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We extend the microscopic Fermi-liquid theory for the Anderson impurity [Phys. Rev. B 64,
153305 (2001)] to explore non-equilibrium transport at finite magnetic fields. Using the Ward
identities in the Keldysh formalism with the analytic and anti-symmetric properties of the vertex
function, the spin-dependent Fermi-liquid corrections of order T2 and (eV)2 are determined at slow
temperatures T and low bias voltages eV. Away from half-filling, these corrections can be expressed
in terms of the linear and non-linear static susceptibilities which represent the two-body and three-
body fluctuations, respectively. We calculate the non-linear susceptibilities using the numerical
renormalization group, to explore the differential conductance dI/dV through a quantum dot. We
find that the two-body fluctuations dominate the corrections in the Kondo regime at zero magnetic
field. The contribution of the three-body fluctuations become significant far away from half-filling,
especially in the valence-fluctuation regime and empty-orbital regimes. At finite magnetic fields, the
three-body contributions become comparable to the two-body contributions, and play an essential
role in the splitting of the zero-bias conductance peak occurring at a magnetic field of the order
of the Kondo energy scale. It qualitatively agrees with the previous renormalized-perturbation-
theory (RPT) result [J. Phys. Condens. Matter 17 5413 (2005)], contrary to the conclusions of
Filippone, Moca, von Delft, and Mora [Phys. Rev. B 95, 165404 (2017)] on the basis of the Noziéres
phenomenological Fermi-liquid theory. We also apply our microscopic formulation to the magneto-

resistance and thermal conductivity of dilute magnetic alloys away from half-filling.

PACS numbers: 71.10.Ay, 71.27.4a, 72.15.Qm
I. INTRODUCTION

It has already been more than forty years since
Nozieres’ phenomenological Fermi-liquid theory for the
Kondo system' and the corresponding microscopic de-
scription of Yamada-Yosida? ® successfully explained the
universal low-energy behavior, which had been clarified
by Wilson’s numerical normalization group (NRG).68
Recently, there is a significant breakthrough, which ex-
tends Nozieres’ phenomenological description and reveals
higher-order Fermi-liquid corrections away from half-
filling.>10 Specifically, Filippone, Moca, von Delft and
Mora (FMvDM) have presented the low-energy asymp-
totic form of the non-equilibrium Green’s function G, (w)
up to terms of order w?, T? and (eV)?, at finite temper-
atures T, bias voltages V', and magnetic fields.

In the previous two papers,'''? we provided a micro-

scopic description for the higher-order Fermi-liquid cor-
rections away from half-filling, extending the approach of
Yamada-Yosida using Ward identities. We have shown
that the next-leading Fermi-liquid corrections, which
cannot be neglected away from half-filling, are deduced
from one of the key features of the vertex function for
parallel spins: the w-linear term of I'yp.00 (w, 0;0,w) be-
comes a pure imaginary with no real part at T'= 0 and
eV = 0. The additional Fermi-liquid parameters can be
expressed in terms of the static three-body correlation
functions of the impurity occupations, i.e., ng4s’s. The

first paper is a letter, in which have described an overview
of the results that follow from this property.'! It has been
proved in the second paper, hereafter referred to as pa-
per II, that the fermionic anti-symmetry property causes
the absence of the w-linear part of I'yp.pp(w,0;0,w).1?
In addition, we have also calculated the w? and 72 real
part of the self-energy at equilibrium using the Matsub-
ara imaginary-time Green’s function.'°

In the present paper, we continue the precise discus-
sion started in paper II. We microscopically derive the
low-energy asymptotic form of the Keldysh Green’s func-
tion, extending the non-equilibrium Ward identities for fi-
nite magnetic fields.!®> We also calculate the Fermi-liquid
corrections to transport through quantum dot'*'® and
also thermoelectric transport'®2% of dilute magnetic al-
loys away from half-filling. In addition, we apply the
microscopic description to the multi-orbital case with N
impurity components, and present the precise form of the
expansion coefficients for the self-energy. The result of
the order w? real part of the self-energy, which has been
deduced from the Ward identity, completely agrees with
the FMvDM’s formula.'® There is, however, a discrep-
ancy in the coefficient of the order T2 and (eV)? real
part at finite magnetic fields. As it affects calculations
for the magneto-transport coefficients, we also provide
a detailed comparison between our results and those of
FMvDM.

In order to see how the higher-order Fermi-liquid pa-
rameters evolve as system deviates from the particle-hole
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symmetric point, we also explore some typical cases using
the NRG. The corrections away from the symmetric case
are determined not only by the two-body fluctuations
which enter through the linear susceptibilities x,o/ but
the three-body fluctuations described by the static non-

linear susceptibilities X([,gl]gwg. Specifically, we see that
each of these two types of the fluctuations contributes to
the T2 and (eV)? Fermi-liquid corrections for the con-
ductance through a quantum dot away from half-filling,
and also at finite magnetic fields. The result shows that
at zero field the contributions of the two-body fluctua-
tion dominate in the Kondo regime, whereas the three-
body fluctuations give significant in valence fluctuation
and empty-orbital regimes. In contrast, in the case where
a magnetic field that is applied to the Kondo regime, both
the two-body and three-body fluctuations give compara-
ble contributions to the T2 and (eV)? corrections. We
also discuss how these two types fluctuations contribute
to the T corrections of the electric resistance and ther-
mal conductivity of the dilute magnetic alloys.

The paper is organized as follows. In Sec. II, static
non-linear susceptibilities and the Ward identities which
have been described in paper II are summarized. The
non-equilibrium Ward identities for finite magnetic fields
are derived in Sec. III. The results for the asymptotic
form of the retarded self-energy is described in Sec. IV.
Then, in Sec. V, differential conductance of quantum dot
is discussed at symmetric tunneling couplings. In Sec.
VI, we apply the microscopic Fermi-liquid description to
thermoelectric transport of dilute magnetic alloy away
from half-filling. A summary is given in Sec. VII.

II. FORMULATION AND SUMMARY OF
EQUILIBRIUM PROPERTIES

We study the transport properties in the Fermi-liquid
regime away from half-filling in this paper. We consider
the single Anderson impurity coupled to two noninter-
acting leads: H = Hq + H. + Hr,

Ha= ) €uo o +Unarnay, (2.1)

He = Z Z/DdeeCZ)\acekav (22)
A=L,R o -D

Hor = Z ZU/\ (w;,ada + dld’,\,g) . (2.3)
A=L.R o

Here, di creates an impurity electron with spin o in
the impurity level of energy e4,, and ng, = did,. U
is the Coulomb interaction between electrons occupying
the impurity level. Conduction electrons in the two lead
at A\ = L and R obey the anti-commutation relation
{Cirgs cz,)\,g,} = dan Opord(e — €'). The linear combina-
tion of the conduction electrons, v, = ff)D de\/Pe Corg
with p, = 1/(2D), couples to the impurity level. The

bare width is given by A = T'y, + T'g with T'y = 7p,v3.
For finite magnetic fields h, the impurity energy takes
the form €;, = ¢, —oh, where o = +1 (-1) for 1 (}) spin.
The relation between the differentiations is
R R N B R
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A. Local Fermi-liquid parameters in equilibrium
1. Free energy 2 and Green’s function at T =0

The low-bias behavior of the self-energy can be de-
duced from the equilibrium quantities. Specifically, at
T = 0 and eV = 0, the usual zero-temperature formal-
ism is applicable to the causal Green’s function defined
with respect to the equilibrium ground state,

Goarylw) = —i / T gt (T (1) dF(0))

1

= . 2.5
W — €go + 1A SgNW — Yog o (W) (2:5)

The corresponding 7" = 0 retarded Green’s function is
given by Gp, ,(w) = 0(w)Goy, (W) +0(—w) {Gogr (W)},

where 6(w) is the Heaviside step function. The density
of states for impurity electrons is defined by

1 i
pdo’(w) = - ; Im Geq,a’(w) : (26)
We will write the density of states at the Fermi energy
w = 0 in the following way, suppressing the frequency
argument p,_ = p,, (0) = sin®§, /1A, where

€do + qu,d(o)
df] . (2.7)

5, = cot™* [
The phase shift d, is a primary parameter which char-
acterizes the Fermi-liquid ground state. The Friedel sum
rule relates the phase shift to the occupation number
which also corresponds to the first derivative of the free
energy ) = —T log [Tr e*H/T},
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2. Second derivative of §2

The leading Fermi-liquid corrections can be described
by the static susceptibilities following Yamada-Yosida:?
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Note that x4, = x 4. The renormalization factors are
defined by

oxr. (0) 1 oxr. (w)
Voo! = Opgr 4+ o 2 —q ZTeac N (9 )
X + 86(10/ 2o ow w:O( )

The susceptibility can be written as a static 2-body cor-
relation function

1T
Xoo! = / At (0nge(T) dnde ) s (2.11)
0

where 0ng, = nds — (Nds). The usual spin and charge
susceptibilities are given by

0
10%Q 1
Xs = =77 = 7 Ot F X=X — X)) - (212D)

The free energy 2 is an even function of the field h.
Therefore, x. and y, are also even functions of h. Fur-
thermore, x4, is an even function of h,

9%Q 1/0%Q  0%Q
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Similarly, x4+ +x,, is an even function of A, and x4+ —xy
is an odd function of h:

1 /0?°Q  9%*Q
Xtt+Xxi = -5 (—653 + —8h2) ; (2.14a)
0 (09
X~ X4 = Deq (@) . (2.14b)

Therefore, x1+1+ = Xy at zero field h = 0.

3. Third derivative of )

The next leading Fermi-liquid corrections are deter-
mined by the static nonlinear susceptibilities, as we will
describe later,

3
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It also corresponds to the thee-body correlations of the
impurity occupation

1 1
T T

Xl[)'31](720'3 = —/0 dT3‘/O dTg <T76nd,,3 (Tg) 57’Ld02 (7‘2) 6’nd01>.

(2.16)

Similarly, the n-th derivative of 2 for n =4,5,6--- cor-

responds to the n-body correlation function X[g"l]@gs....
The Fermi-liquid corrections can be classified according
to n, and the derivative of the Ward identity reveals a
hierarchy of Fermi-liquid relations, as described in the
next subsection.

The n-body correlation function have permutation
[n] [n]

symmetry for the spin indexes Xo oy05-- = Xogorog- =
x,[;;}gzgl... = ---, and thus it has n + 1 independent com-

ponents at finite magnetic fields. There are four inde-
pendent components for the n = 3 case:

h—o  10xqy

X1y 1 Ix1) Ixt|

Deyy 2\ 0e, oM 2, * 210
aXcrcr _ 8Xa'a' _ 8XT¢ h—0 8XTT _ 18XT\L (2 18)
Oe,, Oe, Oe,, Oe, 2 O¢, ' '

for o =1,]. At zero field h = 0, only two components are
independent because X[T‘?T = X[fﬂ , and X[T?? L= [;ﬂ | due to
the spin rotation symmetry, and dx+,/Oh vanishes as x+|
is an even function of h. Furthermore, in the particle-hole
symmetric case for which £; = ¢4 + U/2 — 0, the phase
shift reaches the unitary limit value d, — 5. Then the
charge susceptibility x. and spin susceptibility xs take a
minimum and a maximum, respectively, and thus

X1y
- 0
5}; :00 € d

OXr1
Oe,

=0. (2.19)

h=0
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The derivative of the renormalization factors Y, can
also be written in terms of the susceptibilities,

8%0102 o 1 8X0102
86do’g pd0'1

+ 27 cot gy Xoy 0 xm@) . (2.20)

Note that the derivative of the density of states with
respect to the frequency and that with respect to the
impurity level can also be written as

o 9Pap(w)

0
= _9Pdo _ or ot 00 XooPgy- (2.21)
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Furthermore, the derivative of Y., has the permutation
symmetry for the spin indexes in a constrained way

62 qu,o (0) _ a;(iaal
8ed02 86(101 8ed02

Noos
= 2.22
86(101 ’ ( )

namely, the spin indexes other than o can be exchanged.

B. Ward identities at equilibrium ground state

The Ward identity for the causal Green’s function for
the equilibrium ground state, at T'= 0, follows from the

local current conservation for each spin component o,2°
Y (w) 03, (w)
500/ CS;:’ —+ 52;;, = —Fgg/;g/g(w, O, O, LLJ) Pdo’ s

(2.23)

where 'y 00 (w,w'; ', w) is the vertex function for the
causal Green’s function in the 7' = 0 formalism. The
Ward identity describes a relation between the vertex
function and the differential coefficients of the self-energy.



1. Leading Fermi-liquid corrections

At the Fermi energy w = 0, the Ward identity repre-
sents the Fermi-liquid relation of Yamada-Yosida,?® i.e.,
the anti-parallel ¢/ = —o and the parallel ¢/ = o spin
components of Eq. (2.23) can be written as

1
= Xee. (2.24)

X11 = —ParPay I't1:14(0,0;0,0), P

Note that T'4;.y4(0,0;0,0) = T'4+.4,(0,0;0,0), and
T'o0:00(0,0;0,0) = 0. These parameters also determine
low-energy properties of quasi-particles. The residual in-
teraction U and renormalized density of states p,, are
given by,?!

U= ZTzil—‘TJ,;iT(Ov 0;0, 0)7 Pdo = ZL = Xoo- (2'25)

a

In addition, the Wilson ratio Ry, and characteristic en-
ergy scale T which at zero field corresponds to the
Kondo temperature can be defined in the form

Ry =1+ /pppg U = 1—4T" x4,

1
T = —— .
A/ XXy

(2.26a)

(2.26b)

2. Higher-order Fermi-liquid correction at T = 0

Most of our recent results for the higher-order
Fermi-liquid correction follows from an important prop-
erty of the vertex function for the parallel spins
Tooioo(w,0;0,w), i.e., its w-linear part does not have an
analytic real component but has an pure imaginary non-
analytic |w| component,

T o0 (@, 0;0,w)p5, = imx}, w sgn(w) + O(w?). (2.27)
From this property of the vertex correction, the order
w? term of the self-energy can also be deduced, taking a
derivative of Eq. (2.23) with respect to w,

Y, (w)
Ow?

v 2
= axw —am S sgn(w) .
€do Pds

(2.28)

w—0

Furthermore, the vertex function for the anti-parallel
spins can be calculated up to the w? contributions, using
the Ward identity Eq. (2.23) again,

OXo,—o

FO’—O’;—G’G’(M’O;O’M) pdapd,—a = —Xn + Pdo B) w
€do
~ 2

Paic O | OXoo . X3y 2 3
-2 | = = O .
2 B, . [85,10 mrpda sgn(w) | w® + O(w?)
(2.29)

C. Asymptotic form of I',,/,,/, (w,w’;w’,w) and T2
corrections

We have shown in paper II that the low-frequency be-
havior of the vertex corrections with two independent fre-
quencies I'yor .00 (iw, iw'; iw’, iw) can also be described by
the Fermi-liquid theory up to the linear terms in iw and
iw’, The results which were described using the Matsub-
ara formalism can be converted into the real-frequency
expressions in terms of the T = 0 causal Green’s func-
tions:

Coo00 (W, w';w',w) pga = iWX% ’w - w/’ +-, (2.30)
Fa,—a;—a,a(wuwl;wlvw) pdapd,—a
_ Mo~ N-o0
= _X'N_deoTw Iy

07
do

—I—iﬂ'x?ri(‘w—ww— ‘w—i—w/‘)—l—um (2.31)
This asymptotically exact result captures the essential
features of the Fermi liquid, and is analogous to Lan-
dau’s quasi-particle interaction f(p o, p’c’) and Nozieres’
function ¢y (g,¢').2*2 One important difference is that
the vertex function also has the non-analytic imaginary
part which directly determines the damping of the quasi-
particles.

We have also reexamined the finite-temperature cor-
rections in paper II. We have obtain a simplified formula,
with which the leading T2 contribution of the retarded
self-energy Yy ,(w,T) can be deduced from the deriva-
tive of Ly 00 (w, w';w’, w) with respect to the interme-
diate frequency w'’:

(w,0) = (T)* U (w) 4+ O(TY) .

S (w, T) — % ; e

eq,o eq,o

Here, ¥’ (w) is a retarded function, the corresponding
causal function of which is given by

0

\I]z;i(w) = J,lgow Z Faa’;o/o(waw/;wluW)pda/(w/) :
U/

(2.33)

Equation (2.32) shows that this function determines the
T? corrections as ¥ (w) = ¥ " (w) for w > 0, and
T (w) = {¥,;~(w)}" for w < 0. The zero-frequency limit
can be calculated, substituting the double-frequency ex-
pansion of the vertex functions Eqs. (2.30) and (2.31)
into Eq. (2.33):

1 2
lim U~ (w) = Oen _ 13w X sgn(w) .

= 2.34
w—0 Pds 66,17_0- Pdo ( )

In Appendix A, we provide an alternative derivation
which is also applicable to the multi-orbital case. We will
discuss in the next section an exact relation between the
T? and the (eV)? contributions which was first pointed
out by FMvMD.!? In our formulation, it follows from an

~

identity U ~(w) = D?3, (w), given in Eq. (3.13).

eq,o



III. NON-EQUILIBRIUM FERMI-LIQUID
RELATIONS AT FINITE MAGNETIC FIELDS

The higher-order Fermi-liquid corrections, summarized
in the previous section for thermal equilibrium, are de-
scribed in terms of the differential coefficients which are
taken with respect to the spin-dependent impurity level
€45 The non-equilibrium Ward identities were previ-
ously obtained for the spin SU(2) symmetric case, and
were used to calculate non-linear conductance through
a quantum dot at low bias voltages.'3 In the formula-
tion, the impurity-level derivatives were taken with re-
spect to the sum €, = €,, + €, that does not distinguish
the two spin components. In this section, we describe
how the previous formulation can be extended at finite
magnetic fields. Using the extended identities, we calcu-
late the Fermi-liquid corrections to magneto-conductance
through a quantum dot, and also provide transport coeffi-
cients for the thermoelectric transport of dilute magnetic
alloys.

We use the Keldysh Green’s function?? for impurity
electrons,

G, (tr,t2) = —i(Td,(t1)di(t2)), (3.1a)
Gt (ty,ts) = —i(Td,(t1)dl(t2)), (3.1b)
Gr™(t1,t2) = —i{d, (1) dl(t2)) (3.1¢c)
Gyt (t,te) = —i{df(t2) dy (1)) (3.1d)

Non-equilibrium steady state driven by the bias voltage
eV can be described using the noninteracting Green’s
function, the Fourier transform of which is given by?*

Gor (W) = [1 = ferr ()] Gop (W) + fert (W) GGy (), (3.2)
Goo (W) = —fer(w) Gip(w) = [1 = ferr(w)] GG, (w), (3.2b)
Goo (W) = = ferr(w) GG (w) = Gor (W)], (3.2¢)
Goo (W) = [1 = ferr(@)] [Gho (w) = GGy (w)]- (3.2d)
The retarded and the advanced Green’s functions are
written explicitly in the following form
1

w—e¢y, +i(lL+Tr)’
and G¢, (w) = {G},(w)}". Similarly, the Fourier trans-

form of the causal Green’s function G, and its time-
reversal counter part Gg." are related each other through
Gif(w) = —{Gy, (w)}". One of the most important
properties of these Green functions is that both the bias
voltage eV and temperature 7" enter through a local dis-
tribution function for impurity electrons,

i) L+ frw)Tr
B 't +Tr '

Here, fL/R(w) = flw-— NL/R) and f(w) = [ew/T+1]_1 is
the Fermi function. We choose the chemical potentials
such that up = areV, up = —agreV, and ar, + ag =
1. The parameters ay and ap specify how the bias is
applied relative to the Fermi level at equilibrium w = 0.

Goo(w) = (3-3)

feff(w)

(3.4)

A. Ward identities for the Keldysh Green’s
functions at finite magnetic fields

The corresponding self-energy satisfies the Dyson
equation of a matrix form, G;! = G} — =

o

G:— Got Dl Vs
Gcr = |:G§-— G§-+:| ) EO‘ = |:E§-— E§-+:| . (35)

In the Keldysh formalism, dependence of 3_ on the
bias voltage and temperature enters through the internal
Goo'’s, each of which accompanies the non-equilibrium
distribution feg(w). Therefore, the first few differential
coefficients of this function play a central role in low-
energy properties,

Ofei(w)  arl'g fr(w) —arl'y f7(w)

oeV) Taar, 0 B0
82fcﬁ(w) o 042 FR f” (w) + 042 FL f”(w)

TevE - R RFR - rj L2 (3.6b)

Note that the low-energy limit of these two derivatives
do not depend on the order to take the limits eV — 0
and w — 0,

. Ofeg(e+w) af(e)
e C e O
. Pfle+w) 0% f(e)

Here, ¢ is an arbitrary frequency argument, which for
our purpose can be regarded as an internal frequency of
a Feynman diagram. The coeflicients are defined by

o= o'y — agl'g . Oé%FL-i-Oé%%FR
- )

I'y+Tg I'y+T'gr

and thus Kk —a? =T FR/(FL + FR)Q.

The differential coefficients of ¥ (w) with respect to
eV can be calculated by taking derivatives of the inter-
nal Green’s functions in the Feynman diagrams for the
self-energy. To be specific, we assign the internal fre-
quencies €’s in a way such that every internal propagator
carries the external frequency w. Then the eV deriva-
tive of the noninteracting Green’s function can be rewrit-
ten into the linear combination of the w derivative and

the €, derivative which includes both spin components,
0/0¢y = 0/0eqy + 0/0ey,,

L (38)

8G55l(5+w) - _ o ﬂ + i v’ (€+w)
d(eV) - ow = e, ) Uexe ’
eV=0
(3.9a)
PGEY (e +w) o 9N\
d(eV)? o =K <8_w + 8_€d> Oeq.o (€ +w).

(3.9b)

Her§, the label “eq” represents the “equilibrium” limit,
Gyt . = GY The right-hand side of Eqgs. (3.9a)

v’ ‘
0O:eq,o o leV=0"



and (3.9b) have been expressed in terms of the equilib-
rium Green’s functions, which can be calculated further,
as

AP,
(8_(0 + 86d> GO:eq,U(E + W)
Of(e +w) .
= - f((a)w ) [ O:eq,a(a + w) - CTYO:eq,a'(‘C: + W)L
(3.10a)

0 0 ’ v’
<% + a_6d> GO:cq,U(E + w)
0*fle+w) a
= - T [ O:eq,a(g + (U) - GO:eq,U(E + W)] .
(3.10b)

These relations between the derivatives of the noninter-
acting Green’s functions at finite magnetic fields keep the
same form as those at h = 0.' Nevertheless, it is nec-
essary for taking a variational derivative with respect to
the internal Green’s functions to keep track of the spin
index o.

The first two differential coefficients of X, (w) with re-
spect to eV can be expressed in the following form, using
Egs. (3.9a) and (3.9b) for the derivatives of internal lines
in the self-energy diagrams

0%, (w) B ) P
V) lymg “ <% - 5_%) Vg0 (W), (3.11a)
6220((4)) B 9 a a 2
W eV=0 - <% + (’“)_ed> Beq,o(w)

I:Te =
ﬁ D?*%oeq0(w). (3.11b)
L+Llr

Here, ¥eq0(w) = X5(w)|. g, and thus the right-hand
side of Egs. (3.11a) and (3.11b) are written in terms
of the equilibrium self-energy. The operator D? takes
the second derivative (0/0w + 8/0¢,;)? for each single

internal Green’s function of the Feynman diagrams for
Yeqo(w).

Specifically at zero temperature, the standard 7' = 0
diagrammatic formulation which only needs the causal
Green’s function is applicable, and the right-hand side of
Egs. (3.11a) and (3.11b) can be calculated further. Tak-
ing the variational derivative of X_ = component with
respect to the internal Green’s functions and then us-
ing Eqs. (3.10a) and (3.10b), we obtain the following two

identities,
0 0 __
(8_0.) + 8_€d> Ecq,a’(w)

of (W'
- Z,/dwl Cootioro(w,w';w'sw) pgqr (W) {_ 3((,u’ )}

== Toororo(w,0;0,w) pyor (0) , (3.12a)
o
D Eeq,o’(w)
1)
=— Z/dw' TCooriore(w,w';w',w) paor (W) {— o
= Z 9 Loorioro(w,w';w',w) pgor (w') (3.12b)
~ o’ ; ) ) ) o 0

The first one corresponds to the Ward identity given in
Eq. (2.23). The second identity shows that D?X. " (w)
is identical to the correlation function ¥, ~(w):

D’ (w) = U, (w).

eq,o

(3.13)

Thus, the (eV)? contribution emerging through the sec-
ond term of Eq. (3.11b) and the T2 contribution deter-
mined by Eq. (2.32) appear in the self-energy as a linear
combination,

Lilr (V) (7T)?
(I, +Tg)* 2 6

(3.14)

Although this was known for the imaginary part,*31¢ it
has not been recognized until recently that the 72 and
(eV)? contributions of the real part of the self-energy are
determined by the same processes. This was first pointed
out by FMvDM, using the Nozieres’ phenomenological
description.'® Our description provides an alternative mi-
croscopic proof.

The common coefficient for the set of the (eV)? and T2
contributions can be calculated taking the w — 0 limit
for Eq. (3.13), and the result corresponding to Eq. (2.34)
is given by

2

~ 1 0Oy X
NN 1 XA
L})ILI}JD Yeqow) = @(%d)_a - 1371'@ sgn(w). (3.15)

See Appendix A for the details, where a general proof
applied to multi-orbital Anderson impurity with N com-
ponents o = 1,2, ..., N is given using the 7" = 0 causal-
Green’s-function formulation. The non-analytic sgn(w)
dependence in the imaginary part of Eq. (3.15) reflects
the behavior caused by the branch cuts of the vertex
function Tyoripro(w,w’;w’,w) along w — w’ = 0 and
w4w' = 0.122% This imaginary part generalizes the previ-
ous result obtained at h = 0'3 to finite magnetic fields. It
also agrees with the corresponding FMvDM’s formula,'?
and with the second-order-renormalized-perturbation re-
sult ass well.?6



There is, however, a discrepancy in the real part
at finite magnetic fields. We give a detailed compar-
ison between FMvDM’s result and ours in Appendix
C. In our diagrammatic formulation, Eq. (3.15) has
been deduced from Eq. (3.13). The antisymmetry prop-
erty of the vertex function imposes a strong restric-
tion on the intermediate states, i.e., in the summa-
tion over ¢’ in Eq. (3.13) the contribution of ¢/ = &
component vanishes because of I'vs.55(0,0;0,0) = 0
and Re0l'vo.00(0,w;w’,0)/0w’|r=0 = 0, as shown in
Appendix A. Thus, for the N = 2 spin Anderson
model the intermediate state must be unique, i.e., the
spin ¢/ = —o state, and it gives a finite contribution

(1//)(10) 8XUU’/8Edo/-

B. Additional eV, weV, and (eV)? contributions
emerging for the case of a # 0

In the situation where v # 0, the self-energy also cap-
tures the terms of order eV, weV, and additional (eV')?
contribution emerging through the first term in the right-
hand side of Eq. (3.11b). We calculate the coefficients for
these terms in the following, using the low-energy asymp-
totic form of I'56r 076 (w, 0; 0, w), given in Egs. (2.27) and
(2.29).

The order eV contribution is determined by Egs.
(3.11a) and (3.12a). Using the explicit form of the vertex

The imaginary part can be expressed in the form

T Xi

Im ¥, (w
2 Pdo

,T,eV) = —

(w—aeV)*+

function given in Egs. (2.27) and (2.29), we obtain

. 0% (w)
}zli% d(eV)

0 0
= —a lim (— + —) Yo, (W)
eV=0 w=0 \dw ey ’
=« § Faa’;o”a(oao;oao) Pdo’

(3.16)

= —« XU,—(T .

The order weV contribution can also be deduced from
Egs. (3.11a) and (3.12a), using Eqgs. (2.27) and (2.29),

o 0 [955 ()
om0 0w | 0(EV) | g

o (0 0 _
:—ai%a—w (8_w+ 86 )Ecqg( )

_ozhm—ZFm/ggw 0;0,w) Py

w—0 w
Mo~ X3
=« — + T —=sgn(w) | . (3.17)
aedo Pds

The additional (eV)? contribution, which enters
through the a? term in Eq. (3.11b), can be deduced from
Egs. (3.12a) using Egs. (2.27) and (2.29);

o 0\’
2 1 ——
@ ul)% (8w+36d) Beq.r ()
0 0
— 23 J— E ) N ’
- @ i&%(aw—i_aed) o Footioro w0 0,2) pay

(3.18)

IV. LOW-ENERGY ASYMPTOTIC FORM OF
SELF-ENERGY

The low-energy behavior of the retarded self-energy for
finite magnetic field X7 (w, T, eV') can be deduced exactly
up to terms of order w?, T2 and (eV)? from the results,
given in Egs. (2.28) and (2.32)-(2.32) for equilibrium,
and Eqgs. (3.13) and (3.16)—(3.18) for finite bias voltages.

3I'cT'r
Ty +Tg)°

The spin dependence enters through the density of states p,, in the prefactor.

Owing to the recent knowledge about the double derivative Re 92 Yeaw! Ow? described in Eq. (2.28), the real part of



the self-energy can also be expressed in terms of the susceptibilities, or renormalized parameters for the quasi-particles,

€do + Re X (w,T,eV) = A cotd, + (1 — )ZM) w +
~ 8~U —0
— Xo 70’056‘/ + i :
' Oe,,

1 oo 11 9 3y

_ X 2 - XT\L L1 R - (eV)2+(7TT)2

2 Oe,, 6 Py, O€d,—o (T +Tgr)
1 0x o,—0

aeVw + = X220 02(ey )2 4 (4.2)
2 Oeq,—o

At zero magnetic field h = 0, the real part can be rewritten in the following form, using Eqs. (2.17)—(2.20);

¢+ ReX (w, T, eV) 222
N 1 6XTT 1(9X,N 11 8XT¢ RINAN 2
Acotd + (1— — = 2 cot § —— V)?+ (T
cotd + (1= Xpr)w + 2p, < Oeq 2 Oeq e XM T 12 pg deq | (T +Tg)> eV
1 [10x4 1 1aXN 2 2 2
- Xy eV 4+ — (— 5 eq + 2mcotd xprxqy | eV w + —2pd 2 ey + 2mcot o x5, | a”(eV)*". (4.3)

This expression agrees with the previous result, Eq.
(19) of Ref. 13 as shown in Appendix D. The higher-
order fluctuations emerging away from half-filling enter
through 9x,,/Je, and dx,, /0¢, at zero-magnetic field,
and these two parameters can also be written in terms of
the wave-function renormalization factor z = 1/x44 and
the Wilson ratio;

0l 0l 0l
ogxit _ _ Ologz , dlogpy (4.4)
Oe, Oe, Oe,
dlog(— 0l Olog(Ry, — 1
og(xty) _ Ologxyy | Olog(Ryw =1) )
Oe, Oe, Oe,
01
%8Pd _ _ 9r(2—Ry) ysrcotd.  (4.6)
Oe,
Figure 1 shows the €, dependence of sin’ 4, Ry, —1,and 2z

at zero field h = 0 obtained with the NRG.?5 Correspond-
ingly, their logarithmic derivatives with respect to €, are
shown in Fig. 2. The derivative of the density of states
py = sin?d/mA is obtained using Eq. (4.6) while the
derivatives dlog z/0¢,; and dlog(Ry, — 1) /de,; are nu-
merically evaluated from the discrete NRG data for z and
Ry, These derivatives with respect to €, are enhanced
near the two valence-fluctuation regions at €; ~ 0 and
at €; ~ —U. Note that the logarithmic derivatives can
be related to the [-functions for renormalization group
equations.?”

V. NON-EQUILIBRIUM TRANSPORT
THROUGH A QUANTUM DOT

We apply the low-energy asymptotic form of the self-
energy obtained in the above to the non-equilibrium
current I through quantum dots.'* 17 The retarded
Green’s function G (w,T,eV) and the spectral function

A, (w,T,eV) can be obtained from Egs. (4.1) and (4.2):

{GL(w, T, eV)} ' = w— |4 + Re X0 (w, T,eV) ]

+i[A—ImY)(w,T,eV)], (5.1)

A, (w, T eV) = — lIrnGZ(cu,T, ev). (5.2)
7r

Note that p, (w) = A, (w,0,0). Then, the current I can
be calculated using the Meir-Wingreen formula,'¢:18

4I' g
27Th Z I't+Tr

x / @ [ f1(@) — fr(w)] 7A (@, T, eV). (5.3)
Thus, T and eV enter through the distribution function

fr. — fr and the spectral function A4, .

A. Conductance formula for I'y =I'gr and o =0

In the following, we consider the situation in which a =
0, taking the tunneling couplings and the bias voltages
such that ', = T'p = A/2 and af = ag = 1/2. We
obtain the spectral function up to terms of order w?,
(eV)?, and T?,

TA Ay (w, eV, T) = sin’ 0, + 78in 20, Yoo W

1 sin 20, dx
2 2 2 o oo 2
o o (38, o) - S5 e

7T2 3 sin 20 8XT¢ 3 2 2
— 205 X3, — T )= T
t3 <2cos 0o X7, 5 36d,—a) [4 (eV)*+ (aT) ]
+- (5.4)
The  contribution of the non-linear fluctua-
tion, Oxqy/0€q—o, enters in the coefficient for
(7T)* + (3/4)(eV)? through Eq. (4.2). We calcu-

late the current I up to order (eV')3 using Eqgs. (5.3) and
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FIG. 1. (Color online) NRG results of sin? § (= 7Ap,), Rw —

1, and z at zero magnetic field h = 0 are plotted vs €;/U for
U/(wA) = 1.0,2.0,, and 3.0.

(5.4), and obtain the differential conductance,

dl e2 .
AL S [sint 8, — ey (1T)° — ey (V) 4 -]

v
(5.5)
The coefficients ¢z, , and ¢y, , are given by

2
Cro = =& [— cos 20, (xi,, + 2)@0

3

3

sin20, [ OXoo
+
2w 0€

dxtL )] (56

86(1,70

[ V)

Cyo = T [— cos 20, (xga +5 X?N)

5 O )] . (5.7)

aed,—a

sin 26, [ OXoo
+ +
27 Oe,,

We note that the derivatives, for which sin 24, are mul-
tiplied, can be rewritten in terms of the derivatives with
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FIG. 2. (Color online) Logarithmic derivatives of p; (=
sin? 0/mA), Rw —1, and z with respect to ¢, at zero magnetic
field h = 0 are plotted vs ¢4/U for U/(nA) = 1.0,2.0,, and
3.0.

respect to €, and h,

OXoo 0 OXoo 0
Oe,;,  0O€q,—o Oeg oh
BXG'G' BXTJ, aXUU 8XT,I, aXTi
= 2—=. (5.9
ey, PBeas  0e, "o 7% an Y
In the particle-hole symmetric case at which e, = —U/2
and h = 0, the previous result is also reproduced'?
o a0 X + 2%, o a0 X +5X7, (5.10)
e 3az Ve I

since 0, = 7/2 and p,, = 1/(7A).

The last line of Eq. (5.6) and that of (5.7) are ex-
pressed in terms of the derivative with respect to the
center of the impurity levels €, and the magnetic field
h. We may also express these coefficients in a dimen-
sionless way such that ¢, (T%)% and ¢y, ,(T)?, scaling
the quadratic (77)? and (eV)? parts by the character-
istic energy T* = 1/4,/Xt1xy} that is introduced in Eq.
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FIG. 3. (Color online) Susceptibility x4+ is plotted vs eq/U at
zero magnetic field h = 0. The reciprocal of it is proportional
to the characteristic energy 7" = 1/4x¢¢. Here, the Kondo
temperature Tk = zomA/4 is defined at half-filling ¢,/U =
—0.5 with the renormalization factor zp which depends on
U: zo ~ 0.63, 0.24, and 0.08, for U/7rA = 1.0, 2.0, and 3.0,
respectively.

(2.26b) and is a function of €, and h:

dI 2¢? |1 . 9
W:%[QXU:SHI G

B. Conductance away from half-filling at zero field

The coefficients given in Egs. (5.6) and (5.7) take a
much simpler form at zero magnetic field h = 0. Since
Ox+1/Ohlh=0 = 0 as x4, is an even function of h, we
obtain

sin 26 x4
2r  Oeq |’
(5.13)

e — 7 3 {— (X?FT + 2X’2ri) cos 26 +
h—0 T

Cyy — T {— (X?FT +5 x?ri) cos 20

sin2d (Oxpr  OXxyy
27 <8ed + Oe, )} (5.14)

These coefficients ¢y, and ¢y, for h = 0 coincide with
those of FMvDM’s,'® which were first presented in Ref.
9 by Mora, Moca, von Delft an Zardnd (MMvDZ) away
from half-filling at zero magnetic field.

Corresponding dimensionless parameters in this case
are scaled by the characteristic energy T = 1/4x4t
which increases as €, deviates from the particle-hole sym-
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FIG. 4. (Color online) Left panel: contributions of the two-
body fluctuations parts Wy = — [142(Ry — 1)2] cos 26,
and Wy = — [1+5(Ry — 1)2} cos 20 are plotted vs ¢, for
U/mA = 3.0 at h = 0. Right panel: contributions of the
: — sin2§ Ix —
three-body fluctuations @TT = % ;%TT’ and @N =

_sin2§ _1 aXT¢

27 X?FT Bed :
ters converge towards W — —1, Wy — —1, ©44 — —2, and
04, — 0.

In the limit of |e4] — oo, these parame-

metric point as shown in Fig. 3;

V)

3, 5]

D
>~

Here, W and W, represents contributions of two-body
fluctuations determined by the spin and charge suscepti-
bilities, or the Wilson ratio Ry :

Wy = — {1+2(RW—1)2]60325, (5.17)

Wy,

- [1 +5(Ry — 1)2} cos 28 . (5.18)

The other parts, ©.., and (9T |» represent contributions of
three-body fluctuations which can also be described in

terms of the non-linear susceptibilities x?l]gWS defined in
Eq. (2.15):

sin26 1 aXﬁ

O = 5.19

" 2m X%T Oe, ( )
sin2d 1 9x4y

O, = —— 5.20

™ 21 X34 Oy (5.20)

At half-filling § = 7/2, the Wilson ratio approaches
R,, — 2 for the Kondo regime U 2 2A, and then
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FIG. 5. (Color online) Contributions of the three-body fluc-
tuations ©4, and ©, are plotted for several different values
of U/rA (= 1.0,2.0 and 3.0). As U increases, both of these
two significantly vary at the crossover region from the Kondo
regime to the empty (fully-occupied) orbital regime seen at
Ed/U ~ 0.0 (Ed/U ~ —10)

Wy — 3 and Wy, — 6, whereas the contribution of the
tree-body fluctuations vanish ©,, — 0 and O, — 0 as
charge fluctuation is minimized and spin fluctuation is
maximized.2 We discuss in the following how the two-
body and three-body contributions vary as ¢; deviates
away from the particle-hole symmetric point.

The behavior of the other limit at eg > max(U, A)
corresponds to the empty-orbital regime as already ex-
amined by MMvDZ.? In the empty-orbital regime, the
interaction can be neglected at low energies and thus for
€, — oo the parameters asymptotically behave such that
Rw — 1,6 ~ Afey, x4t ~ A/(me?), and x4, ~ 0. There-
fore,

lim W, = —1, lim Wy, = -1,  (5.21)
\ed\—>oo \ed|—>oo

lim ©.. = —2, lim ©, = 0. 5.22
\ed\—>oo i \ed|—>oo T ( )

The opposite limit e; — —oo, corresponding to a fully-
filled orbital, links to the empty-orbital regime through
the particle-hole transformation. The behavior of the
two-body-fluctuation and three-body-fluctuation parts at
intermediate €,; can be explored using the NRG. Figure
4 shows a typical result that obtained for U = 37 A. We
see in the right panel explicitly the contributions of the
three-body fluctuation, ©,, and ©, , are suppressed in
the Kondo regime —1.0 < ¢,/U < 0.0. It also shows
that the three-body fluctuations become important out-
side Kondo regime. The anti-parallel component O,
shows an maximum at the valence fluctuation region near
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FIG. 6. (Color online) Dimensionless coefficients Cr and Cy
are plotted vs e;/U for U/7A = 1.0, 2.0, and 3.0 at h = 0.
Note that numerical factor has been introduced such that
(48/7%) Cr = Wr + ©44 and (64/7%) Cy = Wy + Oy — O

€,/U ~ —1.0 and 0.0, whereas the parallel component
O, does not have an extreme point. Figure 5 shows
the three-body contributions for several values of the in-
teraction; U/mA = 1.0,2.0 and 3.0. The crossover be-
tween the Kondo and empty (or fully-occupied) orbital
regimes becomes sharp as U increases, and correspond-
ingly the transient region becomes very narrow for large
U. The dependence of C and Cy, on ¢; was already
discussed by MMvDZ.? We also provide similar results
in Fig. 6 in order to explicitly show how the sum of two-
body and three-body fluctuations determines these coef-
ficients. The contributions of the two-body fluctuations
which enter through W;. and W, dominate in the Kondo
regime, whereas the three-body fluctuation give signifi-
cant contributions for |e;+ U/2| 2 U/2. In the |e,;| — oo
limit of the empty (or fully-occupied) orbital regime,
the coefficients converge towards (48/72)Cy — —3 and
(64/7%)Cy, — —3,° while those in the Kondo regime
are given by (48/7%)Cy — 3 and (64/72)Cy, — 6 for
Uz 2rA.

C. Conductance at finite magnetic fields for
€q = —U/2

We next consider the conductance at finite magnetic
fields h # 0, applied at half-filling £; = 0. In this case,
the average of total occupation number for both spin
component is fixed at nqy + nq, = 1, and thus the phase
shift for each spin components can be expressed in the
form 0, = w(1+0omg)/2, with mg = ngy—ngy the induced
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FIG. 7. (Color online) Magnetic field dependence of Fermi-
liquid parameters at half-filling ¢; = —U/2 for U/mA = 3.0
plotted vs h/U. Inset shows an enlarged view of a small h
region, for which the horizontal axis is scaled by Tk = 0.027rA
determined at h = 0. Left panel shows Z, Ry, — 1, m1Ap, =
cos?(mma/2), and my = Ngp — Ngy. Using this definition of
Tk, the reciprocal of the field-dependent characteristic energy
T* is plotted vs h/Tk in the right panel.

magnetization. Furthermore, since pgq = pg;, X4 = X5
2 = z(= 2), and the coefficients for the T2 and (eV)?
terms defined in Egs. (5.6) and (5.7) are simplified,

% ; cT,a'

2 .
Cu—m0 T 9 9 ) sin(mmgq) Ox4y
d ? |:(XTT —+ 2XT~L) COb(ﬂ'md) — TW y
(5.23)
1
S
2 .
Ca—m0 T 9 9 ] sin(mmg) Ox1y

(5.24)

The three-body terms which enter through 9x14 /¢, and
Ox+1/0¢€, have vanished because the contributions of 1
and | spin components cancel each other out. The char-
acteristic energy T* = 1/4x4¢ in the present case depends
on h as shown in Fig. 7. We note that in FMvDM’s for-
mulas the three-body terms enter in a different way at
finite magnetic fields as shown in Appendix C.

Multiplying Eqgs. (5.23)—(5.24) by (T*)?, we obtain the
dimensionless coefficients

2 2

ch = 1—8 (Wh+0,), Ch= % (W +20,,) . (5.25)
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FIG. 8. (Color online) Two-body and three-body correla-
tions which determine C% and C% are plotted vs h/U at
half-filling ¢; = —U/2 for U/rA = 3.0. Inset shows an
enlarged view of the small h region, for which the hori-
zontal axis is scaled by Tx = 0.02rA (= 0.0066U) de-
termined at h = 0. Left panel shows the contribution of
two-body fluctuations W7 = [1+2(Ry — 1)2] cos(mmg),
and W{ = [1+5(Ry — 1)2} cos(mmg).  Right panel
shows the contribution of three-body fluctuations ©,, =
—sin(mma)/(2mx,) (Oxr./Oh).

Here, W:}ﬁ and W{} represent contributions of the two-
body fluctuations,

Wh = [1 +2(Ry — 1)2} cos(mmy), (5.26)
Wl = [1 +5(Ry — 1)2} cos(mma). (5.27)
(5.28)

The remaining contribution of the three-body fluctua-
tions are described by ©,, represents

sin(mma) 1 Oxqy
2m X%T oh

O, = (5.29)

The contribution of this three-body correlation at finite
magnetic fields can also be decomposed into the loga-
rithmic derivatives of the renormalization factor and the
Wilson ratio, similarly to Eqs. (4.5) and (4.6),

dlog(—x1y)  Ologxyy | Olog(Ry, — 1)
on  ~ on on 0 630
Olog x++ _8logz d

™m,
= — 2nRyy xp tan (T20) . (5.31
oh oh T iy X1 tan 2 ( )
Figure 7 shows the magnetic-field dependence of the
renormalized parameters, obtained with the NRG.?6 It
indicates that the induced magnetization mg and the
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FIG. 9. (Color online) Magnetic-field dependence of the
dI/dV coefficients: Left panel shows (48/7%) Ck = Wk +0,,
and (64/7%)Ch = W{ + 20,,. Inset describes an enlarged
view of the small h region. Right panel shows rescaled coeffi-
cients Cp = (Tx /T*)?C% and Cp = (Tx /T*)?C% defined in
Eq. (5.33), using the h-independent Tx. The Kondo temper-
ature Tx = zomA/4 is determined at h = 0 with the renor-
malization factor zo ~ 0.08, 0.05, and 0.03 for U/7A = 3.0,
3.5, and 4.0, respectively

density of states sin®d = 7Ap, rapidly vary at small
fields h < T, as the Kondo resonance goes away from
the Fermi level. In contrast, the wavefunction renor-
malization factor z and Ry, vary much slower than mgq
and sin?§, with the energy scale of the Coulomb in-
teraction U. Figure 8 shows the magnetic-field depen-
dence of the contributions of two-body fluctuations and
three-body fluctuations on the coefficients C% and CP.
The two-body correlations are given by WJ}E = 3 and
W = 6 at zero field for large interactions (U > 27A)
as mg = 0 and Ry — 2. As h increases, these
two-body contributions change sign near h = 0.8Tk
with Tk = 0.027A = 0.0066U that is determined at
h = 0 for U = 3.0mrA. Both of these two correlations
show a minimum near h ~ 0.02U, and then approach
limy,— o0 WJ}E = —2 and lim;, W& = —2 for large mag-
netic fields where mqg — 1 and Ry, — 1. The three-body
contribution ©,, vanishes at A = 0, and also in the large-
field limit lim‘ed‘_)oo O,, = 0 as x4, decreases faster than
Xt+- It also has a deep minimum of ©,, ~ —6.0, which is
deeper than that of W& ~ —3.7, at an intermediate field
h =~ 0.02U for the case U = 3.0mrA. We also see that ©,,
gives comparable contribution with that of W2 and Wt
at small fields h < Tk.

The left panel of Fig. 9 shows the total contributions:
(48/7%) O = Wh + ©,, and (64/72) Ch = Wi + 20,,.
for the same interaction U = 3.07rA. For h 2 0.8Tx =
0.0053U, both the two-body and three-body correlations
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give negative contributions, and thus the minimum of
Ch and also that of C" become deeper than the mini-
mum of the individual contributions alone. It indicates
that the three-body correlation ©,, dominates the con-
tribution on the T2 and (eV)? part of dI/dV near the
minimum 0.01U < h < 0.1U. So far, we have used the
field-dependent energy T* to scale the T2 and (eV)? de-
pendences. In order to examine the universal Kondo-
scaling behavior for small magnetic fields, however, we
use Tk determined at h = 0 as an h-independent char-
acteristic energy and rescale dI/dV such that

dal 2e? | 1 . 9
W:%[izsm 2

] . (5.32)

ch. (5.33)
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In the right panel of Fig. 9, C; and Cy, are plotted vs
h/Tk, using Tk for each U/rA = 3.0,3.5,4.0. We see
that both the coefficients C and C, show the universal
Kondo behavior. This is mainly caused by the fact that
the Wilson ratio is almost saturated Ry ~ 2 for strong
interactions U. These two coefficients, C' and C', also
show a similar h dependence, especially they both change
sign at finite magnetic field h ~ 0.47'% of the order of the
Kondo temperature. Therefore, the zero-bias peak of the
conductance splits for large magnetic fields h 2 0.4Tk
as dI/dV increases from the zero-bias value as eV or T
increases.?® These observations are also consistent with
the result of the second-order renormalized perturbation
theory.??

VI. THERMOELECTRIC TRANSPORT OF
DILUTE MAGNETIC ALLOY

The Kondo effect in dilute magnetic alloy (MA) has
been studied for a wide variety of 3d, 4f, and 5f elec-
tron systems. Our formulation can also be applied to
these original Kondo systems. In this subsection, we pro-
vide the microscopic description of the Fermi-liquid cor-
rections for magneto-transport properties of dilute mag-
netic alloys away from half-filling. Specifically, we cal-
culate the electric resistance Ry;,, thermoelectric power
S, and thermal conductivity s using the linear-response
formulas,!9:20

1 1 -1 >, L
— =-—— 93N S=_——=c7l9 (61
Rya 2R ; O le[T">_, £0,0'7 (6.1)
_ (L)
k= (2{; Ly, S L) (6.2)



The coefficients are defined by

e W 0f ()
Lno _/_ de TAA, (w,T) <_ ow )

oo

(6.3)

The factor RY;, is the unitary-limit value of the elec-
tric resistance at zero field. Similarly, 7, is defined such
that the T-linear thermal conductivity should take the
following form in the unitary limit,

2m1q
3

T. (6.4)

Ro =

A. Coefficients L, , for finite magnetic fields

The coefficients £,, ,, defined in Eqs. (6.3), are writ-
ten in terms of the inverse spectral function which phys-
ically represents the relaxation time due to the many-
body scattering by the impurity at equilibrium eV = 0.
For this spectral function, we use the low-energy asymp-
totic form given in Eq. (5.4),

44(0,0,0)
Ay (w, T, eV =0)

3 o sin2d, Oxqy 2
(5 €08 205 X5 — o Deq . (7T)

= 1 —
3Apdcr

Sin 26, Xoo s
— w+
Apdo Apda’

(2 + cos26,) X2,

sin 26, OXoo

2 DRI
o Be, w4 (6.5)

1
— = c0820,X7
D) COS XTJr +

Note that 7Ap,, = sin? §,. Using also the integration
formulas,

/Z duv? <‘ 8{;9) = %(WT)Q, (6.6a)
/Z due! <_ 8J;£iu)> = 1—75 (= T)*, (6.6b)
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we obtain L,, , for n =10,1, and 2:

- 1 s 9
oo = ran,, | T 38 pda{@ +005200) Xao
B o 8in20, (OXoo , OXxpy 2
208205 X3, + 2m ( Oe,, + 0€d,— («T)
+0(T%), (6.7)
27 cot o
o =—— 7 Xoo (7T)? T .
L, 3 7ap, X (7T)* +0(1%) (6.8)
B (nT)? T 5
Lao = 3rhng | 50y, (24 con2c) Xoo
6 sin 20, [ OXoo 5 Oxry 9
— — 082053 — T
e ((%dd 250, ) )

+O(T"). (6.9)

The derivatives in the last part of L; , can also be written
as

oo | 5 Oxty _ oo 8 Oxry  130xny
O€ 21 Oeq,— o Oe, 21 Oe, 21 Oh
(6.10)

The asymptotic exact low-temperature form of the trans-
port coefficients Ry;,, S, and & for finite magnetic fields
can be explicitly written down using Egs. (6.7)-(6.9) for
Eq. (6.2). As those general Fermi-liquid expressions be-
come rather lengthy for h # 0, we explicitly write in the
following the transport coefficients of dilute magnetic al-
loys at zero magnetic field.

B. Thermoelectric transport coefficients at zero
magnetic field

The electric resistance takes the following form at zero
magnetic field h = 0 away from half-filling,

ZMA _ gin?§ — MA (7 T) + O(TY) | (6.11)

sin 29 8XTT
2 Oe, '

(6.12)

2
MA _ T 2 2
cr" =3 (24 cos20) xF — 2cos20 7, +

Note that it reproduces the results of Yamada-Yosida in
the particle-hole symmetric case,??

Rya €40
R{ia 3

=2 4 2"’2 2
i X1t Xty (ﬁ) +O(T4) '
A
(6.13)

We introduce the dimensionless coefficient C’}\{IA which
is scaled by T* = 1/(4x+4+), the characteristic energy at



IN

X
X

MR
WK

-

2-body correlations
N w
Sj UL
1111 I 111

U/mA=3.0

-15 -1.0 -0.5 0.0 0.5
Ed/U

(=)

FIG. 10. (Color online) Contributions of the two-body fluctu-
ation parts WA and WM, defined in Egs. (6.15) and (6.23),
are plotted vs €4/U for U = 3.0 A.

h=0;
2
CMA = MA(T 2 % (WY +04),  (6.14)
WMA =2 4 0526 — 2 (Ry, — 1)% cos 26 . (6.15)

Here, W}%/IA represents the contribution of the two-body
fluctuation, and ©, which is defined in Eq. (5.19) rep-
resents the contribution of three-body fluctuations. The
coefficient C’%IA does not depend on the anti-parallel com-
ponent of three-body correlation @T | similarly to the co-
efficient C'» for quantum dots given in Eq. (5.15).

In our formulation, low-temperature expansion of the
thermopower S can be carried out just for the leading
T-linear term. It is determined by the derivative of the
density of states at the Fermi energy w = 0, and can be
written in the following form at zero magnetic field,

2
s="r1l o).

6.16
3 py I (6:16)

Here p/; is the derivative with respect to w, defined in Eq,
(2.21).

The thermal conductivity s can be deduced up terms
of order T° through Eq. (6.2). At h = 0, the leading T*
term of the ratio (}_, £1,,)*/ >, Lo, is given by

(X, L1,) 8n?

e 790 - cot?dy

ZO’ LO,G’ 9

Using this ratio and £, given in Eq. (6.9), we can ex-
plicitly write the thermal conductivity at zero magnetic
field,

2 (WT)4
M ﬂ'Apd

+O(T% . (6.17)

2r2n, T [ cMA 2}
- 1+ = )" | + O(T?),
" 3 sin?s sin? § («T) ()
(6.18)
T2 [ 32+ 11 cos 26 6
MA _ 2 2
CN :?{TXTT_?COS25XT~L
sin26 [ Oxtt 8 Oxry
—_— = - === |. (6.19
+ 27 (3ed 21 Oey ( )
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FIG. 11. (Color online) Coefficients C}* and CX*, defined in
Eqgs. (6.14) and (6.22), for the electric resistance and thermal
conductivity are plotted vs €4/U for U/7A = 1.0, 2.0, and
3.0. These coefficients converge towards (48/7%) CN* — 1
and (80/772) CMA — 1/21 for |ey4| — oo.

Here, the sign and normalization of cM* has been de-
termined in such a way that the thermal resistivity, the
reciprocal of k, is written in the following form,

1

. = 5T sin?d — M (7T)? | +O(T?). (6.20)
0

K

In the particle-hole symmetric case, Eq. (6.19) repro-
duces the expression that can be deduced from the result
of Yamada-Yosida,

€40 211
3

T |1+ +O(T).

TN +6X3, (7T
5 A

(6.21)

We also introduce the dimensionless coefficient in the
same way as that for the coeflicient C}\{IA of the electric
resistance

T

8
MA

324 11cos26 6 2
= —?(Rw—l) cos 26.

CMA = (MA(T*)2=

wMA (6.23)
Both the parallel and anti-parallel components of the
three-body fluctuation, ©,, and ©, contribute to the
thermal conductivity. The dependence of these three-
body correlation functions on €, has been shown in Figs.
4 and 5.

We also show the €; dependence of the two-body-
fluctuation part of the electric resistance and the thermal



conductivity, W}%/IA and WMA in Fig. 10 for U = 3.07A.
The contributions of the two-body fluctuation reach the

. .. Kond Kond
unitary-limit value WMA 29899 3 and W,g/[A —onco,

13/7 in the Kondo regime where 6 — 7/2 and Ry — 2.
Both W}%/IA and WMA do not change sign in contrast
to Wy and Wy, for the quantum-dot conductance shown
in Fig. 4 but have a minimum at the transient region
between the Kondo regime and empty (fully-occupied)
orbital regime at €, ~ 0 (¢, ~ —U). In the opposite
empty-orbital (EO) limit |e4| — oo at which cos2§ — 1
and Ry — 1, the two-body contributions approach

WA B9, 3 and wMA £9, 43/91,

The coefficients C}\%/IA and CMA are determined by the
sum of the two-body and three-body contributions. Fig-
ure 11 shows the NRG result. Contributions of the two-
body fluctuations which enter through W}%/IA and WMA
dominate for —1.0 < €4/U < 0.0. In the Kondo regime,
these contributions determine the total value such that
(80/772)CMA — 3 and (80/772)CMA — 13/7. However,
outside of this region |eq/U + 0.5| 2 1.0, the three-body
fluctuations, especially the parallel spin component GTT’
give negative contributions and suppress the net value of
CMA and CME. In the |e ;| — oo limit of the empty (or
fully-occupied) orbital regime, these coefficients converge
towards

80 M A 1

le |—o0 77T2 C 21

lim —C 1,

e |—o00 w2

(6.24)

C. Thermoelectric effects at finite magnetic fields

We next examine thermoelectric effects at finite mag-
netic fields, specifically at half-filling ¢, = —U/2. The
thermopower vanishes § = 0 at half-filling also for A # 0
because the contributions of the two different spin states
cancels out £14 + £, = 0. It can also be explained from
the fact pjy + pj;; = 0. In this case, the density of states
can be written in terms of the induced local moment, as
py = cos® (T34) /wA.

The magneto-resistance and thermal conductivity can
be expressed in the following form at half-filling,

Rypa = RYa | cos? (%) Ci <7;1:)2 +0(T",
(6.25)
. 2721, 1+ CMA <7TT>2
3 cos? (To) cos? (Tgid) \ T
+0(T?). (6.26)

Here, T* = 1/(4x+44) is the field-dependent energy scale
used in the previous section. The dimensionless coeffi-
cient for the electric resistance Ry, is given by

CMa = 48 (W +O0u) . (6.27)
W}g{,‘? = 2 —cos (mmg) + 2 (Ry — 1)° cos (mmy) , (6.28)
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FIG. 12. (Color online) Thermoelectric transport coefficients
are plotted vs h/U at half-filling ¢; = —U/2 for U/mA = 3.0.
Inset shows an enlarged view of the small h region, for which
the horizontal axis is scaled by Tx = 0.02rA (= 0.0066U)
determined at h = 0. Left panel shows the contributions of
two-body fluctuations WR h and WMR Right panel shows the
coefficients (48/7%) Cxa = WA R +©,,, and (80/77%) CNMp =
W,S/If? + (13/21) ©,, for the electric resistance Ry;x and ther-
mal conductivity k. For the thermal conductivity, the two-
body contribution becomes smallest W,S/Iﬁ =13/7Tat h=0
and it increases with h. The behavior of three-body contri-
bution ©,, for the same situation is described in Fig. 8.

and that for the thermal conductivity x is
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_1®M) y
6

WM,f =2 —cos(mmg) + = (Ry, —

The parameters W}}f;? and W,i\/[,f represent the contri-
bution of the two-body fluctuations, as determined by
the induced local magnetization m, and the Wilson ra-
tio Ry,. The three-body contribution ©,, has already
been defined in Eq. (5.29). It takes a negative value at
finite magnetic fields and vanishes at h = 0 and h — oo
as shown in Fig. 8. Therefore at zero ﬁeld the coefficients
are given by O} = Wil = 3 and CY} = WMA = 13/7
for large Coulomb interactions U > 27 A, as RW — 2 and
mg = 0. In the h1gh ﬁeld limit h —) 00, the four param-
eters CR w C',.i s , and WH i approach a common
value 3, as mq — 1 and Ry, — 1.

Figure 12 shows the h dependence of these parameters
for U = 3.0rA. The two-body contributions W}%/f,‘? and
W,iv[,f are positive and vary in a relatively small range
from the high-field value 3.0. For the thermal conduc-
tivity, it takes a minimum WMA = 13/7 at h = 0 and
increases with h. The electric resmtanee part has a min-

(6.29)

1)% cos (mmy) . (6.30)



imum W}}fﬁ ~ 1.6 at a finite field A ~ 0.015U. In con-
trast, the three-body contribution ©,, has a much bigger
dip as shown in Fig. 8. Therefore, the coefficients C%%

and Cg/f,’j become negative in an intermediate region of
the magnetic fields, typically Tx < h < 0.1U, while both
of these two coefficients are positive outside of this region.

VII. SUMMARY

In summary, we have studied low-energy properties
of the steady-state Keldysh Green’s function in the
situations where both the bias voltage and magnetic
field are finite. The (eV)? real part of the self-energy
has been deduced from the non-equilibrium Ward iden-
tities, using the previous result of the w? real part
of the self-energy.!”!? We have also shown that the
(eV)%-correction and the T? correction of the self-
energy are determined by a common correlation func-
tion, D?X(w) = ¥ " (w). It indicates that these
two corrections arise as a linear combination, (77)? +
(3/4)(eV)?, in the case where the bias voltages are ap-
plied such that @ = 0. This output has previously been
pointed out by FMvDM,'® and our result provides an al-
ternative proof. We have provided a detailed comparison
between our results and those of FMvDM in Appendix
C.

We have applied the low-energy asymptotic form of the
Green’s function given in Eqgs. (4.1)-(4.2) to explore the
non-linear magneto-conductance of quantum dots, and
also the electric resistance and thermal conductivity of
dilute magnetic alloys. The Fermi-liquid corrections in
the general case are determined by two different types of
contributions: the two-body-fluctuation contribution de-
scribed by the susceptibilities x,,» and the three-body-
fluctuation contribution enters through the non-linear
susceptibilities X([T?’llgm. Using the NRG, we have ex-
amined the T2 and (eV)? corrections of the transport
coefficients for some particle-hole asymmetric cases. At
zero field, the two-body fluctuations dominate the cor-
rections in the Kondo regime where n, +n, =~ 1 and
the Wilson ratio is almost saturated Ry, ~ 2. The con-
tribution of the three-body fluctuations become signifi-
cant far away from half-filling, especially in the valence-
fluctuation regime and empty-orbital regime. Further-
more, we have also reexamined a controversial prob-
lem of the zero-bias peak of dI/dV at finite magnetic
fields.1928:29 In this case, the three-body fluctuation give
a contribution that is comparable to the two-body con-
tribution even for small magnetic fields. The three-body
contribution also plays essential role in a splitting of the
zero-bias peak occurring at a magnetic field, h ~ Tk, of
the order of the Kondo energy scale Tx. This observa-
tion based on the formula Eq. (5.24) is consistent with
our previous result of the second-order renormalized per-
turbation theory.?"

Furthermore, we have also studied the Fermi-liquid

17

corrections for the magneto-resistance and thermal con-
ductivity of dilute magnetic alloys away from half-filling.
The NRG result shows that contribution of the two-body
fluctuations dominate in the Kondo regime, whereas in
the valence-fluctuation regime far away from half-filling
the contribution of three-body fluctuations become com-
parable to the two-body contribution. We have also
provided the formulas for higher-order Fermi-liquid cor-
rections for the Anderson impurity with N flavor com-
ponents in Appendix A. Further details of the multi-
component case will be discussed else where.
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Appendix A: The zero-frequency limit of ¥, ™ (w) for
an N-component Anderson impurity

It has been shown in Eq. (3.13) that D2S; 7, (w) =

eq,o
¥~ (w), which indicates that the common coefficient the
(eV)? and T corrections of ¥, (w) is determined by
the limy, 0 ¥, ~(w). In this Appendix we calculate this
value. In order to give a general derivation that can also
be applied to an Anderson impurity with a number of
components, we extend the impurity part of the Hamil-

tonian such that
N

HgN) = Z €do Ndo + % Z Ua’a” nddnd,o’ .

o=1 o#o'!

(A1)

The inter-electron interaction U, . generally depends on
o and o', with the requirements U, = U__, for ¢’ # 0.
For N = 2, it describes the single-orbital Anderson model
for spin 1/2 fermions which we have considered so far.
The remaining part of the Hamiltonian takes the same
form as Egs. (2.2) and (2.3) but the index runs over o =
1,2,..., N. Namely, the free conduction band #. also
consists of N flavor components, and Hr describes the
tunnelings that preserve the index . One of the features
of interest in the multi-component impurity is that for
N > 2 the three-body correlations X?j@gg among three
different components o1 # o2 # 03 # 01 also contributes
to low-energy properties.
For general N, the function ¥~ is defined by

N
Z FUU’;G”G’(wa wl; wl7 w)pda’ (wl)7

! (A2)

U7 (w) = lim

7 w' =0 Jw’

in terms of the vertex function illustrated in Fig. 13.
We show in the following that the zero-frequency limit
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FIG. 13. Vertex function L'y, 55050, (W1, w25 w3, wa).
is given by

¥ ) = 3

pdo’ o’ (#0)

6XUU’ 37T

X2 o sg0(w)
86(10 Pda o' (£0) o7

(A3)

The vertex function I'yor 70 (w,w’;w’,w) has lines of
singularities along w —w’ = 0 and w + w’ = 0. For small
w and w’, these singularities emerge through the three
diagrams shown in Fig. 14, and the imaginary part of
U~ (w) can be calculated as'?

0
! !
E Pdo’ Im WI‘UU’;U’U(waw ;W ,W)
O-/

- — Z |FUU’;U’U(010;010)|2

o' (#0)
dw"” o ,__
lel/%ch,a”(W )a cha’(

dw" ., 0
+/%Geq,a’(w )%cho(w W 4w )pdcr’

—w' +w") pa,

dw" g ., _
+ / o Geq,a’ (W ) F ch U(w + wl - w”) Pdo’
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= -7 Z |FUU’;U’U(010;010)|2

o' (#0)
X Puaabior | 25g0(w — ) + sgn(w + ) | + -

2
=-7 Z M{QSgn(w—w’) —l—sgn(w—i—w')} +oee
’ Pdo
o (7o)
(A4)

In the second line, the three integrals correspond to con-
tributions of each diagram shown in Fig. 14. The left
and middle diagrams yield the non-analytic 2 sgn(w —w’)
contribution due to the particle-hole pair excitation, and
the right diagram yields the sgn(w+w’) contribution due
to the particle-particle pair excitation. Taking first the
limit w’ — 0 keeping the external frequency w finite, we
obtain the imaginary part of Eq. (3.13),

lim Im ¥ = —3r Z XUU sgn (w).

w—0
o/ (2a) P

(A5)

The real part of ¥, (w) does not have the non-
analytic sgn(w) dependence, and it can be deduced from

w,0 w',o w,o w',d' w,0 w',d'
wW-w'+w w" w-w'+w" " wH+w'-w" "

a" A o gy Ag gy Yo

w,g w',a w,o w',a' w,0 w',ad'

FIG. 14. Feynman diagrams which provide the imaginary
part to the vertex function T, /.o, (w,w’;w’,w) for small w
and w’. The shaded square represents the zero-frequency ver-
tex part T', ,1.,1,(0,0;0,0), which for ¢” = o identically
vanishes I',,.,,(0,0;0,0) = 0. The singular sgn (w — w’)
term arises from the intermediate particle-hole excitation with
o’ = o shown in the left panel, and also from the particle-hole
pair with ¢’ # o in the middle panel. Another singular term
sgn (w + w’) arises from the particle-particle pair excitation
with ¢’ # o in the right panel.

Eq. (3.13) by taking first the w — 0 limit,

0
Re\p;*(o) = Zpd(r’ WRGFUU/;U/U(O,W/;W/7O)

w’=0
+ Y Tooriors(0,0,0,0) gl (A6)
o' (F0)

The second term of Eq. (A6) can be expressed in the
form,

Z Foo/;U’U(O’O;O’O) p:ial - Z

o' (#£0) o’ (#£0) PaoPdo

Xoo!
Pdo’ -

(A7)

The first term of Eq. (A6) can be calculated as

0
Z Pdo w Re Foo/;d’o(oa W/; w/a O)

w’=0

0
= Z Pdo’ w Re Fa”a;aa’ (Wla 0; Oa WI)

w’'=0

= Z Pdo’ % Rel'so;007 (w/a 0;0, w/)
o' (7o)

= Zpda 8wp

o' (#0o)

_ pda” <1 _ azeqia' ( )>
Ow
o’ (#0) do

Pdo’ 8XU’U’ _

w’=0

1 OReX_ ./ (w (w)

Oe,,

w=0
Pdo’ 8%‘7/0
0€ g0

o' (#£0) Pac aedo

Ly (e

aedo’

o' (o) Do
_ Xoo’ 8pdo” )
PagPdo’ aeda”

Note that T'vo/,676 (0, w’;w",0) = Tyr51007 (W', 0;0,w’), the
symmetric property of the vertex function has been used

(A8)
Pds o’ (#0)



to obtain the second line. To obtain the third line, we
have used the property that the vertex function for the
parallel spins I's.00 (w, 0; 0, w) has no w-linear real part,
which has been shown in paper II.'? Therefore, we ob-
tain the following result from Eqs. (A6)—(A7), using Eq.
(2.21) for the density of states,

Rew,~(0) = — 3 Deo'

Pdc o’ (#0) aed(T’

(A9)

The (eV)? and T contributions of Re X¢,,(0) arise from
the intermediate single-particle excitation which carries

the different flavor indexes o’ from the external one o.

From these results, the vertex function for
Toorioro(w,w';w’,w) can also be deduced. For o/ = o, it
takes the form

Tooire (W, W' W', w)ply = im D Xipilw —w'| 4+,
o' (#0)
(A10)
and it for o/ # o is
FUU’;a’a(wa wl; Wla w) PdoPdo’ =
85(,00, 6550’0 I
Xoo! +pda’ 86(10 w+pd0” 86110’ w

+iﬁx§0/(|w—w/}— |w—|—w’|)+-~-. (A11)

These results and the w? contribution of the self-energy
are related each other via the Ward identity, given in Eq.
(2.23).

Appendix B: Coefficients a2, & ¢, of FMvDM

In this appendix, we summarize the relation between
the parameters used in the description of FMvDM and
the derivative of the susceptibilities. The coefficients oy,
and ¢, are the parameters which were introduced by
Nozieres for his phenomenological description,

Q1o o
- Xcrcrv
™

Note that x;, = x4 and it is an even function of h
because of €2 is an even function of h, as mentioned.

The coefficients ag, and ¢,, defined in Eqgs. (13a)-
(13d) of the FMvDM’s paper'® can also be written in
terms of the susceptibilities. Substituting the charge and
spin susceptibilities, x. = x4 + Xy + X4, + x4+ and

1

Xs =7 (X1 + X1 — X4, — Xy1), into the definitions and
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rescaling the magnetic field as B = 2h,

corton __30xs 1 Oxe
2m N 4 (96,1 16 8ed
1/ 0 o
N g (86d1~ + 86(”) [_2 (XTT + X~|~|,) + (XTi + X\LT):|7
(B2)
azp —agy _ 109xs  30xc
27  20B  80B
1 d 0
~8 (_ dear T a%) [2 (err +x) + O + xu)},
(B3)
bop T by Oxs | 10xe
27 - 86d 4 8€d
1/ 0 0
=slaT5— B4
2 (aedT * 66,“) (XTi +X~LT) ) ( )
Dot~ 92 _ ,0Xs  10Xe
2 0B 20B

-1 0 0
=5 <—% + @) (g +xyp) - (BD)

Thus, the coeflicients as, and ¢,, can be expressed in
the form

Q2o 1 aXcrcr ¢2 6XT¢
= —— 22 =2 . B6
T 2 O¢,, ’ T Oey, (B6)

Using these relations, the coefficient for the w? real
part of the self-energy, provided in Egs. (B2a) and (B8b)
of FMvDM’s paper,'? can be confirmed to agree with Eq.
(2.28) of ours,

R(T(—d lon
w Q2 —ng"cotég
Zo T0 4o z5
1 Ox 10x
=_——— [ 2292 4 27 cotd, N2 | = —==222 . (BT
2Pda(3fda+ e XM) 2 ¢y, (B7)

We have also used Eq. (2.20) to obtain the last line.

Appendix C: Comparison with FMvDM’s formulas

As mentioned in Sec. III, there is a discrepancy be-
tween our results deduced from the Ward identities and
the FMvDM results obtained with the Nozieres’ phe-
nomenological theory. The difference appears already at
equilibrium, eV = 0, in the T? contribution of the real
part of the retarded self-energy ¢, ,(w,T). Our result
can be expressed in the following form

xro(0,T)—xr. (0,0 .
lim Re cq,a’( ) q, ( ) _ ¢2,
T50 (rT)2/6 274,

L O 1 (Oxn . Oxn (1)
Pac €45 2Pas \ 9¢ oh )




Here, we have used Eq. (B6) for the definition of ¢,,. In
contrast, the FMvDM result given in (Bla), (B2a) and
(B8a) of Ref. 10 can be expressed as

L SRAOMOT) - SEOM00) g,
T-0 71)2%/6 27
Pdo

1 Oxqyy L (Oxty  Oxpy
=— = - . C2
Pic V€49 2Paq ( e *"on (2

Note that ¢,,/2mp,, = —2;207‘//20.10 The problem is
which parameter “Ox; /0¢; _, or Ox; /0¢,,”, alterna-
tively in FMvDM’s notation “¢, _, or ¢,,”, should de-
termine the coefficient for ¥ . Our derivation starts
with the identity given in Eq. (3.13), for which the
summation over o’ can be restricted to the inter-
mediate states with ¢/ # o as shown in Appendix
A. This is because the contribution of intermediate
state which carries the same spin ¢/ = o as that of
the external propagator o vanishes owing to the an-
tisymmetry properties I'sp.50(0,0;0,0)|m=0 = 0 and
Re (0/0w )T 55,00 (0,w';w'",0)]w=0 = 0, corresponding to
Eq. (2.27). Thus, for the spin 1/2 single-orbital Ander-
son model, the intermediate states which give a finite
contribution to ReD?¥_ ", (0) becomes unique, i.e., the
o' = —o component. '

The discrepancy in the self-energy also transmits to
the T? coefficient of the spectral function and the con-
ductance, given in Eqgs. (B7c) and (29) of Ref. 10. Specif-
ically, FMvDM’s conductance formula can be rewritten
in the form,

2
7T
C%\gVDM -3 [— 0826, (X2, + 2X’2rl) +

Sin 20, OX oo
2 Oey ’
(C3)

2
C‘F/}\gVDM :Z |:— COS 260 (Xga + 5X%~L)

sin2d, (OXoo = OX1y Ox+y
+ 27 (8ed Oeq 7 oh - (©4)

These two expressions can be compared with our Eqs.
(5.6) and (5.7), which coincide with FMvDM’s formula
at h = 0 where Ox4,/0h = 0. However, the difference
becomes significant as magnetic field increases. At half-
filling e, = —U/2, the FMvDM’s formula takes the fol-
lowing form,

T* 2 2
(77) ZCFMVDM §a—0 W_W%Lj

o
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and

2 64 (C6)

(T*)2 ZCE%VDM ﬂ 7T_2 (W(} _ @M) 7
[eg

It can be compared with Egs.
(5.23)-(5.25) of ours. The difference is in the way
the ©,, term enters. This may be the main reason
for the disagreement of FMvDM’s numerical result for
the magneto-conductance disagrees®” with the previous
second-order-renormalized-perturbation results.??

Appendix D: Comparison with ReX" (w,eV)
described in Ref. 13

where T* = 1/4x+4+.

The explicit low-energy expression of the real part of
the self-energy given in Eq. (4.2) reproduces at zero mag-
netic field h = 0 the previous result, reported in Eq. (19)
of Ref. 13. It was written in such a way that the coefli-
cient for the w? real part, 3, as an additional parameter
that had not been related to the other renormalized pa-
rameters

9?2, (w)

8 = Re 02

(D1)

w=

Recent development clarifies that this coefficient can be
written in terms of the derivative of the static susceptibil-
ities 8 = OXt11/0¢€4, as mentioned for Eq. (2.28). With
this recent knowledge, we can explicitly confirm that the
previous result is completely identical to Eq. (4.3).

The coefficients for weV and o?(eV)? terms in Eq. (19)
of Ref. 13 can be written, respectively, as

N ﬁ_% __ 9, Oxar _ Xt

86(1 8€d¢ 86d 8€d¢
_ 8%T¢ (DQ)

Oe a1t ’
0 _O%m 9 . -

8€d - aedT 86(1 (XTT XT\L)

_ 9 Oxte _ Oxne (D3)
e 44 e, deyy '

These coefficients agree with the corresponding results
given in Eq. (4.2) for ¢ =1 and h = 0. Furthermore, the
coefficient for the (eV)? term that emerges through the

D2 operator can be written in the form,

O ol - (0%
 lim (5_ﬁ+&m) ~ lim (ﬂ_&pg

h—0 dey Py h=0\ Oeqy PG
0 9 10
— Qim |2 [ X +@ﬂ — Qi 92X
h=0 | Oege \ Par Par O€qy h=0 pgp O€ gy
L Oxn

= lim (D4)

h—0 Par 8€d¢ '

This agrees with the general result, given in Eq. (A9).
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