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Abstract—b-class mosaic crystals, including pyrolytic graphite, are widely used as neutron and X-ray mono-
chromators in experimental physics and ensure a more intense yield of monochromatic radiation than do
perfect crystals. A new technique that has been proposed for calculating the X-ray reflectivity of these crystals
via the Monte Carlo method is implemented. According to this technique, repeated reflections of photons
inside crystals and the experiment geometry can be correctly estimated for an arbitrary mosaicity distribution.

INTRODUCTION

Monochromatic X-ray beams can be produced by
diffraction of electromagnetic radiation with continu-
ous and discrete spectra in crystals. The integral
reflectivity of mosaic crystals is substantially higher
than that of perfect crystals. Crystals can be classified
according to degree of perfection on the basis of two
criteria: the size of regular blocks or regions and the
degree of their mutual disorientation [1]. The first cri-
terion allows division of crystals into @ and & classes. In
the a-class crystals, separate regions are large enough
to stimulate the noticeable influence of primary
extinction; i.e., their linear sizes are comparable with
primary extinction length /.. In the b-class crystals,
the regular block sizes are small. Hence, the effect of
primary extinction is hardly observed at all. The sec-
ond criterion makes it possible to divide crystals into o
and f classes. In the a-class crystals, blocks are almost
parallel to each other and their mutual disorientation
is low. Hence, the contribution of secondary extinc-
tion is high. The [B-class crystals are characterized by
an irregular distribution of blocks. Hence, the contri-
bution of secondary extinction is low.

The X-ray reflectivity of crystals depends on the
perfection of their structure. aa-class crystals ensure a
narrow rocking curve (the full width at half maximum
is ~20—30"), and their integral reflectivity is small.
bB-class mosaic crystals exhibit the maximum integral
reflectivity. Pyrolytic graphite, which is employed in
applied physics to generate quasi-monochromatic
X-ray and neutron beams, is a well-known b-class
mosaic crystal [2, 3].

As was noted in several experimental studies [2],
the theory of X-ray diffraction in mosaic crystals [4, 5]
sometimes incorrectly describes the results of mea-
surements even in pyrolytic graphite crystals. This is
associated, first of all, with the assumptions that

mosaic blocks are uniformly distributed across the
crystal thickness and their mutual disorientation with
respect to the average direction has a Gaussian distri-
bution. The statistical simulation method enables us to
ignore these assumptions and estimate all the experi-
mental parameters more correctly: the size and geom-
etry of crystals, the actual mosaicity distribution of
samples, multiple reflections inside the crystal,
changes in absorption related to the multiplicity of
reflections, and so forth.

SIMULATION

Our approach is also based on the theory of X-ray
diffraction in mosaic crystals [1, 4, 7] and was partially
employed in [6]. The reflectivity of h-class mosaic
crystals is calculated via the technique implemented
for 1D mosaicity distribution and a monodirectional
beam of external radiation with a fixed energy. In the
general case, a divergent photon beam with a continu-
ous spectrum impinges on or is generated in a crystal.
When a monodirectional and monoenergetic photon
beam is reflected by the mosaic crystal’s element with
volume AV, we obtain [1]

IP@ﬁK%zQAV, (1)

where P(0) is the reflectivity of the crystalline element
at angle 0 (its value is proportional to the distribution
of mosaic blocks in the crystal [7]) and QAVis the inte-
gral reflectivity from element AV. Integral reflectivity
O depends on crystal parameters and radiation energy:
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Here, Nis the concentration of scattering centers; A is
the radiation wavelength; ® is the angle between the



BAKLANOV et al.

crystal plane and the photon beam direction; and

|F(g)|2 = |S(g)|zexp(—2W), where |S(g)|2 is the struc-
tural coefficient, exp(-2W) is the Debye—Waller
coefficient, and F(g) is the Fourier component of the
spatial distribution of electrons in a crystal atom f{0) =
zZ, where zis the number of electrons in the atom), and
|F p| is the polarization coefficient related to the polar-
ization of radiation incident on the crystal. If the
polarization vector is perpendicular to the diffraction
plane, |Fp| = 1. In the opposite case, |Fp| =cos’20. If
the beam is not polarized, |Fp| =(1+ cos’ 2®)/2.

A reflection process is analyzed by means of the
approach proposed in [8] and using several coordinate
systems related to the direction of a primary photon
beam (the laboratory coordinate system) and the
direction of a crystal plane (the crystal coordinate sys-
tem). Let the photon beam having spectral-angular
distribution N.(w, n), where o is the energy and n is
the unit vector, and directed along the photon
momentum propagate in the mosaic crystal with the
distribution P(g) of reciprocal lattice vectors. Here,
g= |g| a, where a is the unit vector describing the devi-
ation of crystal microblocks from the average direction
g, = <g) Vector g, is perpendicular to the crystal plane.
The angle between this vector and the z axis is /2 — Oy
The diffraction plane is defined by vectors nand g.

In the case of photon diffraction on a microblock
(the photon has energy o and direction n), Bragg’s law
enables us to define the following requirement to the
direction of microblock vector g:

o= ng _ |g|sin® (3)
Jesl-m'n)  Jel(1-cos20)’

where n' is the vector describing the motion direction
of the diffracted photon and ¢, is the medium permittiv-
ity. Here and below, the system of units z=m,=c=11s
used. Hence, an angle between the directions of vec-
tors n and g must satisfy the condition

sin® = ng— 4)
20\,
In the mosaic crystal, this condition is valid for a set of
mosaic blocks governed by the equation

@ _ [nxgx + nygy + nzgz]. (5)
i i

On the basis of this equation, it is possible to deter-

mine both mosaic blocks on which this photon can

diffract and the motion direction n' of the diffracted

photon. Thus, in the mosaic crystal with thickness Af,

the probability density of reflection of the photon with
fixed » and n can be expressed as

Ao, n) =q(o, HA0)At, (©)

sin® =

where g(w, n) is the crystal mosaicity coefficient:
4(@,m) = [P(a(0,n,0,),a)do, ™

Here, P,(a.,, o)) is the crystal mosaicity distribution
expressed in terms of o, n,, and o, ((2)—(5)).

According to the approach developed in [7], for
each reflection order i, the diffracted photon yield in
the collimator aperture is determined by convolving
the spectral-angular distribution of the radiation
intensity with the probability density of reflection over
all variables, including photon energy, photon emis-
sion angles, and crystal thickness. In the crystal layer
between diffraction and escape regions, the secondary
diffraction of photons reflected in the primary beam
direction is calculated similarly. Absorption of pho-
tons depends on their free path lengths within the crys-
tal and their energies. This technique makes it possible
to determine both the spectral-angular radiation dis-
tribution and the realistic mosaicity distribution of a
sample. Its main drawbacks are a difficulty of estimat-
ing the actual geometry of measurements (crystal rota-
tions, the eventual difference of the mosaicity distri-
bution from a Gaussian form, and so forth), and the
uncontrollably varying photon path length in the crys-
tal owing to multiple reflections.

‘With allowance for (6) and (7), diffraction-induced
variations in the number of photons after their passage
through the crystal layer with thickness Af can be
expressed as

AN (o, n) = =N g(®, n)Hw)Ar

®)
= _Nyl"tdif(ma n, g)Ata

where Py (o, n, g) is the linear coefficient of absorp-
tion of the radiation with energy ® in motion direction
n owing to diffraction in the mosaic crystal.

According to (8), the dependence between the
number of photons and crystal layer thickness 7 can be
written in the conventional form:

Ny(o‘)a n, t) = NO(O‘)a n)eXP(_HmJ), (9)

Here, Ny(o, n) is the spectral-angular distribution of
radiation incident on the crystal and ., =
Mdif(o‘)a n, g) + Mph(o‘)) + Minc(o‘)) + Mcoh(o‘))+ Mpair(o‘)) is
the total linear coefficient of absorption of primary
radiation. The latter depends on photoabsorption
Uyn(®), incoherent (Compton) scattering p;,(®),
coherent scattering i .,(®), and electron—positron

pair generation pi,,;(®). Such a notation enables us to
describe photon penetration through a mosaic crystal
via the well-known statistical simulation method (the
Monte Carlo method [9]).

Let us consider the basic stages and approaches of
a simulation process by the example of determining
the energy resolution and efficiency of crystal-diffrac-
tion spectrometers based on mosaic pyrolytic graphite
crystals [10]. A bremsstrahlung beam from a disori-
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ented tungsten target impinges on the crystal mounted
in the goniometer and rotated through the angle
O3 = 0 /2. Here, @y, is the angle of positioning of the
detector used to record diffracted radiation. The tech-
nique for calculating the spectral-angular distribution
of bremsstrahlung, the characteristics of crystals
tested, and the layout of experimental equipment are
similar to those described in [7].

Atenergy o and wave vectork = 03“\/8_0 of the pho-
ton, the point of incidence is determined. With allow-
ance for the measured crystal mosaicity distribution,
the angle of microblock disorientation with respect to
the y axis () is sought in the crystal coordinate sys-

tem. Using the values of ®, k, and @y according to (4)
and (5), the disorientation angle of the microblock (on
which a photon with the given values of ®» and k can
diffract) with respect to the x axis (o) is found. Next,
from the measured mosaicity distribution with respect
to the x axis, the probability that such a block exists in
the crystal (w (o)) and the linear coefficient of diffrac-

tion absorption of primary photons (—g;; = wQ) are
determined. For the Gaussian distribution of microb-
locks, the desired probability is expressed as

1 2
w= 26
\2no /
where © is the characteristic angle of the mosaicity of
the crystal tested.

Thereafter, according to the traditional approach
to simulation of photon penetration through a mate-
rial, the photon path to the interaction point is exam-

ined from the expression / = In&/p,,,, where & is a ran-
dom number from zero to unity, the interaction point
coordinates are determined, and the type of a process
(diffraction, photoabsorption, or Compton (incoher-
ent) or coherent scattering) is sought. Simulation is
performed with the use of the interaction cross sec-
tions of low-energy photons described in [11]. To
involve the influence of a crystalline structure, correc-
tion coefficient 1 — exp(2W) is introduced into the
coherent scattering cross section. If the interaction
point does not belong to the crystal, photon capture by
the detector is verified and a search process is
restarted.

Subsequent stages of simulation are determined by
the type of interaction. If a photoabsorption process
occurs, simulation is repeated. In the case of photon
scattering, the energy o' of the scattered photon and
the direction n' of its motion are determined with the
help of the known techniques for simulating photon
interaction with a material [9]. Next, microblock dis-
orientation angle o, is sought, angle o, is determined,
and the photon free path and the type of interaction
are sought. If a diffraction process occurs, the law of
conservation of momentum enables us to define the
wave vector as

exp (10)

k=k'+g. (11)

where k' is the wave vector of the diffracted photon and
g is the vector of the reciprocal lattice of the crystal
microblock on which a diffraction process is observed.
All three vectors are determined in the laboratory
coordinate system. Hence, according to the technique
reported in [8], vector g, which is described by
microblock disorientation angles o, and o, in the crys-
tal coordinate system, must be converted to the labo-
ratory system. Next, on the basis of ® and vectors g
and n, the motion direction of the diffracted photon is
defined as

-8 12
oo, (12)
At the next stage, for the photon with energy ® and
wave vector k = ans_O , microblock disorientation
angle o, is sought and angles o, is determined. Next,
the free path length is sought, the coordinate of the
interaction point is determined, the condition of
escape from the crystal is verified, and the condition of
interaction is examined. A distinctive feature of the
second and subsequent even-order reflections is that a
photon is reflected from the opposite side of the plane.
Hence, for these reflections, the crystal system is
rotated through 180° about the y axis. The history of
each photon is traced up to its absorption in the crystal
or escape from it and capture by a detector.

The proposed technique has no restrictions on the
thickness and geometry of the crystal tested (several
samples can be employed), the angular distribution of
mosaic blocks, and so forth. The main condition of its
applicability is the use of a b-class crystal and reliable
information on the 2D angular distribution of mosaic
blocks in the crystal. In particular, such information can
be used to calculate the yield of X-rays emitted at large
angles to the primary beam direction when electrons
and photons pass through textured polycrystals [12].

Low-energy neutron diffraction is described in the
same manner as diffraction of X-rays in mosaic and
perfect crystals [13]. According the cited study, inte-
gral reflectivity of neutrons from a small element with

volume AVis Q,AV .. Quantity Q, can be expressed as

_GBragg N 7\«
e in(20)

Here, X, is the de Broglie wavelength and 6y,,,, is the
elastic neutron scattering cross section in the crystal.
Other designations correspond to those employed in
previous expressions. Owing to such an analogy, the
technique developed for calculating the reflectivity of
b-class mosaic crystals can be extended to neutron
beams, ensuring more accurate determination of neu-
tron absorption in the crystal, increasing the energy
range over which the reflectivity can be calculated, and
making it possible to exclude a correction coefficient
of ~0.8 used in many investigation for evaluating the
contributions of absorption and “residual” elastic
scattering [3].

|S(2) exp(=2). 13)
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Fig. 1. Calculated efficiencies of the spectrometer at @ =
3.16°and © ~ 67 keV.

SIMULATION RESULITS

As was discussed above, the proposed technique for
calculating the X-ray reflectivity of b-class mosaic
crystals has been developed in connection with the
necessity of processing search data and investigating
the characteristics of parametric X-rays emitted at
small angles to the direction of fast electrons moving in
a tungsten crystal that were measured in the experi-
ment [10]. Owing to the narrow spectral range of the
effect observed, the energy resolution of crystal-dif-
fraction spectrometers employed is of most impor-
tance. The calculated absolute radiation yields
obtained by means of the proposed technique for
determining the characteristics of crystal-diffraction
spectrometers under the conditions of the experiment
[10] fit the measured results to within an experimental
value of 5% or less [14].

In the study cited above, fixed-energy radiation was
extracted via two crystal-diffraction spectrometers
based on mosaic pyrolytic graphite crystals with sizes of
2.5 x 6.5 x 22.5 and 3.5 x 5.5 x 20 mm, which were
mounted in goniometers at distances of 13—15 m from
a tungsten crystal employed to produce the X-rays
investigated, and Nal(TI) detectors, each having a size
of 40 x 1 mm, which were placed at distances of 3—5 m
from graphite crystals. In the graphite crystals
employed, the mosaicity distributions were determined
by measuring diffraction curves and identifying diffrac-
tion peaks for each of the detector’s angular positions in
the experiment [7]. In the thinner (2.5 x 6.5 x 22.5 mm)
crystal, such a distribution can be represented as a sum
of two Gaussian distributions with the standard devia-

tions ¢ and S, and G,zn = 9.0 £0.5 mrad and weighting
coefficients S, = 0.67£0.01 and S, =0.33£0.05,
0.05, respectively.

Figure 1 presents the spectrometer efficiencies cal-
culated at a photon energy of first-order reflections of
o ~ 67 keV. Calculations were performed under the fol-
lowing conditions: the collimation angle of reflected
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Fig. 2. Orientation dependences of the radiation yield at
Op =7.49° and © ~ 28.3 keV.

radiation in the diffraction plane is A®, = 0.42 mrad,
the angular capture in the diffraction plane is A9, =
10.092 mrad, and the acceptance is AD, A0, = 1.84 x

10=7 st. The crystal with sizes of 2.5 x 6.5 x 22 mm was
used. The primary spectrum was generated by 500-MeV
electrons in the amorphous target 0.5 mm thick.

Dependences 7 and 2 corresponding to a point
electron beam were calculated by means of the tech-
nique developed in [7]. Curve / was obtained by using
the angular sizes of a primary radiation beam and the
angular capture of the detector of diffracted radiation;
i.e., the photon hit coordinate of a crystal analyzer was
not taken into account. When photon motion is not
directed along the axis of an experimental setup, the
detector is positioned at an angle differing from
O =20, and the shape of the spectral dependence
changes (curve 2). With allowance made for all known
experimental parameters (curves 3, 4), the simulation
results somewhat differ from those obtained according
to the technique described in [7]. After introducing the
angle of crystal rotation, the point of diffracted photon
emission from the crystal, and multiple reflections, the
resolution deteriorates to some extent and the reflec-
tion efficiency decreases. However, the full width at
half maximum remains practically unchanged.
Dependence 3, as well as curves / and 2, was calculated
for a point electron beam. Calculations performed
with allowance for the spatial distribution of the elec-
tron beam impinging on the internal target of a syn-
chrotron [15] (curve 4) have demonstrated that this
parameter weakly affects the spectrometer character-
istics.

As can be seen in Fig. 1, the distinction between the
dependences calculated via the different approaches is
not very significant. The reflectivity increases abruptly
with decreasing photon energy. As a consequence, the
portion of multiple reflections grows. For example, if
the photon energy o = 67 keV, the portion of quanta
that were singly, doubly, and triply reflected in the
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crystal was 0.075, 0.004, and 6 x 1075,, respectively. In
the case of @ = 28.3 keV, these values increase up to
0.29, 0.08, and 0.007, respectively. The maximum
number of reflections changed from five to six. Since
the probability of a portion of multiple reflections
grew, the distinction between the distributions
obtained via the different approaches became more
substantial. At @ = 28.3 keV, the distribution width
determined by means of simulation is 20% greater
than that calculated via the technique reported in [7].

This effect contributes to the measured character-
istics of mosaic crystals and, in a number of cases, can
provoke uncontrollable errors. The calculated orienta-
tion dependences of the diffracted radiation yield,
which were obtained by rotating the graphite crystal at
the fixed angle @, =7.49° of detector positioning (® =
28.3 keV), are depicted in Fig. 2. At the given photon
energy, the calculation conditions are identical to
those of the experiment [10], except that the crystal
mosaicity c,, = 3 mrad is used instead of the sum of
two Gaussian distributions with different values of 5,,.

Curve 1 c o = 3.38 and A®@ = 9.37 mrad) is the
result of exact simulation under the conditions of the
experiment [10] at the chosen value of 5,,. Here, o is
the standard deviation and A® is the width at half
height. Dependence 2 (o = 3.15 and A® = §8.65 mrad)
is obtained by “programmed” elimination of second-
order and subsequent reflections. A distinction
between ¢ and G, seems to arise because the angular
sizes of a radiation beam incident on the crystal and
the radiation collimation angle have finite values. As is
seen in Fig. 2, multiple reflections substantially dete-
riorate the observed dependence in comparison with
the model curve and the dependence calculated with-
out allowance for subsequent reflections. It differs
from the Gaussian, and its width is larger by approxi-
mately 10%. Therefore, in the case of crystals with
high reflectivities, approximately the same error can
arise from measurements of mosaicity distributions
and its parameters. This effect plays an important role
when mosaic crystals are employed in neutron diffrac-
tion processes, because the formula for reflectivity
involves the mosaicity distribution width [3]. The
approximately similar influence of reflectivity on
mosaicity measurements must be observed for
aa-class mosaic crystals.

CONCLUSIONS

The results of the performed investigations can be
summarized as follows.

(1) A new technique for calculating the reflectivity
of h-class mosaic crystals via the Monte Carlo method
has been proposed and implemented. According to
this technique, repeated reflections of photons inside
crystals and the experiment geometry can be correctly
estimated for an arbitrary mosaicity distribution.
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(ii) After certain modifications, the proposed tech-
nique can be used to calculate neutron reflections
from these crystals, making it possible to increase the
energy range in which the reflectivity can be calculated
and exclude correction coefficients.

(iii) In the investigation of the characteristics of
crystals with high reflectivities in the chosen photon
energy range, multiple reflections can substantially
distort the dependences measured and lead to errone-
ous measurements of parameters.
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