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ABSTRACT. Within the framework of continuum mechanics, the full descrip-
tion of joint motion of elastic bodies and compressible viscous fluids with tak-
ing into account thermal effects is given by the system consisting of the mass,
momentum, and energy balance equations, the first and the second laws of
thermodynamics, and an additional set of thermomechanical state laws. The
present paper is devoted to the investigation of this system. Assuming that
variations of the physical characteristics of the thermomechanical system of
the fluid and the solid are small about some rest state, we derive the linearized
non-stationary dynamical model, prove its well-posedness, establish additional
refined global integral bounds for solutions, and further deduce the linearized
incompressible models and models incorporating absolutely rigid skeleton, as
asymptotic limits.

1. INTRODUCTION

We are interested in proposing a mathematical description for small perturba-
tions in the thermomechanical system consisting of interacting elastic solid and
viscous compressible fluid. In our study we aim to integrate purely mechanical,
thermodynamical, and heat transfer effects altogether under one umbrella. Within
such unified approach, a thermoconductive elastic body may be named a thermoe-
lastic solid. Also we use the term thermofluids, which has been introduced quite
recently for a subject that analyzes systems and processes involved in energy, vari-
ous forms of energy, and transfer of energy in fluids [11, Sec. 1.1].

The basic mathematical concept of reciprocal motion of thermoelastic solids
and viscous thermofluids incorporates the classical conservation laws of continuum
mechanics, the first and the second laws of thermodynamics, and a set of state laws
specifying individual thermomechanical behavior of the components of media. In
this article this concept is called Model O and is stated in the beginning of Sec.
2. It is quite universal and spans a large variety of different phenomena in nature
and technology. (A rather general relevant observation may be found, for example,
in [11, Secs. 1.5-1.7, VI].) At the same time this model is very complex and highly
nonlinear. Therefore, some physically reasonable simplifications are necessary in
view of further applications to natural problems and in engineering.



In investigation of small perturbations it is suitable to simplify Model Oy by
implementing the classical formalism of linearization about a rest state [3, Sec.
V.7]. As the result, the linearized model arises, whose core consists of the heat
equation coupled with the non-stationary compressible Stokes system in the fluid
phase and the system of the wave equations (in the elasticity theory also called
Lamé’s equations) in the solid phase. The linearization procedure and the precise
formulations of the resulting Model O and its dimensionless version Model A are
outlined in Secs. 2 and 3.

Alsoin Sec. 3 we introduce the notion of generalized solutions of initial-boundary
value problem for Model A and formulate the first main result of this article —
Theorem 3.4 on existence and uniqueness of solutions to Model A. The proof of
this theorem relies on classical methods in the theory of generalized solutions of
equations of mathematical physics and is fulfilled in Secs. 4 and 5.

After this, we are interested in studying of the limiting regimes in Model A,
arising as some coefficients grow infinitely. To this end, in Secs. 6 and 7 additional
global integral bounds are established for the pressure distributions (see Theorem
6.3) and for the deformation tensor in the solid phase (see Theorem 7.3). These
bounds constitute the second main result of this article. With their help, in Secs.
8 and 9 Models B1, B2, and B3 of incompressible media and Models C'1 and C2 of
viscous thermofluid contained in an absolutely rigid heat-conducting skeleton are
established as respective incompressibility and solidification asymptotic limits of
Model A (see Theorems 8.1, 9.1, and 9.4). These models are the third main result
of this article.

2. Basic NONLINEAR FORMULATION AND LINEARIZATION

Let € be an open bounded set in R® with a smooth boundary. From now on we
assume that € is the cube with the side of a size Lo, i.e., Q = (0, Lo)?. Next, assume
that at time ¢t = 0 Q is occupied by a solid component £, and by a fluid component
Qp = \ Q, such that the interface between the components I' ;= 0 NOQ, is a
rather smooth surface or a finite union of such surfaces. The both solid and fluid
phases obey the fundamental conservation laws, which have the following forms in
Lagrangian variables x and ¢ [3, Sec. V.5], [12, Sec. 10]. The balance of mass
equation is

po=pJ, xinQporQ,, t>0, (2.1)
the balance of momentum equation is
82
po% = Jdiv(TP) — JTPT 'div(T!) ' + poF, xinQor Q,, t>0, (2.2)
and the balance of energy equation is
ou IE
— = —Jdiv(T! Jg-div(T") ' +JP: — + ¥
P05 iv(T™ q) + Jq - div(T) ™ + ETRE (2.3)

q=—»(TH V¥, xin QporQ, t>0,
where
T=V,r, r—x=w, J=detT, 2E=T'T-L (2.4)
The thermodynamical state of the both phases is governed by the first law of
thermodynamics

1
Bds = dU + pd— (2.5)
P



and a thermodynamical state equation
U—9s=F(p,0). (2.6)

We postulate that thermomechanical behavior in the solid phase is described
by the Duhamel-Neumann law of linear thermoelasticity, which is consistent with
thermodynamical relations (2.5) and (2.6) [9, Sec. 1.6], [12, Sec. 10]:

2
P—P,— (—po s (9 — 94) 4 (1 — g)\)dg'lﬁvw)1+2)\D(x7w)7
xes, t>0,

(2.7)

and that thermomechanical behavior in the fluid phase is described by the Stokes
state equation, which has the following form in Lagrangian variables [3, Sec. V.5],
[12, Sec. 6]:
2 OE OE
P—P, - (— ( _z )t ( T *1—T*1))I 2 ( T *1—T*1)7
xeQy, t>0

In (2.1)—(2.8), w, 9, p, p, U, and s are unknown displacement, temperature, density,
pressure, specific intrinsic energy, and entropy, respectively. The medium under
consideration is a two-parameter thermomechanical system. Further we refer ¢ and
p to as the independent thermodynamical parameters. The triple r = (rq,r9,73) is
the set of spatial Eulerian coordinates of particles of solid or fluid. The vector q is
the heat flux. The second equation in (2.3) is the Fourier law for the heat flux.

T is the distortion tensor. T?, T~! and (T?)~! are its conjugate, inverse and
inverse conjugate, respectively. E is the deformation tensor. It is connected with
the displacement vector by the formula

2E = (V,w)' + Vow + (V. w)'V,w.
D(z, w) is the symmetric part of the gradient V,w, i.e.,
2D(z, w) = (Vow)' + V,w.
P is the stress tensor. Note that, due to the identity [3, Sec. V.4], [12, Sec. 6]
i T'D(r,v)T,

where D(r,v) = (1/2)((V,v)" + V,v) is the deformation rate tensor in Eulerian
variables r and ¢, and v is the velocity of particles of fluid or solid, (2.8) reduces in
Fulerian variables to the well-known form

Pf:(—er(1/—gu)d7'1nvv)IJr2uD(r7v)7 reQet), t>0.

Coefficients s, v, u, n, A, and ~y, are given. They are a thermal conductivity,
bulk and shear viscosity coefficients of the fluid, bulk and shear elastic modules of
the solid, and a thermal extension of the solid, respectively. In general, they may
depend on the thermodynamical parameters ¢ and p. In line with the thermody-
namics fundamentals, we have [8, Chap. 5], [9, Chap. 1]

2 2
2,V 1,1, )\7 Vs > 07 v > §M7 n> g)\ (29)

Constant positive coefficients 9, and pp are given temperature of some rest state
and atmosphere pressure, respectively.



Functions pg, F, ¥, and F are given. They are an initial distribution of density, a
density of mass distributed forces, a volumetric density of exterior heat application,
and a specific free energy, respectively. Thermodynamical behavior in the solid
and the fluid is different, in general. Therefore we are given, in fact, two distinct
functions F; and F; such that

Filp, ) ifxeQy, t2>0,
Flp#) =47 (6. 9) . !
Filp,9) ifxeQ,, t>0
and two distinct functions ¥, and ¥ such that
R4 t) if Q t>0
\I/(X7t): f(x7 ) % XE f? — ?
V. (x,t) ifxeQ, ¢2>0.

Similarly, we have two distinct coefficients of thermoconductivity, s, in the solid
phase and s in the liquid phase.
In terms of the indicator function of the fluid phase

1 ifx e Qy,
X(x) = {o e Qf (2.10)
we may write
Flp.0) = XFr(p) + (1 = 0F o) ¥xeQ, 20,  (211)
U(x,t) = xVs(x,0)+ (1 -x)Vs(x,1) VxeQ, >0, (2.12)
2(p,0) = xoep(p,9) + (1 — X)os(p,¥) ¥xeQ, t>0. (2.13)
Analogously,
P=xP;+(1-x)P;, VxeQ, t>0. (2.14)

Interactions between the fluid and the solid are governed by the classical condi-
tions on discontinuity surfaces [3, Sec. 11.3], [12, Sec. 12], [13, Sec. 2]. In order
to state these conditions, we introduce the following notation. For any xo € I" and
for any function ¢(x), continuous in the interior of €, and in the interior of Qy,
denote

. oy 7 = i .
w(s)(X0) xﬂxgr)lcEstﬁ(X) e (o) xﬂxf?ceszfip(x) (2.15)

lpl(x0) = w5y (x0) — () (X0).

Remark 2.1. Clearly, I' is immovable in Lagrangian coordinates in the sense that
its any parametrization in Lagrangian variables does not depend on t.

Thus, in terms of notation (2.15) we write down the conditions on T" as follows:
the continuity of temperature

[¥]=0, xoel, >0, (2.16)
the continuity of displacement
W] =0, xo€eT,t>0, (2.17)

the continuity of normal stress
[Pn] =0, =xpel,t>0, (2.18)
and the continuity of the normal heat flux

[(TH"'V,9-n] =0, xoel, t>0. (2.19)



In (2.18)—(2.19) n(xq) is the unit normal to T" at a point xqg € T". We suppose
that n is pointing into Q.

The conditions of continuity of temperature and displacement on I' reflect the
local thermodynamical equilibrium and no-slip effect on the interface, respectively.
Besides, the no-slip condition (2.17) includes the mass conservation law, applied to
I', and manifests that I' is a contact discontinuity, which means that the solid and
the fluid do not exchange particles. The conditions of continuity of normal stress
and normal heat flux are the respective momentum and energy conservation laws
on I

Equations (2.1)—(2.8) and (2.16)—(2.19) constitute the closed nonlinear model
of joint motion of thermoelastic solid and viscous thermofluid. By the standard
procedure [3, Sec 8.1], thermodynamical parameters s, p, and U may be expressed
in terms of p and ¢ from (2.5) and (2.6) by virtue of the free energy F:

s==Fylp,9), p=p"F)(p,9), U=—0F;(p,9)+F(p,9). (2.20)

Insert (2.20) into (2.3) and (2.8), and discard (2.5) and (2.6) to get the equivalent
system of equations and interface conditions, which we name Model O1.

Now simplify Model O4, applying the classical formal procedure of linearization
[3, Sec. V.7], [16, Sec. 2.2-2.3] to it. Assume that p, and p; are mean constant
densities of the solid and the liquid at rest. Suppose that the temperature in this
rest state is equal to the constant temperature ¥,, which was introduced in (2.7).
Denote

), CSp:}—s/p(Psﬂg*)? Csy :Fs/ﬁ(PS719*)7

*)7 Cspy — Fs//m?(p&ﬁ*)? Cs9 — ‘7:5/1919(p5719*)7
¢t =Flpr,0x), crp=Frolpp,04)s  cpo = Fhglpy 0s),
top = FhpplLr:s04)s  croo = Fhoalpss04), oo = Fioolps, 0).

Expand (2.20) for p and U in Taylor’s series and skip terms of orders higher than
one to get the linearized expressions

(2.21)

P(p,9) = cropf + (2er0ps + croop) (P = pr) + cponp (9 = 04), (2.22)
Us(p,9) = —csofe + 5 4 (csp — Coppe)(p — ps) — capole (I — 0s), (2.23)
Up(p,9) = —cpotu + 5 + (cpp — cpoole)(p — pr) — cpovde (¥ = 0.).  (2.24)

Remark 2.2. In (2.22) and (2.24) notice that p(pf,94) = po due to interface
condition (2.18). Also notice that from the physical point of view it is observed
for the most of continuous media that p(p,d) is increasing in p and ¥ and that
Us(p,¥) and Us(p,¥) are increasing in ¢ and decreasing in p. Thus c¢f9 > 0,
250+ Crppps > 0, cs99 <0, Csp — Cspp¥s <0, cro9 <0, and cpp, — cpppd < 0.

Substituting (2.22)—(2.24) into Model O4, expanding the terms of thus obtained
equations in Taylor’s series in p, ¢, w, and derivatives of w with respect to x
and t about the rest state, and discarding the terms of orders higher than one, we
arrive at the following linearized dynamical model of the system thermoelastic body
— compressible viscous thermofluid, which we call further Model Os.

Statement of Model O,. The motion in the solid phase is governed by the
classical equations of the linear thermoelasticity theory:
’w

psw :diVPS +P5F7 X € 957 t >O7 (225)



o o
—PsCs990x — = 2, A0 — 79*'7577% divw +¥,, xe, t>0, (2.26)

i
2N
P, — (—po om0 — 94) + (77 — g)\) d;vw)n 2AD(z, w), x€Q, t>0,
(2.27)
(2.28)
p=po(1 —divw), x€Q,, >0, (2.29)

The motion of the liquid phase is described by the linearized classical model of
liquid and gases:

FPw .
) 0 0
—pfcfﬁﬁﬁ*g :%fAzﬁ—’lg*Cfpgprd;VW+\Iff7 XEQf7 t >0, (231)

Py= (-Po — crpop (0 = 0) + (250 + croppf )P} divw

2 L aw ow (2.32)
Jr(l/—gu)dévﬁ)IJrZuD(x?E)? xey, t>0,
p=p;(1—divw), x€Q, t>0. (2.33)

The linearized conditions on the interface between the solid and the fluid are

W] =0, xoel,t>0, (2.34)

[W]=0, xq€eTl,t2>0, (2.35)

(PS(19(S)7 wsy) — Py (0, w(f)))n =0, xp€l',1>0, (2.36)
(36.Vbey — 2 Vadpy) -m =0, xo €T, ¢>0. (2.37)

Remark 2.3. Transforming Model Oy to Euler variables (r,t) and applying the
same linearization formalism as above, one arrives exactly at Model O,. Therefore
in linearized setting the Lagrange and Euler descriptions of the thermomechanical
system under consideration coincide.

3. PROBLEM FORMULATION AND STATEMENT OF THE EXISTENCE AND
UNIQUENESS THEOREM

In line with later asymptotic analysis in the present and forthcoming papers, we
bring Model O9 to a dimensionless form and absorb the interface conditions on I
in the equations by introducing a uniform description of the both phases.

More precisely, choose the diameter Ly of the domain €2, a characteristic du-
ration of physical processes 79, acceleration of gravity g, atmosphere pressure pg,
mean density of air pg at the temperature 273 K under atmosphere pressure, and
the temperature difference 9 between the thawing and freezing points of water
under atmosphere pressure as characteristic scales of length, time, density of mass
distributed forces, pressure, density of matter, and temperature, respectively, and
denote 8 = 9 — 9Y,.

Next, introduce the dimensionless variables (with primes) by the formulas

x=Lox, t=mt, w=Lyw,

(3.1)
p=pop, p=pop, 0=,



the dimensionless vector of distributed mass forces, volumetric densities of exterior
heat application, thermal conductivity coefficients, and mean densities of the solid
and the fluid at rest (all with primes), respectively, by the formulas

P Py
FogF, W, =W, V= i 3.2
g ? 8 o 19 f 7_0190 ( )
L%poﬁ* / Lopo’lg* ’ , ,
- = = = 3.3
ol T M 093 Kt Ps T POPs PF T POPY (3.3)
and the dimensionless ratios by the formulas
o — _ ol oo Yoglo 1 (v - 2 )
T @n T Y mpe T3
1 ( 2)\) 2A '7002 /
o n—3A); ax=—, oap= Pt
Lo pot oAt (3.4)
2 _ qoPo o  cfpopVo
CO ! Qs — —, O{@f - ’
£0 Po o
_ 2 __cpo0psl3  capops¥}
Cp—=—""— Cpf—=—— 5 Cps— T
Topo Po Po

where ¢ = /2cs,py + cfppp? and y9 = 7/5. Quantity ¢q is the speed of sound

in air at the temperature 273 K under atmosphere pressure. Quantity c is the
speed of sound in the considered fluid at the temperature ¢, under atmosphere
pressure. Dimensionless constant ~p is the ratio of specific heats (in other terms, the
polytropic exponent) for air at the temperature 273 K under atmosphere pressure
[11, Appendix 4], [16, Sec. 2.4].

Remark 3.1. On the strength of (2.9) and Remark 2.2, all dimensionless constants
on the left-hand sides of relations (3.4) are positive.

Now, first shift the pressure scale on the constant value pg so that the stress
tensors (2.28) and (2.32) become vanishing at the rest state. Next, multiply (2.25)
and (2.30) by L/pg, (2.26) and (2.31) by 709/ (po¥4 ), and divide (2.28) and (2.32)
by po. After this, substitute expressions (3.1)—(3.4) into the resulting equations and
then omit primes. Thus, Model O, is brought to a dimensionless form. Finally, use
the notation (2.10)—(2.14) and additionally set

p:pr‘i’(l_ 7)P57 Oy = Xa0f+(1_ )a057

35
& — Xeor + (1= Xy 5 — 03¢ + (1 = ), (3:5)

and introduce the dimensionless pressures p, ¢, and 7 in order to wrap the dimen-
sionless Model O4 into the following form.

Statement of Model A. In the space-time cylinder @ = Q x (0,7, where Q =
(0,1)*> and T = const > 0, it is necessary to find a displacement vector w, a
temperature distribution @, and distributions of pressures p, ¢, and 7, which satisfy
the equations

Pw _
P gm = dglﬁv P + appF, (3.6)

p— >’<( gl + auD< 88_:’)) + (1= ) (—1+ axD(z,w)) —apfl,  (3.7)



o div(#V,0) — d@g divw + ¥, (3.8)

ot ot
P+ xapdivw =0, (3.9)
oy, Op
= — = 3.10
g=p+ o, O (3.10)
7+ (1 - x)a,divw =0. (3.11)
We endow Model A with initial data

W|t:0 = Wo, Wt|t:0 = Vo, ‘9|t:0 = 907 x €0 (312)

and homogeneous boundary conditions
w=0, #=0, xe€0Q, t>0. (3.13)

Remark 3.2. On the strength of classical theory of conservation laws of continuum
mechanics [3, Sec. 11.3], (3.6)—(3.11) yield interface conditions (2.34)—(2.37) (in the
dimensionless form). Thus (3.6)—(3.11) are equivalent to Model Os.

Generalized solutions of Model A are understood in the following sense.
Definition 3.3. Five functions (w,0,p,q,7) are called a generalized solution of
Model A if they satisfy the reqularity conditions

ow ow
T ot ot

boundary conditions (3.13) in the trace sense, equations (3.9)~(3.11) a.e. in Q, and
the integral equalities

0 0
/ (an_w e P:V,p+appF - cp)dxdt +/ arpvo - @li—odx =0 (3.15)
Q ot ot a

w, 2 D(z,w), 2D<x7 )7divw7 0, V.0 € L2(Q), (3.14)

for all smooth ¢ = p(x,t) such that ¢|laq = ¢li=T = 0 and

/ (apeai VL0Vt + aldivw) 2 w) dxdt
(3.16)

+ / (Epeo + &g div Wo)lﬂtzodx =0
Q x
for all smooth i = 1(x,1) such that ¥|sq = |17 = 0.

The first main result of the paper is the following theorem on existence and
uniqueness of solutions to Model A.

Theorem 3.4. Whenever wy € W}Ql(ﬂ), vo, 00 € L*(Q), and F, ¥ € L*(Q), Model

A has a unique generalized solution (w, 0, p, q, w) in the sense of Definition 3.3.

4. THE ENERcGY ESTIMATE AND UNIQUENESS OF SOLUTION OF MODEL A

Construction of the energy estimate is based on introducing the alternative equiv-
alent definition of generalized solutions of Model A and on a special choice of test
functions in the integral equalities in this definition. Namely, we state:

Definition 4.1. Five functions (w, 8, p, q,7) are called a generalized solution of
Model A if they satisfy the regularity conditions

ow
T ot

ow

W En

,D(z,w), XD (2, ), divw, 0, V,0 € L(Q), (4.1)



functions ¢ — $¥(t), t — ¢,0(t) + ap div, w(t) are weakly

4.2
continuous mappings of the interval [0, 7] into L?(Q), (4.2)
boundary conditions (3.13) in the trace sense, equations (3.9)—(3.11) a.e. in @), and
the integral equalities
ow 0
/ / o p 8‘: Y _p. V.o + appF - )dxdt

E3 (4.3)

= / osz (Xﬂ') ~o(x, T)dx —/ Vo - ple—odx, Y71 €10,7]
0 ot 0

for all smooth ¢ = ¢(x,¢) such that ¢|sq = 0 and

// cp9+a9dlvw)aa¢ %V19~Vz¢+\lf¢}dxdt

= /( (X, 7) + Qg dlvw(x ))(x, 7)dx — / (€00 + G divwo ) |i—odx,
Q €T

Q
(4.4)
for all 7 € [0,7] and all smooth ¢ = 4(x,¢) such that ¢|sq = 0.

Remark 4.2. Definitions 3.3 and 4.1 are equivalent. The fact that a generalized
solution in the sense of Definition 4.1 is a generalized solution in the sense of
Definition 3.3 is quite obvious. The inverse proposition is true thanks to the simple
standard considerations. Its justification can be fulfilled similarly to, for example,
[1, Sec. IIL.1].

Now let us follow the track of considerations of [10, Chap. 2, Sec. 5.2].

Fix arbitrary 74, 7ws € (0,7), T < Tws. Take a continuous piece-wise linear
function on [0,7] such that ¢, (t) = 1 if 7, + (2/m) < t < Ty — (2/m) and
Pm(t) =0if ¢ > Ty — (1/m) and ¢ < 7 + (1/m). Take a regularizing sequence
wy, € C§°(R) such that

wn(t) = wn (1), wn(t) >0, / wn(t)dt =1, suppw, C [—371]

e n'n

For n > 2m, set

D = ((quaa—‘:) % Wy, wn) by o = ((dm0) % W * W )b, (4.5)

where the asterisk+ means the integral convolution in R, and substitute for ¢ and
¥ into (4.3) and (4.4), respectively. Clearly, this choice of test functions is valid
due to regularity properties (4.1) and (4.2).

Insert (3.9)—(3.11) into (4.3) (with ¢ = @y, ) and then sum the result with (4.4)
(with ¢ = ¥y, ). In thus obtained equality represent

/ / agh d1V Pmndxdt

— / / ao((pm0) * wn)%div(@mw) * wy, ) dxdt (4.6)
0 Jo
_/ /Qd@((qug) ) dy((%"w) ) dxt

/ /aeleW (pm 0 )*wn*wn) g;nd dt

e



T B . a
Jr/o /Qozgdév((@nw)*wn)a((cbmﬁ)*wn)dxdt.

Then we integrate by parts with respect to ¢ in the last summand of the above
expression and combine similar terms.

Applying the arguments of [10, Chap. 2, Sec. 5.2], after some technical trans-
formations and passage to the limit as n /" oo, m o0, 7 0, and 7y, ~ 7,
successively, we finally arrive at the energy identity, as follows:

1 _Ow 2 1 o 1 L
507 [Vigr (), ot 3ol = D div Wil a + oyl divwin)l g
1 _ 1, ~
T 50l (1 = DG W) o + 5 IVEOI3 e
ow N |2
Jear ], o (= 50)] 9.0l
Hav|xqy 2,0x(0,7) Fou|xDE at /ll2,0x0,7) v ”27QX(077) (4.7

1 _ 1 o 1 L
= sarlVavollda + 3eall (1 = ) divwolld o + Sepllxdivwlld
1 _ T, =
+ 5oall(l = DG wo)ll3a + 51/l

//anF —+\I/0)dxdt Ve lo,T].

Discarding all the terms on the left-hand side except for the first and the fifth ones
and applying the Cauchnychwartz inequality on the right-hand side, we get

1 8w
2 VP HZQ 3 Vel ”29
1 ow 2
=, 2 = 2 =
< gorlvamillo + 5IVamlia+ [ sadvigrol,

Tl 2 O e 1 2
Jr/o 5”\/ epf(t)12,ndt + EH\/EFHz,m(o;) + m” 12,05 (0,7
1 ) 1 L
+5all(l =x) d;VW0||§,Q + Q%HXd}EVWOH%,Q
1
+ 50&”(1 —X)D(z, wo)l5 0, Y7eI0,T].
(4.8)

Applying Grownwall’s lemma to this inequality, we conclude that
1 1, —. 9
iaT + 5” V CPOHZ,QX(O,T)
S TP — . RS
=, [2a; PEI2,0x(0,t) 2 min{cpr, cps | 2,0x(0,)
T 1 = 1 -
e | 3o IVavel o + 51V/Ebl3 o

T 1 o IR
(e = 1) | Gomll(1 = ) div wall3 o + o llx div wall3 o

_t HZ,QX(O,T)

1
+5ell(l =)D, wo)l3g|. V7 e0,7]

Combining energy identity (4.7) with the above estimate and (4.8), we finally es-
tablish the following result.



Proposition 4.3. Let F,¥ € L2(Q), wo € WL(Q), and vo,00 € LX(Q). Assume
that five functions (w,0,p, q, 1) are a generalized solution of Model A. Then w and
0 satisfy the energy estimate

ow

2 1
\/ﬁﬁ(t)Hz . + —esssupt € [QT]H\/@O(t)”%,Q

1
— esSSUp o, 5

t€[0,7]

1 . 1 L.
+ S esssup ay|[(1 — x) divw(t)[|5 o + = esssup ay || x div w(t)[13 o
+e[0,7] @ 2 tefor) @

’diva—WH
AT 2,0x(0,7)

1
+gesssupay|[(1 - x)D(z, w30 + o
te[0,7]

ow _ )
‘XD( at )HQ,QX(O,T) + ”\/ZVIOHZQX(OJ)

o 1 (4.9)
< —F \|./3F|I? S — | by AT
< aTH\/ﬁ ||2,Q><(O,T)+2min{cpf7cps}” 12,05 (0,7)

T 2
an 2 1
ZF F - -
] RN axon + g
e’ +1

[a7||fvo||m+||feonm}

+< [annu — ) divwo 30 + apllx divwoll3

+ay

||‘I’||§,Qx(o,t) em Tt

+

+aall(l = OD(@,wo)l3 o] = Can(r),  ¥7 € [0,7].
Corollary 4.4. The displacement w belongs to the space L™(0,T; Wzl(ﬂ)) and
admits the bound

esssup [w(t)lwi ) < C(Cen(T), Ci(9)), (4.10)
te |0,

where Cy(Q) depends only on geometry of ).

Proof. On the strength of the Newton-Leibnitz formula,

/ X(x)D(z,w(7)) : G(x)dx

/ / D (t)) L G(x)dxdt (4.11)

/X(X)D(SE wo) 1 G(x)dx VG e (L*(Q)**3, Vvrelo,T].
Q

Substitute G(x) = D(z, w(7)) and use inequality (4.8) and the Cauchy-Schwartz
inequality with some positive g9 and &1 to get

esssup/;Z|D(x7w(t))||2dx
tel0,7] JQ

[ [l ) i



/ / 250 a‘:( )) ‘dedth (T;O + 5 ) esssup/QX|D(x7w(t))|2dx

tc[0,7]
+/ )’(L|D(x wo) | dx.
o 261 ’
Choosing here £ = 1/(27) and &1 = 1/2 we derive

1 ~ ~ oW\ 12 _
5 etses[gu%:) ||XD(:E7 W(t))”%,Q < THXD(:E7 W) HZ,QX(O,T) + ||XD(:E7WO)||%,Q7 (412)

for all 7 € [0,7]. We end up with estimate (4.10), by combining inequality (4.12)
with energy estimate (4.9) and Korn’s inequality

16011y < CHlOID, ) 2.0 (1.13)
which is valid for all functions ¢ € L2(Q) such that D(z, ¢) € L(Q) and ¢ vanishes
in the trace sense on some open subset of 9 [14, Chap. 111, Sec. 3.2]. [l

Corollary 4.5. Let F, ¥ € L%(Q), vo, 00 € L*(Q), and wo € I/I}Ql(ﬂ). If Model A

is solvable, then there exists exactly one generalized solution.

Proof. Since Model A is linear, the uniqueness assertion amounts to the proposition
that, if F,vg, wg = 0 and ¥, 0y = 0, then there is only trivial solution. The latter
proposition is obvious due to energy estimate (4.9). [l

5. GALERKIN’S APPROXIMATIONS AND EXISTENCE OF SOLUTIONS TO MODEL A

Let {¢;} C C§°(2)? and {¢;} C C5°(£2) be total systems in I/I;Ql(ﬂ)g and W%(QL
respectively.

We construct Galerkin’s approximations of the displacement vector and of the
temperature distribution in the forms

= Zal(t)(bl(x)? en(x7t) - Zbl(t)wl(x)7 (51)
=1 =1
where unknown functions a;(¢) and b;(¢) (I = 1,...,n) are found from Galerkin’s
system
- dzal(t)

Lo [ arplxiont) o (xix

=1

=3 [ X0 (e v ) v 6500 + 0, D, 1(x) : Dl 53
=1

Z ay(t / X)a, d1V (%) - dgiﬁv ¢5(x) + (1 — x(x))ay, dgiﬁv (%) - dgiﬁv ¢;(x)
=1
1= x(x))axD (2, 61()) : D(w, ()] dx
+ bi(t X)) (x)div ¢ (x)dx + [ arp(x)Fp(x,t) - ¢;(x)dx
; 12 / I L / Fp

Q

+

—~

7 =1,...,n, where F,, is a given approximation of F such that

F,cC®@Q), F,—Finl*Q) asn /oo, (5.3)



Z / ) () (%) e

= Zbl / X)V o h1(X) - Vagibs (x)dx (5.4)
¥ ; ) [ a0y sl 1 [ )05
7 =1,...,n, where ¥,, is a given approximation of ¥ such that
v, € C®(Q), V¥, —¥inL*(Q) asn /oo (5.5)

Since o, p(x) > 0, &y(x) > 0 and the sets (¢1,...,¢y,) and (¥1,...,¢¥y) are linearly
independent in L?(Q)? and L?(Q), respectively, then the matrices

an = / arp(x)n(x) - 6;x)dx) L B, ( / oy (x)x0ix)

are invertible, due to the classical theory of Hilbert spaces. Hence, setting

dal (t)

a(t) = — an(t) = (a1(t),. .., an(t)),

ba(t) = (bi(t), - ba(),  €nlt) = (c1(t), ., en(t)),
AlD (/Q () (@ div g (x) - div (%) + 0, D, () - D(x7¢j(x)))dx):j:17

AG) _ (/ x) div ¢ (x)d );Jf
B / X)Vathr(x vzwj(X)dX)Zj:17
B — ( /Q % (x)(div ¢l(x))wj(x)d><):j:17
B (1) — ( /Q app(x)Fn(x, 1) - ¢j(x)dx)::17

¥, () — (/Q \Iin(x7t)¢j(x)dx)::17

we see that system (5.2)—(5.4) is equivalent to the system of the first-order linear
differential equations with constant coefficients in the normal form:

db;t(t) _ _Bglﬁgl)bn(t) +B;1(Bg))tcn(t) +B;1\i/n(t)7 (5.7)
da,, (1)

= elt). (5.8)



System (5.2)—(5.4) or, equivalently, system (5.6)—(5.8), is supplemented with initial
data

ay(t)|i—0 = af = /QWO(X) - (x)dx, (5.9)
bi(t) oo = b = / o) (%)%, (5.10)
ci(t)]i—o = ¢ = /QVO(X) - (x)dx. (5.11)

On the strength of the classical theory of systems of first-order ordinary lin-
ear differential equations, the Cauchy problem (5.6)—(5.11) has a unique infinitely
smooth solution (ay,(t), by (t), cy(t)) for any n € N. This amounts to the following
result.

Proposition 5.1. Galerkin’s system (5.2)~(5.4), supplemented with initial data
(5.9)—(5.11), has a unique smooth solution (ai(t), ... an(t),b1(t),..., bu(t)) on the
interval [0,T for any n € N.

The approximate distributions of pressures now can be found from the equations

pr(X,t) = —x(X)oyp d;\fwn(><7t)7 (5.12)

B ay Opn(x,1)
an(X,t) = pn(x,1) + TR (5.13)
mn(x,t) = —(1 — x(x))ay, divwn(xj). (5.14)

Remark 5.2. Using the standard technics [4, Sec. II1.3] we easily conclude that
five approximate functions (W, 8,, Pn, gn, 7n), Which are obtained by virtue of
(5.1)-(5.4) and (5.9)—(5.14), are a generalized solution of Model A, provided with
the given approximate functions F, (x,¢) and ¥,,(x,t), and with the initial data

Wn(x7 t)|t:O - Z a?¢l(x)7 (515)
=1
Pl o= 3 ), (5.16)
=1
en (X7 t)|t:O - Z bgwl(X% (517)
=1

where af, b?, and ¢ are given by (5.9)-(5.11), i.e., they are Fourier coefficients
of initial data wg, vp, and 8y, and hence initial data (5.15)—(5.17) are the partial
Fourier sums of wo, vg, and 6.

Due to this remark and energy estimate (4.9), the sequence (W, 6., DPn, Gn, Tn)
has a weak limiting point (w, 8, p, ¢, 7) as n /" 00, and, due to linearity of Model
A, the functions w, 8, p, ¢, and 7 are a generalized solution of Model A, provided
with initial data wq, vo, and g, which completes the proof of Theorem 3.4.

6. ADDITIONAL ESTIMATES FOR THE PRESSURES

Energy inequality (4.9) includes some estimates for the pressures p, ¢, and =,
due to (3.9)—(3.11). However, these estimates are not applicable for analysis of



incompressible limiting regimes, because they are not uniform in «, and o, as one
or both of these coefficients grow infinitely. Hence, in order to do such analysis, it is
necessary to obtain additional bounds on the pressures. We start with justification
of the following technical result.

Lemma 6.1. Let F, OF/ot, ¥, 9V /ot € L*(Q), and initial data be homogeneous,
t.e.,

Wg — 07 Vo = 07 (90 =0. (61)
Then the following bound is valid:

?w

vr ot?

2
(t)H ess sup
2 te[0,7]

1
— esssup o,
te[0,7]

vag o,

1 0 2 1 0 2
+ —esssupoan(l — )dlv —W( t) ‘ 4 = esssupapuxdlv W(t)H
te[0,7] ot 2 te[0,7] ot

2,0
ow

1
; =00 5 0) |, o
F e =00 (= Grw)], , v

+aMH>ZD<x

o .
X IV at? ll2,ax(0,7)

Pw

2
T ot? )Hz Qx(0,7) H\/— Vel

‘2 Qx(0,7)
2

ap

- 20,

1
Hz x(0,7) 2m1n{cpf7cpS}H Hz Qx(0,7)

G 1

2,0x(0, t)+ 2m1n{cpf7cpS}H Hz Qx(0,)

1
S } — 2
in{cpf7cps}|| |t70||2,Q en (7—)7

i %
Jr/o{ZozT

T+l
. [anm oll3.0 +

for all T € [0,77.

]eTﬁtdt

Proof. We take advantage of the fact that the generalized solution is unique and
may be constructed, using Galerkin’s method.
First of all, we notice that the values of all the constants a?7 b?7 and 0?7 defined
n (5.9)—(5.11), are equal to zero. Passing to the limit in the right hand sides of
(5.2)-(5.4) (or, equivalently, of (5.6)—(5.8)), we conclude that
P?w,, 00,
o P—rr— EYe t:O: aFﬁFn|t:O7 EPW t:O: \Ijn|t:0~ (63)
Next, differentiating Galerkin’s system (5.2)—(5.4) and equations (5.12)—(5.14) with
respect to ¢, on the strength of Remark 5.2 and (6.3) we conclude that the deriva-
tives

ot ot ot ot Ot
are the generalized solutions of Model A, provided with the dimensionless approx-
imate density of distributed mass forces dF,,/0t and volumetric density of heat
application 9W¥,, /dt, and with the initial data (6.3) and (5.16). Now passing to the
limit as » /' o0 in energy estimate (4.9), we immediately derive bound (6.2). O

(8& a0, Ip, 9Iqn awn)

Next, we introduce the normalized pressures p, ¢, and 7 as follows:

N . X(x) _ :
p(x,t) = —x(x)ayp dglﬁv w(x,t)+ Teas (1, /Q X(x)ayp dglﬁv w(x,t)dx, (6.4)



7(x,t) = —(1 — x(x))on, divw(xnﬁ)

— XX (6.5)
;Tis((ﬂj/ﬂ(l — X(x)) o, div w(x, 1)dx,
q(x,t) = p(x,t) + %W 66)

Remark 6.2. By the straightforward calculation, using Green’s formula, we con-
clude that integral equalities (3.15) and (4.3) with (3.7) being inserted into them,
are valid with ¢ and 7 on the places of ¢ and 7, respectively, and that

/ﬁdx:/frdx:/(jdx:O. (6.7)
Q Q Q

This means that all the results previously obtained in this article, in particular,
Theorem 3.4 and energy estimate (4.9), remain true for the modified model, which
appears if we substitute equations (3.9)—(3.11) in the statement of Model A by
equations (6.4)—(6.6).

For the normalized pressures p, ¢, and 7 we prove the following result.

Theorem 6.3. Let F, OF /ot, ¥, 0V /ot € L*(Q) and initial data be homogeneous,
e., satisfy (6. 1) Then the normalized pressures p, 4, and 7 satisfy the estimates

(6.8)
+H H2 o T IFli=oll3,0 + ||\I/|t:0||§79) —

15115, < Che + Cen(T), (6.9)
where Cipe = Cinc(T7 97 Qry, Op, Oy, O, Qgf, Cgs, Prsy Ps; Cpfsy Cps)'

Remark 6.4. We emphasize that the constants C.,(7T) and Ci,, do not depend
on oy and «,), which implies that the obtained bounds are applicable for studying
asymptotic as o, and oy, grow infinitely. Moreover, notice that the constants Ce, (1')
and Ci,. also do not depend on geometry of Qf and Q,. This fact seems to be very

useful in view of possible studies of homogenization topics in periodic structures
(like in [2, 15]) for Model A.

Proof. From Lemma 6.1, we have the bound

1 —
297 8152 Hz QX(OT §H v CP_HZ Q2x(0,7)
1
< [ BV 5t ozt ot Tasion )
_/o {2047 \/— 29><(Ot)+ 2min{cpy, cps 2,02x(0,t) c
e e ki
200, 2,0x(0,7)  2min{epy, ¢pst 2,0x(0,7) (6.10)
e" +1 aF 1 2 .
9 [ H\/—F|t OHZQ min{c, s, ¢, }H\mt:OHz,Q]
i | R 2
2 2,0%(0,r)  min{cpy, cps t 2,0%(0,7)

a? _ 1
+ a—fH\/ﬁFlt:on + m“‘l’h:o\\z,g]? vrelo,T].



Justification of estimates (6.9)—(6.8) is based on use of this bound, on a special
choice of test functions in integral equality (4.3), and on application of energy
inequality (4.9) and Remark 6.2.

We integrate the first term in (4.3) by parts, substitute (3.7) and (3.10), and
replace p and 7 by p and 7, respectively, which is legal due to Remark 6.2. Thus
we get

2
/ (aTﬁa—W o —Zdive + xa,D (957 a—w) :D(a, )
Qx(0,7) ot? @ ot (6.11)
+ (1 —x)anD(z,w) : D(z, ) — apf divap — appF - cp)dxdt =0,
for all 7 € [0,7T]. Here we denote % := §+ 7 for briefness.

Now our aim is to choose a test function ¢ in this equality such that div, ¢ = 2
and all integrals make perfect sense and admit estimates in terms of [|Z]l2 o (0,
independently of o, and o,,. Evidently, if this choice of ¢ is possible then it leads
directly to a bound on ||Z||2 gx(0,7), uniform in ay, and ;. We succeed to pick up

such a test function as follows. Introduce successively ¢ = ¢1(x, 1) as the solution
of the Dirichlet problem for Poisson’s equation on ) for ¢ € [0, 77:

Appr =2, p1]yq =0 (6.12)
and ¢ = ¢o(x,t) such that
divgs =0, ¢2lon = Vepilaa. (6.13)

Note that due to the classical theory of elliptic equations, a solution of problem
(6.12) exists, is uniquely defined by z, and admits the bound [4, Sec. 11.7]

and that, on the strength of the construction in [5, Chap. 1, Sec. 2.1] and property
(6.7), a vector-function 9 satisfying (6.13) may be found such that

le2llwi) < Co(@)Vapillzoa0 Vi e[0,T], (6.15)
which immediately implies the bound
le2llwi < 02(9)||4P1||W}22(Q) vt e (0,7, (6.16)

thanks to the well-known trace theorem [4, Sec. 1.6]. In inequalities (6.14)—(6.16)
the constants Cy(Q), C1(2), and Cy(2) depend merely on regularity of 99 and
make sense, for example, for C?-piecewise smooth surfaces 9.

The sum ¢ = V,p1 — 9 is a valid test function for integral equality (6.11).
Inserting it and rearranging terms, we obtain the equality

/ 22 dxdt
Qx(0,7)

0w _ ow
B /M,T) (aro G - (Vewr =)+ 50D (2. 50 ) D Vag)

ow
— X0,,D (2, 5) s D(a @) + (1 = VoD, w) : D(a, Vaipy)
— (1= )oaD(, W) : D(x, ¢2) — 305 — appF - (Vapr — ¢2) ) dxdl,

for all 7 € [0,77], due to (6.12) and (6.13).



Applying Hoélder’s and the Cauchy-Schwartz inequalities, bounds (6.10) and
(6.14)—(6.16), and energy inequality (4.9) to the right hand side of equality (6.17),
we estimate

1213 6 (0.1
1,1 1 w2
<« {4 = =—
-2 (51 + 52) [aT VP A2 ll2,ax(0,7)
352 (e 5,
Ll LT N P 2 Y
2\es g/ LH X "ot Jl2,ax0,7)

1 = (a7 + ap)max{ps, psfe1
+ 5 IVEOIE 0oy + Vel axcn

+ aF”\/ﬁF”%,QX(O,T)}

+axll(1 = 0D, W13 a0
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max{a,, @ tes
#HD(% Vao)l3 ax (0, + fHD(% e2)113 0.7

2
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2
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2,02x (0,7

2,0%(0,7) 5

_OF |12 1
\/;EHZ,QX(O,T) + min{cyy, cpst

+ llp2

2
at

I
2,0x(0,7)

mumtouiﬂ T ar | VAP oo

1

min{cps, Cps

||\If||§,m<o,t>)e”dt}

2
at _
a—F”\/ﬁFH%Qx(o;) + ||‘I’||§,Qx(o;)

1

min{cpf, cps

1 max{agy, aps} | 5, ~ !
1 max{apy, ap {—Fll\/ﬁFllg,mm;) + P12 0,79

2e5 min{cpf, Cps) | Cr min{c, ¢, cpst

1 .
||§,Qx(o,t)) € tdtl

S — L
min{cpg, cps I

T 2
o .
+ [ (VB axn +

+ S ot apymaxtpg, ) o1 +C3(@)=2)

T max{ay,, ax} (e + CR(Q)es) + max{aos, aos s 1215 o r)-
(6.18)

Choosing

e = 2/(5C3 () ar + ap)maxipy. o)),
ey = 2/(5CHQCHO) s + ap) max{py, .},
£3 = 2/(5C3(Q) max{oy, ax}),
£4 = 2/(5CHQ)C3 () max{a,, ar}),
e5 = 2/(5C3(Q) max{ags, ags }),



we deduce the estimate

1, .
5 ||Z||§,Qx(o;)
1

2
< Cil){a—F PF I3
< o IVPEl 00 + min{cy¢,

1913 xo.r)]
Cos) 2,0x(0,7)

\/—ﬁFHQ n 1 8\I/H2 (6.19)
P a1 2,0x(0,7)  min{eps, cps H 0t ll2,0x(0,7)

2
ey = 2 1 2 — 12
4 = F|,_ 4+ —||¥|= + F
. v |t70||279 in{cpf7cps}|| |t70||2,9 arpllvp ||27Q><(O,T) )

+o [ﬁ
oy

where
= (5/4)( + DETQ)(1 1 C3(Q) maxfoy, o)
+(5/4)(e” + 1)CT () (max{apy, aps })*/ min{ey s, cps ),
O = (5/4)(e7 + 1)CHQ)(1 + C3()) (o + ) max{py, ps }.
Since the supports of ¢ and © do not intersect, we have

2112 12 2
12112, 0x 0,7y = dl12.0x0,7) + 1712 0x0,7)-

Thus bound (6.8) immediately follows from inequality (6.19). Finally, estimate
(6.9) follows from bound (6.8), energy estimate (4.9), and equation (6.6). O

7. ADDITIONAL ESTIMATES FOR THE DEFORMATION TENSOR

Also we are interested in investigating limiting regimes arising as «, grows in-
finitely. In order to fulfill this study, it is necessary to establish additional bounds
on solution of Model A, which should be in certain sense uniform in .

In this line, the fundamental estimate immediately follows from energy inequality
(4.9):

esssup [[(1 — ¥)D(x, w())[3q < Cenl(r)/an, Y7el0,T].  (T.1)
tc[0,7]
Remark 7.1. Assume that (1 — x)D(z, wg) = 0, which implies that C.,(7) is
independent of ay. Then from bound (7.1) it obviously follows that

11 =)D (2, w(t))llo,o — 0 as oy /oo

Since the kernel of the operator ¢ +— D(z, ¢) is the set of absolutely rigid body
motions, i.e., translations and rotations ¢(x) = xg + w X x (Xg,w = const) [14,
Chap. 111, §2.1], we see that the infinite growth of a; leads to solidification limiting
regimes.

The following assertion provides one more useful bound in the case of potential
(e.g., gravitational) mass forces under additional assumption on geometry of Q;:

Assumption 7.2. Let the Lebesgue measure of 902 N 90, be strictly positive and
Q, be connected.

Theorem 7.3. Lel Assumption 7.2 hold. Suppose that initial data satisfy (6.1),
the derivative OV /0t belongs to L*(Q), and the given density of distributed mass
forces has the form

F(x,t) = V,B(x,t) (7.2)



with some potential ® € W4 (Q) such that (8/9t)V,® € L*(Q). Then the following
bound holds:

_ . Ow
+ ozl,oz,\delv v

L HZQ

1
—esssupaToz)\H\/— H
2,0

te[0,T)
2

1
Jraua,\“)’(D(x?E)HzQ —%esssupH 1- )a,\dlvw(t)H

4(1)\ te[0,T) 2,02

(7.3)

1 2 1
T esssupHXOz,\ divw(t) + —esssup||(1 — x)axD(z, w(t ))||§Q

QX 10,7 x HZQ t£[0,T)

_csol(1+—n+—)(||¢||W1(Q+Hatv <1>H +||x1/||2Q+H HQQ)

where Csol - CSOI(T7 97 X7 Qg, R, @ Ep)'

Remark 7.4. We emphasize that the constant Cg, does not depend on «,, ay,
and «y. Thus estimate (7.3) becomes uniform in «y " 0o, whenever it is assumed
that oy, and «a, also grow infinitely such that

anp =0(an), ap=0(an) as ay  oo. (7.4)

Remark 7.5. On the strength of (3.9)—(3.11) and energy estimate (4.9), we observe
that

2
P ess SupHXCM)\ dlvw(t)H = ess sup ||p(t)||§Q7
XX 1€[0,T] z 2,80 Q@p tefo,7]
2
M ess supH 1 —x)ax dlvw(t)H = %esssupﬂw(t)”%@?
25Y tE[OT 2, On otef0,T)

. Ow
xdiv EHZ 5 < |pll2,0 + Vo Cen(T).

lall2,o < llpll2,q < lIpll2,g + o

These formulas and estimate (7.3) yield that the pressures p, ¢, and 7 stay bounded
in L?(Q) as ax, ay;, and a, grow infinitely such that limiting relations (7.4) hold.

Proof of Theorem 7.3. Substitute (3.7), (3.9)—(3.11), (6.1) into (4.3) to get
ow 0 ow
/ / —W Lp — Xop leW leLp O, d1V — leLp
t at
— Xy ( En ) o) — (1 —x)ay, leW leLp

(7.5)
— (I = x)aaD(z,w) : D(z, 4P)+5409dg'15V4p—aFﬁF~<p)dxdt

/an W(x T) - e(x,T)dx, Y7el0,T].
Q ot



On the strength of Lemma 6.1, ¢ = axdw/dt is a valid test function for (7.5).
Inserting it and (7.2) into (7.5), we arrive at the equality

1
saras Vo], + peanlxdivwiriBa

vaves iy Gl o w0 (e )
fee’ — oo
MY o sax(0r) PN X ot Jll2,0x(0,7)
1 N
+5omanll(1 = x) divw(r)[3q + —||(1 — X)axD(z, w(7))|I3 g
T ow 7]

—/ / (apakﬁvzq) IV anaghdiv —W)dxch; vrelo,T].

Using integration by parts on the right-hand side of this equality, we have

1 ow 2 ow ||2
N e
2% C“H\/;at (T)HZ,Q+Q a’\HX > t ll2,0x(0,7)

B W 1 _ L 2
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1 N
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Q v 0 JQ v
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+ [ [ arar(t = x)on ) (5V,0) - waxat

+ / axap(x)0(x, 7) divw(x, 7)dx
Q €T

(7.7)

00
—/ /oz,\d@—divwdxdt7 V7 el0,1].
0o Ja ot =

Now, on the right-hand side apply the Cauchy-Schwartz and Korn’s inequality
(4.13) (with Q; substituted for ) along with a simple estimate

16115, 0x 0,7y < Tess[§u$ll¢( Woq, YéeL>0,T;L*(Q)) (7.8)
tc|0,7
to obtain
1 2 ow |2
o T v 7d. _H
2285521)@ a,\H\/— HZ,QJFCM a’\HX T at 12,0x(0,7)

_ 1 N
tanas [0 ), ot gessup sl - dvwdla

1
+ gesssu?awpllxdWW( 3.+ g s sup [(1 = x)eaD(z, w(t IR

€lo t€[0,7]
% f;; 2p2
< L esssup (1 = )O(O) 3 o + L esssup [|[x@(1) 3 o
0 t€[0,7] €1 telo,7]
+ 5205t S
2e9 ot ll2,0x0,7) 2e3 2,0x(0,7)



a2 s ’ X
aplps —ps)” esssup [|(1 = X)V.@()[13 ¢,

2e4 tc[0,7]

op(ps —py)? a- 0 g H2

+

+

2ex ot 2,0x(0,7)
2 2
+ 8 esssup |(1 - )O3 + 91 esssup [[xoe 3.0
2e6 te[0,7] 2er t€[0,7]
2
Qg 0012 a@
+afa-oz] 2,
2eg atll2.0x©0,m) 259 2,0x(0,7)

2

o .
+ 7’\(50 + Te9 + £ + Teg) esssup || (1 — ) d1VW(t)||§ Q
t€[0,7) z ’

2
(8%
+ SHer + 7eg + er 4 meg) esssup [ div w(t)]}

te[0,7]
CL(Q,
+ 7( k(2 ) (e4 + 7e5)esssup (1 — x)aiD(x, wit ))”397 V7 e[0,1].
tc[0,7]
Choose
_ o e % B
€0 =¢6 = 8ary £1 e Savy 2 © 8Ty
g — P ey — o 1
BT Bran MG TP ar(Cr(0))2?

and set 7 = T". Applying energy inequality (4.9) and Lemma 6.1 in order to estimate
the norms of 6 and 96/9t in the above estimate,we arrive finally at inequality
(7.3). O

8. INCOMPRESSIBILITY LIMITS

In this section we prove the theorem, which explains the limiting behavior of
solutions of Model A, provided with homogeneous initial data, as the coefficients
ap and oy, grow infinitely:

Theorem 8.1. LetF, OF/ot, ¥, 0¥ /ot € L*(Q), and initial data be homogeneous,
e., satisfy (6.1). Suppose that in Model A the positive constants py, ps, cr, @y,
Oy, O\, Qtaf, Qgs, OUF, Cpf, Cps, Xf, and s are fized and the coefficients oy, and oy,

depend on a small parameter ¢ > 0: o = o, a; = of. Let

lim of 70[0 hma%za.

8.1
N0 P P N0 ( )

IO

For a fired ¢ > 0 by (W=,0°,p%, ¢°,7¢) denote the generalized solution of Model
A such that the pressures p®, ¢°, and ©° are normalized, i.e., satisfy equations
(6.4)—(6.6) instead of (3.9)—(3.11).
Then the following assertions hold:
1) Ifozg € (0,00) and ag = 00, then the sequence (W, 0%, p%, ¢°, 7¢) is convergent
such that
owe ow

£ A E oo R
w E\—>OW7 5 0 o weakly* in L°°(0,T; W(Q)), (8.2)

6° = 0 weakly in L2(0,T; W)(Q)), weakly* in L°(0,T:L2(Q)),  (8.3)



£ £ £ - 2
p E\—sp7 q SSLL 7r E\—>O7T weakly in L°(Q), (8.4)
and the five limiting functions (w,0,p,q,7) are the generalized solution of Model
Bl with o = ag. (Statement of Model B1 and the notion of its generalized solution
are given immediately after formulation of the theorem.)

2) Ifozg = o0 and ag € (0,00), then the sequence (W=, 0%, p%, ¢%, 7¢) is convergent
such that the limiting relations (8.2)—(8.4) hold true and, moreover, p = q and the
four limiting functions (w,0,q, 1) are the generalized solution of Model B2 with
oy = ag. (Statement of Model B2 and the notion of its generalized solution are
given after statement of the definition of generalized solution of Model B1.)

3)If ag = ag = 00, then the sequence (W=, 0%, p%, %, 7%) is convergent such thatl
the limiting relations (8.2)—(8.4) hold true and, moreover, p = q and the iriple
of limiting functions (W,0,$) = q+ m) is the generalized solution of Model B3.
(Statement of Model B3 and the notion of its generalized solution are given after
statement of the definition of generalized solution of Model B2.)

Statement of Model B1. In the space-time cylinder @ it is necessary to find a
displacement vector w, a temperature distribution €, and distributions of pressures
p, ¢, and 7, which satisfy equations (3.6)—(3.8), (6.4), and (6.6), incompressibility
condition in the solid phase

(1-x)divw =0, (x,t)€Q, (8.5)
homogeneous initial data (6.1), and homogeneous boundary conditions (3.13).

Definition 8.2. The set of functions (w,8,p, ¢, 7) is called a generalized solution
of Model B1 if they satisfy regularity conditions (3.14), condition 7 € L?(Q), initial
data (6.1), integral equalities (3.15) and (3.16), and equations (3.7), (6.4), (6.6),
and (8.5) a.e. in Q.

Statement of Model B2. In the space-time cylinder @ it is necessary to find a
displacement vector w, a temperature distribution €, and distributions of pressures
g, and 7, which satisfy equations (3.6)—(3.8) and (6.5), incompressibility condition
in the liquid phase

)’(divw =0, (x,1)eq, (8.6)

homogeneous initial data (6.1), and homogeneous boundary conditions (3.13).

Definition 8.3. The set of functions (w, 8, ¢, 7) is called a generalized solution of
Model B2 if they satisfy regularity conditions (3.14), condition ¢ € L?(Q), initial
data (6.1), integral equalities (3.15) and (3.16), and equations (3.7), (6.5), and (8.6)
a.e. in Q.

Statement of Model B3. In the space-time cylinder @ it is necessary to find a
displacement vector w, a temperature distribution €, and a distribution of pressure
£, which satisfy equations (3.6), (3.8), and

ow
P = _("6 + d@@)I + )ZCYMD <£E7 E) + (1 - X)CVAD(:E7 W)? (X7t) € Q7 (87)
incompressibility condition in the both phases

divw =0, (x,1)€Q, (8.8)

homogeneous initial data (6.1), and homogeneous boundary conditions (3.13).



Definition 8.4. The triple (w,#,$)) is called a generalized solution of Model B3
if it satisfies regularity conditions (3.14), condition $§ € L?(Q), initial data (6.1),
integral equalities (3.15) and (3.16), and equations (8.7) and (8.8) a.e. in Q).

Remark 8.5. Clearly Theorem 8.1 provides the existence results for generalized
solutions to Models B1-B3, as a byproduct. At the same time, existence and unique-
ness of generalized solutions of Models B1-B3 may be justified without consider-
ing Model A firstly, but starting from Definitions 8.2-8.4, introducing the proper
Galerkin’s approximations, and keeping track of the proof of Theorem 3.4. Thus,
Models B1-B3 are well-posed.

Remark 8.6. Equations (8.5), (8.6), and (8.8) are indeed the conditions of incom-
pressibility, since, on the strength of continuity equations (2.29) and (2.33), they
imply that p = ps in Qs x (0,7, p = py in Qp x (0,7, and p = p in Q, respec-
tively. Consequently, Models B1, B2, and B8 are respective solid, liquid, and total
incompressibility limits of Model A.

Proof of Theorem 8.1. We verify assertion 3 of the theorem only. Justification of
assertions 1 and 2 is quite similar.

If g, of, Q oo then there exist a subsequence (w®, 6% p®, ¢°, 7%) and a limiting
£

set of functions (w, 8, p, ¢, 7) such that limiting relations (8.2)—(8.4) hold true, due
to energy estimate (4.9), Lemma 6.1, Corollary 4.4, Theorem 6.3, and homogeneous
initial conditions (6.1). Energy estimate (4.9) vields that
esssupt € [0,7T]|x div WE||§7Q < 2(Cen(T)/oz;) Q 0,
esssupt € [0, T]||(1 — x) divw5||§79 < 2(Cen(T)/ozf7) Q 0,

since initial data are homogeneous and therefore Con(T) does not depend on .
Hence (8.8) holds true for the limiting function w.

Next, substitute (6.4) into (6.6) and pass to the limit as £ \, 0, using limiting
relations (8.2) and (8.4), to get

g=p— xa,(0/0t)divw.

By (8.8) this equality yields ¢ = p on Q.

Now, from the limiting relations (8.2)—(8.4), passing to the limit in (3.15) and
(3.16) as £ \, 0, we conclude that the triple (w, 8, g + 7) is a generalized solution
of Model B3.

To complete the proof of assertion 3, it remains to notice that due to Remark
8.5 the solution of Model B3 is unique. Hence the sequence (w€, 0% p%, ¢°, 7%) has
exactly one (weak) limiting point and therefore converges entirely, and there is no
need to shift to a subsequence. [l

9. SOLIDIFICATION LIMITS

In this section we observe limiting behavior of solutions of Model A, as the
coefficient o, grows infinitely. First, we prove the following result.

Theorem 9.1. LetF, OF/ot, ¥, 0¥ /ot € L*(Q), and initial data be homogeneous,
i.e., satisfy (6.1). Let Assumption 7.2 hold.



Suppose that in Model A the positive constants py, ps, Gr, Qp, O, Qu, Qp, Qgy,
095, OF, Cpf, Cps, Xf, and », are fized and the coefficient ax depends on a small
parameter € > 0, ay = of. Let

lim of = oo. 9.1
lim o (01)
By (we,0°,p°, ¢, 7%) denote the generalized solution of Model A corresponding to
a fized £ > 0.
Then the sequence (W=, 0%, p%, %, 7%) is convergent such thatl

ow*® ow o
£ * o0 . 1

w = YV, 5 =3 o weakly* in L°°(0,T; W5 (Q)), (9.2)

o s £ . %) .72
(1 =x)Vaw = 0, © = 0 strongly in L°°(0,T; L*(Q)), (9.3)
6° = 0 weakly in L2(0,T; WA(Q)), weakly* in L°(0,T; L2(Q)),  (9.4)
—p, — weakly in L? 9.5
L e Y (@), (9.5)

and the four limiting functions (W, 0, p, q) are the generalized solution of Model C1.

Statement of Model C1. In the space-time cylinder @ it is necessary to find a
displacement vector w, a temperature distribution €, and distributions of pressures
p and ¢, which satisfy the equations

’w , .
anfW :d;VPf+anfF7 n Qf X (07T)7 (96)
d
Pf:—(quagf@)IJrauD(x? a—vtv)) in Q x (0,7), (9.7)
a0 0 )
”at = d;v(%v 0) — Xagfa d1VW+\I/ in Q, (9.9)
P+ Xy divw =0, inQ, (9.10)
o, Op
q*er—g in Q, (9.11)

homogeneous initial data (6.1), and homogeneous boundary conditions
w=0, forxedQy t>0; 0=0, forxedQ, t>0. (9.12)

Definition 9.2. A set of functions (w, 8, p,q) is called a generalized solution of
Model C1 if they satisfy the regularity conditions

ow
w, = Vaw, 0,V L0 € L*Q), (9.13)
equations (9.7), (9.8), (9.10), and (9.11) a.e. in Q, and the integral equalities

ow 84,0
/ / rpf By —P;: Voo t+appsF- Lp) dxdt =0 (9.14)

for all smooth ¢ = ¢(x,t) such that ¢|sq; = ¢;=r = 0 and
0 0
/ (apea—¢ VL0Vt + )Zagf(divw)a—w n w) dxdt = 0 (9.15)

for all smooth ¢ = ¥(x, t) such that ¥|sq = ¥|,—7 = 0.



Remark 9.3. As in Remark 8.5, we notice that Theorem 9.1 provides the exis-
tence result for Model C1 as a byproduct, and that existence and uniqueness of
generalized solutions of Model C'1 may be justified independently of Theorem 9.1
by considerations similar to the proof of Theorem 3.4.

Proof of Theorem 9.1. Firstly, we have that limiting relations (9.2), (9.4), and (9.5)
hold true for some subsequence (w¢,0%,p%, ¢°) due to energy estimate (4.9) and
Lemma 6.1.

Secondly, bound (7.1) immediately implies that the limiting displacement vector
w satisfies the equality (1 — x)D(z,w) = 0 in Q. On the strength of Remark
7.1 and Assumption 7.2, this equality yields that (9.8) holds. From bound (7.1),
Assumption 7.2, homogeneity of initial data (see (6.1)), and Korn’s inequality (4.13)
(with Q; substituted for ) it follows that

etss[gu]p(ll(l — X)W B30 + 11 =) Vaw* (t)]3.0)
<|0,7

< (C(9s))? esssup || (1 = x)D(z, w*(1))[3.0 — 0,
te[0,7] T eNo
which proves limiting relations (9.3). (By Cy(£2;) the constant in Korn’s inequality
is denoted.)

Next, from the limiting relations (9.2)—(9.5), passing to the limit in (3.15), (3.16),
(3.9), and (3.10) as € \, 0, we conclude that the four functions (w,#,p, q) are a
generalized solution of Model C1.

To complete the proof, it remains to notice that due to Remark 9.3 the solution
of Model C1 is unique. Hence the sequence (w®, 8%, p%, ¢°) has exactly one (weak)
limiting point and therefore converges entirely and there is no need to shift to a
subsequence. [l

To complete this article, we derive a rather peculiar asymptotic behavior, which
is observed thanks to additional bound (7.3). Namely, we prove the following result.

Theorem 9.4. Let Assumption 7.2 hold, initial data be homogeneous, i.e., satisfy
(6.1), the given density of distributed mass forces have the form

F(x,t) = V,B(x,t) (9.16)

with some potential ® € WHQ) such that (8/0t)V,® € L*(Q), and the given
volumetric density of exterior heat application be such that ¥, 0V /ot € L*(Q).

Suppose that in Model A the positive constants py, ps, cr, u, o, Qgr, Qgs,
OF, Cpf, Cps, %5, and 25 are fized and the coefficients ax, ap, and oy, depend on
a small parameter £ > 0: ax = of, ap = oy, and ay = ay. Let limiting relations
(7.4) hold, or, equivalently,

lim af = oo lima—;:aOE(O 00) lima—%:aOE(O 00) (9.17)
£\0 A ’ 2\0 ai P ’ ’ 2\0 ai n P . .

By (we, 0%, p°, ¢, 7%) denote the generalized solution of Model A corresponding to
a fized £ > 0.

Then the sequence (W<,0°,p% g%, m¢) 4is convergenl and there exist functions
(u, 0,p) such that

£

d
we m 0, ;Z 5@ 0 strongly in L>(0,T; L*(Q)), (9.18)




6° = 0 weakly in L*(0,T;WH(Q)), weakly* in L°(0,T; L2(Q)),  (9.19)

P P (9.20)
£ .0 3
™3 —(1=x)oy, d;jvu7 (9.21)
(1 —x)asw® = u  weakly* in L>=(0,T; L*(Q)), (9.22)

(1 —x)D(x, a5w") = (1—x)D(z,u) weakly* in L0, T; L*(Q)),  (9.23)

and the triple (u,0,p) is the generalized solution of Model C2, formulated below.
Statement of Model C2. Find successively the following:

(C2a) a temperature distribution 6, solving the initial-boundary value problem for
the heat equation

ép% = div(irvzﬁ) +V¥,in Q, (9.24)

Bli—o =0, on Q, BOlon =0, for ¢t > 0; (9.25)

(C2b) a hydrostatic pressure p in the liquid phase from the equilibrium equation
p=—agsb+app;®, in Qp x (0,T7; (9.26)

(C2c) an up-scaled displacement vector field u, solving the mixed problem for the
3D system of stationary wave equations

divD(z,u) + a) Vo divu = ap Vo — app,Va®, in Q, (9.27)
D(z,u) -n+ ag(div wn = (agsf — apprP)n, on T, (9.28)
u=0, on (0Q; \I). (9.29)

(Here n is the outward unit normal to 9€);. Variable ¢ appears in the system as
a parameter. Also, recall that I' := 9, N 9Q; and that the Lebesgue measure of
00, \ T is positive due to Assumption 7.2.)

Definition 9.5. The triple (u, 8, p) is called a generalized solution of Model C2 if
it satisfies the regularity conditions

0, V.0, p, (1 - x)Vyu e L0, T; L*(Q)), (9.30)

and the integral equalities

/Q ((XP — (1= X)ay divu+ agf) divy

(9.31)
— (1 - )D(z,u) : D(z,¢) + appV,d - <p) dxdt = 0
for all smooth ¢ = ¢(x,1) such that ¢|sn = ¢|i—r = 0 and
/ (apeai VL0Vt + w) dxdt = 0 (9.32)
o\ o

for all smooth ¢ = ¥ (x, t) such that ¥|sq = ¥ |i—r = 0.

Remark 9.6. By the standard arguments it is easy to verify that integral equalities
(9.31) and (9.32) are equivalent to equations (9.24)—(9.29) in the distributions sense.
Due to the well-known theory of second-order elliptic and parabolic equations [6, 7]
there exists exactly one generalized solution of Model C2, whenever ® and V¥ satisfy



conditions of Theorem 9.4 and whenever we prescribe some certain values to (1—x)p
and yu. (For example, we may simply set (1 — ¥)p = yu=20.)

Proof of Theorem 9.4. From energy estimate (4.9), bound (7.3), limiting relations
(9.17), and Remark 7.5, we conclude that limiting relations (9.19)—(9.23) hold true,
at least for some subsequence, and that limiting relation (9.18) and relations

£ £

W ow
0, xoD(
ot o 0 XD T
are fulfilled for the entire sequence ¢ \, 0.
The limiting functions u, p, and 6 satisfy regularity conditions (9.30) due to
relations (9.19)—(9.23) and Korn’s inequality

la(llwz . < Ce(Q:)D(z, u@))l20., Y e0,T].

Substituting (3.9)—(3.11), (6.1), and (9.16) into integral equality (3.15), and passing
to the limit as £ \ 0, we arrive at integral equality (9.31) due to relations (9.18)—
(9.23) and (9.33). Analogously we justify that @ satisfies integral equality (9.32).
Finally, it remains to notice that, since solution of Model C2 is unique, the sequence
(1 = x)a5w®, 07, p°, ¢°, 7°) has exactly one (weak) limiting point and therefore
converges entirely. [l

X, div ) — 0 strongly in L*(Q) (9.33)

£N\,0
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