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We develop a theoretical formalism for collectively responding point scatterers where the radiating
electromagnetic fields from each emitter are considered in the electric dipole, magnetic dipole,
and electric quadrupole approximation. The contributions of the electric quadrupole moment to
electromagnetically-mediated interactions between the scatterers are derived in detail for a system
where each scatterer represents a linear RLC' circuit resonator, representing common metamaterial
resonators in radiofrequency, microwave, and optical regimes. The resulting theory includes a closed
set of equations for an ensemble of discrete resonators that are radiatively coupled to each other
by propagating electromagnetic fields, incorporating potentially strong interactions and recurrent
scattering processes. The effective model is illustrated and tested for examples of pairs of interacting
point electric dipoles, where each pair can be qualitatively replaced by a model point emitter with

different multipole radiation moments.

I. INTRODUCTION

Metamaterials are artificial media which, through de-
sign, exhibit functions not observed in natural materi-
als. The constituent components of the metamaterial
are resonators that are typically much smaller than the
wavelength of the electromagnetic (EM) field. Each unit
cell in a metamaterial array is formed by a metamolecule
whose internal structure may then consist, e.g., of a non-
trivial configuration of circuit resonators. Metamolecules
are closely spaced and they can also interact strongly
by EM-field mediated coupling. The strong interactions
result from a multiple scattering effect, whereby a res-
onators’ charge and current oscillations, driven by the
incident field and those EM fields emitted by other res-
onators, produce EM fields which, in turn, drive the
charge and current oscillations of other resonators. The
functionalities of the metamaterial then depend on these
interactions.

In principle, when the reaction of a resonator to an
EM field is known, Maxwell’s equations may be solved
numerically for an ensemble of resonators, taking into
account the constituent structure and geometry of each
resonator. In practice, however, this is computation-
ally demanding for more than a few single elements!,
or would require simplifications, such as adapting the
discrete translational symmetry of an infinite lattice®™.
An alternative approach is to provide an effective model
for the individual circuit elements as point scatterers in-
teracting with the incident and scattered EM fields. A
general formalism for such an approach was developed in
Ref. 6, where each metamolecule was assumed to com-
prise a set of pointlike circuit elements whose radiative
properties were described by the lowest order electric and
magnetic multipoles. The model was designed to cap-
ture the physics of each resonator, e.g., its resonance fre-
quency and radiative emission rate, that are relevant for
collective radiative coupling between large numbers of
metamolecules, without the need for a detailed model of

the intrinsic structure of each circuit resonator. The ap-
proach then results in a coupled set of equations for the
dynamics of the resonators and EM fields. The model
is not limited to circuit resonators but can also be uti-
lized for a variety of point scatterer’ and nanoparticle
systems® .

In Ref. 6,12-14 the general formalism of Ref. 6 was ap-
plied to derive effective dipole point scatterer approaches
to model split-ring resonators;® each arc of the resonator
was described by a point emitter that possess both elec-
tric and magnetic dipoles. The resulting metamolecule
of two such arcs exhibits a strong electric or magnetic
dipole excitation, but notably weaker electric quadrupole
excitation'®. The model was sufficient to qualitatively
describe the strong collective effects of a planar metama-
terial array and its correlated subradiant excitations'?.
In related systems, it has also been used in electron-
beam excitation studies of a metamaterial array'”, and
the model can also incorporate additional features, such
as inhomogeneous broadening!®.

Many metamolecules cannot accurately be modeled by
electric and magnetic dipoles alone, and treating each
constituent separately may be computationally imprac-
tical. For instance, there is considerable interest in the
studies of strong intrametamolecular couplings in the
context of Fano transmission resonances or subradiance
in the systems that are formed by combinations of sev-
eral resonators'® 2°. Experiments on collective responses
of large numbers of resonators in planar metamaterial
arrays are also becoming common'417,26-31,

Here we extend the analysis of Ref. 6 to point emitter
descriptions that includes electric quadrupole radiation.
The formalism then provides an effective model of a res-
onator system comprising single point scatterers radiat-
ing electric dipole, quadrupole, and magnetic dipole EM
fields. The EM interactions between point emitters pos-
sessing also electric quadrupole moments lead to mathe-
matically more complicated expressions. We consider an
ensemble of such effective emitters and develop a compact
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model for their interactions. The approach is illustrated
and tested by simple examples of point electric dipoles.
We compare the responses of two pairs of point electric
dipoles to an effective description where each pair is re-
placed by a single point emitter with an electric dipole
or a magnetic dipole and electric quadrupole moment.

In Sec. II, we review the theoretical model utilized
to describe the interactions between resonators, and the
point electric and magnetic dipole approximation of their
interactions. In Sec. IV, we introduce the point emitter
description with an electric quadrupole moment and de-
scribe the scattered EM fields and the interactions with
other emitters. In Sec. V, we analyze in detail the point
multipole interactions of different resonator systems, pro-
viding specific analytical examples. Some concluding re-
marks are made in Sec. VI.

II. BASIC FORMALISM FOR DISCRETE
RESONATOR MODEL

Here, we introduce the basic formalism used to an-
alyze the interaction of an EM field to closely spaced
resonators. The formalism is derived in detail in Ref. 6.
Here, we review how the scattered EM fields are obtained
from general polarization and magnetization sources, be-
fore providing an overview of the point electric and mag-
netic dipole approximation of the scattered EM fields and
their interactions with the resonators in Sec. III.

A. Radiated fields

In the general model of circuit resonator interactions
with EM fields, we assume that the charge and cur-
rent sources are initially driven by an incident elec-
tric displacement field Dy, (r,t), and magnetic induction
Bi,(r,t) with frequency €. The electric Eg ;(r,t) and
magnetic Hg. ;(r,t) fields scattered by resonator j, are
a result of its oscillating polarization P;(r,t) and mag-
netization M;(r,t) sources. In general, the electric and
magnetic fields are related to the electric displacement
and magnetic induction through the auxiliary equations

D(r,t) = ¢oE(r,t) + P(r,t), (1)
H(r,t) = iB(r,t) — M(r,t). (2)

When analyzing the EM fields and resonators, we adopt
the rotating wave approximation where the dynamics is
dominated by Qg. In the rest of the paper, all the EM
field and resonator amplitudes refer to the slowly-varying
versions of the positive frequency components of the cor-
responding variables, where the rapid oscillations e~*??
due to the dominant laser frequency has been factored

out. The scattered EM fields are then given by®

3

+1Gx(r—r’)~Mj(r’,t)] , (3)
3
Ble) = 3 [ €7 |Gle =) M0
—cGX(r—r’)~Pj(r/,t)} , (4)

where k = Q/c. Explicit expressions for the radiation
kernels are®

G(r)=i Elhél)(kr) + (g - ;) hé”(kr)}

- %Ia(kr) , (5)
- ikr
Gy (r) = %v x ekr I. (6)

Here: the dyadic rr, is the outer product of r with itself;

I is the identity matrix; and Ay (z) are spherical Hankel
functions of the first kind, of order n, defined by

e
he (@) = —i—, (7)
(1) 1 -3 3 iz
h2 (.23) =1 |:.’E + ’Lﬁ 3:| (8)

The radiation kernel G(r — r’) determines the electric
(magnetic) field at r, from polarization (magnetization)
sources at r'32. Similarly, the cross kernel Gy (r — '),
determines the electric (magnetic) field at r, from mag-
netization (polarization) sources at r’32.

Equations (3) and (4) give the total scattered EM fields
as functions of the polarization and magnetization densi-
ties. In general, for sources other than point resonators,
the scattered field equations are not readily solved for
P;(r,t) and M;(r,t). When resonators are separated by
distances less than, or of the order of a wavelength, a
strongly coupled system results.

B. Interacting resonators

In Ref. 6, a general theory was formulated to derive
a coupled set of linear equations for the EM fields and
strongly coupled resonators. The state of current oscilla-
tion in each resonator j is described by a single dynamic
variable with units of charge Q;(t) and its rate of change
I;(t), the current. The current oscillations within the
jth resonator behave like an LC circuit with resonance
frequency wy,

; (9)



where C; and L; are an effective self-capacitance and
self-inductance, respectively. The polarization and mag-
netization of a resonator can be obtained from @Q;(t) and
I;(t)°

P;(r.t) = Q;(t)p; (x). (10)
M, (r, ) = I, (t)w; (r). (1)

The charge profile function p;(r) and the current profile
function w;(r), in Egs. (10) and (11), may be consid-
ered independent of time. The geometry of individual
resonators determines the form of the respective profile
functions. The polarization and magnetization densities
are related to the charge and current densities of the res-
onators by®

pj(r7t) = _V'Pj(r7t) ) (12)

Jj(r,t) = g [Pj(r,t)] —+ V x M]‘(I',t) . (13)

ot

The charge and current densities within each resonator
are initially driven by the incident EM fields D, (r, t) and

Bin(r,t). The incident electric displacement and mag-
netic flux, with polarization vector &;,, are:
Di, (I’) = Dinéineiki".r , (14)
Bin(I‘) = Bin [Rin X éin} €iki“'r , (15)

where ki, is the propagation vector of the incident EM
field. The total EM fields external to resonator j com-
prise the incident field and those fields scattered from all
other resonators,

1
Eext,j(rat) = :Din(rvt) + ZESC,i(r7t) ) (16)
0 i#j
Hey ;(r,t) = )+ Y Hei(rt).  (17)
i#£]

The total driving of the charge and current oscillations
within the resonator is provided by the external EM
fields, Egs. (16) and (17), aligned along the direction of
the source, providing a net electromagnetic force (emf)%,
Eext,; and flux®, @y ;. We define the external emf and
flux as

Ee “Eexij(r),  (18)

3
xt,j — /d Tp]
Y% WJ j

(I)ext,j = d37’ Wj(I‘)' Hext,j (I‘) . (19)

VWi Lj

The emf and flux can be decomposed into contributions
from the incident and scattered EM fields,

Eext,j = Ein,j + Z &5, (20)
i#]

(I)ext g = (bm,] + Z q)SC (21)
i#]

The emf and flux resulting from the driving by the inci-
dent EM field is &y ; and @y, 5, respectively. The driving
of resonator j by the scattered EM fields from resonator
i are the emf & and flux ®7. The total driving of a res-
onator can be summarized by the external driving Fex ;,
the sum of the incident Fi, ; and scattered Fi ; driving
contributions, respectively, where®

Foxt,j = En,j + Fsc,j = -Fin,j + ZC'LJ ) (22)
i#]

where the components

%(gin,j + 1w Pin ;) (23)

[CL;&J‘ - \f(

En,j =

ES +iw; 55 (24)

C. Normal modes

In order to express the coupled equations for the EM
fields and resonators we introduce the slowly varying nor-
mal mode oscillator amplitudes® b;(t),

I (RO ) ”e
v bt B

Here, the generalized coordinate for the current excita-
tion in the resonator j is the charge @, (t) and ¢;(t) repre-
sents its conjugate momentum. In the rotating wave ap-
proximation the conjugate momentum is linearly propor-
tional to the current®. The dynamic variable in Eq. (25)
can be used to describe a general resonator with both
polarization and magnetization sources.

bj(t) =

The normal mode amplitudes b;(t) describe the current
oscillations of the resonator. These current oscillations
are subject to radiative damping due to their own emitted
radiation. The driving of b;(t) is achieved through the
external fields and resulting emf and flux. The equations
of motion for @ and ¢, @ = I and qS = &, together
with the scattered EM fields from each resonator and
those scattered fields from other resonators result in a
linear system of equations for b;(t). For a system which
comprises N resonators, these read as®

b=Cb+Fy, (26)

where b is a column vector of N normal oscillator ampli-



tudes

by

by
b= || (27)

bn

Fi, is a column vector formed by Eq. (23). The matrix
C describes the interactions between the resonator’s self-
generated EM fields (diagonal elements) and those scat-
tered from different resonators |off-diagonal elements; the
interaction terms in Eq. (24)]°.

As we will see (Secs. IIT and IV) the solutions to
Eq. (24) become increasingly complicated as the com-
plexity of the resonators increases. The diagonal ele-
ments of C contain the resonance frequency shift and the
total decay rate FjG,

I,

[c}j,j = —i(w; — Qo) — 7] : (28)
The total decay rate I results from the radiative emission
rate and ohmic losses. Although generally the emitters
can have different resonance frequencies, here, for sim-
plicity, we focus on the case of equal frequencies, i.e.,
wj = wp, for all j.

D. Collective eigenmodes

Strong multiple scattering results in collective excita-
tion modes of the system. The collective modes of cur-
rent oscillation within the system are described by the
eigenvectors v, of the interaction matrix C. The corre-
sponding eigenvalues &, have real and imaginary parts
corresponding to the decay rate and resonance frequency
shift of the mode,

S0 = =2 —i( — D). (29)
The number of resonators N, determines the number of
collective modes. The collective eigenmodes can then ex-
hibit different resonance frequencies and linewidths and
line shifts®!4. The different modes may have superra-
diant or subradiant characteristics. The former occurs
when the emitted radiation is enhanced by the interac-
tions of the resonators (7, > I'). The latter occurs when
the radiation is suppressed and confined to the metama-
terial (v, <T).

III. POINT ELECTRIC AND MAGNETIC
DIPOLE APPROXIMATION

The general model of interacting resonators summa-
rized above and introduced formally in Ref. 6 is applica-
ble to any type of circuit element resonators. In practice,

however, some approximations to the intrinsic structure
of the resonators is required. When the size of the res-
onator is much less than the wavelength, the resonators’
scattered EM fields are often approximated as those of
point multipole sources. For split ring resonators the
scattered fields are dominated by electric and magnetic
dipole radiation. This motivated the formal theory of
the point electric and magnetic dipole approximation,
introduced in Ref. 6, which we first review here. Later,
in Sec. IV, we extend the theory by deriving the point
electric quadrupole approximation in the same formalism
that can be used to model also more general resonator
and emitter systems.

A. Radiating point dipoles

The electric Eg j(r) and magnetic Hy. ;(r) fields scat-
tered from the jth resonator located at r’ due to its po-
larization and magnetization sources follow from Eqs. (3)
and (4) with the polarization density Eq. (10) and mag-
netization density Eq. (11). In the electric and magnetic
dipole approximation, the mode functions, p;(r) = p? (r)
and w;(r), respectively, are defined as®

pj(r) = H;d;6(r —1;), (30)
w;(r) = An,iyé(r —rj). (31)

Here, the proportionality constant H; has units of length
and the unit vector d; indicates the orientation of the
electric dipole, whilst Ay ; has units of area and 1m; in-
dicates the orientation of the magnetic dipole. The inter-
action of the resonator with its self-generated EM fields
causes radiative damping to occur. The radiation rates
of the electric and magnetic dipoles of the jth resonator
are FELjG and FMl’jﬁ, respectively, where

CJH2OJ4

_ 7Y%

Pe1s = Greod (32)
po A3y Wy

FMl,j = &TT]JC; . (33)

We account for nonradiative losses by adding the phe-
nomenological decay rate I'o ;. For simple gold or sil-
ver resonators, ['o can be estimated by applying the
Drude model of permittivity with specific material para-
maters to the scattered cross section of the resonator, see
e.g., Ref. 25. The total decay rate is then the sum of the
radiative emission rate and ohmic losses. In the dipole
approximation the total decay rate I'; ist

Ij=Tg1;+Tmi;+To;- (34)

The amplitudes of the EM fields scattered by the elec-
tric and magnetic dipoles are proportional to their cor-
responding radiative emission rates I'g1 ; and I'np ;. We
write the EM fields due to the point electric and magnetic



dipoles sources as®

3 /
Esc,j(r): ].27T€ |:\/ El,JG

—i\/FMLjGX(r—rj)mhj], (35)

3 |
79 127w {V Lo Glr

—’L'\/FEL]*GX(I' rj)-flj}. (36)

Hsc,j (I‘) = —Zb

B. Interacting point dipoles

The incident EM field, Eqgs. (14) and (15), driving the
charge oscillations within a resonator resulting in the
emf® £EL and flux® ML follow from Eqgs. (18) and (19):

in,j in,j>

E1l 3
5111,3 = \/LT/d ij ln( t)? (37>
ML _ d®r w;(r) Bin(r, 1) . (38)

‘bin,j - \/CT

The scattered electric field from the jth resonator driving
the polarization source oscillations within resonator i #
j, result in the emf® SSZ’El

sc, b
£ = Te1Te1 [Ge1l; 7 (39)

The matrix Gg; determines how the geometrical proper-
ties and orientations of the resonators influence the scat-
tered electric field contributions to the emf. The diagonal
elements of Gg1 are zero, the off-diagonal elements, with
point electric dipole sources, are

3 - ~
ide(rz —I‘j)~dj . (40)

[Q’Eﬂm =
In a similar manner, the scattered magnetic field from
the jth resonator driving the magnetization source oscil-
lations within resonator i # j, results in the flux® CD;C?MI
where

)

(I)sc Ml

b;
o \/ ISV SVERAI4 VeI, N (41)

The matrix Gy is the magnetic counterpart of Eq. (40).
The diagonal elements of Gyp are zero, the off-diagonal
elements, for point magnetic dipole sources, are

§rhi~ G(r; —

[ng]i,j = 9

I‘j)' ﬁlj . (42)
The driving of the polarization (magnetization) sources
within the jth resonator by the magnetic (electric) field
scattered by resonator ¢ result in additional contributions

to the emf and flux. We call this type of driving “cross
driving”. In the dipole approximation the cross driving
contributions to the emf and flux are®, £5%*! and @jCle,
respectively, where ’

sc . b

gi’j,Xl = —iy/I'g1,iI'vu [gX1]i7j TJ, (43)
sc, 1 T b

<I>i,jXl = —wj\/ I'viilEn [QX1]” /5 (44)

The matrix, Gx1, and its transpose, G&,, are the cross
driving counterparts of Eqgs. (40) and (42), the off diag-
onal elements are

3

iy Gy (1 —

[gXI]i’j = 9

rj)-d;. (45)
In the point dipole approximation, the interactions be-
tween the resonators depend exclusively upon the orien-
tation and relative positions of the point sources. The
coupling matrix C is

C=A— ,T —‘r iCr1 +iCy1 + Cx1 + CXl (46)
where

Cp1 = T]E/lnglr]{;éQ ) (47a)

CMl = /QgM1T11\/{12 ) (47b)

Cx1 = M1 gx1 Tl/z . (47¢c)

The diagonal elements of C contain the detuning of
the incident EM field from the resonator’s resonance fre-
quency w; and the resonator’s total decay rate I';. The
detuning is described by the diagonal matrix A, whereb

[A]j,j = —i(

and the decay rate by the diagonal matrix T, with

w; — Qo) , (48)

1]

5= e+ +Toy;. (49)

The radiative decay rates of each resonator are contained
in the diagonal matrices Tg; and Yy, where,

[TEI]M
[TMl]j,j

=Tg1;, (50)
=T, - (51)

IV. POINT ELECTRIC QUADRUPOLE
APPROXIMATION

In Sec. II, we reviewed the general model for interact-
ing resonators and the point electric and magnetic dipole
approximation of the scattered EM fields. In this section,
we extend the point dipole approximation from Sec. III,
to include the point electric quadrupole contribution to
the scattered EM field and its interaction with the other



multipole sources.

The previously derived interaction matrix Eq. (46) be-
tween resonators that exhibit point electric and mag-
netic dipoles is generalized for the case of point electric
quadrupoles

C=A— fr ¥z [zcEl +iCyy + Cx1 + CF,
+ iCga + 1Cx2e + iCXQe + Cxom + ngm:| . (52)

The diagonal elements of Eq. (52) contain the detuning A
[see Eq. (48)], and the total decay rate Y for the resonator

1],

Here, I'gs denotes the electric quadrupole radiative emis-
sion rate. The electric and magnetic dipole emission rates
are I'g; and T'yp, respectively, see Eqgs. (32) and (33).
The matrices for electric and magnetic dipole interac-
tions, Cg1, Cwm1, and Cxy are given in Eq. (47). The
additional interaction terms are similarly defined,

=Te1; + M1, + T2 +T0,;- (53)

Cro = Ty Gra Ty (54a)
Cxze = THy Gxoe Ty (54b)
Cxom = Tll\/{fgxzm ]13/22 ) (54c)

and describe: electric quadrupole—electric quadrupole;

electric quadrupole—electric dipole;  and electric
quadrupole-magnetic  dipole interactions, respec-
tively. The transpose matrices, C%,, and Ci, = are,
respectively, the electric dipole—electric quadrupole
and magnetic dipole—electric quadrupole interactions.
Explicit expressions for: Ggo; Gxa2e; and Gxon, are given
in Egs. (92); (96); and (100), respectively, and are
derived in this section.

The electric dipole and magnetic dipole radiative emis-
sion rates are contained in the diagonal matrices Tg; and
T, respectively, see Egs. (50) and (51). The electric
quadrupole radiative emission rate is contained in the
equivalent diagonal matrix Ygo, where

[TE2]J»J =Ig2;- (55)

In this section, we also derive an explicit expression for
FEQ.

A. Interacting point electric quadrupoles

We expand the polarization density to include the elec-
tric quadrupole term pj-‘(r)

Pj(r,t) = Q;(t)p;(r),

= Qu(®)[P() + i)+ | (56)

Whilst the electric dipole term p? (r) is vector quantity,
p?(r) is a tensor. The index a of the Cartesian compo-
nent of the electric quadrupole contribution of the jth
resonator is pg, ;(r), where we define®?

pa,] ZAaﬁja rj)' (57)

Here, A,p,; is symmetric and traceless with dimensions
of area, and the indices a, § refer to the Cartesian coor-
dinates x,¥, z and the summation is over 5. The exact
form of A,p, ; depends on the geometry of the resonator.

The scattered electric Egs ;(r) and magnetic Hgg ;(r)
fields due to the quadrupole moment located at r’ are
derived from the first terms, respectively, in Egs. (3)
and (4). Here, the spatial profile of the polarization
density in Eq. (10) has Cartesian component « defined
in Eq. (57), and we find the Cartesian component v of
Eg2 ;(r) and Hgg ;(r) are;

B () = S0 Z [ Gualr =0, 0), 59
C

HE2,u,j( = Qj Z/dg ge X, Va r/)p;j(r/)~

(59)

The radiation kernels G, (r) and G ,o(r) are the ten-
sor components (v,a = z,y,z) of the radiation kernels
defined in Egs. (5) and (6), respectively.

Whilst in the electric and magnetic dipole limit the
radiation kernels act directly on the moments p‘}(r) and
w,(r), respectively, the quadrupole EM fields, Egs. (58)
and (59), are more complicated due to the derivative in

Pa;(r). After integrating by parts Egs. (58) and (59),
the EM field components v are
Q;k> 0
Bra.s(r) = = > T%Gm(r —1j)Aap (60)
cQ k3 0
Hgs,,;(r) = — 4; ; aTﬁGx,ua(r —1;)Aap,; - (61)

The derivatives of the radiation kernel G(r) and cross
kernel G (r), with respect to the Cartesian coordinate
Tp=z.y,. are given in App. A, see Egs. (Al) and (A2).

Equations (60) and (61) are the full EM field equations
evaluated at r (in Cartesian coordinates), for an oscillat-
ing electric quadrupole source located at r’. The EM
fields are determined by contracting Eqs. (A1) and (A2),
acting on the quadrupole moment A,g ;.

In the electric dipole approximation, it is a relatively
simple exercise to expand the radiation kernel, in pow-
ers of kr, to obtain an expression for the electric dipole
radiative decay rate. For the electric quadrupole, there
is no simple expansion for Eq. (Al). In order to deter-
mine an expression for the electric quadrupole (and other



higher order multipoles) self-interaction strength and ra-
diative emission rate, we find it convenient to compare
the multipole radiated power3233 to the [rate of change
of] energy of an oscillator.

The radiated power can be obtained by integrating>?

P
j—Q = Tlglgo r’#- [E(r) x H(r)] (62)
over a closed spherical surface, where d{) denotes the
solid angle element and T the vector normal to the sur-
face. In the radiation zone, the fields E,,q(r) and H,,q(r)
vary as 1/r, and |Eyaq(r)| = cpo|Hraa(r)]. We have

dar r2

SO Era( 2 .
10 = oo Braa ()] (63)

In the limit kr > 1 we adopt the notation of Ref. 32,
and define a quadrupole vector component, of the jth
resonator q(#), where

@ ®)a =Y Gap.ita;- (64)
B=1

Here, a, 8 refer to the Cartesian components, T is the
unit vector in the direction of r, and gug,; is the electric
quadrupole moment tensor, defined as®’

1
Qopj = 3 /dgrrarﬁpj(r,t). (65)

The charge density p;(r,t) in Eq. (65) is defined
in Eq. (12). The electric E;aqg2,;(r) and mag-
netic Hyaqm2,;(r) radiated fields from the jth electric
quadrupole are3?

) /{33 eikr

Eiad,p2,i(r) = 247T60 " £ x [r X q; (r)] , (66)
) CI€3 eikr R ~

H,og52,(r) = ZE , f x q;(), (67)

where 7 = |[r —r;|. The electric quadrupole contribution
to the power Pgy is33

dPEQ,' MoCSkG ~ ~
10 J 6.2 £ x qj(r)|2 ) (68)

The electric quadrupole radiated power Pgj, is the
integral of Eq. (68) over all angles®. We find? [see
App. A 1],

1
Praj = 207 Z [qaﬁ,jqaﬂ,j - gqaa,jqw,j} ., (69)
B

The quadrupole moment tensors, gqs,; and Ayg ;, and
the dynamic variable b;(t) of the jth resonator are re-
lated through the charge density p;(r,t). The elec-
tric quadrupole component of the charge density, from

Egs. (12) and (57) is
pr0) = Q0 Y 5

ap,j

ars g =m)| L 0

where the summation is over the Cartesian coordinates

(o, B = z,y, z). Substituting Eq. (70) into Eq. (65),

1 0 0
Qop.j = §Qj(t)/d37" Wl g {Aaﬂ,jarﬁfs(r - rj)] :

(71)
Integration of Eq. (71), by parts twice yields
1 , [0 0
Gapj = 5Q; (t)/d r [amammru] Aapjd(r —1j).
(72)

The term in parenthesis in Eq. (72), simplifies consider-
ably because the derivatives result in Kronecker § func-
tions,

o 0 0
%%T“TV = o, [0pury + 0purp] 5

= 6ay(5,3u + (5,1”(5,31, =2. (73)
Writing the charge Q;(t) in terms of the dynamic vari-

able b;(t) [see Eq. (25)], we finally have the relationship
between qang,;, b;(t) and Aag,j;

w;Cj
Qa,B,j = 2

bj(t)Aap,j - (74)

The energy U; of an isolated oscillator, from its Hamil-
tonian, is analogous to that of an LC circuit®

Uj(t) = wy [b; | . (75)

The electric quadrupole radiated power Pgo ; of the os-
cillator, is the rate of change of Eq. (75),

dU;
—L = w;T ;b (76)

P2y ==

Here, w; is the resonance frequency and I'gp ; the decay
rate of the electric quadrupole. Comparing Egs. (69)
and (76), we obtain the rate at which a resonator radiates
energy in the point electric quadrupole approximation as

CJA% -wG
T R V) 77
E2. 20megcd (77)
where we define
1
b= [AaﬂaAaﬂ,j — 54aaidpsi| (78)

a,f

as an effective area of the electric quadrupole. Again,
the indices «, B refer to the Cartesian components of the
quadrupole moment and repeated indices are summed
over.



With the radiative emission rates of the electric
quadrupole Eq. (77), and the electric and magnetic
dipoles Egs. (32) and (33), respectively, we can express
the normal mode oscillator amplitudes Eq. (25) in terms
of the contributing multipole moments

3 H; 3 Ag,
bi(t) = 127¢g Q; T - + kQ,; 5 /7FE2,j
I; Awm;
+iL——=1 (79)
c ﬁ/FMLj

The real part of Eq. (79) comprises the electric dipole
and electric quadrupole contributions. The imaginary
part corresponds to the magnetic dipole contribution.
In the point emitter approximation, the radiative
emission rates of the magnetic dipole and the elec-
tric quadrupole both depend on their respective, effec-
tive cross sectional areas Ay ; and Ag j, see Egs. (33)
and (77), respectively. For simplicity, we assume that the
magnetic dipole and electric quadrupole have the same
resonance frequency w; [Eq. (9)]. Comparing Egs. (33)
and (77), we find I'vy,; and I'gg ; are of the same order
of magnitude, their relative radiation emission rates are

3 Ag

TCeaj _ 3
1042,

80
Ty (80)

In Sec. III, the amplitudes of the scattered EM fields
were proportional to the electric dipole and magnetic
dipole radiative emission rates. Here, the full electric
quadrupole EM field amplitudes, Egs. (60) and (61),
are proportional to the electric quadrupole decay rate
I'ga,;. We write the scaled EM fields of the jth electric
quadrupole source as

EEQ,V] 1/ 20 7Gua( - )Aaﬁ,j ) (81)
[ $0 n

HE2 V] 110 Z 8kr >< ua I'j)AaB 7

(82)
where the constant g is defined as
5k3

= —Tga, 83
£0 St E2,5> ( )

gbC JE2

3
i ,/w] 47T602/d

V'r],i 377'7,6(1‘

and Aag’ ;j is a tensor which defines the charge configura-
tion of the quadrupole moment

- Aag,j
Apj = AEﬂjf : (84)

The jth electric quadrupole is also driven by the external
electric fields Ecy ;(r), resulting in the induced emf

1
o= L / Er (1) Foxun(r).  (85)
J J

Here, the mode function pj .(r) is defined in Eq. (57).
For point electric quadrupole sources, the jth electric
quadrupole moment A,g ; interacts with gradient of the
external electric field,

82 = 0 Eext,a,j(r)] (86)

1
- § "Aus
ext,j /erj o af,j |:(97"5

The external electric field [Eq. (16)] comprises the inci-
dent electric field and the different multipole scattered
fields. These different contributions to the external elec-
tric field driving the electric quadrupole source allow us
to decompose the resulting emf into different compo-
nents;

EEQ o SEQ

ext,) in,j

Z |: sc X2e sc X2m + gis:},EQ + ..
i#]
(87)

In Eq. (87), the incident EM field contribution to the
emf follows from Eq. (86), with the incident displacement
field Eq. (14)

£E2 _

e, W% am[ ma,j<r>} (88)

The contributions 553,)(2:3 and Sff;’XQm are due to the in-
teractions of electric and magnetic dipoles, respectively,
with electric quadrupoles. We discuss these contributions
in detail later. Here, we provide the electric quadrupole
driven contribution to the emf from two interacting elec-
tric quadrupoles, Egc E2 , the counterpart to the emf from
two electric dipoles [see Eq. (39)]. With the definition of
the emf, Eq. (85), we have

0 9]
> 5, Gralr —1j)Aas ;| - (89)
af B

The first term in parenthesis in Eq. (89) is the mode function p;, ;(r) of the ith electric quadrupole [see Eq. (57)].
Whilst the second term in parenthesis, is the scattered electric field from the jth electric quadrupole, Egs , ;(r) [see



Eq. (60)]. Integration of Eq. (89) by parts, we have

sc,E2

3
T LT

The integral in Eq. (90) is readily carried out over the
0 function. The second derivatives of the radiation ker-
nel with respect to the Cartesian coordinate r,—s , . are
given in Eqs. (A5) and (A6), see App. A. The electric
quadrupole moment A,g ;, in Eq. (90), and the decay
rate I'gs ; are related through the effective area Ag ; ap-
pearing in both Egs. (77) and (84). This allows us to
write Eq. (90) more compactly as

b,

= /I'e2,il'k2,5 [Gr2); ; N (91)

The matrix Ggs is the contribution to Cge in Eq. (54a),
with off diagonal components

gsc E2

15 A o2
- Ay 1A o Yval\li
(Ge2lij = 71 , n”aanakrgG (r

v,n,Q,

—1;)A0p,j -

(92)
Equation (92) is, in general, complicated, however, as
we show later in Sec. V C, for simple point quadrupole
systems, Eq. (92) simplifies considerably. The coupling
matrix C for interacting electric quadrupoles only is

L
C:A—§T+%CE2, (93)

where Cgs is given in Eq. (54a). The diagonal elements of
C contain the detuning A and total decay rate Y. Equa-
tion (48) gives the detuning, the decay rates in the elec-
tric quadrupole approximation are

[T} i = I'eo;+T0,. (94)

B. Interacting point electric and magnetic dipoles
and electric quadrupoles

In Sec. IV we discussed the interactions between two
point electric quadrupoles and in Sec. III between elec-
tric and magnetic dipoles. Here we introduce the cross
coupling of the electric quadrupole to the electric and
magnetic dipoles.

1. Electric dipole—electric quadrupole interactions

The electric field scattered by an electric dipole is
given by the first integral in Eq. (35) and by an electric
quadrupole in Eq. (81). These scattered electric fields
drive the charge oscillations in other resonators with elec-
tric quadrupoles and electric dipoles, giving rise to the

o 0
— ri) Z |:(9’r7] %Gya(ri - I'j):| Aaﬁ,j . (90)

nap

(

cross driving (dipole-quadrupole) emf Efz.’xze, where
Sf;’xze = [\/ I'e2,il's1,5 [Gx2el; 5
b
+ IE1il'E2 [QXQC]Z:]' ﬁ . (95)

The matrix Gxo has zero diagonal elements, the off-
diagonal elements are defined by

\/EZAWL Bk, Gya(ri —1)daj. (96)

v,n,o

gXQe

The interactions between an electric quadrupole (electric
dipole) with the EM fields from an electric dipole (electric
quadrupole) are described by Gxge. The derivatives of the
radiation kernel are given in Eq. (A1) (see App. A).

The interaction matrix Cxse in the equation of motion,
Eq. (26), for the cross driving of electric dipoles and elec-
tric quadrupoles are given in Eq. (54b), where

= VTmTe, O, (O7)

[Cx2e]

2. Magnetic dipole—electric quadrupole interactions

The electric field from an oscillating magnetic dipole
is given by the second integral in Eq. (35), and the mag-
netic field from an electric quadrupole in Eq. (82). These
scattered EM fields drive the external electric quadrupole
and magnetic dipole sources, respectively, resulting in an
emf g_sc',XQm and fux (I)S.C?XQHI

1,] ]

SC m b j -
5 i, X2 = — FE27iFM17j [gXZm]i)j \} ) (98)
m 1 T b
(If.szXQ == Te2i 1,5 [Gxom]; iz (99)

J

The terms in Cxoy, then follow as in the previous section,
where the off-diagonal elements of Gxop, are given by

\/7214””18/6 nya( r;

v,n,o

gXQm )ma NE)

(100)
where the derivatives of the cross kernel are given in
Eq. (A2) (see App. A), and

[CX%‘LJ‘ = _\/mwxzm]m .

(101)



For simple interacting electric quadrupole—-magnetic
dipole systems, Eq. (101) simplifies considerably, as we
show later in Sec. V C.

V. EXAMPLES OF SIMPLE SYSTEMS OF
INTERACTING POINT EMITTERS

Metamaterial arrays typically consist of large numbers
of subwavelength-spaced metamolecules, each of these
formed by configurations of resonators. Radiative inter-
actions between different metamolecules can be strong,
and when analyzing collective interactions in large sys-
tems, it may be impractical, or even beyond the compu-
tational capacity, to provide a detailed intrinsic model of
each metamolecule. The effective model of point scatter-
ers with a multipole expansion of their radiative prop-
erties can be utilized in the simplification of individual
metamolecule properties. For symmetric and asymmet-
ric split-ring resonator metamaterials, in which case each
metamolecule consists of two symmetric or asymmetric
resonator arcs, the point emitter approximation was pre-
viously applied separately to each arc®!2. In that case it
was sufficient to represent each circuit resonator arc as
a point emitter possessing electric and magnetic dipoles.
The formalism was successful in describing collective ef-
fects in planar asymmetric split-ring metamaterial ar-
rays'? 14, In analogous systems, it has also been used in
the development of an electron-beam-driven light source

from the collective response!”.

In order to illustrate and test the point-emitter formal-
ism, we introduce models for the interactions between ef-
fective point emitters that not only possess electric and
magnetic dipoles, but also the electric quadrupole, devel-
oped in Sec. IV. After analyzing the elementary case of
two point electric dipoles, we consider systems compris-
ing two parallel pairs of electric point dipoles. When a
parallel pair is symmetrically excited, it may be approx-
imated by a single effective point emitter possessing an
electric dipole located at the center of the two dipoles.
For an antisymmetrically excited pair we use a single ef-
fective point emitter possessing both a magnetic dipole
and electric quadrupole located at the center of the two
dipoles. We denote the decay rates of the effective point
emitters by 75(2 for a symmetrically and antisymmetri-
cally excited pair of dipoles, respectively, that depend on
the separation of the dipoles within the pair. For sim-
plicity, we assume that the decay rates and the resonance
frequencies of all point electric dipole are equal.
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A. Two parallel point electric dipoles

As the first example to illustrate our model we take
two parallel electric dipoles (Fig. 1) located at

S1 S92
1 1
r = 9 Yi|, T2= 5 Y2 ( > (102)
0 0
and specifically set s1 = so = 0 and |y — ya2| = [, i.e.,
ry = —ro = [071/2,0]
(a) Hd, (b) Hd,
—~—— —~——
L L
S~ ——— e
Hag _HaQ

FIG. 1. Schematic illustration of two interacting point elec-
tric dipoles (dots) with magnitude H and orientation vectors
d: and da, separated by a distance [. In (a) we show the
symmetric and in (b) the antisymmetric excitation.

The decay rate of an electric dipole,

W =T¢ + T, (103)
depends on the rate of dipole radiation and nonradiative
losses that we set to I'g; = 0.830') and T'p = 0.177M).,

When the driving field is tuned to the resonance fre-
quency of the point electric dipoles, Qg = wq, the cou-
pling matrix in the equation of motion [Eq. (52), with
I'vi = T2 = 0], of a pair of electric dipoles is,

r 3
— 'LZFEIGEI(TIQ)
ZZFE1GE1(—I‘12) 5

where ") = ' +T'g; [see Eq. (103)], r1o = ry —ry, and
Gg1(r12) = Ggi(—r12), which from Eq. (5)
)

Gri(r12) = 5 200" (k1) = h" (k1) - (105)
Equation (104) has two eigenmodes of current oscilla-
tion: a symmetric mode (denoted by a subscript ‘s’),
where both dipoles current oscillations are in phase, i.e.,
d; = da, see Fig. 1(a); and an antisymmetric mode (de-
noted by a subscript ‘a’), where the current oscillations of
the dipoles are out of phase, i.e., d; = —da, see Fig. 1(b).

The eigenvectors (vsll)) and corresponding eigenvalues

( 7(11)) of the the two modes of current oscillation are

1 1
-l -] o



and eigenvalues

ra 3
5((115 =———+i-Tp1Ggi(ri2),

5 Ei (107)

respectively. The eigenvalues determine the mode reso-
nance frequency shifts 50.)5113 = —(leg — Q) = Im( 592),
and mode decay rates 7&15) = 2Re( 1512)7 see Eq. (29). We
will later use the symmetric and antisymmetric mode de-
cay rates 'ys(l) and 7§1), and the corresponding line shifts
&ué” and 50.)&1)7 as estimates for the total decay rates and
resonance frequencies of a single point emitter possessing
either electric dipole or both magnetic dipole and electric
quadrupole moments.

() 2 T () 2fTT 3
|
1) o |
e - 6w(n>
1 i / N ora |
1 / 0
/
/
/
(O ] 24
0 n/2 7 3n/2 2« 0 #n/2 = 37/2 2xn

kl kl

FIG. 2. The radiative resonance (a) linewidths and (b) line
shifts for the collective antisymmetric (blue dashed line) and
symmetric (red solid line) eigenmodes, as a function of the
separation [, for two parallel point electric dipoles. The ra-
diative losses of each dipole are I'e; = 0.830'Y), the ohmic
losses are I'o = 0.177M,

In Fig. 2 we show the radiative resonance linewidths
and line shifts for the collective antisymmetric and sym-
metric eigenmodes. As the separation because small [ —
0, the linewidth of the antisymmetric mode approaches
the ohmic loss rate (%9) — I'o) and is subradiant, the
symmetric mode linewidth approaches %(1) — 1.8T7M
and is superradiant. At approximately kl ~ 7 (where
k = 2mw/)p), the symmetric and antisymmetric modes
become subradiant and superradiant, respectively. The
line shifts of two modes are symmetric about §2y. At
kl ~ /4, the line shifts diverge with dw" red shifted,

and 5wé1) blue shifted, from €.

B. Effective point emitter for a pair of out-of-phase
electric dipoles

Two closely-spaced parallel electric dipoles have eigen-
modes that represent in-phase and out-of-phase excita-
tions Eq. (106). The in-phase oscillations of a pair of
dipoles can be approximated by a single electric dipole
point emitter. For the antisymmetric, out-of-phase os-
cillations the total electric dipole is weak, but the pair
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exhibits nonvanishing electric quadrupole and magnetic
dipole moments (see Fig. 3). We therefore approximate a
pair of closely-spaced, parallel out-of-phase point electric
dipoles by a single point emitter, possessing a magnetic
dipole and electric quadrupole moment, located between
the two electric dipoles.

We write the decay rate of a point emitter correspond-
ing to the pair of out-of-phase electric dipoles as

D =T + vy + Tig, (108)

where the antisymmetric collective mode linewidth 'yél)
of two parallel electric dipoles can be calculated and is
shown in Fig. 2. Using this formula, we may then derive
analytical expressions for I'y;; and I'gs.

Hd
LT ® Jm
b
—Hd

FIG. 3. Schematic illustration of the effective magnetic dipole
moment [pointing into the page| and electric quadrupole mo-
ment, both located at the center of the cross, formed by
two parallel antisymmetrically excited point electric dipoles
(dots), with magnitude H and orientation vectors +d, sepa-
rated by a distance [.

Also shown in Fig. 2, is the antisymmetric collective
mode line shift 6w£l). The resonance frequency of the
magnetic dipole and electric quadrupole resonator QS),
is related to the line shift of the antisymmetric mode of
two parallel electric dipoles by

Qb = (Q — dwM). (109)

1. Magnetic dipole moment of two parallel electric dipoles

In Sec. III and Ref. 6, the magnetic dipole moment
arose solely due to the magnetization M;(r,t). We as-
sume the resonator j comprises two electric dipoles lo-
cated at ry,;, = [l’j,yj + lj/2,zj], where lj < )\0, with
linear charge and current oscillations along their axes.
An effective magnetization Mp ;(r,t) is present due to
the polarization of the two parallel electric dipoles, where

Mp}j (I‘7 t) = ]J(t)V_VJ (I‘) , (110)
where W (r) is the effective current profile function. The
scattered EM fields due to the effective magnetic source
located at r’, follow from the EM fields, Eqgs. (3) and (4),
with the effective magnetization Eq. (110).

In the point magnetic dipole approximation, the spa-
tial profile function Ww;(r) of the effective magnetization



is approximated as a delta function at the origin

(1) = 5 [ 4% (0= 1) [ i)+ oy 1)

’:AM’jI’l\’lj(S(I‘—I‘j). (111)
The effective area Ay ;, of the point magnetic dipole [see
Fig. 3] may be approximated by evaluating Eq. (111) with
p+ (r) = £Hdd(r — ry ;). We find the point magnetic
dipole moment, of the jth pair of antisymmetrically ex-
cited point electric dipoles, has an effective area

liH;

AM,j = )

(112)
The magnetic dipole decay rate is dependent upon the
magnitude of the electric dipoles H; which comprise the
pair, and their separation [;, i.e., their effective cross sec-
tional area.

If the two electric point dipoles are not extremely close
to each other, the resonance frequency of the antisym-
metric mode is close to that of the single isolated electric
dipole. We use the same resonance frequency (Eq. (9)) in
both Egs. (32) and (33), together with the effective area
of the magnetic dipole Eq. (112), to find the ratio of the
two emission rates is approximately given by

w22

BV T;FEl. (113)

2.  Electric quadrupole moment of two parallel electric
dipoles

The effective area of the point electric quadrupole
is obtained from a pair of out-of-phase point electric
dipoles. We compare Eq. (65) (using the charge den-
sity of the electric dipoles, ie., p;(r,t) = —QV-pj(r))
with Eq. (72) to obtain the effective area

/d r rarga—pA/ (), (114)

aﬁ,J =

where r’ = r — r; and the summation is over each of the
+ orientated electric dipoles. Integrating Eq. (114) by
parts results in Kronecker ¢ functions, see e.g., Eq. (73),
and we find

e N L (S R L A

For an electric dipole pair separated by [ along the y
axis (Fig. 3), the dipoles are perpendicular to ¥, i.e.,
ai +¥,. By symmetry, all elements of the tensor
Aag ;j are zero, with the exception of Ay i =A; iy For
example, let the electric dipoles be aligned along the z
axis. Then, two antisymmetrically excited point electric
dipoles located at ry ; = [x,y; £1;/2,2;], have mode
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functions pj—l’i(r) = +H;%0(r —r4 ;). The nonzero com-
ponents of Eq. (115) are

Ayny = Ay = [ [l 60) =il 00)] - (116)

The integral in Eq. (116) is carried out over the ¢ func-
tion, and summing over the indices «, § in Eq. (78) pro-
vides the effective area of our point electric quadrupole

Agj = V2l;H;. (117)
The electric quadrupole radiative emission rate also de-
pends on the amplitudes of the point electric dipoles and
their separation. If the electric dipoles are symmetrically
excited, then one may readily verify the point electric
quadrupole moment vanishes.

In the examples in this section, the radiative emission
rates of the magnetic dipole and the electric quadrupole
both depend the effective area of a pair of parallel electric
dipoles. We assume that resonance frequencies of the
magnetic dipole and electric quadrupole moments of the
Jjth source are wj, [Eq. (9)]. The relative decay rate of
the magnetic dipole and electric quadrupole, Eq. (80),
depends on the effective areas, Am ; and Ag ;, Egs. (112)
and (117), respectively. We find the relative radiation
rates for our example are

12
I'ge = —T'm1.

- (118)

The radiative emission rate of an isolated point electric
quadrupole may be related to the point electric dipole
through Eq. (113).

C. Two interacting pairs of point electric dipoles

In this section, we illustrate and test the effective point
emitter model for the system of two pairs of parallel elec-
tric point dipoles by describing each pair by an effec-
tive scatterer possessing an electric dipole or a magnetic
dipole and electric quadrupole moments. We consider
two geometries: two horizontal parallel pairs [Fig. 4(a)]
and two perpendicular parallel pairs [Fig. 9(a)].

From the coupling matrix Eq. (104) we obtain four
collective eigenmodes of current oscillation. We classify
the modes as (see Figs. 4 and 9): antisymmetric electric
dipoles (Ela); antisymmetric magnetic dipole—electric
quadrupoles (M1E2a); symmetric electric dipoles (Els);
and symmetric magnetic dipole—electric quadrupoles
(M1E2s). In the Ela and Els modes each parallel pair
of resonators forms an effective electric dipole. However,
in the Ela mode the current oscillations in the different
parallel pairs are out of phase, and in the E1ls mode they
are in phase. In the M1E2a and M1E2s modes, the pairs
form effective magnetic dipoles.

In the remainder of this section we will directly com-
pare the Ela, E1s modes of the four point electric dipoles
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FIG. 4. Schematic illustration of the eigenmodes of two hor-
izontal pairs of parallel electric dipoles. The loops illustrate
induced effective magnetic dipoles of each pair. The separa-
tion between the pairs is denoted by s and the separation be-
tween the dipoles within each pair by [. We show the modes:
(a) Ela; (b) M1E2a; (¢) Els; and (d) M1E2s.

(denoted by a superscript (1)) to an corresponding modes
of an effective electric dipole model (denoted by a super-
script (2s)). We also compare the M1E2a and M1E2s
modes of the four point electric dipoles (also denoted by
a superscript (1)) to an effective magnetic dipole-electric
quadrupole model (denoted by a superscript (2a)).

1. Description of electric dipoles by two multipole point
emitters

In general, the jth pair of parallel electric dipoles are
located at ry ; = [z;,y; £1/2,2;]. When the separation
l, between parallel electric dipoles is small, the jth pair
may be approximated by a single resonator located at
rj =[5, Y5, 2]

When each parallel pair of electric dipoles are sym-
metrically excited [see, e.g., Fig. 4(a,c)], each pair may
be approximated by a single point electric dipole, located
at the center of the pair. We introduced the interactions
between two point electric dipoles in Sec. VA. We may
use similar analysis to model the symmetric (Els and
Ela) collective modes of two interacting pairs of electric
dipoles. The coupling matrix in this case is given by

Eq. (104); with T — ’ys(l) and the driving field is tuned
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to the resonance frequency of the symmetrically excited

pair of point electric dipoles, i.e, 5 = Qél). The eigen-
vectors of the effective electric dipole interaction matrix

are
(2s) 1 |1
VElS - \/i 1

with corresponding eigenvalues fglss) and {1(3212, where

g 1 ]1
and VI(~321; = 7 l_ll . (119)

ORI

2s Vs
éuz,ms = + ZFE19E1(I‘12) .

(120)

Here, Ggi(ri2) is defined in Eq. (105) and the argu-
ment ri5 depends on the locations of the effective electric
dipoles.

On the other hand, we argued in Sec. VB how a pair
of antisymmetrically excited point electric dipoles can be
approximated by a single point emitter possessing both
magnetic dipole and electric quadrupole moments [see,
e.g., Fig. 4(b,d)]. For two point emitters located at ry and
ro, with both magnetic dipole and electric quadrupole
moments, the interaction matrix, C, is

1 1
C=A =37+ [z'ch +iCpa + Cxa + c§2} . (121)

Similar to our example of two electric dipoles, the con-
tributing matrices in Eq. (121) are also 2 x 2. However,
the off-diagonal elements of C are more complicated. In
the diagonal elements, the total decay rate of each emit-

ter is 'ye(ll), given in Eq. (108). In general, the resonance

frequency oV # wyp [see Eq. (109)], thus A’ is not trivial
and contains a frequency shift. The matrix contributions
to C are then

.o (1)
10w 0
A = * , 122
[ 0 iéwél)‘| (122)
(1)
=" Pl (123)
0 7a
0 G (r12)
Cyvy =T 124
M1 =1 Gat (112) 0 ; (124)
0 Gra(ri2)
Cro =T 125
E2 ='m2 Gra(r1) 0 ; (125)
0 Gxa(r
Cx2 =V I'milE2 x2(r12) , (126)
Gxa(ri2) 0

where Gyp1(ri2), Gra(ri2) and Gxa(ris) depend exclu-
sively on the orientations and locations of the magnetic
dipoles and electric quadrupoles and we have utilized
the symmetry property of the matrices, e.g., [Canli; =
[Cnilji, ete. The eigenvectors v of Eq. (121) are in-
dependent of the resonator locations, and correspond to



symmetric and antisymmetric oscillations,

) 1|1 oa 1|1
N T B M

However, the eigenvalues f,(?a) of Eq. (121) depend on
both the orientations and locations of the resonators. In
the following section, we analyze in detail the point mag-
netic dipole and electric quadrupole interacting systems,
utilizing the geometries introduced in Figs. 4 and 9.

2. Two horizontal pairs of point electric dipoles

When the point electric dipoles are arranged in hor-
izontal pairs, the Cartesian coordinates of the electric
dipoles are

1|° 1]°°
ri2 D) =+l , T34 2 =+l ; ( 8)
0 0

The effective point emitters of these are then located at
the center of each pair r1 = —ry = [5/2,0,0].

The interaction terms: Gyi(riz); Gra(riz); and

Gxa(r12), in Eqgs. (124)—(126), are given by
1

Gann(r12) = 3 |20 (ks) — 1 (ks)] (129)

516 3 2
Gra(ri2) = —ig [hﬁﬁ(ks) — Sh) (ks) + 5hgl>(k5)] :

35 7
(130)
Gxa(ri2) = \/?hél)(ks), (131)

respectively. In this example, the eigenmodes correspond
antisymmetric excitations (fh; = —1hgy, and A1 =
—Aupa), see Fig. 4(b), and to symmetric excitations
of the resonators (rh; = 1o, and Aa@l = Aaﬁg),
see Fig. 4(d). These eigenmodes are represented by

. . (2a) (2a) . . .
the eigenvectors vy o, and Vyiigas, respectively, given

in Eq. (127). The eigenvalues 51(\/?211})3231 and 51(\,?;)525, of
Eq. (121) with Egs. (129)—(131), are complicated and in-
clude contributions from hfll)(ks), hél)(ks), and hél)(ks).
In the leading order expansion of the spherical Hankel
functions, the real and imaginary parts of 51(\/%;)3% and

1(\/??1)325 are dominated by hgl)(k’s) and hfll)(ks), respec-
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tively. Specifically, we find

(1)
(2a) o (2a) ~ e
YM1E2a —Re( M1E2a) ~ -

1
+ 5 [FMl + FE2] )

2
(132a)
(2a) (2a) %51) 1
Mirkzs =Re(Enirmos) = — 5 T3 {FMI + FEQ} )
(132b)
2a 2a 240
60‘}1(\/[11)5221 = Im( 1(\/111)532a) ~ dwil) — wFEz , (132¢)
2a 2a 240
5“’1(\/11%325 = Im( 1(\/[11)325) ~ 5W§1) + (k5)5FE2' (132d)

Here, we have the antisymmetric collective mode de-

cay rate 715/??)E2a is subradiant approaching I'g, while

the symmetric excitation is superradiant with 'yﬁ;)ms ap-

proaching nygl). When the resonators are close together,
the line shifts of the collective modes are dominated by

I'go and quickly diverge, with 5”1(\/2[?‘)&;; red shifted, and
5w blue shifted, from dwi".

In Figs. 5 and 6, we show how the collective mode
linewidths and line shifts, respectively, for the N = 4
interacting point electric dipoles, vary with the separa-
tion of dipoles within each pair I, when ks = 27/3 and
ks = 2m. Also, in Figs. 5 and 6, we show the collective
mode linewidths and line shifts for the effective N = 2
multipole point emitters.

When [ is varied, the linewidths 72*** of the N = 2
effective multipole point emitters closely approximate the
corresponding linewidths 'y,(}) of the N = 4 point electric
dipoles; both when ks = 27/3 and ks = 2r. When s
is small [ks = 27/3, see Fig. 5(a) and 5(b)], the Els
mode is always superradiant, while both the Ela and
M1E2a modes are always subradiant. When s is small,
the M1E2s mode exhibits both superradiant and subra-
diant behavior. For large kl 2 /2, we have superradiant

behavior {11 gy, > T and kl < 7/2, subradiant behav-
ior; 71S/HE2S < T'M . At the minimum value 'y]E]ll)s ~ 1.10M,
For large s [see Fig. 5(c) and 5(d)], all the linewidths ex-
hibit both superradiant and subradiant behavior.

While the collective mode linewidths resulting from
the effective point emitter approximation qualitatively
match those of the electric dipoles as [ varies at both
large and small s, the corresponding line shifts show
greater variations. In particular, when ks = 27/3, see

Fig. 6(a) and 6(b), the collective line shifts ‘5“’1(\/??1)32&1 and
6wﬁ%25 begin to deviate from the corresponding line

shifts 6w1(\/HE2a and 5‘*’1(\/HE237 when kl ~ m/4. When
kl ~ /4, all the collective mode line shifts begin to
significantly diverge as [ reduces further. In contrast, the
Ela and Els line shifts of the point electric dipole model
qualitatively agree with the corresponding shifts of the
effective multipole resonator model. When s is large and
l is varied, there is no significant difference in the line



0 n/2 w 3n/22n 0 /2 7 3n/22n
kl kl

FIG. 5. The radiative resonance linewidth 77(11’25’23) for the
collective eigenmodes as a function of the separation of dipoles
within each pair [, for two horizontal pairs of point electric
dipoles, with: (a) and (b) ks = 27/3; and (c) and (d) ks = 2.
We show the linewidth %(11) in the N = 4 point electric dipole
model, with the different modes shown as: Ela-red solid
line (a) and (c); Els—blue dashed line (a) and (c); M1E2a—
red solid line (b) and (d); and M1E2s-blue dashed line (b)
and (d). We show the linewidth 72 in the N = 2 effective
electric dipole resonator model: antisymmetric excitations—
magenta dash circles (a) and (c); and symmetric excitations—
black dash squares (a) and (c). The linewidth v in the
N = 2 effective magnetic dipole—electric quadrupole resonator
model: antisymmetric excitations—-magenta dash circles (b)
and (d); and symmetric excitations—black dash squares (b)
and (d). The radiative losses of each electric dipole are
I'p1 = 0.830Y), the ohmic losses are I'o = 0.170'(".

shifts, even when [ is large. As we reduce the separation
[, the line shifts 5w](311)a and 5w]€311)5 are red shifted from €,

see Fig. 6(a) and 6(c). In contrast, 6‘*)1(\/3E2a and 5‘*’1(\/31325
are blue shifted, see Fig. 6(b) and 6(d).

In Fig. 7 we show analogous linewidths when the sep-
aration s between the pairs is varied. The linewidths of
the effective model again agree well with the full point
dipole results. The antisymmetric mode linewidth ap-
proaches the nonradiative loss rate when both [ and s

are small '71(\/HE25 = fyﬁf)ms ~T'o, see Fig. 7(b).

In Fig. 8, we show the line shifts of the different col-
lective modes as s varies. The line shifts 5‘*"1(\/??}32'(1 and

5“’1(\/%?)13%7 show no significant deviation from the Ela and
Els modes, even at small s and kIl = 7/4. In contrast,
the line shifts dw >, and 6w >*)  begin to deviated
from the M1E2a and M1E2s line shifts when ks ~ 7/2

(when kI = 7 /4).
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0 n/2 «w 3n/22n 0 n/2 7 3n/2 2n
kl ki

FIG. 6. The radiative resonance line shift 5w$}’25’2a) for the
collective eigenmodes as a function of the separation parame-
ter I, for two horizontal pairs of point electric dipoles, with: (a)
and (b) ks = 27/3; and (c) and (d) ks = 27. For plot de-
scriptions, see Fig. 5 caption.

0 n/2 «w 3n/22m 0 #/2 w 37/2 2n
ks ks

FIG. 7. The resonance linewidth \?*** for the collective
eigenmodes as a function of the separation parameter s, for
two horizontal pairs of point electric dipoles, with: (a) and (b)
kl = 7/4; and (c) and (d) kl = 2. For plot descriptions, see
Fig. 5 caption.

8. Two perpendicular pairs of point electric dipoles

Our second example is two perpendicular pairs of point
electric dipoles. The Cartesian coordinates of each elec-



0 n/2 7 3n/22n 0 7n/2 w 37/2 2n
ks ks

FIG. 8. The resonance line shift 6w("?*?* for the collective
eigenmodes as a function of the separation parameter s, for
two horizontal pairs of point electric dipoles, with: (a) and (b)
kl = w/4. For plot descriptions, see Fig. 6 caption.

tric dipole are

s 0
l
rio= |[+—|, r3s=|+= 133
2= | £0] s raa= |l (133)
0 s

In Fig. 9(a) and 9(c), we show the Ela and Els modes,
respectively. In Fig. 9(b) and 9(d), we show the M1E2a
and M1E2s modes, respectively. The locations vectors of
the effective resonators with both point magnetic dipole
and point electric quadrupole sources [and effective elec-
tric dipole sources] are r; = [s,0,0] and r2 = [0,0, s].

FIG. 9. A schematic illustration of two perpendicular pairs
of electric dipoles and the induced effective magnetic dipoles.
The separation between dipoles within each pair is [ and the
position of the pair on the z, z axis is determined by s. We
illustrate two of the four modes; see Fig. 4.

In this example, the magnetic dipole orientation vec-
tors m; o and the unit vector k form an orthonormal
set, i.e., m; = +k x ms, corresponding to symmetric
(+) and antisymmetric (—) oscillations, see Fig. 9(d),
and 9(b), respectively. Similarly, the electric quadrupole
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unit tensors, for the symmetric (+) and antisymmetric
(—) excitations are

010 000
Ai=1100| and Ay=+(001 (134)
000 010

These oscillations are represented through the eigenvec-
tors V1(v2[3:25 and Vl(\/21?232a’ respectively, see Eq. (127). The
interaction terms: GMl(I‘lg); GEQ(I‘12); and GXQ(rIZ)a in

Eqgs. (124)—(126), respectively, in this case are given by

3
Gan(riz) = i hy) (V2ks), (135)

2
Cralres) = i [h@(ﬂks)—ihél)(ﬁks) . (136)

Gxa(ri2) = \/Er)hél)(\/iks).

The eigenvalues 51(\/%;)323 and fl(vﬁl)ms of Eq. (121), with

Egs. (135)—(137) are complex, involving contributions

from hfll)(\/ik‘s) and hgl)(\@ks). For analytical expres-

sions of '51(\/??1)5% and 51(\2‘1%25, we again consider the lead-

ing order expansions of the spherical Hankel functions.
In this limit Im( 7(12&)) is dominated by hil)(ﬂks) and
Re( 7(123)) by hél)(\/?ks). Specifically, we find

(137)

1125

2a 2a
5”1(\/11%:23 :Im( 1(\/[1])£)2a) ~ 5%(;1) + WFE% (138a)
2a 2a 1125
S s =Tm( 1(\41)E25) ~ dw) — mrma (138b)
(1)
2a 2a Ve i T'me
\Tihoa =Re(ElTthe,) ~ — ; + [10 o5
15 ,
Z\/erFEg (V2ks)?, (138c¢)
(1)
2a 2a Ve 't | T'e2
'71(\/[11)325 :Re( 1(\/[11)325) ~ = ; - [ 0 s
15
+ 4 /4\/1‘M1FE2} (V2ks)?. (138d)

When the dipoles are close and perpendicular, they inter-
act only weakly, 71(\/%?})3% = 71(\,??])525 ~ ’y;(il). The line shifts
of the modes diverge as ks — 0 and are dominated by
o, with 6w, blue shifted and dw(o+L,. red shifted
from 5w;(11).

In Figs. 10 and 11, we show how the collective mode
linewidths and line shifts, respectively, for situations sim-
ilar to those of the parallel dipoles of Figs. 5 and 6, When
ks = 27/5, and [ is varied, the linewidths of all the
collective modes of perpendicular pairs closely resemble
the linewidths of the corresponding horizontal pairs, see
Figs. 10(a,b) and 5(c,d). There is no significant differ-
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FIG. 10. The radiative resonance linewidth ~y for the collective
eigenmodes as a function of the separation parameter [, for
two perpendicular pairs of point electric dipoles, with: (a)
and (b) ks = 27 /5. For plot descriptions, see Fig. 5 caption

At -

0 n/2 w 3n/22n 0 n/2 © 3n/22n
kl

FIG. 11. The radiative resonance line shift dw for the collec-
tive eigenmodes as a function of the separation parameter [,
for two perpendicular pairs of point electric dipoles, with: (a)
and (b) ks = 27 /5. For plot descriptions, see Fig. 6 caption

ence in the linewidths between the two different models,
even when s is small.

When we vary s (Fig. 12), the perpendicular dipoles
collective mode linewidths exhibit different behavior to
those of horizontal dipoles, displaying characteristic os-
cillations as a function of the separation s. The effec-
tive multipole model provides a good approximation of
the corresponding point electric dipole model linewidths.
The line shifts of the perpendicular pairs have very sim-
ilar characteristics to horizontal pairs, both when s is
large and when s is small.

D. The response of an effective point emitter
model to external fields

In this section, we compare the response of the four
point electric dipole system with that of the effective
two point emitter model under external driving, when
we approximate the effective point emitter model with
only one eigenmode. We consider the antisymmetric ex-
citations, in which case the point emitter model exhibits
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FIG. 12. The resonance linewidth « for the collective eigen-
modes as a function of the separation parameter s, for two
perpendicular pairs of point electric dipoles with (a) kl = w/4
and (b) kI = 27. For plot descriptions, see Fig. 5 caption.

the magnetic dipole and electric quadrupole moments.
The driven dipoles radiate and induce excitations on the
nearby dipoles, resulting in a strongly coupled system.

We solve the equation of motion Eq. (26) in a steady-
state (b = 0) for horizontal pairs of electric dipoles. We
focus on the case when the external EM field drives one
pair of dipoles only and propagates in the direction nor-
mal to the pair. For simplicity, we assume that the field
perfectly couples to the antisymmetric excitation of the
pair. In the point electric dipole system, we drive the
pair 12, formed by the dipoles n = 1,2. The driving by
incident fields, Fi, in Eq. (26), that takes the form

1

-1
Fi,=— 139
ar (139)

0

We only take the antisymmetric mode for the N = 2
effective point emitter system that exhibits magnetic
dipole and electric quadrupole moments. The incident
driving takes the form

(140)

The coupling matrix C in Eq. (26) is non-Hermitian,
but we can define an occupation measure for a particular
eigenmode v,, in an excitation b by

2
On(b) = |viDb|™ . (141)

For the four electric dipoles, we project the excitation



onto the basis

1 0
4 1 |+£1 4 1 0
viy = ol vy = 7 (142)
0 +1
Here, the superscript (&) indicates symmet-

ric/antisymmetric excitations of the dipole pair. In
the effective two-emitter model we use the basis

(143)

In Fig. 13, we show the excitation spectra of the an-
tisymmetric modes for the two models. For our choice
of the driving in Eq. (139), the symmetric excitations of
the electric dipoles are negligible. We find that, despite
the inclusion of only one mode, the effective model agrees
with the four-dipole case, provided that neither s nor [
is too small. For small s the geometry of the configu-
ration starts becoming important, while for small [, the
contribution of the symmetric excitations would need to
be included. For ks = 4n/3 and kl = 7/3 (a,b), the
effective model underestimates the excitation of the non-
driven pair, while for ks = 87/9 and kl = 47 /9 (c,d) the
agreement is better.

VI. CONCLUSIONS

We have developed a formalism for effective point scat-
terer models that goes beyond the electric and magnetic
dipole approximations, and also includes the more com-
plicated electric quadrupole contributions to the interac-
tions between the resonators. The resulting theory can
then be expressed as a coupled set of dynamical equa-
tions for the resonators and EM fields. The interactions
between the resonators result in collective eigenmodes
with associative collective resonance frequency shifts and
linewidths.

There is a clear motivation for introducing discrete
models for the studies of EM field responses. For closely-
spaced resonant emitters the EM-field-mediated inter-
actions can be strong. The combination of recurrent
scattering®* 36 — a process in which a wave is scattered
more than once by the same emitter — and position-
dependent radiative coupling between the emitters can
lead to a correlated EM-field response. Even in a ran-
domly distributed ensemble of emitters, such correla-
tions have been shown to result in a qualitative failure of
standard homogeneous-medium electrodynamics that, by
construction, is a mean-field approximation3”-38. In large
planar arrays of resonators, on the other hand, the collec-
tive effects can manifest themselves despite the presence
of nonradiative losses, resulting, e.g., in a correlated ex-
citation of a subradiant mode that can extend over the
entire lattice, including over 1000 metamolecules'.
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FIG. 13. The excitation spectra of the antisymmetric modes
of the electric dipole pairs (a,c) 1 and 2; (b,d) 3 and 4, as
a function of the detuning of the incident frequency 2 from
the resonance frequency wp of a single point electric dipole.
The resonance is at —(wo — Q) ~ 0.25I'"). The full four point
electric dipole model (blue solid line) and the corresponding
effective two-point-emitter model, exhibiting magnetic dipole
and electric quadrupole moments (red dashed line). In (a,b)
ks =4m/3 and kl = /3, (c,d) ks = 87 /11 and kil = 87 /7.

Here, we have tested and illustrated the effective the-
ory using simple point scatterer models where we only
include one mode of the corresponding two-point-dipole
scatterer. The effective models could be extended to the
studies of large arrays in which case they can provide con-
siderable numerical simplifications, or also to the studies
of more complex multipole resonatators'®=2?.
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Appendix A: Electric quadrupole radiation kernel

In Sec. IV, we calculated the EM fields scattered
from a point electric quadrupole source, and the inter-
action between these scattered EM fields and other elec-
tric quadrupoles, electric dipoles and magnetic dipoles.
The scattered EM fields and the resulting emf and flux
terms contain derivatives of the radiation kernels Egs. (5)
and (6). In this Appendix, we give the corresponding



derivatives of G(r) and G (r).

The scattered electric Egy ; and magnetic Hgs ; fields

J
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from the jth electric quadrupole are given in Egs. (60)
and (61). These equations contain rank three tensors
which are the gradients of G(r) and G«(r), given by

0 A [1r lrt, +,r 7r,rr 1 127 1rt, +¢,r 1
Gr)=il| |z 14— T 2 Wy - | 22y 22 Tt | Mg Al
okr, (x) Z[[Br Jr5 r TT2:| 3 (kr) 15 r 5 r v (kr) ) (A1)
0 . . 1) Lo . . .,0
WGX(P) =2 [ty (v + 10+ 10) = 1 (By (v + 10 1) g " (Rr) — — [BFy — B, ] By *(Rr) . (A2)
o

Here: r,, is Cartesian component p = x,y, z of the vector
r; rr is the outer product of r with itself; I is the identity
matrix; and #,r is the outer product of the unit vector £,
in the Cartesian direction u = x,y, 2z with the vector r;

and hg ) (kr) are the nth order spherical Hankel functions
of the first kind, defined by

. T
W) =14 (A3)
1 61 15 15i] e
hg>(x)—[1+x—$2—x$}x, (A4)

hgl)(x) is defined in Eq. (8). In the cross kernel deriva-
|

82
Okr,0kr,,

r

(

tives, Eq. (A2), the component Or,Gx .. (r) = 0 for
v=wrvm.

The interaction between two separate electric
quadrupoles i and j results in an effective emf EZ‘;’EQ, see
Egs. (90)-(92). Equation (92) describes the interaction
matrix Ggo whose off-diagonal elements represent the
interactions between two electric quadrupoles, taking
into account their relative locations and orientations
only. Gga is a contraction of the quadrupole moment
tensors Aag,m and A, , and a rank four tensor. The
rank four tensor contains second order derivatives of

G(r),

i 1 o o 1 o a 1
B G(r) = l{ [rirr ~ 72 (rr + rbe — 48, F, — 2[rur, +1or,]) + 35 (I+28,1,) hfl )(kr)

1 5 A
- [7,3 [rr +2(r,r, +1,1,) + 721+ 3r,r,] + o7 (+ 48,8) h (ker) — T [+ 28,8, h(()l)(kr)} .

82
Okr,0kr,

r Tr2

1
— { (ry [rf, + T,x] + 7, [rF, + F,r — 67,1]) —

Tr2

The spherical Hankel functions h(()l)(lcr) and hgl)(kr) are
defined in Egs. (7) and (8), respectively, while

1 . 10 45
hi)(a:):fz 1+7*?*

1057
x3 4

1057 e**
— | —. (A
—. (A7)

(A5)

v 1 . . . X 1, . o
G(r) = z{ {r#: rr — — [r, (r8, + F,r) + 7, (vF, + Fur) + e I+ T (B0, + ryru)] hil)(k;r)
Tll#’rl/

21 15

2 1
2 @by + 8,8 | BV (k7)) + — [Bufy + B8] hg”(kr)} .

(A6)

1. Electric quadrupole radiated power

In Sec. IV, we obtain an expression for the electric
quadrupole radiative emission rate I'gz ;, by calculating
the radiated power Pgo, see Egs. (68) and (69). To arrive
at Eq. (69), we had to evaluate the integral of |£ x q; ()2,
over all angles. To do so, we note the Cartesian coordi-



nate identity>3

10

11

12

13

IE % q; (f')|2 = anﬁyjfﬁq:m,n?ﬁn
afn
_ Z f’aqaﬁ’jfﬁf’nq;;y’nfy.
afnv

(A8)
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The different #,’s are direction cosines which obey the

identities®?
4
/ AQ g, = g(sﬂn, (A9)
A 47
/ dQ ottt = 1 [&wéw 4 G050 + Oady
(A10)

Evaluating the integrals in Eqs. (A9) and (A10), and
summing over the Cartesian indices x, y and z, hence
results in Eq. (69).
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