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Abstract—We consider nonlocal boundary value problems for three harmonic functions each
of which is defined in its own domain. A contact condition is posed on the common part of
the boundaries of these domains, and the Dirichlet or Neumann data (or mixed boundary
conditions) are given on the remaining parts of the boundary. We prove the unique solvability
of these problems.

1. STATEMENT OF THE PROBLEMS

Let D, 1 < p < 3, be a finite domain bounded by a simple piecewise smooth contour on
the plane. The set of endpoints of smooth arcs comprising this contour will be denoted by F?.
We assume that the interior angles of the domain D? at the points 7 € F'? are not equal to 0 or 27;
i.e., the points 7 are not cusps of the contour 9D*. Let all contours D have a common smooth
arc ' = 'y with endpoints 7; and 7,. This arc is directed from 7; to 75, and all domains D lie to
the left of this arc. The complement OD?\T'; is denoted by I', 1 <p < 3. Consider three problems
arising in the theory of stratified sets [1].

Problem D. Find a family of three functions u? € C(DP\F?), 1 < p < 3, that are harmonic
in D? and satisfy the boundary conditions

out  our o’
'll/l:'ll/z:ug, %‘F%‘I‘%:O on F07 (1)
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where n is the unit outward normal. At the points 7 € F?, the functions u?(z) = u?(x,y), where
z = x + 1y, can have singularities of logarithmic type; i.e., u?(z)|z —7|* — 0 forany ¢ > 0 as z — 7.

Problem N is stated in a similar way with conditions (2p) replaced by the conditions

ouP

rr i (R*Y, 1<p<3, (2n)

v
s

where the prime stands for the derivative with respect to the arc length parameter.
Let the curve I’ be divided into two parts I'}, k = 0, 1.

Problem DN is stated in the same way as above with conditions (2p) and (2y) replaced by
the boundary conditions

ouP

rri (R*Y, 1<p<3. (2pn)
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Throughout the following, in Problems D and N, we assume that I} is a smooth arc with end-
points 74 and 7. In Problem DN, the curves I'} with endpoints 75, 77, k = 1,2, which comprise I'}
are assumed to be smooth arcs.
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Obviously, Problem D, N, and DN can be restated for analytic functions ¢? whose real parts
coincide with the harmonic functions u?. Since the imaginary parts of the functions ¢? are defined
up to a constant, it follows in view of the Cauchy—Riemann conditions that the boundary conditions
acquire the form

Re (¢' — ¢*)Ir, = Re(¢” — ¢®)Ir, =0, Im (¢' + ¢* + ¢*)|r, = C, (3)
Re ¢*|rr = ¢, (4p)
Im ¢”|re = A7, (4n)
Re ¢’ |rr = g7, Im ¢*|py = h?, (4pn)

with some constant C' € R. Just as above, the corresponding problems are referred to as Prob-
lems D, N, and DN.

2. MAIN RESULTS FOR THE GENERAL BOUNDARY VALUE PROBLEM

Problems D, N, and DN are nonlocal Riemann boundary value problems, which were studied in
detail in [2, 3]. Let us state the main results for these problems. We start from the case of a single
domain D bounded by a piecewise smooth contour 90D without cusps. This contour consists of
m smooth arcs I'y,...,I[',, and the set of endpoints of these arcs is denoted by F. (Obviously,
it consists of m elements.) Each arc I'; is assumed to be oriented, so that the domain D lies either
to the left or to the right of I';. Accordingly, we set 0; =1 and 0; = —1, and as a result we obtain
the orientation signature o = (o;)7".

Let us choose smooth parametrizations «y, : [0,1] — I'; coordinated with the sense of the arcs I';.

To a function ¢ analytic in the domain D and continuous in D\ F, we assign the family ¢I = (¢ )7

7,J
of its boundary values transferred with the use of these parametrization to the interval (0,1) of the
real line:

¢y = (P31 1 =9 o ()
Consider the nonlocal Riemann problem
Rea¢l = f, (6)

where a(s) = {a;;(s)} € C[0,1], is an m x m matrix function and f is a real m-vector function
defined and continuous on the interval (0,1). In coordinates, this boundary condition can be
represented in the form of m linear relations

m
+ o .
Reg Qs g — Jir 1 <i<m.
j=1

Let us describe the Holder classes in which the problem will be considered. Let C*(D) be the
space of functions satisfying the Holder condition with exponent 0 < p < 1in the closed domain D.
By C*,(D, F') we denote the class of functions ¢(z) that are analytic in the domain D and satisfy

the condition o
¢-(2) = ep(z — T)"FJ@(z) € CH(DP),  é.|p =0,

for each £ > 0. Obviously, a function ¢(z) of this class satisfies the Holder condition with exponent
1 outside any neighborhood of the points 7 € F' and admits singularities of logarithmic type at
these points. On the contrary, let us introduce the class C*(D, F') of functions ¢(z) analytic in D
and satisfying the condition

¢-e(2) = [Mrcpn(z —7)" Fl@(2) € CHDT),  -.|p =0,

for some £ > 0. The functions of this class satisfy the Holder condition (with some small exponent)

in the entire closed domain D and vanish at the points 7 € F. Finally, let C’&O) be the class

obtained as the extension of the class C%, by polynomials. (One can restrict considerations to
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polynomials of degree < m — 1, where m is the number of points in the set F.) In a similar way,
one can introduce the classes C’([0,1];0,1) for vector functions f(¢) on the interval (0,1) with

respect to the weight function [t(t — 1)]#*=.

We consider problem (6) in the classes C¥,(D, F) and in the class Cé‘+0)(5, F) of functions

that are continuous in the closed domain D; we assume that the right-hand side belongs to the
corresponding class. In the case of the class C7, (D, I'), the values f(0) and f(1) of the right-hand
side f € CF,([0,1];0,1) should be subjected to necessary matching conditions. They are given by
some linear relations that provide that, for a given function analytic in D), there exists a function
Y € C(D) such that the corresponding right-hand sides in the boundary condition (6) for the
difference ¢P — 1P are zero at the endpoints of the interval [0, 1].

For the smoothness of the data of our problems, we assume that the arcs I'; belong to the class
C#10 (i.e., admit parametrizations v whose derivatives 7} belong to the class C**¢[0, 1] with some
g > 0). In a similar way, we assume that the matrix function a(s) occurring in the boundary
condition (6) belongs to the class C*°[0, 1].

The above-described statement includes the case of several domains D as well. Let domains D?,
p=1,...,s, be unrelated and satisfy all above-mentioned conditions. Let the arcs I'?, 1 < i < m?,
the set F? of their endpoints, the terminal arcs T(7), and the curvilinear sectors S¥(7), 7 € F?,
be defined on the basis of D? just as above. The set of m? arcs I'? is denoted by {9DF}. We set
m =m' +---+m® and number the disjoint union [ J,{8D"} in a unified manner as I';, 1 < j < m.
Thus, we write I'; € {0D?} meaning that I'; = I'Y for some p and i.

The signature of the orientation ¢ is also defined in a unified way: o; = 1 if the arc I'; € {9.D"}
has the positive sense with respect to the domain DP (i.e., leaves this domain on the left), and
0; = —1 otherwise. Let the parametrizations 7, of the arcs I'; have the same meaning as above.
Starting from a family ¢ = (¢?) of functions ¢ analytic in D?, we form an m-vector function
¢, of their boundary values on the interval (0,1) by setting ¢, ,; = (¢*)" o, for I'; € {9DP}.
Then problem (6) for the considered family ¢ can be posed in a similar way. The notation of the
above-introduced classes remains the same for these families.

Let the matrix a” be obtained from a by the rule

- a;; for o;=1
(a%)is = {Eij for o; = —1.
In other words, the jth columns of the matrices a” and a coincide if o; = 1 and are complex
conjugate if 0; = —1. In particular, @’ = a™7.
We say that problem (6) has normal type if deta”(t) # 0, 0 < t < 1. We assume that this

condition is satisfied and set
b= (a”)’lﬁ". (7)

There exists an arbitrarily small » > 0 such that the disks with centers 7 € F'? and radius r are
pairwise disjoint and intersect the domain DP over curvilinear sectors S(7) = SP(7) with vertex 7.
If 7 is an endpoint of the arc I'; € {0DP}, then the intersection of the above-mentioned disk with
I'; is given by the arc I';(7) with endpoint 7. It is convenient to set

Ii(r) — FEO) it 7 is the left endpoint of I';
' Fgl) otherwise.

We denote the lateral sides of the sector S = S(7) by 9%S(7) and assume that the rotation
from 975 to S around the vertex 7 inside the sector is counterclockwise. Therefore, the set

of 2m lateral edges of all m sectors SP(r), 7 € FP, 1 < p < s, coincides with the set {I*),
1 <i<m, k=0,1}. We number these terminal arcs in a unified manner as I'¢z), 1 < k < 2m.
Consider the 2m x 2m matrix function V' (¢) of the complex variable ¢ with entries

‘/k'r’(C) _ {eit?C if {F(k),r(r)} — {(’9+57 ({975} (8)

0 otherwise,
where S is one of the m sectors SP(7), 7 € FP, 1 < p < s, and 0 is the opening angle of that sector.
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This matrix is entirely determined by the geometric properties of the domains D? that form the
set D). Next, we introduce the constant 2m x 2m matrix B with entries

bi;(0) if Ty =11, Ty =T
Bir =9 0,1) if Ty =T, Ty =T )
0 otherwise.

The matrix function (V + B)({) analytic on the entire plane is referred to as the terminal symbol
of the problem. The meromorphic function

det(V + B)(¢)
det(V + 1)(Q)

tends to nonzero limits as Im{ — +o0, Re( = const; thus, the projection of the zeros of the
function det(V + B)(() onto the real axis is a discrete set. Let a > 0 be small enough to ensure
that these zeros are absent in the strip —a < Re( < 0. Set

—a+i00o

o

~ L ndets — -2 | det(v*“ﬂ , (10)

2ms 2mi HW

—a—1i00

where the expressions in brackets are determined by continuous branches of the logarithm and the
vertical bar stands for the increment in the corresponding limits. One can readily show that s is
an integer.

Theorem 1. Suppose that all arcs I'; belong to the class CY#9 (that is, to CH*+ with some
£ > 0), the matriz function a(t) belongs to C*°(0, 1], and problem (6) is a problem of normal type.
Then this problem is Fredholm in the class C*,, and its index s is equal to »o + s, where s is the
number of domains D¥. More precisely, the following assertions hold.

1. The homogeneous problem (6) has k < oo linearly independent solutions in the class C*,.

2. The inhomogeneous problem with right-hand side [ € C*, is solvable in this class if and only
if the orthogonality conditions

/f(t)gi(t) t(td_t 0 0, 1<i<Kk, (11)

are satisfied with certain linearly independent vector functions g; € CYy, 1 < i < k.
3. k—kK = .

The product fg; in the integrand in (11) is understood as the inner product of the m-component
real vectors f and g;. The product of the functions f € C*; and g; € C%, belongs to C%,, and
hence these integrals are well defined.

Under certain conditions, Theorem 1 permits one to study the solvability of problem (6) also in
the class C* (D) C C(D).

Theorem 2. Suppose that the matriz function ((V + B)"*(¢) occurring in the assumptions of
Theorem 1 has no poles on the imaginary azxis. Then each solution ¢ € C*, of problem (6) with

right-hand side f € C¥, belongs to the class C}' In particular, s is also the index of the problem

(+0)°
in the class C{ .

Let us present an assertion on the additional smoothness of a solution.
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Theorem 3. Under the assumptions of Theorem 1, suppose that the function a(t) belongs
to CL#1010,1). Then each solution ¢ € C", of problem (6) with right-hand side f € C", such

that ~
J) =ttt =1 [f'{t) € CL,

has a similar property; i.e.,
¢"(2) = Trem(z — 7T)(@7) (2) € CHo(DP),  p=1,2,3. (12)

If, in addition, the assumption of Theorem 2 holds and the function [ belongs to C%y, then o
belongs to C%o(D?) as well.

The verification of the condition det(V + B) # 0 and the condition for the inverse matrix
(V + B)~! in Theorem 2 is simplified if the matrix V' + B has a certain block-diagonal structure.

We say that a 2m x 2m matrix = (2,)?™ is block-diagonal with respect to some partition
E = (L)} of the set of terminal arcs if its entries xy, are zero whenever I,y € F; and I',y € I,
i # j. The multiplication of such matrices is reduced to the block multiplication of their diagonal
blocks LE(El) = {mkr,F(k),F(r) < El}

Accordingly, det x = II; det 2(F;), and for deta # 0 the inverse matrix 2! has the same block-
diagonal structure with diagonal blocks 2~ '(F;) = (k)| L.

For definitions (8) and (9), one can conclude that the matrix V' has block-diagonal form with
respect to the partition G of the set of terminal arcs into the pairs G?(7) = {6 S?(7)} with diagonal

blocks
VIC,Gr(r)] = €% (0 1) ,
1 0

where 0 is the opening angle of the sector S?(7).
In a similar way, the matrix B is block-diagonal with respect to the partition into two sets
P={" 1<i<6}and I' = {1 <i<m}:

B(I°) = b(0), B(I') = b(1).

Suppose that the m x m matrix a of problem (6) is block-diagonal with respect to some partition
O4,...,0; of the arc set {I'y,...,I',,}. In other words, a;; =0ifI'; € O,, I'; € O, and p # q.

Consider the partition O of the set of terminal arcs into 2k elements 0O, = {Fgr),l“j € O,},
r=0,1,1 <p <s. Obviously, the matrix B has block-diagonal form with respect to this partition.
Consequently, if each element of the partition IV consists of whole elements of both the partition &
and the partition O, then the matrix V 4+ B has block-diagonal form with respect to the partition
E. In this case, for the increment of the argument in the index formula (10), we have the relation

—adico B L] det(V + B)(¢, Ex)
= Z ori {ln det(v + 1)(C, Ex) }

—a—100 k=1

—a+i00o

1 [ det(V +13)(<)} 13)

omi | det(V + D)(C)

—a—1i00

3. PROBLEM D

Let the arcs I'y = I'§ and T'}, 1 < p < 3, comprising the boundary contour dD? of the domain
DP belong to the class C1#1? and have positive sense with respect to DP. We number these arcs

in a unified manner,
(Fé7 F%7 Fg7 F%,F%, F?) - (Fh ce 7F6)'

Then for the lateral sides of the three sectors SP(71) and S?(73), we have the expressions
0" S¥(ry) = F;O), 1<p<3,
oS ) =18, o Sm) =1, o) =1
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and

9~ SP(m) :FS), 1<p<3,

oS (m) =17, 7SN (m) =17, 978 (m) =T,
respectively.

In the chosen numbering, we write out Problem D with the boundary conditions (3) and (4p)
in the form (6) with 6 x 6 matrix

a = diag(ay, as), (14)
where
1 -1 0 1 0 0
ay = 0 1 -1/, =10 1 0
-1 -1 —1 0 0 1

The six-component vector f of the right-hand side of (6) in the considered case is related to the
right-hand side of the boundary conditions (3) and (4p) by the formulas

J1= f2 =0, Js=C, fi=9" o, fs =90, Jo=9"0%.

Accordingly, the matrix b in (7) has the form

b=a'a = diag(cy, ), (15)
where
1 -2 =2 100
C1:§ —2 1 =21, =101 0
—2 -2 1 00 1

In the considered case, the matrix b has block-diagonal form with respect to the partition O
of the set {Fly... ,F6} with elements 01 = {F17F27F3}7 02 = {F4}7 Og = {F5}7 and 04 = {F6}

Consequently, each of the partitions G’ and O is a refinement of the partition £ into two elements
Ej = Gl(Tj) U GZ(Tj) U GS(TJ‘), ] = 17 27

corresponding to the endpoints 7; of the arc I'y. Recall that the lateral sides of the sector S?(7;)
form an element G?(7;) of the partition G.

We choose the common numbering of terminal arcs composing the set I; for which the terminal
arcs on I'f are first numbered in the ascending order of p and then those on I'} are numbered.
Specifically, we have the ordered sets

0 0 0 1 1 1
By = {F(l )7Fg )7F:(3 )7F4(1 )7Fé )7Fé )} - {F(l)y 7F(6)}7

(16)
Ey = {F(11)7 Fg”? Fél)yrz(LO)y FéO)y FéO)} - {F(’T)y s 7F(12)}-

In this notation, for the diagonal blocks (V + B)((, I;), j = 1,2, of the terminal symbol V + B
of Problem D, we have the expression

<v+m@£»<cl’“0>, j=12 a7
v (Q) 1
Here the matrix c; is given by (15), and the v;(¢), 7 = 1,2, are the diagonal matrices

Uj(o _ diag[ewl(”)cy ei92(7'j)C7 ewa(n’)c]7 (18)

where 6,(7;) is the opening angle of the sector SP(7;).
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It follows from (17) that

det(V + B)(¢, E;) = det|ey —v?(()], (19)

(V+B)1(C7Ej)< Y e M )

—v(er — )t vy — i) ey 41
By carrying out similar computations, we obtain

det(V + 1)(C, By) = det[l = vj(Q)] = (1 — X (1 — 2RI (1 — e7{m)e), (20)

O G
V+ 1) ¢ E) <_fuj(1—v§)1 vj(l—vﬁ)l’vﬁrl).

Consider the behavior of the matrix function (V 4 B)(¢, £;) on the imaginary axis.

Lemma 1. (a) On the imaginary azis, the function det(V + B)((, E;) has a unique zero at the
point ( = 0, and its order is equal to 2.

(b) The matriz function (V + B)~*((, E;) has a first-order zero at the point ¢ = 0.

(¢) One has

—a+i00o

- (21)

1|, det(V + B)(G, E))
2mi | det(V + ((, B }

—a—1i00

Proof. It suffices to consider the case of j = 1; for j = 2, the considerations can be carried out
in a similar way.

(a) It follows from (19) that the order of the pole of the function det(V + B)((, F) coincides
with the order of the pole of the matrix (¢; — v$)(¢). By setting ¢, = e*%¢ k = 1,2,3, and by
using (15), we write out the matrix ¢; — v? in the form

1—3t, -2 —2
¢ — 0] = = 2 1-s 2 | (22)
—2 —2  1—3t

Note that if Re( = 0, then all ; are positive; moreover, sgn(t;, — 1) is independent of k.
The determinant f(t) = det(c; — v?) of this matrix satisfies the relation

3f(1) = —3(tilats + 1) + (tyly + tibs + tots) + (ty + Ly + 13). (23)
Obviously, f(t) =0fort; =t, =13 =1, and

1 t 1 1 1 1
13)-de i-wew) @9
162863 1 2 3
To prove the first assertion in (a), it suffices to show that the function f(¢) vanishes nowhere
in the cube K = {0 < t; < 1, k = 1,2,3}. On the boundary of this cube, the function f(t) is
nonpositive and is zero only at the point ¢ = (1,1,1). One can readily see that grad f(t) # 0,
t € K; therefore, f(t) < 0 in the entire cube K.
Let us compute the order of the zero of the function det(V + B)((, £) at the point { = 0.
By (23), we have

3[det(V + B)|(0, Ey) = i[—3(20; 4 205 + 205) + 4(6, + 05 + 05) +2(6; + 05 + 63)] = 0,
3[det(V + B))'(0, Ey) = 4[(03 + 05 + 03) + 4(0,05 + 0205 + 0103) — (01 + 05 + 05)] £ 0.

Therefore, the function det(V + B)(¢, E;), j = 1,2, has a second-order zero at the point ( = 0.
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(b) Tt follows from (19) that the orders of the poles of the matrices (V + B) (¢, F,) and
(¢; —v3)7Y(() coincide. We rewrite relation (22) in the form

d -2 =2
3(01 — ’U%) = -2 dy =21, dp = 1 — 3t,.
—2 =2 ds

Then
dods — 4 2(d3 +2) 2(dy + 2)
2 —1
(1 —vi) = det(c —2) 2(ds +2) dids —4 2(dy +2)
2(dy +2) 2(dy+2) didy—4
If ( =0, ie., d =dy =ds = —2, then all entries of the matrix on the right-hand side in the
last relation are zero. Since the matrix det(V + B)((, F;) has a second-order zero at the point

¢ = 0, it follows that the matrix (V + B)"*((, F1) and hence the matrix (V + B)~!(¢, E») have
a first-order pole at this point.

(¢) By (20), in the above-introduced notation, we have
det(V + 1)(C, ) = (1 —t)(1 — t2)(1 — 1a).
Therefore, the function
2(C) = det(V + B)(¢, Ey)
det(V + 1)((, E1)
can be represented as the ratio of the functions f(¢) and g(t) = (1 — £1)(1 — £2)(1 — t3), where

t = (t1, s, 13) and ¢, = e?9x¢,
Note that the function 2(¢) is odd; thus,

a+i0o

— 4100 1

! — (O

5= Ina(()

—a—i00 a—1i00

On the other hand, by the argument principle for analytic functions, we have

—a+i00o

a+i0o 1

— 5— Inx(¢)

=m
2mi ’

a—1i00 —a—1i00

where m stands for the difference between the number of zeros and the number of poles of the
function x(¢) with regard of multiplicities in the strip —a < Re({ < a. It follows from these two
relations that the left-hand side of relation (21) is equal to —m/2.

Obviously, the function det(V + 1)(¢, 1) has a unique zero of multiplicity 3 at the point ( =0

in this strip. This, together with assertion (a), implies that m = —1, which completes the proof of
relation (21) and the lemma.

Theorem 4. Let all arcs I'; belong to the class CY*°. Then the solutions of the homogeneous
problem (6), (14) consist of constant functions, and the inhomogeneous problem is unconditionally
solvable in the class C*,. In this case, the assertions of Theorems 2 and 3 hold.

Proof. It follows from Theorem 1 and Lemma 1 (¢) that the index of the considered problem is

equal to
! 1+3 2 (25)
o =———— =2.
2 2

It follows from Lemma 1(b) that the matrix function ((V + B) (¢, F;) has no poles on the
imaginary axis. Therefore, the assumptions of Theorems 2 and 3 hold for the considered problem.

In particular, any solution ¢ € C*, of the homogeneous problem belongs to the class Cé‘ oy
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Let us show that the solution space of the homogeneous problem consists of constants and hence
has dimension 2. This, together with relation (25), implies the unconditional solvability of the
inhomogeneous problem.

Let ¢ = (¢P)3 be a solution of the homogeneous problem (6), (14) in the class C*,. Then, as
was mentioned above, the function ¢ is continuous in the closed domain D?. Consequently, the
harmonic functions u? € C'(DP?) are a solution of the homogeneous problem (1), (2p), i.e., satisfy
the homogeneous boundary conditions

out o oud
1 2 3
=t = R r 26
w=w =y 8n+8n+8n on Lo (26)
Up|F117 = O, 1 < P < 3. (27]3)

Suppose that one of these harmonic functions is nonzero. By virtue of (26) and (27p), the maximum
value of each of the functions |u”| can be attained only at some common interior point ¢ of the
arc I'g. But then, by the Zaremba—Giraud theorem, the normal derivatives du?/On have the same
sign at this point, and at least one of them is nonzero. But this contradicts the second relation
in (26).

Thus, all functions u? = Re ¢? are zero, and all functions ¢ are imaginary constants.

4. PROBLEM N

Problem N can be considered by analogy with the previous one. In this case, in (14) and (15),

one should set
ay = diag(—i, —i,1) (28)

and
¢y = diag(—1,—1,—1).

Then relations (17) and (19) acquire the form

VEBNGE) = | '“j(o>, = 1,2,
( (¢, E) <’Uj(C) © j

det(V + B)(¢, E;) = —detle; +v3(Q)], (29)
(V+B) (¢ By) = < N C R ) .

vi{es + vt vien + o) ey — 1
Accordingly, the following assertions provide an analog of Lemma 1.

Lemma 2. (a) On the imaginary axis, the function det(V + B)((, I;) has a unique first-order
zero at the point ¢ = 0.

(b) The matriz function (V + B)~*((, E;) has a first-order pole at the point ¢ = 0.

(¢) One has

—a+i00o

B det(VJrB)(C,Ej)}
omi | det(V + 1)(C, EB,)

—a—1i00

Proof. The proof can be carried out by analogy with Lemma 1 with some modifications.
(a) By setting t; = €?®¢ and by using (14), (15), and (28), we obtain

1+3t =2 —9
1 + diag(ty, ta, 13) = 3 -2 143 -2 | (31)
—2 2 143t

For the determinant f(t), t = (t1, {2, t3), of the last matrix, we have
27f(t) = (1 4 3t1)(1 +3t2)(1 4 3t3) — 16 — 4[3 + 3(ty + 12 + 3)],
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or
3f(t) = 3(tatals — 1) + tata + tils +tats — (61 + L2 + t3). (32)

Therefore, 4
det(V + B)((, Ey) = — f(t), t, = e¥i%¢, (33)

On the line Re¢ = 0, all quantities t; = e?*¢ are real and positive; moreover, they are either
simultaneously less than unity, or simultaneously larger than unity, or simultaneously equal to
unity. It follows from (32) that if £; = ¢, = {3 = 1, then the function f(¢) is zero and that

JA/t) = —=(tatats) " f(2), L/t = (1/t1,1/t5,1/ts). (34)

By arguing as in Lemma 1, we find that the function f(¢) is negative in the entire cube K =
{0 <ty <1, k=1,2,3} and is zero only at the point ¢t = (1,1, 1), i.e., for ( = 0.

It remains to evaluate the order of the zero of the function det(V 4 B)((, 1) at the point ¢ = 0.
By (32), we have

3[det(V + B)|'(0, Ey) = 2i[3(6; + 05 + 0) + 200, + 05 + 0) — (0, + 05 + 05)] £ 0.

Consequently, the function det(V + B)((, F1) and hence the function det(V + B)((, ) have a
first-order zero at the point { = 0.

(b) It follows from (29) that the order of the pole of the matrix (V + B)~({, E}) is equal to the

order of the pole of the matrix (¢; +v7)(¢). Arguing as in item (c¢) in Lemma 1, we set dj = 1+ 3ty
and obtain

dyds — 4 2(ds +2) 2(dy +2)
2ds +2) dyds—4 2(d; +2)
2(da+2) 2(di+2) didy—4
Obviously, the entries of the matrix on the right-hand side in this relation are nonzero for any (.

Since the matrix det(V + B)((, I;), j = 1,2, has a first-order zero at the point ¢ = 0, it follows
that the matrix (V + B)~!(¢, E;) has a first-order pole at this point.

(¢) The proof of this assertion with regard of (a) can be performed by analogy with Lemma 1 (c).

ey vt ————
(er ) det(e; + v?)

Theorem 5. Let all arcs T'; belong to the class C**°. Then all solutions of the homogeneous
problem (6), (28) are constant functions, and the inhomogeneous problem is unconditionally solvable
in the class C*,. Moreover, the assertions of Theorems 2 and 3 remain valid.

Proof. It follows from Theorem 1 and Lemma 2 (¢) that the index of the considered problem is
equal to
w=—1-14+3=1 (35)

Lemma 2 (b) implies that the matrix function ((V + B) (¢, E;) has no poles on the imaginary axis.
Therefore, the assumptions of Theorems 2 and 3 hold for the considered problem. In particular,

each solution ¢ € C*, of the homogeneous problem belongs to the class C’é‘+0).

Let us show that the solution space of the homogeneous problem consists of constants and hence
is one-dimensional. This, together with relation (35), implies the unconditional solvability of the
inhomogeneous problem.

Let ¢ = (¢P)3 be a solution of the homogeneous problem (6), (28) in the class C*,. Then, by

Theorem 3, ~
¢'(2) = (2 =1 )(z = )(¢")'(2) € CYo(DF),  p=1,2,3.

Therefore, the function [(¢?)(z)| is square integrable in the domain D?, and for the harmonic
function u? = Re ¢®, one can use the Green formula

our\” our\” ouP
il — p____ 1 <p<3.
/[(8:8) +<ay>]dwdy /u ands, <p<3
Dr oDr
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By virtue of the homogeneous conditions on the arc I}, the last integral is equal to

ouP ouP
p _ p
/ Y on ds / Y on ds.

aDr To

It follows from the homogeneous conditions on the arc Iy that the sum of these integrals over
1 < p <3 is zero. Consequently,

3 2 2
ouP ouP
E [<—8m> + <—8y> ] dx dy = 0;
p=1 Dr

thus, each function u? is constant in the respective domain D?.

Since, by virtue of the boundary condition on I'}, the imaginary parts of the functions ¢? are
zero, it follows that the space of solutions of the homogeneous problem indeed consists of constants
and is one-dimensional.

5. PROBLEM DN

Just as above, we assume that the arcs I'y = I'} and the arcs I'} and I} forming the curve
', 1 < p < 3, of the boundary contour dD? of the domain D? belong to the class C1#T°
and have positive sense with respect to D?. We number these arcs in the following unified way:
(0L, 12,13, L1213, 11,13, 13) = (I'y, ..., [g). Then, for the lateral sides of the six sectors S?(;)
and SP(7,), we have the expressions

0" S¥(ry) = F;O), 1<p<3,
o~ 8Y(m) =T, 98 (n) =T, o 8n) =1,
0 SP(ry) =T,  1<p<3,
orSsi(n) =TV, 9t8%n) =T,  078%(m) =1,

and the lateral sides of the three sectors SF(7F) are given by the relations
oSt =1y, oSt =17,
oS =18, oS =1,
s} =1, 9 S (r%) =1

In the chosen numbering, we write out Problem DN with the boundary conditions (3) and (4py)
in the form (6) with the 9 x 9 matrix

a = diag(ay, as, as), (36)

where a; and a, are the same matrices as in (14), a3 = diag(—i, —i, —i), and the vector f on the
right-hand side in relation (6) has the form

Ji=/2=0, f2=C, fi=h" o, J =4
By (7), the matrix b has the form
b=a'a = diag(e, ¢, ) € C™Y (37)
here the matrices ¢ and ¢; coincide with the matrices ¢; and ¢,, respectively, in (15), and

¢y = diag(—1,—1,—1).
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The matrix b has block-diagonal form with respect to the partition O of the set {I'y, ..., ¢} into
the elements 01 = {Fl,Fg,Fg}, 02 = {F4}, Og = {F5}, 04 = {F6}, 05 = {F'z}, 06 = {Fg}, and
O; = {I's}. The matrix V has block-diagonal form with respect to the partition of the set of
terminal arcs into the pairs GP(7) = {95 S?(7)}, T € FP*.
We form a partition £ as follows:
E1 = Gl(Tl) U GZ(Tl) U GS(Tl), E2 = Gl(TQ) U GZ(TQ) U GS(TQ),
E' = G Y, E* = G*(r%), E?* = GB(r%).
It consists of entire elements of the partitions G and 0. Consequently, the matrices V and B have
block-diagonal form with respect to this partition, and therefore, the same is true for their sum
(V + B)(¢, Ej). We choose a common numbering of terminal arcs as follows:
Ey = {F(10) ) FgO)y FéO)y Fz(Ll)y Fél) ) Fél)} - {F(1)7 F(Q) ) F(3)7 F(4)7 F(5)7 F(6)}7
By = {007,018 10 1 1Y = (T, Tisy, Tioys Daoys Dianys Dany 3
E' = {rQ 1Y = {Taay, Tan
B = {19,187} = {Pasy, Ty}
E? — {Féo)yrgl)} - {F(17)7F(18)}-

Then the diagonal blocks of the matrices V and B have the form
va»< 0 ”“Ue@“% 0,(C) = dingle (), G, (1)
v;(¢) 0
where 6,(7;) is the opening angle of the sector SP(7;),
B(¢, Ey) = diag(c, (-1)) € C*°,  j=1,2,
and ¢ is found from (40) (see below). The remaining 2 x 2 diagonal blocks are given by the relations

g(oW o) I B IR 1000 B I IR S
1 0 0 -1

It follows from Theorem 1 that, to prove the solvability of Problem DN in the class C*,, it
suffices to study the zeros of the determinant det(V + B)(() on the line Re{ = 0 and the order of
the pole of the inverse matrix function (V + B)~'({) at the point ¢ = 0. As was mentioned above,
it suffices to do this for the diagonal blocks of the corresponding matrices.

Obviously,

det(V + B)((, BP) = —(1 + 07, 1<5<3,

o , _— 1 i3 (r7)¢ (38)
V4 B¢ = eV + BB
det(V + B)(¢, Ey) = —det|e + v ()], det(V + B)(¢, By) = det[c — v3({)], (39)

(V+B)Y¢E) = < (c+vi)! (¢ +v3) "ty ) 7

vile+ o)t vle o) oy =1

(V+ B) Y, By) = < (c—v3)! —(c—v3) Loy ) .

—vg(c—v3)"t wale—v3) tug+ 1
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By similar computations, we obtain

det(v + 1)(¢, F7) = 1 — 29 (7)¢, (41)
— et (77)¢
(V +1)"1¢ B) = [det(v + 1)(¢, E7))] < 0,0 ¢ ) )
7/ T 1
det(V + 1)(¢, E;) = det[l — v3(¢)] e T (1 — e202(T)¢) (1 — 2105(73)C) (42)

V4 1) E,) = < (1—fuj)717 —(1 - fu) v, )
—v;(1—v3)"" (1 —v)) ;41

By virtue of (38), we have det(V + B)((, E?) # 0 and Re( = 0. Therefore, it suffices to consider
the behavior of the function (V + B)({, £;)(¢) on the imaginary axis.

Lemma 3. (a) The function det(V + B)((, E;), j = 1,2, has no zeros other than ( =0 on the
imaginary axis and has a zero of order j at the point { = 0.

(b) The matriz function (V+ B) X, E;) has a first-order zero at the point ¢ = 0 for both values

of 7.
(¢) One has
1 det(V + B)((, B) | for j=1
27 {m det(V + 1)(<,EJ)} i { 12 for j=2, (13)
1 det(V + B)( BN 1
2mi {n det(V + 1)(@“,@)} 2 (44)

Proof. (a) By (39), it suffices to prove the assertion of the lemma for the matrices (¢ + v?) and
(c — v3). First, we prove the lemma for the first matrix. By setting ¢, = ¢ 1 <k < 3, and by
taking into account (39), we represent the matrix (¢ + v}) in the form

1+ 3t —2 -2
c+ diag(tl, tg, tg) = g —2 1+ 3t2 —2
-2 —2 1+ 3its

By Lemma 2 (a), the function det(V + B)((, F;) has no zeros other than ¢ = 0 on the imaginary
axis and has a first-order zero at the point { = 0.
By (39), the matrix (¢ — v3) has the form

1 -3¢ —2 —2
¢ —diag(ty, s, t3) = 3 -2 1—=3t —2 ’
-2 -2 1 — 315

where ¢, = €*¢ 1 < k < 3. By Lemma 1 (a), the function det(V + B)({, F») has no zeros other
than ¢ = 0 on the imaginary axis and has a second-order zero at the point ( = 0. The proof of
assertion (a) is complete.

(b) Tt follows from (40) that the order of the pole of (V + B) (¢, F;) coincides with that of the
pole of [c — (=1)7v7]~'. The assertion follows from Lemma 2 (b) for j = 1 and from Lemma 1 (b)
for j = 2.

(¢) Let us prove the first relation. The determinants in the numerator are given by formulas (39),
and the determinants in the denominator can be computed directly by virtue of (42):

det(V + 1)(C, E;) = (1 —t)(1 —t2)(1 — ta), by =¥ =123,
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By setting
g(t) = (1 — tl)(l — tg)(l — tg) for = (tlytgytg),

we obtain

Cdet(V A B E) (@)

WO= v G E) - g 9

These functions satisfy the relation

1 1 — 4100 1 1 a+i00
N . = ——Inax,
2mi nmJ(C) —a—ioo 2mi j(C) a—1i00
By the argument principle for analytic functions, we have
1 1 a+i0o 1 1 —a+i00o
2mi nmj( a—400 271 j(C) —a—io0 7

where m; stands for the difference between the number of zeros and the number of poles of the
function x;(¢) with regard of multiplicities in the strip —a < Re( < a.

Obviously, the function det(V + 1)(¢, ;) has a unique zero of multiplicity 3 at the point ¢ =0
in this strip. It follows from Lemma 3 (a) that m; = —2 and ms = —1. As a result, we obtain
relation (43). By (38) and (41), for the second relation, we have

; —atioco ; 7 —atioo [e%s)
L[, det(V + B)(G, ) " 1 n1+eMj(T < L Ltz
e n - = — _— = —— s
27 det(V + 1)(¢, E7) || ;. 2mi 1 — 205 (77)¢ 4 21—z,
where the increment in the last term is taken along the ray argz = —e with small £ > 0. One can

readily see that this increment is equal to —i; consequently, relation (44) holds. The proof of the
lemma is thereby complete.

Theorem 6. Let all arcs T'; belong to the class CH*°. Then Problem DN is uniquely solvable
in the class C*,. If the right-hand side f belongs to the class C%,, then its solution ¢ belongs

to CflLyy-

Proof. Recall that the index s is computed by formula (10). By substituting the values of
both terms found in Lemma 3 (c), we obtain s, = —1—1/2—-3/2 = —3. It follows from Theorem 1
that the index of Problem DN is zero.

The analysis of the solvability of Problem DN in the class C’é‘+0) can be reduced to the verification

of the assumptions of Theorem 2. It follows from the second assertion of Lemma 3 that the matrix
function ¢(V + B)~*((, F;) has no poles on the imaginary axis. Therefore, the assumptions of
Theorem 2 hold for the considered problem.

Let us analyze the uniqueness of the solution of Problem DN. Let ¢ € C*, be a solution of
the homogeneous problem. Then, by virtue of Theorem 2 and the last assertion of Theorem 3, the
functions ¢* have property (12) with respect to the class C%,. In other words,

¢(2) = (2 =)z = m)(z = T7)(¢")'(2) € Co(DP),  p=1,2,3.

Therefore, the function |(¢?)’(z)| is square integrable in the domain D?; by analogy with the proof
of Theorem 5, one can show that each of the functions u? = Re¢” is constant in the domain D?.
By virtue of the homogeneous condition on the arc I'}; all u? are actually zero.

Therefore, the numbers k and &’ in Theorem 1 are zero for the considered problem, and hence

this problem is uniquely solvable in the class C¥;. By Theorem 2, this is also true for the class Ct', ).
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