecting layers and δ is the angle between the surface
of the target and the reflecting layers. It should be
noted that the angle of incidence δ – θB of an electron
on the target surface increases with decreasing param�
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metric reflection, these angles are different (see
Fig. 2). Here, ε = 1 and δ = π/2 in the symmetric case
and ε ≠ 1 and δ ≠ π/2 in the asymmetric case.

Substituting expression (2) into (1b) and (1c), we
can write the latter expressions in the form
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Fig. 2. Asymmetric (ε > 1, ε < 1) reflections of radiation
from the target. The case ε = 1 corresponds to symmetric
reflection.
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(6b)

where

(7)

The PXR yield is mainly formed by only one of the
branches corresponding to the second term in expres�
sion (6a). This can easily be verified directly, but the
real part of the denominator in this term vanishes. The
solution to the corresponding equation
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defines frequency ω∗ in the whose vicinity the spec�

trum of PXR photons emitted at a fixed angle of obser�
vation is concentrated.

Substituting expressions (6a), (6b), and (1a) into
the well�known [13] expression for the spectral�angu�
lar density of X�rays,

(9)

we obtain the following expressions describing the
contributions from the PXR and DTR mechanisms to
the spectral�angular density of radiation, including
that for the term that results from the interference of
these radiation mechanisms (subscript “INT”):
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(12a)
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Subsequently integrating expressions (10)–(12)
with respect to frequency, we obtain the following
expressions describing the angular density of radiation:
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The consequent expressions (10)–(12) and (13)–
(15) are the main result of this study. Their relations
make it possible to analyze the spectral�angular radia�
tion characteristics in an artificial multilayer periodic
structure in the Laue scattering geometry taking into
account manifestations of dynamic effects both
known in the physics of scattering of free X�rays in a
crystal [12] and those predicted by the authors for
scattering of pseudophotons of the Coulomb field of a
relativistic electron in a crystal [8–10].

3. PARAMETERS OF DYNAMIC X�RAY 
SCATTERING

As mentioned above, the reflections from a multi�
layer artificial periodic structure are traditionally ana�
lyzed only in the Bragg scattering geometry in the
symmetric case, when the layers are parallel to the tar�
get surface, although radiation in a crystalline medium
is mainly studied in the Laue scattering geometry for
the reasons familiar to experimenters. The expressions
derived here make it possible to analyze the depen�
dence of the radiation parameters on thicknesses a and
b of different amorphous media with corresponding
dielectric susceptibilities χa and χb, as well as on sym�
metry parameter ε (see expression (5)) for a preset
Bragg angle θB, which determines angle δ between the
reflecting layers and the target surface.

Parameter ν(s) (3) assuming values from the interval
0 ≤ ν(s) ≤ 1 defines the degree of reflection of the field
from the periodic structure, which is determined by
the type of interference (constructive with ν(s) ≈ 1 or
destructive with ν(s) ≈ 0) of the waves reflected from
different planes. If g = 2π/T, this parameter can be
written in the form
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dielectric susceptibilities of the amorphous media
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ν(s)  0, and the medium becomes homogeneous; in
this case, there are naturally no reflections because the
periodic structure does not exist, dN/dΩ = 0.

Parameter ρ(s) = /Labs (3) characterizes the
extent of X�ray absorption by a periodic medium and
is defined as the ratio of the extinction length

to the absorption length

for X�rays in the periodic structure. It should be
noted that at a depth equal to the extinction length,
the energy of the primary wave is pumped completely
to the secondary wave propagating in the Bragg
direction.

Parameter κ(s) (3) defines the extent to which the
effect of anomalously low photoabsorption (Borman
effect) is manifested in the transmission of X�ray pho�
tons through an artificial multilayer periodic structure
(this effect is well known in the physics of X�ray scat�
tering in a crystal [14]). The manifestation of the Bor�
man effect in a crystal for coherent X�rays with differ�
ent symmetries of reflection was studied in [8]. A nec�
essary condition for the manifestation of the Borman
effect is κ(s) ≈ 1 both for the crystalline and for the arti�
ficial periodic structure. In this case, the expression for
Δ(1) in relations (7) indicates that the value of Δ(1)

decreases upon an increase in parameter κ(s); at the
same time, the PXR damping decreases (see expres�
sion (10b)) because the product ρ(s)Δ(1) characterizing
absorption decreases. Hence it follows that under cer�
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χb' χa'–

1–
=

Labs
T
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tain conditions, the Borman effect can also be mani�
fested in the emission of coherent X�rays by a relativ�
istic particle in artificial multilayer periodic structures.

4. NUMERICAL CALCULATIONS

Expressions (10a), (11a), (12a), and (13)–(15)
derived above for coherent X�rays emitted by a relativ�
istic charged particle in a periodic multilayer medium
formed the basis for numerically calculating the spec�
tral�angular radiation distribution for various parame�
ter values of the diffracting structure (material and
thickness of the target layers), the degree of asymmetry
in radiation reflection, and the energy of the emitting
particle.

To compare the radiation yields from a relativistic
particle in a crystal and in an artificial multilayer struc�
ture, we plotted the PXR angular density curves (ωB =
8 keV) for a tungsten (W) crystalline target (Fig. 3a)
and for a multilayer periodic structure consisting of
amorphous beryllium (Be) layers and W (Fig. 3b). The
curves are plotted in accordance with formula (13).
The electron path length Le = 56 μm in the target and
asymmetry parameter ε = 3 are chosen identical for
both cases. It follows from Fig. 3 that the PXR angular
density for the multilayer periodic structure exceeds by
many times the angular density of PXR from the crys�
tal. The ratio of the total yields of PXR photons is

/  ≈ 15. The increase in the radiation yield is
due to the fact that the spectral width for the multilayer
periodic structure (Fig. 4b) turns out to be much larger
than the spectral width for the crystal (Fig. 4a) because
an electron intersects a much smaller number of inho�
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Fig. 3. Angular densities of PXR emitted by a relativistic electron crossing a W crystal plate (a) and Be–W artificial periodic lay�
ered structure (b) for ε = 3, Le = 56 μm, E = 250 MeV, ωB = 8 keV, L = 16 μm (a), 2 μm (b), θB = 20° (a), 2.2° (b), δ = 37° (a),

4.5° (b), Nph = 6 × 10–4 (a), 9 × 10–3 (b), and aBe = bW = 10–3 μm.
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mogeneities in the former case. The curves describing
the PXR spectrum and shown in Fig. 4 were plotted
using formula (10b).

The radiation yield of emitted photons can also be
increased by changing the asymmetry of the field
reflection relative to the target surface so that parame�
ter ε becomes larger (Fig. 5). In this case, the PXR
spectral density in the multilayer medium and in the
crystal [8] increases due to the increase in the peak
width in the PXR spectrum, which is associated with a
change in the resonance width (8) upon a change in
reflection asymmetry parameter ε.

Figures 6–8 show the angular distributions of the
angular density of radiation (ωB = 250 eV) in the case
when a relativistic electrons crosses the artificial mul�
tilayer periodic structure consisting of beryllium (Be)
and molybdenum (Mo) layers. Figure 6 demonstrates
a substantial yield of X�rays with an energy of 250 eV
(which cannot be attained when a crystal radiator is

used); such radiation is widely used, for example, in
modern X�ray diagnostics in medicine. The thickness
of the multilayer structure (43 μm) for which the
curves in Fig. 6 are plotted is high enough to ensure
complete absorption of transition radiation generated
at the front surface of the structure. The curves for the
angular densities of DTR and PXR in Fig. 7 are plotted
for the same conditions as in Fig. 6, but for a thin tar�
get (4.3 μm) in which DTR is almost not absorbed.
The PXR angular density distribution curves in Figs. 6
and 7 have almost the same amplitude due to satura�
tion of the amplitude of radiation from the thick tar�
get. Figure 7 shows that the additional contribution to
the photon yield of diffracted transition radiation in
this case becomes significant; DTR is concentrated in
the range of small observation angles. If the energy of
an electron incident on the multilayer target increases,
the DTR spectral�angular density becomes substan�
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Fig. 5. The same as in Fig. 3b, but for asymmetry parame�
ter ε = 6, L = 1 μm, δ = 3°, and Nph = 2.8 × 10–2.
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tially higher, which follows from comparison of the
curves in Figs. 7 and 8.

5. CONCLUSIONS

In this study, a theory of coherent X�ray radiation
emitted by a relativistic electron crossing an artificial
periodic layered structure in the Laue scattering
geometry has been developed. The expression describ�
ing the spectral�angular characteristics of radiation
emitted in the direction of Bragg scattering of
pseudophotons of the Coulomb field of the particles
are derived. It is shown that the radiation yield in the

artificial periodic structure substantially exceeds the
radiation yield in a crystal under analogous conditions
because the spectral width of radiation from the mul�
tilayer periodic structure is larger due to the fact that
the number of inhomogeneities crossed by the elec�
tron in the target is smaller in this case. The possibility
of an additional increase in the photon radiation yield
due to a change in asymmetry of reflection is demon�
strated. Our results can be used for designing an alter�
native quasi�monochromatic X�ray source, which can
be tuned smoothly in frequency. The high efficiency of
an artificial multilayer medium in generating X�rays
with an energy on the order of 250 eV, which is widely
used in modern X�ray diagnostics in medicine, is dem�
onstrated.
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