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Higher-order Fermi-liquid corrections for an Anderson impurity away from half-filling
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We extend the microscopic Fermi-liquid theory for the Anderson impurity [Phys. Rev. B 64,
153305 (2001)] to explore non-equilibrium transport at finite magnetic fields. Using the Ward
identities in the Keldysh formalism with the analytic and anti-symmetric properties of the vertex
function, the spin-dependent Fermi-liquid corrections of order T 2 and (eV )2 are determined at slow
temperatures T and low bias voltages eV . Away from half-filling, these corrections can be expressed
in terms of the linear and non-linear static susceptibilities which represent the two-body and three-
body fluctuations, respectively. We calculate the non-linear susceptibilities using the numerical
renormalization group, to explore the differential conductance dI/dV through a quantum dot. We
find that the two-body fluctuations dominate the corrections in the Kondo regime at zero magnetic
field. The contribution of the three-body fluctuations become significant far away from half-filling,
especially in the valence-fluctuation regime and empty-orbital regimes. At finite magnetic fields, the
three-body contributions become comparable to the two-body contributions, and play an essential
role in the splitting of the zero-bias conductance peak occurring at a magnetic field of the order
of the Kondo energy scale. It qualitatively agrees with the previous renormalized-perturbation-
theory (RPT) result [J. Phys. Condens. Matter 17 5413 (2005)], contrary to the conclusions of
Filippone, Moca, von Delft, and Mora [Phys. Rev. B 95, 165404 (2017)] on the basis of the Nozières
phenomenological Fermi-liquid theory. We also apply our microscopic formulation to the magneto-
resistance and thermal conductivity of dilute magnetic alloys away from half-filling.

PACS numbers: 71.10.Ay, 71.27.+a, 72.15.Qm

I. INTRODUCTION

It has already been more than forty years since
Nozières’ phenomenological Fermi-liquid theory for the
Kondo system1 and the corresponding microscopic de-
scription of Yamada-Yosida2–5 successfully explained the
universal low-energy behavior, which had been clarified
by Wilson’s numerical normalization group (NRG).6–8

Recently, there is a significant breakthrough, which ex-
tends Nozières’ phenomenological description and reveals
higher-order Fermi-liquid corrections away from half-
filling.9,10 Specifically, Filippone, Moca, von Delft and
Mora (FMvDM) have presented the low-energy asymp-
totic form of the non-equilibrium Green’s function Gσ(ω)
up to terms of order ω2, T 2 and (eV )2, at finite temper-
atures T , bias voltages V , and magnetic fields.

In the previous two papers,11,12 we provided a micro-
scopic description for the higher-order Fermi-liquid cor-
rections away from half-filling, extending the approach of
Yamada-Yosida using Ward identities. We have shown
that the next-leading Fermi-liquid corrections, which
cannot be neglected away from half-filling, are deduced
from one of the key features of the vertex function for
parallel spins: the ω-linear term of Γσσ;σσ(ω, 0; 0, ω) be-
comes a pure imaginary with no real part at T = 0 and
eV = 0. The additional Fermi-liquid parameters can be
expressed in terms of the static three-body correlation
functions of the impurity occupations, i.e., ndσ’s. The

first paper is a letter, in which have described an overview
of the results that follow from this property.11 It has been
proved in the second paper, hereafter referred to as pa-

per II, that the fermionic anti-symmetry property causes
the absence of the ω-linear part of Γσσ;σσ(ω, 0; 0, ω).
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In addition, we have also calculated the ω2 and T 2 real
part of the self-energy at equilibrium using the Matsub-
ara imaginary-time Green’s function.10

In the present paper, we continue the precise discus-
sion started in paper II. We microscopically derive the
low-energy asymptotic form of the Keldysh Green’s func-
tion, extending the non-equilibriumWard identities for fi-
nite magnetic fields.13 We also calculate the Fermi-liquid
corrections to transport through quantum dot14–18 and
also thermoelectric transport19,20 of dilute magnetic al-
loys away from half-filling. In addition, we apply the
microscopic description to the multi-orbital case with N
impurity components, and present the precise form of the
expansion coefficients for the self-energy. The result of
the order ω2 real part of the self-energy, which has been
deduced from the Ward identity, completely agrees with
the FMvDM’s formula.10 There is, however, a discrep-
ancy in the coefficient of the order T 2 and (eV )2 real
part at finite magnetic fields. As it affects calculations
for the magneto-transport coefficients, we also provide
a detailed comparison between our results and those of
FMvDM.
In order to see how the higher-order Fermi-liquid pa-

rameters evolve as system deviates from the particle-hole
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symmetric point, we also explore some typical cases using
the NRG. The corrections away from the symmetric case
are determined not only by the two-body fluctuations
which enter through the linear susceptibilities χσσ′ but
the three-body fluctuations described by the static non-

linear susceptibilities χ
[3]
σ1σ2σ3

. Specifically, we see that
each of these two types of the fluctuations contributes to
the T 2 and (eV )2 Fermi-liquid corrections for the con-
ductance through a quantum dot away from half-filling,
and also at finite magnetic fields. The result shows that
at zero field the contributions of the two-body fluctua-
tion dominate in the Kondo regime, whereas the three-
body fluctuations give significant in valence fluctuation
and empty-orbital regimes. In contrast, in the case where
a magnetic field that is applied to the Kondo regime, both
the two-body and three-body fluctuations give compara-
ble contributions to the T 2 and (eV )2 corrections. We
also discuss how these two types fluctuations contribute
to the T 2 corrections of the electric resistance and ther-
mal conductivity of the dilute magnetic alloys.
The paper is organized as follows. In Sec. II, static

non-linear susceptibilities and the Ward identities which
have been described in paper II are summarized. The
non-equilibrium Ward identities for finite magnetic fields
are derived in Sec. III. The results for the asymptotic
form of the retarded self-energy is described in Sec. IV.
Then, in Sec. V, differential conductance of quantum dot
is discussed at symmetric tunneling couplings. In Sec.
VI, we apply the microscopic Fermi-liquid description to
thermoelectric transport of dilute magnetic alloy away
from half-filling. A summary is given in Sec. VII.

II. FORMULATION AND SUMMARY OF

EQUILIBRIUM PROPERTIES

We study the transport properties in the Fermi-liquid
regime away from half-filling in this paper. We consider
the single Anderson impurity coupled to two noninter-
acting leads: H = Hd +Hc +HT,

Hd =
∑

σ

ǫdσ ndσ + U nd↑ nd↓, (2.1)

Hc =
∑

λ=L,R

∑

σ

∫ D

−D

dǫ ǫ c†ǫλσcǫλσ, (2.2)

HT =
∑

λ=L,R

∑

σ

vλ

(
ψ†
λ,σdσ + d†σψλ,σ

)
. (2.3)

Here, d†σ creates an impurity electron with spin σ in
the impurity level of energy ǫdσ, and ndσ = d†σdσ. U
is the Coulomb interaction between electrons occupying
the impurity level. Conduction electrons in the two lead
at λ = L and R obey the anti-commutation relation

{cǫλσ, c
†
ǫ′λ′σ′} = δλλ′ δσσ′δ(ǫ − ǫ′). The linear combina-

tion of the conduction electrons, ψλσ ≡
∫D

−D
dǫ
√
ρc cǫλσ

with ρc = 1/(2D), couples to the impurity level. The

bare width is given by ∆ ≡ ΓL + ΓR with Γλ = πρcv
2
λ.

For finite magnetic fields h, the impurity energy takes
the form ǫdσ = ǫd−σh, where σ = +1 (-1) for ↑ (↓) spin.
The relation between the differentiations is

∂

∂ǫd
=

∂

∂ǫd↑
+

∂

∂ǫd↓
,

∂

∂h
= − ∂

∂ǫd↑
+

∂

∂ǫd↓
, (2.4)

and ∂
∂ǫ

dσ

= 1
2

(
∂

∂ǫd
− σ ∂

∂h

)
.

A. Local Fermi-liquid parameters in equilibrium

1. Free energy Ω and Green’s function at T = 0

The low-bias behavior of the self-energy can be de-
duced from the equilibrium quantities. Specifically, at
T = 0 and eV = 0, the usual zero-temperature formal-
ism is applicable to the causal Green’s function defined
with respect to the equilibrium ground state,

G−−
eq,σ(ω) = − i

∫ ∞

−∞

dt eiωt〈T dσ(t) d†σ(0) 〉

=
1

ω − ǫdσ + i∆sgnω − Σ−−
eq,σ(ω)

. (2.5)

The corresponding T = 0 retarded Green’s function is
given by Gr

eq,σ(ω) = θ(ω)G−−
eq,σ(ω)+θ(−ω)

{
G−−

eq,σ(ω)
}∗

,
where θ(ω) is the Heaviside step function. The density
of states for impurity electrons is defined by

ρdσ(ω) ≡ − 1

π
ImGr

eq,σ(ω) . (2.6)

We will write the density of states at the Fermi energy
ω = 0 in the following way, suppressing the frequency
argument ρdσ ≡ ρdσ(0) = sin2 δσ/π∆, where

δσ = cot−1

[
ǫdσ +Σr

eq,σ(0)

∆

]
. (2.7)

The phase shift δσ is a primary parameter which char-
acterizes the Fermi-liquid ground state. The Friedel sum
rule relates the phase shift to the occupation number
which also corresponds to the first derivative of the free
energy Ω ≡ −T log

[
Tr e−H/T

]
,

〈ndσ〉 =
∂Ω

∂ǫdσ

T→0−−−−→ δσ
π
. (2.8)

2. Second derivative of Ω

The leading Fermi-liquid corrections can be described
by the static susceptibilities following Yamada-Yosida:2

χσσ′ ≡ − ∂2Ω

∂ǫdσ′∂ǫdσ
= − ∂〈ndσ〉

∂ǫdσ′

T→0−−−−→ ρdσ χ̃σσ′ . (2.9)
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Note that χ↑↓ = χ↓↑. The renormalization factors are
defined by

χ̃σσ′ ≡ δσσ′+
∂Σr

eq,σ(0)

∂ǫdσ′

,
1

zσ
≡ 1−

∂Σr
eq,σ(ω)

∂ω

∣∣∣∣
ω=0

.(2.10)

The susceptibility can be written as a static 2-body cor-
relation function

χσσ′ =

∫ 1/T

0

dτ 〈δndσ(τ) δndσ′ 〉 , (2.11)

where δndσ ≡ ndσ − 〈ndσ〉. The usual spin and charge
susceptibilities are given by

χc ≡ − ∂2Ω

∂ǫ2d
= χ↑↑ + χ↓↓ + χ↑↓ + χ↓↑ , (2.12a)

χs ≡ − 1

4

∂2Ω

∂h2
=

1

4

(
χ↑↑ + χ↓↓ − χ↑↓ − χ↓↑

)
. (2.12b)

The free energy Ω is an even function of the field h.
Therefore, χc and χs are also even functions of h. Fur-
thermore, χ↑↓ is an even function of h,

χ↑↓ = χ↓↑ = − ∂2Ω

∂ǫd↑∂ǫd↓
= −1

4

(
∂2Ω

∂ǫ2d
− ∂2Ω

∂h2

)
. (2.13)

Similarly, χ↑↑+χ↓↓ is an even function of h, and χ↑↑−χ↓↓

is an odd function of h:

χ↑↑ + χ↓↓ = − 1

2

(
∂2Ω

∂ǫ2d
+
∂2Ω

∂h2

)
, (2.14a)

χ↑↑ − χ↓↓ =
∂

∂ǫd

(
∂Ω

∂h

)
. (2.14b)

Therefore, χ↑↑ = χ↓↓ at zero field h = 0.

3. Third derivative of Ω

The next leading Fermi-liquid corrections are deter-
mined by the static nonlinear susceptibilities, as we will
describe later,

χ[3]
σ1σ2σ3

≡ − ∂3Ω

∂ǫdσ1
∂ǫdσ2

∂ǫdσ3

=
∂χσ2σ3

∂ǫdσ1

. (2.15)

It also corresponds to the thee-body correlations of the
impurity occupation

χ[3]
σ1σ2σ3

= −
∫ 1

T

0

dτ3

∫ 1

T

0

dτ2 〈Tτ δndσ3
(τ3) δndσ2

(τ2) δndσ1
〉.

(2.16)

Similarly, the n-th derivative of Ω for n = 4, 5, 6 · · · cor-

responds to the n-body correlation function χ
[n]
σ1σ2σ3···.

The Fermi-liquid corrections can be classified according
to n, and the derivative of the Ward identity reveals a
hierarchy of Fermi-liquid relations, as described in the
next subsection.

The n-body correlation function have permutation

symmetry for the spin indexes χ
[n]
σ1σ2σ3··· = χ

[n]
σ2σ1σ3··· =

χ
[n]
σ3σ2σ1··· = · · · , and thus it has n+ 1 independent com-

ponents at finite magnetic fields. There are four inde-
pendent components for the n = 3 case:

∂χ↑↓

∂ǫdσ
=

1

2

(
∂χ↑↓

∂ǫd
− σ

∂χ↑↓

∂h

)
h→0−−−→ 1

2

∂χ↑↓

∂ǫd
, (2.17)

∂χσσ

∂ǫdσ
=
∂χσσ

∂ǫd
− ∂χ↑↓

∂ǫdσ

h→0−−−→ ∂χ↑↑

∂ǫd
− 1

2

∂χ↑↓

∂ǫd
. (2.18)

for σ =↑, ↓. At zero field h = 0, only two components are

independent because χ
[3]
↑↑↑ = χ

[3]
↓↓↓ and χ

[3]
↑↑↓ = χ

[3]
↑↓↓ due to

the spin rotation symmetry, and ∂χ↑↓/∂h vanishes as χ↑↓

is an even function of h. Furthermore, in the particle-hole
symmetric case for which ξd ≡ ǫd + U/2 → 0, the phase
shift reaches the unitary limit value δσ → π

2 . Then the
charge susceptibility χc and spin susceptibility χs take a
minimum and a maximum, respectively, and thus

∂χ↑↑

∂ǫd

∣∣∣∣
h=0

ξd=0

= 0 ,
∂χ↑↓

∂ǫd

∣∣∣∣
h=0

ξd=0

= 0 . (2.19)

The derivative of the renormalization factors χ̃σσ′ can
also be written in terms of the susceptibilities,

∂χ̃σ1σ2

∂ǫdσ3

=
1

ρdσ1

(
∂χσ1σ2

∂ǫdσ3

+ 2π cot δσ1
χσ1σ3

χσ1σ2

)
. (2.20)

Note that the derivative of the density of states with
respect to the frequency and that with respect to the
impurity level can also be written as

ρ′dσ ≡ ∂ρdσ(ω)

∂ω

∣∣∣∣
ω=0

= −∂ρdσ
∂ǫdσ

= 2π cot δσ χσσρdσ. (2.21)

Furthermore, the derivative of χ̃σσ′ has the permutation
symmetry for the spin indexes in a constrained way

∂2Σr
eq,σ(0)

∂ǫdσ2
∂ǫdσ1

=
∂χ̃σσ1

∂ǫdσ2

=
∂χ̃σσ2

∂ǫdσ1

, (2.22)

namely, the spin indexes other than σ can be exchanged.

B. Ward identities at equilibrium ground state

The Ward identity for the causal Green’s function for
the equilibrium ground state, at T = 0, follows from the
local current conservation for each spin component σ,2,5

δσσ′

∂Σ−−
eq,σ(ω)

∂ω
+
∂Σ−−

eq,σ(ω)

∂ǫdσ′

= −Γσσ′;σ′σ(ω, 0; 0, ω) ρdσ′,

(2.23)

where Γσσ′;σ′σ(ω, ω
′;ω′, ω) is the vertex function for the

causal Green’s function in the T = 0 formalism. The
Ward identity describes a relation between the vertex
function and the differential coefficients of the self-energy.
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1. Leading Fermi-liquid corrections

At the Fermi energy ω = 0, the Ward identity repre-
sents the Fermi-liquid relation of Yamada-Yosida,2,5 i.e.,
the anti-parallel σ′ = −σ and the parallel σ′ = σ spin
components of Eq. (2.23) can be written as

χ↑↓ = −ρd↑ρd↓ Γ↑↓;↓↑(0, 0; 0, 0),
1

zσ
= χ̃σσ. (2.24)

Note that Γ↑↓;↓↑(0, 0; 0, 0) = Γ↓↑;↑↓(0, 0; 0, 0), and
Γσσ;σσ(0, 0; 0, 0) = 0. These parameters also determine
low-energy properties of quasi-particles. The residual in-

teraction Ũ and renormalized density of states ρ̃dσ are
given by,21

Ũ ≡ z↑z↓Γ↑↓;↓↑(0, 0; 0, 0), ρ̃dσ ≡ ρdσ
zσ

= χσσ. (2.25)

In addition, the Wilson ratio RW and characteristic en-
ergy scale T ∗ which at zero field corresponds to the
Kondo temperature can be defined in the form

RW ≡ 1 +
√
ρ̃d↑ρ̃d↓ Ũ = 1− 4T ∗χ↑↓, (2.26a)

T ∗ ≡ 1

4
√
χ↑↑χ↓↓

. (2.26b)

2. Higher-order Fermi-liquid correction at T = 0

Most of our recent results for the higher-order
Fermi-liquid correction follows from an important prop-
erty of the vertex function for the parallel spins
Γσσ;σσ(ω, 0; 0, ω), i.e., its ω-linear part does not have an
analytic real component but has an pure imaginary non-
analytic |ω| component,

Γσσ;σσ(ω, 0; 0, ω)ρ
2
dσ = iπχ2

↑↓ ω sgn(ω) +O(ω2). (2.27)

From this property of the vertex correction, the order
ω2 term of the self-energy can also be deduced, taking a
derivative of Eq. (2.23) with respect to ω,

∂2Σ−−
eq,σ(ω)

∂ω2

∣∣∣∣∣
ω→0

=
∂χ̃σσ

∂ǫdσ
− iπ

χ2
↑↓

ρdσ
sgn(ω) . (2.28)

Furthermore, the vertex function for the anti-parallel
spins can be calculated up to the ω2 contributions, using
the Ward identity Eq. (2.23) again,

Γσ−σ;−σσ(ω, 0; 0, ω) ρdσρd,−σ = −χ↑↓ + ρdσ
∂χ̃σ,−σ

∂ǫdσ
ω

− ρdσ
2

∂

∂ǫd,−σ

[
∂χ̃σσ

∂ǫdσ
− iπ

χ2
↑↓

ρdσ
sgn(ω)

]
ω2 +O(ω3).

(2.29)

C. Asymptotic form of Γσσ′;σ′σ(ω,ω
′;ω′, ω) and T 2

corrections

We have shown in paper II that the low-frequency be-
havior of the vertex corrections with two independent fre-
quencies Γσσ′ ;σ′σ(iω, iω

′; iω′, iω) can also be described by
the Fermi-liquid theory up to the linear terms in iω and
iω′, The results which were described using the Matsub-
ara formalism can be converted into the real-frequency
expressions in terms of the T = 0 causal Green’s func-
tions:

Γσσ;σσ(ω, ω
′;ω′, ω) ρ2dσ = iπχ2

↑↓

∣∣ω − ω′
∣∣+ · · · , (2.30)

Γσ,−σ;−σ,σ(ω, ω
′;ω′, ω) ρdσρd,−σ

= −χ↑↓ + ρdσ
∂χ̃σ,−σ

∂ǫdσ
ω + ρd,−σ

∂χ̃−σ,σ

∂ǫd,−σ

ω′

+ iπ χ2
↑↓

( ∣∣ω − ω′
∣∣−

∣∣ω + ω′
∣∣
)
+ · · · . (2.31)

This asymptotically exact result captures the essential
features of the Fermi liquid, and is analogous to Lan-
dau’s quasi-particle interaction f(pσ,p′σ′) and Nozières’
function φσσ′ (ε, ε′).1,22 One important difference is that
the vertex function also has the non-analytic imaginary
part which directly determines the damping of the quasi-
particles.
We have also reexamined the finite-temperature cor-

rections in paper II. We have obtain a simplified formula,
with which the leading T 2 contribution of the retarded
self-energy Σr

eq,σ(ω, T ) can be deduced from the deriva-
tive of Γσσ′ ;σ′σ(ω, ω

′;ω′, ω) with respect to the interme-
diate frequency ω′:

Σr
eq,σ(ω, T )− Σr

eq,σ(ω, 0) =
(πT )2

6
Ψr

σ(ω) +O(T 4) .

(2.32)

Here, Ψr
σ(ω) is a retarded function, the corresponding

causal function of which is given by

Ψ−−
σ (ω) ≡ lim

ω′→0

∂

∂ω′

∑

σ′

Γσσ′ ;σ′σ(ω, ω
′;ω′, ω)ρdσ′(ω′) .

(2.33)

Equation (2.32) shows that this function determines the
T 2 corrections as Ψr

σ(ω) = Ψ−−
σ (ω) for ω > 0, and

Ψr
σ(ω) = {Ψ−−

σ (ω)}∗ for ω < 0. The zero-frequency limit
can be calculated, substituting the double-frequency ex-
pansion of the vertex functions Eqs. (2.30) and (2.31)
into Eq. (2.33):

lim
ω→0

Ψ−−
σ (ω) =

1

ρdσ

∂χ↑↓

∂ǫd,−σ
− i 3 π

χ2
↑↓

ρdσ
sgn(ω) . (2.34)

In Appendix A, we provide an alternative derivation
which is also applicable to the multi-orbital case. We will
discuss in the next section an exact relation between the
T 2 and the (eV )2 contributions which was first pointed
out by FMvMD.10 In our formulation, it follows from an

identity Ψ−−
σ (ω) ≡ D̂2Σ−−

eq,σ(ω), given in Eq. (3.13).
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III. NON-EQUILIBRIUM FERMI-LIQUID

RELATIONS AT FINITE MAGNETIC FIELDS

The higher-order Fermi-liquid corrections, summarized
in the previous section for thermal equilibrium, are de-
scribed in terms of the differential coefficients which are
taken with respect to the spin-dependent impurity level
ǫdσ. The non-equilibrium Ward identities were previ-
ously obtained for the spin SU(2) symmetric case, and
were used to calculate non-linear conductance through
a quantum dot at low bias voltages.13 In the formula-
tion, the impurity-level derivatives were taken with re-
spect to the sum ǫd = ǫd↑+ ǫd↓ that does not distinguish
the two spin components. In this section, we describe
how the previous formulation can be extended at finite
magnetic fields. Using the extended identities, we calcu-
late the Fermi-liquid corrections to magneto-conductance
through a quantum dot, and also provide transport coeffi-
cients for the thermoelectric transport of dilute magnetic
alloys.
We use the Keldysh Green’s function23 for impurity

electrons,

G−−
σ (t1, t2) ≡ − i 〈T dσ(t1) d†σ(t2) 〉 , (3.1a)

G++
σ (t1, t2) ≡ − i 〈 T̃ dσ(t1) d†σ(t2) 〉 , (3.1b)

G+−
σ (t1, t2) ≡ − i 〈dσ(t1) d†σ(t2) 〉 , (3.1c)

G−+
σ (t1, t2) ≡ − i 〈d†σ(t2) dσ(t1) 〉 . (3.1d)

Non-equilibrium steady state driven by the bias voltage
eV can be described using the noninteracting Green’s
function, the Fourier transform of which is given by24

G−−
0σ (ω) =

[
1− feff(ω)

]
Gr

0σ(ω) + feff(ω)G
a
0σ(ω), (3.2a)

G++
0σ (ω) = −feff(ω)Gr

0σ(ω)−
[
1− feff(ω)

]
Ga

0σ(ω), (3.2b)

G−+
0σ (ω) = −feff(ω)

[
Gr

0σ(ω)−Ga
0σ(ω)

]
, (3.2c)

G+−
0σ (ω) =

[
1− feff(ω)

][
Gr

0σ(ω)−Ga
0σ(ω)

]
. (3.2d)

The retarded and the advanced Green’s functions are
written explicitly in the following form

Gr
0σ(ω) =

1

ω − ǫdσ + i(ΓL + ΓR)
, (3.3)

and Ga
0σ(ω) = {Gr

0σ(ω)}
∗
. Similarly, the Fourier trans-

form of the causal Green’s function G−−
0σ and its time-

reversal counter part G++
0σ are related each other through

G++
0σ (ω) = −

{
G−−

0σ (ω)
}∗

. One of the most important
properties of these Green functions is that both the bias
voltage eV and temperature T enter through a local dis-
tribution function for impurity electrons,

feff(ω) =
fL(ω) ΓL + fR(ω) ΓR

ΓL + ΓR
. (3.4)

Here, fL/R(ω) ≡ f(ω − µL/R) and f(ω) = [eω/T+1]−1 is

the Fermi function. We choose the chemical potentials
such that µL = αLeV , µR = −αReV , and αL + αR =
1. The parameters αL and αR specify how the bias is
applied relative to the Fermi level at equilibrium ω = 0.

A. Ward identities for the Keldysh Green’s

functions at finite magnetic fields

The corresponding self-energy satisfies the Dyson
equation of a matrix form, G−1

σ = G
−1
0σ −Σσ,

Gσ =

[
G−−

σ G−+
σ

G+−
σ G++

σ

]
, Σσ =

[
Σ−−

σ Σ−+
σ

Σ+−
σ Σ++

σ

]
. (3.5)

In the Keldysh formalism, dependence of Σσ on the
bias voltage and temperature enters through the internal
G0σ’s, each of which accompanies the non-equilibrium
distribution feff(ω). Therefore, the first few differential
coefficients of this function play a central role in low-
energy properties,

∂feff(ω)

∂(eV )
=
αRΓR f

′
R(ω)− αLΓL f

′
L(ω)

ΓR + ΓL
, (3.6a)

∂2feff(ω)

∂(eV )2
=
α2
RΓR f

′′
R(ω) + α2

LΓL f
′′
L(ω)

ΓR + ΓL
. (3.6b)

Note that the low-energy limit of these two derivatives
do not depend on the order to take the limits eV → 0
and ω → 0,

lim
ω→0

eV →0

∂feff(ε+ ω)

∂(eV )
= −α ∂f(ε)

∂ε
, (3.7a)

lim
ω→0

eV →0

∂2feff(ε+ ω)

∂(eV )2
= κ

∂2f(ε)

∂ε2
, (3.7b)

Here, ε is an arbitrary frequency argument, which for
our purpose can be regarded as an internal frequency of
a Feynman diagram. The coefficients are defined by

α ≡ αLΓL − αRΓR

ΓL + ΓR
, κ ≡ α2

LΓL + α2
RΓR

ΓL + ΓR
, (3.8)

and thus κ− α2 = ΓL ΓR/(ΓL + ΓR)
2.

The differential coefficients of Σνν′

σ (ω) with respect to
eV can be calculated by taking derivatives of the inter-
nal Green’s functions in the Feynman diagrams for the
self-energy. To be specific, we assign the internal fre-
quencies ε’s in a way such that every internal propagator
carries the external frequency ω. Then the eV deriva-
tive of the noninteracting Green’s function can be rewrit-
ten into the linear combination of the ω derivative and
the ǫd derivative which includes both spin components,
∂/∂ǫd = ∂/∂ǫd↑ + ∂/∂ǫd↓,

∂Gνν′

0σ (ε+ ω)

∂(eV )

∣∣∣∣∣
eV =0

= − α

(
∂

∂ω
+

∂

∂ǫd

)
Gνν′

0:eq,σ(ε+ ω),

(3.9a)

∂2Gνν′

0,σ(ε+ ω)

∂(eV )2

∣∣∣∣∣
eV =0

= κ

(
∂

∂ω
+

∂

∂ǫd

)2

Gνν′

0:eq,σ(ε+ ω).

(3.9b)

Here, the label “eq” represents the “equilibrium” limit,
Gνν′

0:eq,σ ≡ Gνν′

0σ

∣∣
eV =0

. The right-hand side of Eqs. (3.9a)
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and (3.9b) have been expressed in terms of the equilib-
rium Green’s functions, which can be calculated further,
as

(
∂

∂ω
+

∂

∂ǫd

)
Gνν′

0:eq,σ(ε+ ω)

= − ∂f(ε+ ω)

∂ω

[
Gr

0:eq,σ(ε+ ω)−Ga
0:eq,σ(ε+ ω)

]
,

(3.10a)
(
∂

∂ω
+

∂

∂ǫd

)2

Gνν′

0:eq,σ(ε+ ω)

= − ∂2f(ε+ ω)

∂ω2

[
Gr

0:eq,σ(ε+ ω)−Ga
0:eq,σ(ε+ ω)

]
.

(3.10b)

These relations between the derivatives of the noninter-
acting Green’s functions at finite magnetic fields keep the
same form as those at h = 0.13 Nevertheless, it is nec-
essary for taking a variational derivative with respect to
the internal Green’s functions to keep track of the spin
index σ.

The first two differential coefficients of Σσ(ω) with re-
spect to eV can be expressed in the following form, using
Eqs. (3.9a) and (3.9b) for the derivatives of internal lines
in the self-energy diagrams

∂Σσ(ω)

∂(eV )

∣∣∣∣
eV =0

= −α

(
∂

∂ω
+

∂

∂ǫd

)
Σeq,σ(ω), (3.11a)

∂2Σσ(ω)

∂(eV )2

∣∣∣∣
eV =0

= α2

(
∂

∂ω
+

∂

∂ǫd

)2

Σeq,σ(ω)

+
ΓL ΓR

(ΓL + ΓR)
2 D̂2Σeq,σ(ω). (3.11b)

Here, Σeq,σ(ω) ≡ Σσ(ω)|eV =0, and thus the right-hand
side of Eqs. (3.11a) and (3.11b) are written in terms

of the equilibrium self-energy. The operator D̂2 takes
the second derivative (∂/∂ω + ∂/∂ǫd)

2 for each single
internal Green’s function of the Feynman diagrams for
Σeq,σ(ω).

13

Specifically at zero temperature, the standard T = 0
diagrammatic formulation which only needs the causal
Green’s function is applicable, and the right-hand side of
Eqs. (3.11a) and (3.11b) can be calculated further. Tak-
ing the variational derivative of Σ−−

eq,σ component with
respect to the internal Green’s functions and then us-
ing Eqs. (3.10a) and (3.10b), we obtain the following two

identities,

(
∂

∂ω
+

∂

∂ǫd

)
Σ−−

eq,σ(ω)

= −
∑

σ′

∫
dω′ Γσσ′;σ′σ(ω, ω

′;ω′, ω) ρdσ′(ω′)

{
−∂f(ω

′)

∂ω′

}

= −
∑

σ′

Γσσ′;σ′σ(ω, 0; 0, ω) ρdσ′(0) , (3.12a)

D̂2Σ−−
eq,σ(ω)

= −
∑

σ′

∫
dω′ Γσσ′;σ′σ(ω, ω

′;ω′, ω) ρdσ′(ω′)

{
−∂

2f(ω′)

∂ω′2

}

=
∑

σ′

∂

∂ω′
Γσσ′;σ′σ(ω, ω

′;ω′, ω) ρdσ′(ω′)

∣∣∣∣
ω′=0

. (3.12b)

The first one corresponds to the Ward identity given in

Eq. (2.23). The second identity shows that D̂2Σ−−
eq,σ(ω)

is identical to the correlation function Ψ−−
σ (ω):

D̂2Σ−−
eq,σ(ω) ≡ Ψ−−

σ (ω). (3.13)

Thus, the (eV )2 contribution emerging through the sec-
ond term of Eq. (3.11b) and the T 2 contribution deter-
mined by Eq. (2.32) appear in the self-energy as a linear
combination,

ΓLΓR

(ΓL + ΓR)
2

(eV )2

2
+

(πT )2

6
. (3.14)

Although this was known for the imaginary part,13,16 it
has not been recognized until recently that the T 2 and
(eV )2 contributions of the real part of the self-energy are
determined by the same processes. This was first pointed
out by FMvDM, using the Nozières’ phenomenological
description.10 Our description provides an alternative mi-
croscopic proof.
The common coefficient for the set of the (eV )2 and T 2

contributions can be calculated taking the ω → 0 limit
for Eq. (3.13), and the result corresponding to Eq. (2.34)
is given by

lim
ω→0

D̂2Σ−−
eq,σ(ω) =

1

ρdσ

∂χ↑↓

∂ǫd,−σ
− i 3π

χ2
↑↓

ρdσ
sgn(ω). (3.15)

See Appendix A for the details, where a general proof
applied to multi-orbital Anderson impurity with N com-
ponents σ = 1, 2, . . . , N is given using the T = 0 causal-
Green’s-function formulation. The non-analytic sgn(ω)
dependence in the imaginary part of Eq. (3.15) reflects
the behavior caused by the branch cuts of the vertex
function Γσσ′;σ′σ(ω, ω

′;ω′, ω) along ω − ω′ = 0 and
ω+ω′ = 0.12,25 This imaginary part generalizes the previ-
ous result obtained at h = 013 to finite magnetic fields. It
also agrees with the corresponding FMvDM’s formula,10

and with the second-order-renormalized-perturbation re-
sult ass well.26
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There is, however, a discrepancy in the real part
at finite magnetic fields. We give a detailed compar-
ison between FMvDM’s result and ours in Appendix
C. In our diagrammatic formulation, Eq. (3.15) has
been deduced from Eq. (3.13). The antisymmetry prop-
erty of the vertex function imposes a strong restric-
tion on the intermediate states, i.e., in the summa-
tion over σ′ in Eq. (3.13) the contribution of σ′ = σ
component vanishes because of Γσσ;σσ(0, 0; 0, 0) = 0
and Re ∂Γσσ;σσ(0, ω

′;ω′, 0)/∂ω′|ω′=0 = 0, as shown in
Appendix A. Thus, for the N = 2 spin Anderson
model the intermediate state must be unique, i.e., the
spin σ′ = −σ state, and it gives a finite contribution
(1/ρdσ) ∂χσσ′/∂ǫdσ′ .

B. Additional eV , ωeV , and (eV )2 contributions

emerging for the case of α 6= 0

In the situation where α 6= 0, the self-energy also cap-
tures the terms of order eV , ωeV , and additional (eV )2

contribution emerging through the first term in the right-
hand side of Eq. (3.11b). We calculate the coefficients for
these terms in the following, using the low-energy asymp-
totic form of Γσσ′ ;σ′σ(ω, 0; 0, ω), given in Eqs. (2.27) and
(2.29).

The order eV contribution is determined by Eqs.
(3.11a) and (3.12a). Using the explicit form of the vertex

function given in Eqs. (2.27) and (2.29), we obtain

lim
ω→0

∂Σ−−
σ (ω)

∂(eV )

∣∣∣∣
eV =0

= −α lim
ω→0

(
∂

∂ω
+

∂

∂ǫd

)
Σ−−

eq,σ(ω)

= α
∑

σ′

Γσσ′ ;σ′σ(0, 0; 0, 0) ρdσ′

= −α χ̃σ,−σ . (3.16)

The order ω eV contribution can also be deduced from
Eqs. (3.11a) and (3.12a), using Eqs. (2.27) and (2.29),

lim
ω→0

∂

∂ω

[
∂Σ−−

σ (ω)

∂(eV )

]

eV =0

= −α lim
ω→0

∂

∂ω

(
∂

∂ω
+

∂

∂ǫd

)
Σ−−

eq,σ(ω)

= α lim
ω→0

∂

∂ω

∑

σ′

Γσσ′;σ′σ(ω, 0; 0, ω) ρdσ′

= α

[
∂χ̃σ,−σ

∂ǫdσ
+ iπ

χ2
↑↓

ρdσ
sgn(ω)

]
. (3.17)

The additional (eV )2 contribution, which enters
through the α2 term in Eq. (3.11b), can be deduced from
Eqs. (3.12a) using Eqs. (2.27) and (2.29);

α2 lim
ω→0

(
∂

∂ω
+

∂

∂ǫd

)2

Σ−−
eq,σ(ω)

= −α2 lim
ω→0

(
∂

∂ω
+

∂

∂ǫd

)∑

σ′

Γσσ′;σ′σ(ω, 0; 0, ω) ρdσ′

= α2

[
∂χ̃σ,−σ

∂ǫd,−σ

− iπ
χ2
↑↓

ρdσ
sgn(ω)

]
. (3.18)

IV. LOW-ENERGY ASYMPTOTIC FORM OF

SELF-ENERGY

The low-energy behavior of the retarded self-energy for
finite magnetic field Σr

σ(ω, T, eV ) can be deduced exactly
up to terms of order ω2, T 2 and (eV )2 from the results,
given in Eqs. (2.28) and (2.32)–(2.32) for equilibrium,
and Eqs. (3.13) and (3.16)–(3.18) for finite bias voltages.

The imaginary part can be expressed in the form

ImΣr
σ(ω, T, eV ) = − π

2

χ2
↑↓

ρdσ

[
(ω − α eV )2 +

3ΓLΓR

(ΓL + ΓR)
2 (eV )2 + (πT )2

]
+ · · · . (4.1)

The spin dependence enters through the density of states ρdσ in the prefactor.

Owing to the recent knowledge about the double derivative Re∂2Σ−−
eq,σ/∂ω

2 described in Eq. (2.28), the real part of
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the self-energy can also be expressed in terms of the susceptibilities, or renormalized parameters for the quasi-particles,

ǫdσ +ReΣr
σ(ω, T, eV ) = ∆ cot δσ +

(
1− χ̃σσ

)
ω +

1

2

∂χ̃σσ

∂ǫdσ
ω2 +

1

6

1

ρdσ

∂χ↑↓

∂ǫd,−σ

[
3ΓLΓR

(ΓL + ΓR)
2 (eV )2 + (πT )

2

]

− χ̃σ,−σ α eV +
∂χ̃σ,−σ

∂ǫdσ
α eV ω +

1

2

∂χ̃σ,−σ

∂ǫd,−σ
α2(eV )2 + · · · . (4.2)

At zero magnetic field h = 0, the real part can be rewritten in the following form, using Eqs. (2.17)–(2.20);

ǫd +ReΣr(ω, T, eV )
h→0−−−→

∆ cot δ +
(
1− χ̃↑↑

)
ω +

1

2ρd

(
∂χ↑↑

∂ǫd
− 1

2

∂χ↑↓

∂ǫd
+ 2π cot δ χ2

↑↑

)
ω2 +

1

12

1

ρd

∂χ↑↓

∂ǫd

[
3ΓLΓR

(ΓL + ΓR)
2 (eV )2 + (πT )

2

]

− χ̃↑↓ α eV +
1

ρd

(
1

2

∂χ↑↓

∂ǫd
+ 2π cot δ χ↑↑χ↑↓

)
α eV ω +

1

2ρd

(
1

2

∂χ↑↓

∂ǫd
+ 2π cot δ χ2

↑↓

)
α2(eV )2. (4.3)

This expression agrees with the previous result, Eq.
(19) of Ref. 13 as shown in Appendix D. The higher-
order fluctuations emerging away from half-filling enter
through ∂χ↑↑/∂ǫd and ∂χ↑↓/∂ǫd at zero-magnetic field,
and these two parameters can also be written in terms of
the wave-function renormalization factor z = 1/χ̃↑↑ and
the Wilson ratio;

∂ logχ↑↑

∂ǫd
= − ∂ log z

∂ǫd
+
∂ log ρd
∂ǫd

, (4.4)

∂ log(−χ↑↓)

∂ǫd
=
∂ logχ↑↑

∂ǫd
+
∂ log(RW − 1)

∂ǫd
, (4.5)

∂ log ρd
∂ǫd

= − 2π (2−RW ) χ↑↑ cot δ . (4.6)

Figure 1 shows the ǫd dependence of sin2 δ, RW−1, and z
at zero field h = 0 obtained with the NRG.26 Correspond-
ingly, their logarithmic derivatives with respect to ǫd are
shown in Fig. 2. The derivative of the density of states
ρd = sin2 δ/π∆ is obtained using Eq. (4.6) while the
derivatives ∂ log z/∂ǫd and d log (RW − 1) /dǫd are nu-
merically evaluated from the discrete NRG data for z and
RW . These derivatives with respect to ǫd are enhanced
near the two valence-fluctuation regions at ǫd ≃ 0 and
at ǫd ≃ −U . Note that the logarithmic derivatives can
be related to the β-functions for renormalization group
equations.27

V. NON-EQUILIBRIUM TRANSPORT

THROUGH A QUANTUM DOT

We apply the low-energy asymptotic form of the self-
energy obtained in the above to the non-equilibrium
current I through quantum dots.14–17 The retarded
Green’s function Gr

σ(ω, T, eV ) and the spectral function

Aσ(ω, T, eV ) can be obtained from Eqs. (4.1) and (4.2):

{Gr
σ(ω, T, eV )}−1

= ω −
[
ǫdσ +ReΣr

σ(ω, T, eV )
]

+ i
[
∆− ImΣr

σ(ω, T, eV )
]
, (5.1)

Aσ(ω, T, eV ) ≡ − 1

π
ImGr

σ(ω, T, eV ) . (5.2)

Note that ρdσ(ω) ≡ Aσ(ω, 0, 0). Then, the current I can
be calculated using the Meir-Wingreen formula,16,18

I =
e

2π~

∑

σ

4ΓLΓR

ΓL + ΓR

×
∫ ∞

−∞

dω
[
fL(ω)− fR(ω)

]
πAσ(ω, T, eV ). (5.3)

Thus, T and eV enter through the distribution function
fL − fR and the spectral function Aσ.

A. Conductance formula for ΓL = ΓR and α = 0

In the following, we consider the situation in which α =
0, taking the tunneling couplings and the bias voltages
such that ΓL = ΓR = ∆/2 and αL = αR = 1/2. We
obtain the spectral function up to terms of order ω2,
(eV )2, and T 2,

π∆Aσ(ω, eV, T ) = sin2 δσ + π sin 2δσ χσσ ω

+ π2

[
cos 2δσ

(
χ2
σσ +

1

2
χ2
↑↓

)
− sin 2δσ

2π

∂χσσ

∂ǫdσ

]
ω2

+
π2

3

(
3

2
cos 2δσ χ

2
↑↓ −

sin 2δσ
2π

∂χ↑↓

∂ǫd,−σ

)[
3

4
(eV )

2
+ (πT )

2

]

+ · · · . (5.4)

The contribution of the non-linear fluctua-
tion, ∂χ↑↓/∂ǫd,−σ, enters in the coefficient for
(πT )2 + (3/4)(eV )2 through Eq. (4.2). We calcu-
late the current I up to order (eV )3 using Eqs. (5.3) and
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FIG. 1. (Color online) NRG results of sin2 δ (= π∆ρd), RW −
1, and z at zero magnetic field h = 0 are plotted vs ǫd/U for
U/(π∆) = 1.0, 2.0,, and 3.0.

(5.4), and obtain the differential conductance,

dI

dV
=

e2

2π~

∑

σ

[
sin2 δσ − cT,σ (πT )

2 − cV,σ (eV )2 + · · ·
]
.

(5.5)

The coefficients cT,σ and cV,σ are given by

cT,σ =
π2

3

[
− cos 2δσ

(
χ2
σσ + 2χ2

↑↓

)

+
sin 2δσ
2π

(
∂χσσ

∂ǫdσ
+

∂χ↑↓

∂ǫd,−σ

)]
, (5.6)

cV,σ =
π2

4

[
− cos 2δσ

(
χ2
σσ + 5χ2

↑↓

)

+
sin 2δσ
2π

(
∂χσσ

∂ǫdσ
+ 3

∂χ↑↓

∂ǫd,−σ

)]
. (5.7)

We note that the derivatives, for which sin 2δσ are mul-
tiplied, can be rewritten in terms of the derivatives with
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FIG. 2. (Color online) Logarithmic derivatives of ρd (=
sin2 δ/π∆), RW −1, and z with respect to ǫd at zero magnetic
field h = 0 are plotted vs ǫd/U for U/(π∆) = 1.0, 2.0,, and
3.0.

respect to ǫd and h,

∂χσσ

∂ǫdσ
+

∂χ↑↓

∂ǫd,−σ
=
∂χσσ

∂ǫd
+ σ

∂χ↑↓

∂h
(5.8)

∂χσσ

∂ǫdσ
+ 3

∂χ↑↓

∂ǫd,−σ
=
∂χσσ

∂ǫd
+
∂χ↑↓

∂ǫd
+ σ 2

∂χ↑↓

∂h
. (5.9)

In the particle-hole symmetric case at which ǫd = −U/2
and h = 0, the previous result is also reproduced13

cT,σ

h→0

ξd→0−−−→
χ̃2
↑↑ + 2χ̃2

↑↓

3∆2
, cV,σ

h→0

ξd→0−−−→
χ̃2
↑↑ + 5χ̃2

↑↓

4∆2
, (5.10)

since δσ = π/2 and ρdσ = 1/(π∆).
The last line of Eq. (5.6) and that of (5.7) are ex-

pressed in terms of the derivative with respect to the
center of the impurity levels ǫd and the magnetic field
h. We may also express these coefficients in a dimen-
sionless way such that cT,σ(T

∗)2 and cV,σ(T
∗)2, scaling

the quadratic (πT )2 and (eV )2 parts by the character-
istic energy T ∗ = 1/4

√
χ↑↑χ↓↓ that is introduced in Eq.
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FIG. 3. (Color online) Susceptibility χ↑↑ is plotted vs ǫd/U at
zero magnetic field h = 0. The reciprocal of it is proportional
to the characteristic energy T ∗ ≡ 1/4χ↑↑. Here, the Kondo
temperature TK ≡ z0π∆/4 is defined at half-filling ǫd/U =
−0.5 with the renormalization factor z0 which depends on
U : z0 ≃ 0.63, 0.24, and 0.08, for U/π∆ = 1.0, 2.0, and 3.0,
respectively.

(2.26b) and is a function of ǫd and h:

dI

dV
=

2e2

2π~

[
1

2

∑

σ

sin2 δσ

− CT

(
πT

T ∗

)2

− CV

(
eV

T ∗

)2

+ · · ·
]
, (5.11)

CT ≡ (T ∗)2

2

∑

σ

cT,σ, CV ≡ (T ∗)2

2

∑

σ

cV,σ. (5.12)

B. Conductance away from half-filling at zero field

The coefficients given in Eqs. (5.6) and (5.7) take a
much simpler form at zero magnetic field h = 0. Since
∂χ↑↓/∂h|h=0 = 0 as χ↑↓ is an even function of h, we
obtain

cT,σ
h→0−−−→ π2

3

[
−
(
χ2
↑↑ + 2χ2

↑↓

)
cos 2δ +

sin 2δ

2π

∂χ↑↑

∂ǫd

]
,

(5.13)

cV,σ
h→0−−−→ π2

4

[
−
(
χ2
↑↑ + 5χ2

↑↓

)
cos 2δ

+
sin 2δ

2π

(
∂χ↑↑

∂ǫd
+
∂χ↑↓

∂ǫd

)]
. (5.14)

These coefficients cT,σ and cV,σ for h = 0 coincide with

those of FMvDM’s,10 which were first presented in Ref.
9 by Mora, Moca, von Delft an Zaránd (MMvDZ) away
from half-filling at zero magnetic field.

Corresponding dimensionless parameters in this case
are scaled by the characteristic energy T ∗ = 1/4χ↑↑

which increases as ǫd deviates from the particle-hole sym-
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FIG. 4. (Color online) Left panel: contributions of the two-
body fluctuations parts WT = −

[

1 + 2 (RW − 1)2
]

cos 2δ,

and WV = −
[

1 + 5 (RW − 1)2
]

cos 2δ are plotted vs ǫd for
U/π∆ = 3.0 at h = 0. Right panel: contributions of the

three-body fluctuations Θ↑↑ ≡ sin 2δ
2π

1

χ2

↑↑

∂χ↑↑

∂ǫ
d
, and Θ↑↓ ≡

− sin 2δ
2π

1

χ2

↑↑

∂χ↑↓

∂ǫ
d
. In the limit of |ǫd| → ∞, these parame-

ters converge towards WT → −1, WV → −1, Θ↑↑ → −2, and
Θ↑↓ → 0.

metric point as shown in Fig. 3;

CT =
π2

48

(
WT + Θ↑↑

)
, (5.15)

CV =
π2

64

(
WV + Θ↑↑ −Θ↑↓

)
. (5.16)

Here, WT and WV represents contributions of two-body
fluctuations determined by the spin and charge suscepti-
bilities, or the Wilson ratio RW :

WT = −
[
1 + 2 (RW − 1)2

]
cos 2δ , (5.17)

WV = −
[
1 + 5 (RW − 1)

2
]
cos 2δ . (5.18)

The other parts, Θ↑↑ and Θ↑↓, represent contributions of
three-body fluctuations which can also be described in

terms of the non-linear susceptibilities χ
[3]
σ1σ2σ3

defined in
Eq. (2.15):

Θ↑↑ ≡ sin 2δ

2π

1

χ2
↑↑

∂χ↑↑

∂ǫd
, (5.19)

Θ↑↓ ≡ − sin 2δ

2π

1

χ2
↑↑

∂χ↑↓

∂ǫd
. (5.20)

At half-filling δ = π/2, the Wilson ratio approaches
RW → 2 for the Kondo regime U & 2∆, and then
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FIG. 5. (Color online) Contributions of the three-body fluc-
tuations Θ↑↑ and Θ↑↓ are plotted for several different values
of U/π∆ (= 1.0, 2.0 and 3.0). As U increases, both of these
two significantly vary at the crossover region from the Kondo
regime to the empty (fully-occupied) orbital regime seen at
ǫd/U ≃ 0.0 (ǫd/U ≃ −1.0).

WT → 3 and WV → 6, whereas the contribution of the
tree-body fluctuations vanish Θ↑↑ → 0 and Θ↑↓ → 0 as
charge fluctuation is minimized and spin fluctuation is
maximized.2 We discuss in the following how the two-
body and three-body contributions vary as ǫd deviates
away from the particle-hole symmetric point.
The behavior of the other limit at ǫd ≫ max(U,∆)

corresponds to the empty-orbital regime as already ex-
amined by MMvDZ.9 In the empty-orbital regime, the
interaction can be neglected at low energies and thus for
ǫd → ∞ the parameters asymptotically behave such that
RW → 1, δ ≃ ∆/ǫd, χ↑↑ ≃ ∆/(πǫ2d), and χ↑↓ ≃ 0. There-
fore,

lim
|ǫ

d
|→∞

WT = −1, lim
|ǫ

d
|→∞

WV = −1, (5.21)

lim
|ǫ

d
|→∞

Θ↑↑ = −2, lim
|ǫ

d
|→∞

Θ↑↓ = 0. (5.22)

The opposite limit ǫd → −∞, corresponding to a fully-
filled orbital, links to the empty-orbital regime through
the particle-hole transformation. The behavior of the
two-body-fluctuation and three-body-fluctuation parts at
intermediate ǫd can be explored using the NRG. Figure
4 shows a typical result that obtained for U = 3π∆. We
see in the right panel explicitly the contributions of the
three-body fluctuation, Θ↑↑ and Θ↑↓, are suppressed in

the Kondo regime −1.0 . ǫd/U . 0.0. It also shows
that the three-body fluctuations become important out-
side Kondo regime. The anti-parallel component Θ↑↓
shows an maximum at the valence fluctuation region near

d U

C
T

U

: 1.0

: 2.0

: 3.0

WT

d U

C
V

U

: 1.0

: 2.0

: 3.0

WV

FIG. 6. (Color online) Dimensionless coefficients CT and CV

are plotted vs ǫd/U for U/π∆ = 1.0, 2.0, and 3.0 at h = 0.
Note that numerical factor has been introduced such that
(48/π2)CT = WT +Θ↑↑ and (64/π2)CV = WV +Θ↑↑ −Θ↑↓.

ǫd/U ≃ −1.0 and 0.0, whereas the parallel component
Θ↑↑ does not have an extreme point. Figure 5 shows
the three-body contributions for several values of the in-
teraction; U/π∆ = 1.0, 2.0 and 3.0. The crossover be-
tween the Kondo and empty (or fully-occupied) orbital
regimes becomes sharp as U increases, and correspond-
ingly the transient region becomes very narrow for large
U . The dependence of CT and CV on ǫd was already
discussed by MMvDZ.9 We also provide similar results
in Fig. 6 in order to explicitly show how the sum of two-
body and three-body fluctuations determines these coef-
ficients. The contributions of the two-body fluctuations
which enter throughWT andWV dominate in the Kondo
regime, whereas the three-body fluctuation give signifi-
cant contributions for |ǫd+U/2| & U/2. In the |ǫd| → ∞
limit of the empty (or fully-occupied) orbital regime,
the coefficients converge towards (48/π2)CT → −3 and
(64/π2)CV → −3,9 while those in the Kondo regime
are given by (48/π2)CT → 3 and (64/π2)CV → 6 for
U & 2π∆.

C. Conductance at finite magnetic fields for

ǫd = −U/2

We next consider the conductance at finite magnetic
fields h 6= 0, applied at half-filling ξd = 0. In this case,
the average of total occupation number for both spin
component is fixed at nd↑ + nd↓ = 1, and thus the phase
shift for each spin components can be expressed in the
form δσ = π(1+σmd)/2, withmd = nd↑−nd↓ the induced
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FIG. 7. (Color online) Magnetic field dependence of Fermi-
liquid parameters at half-filling ǫd = −U/2 for U/π∆ = 3.0
plotted vs h/U . Inset shows an enlarged view of a small h
region, for which the horizontal axis is scaled by TK = 0.02π∆
determined at h = 0. Left panel shows Z, RW − 1, π∆ρd =
cos2(πmd/2), and md ≡ nd↑ − nd↓. Using this definition of
TK , the reciprocal of the field-dependent characteristic energy
T ∗ is plotted vs h/TK in the right panel.

magnetization. Furthermore, since ρd↑ = ρd↓, χ↑↑ = χ↓↓,

z↑ = z↓(≡ z), and the coefficients for the T 2 and (eV )2

terms defined in Eqs. (5.6) and (5.7) are simplified,

1

2

∑

σ

cT,σ

ξd→0−−−→ π2

3

[(
χ2
↑↑ + 2χ2

↑↓

)
cos(πmd)−

sin(πmd)

2π

∂χ↑↓

∂h

]
,

(5.23)

1

2

∑

σ

cV,σ

ξd→0−−−→ π2

4

[(
χ2
↑↑ + 5χ2

↑↓

)
cos(πmd)−

sin(πmd)

π

∂χ↑↓

∂h

]
.

(5.24)

The three-body terms which enter through ∂χ↑↑/∂ǫd and
∂χ↑↓/∂ǫd have vanished because the contributions of ↑
and ↓ spin components cancel each other out. The char-
acteristic energy T ∗ = 1/4χ↑↑ in the present case depends
on h as shown in Fig. 7. We note that in FMvDM’s for-
mulas the three-body terms enter in a different way at
finite magnetic fields as shown in Appendix C.
Multiplying Eqs. (5.23)–(5.24) by (T ∗)2, we obtain the

dimensionless coefficients

Ch
T ≡ π2

48

(
Wh

T +ΘM

)
, Ch

V ≡ π2

64

(
Wh

V + 2ΘM

)
. (5.25)

◼◼◼◼◼◼
◼
◼
◼
◼
◼◼
◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼

◼ ◼ ◼ ◼
◼ ◼ ◼ ◼ ◼ ◼ ◼ ◼ ◼ ◼

efgij
k

l

m
n
o
p
q
r
stuvwxyz{|}~��

���
��

�����
� � � � � � �

0.0 0.1 0.2 0.3 0.4 0.5
-4

-2

0

2

4

6

�/U

2
-

�
�
�
�

c
o
rr
e
la
ti
o
n
s

U/πΔ =3.0

ϵd=-U/2

WT

h

WV

h

■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■

●●
●
●
●
●
●
●
●
●
●
●
●
●
●●●●●●●●●●●●●●●●●●●

0.0 0.5 1.0 1.5 2.0
-4

-2

0

2

4

6

h/TK

WT

h

WV

h

●●●
●
●
●

●

●

●

●
●
●

●
●
●●●●●●●●●●

●●
●
●
●
●
●

●

●

●
●
●
●

●
●

● ● ● ● ●

0.0 0.1 0.2 0.3 0.4 0.5
-8

-6

-4

-2

0

�/U

3
-

�
�
�
�
�
�
��
 
¡¢
£¤
¥
¦
§
¨

M

U/πΔ =©ª«¬ ϵd= -U/2

●●●
●
●
●
●
●
●
●
●
●
●●●●●●●●●●●●●●●●●●●●●

0.0 0.5 1.0 1.5 2.0
-8

-6

-4

-2

0

h/TK

­M

FIG. 8. (Color online) Two-body and three-body correla-
tions which determine Ch

T and Ch
V are plotted vs h/U at

half-filling ǫd = −U/2 for U/π∆ = 3.0. Inset shows an
enlarged view of the small h region, for which the hori-
zontal axis is scaled by TK = 0.02π∆ (= 0.0066U) de-
termined at h = 0. Left panel shows the contribution of
two-body fluctuations W h

T =
[

1 + 2 (RW − 1)2
]

cos(πmd),

and W h
V =

[

1 + 5 (RW − 1)2
]

cos(πmd). Right panel
shows the contribution of three-body fluctuations ΘM =
−sin(πmd)/(2πχ

2
↑↑) (∂χ↑↓/∂h).

Here, Wh
T and Wh

V represent contributions of the two-
body fluctuations,

Wh
T ≡

[
1 + 2 (RW − 1)2

]
cos(πmd), (5.26)

Wh
V ≡

[
1 + 5 (RW − 1)

2
]
cos(πmd). (5.27)

(5.28)

The remaining contribution of the three-body fluctua-
tions are described by ΘM represents

ΘM ≡ − sin(πmd)

2π

1

χ2
↑↑

∂χ↑↓

∂h
. (5.29)

The contribution of this three-body correlation at finite
magnetic fields can also be decomposed into the loga-
rithmic derivatives of the renormalization factor and the
Wilson ratio, similarly to Eqs. (4.5) and (4.6),

∂ log(−χ↑↓)

∂h
=

∂ logχ↑↑

∂h
+
∂ log(RW − 1)

∂h
, (5.30)

∂ logχ↑↑

∂h
= −∂ log z

∂h
− 2πRW χ↑↑ tan

(πmd

2

)
. (5.31)

Figure 7 shows the magnetic-field dependence of the
renormalized parameters, obtained with the NRG.26 It
indicates that the induced magnetization md and the
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FIG. 9. (Color online) Magnetic-field dependence of the
dI/dV coefficients: Left panel shows (48/π2)Ch

T = W h
T +ΘM

and (64/π2)Ch
V = W h

V + 2ΘM . Inset describes an enlarged
view of the small h region. Right panel shows rescaled coeffi-
cients CT = (TK/T ∗)2Ch

T and CT = (TK/T ∗)2Ch
T defined in

Eq. (5.33), using the h-independent TK . The Kondo temper-
ature TK = z0π∆/4 is determined at h = 0 with the renor-
malization factor z0 ≃ 0.08, 0.05, and 0.03 for U/π∆ = 3.0,
3.5, and 4.0, respectively

density of states sin2 δ = π∆ρσ rapidly vary at small
fields h . TK as the Kondo resonance goes away from
the Fermi level. In contrast, the wavefunction renor-
malization factor z and RW vary much slower than md

and sin2 δσ with the energy scale of the Coulomb in-
teraction U . Figure 8 shows the magnetic-field depen-
dence of the contributions of two-body fluctuations and
three-body fluctuations on the coefficients Ch

T and Ch
V .

The two-body correlations are given by Wh
T = 3 and

Wh
T = 6 at zero field for large interactions (U & 2π∆)

as md = 0 and RW → 2. As h increases, these
two-body contributions change sign near h = 0.8TK
with TK = 0.02π∆ = 0.0066U that is determined at
h = 0 for U = 3.0π∆. Both of these two correlations
show a minimum near h ≃ 0.02U , and then approach
limh→∞Wh

T = −2 and limh→∞Wh
V = −2 for large mag-

netic fields where md → 1 and RW → 1. The three-body
contribution ΘM vanishes at h = 0, and also in the large-
field limit lim|ǫ

d
|→∞ ΘM = 0 as χ↑↓ decreases faster than

χ↑↑. It also has a deep minimum of ΘM ≃ −6.0, which is
deeper than that of Wh

V ≃ −3.7, at an intermediate field
h ≃ 0.02U for the case U = 3.0π∆. We also see that ΘM

gives comparable contribution with that of Wh
T and Wh

V
at small fields h . TK .
The left panel of Fig. 9 shows the total contributions:

(48/π2)Ch
T = Wh

T + ΘM and (64/π2)Ch
V = Wh

V + 2ΘM .
for the same interaction U = 3.0π∆. For h & 0.8TK =
0.0053U , both the two-body and three-body correlations

give negative contributions, and thus the minimum of
Ch

T and also that of Ch
v become deeper than the mini-

mum of the individual contributions alone. It indicates
that the three-body correlation ΘM dominates the con-
tribution on the T 2 and (eV )2 part of dI/dV near the
minimum 0.01U . h . 0.1U . So far, we have used the
field-dependent energy T ∗ to scale the T 2 and (eV )2 de-
pendences. In order to examine the universal Kondo-
scaling behavior for small magnetic fields, however, we
use TK determined at h = 0 as an h-independent char-
acteristic energy and rescale dI/dV such that

dI

dV
=

2e2

2π~

[
1

2

∑

σ

sin2 δσ

− CT

(
πT

TK

)2

− CV

(
eV

TK

)2

+ · · ·
]
, (5.32)

CT ≡
(
TK
T ∗

)2

Ch
T , CV ≡

(
TK
T ∗

)2

Ch
K . (5.33)

In the right panel of Fig. 9, CT and CV are plotted vs
h/TK , using TK for each U/π∆ = 3.0, 3.5, 4.0. We see
that both the coefficients CT and CV show the universal
Kondo behavior. This is mainly caused by the fact that
the Wilson ratio is almost saturated RW ≃ 2 for strong
interactions U . These two coefficients, CT and CV also
show a similar h dependence, especially they both change
sign at finite magnetic field h ≃ 0.4TK of the order of the
Kondo temperature. Therefore, the zero-bias peak of the
conductance splits for large magnetic fields h & 0.4TK
as dI/dV increases from the zero-bias value as eV or T
increases.28 These observations are also consistent with
the result of the second-order renormalized perturbation
theory.29

VI. THERMOELECTRIC TRANSPORT OF

DILUTE MAGNETIC ALLOY

The Kondo effect in dilute magnetic alloy (MA) has
been studied for a wide variety of 3d, 4f , and 5f elec-
tron systems. Our formulation can also be applied to
these original Kondo systems. In this subsection, we pro-
vide the microscopic description of the Fermi-liquid cor-
rections for magneto-transport properties of dilute mag-
netic alloys away from half-filling. Specifically, we cal-
culate the electric resistance RMA, thermoelectric power
S, and thermal conductivity κ using the linear-response
formulas,19,20

1

RMA

=
1

2R0
MA

∑

σ

L0,σ , S =
−1

|e|T

∑
σ L1,σ∑
σ L0,σ

, (6.1)

κ =
η0
T

(
∑

σ

L2,σ − (
∑

σ L1,σ)
2

∑
σ L0,σ

)
. (6.2)
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The coefficients are defined by

Ln,σ =

∫ ∞

−∞

dω
ωn

π∆Aσ(ω, T )

(
−∂f(ω)

∂ω

)
. (6.3)

The factor R0
MA is the unitary-limit value of the elec-

tric resistance at zero field. Similarly, η0 is defined such
that the T -linear thermal conductivity should take the
following form in the unitary limit,

κ0 =
2π2η0
3

T . (6.4)

A. Coefficients Ln,σ for finite magnetic fields

The coefficients Ln,σ, defined in Eqs. (6.3), are writ-
ten in terms of the inverse spectral function which phys-
ically represents the relaxation time due to the many-
body scattering by the impurity at equilibrium eV = 0.
For this spectral function, we use the low-energy asymp-
totic form given in Eq. (5.4),

Aσ(0, 0, 0)

Aσ(ω, T, eV = 0)

= 1− π

3∆ρdσ

(
3

2
cos 2δσ χ

2
↑↓ −

sin 2δσ
2π

∂χ↑↓

∂ǫd,−σ

)
(πT )

2

− sin 2δσ χσσ

∆ρdσ
ω +

π

∆ρdσ

[
(
2 + cos 2δσ

)
χ2
σσ

− 1

2
cos 2δσχ

2
↑↓ +

sin 2δσ
2π

∂χσσ

∂ǫdσ

]
ω2 + · · · . (6.5)

Note that π∆ρdσ = sin2 δσ. Using also the integration
formulas,

∫ ∞

−∞

dω ω2

(
−∂f(ω)

∂ω

)
=

1

3
(πT )2, (6.6a)

∫ ∞

−∞

dω ω4

(
−∂f(ω)

∂ω

)
=

7

15
(πT )4 , (6.6b)

we obtain Ln,σ for n = 0, 1, and 2:

L0,σ =
1

π∆ρdσ

[
1 +

π

3∆ ρdσ

{(
2 + cos 2δσ

)
χ2
σσ

− 2 cos 2δσ χ
2
↑↓ +

sin 2δσ
2π

(
∂χσσ

∂ǫdσ
+

∂χ↑↓

∂ǫd,−σ

)}
(πT )

2

]

+O(T 4), (6.7)

L1,σ = −2π

3

cot δσ
π∆ρdσ

χσσ (πT )
2 +O(T 4) , (6.8)

L2,σ =
(πT )2

3π∆ρdσ

[
1 +

7π

5∆ρdσ

{(
2 + cos 2δσ

)
χ2
σσ

− 6

7
cos 2δσχ

2
↑↓ +

sin 2δσ
2π

(
∂χσσ

∂ǫdσ
+

5

21

∂χ↑↓

∂ǫd,−σ

)}
(πT )

2

]

+O(T 6). (6.9)

The derivatives in the last part of L2,σ can also be written
as

∂χσσ

∂ǫdσ
+

5

21

∂χ↑↓

∂ǫd,−σ
=
∂χσσ

∂ǫd
− 8

21

∂χ↑↓

∂ǫd
+ σ

13

21

∂χ↑↓

∂h
.

(6.10)

The asymptotic exact low-temperature form of the trans-
port coefficients RMA, S, and κ for finite magnetic fields
can be explicitly written down using Eqs. (6.7)–(6.9) for
Eq. (6.2). As those general Fermi-liquid expressions be-
come rather lengthy for h 6= 0, we explicitly write in the
following the transport coefficients of dilute magnetic al-
loys at zero magnetic field.

B. Thermoelectric transport coefficients at zero

magnetic field

The electric resistance takes the following form at zero
magnetic field h = 0 away from half-filling,

RMA

R0
MA

= sin2 δ − cMA
R (πT )

2
+O(T 4) , (6.11)

cMA
R =

π2

3

[(
2 + cos 2δ

)
χ2
↑↑ − 2 cos 2δ χ2

↑↓ +
sin 2δ

2π

∂χ↑↑

∂ǫd

]
.

(6.12)

Note that it reproduces the results of Yamada-Yosida in
the particle-hole symmetric case,2,3

RMA

R0
MA

ξd→0−−−−→ 1 −
χ̃2
↑↑ + 2χ̃2

↑↓

3

(
πT

∆

)2

+O(T 4) .

(6.13)

We introduce the dimensionless coefficient CMA
R which

is scaled by T ∗ = 1/(4χ↑↑), the characteristic energy at



15

◼ ◼ ◼ ◼ ◼ ◼ ◼ ◼
◼
◼
◼

◼

◼ ◼
◼

◼

◼
◼
◼ ◼

◼ ◼ ◼ ◼ ◼ ◼ ◼
◼
◼

◼

◼
◼ ◼

◼

◼
◼
◼
◼ ◼

◼ ◼ ◼ ◼
◼ ◼

◆◆◆◆◆◆◆◆◆◆
◆
◆
◆◆◆

◆
◆◆◆◆◆◆◆◆◆◆◆◆◆

◆
◆◆◆

◆
◆
◆◆◆◆◆◆◆◆◆◆

-1.5 -1.0 -0.5 0.0 0.5
0

1

2

3

4

ϵd/U

2
-

Ë
Ì
Í
Î

c
o
rr
e
la
ti
o
n
s

U/πΔ=3.0

W
R

ÏÐ

Wκ
ÑÒ

FIG. 10. (Color online) Contributions of the two-body fluctu-
ation parts WMA

R and WMA
κ , defined in Eqs. (6.15) and (6.23),

are plotted vs ǫd/U for U = 3.0π∆.

h = 0;

CMA
R ≡ cMA

R (T ∗)2 =
π2

48

(
WMA

R + Θ↑↑

)
, (6.14)

WMA
R ≡ 2 + cos 2δ − 2 (RW − 1)

2
cos 2δ . (6.15)

Here, WMA
R represents the contribution of the two-body

fluctuation, and Θ↑↑ which is defined in Eq. (5.19) rep-
resents the contribution of three-body fluctuations. The
coefficient CMA

R does not depend on the anti-parallel com-
ponent of three-body correlation Θ↑↓ similarly to the co-

efficient CT for quantum dots given in Eq. (5.15).
In our formulation, low-temperature expansion of the

thermopower S can be carried out just for the leading
T -linear term. It is determined by the derivative of the
density of states at the Fermi energy ω = 0, and can be
written in the following form at zero magnetic field,

S =
π2

3

ρ′d
ρd

T

|e| +O(T 3) . (6.16)

Here ρ′d is the derivative with respect to ω, defined in Eq,
(2.21).
The thermal conductivity κ can be deduced up terms

of order T 3 through Eq. (6.2). At h = 0, the leading T 4

term of the ratio (
∑

σ L1,σ)
2/
∑

σ L0,σ is given by

(
∑

σ L1,σ)
2

∑
σ L0,σ

=
8π2

9
cot2 δ χ2

↑↑

(πT )4

π∆ρd
+O(T 6) . (6.17)

Using this ratio and L2,σ given in Eq. (6.9), we can ex-
plicitly write the thermal conductivity at zero magnetic
field,

κ =
2π2η0
3

T

sin2 δ

[
1 +

cMA
κ

sin2 δ
(πT )

2

]
+O(T 5) ,

(6.18)

cMA
κ ≡ 7π2

5

[
32 + 11 cos 2δ

21
χ2
↑↑ −

6

7
cos 2δ χ2

↑↓

+
sin 2δ

2π

(
∂χ↑↑

∂ǫd
− 8

21

∂χ↑↓

∂ǫd

)]
. (6.19)
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FIG. 11. (Color online) Coefficients CMA
R and CMA

κ , defined in
Eqs. (6.14) and (6.22), for the electric resistance and thermal
conductivity are plotted vs ǫd/U for U/π∆ = 1.0, 2.0, and
3.0. These coefficients converge towards (48/π2)CMA

R → 1
and (80/7π2)CMA

κ → 1/21 for |ǫd| → ∞.

Here, the sign and normalization of cMA
κ has been de-

termined in such a way that the thermal resistivity, the
reciprocal of κ, is written in the following form,

1

κ
=

3

2π2η0T

[
sin2 δ − cMA

κ (πT )2
]
+O(T 3) . (6.20)

In the particle-hole symmetric case, Eq. (6.19) repro-
duces the expression that can be deduced from the result
of Yamada-Yosida,

κ
ξd→0−−−−→ 2π2η0

3
T

[
1 +

7χ̃2
↑↑ + 6 χ̃2

↑↓

5

(
πT

∆

)2
]
+O(T 5) .

(6.21)

We also introduce the dimensionless coefficient in the
same way as that for the coefficient CMA

R of the electric
resistance

CMA
κ ≡ cMA

κ (T ∗)2=
7π2

80

(
WMA

κ +Θ↑↑+
8

21
Θ↑↓

)
, (6.22)

WMA
κ ≡ 32 + 11 cos 2δ

21
− 6

7
(RW − 1)

2
cos 2δ. (6.23)

Both the parallel and anti-parallel components of the
three-body fluctuation, Θ↑↑ and Θ↑↓ contribute to the
thermal conductivity. The dependence of these three-
body correlation functions on ǫd has been shown in Figs.
4 and 5.
We also show the ǫd dependence of the two-body-

fluctuation part of the electric resistance and the thermal
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conductivity, WMA
R and WMA

κ , in Fig. 10 for U = 3.0π∆.
The contributions of the two-body fluctuation reach the

unitary-limit value WMA
R

Kondo−−−−→ 3 and WMA
κ

Kondo−−−−→
13/7 in the Kondo regime where δ → π/2 and RW → 2.
Both WMA

R and WMA
κ do not change sign in contrast

to WT and WV for the quantum-dot conductance shown
in Fig. 4 but have a minimum at the transient region
between the Kondo regime and empty (fully-occupied)
orbital regime at ǫd ≃ 0 (ǫd ≃ −U). In the opposite
empty-orbital (EO) limit |ǫd| → ∞ at which cos 2δ → 1
and RW → 1, the two-body contributions approach

WMA
R

EO−−→ 3 and WMA
κ

EO−−→ 43/21.
The coefficients CMA

R and CMA
κ are determined by the

sum of the two-body and three-body contributions. Fig-
ure 11 shows the NRG result. Contributions of the two-
body fluctuations which enter through WMA

R and WMA
κ

dominate for −1.0 . ǫd/U . 0.0. In the Kondo regime,
these contributions determine the total value such that
(80/7π2)CMA

R → 3 and (80/7π2)CMA
κ → 13/7. However,

outside of this region |ǫd/U + 0.5| & 1.0, the three-body
fluctuations, especially the parallel spin component Θ↑↑,
give negative contributions and suppress the net value of
CMA

R and CMR
κ . In the |ǫd| → ∞ limit of the empty (or

fully-occupied) orbital regime, these coefficients converge
towards

lim
|ǫ

d
|→∞

48

π2
CMA

R = 1, lim
|ǫ

d
|→∞

80

7π2
CMA

κ =
1

21
. (6.24)

C. Thermoelectric effects at finite magnetic fields

We next examine thermoelectric effects at finite mag-
netic fields, specifically at half-filling ǫd = −U/2. The
thermopower vanishes S = 0 at half-filling also for h 6= 0
because the contributions of the two different spin states
cancels out L1↑ +L1↓ = 0. It can also be explained from
the fact ρ′d↑ + ρ′d↓ = 0. In this case, the density of states
can be written in terms of the induced local moment, as
ρd = cos2

(
πmd

2

)
/π∆.

The magneto-resistance and thermal conductivity can
be expressed in the following form at half-filling,

RMA = R0
MA

[
cos2

(πmd

2

)
− CMA

R,h

(
πT

T ∗

)2
]
+O(T 4) ,

(6.25)

κ =
2π2η0
3

T

cos2
(
πmd

2

)
[
1 +

CMA
κ,h

cos2
(
πmd

2

)
(
πT

T ∗

)2
]

+O(T 5) . (6.26)

Here, T ∗ = 1/(4χ↑↑) is the field-dependent energy scale
used in the previous section. The dimensionless coeffi-
cient for the electric resistance RMA is given by

CMA
R,h ≡ π2

48

(
WMA

R,h +ΘM

)
, (6.27)

WMA
R,h = 2− cos (πmd) + 2 (RW − 1)

2
cos (πmd) , (6.28)
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FIG. 12. (Color online) Thermoelectric transport coefficients
are plotted vs h/U at half-filling ǫd = −U/2 for U/π∆ = 3.0.
Inset shows an enlarged view of the small h region, for which
the horizontal axis is scaled by TK = 0.02π∆ (= 0.0066U)
determined at h = 0. Left panel shows the contributions of
two-body fluctuationsWMR

R,h andWMR
κ,h . Right panel shows the

coefficients (48/π2)CMA
R,h = WMA

R,h +ΘM , and (80/7π2)CMA
κ,h =

WMA
κ,h +(13/21) ΘM for the electric resistance RMA and ther-

mal conductivity κ. For the thermal conductivity, the two-
body contribution becomes smallest WMA

κ,h = 13/7 at h = 0
and it increases with h. The behavior of three-body contri-
bution ΘM for the same situation is described in Fig. 8.

and that for the thermal conductivity κ is

CMA
κ,h ≡ 7π2

80

(
WMA

κ,h +
13

21
ΘM

)
, (6.29)

WMA
κ,h = 2− cos (πmd) +

6

7
(RW − 1)

2
cos (πmd) . (6.30)

The parameters WMA
R,h and WMA

κ,h represent the contri-
bution of the two-body fluctuations, as determined by
the induced local magnetization md and the Wilson ra-
tio RW . The three-body contribution ΘM has already
been defined in Eq. (5.29). It takes a negative value at
finite magnetic fields and vanishes at h = 0 and h → ∞
as shown in Fig. 8. Therefore, at zero field the coefficients
are given by CMA

R,h =WMA
R,h = 3 and CMA

κ,h =WMA
κ,h = 13/7

for large Coulomb interactions U & 2π∆, as RW → 2 and
md = 0. In the high-field limit h → ∞, the four param-
eters CMA

R,h , C
MA
κ,h , WMA

R,h , and W
MA
κ,h , approach a common

value 3, as md → 1 and RW → 1.
Figure 12 shows the h dependence of these parameters

for U = 3.0π∆. The two-body contributions WMA
R,h and

WMA
κ,h are positive and vary in a relatively small range

from the high-field value 3.0. For the thermal conduc-
tivity, it takes a minimum WMA

κ,h = 13/7 at h = 0 and
increases with h. The electric resistance part has a min-
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imum WMA
R,h ≃ 1.6 at a finite field h ≃ 0.015U . In con-

trast, the three-body contribution ΘM has a much bigger
dip as shown in Fig. 8. Therefore, the coefficients CMA

R,h

and CMA
κ,h become negative in an intermediate region of

the magnetic fields, typically TK . h . 0.1U , while both
of these two coefficients are positive outside of this region.

VII. SUMMARY

In summary, we have studied low-energy properties
of the steady-state Keldysh Green’s function in the
situations where both the bias voltage and magnetic
field are finite. The (eV )2 real part of the self-energy
has been deduced from the non-equilibrium Ward iden-
tities, using the previous result of the ω2 real part
of the self-energy.10,12 We have also shown that the
(eV )2-correction and the T 2 correction of the self-
energy are determined by a common correlation func-

tion, D̂2Σ−−
eq,σ(ω) ≡ Ψ−−

σ (ω). It indicates that these

two corrections arise as a linear combination, (πT )2 +
(3/4)(eV )2, in the case where the bias voltages are ap-
plied such that α = 0. This output has previously been
pointed out by FMvDM,10 and our result provides an al-
ternative proof. We have provided a detailed comparison
between our results and those of FMvDM in Appendix
C.

We have applied the low-energy asymptotic form of the
Green’s function given in Eqs. (4.1)–(4.2) to explore the
non-linear magneto-conductance of quantum dots, and
also the electric resistance and thermal conductivity of
dilute magnetic alloys. The Fermi-liquid corrections in
the general case are determined by two different types of
contributions: the two-body-fluctuation contribution de-
scribed by the susceptibilities χσσ′ and the three-body-
fluctuation contribution enters through the non-linear

susceptibilities χ
[3]
σ1σ2σ3

. Using the NRG, we have ex-
amined the T 2 and (eV )2 corrections of the transport
coefficients for some particle-hole asymmetric cases. At
zero field, the two-body fluctuations dominate the cor-
rections in the Kondo regime where nd↑ + nd↓ ≃ 1 and
the Wilson ratio is almost saturated RW ≃ 2. The con-
tribution of the three-body fluctuations become signifi-
cant far away from half-filling, especially in the valence-
fluctuation regime and empty-orbital regime. Further-
more, we have also reexamined a controversial prob-
lem of the zero-bias peak of dI/dV at finite magnetic
fields.10,28,29 In this case, the three-body fluctuation give
a contribution that is comparable to the two-body con-
tribution even for small magnetic fields. The three-body
contribution also plays essential role in a splitting of the
zero-bias peak occurring at a magnetic field, h ∼ TK , of
the order of the Kondo energy scale TK . This observa-
tion based on the formula Eq. (5.24) is consistent with
our previous result of the second-order renormalized per-
turbation theory.29

Furthermore, we have also studied the Fermi-liquid

corrections for the magneto-resistance and thermal con-
ductivity of dilute magnetic alloys away from half-filling.
The NRG result shows that contribution of the two-body
fluctuations dominate in the Kondo regime, whereas in
the valence-fluctuation regime far away from half-filling
the contribution of three-body fluctuations become com-
parable to the two-body contribution. We have also
provided the formulas for higher-order Fermi-liquid cor-
rections for the Anderson impurity with N flavor com-
ponents in Appendix A. Further details of the multi-
component case will be discussed else where.
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Appendix A: The zero-frequency limit of Ψ−−
σ (ω) for

an N-component Anderson impurity

It has been shown in Eq. (3.13) that D̂2Σ−−
eq,σ(ω) ≡

Ψ−−
σ (ω), which indicates that the common coefficient the

(eV )2 and T 2 corrections of Σ−−
eq,σ(ω) is determined by

the limω→0 Ψ
−−
σ (ω). In this Appendix we calculate this

value. In order to give a general derivation that can also
be applied to an Anderson impurity with a number of
components, we extend the impurity part of the Hamil-
tonian such that

H(N)
d =

N∑

σ=1

ǫdσ ndσ +
1

2

∑

σ 6=σ′

Uσσ′ ndσnd,σ′ . (A1)

The inter-electron interaction Uσσ′ generally depends on
σ and σ′, with the requirements Uσ′σ = Uσσ′ for σ′ 6= σ.
ForN = 2, it describes the single-orbital Anderson model
for spin 1/2 fermions which we have considered so far.
The remaining part of the Hamiltonian takes the same
form as Eqs. (2.2) and (2.3) but the index runs over σ =
1, 2, . . . , N . Namely, the free conduction band Hc also
consists of N flavor components, and HT describes the
tunnelings that preserve the index σ. One of the features
of interest in the multi-component impurity is that for

N > 2 the three-body correlations χ
[3]
σ1σ2σ3

among three
different components σ1 6= σ2 6= σ3 6= σ1 also contributes
to low-energy properties.
For general N , the function Ψ−−

σ is defined by

Ψ−−
σ (ω) ≡ lim

ω′→0

∂

∂ω′

N∑

σ′=1

Γσσ′ ;σ′σ(ω, ω
′;ω′, ω)ρdσ′(ω′),

(A2)

in terms of the vertex function illustrated in Fig. 13.
We show in the following that the zero-frequency limit
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FIG. 13. Vertex function Γσ1σ2;σ3σ4
(ω1, ω2;ω3, ω4).

is given by

lim
ω→0

Ψ−−
σ (ω) =

1

ρdσ

∑

σ′( 6=σ)

∂χσσ′

∂ǫdσ′

− i
3π

ρdσ

∑

σ′( 6=σ)

χ2
σσ′ sgn(ω)

(A3)

The vertex function Γσσ′ ;σ′σ(ω, ω
′;ω′, ω) has lines of

singularities along ω − ω′ = 0 and ω + ω′ = 0. For small
ω and ω′, these singularities emerge through the three
diagrams shown in Fig. 14, and the imaginary part of
Ψ−−

σ (ω) can be calculated as13

∑

σ′

ρdσ′ Im
∂

∂ω′
Γσσ′;σ′σ(ω, ω

′;ω′, ω)

= −
∑

σ′( 6=σ)

|Γσσ′ ;σ′σ(0, 0; 0, 0)|2

× Im

[ ∫
dω′′

2πi
G−−

eq,σ′(ω
′′)

∂

∂ω′
G−−

eq,σ′(ω − ω′ + ω′′) ρdσ

+

∫
dω′′

2πi
G−−

eq,σ′(ω
′′)

∂

∂ω′
G−−

eq,σ(ω − ω′ + ω′′) ρdσ′

+

∫
dω′′

2πi
G−−

eq,σ′(ω
′′)

∂

∂ω′
G−−

eq,σ(ω + ω′ − ω′′) ρdσ′

]
+ · · ·

= − π
∑

σ′( 6=σ)

|Γσσ′ ;σ′σ(0, 0; 0, 0)|2

× ρdσρ
2
dσ′

[
2 sgn(ω − ω′) + sgn(ω + ω′)

]
+ · · ·

= −π
∑

σ′( 6=σ)

χ2
σσ′

ρdσ

[
2 sgn(ω − ω′) + sgn(ω + ω′)

]
+ · · · .

(A4)

In the second line, the three integrals correspond to con-
tributions of each diagram shown in Fig. 14. The left
and middle diagrams yield the non-analytic 2 sgn(ω−ω′)
contribution due to the particle-hole pair excitation, and
the right diagram yields the sgn(ω+ω′) contribution due
to the particle-particle pair excitation. Taking first the
limit ω′ → 0 keeping the external frequency ω finite, we
obtain the imaginary part of Eq. (3.13),

lim
ω→0

ImΨ−−
σ (ω) = −3π

∑

σ′( 6=σ)

χ2
σσ′

ρdσ
sgn(ω) . (A5)

The real part of Ψ−−
σ (ω) does not have the non-

analytic sgn(ω) dependence, and it can be deduced from
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σ	σ

FIG. 14. Feynman diagrams which provide the imaginary
part to the vertex function Γσσ′;σ′σ(ω,ω

′;ω′, ω) for small ω

and ω′. The shaded square represents the zero-frequency ver-
tex part Γσ,σ′′;σ′′σ(0, 0; 0, 0), which for σ′′ = σ identically

vanishes Γσσ;σσ(0, 0; 0, 0) = 0. The singular sgn (ω − ω′)
term arises from the intermediate particle-hole excitation with
σ′ = σ shown in the left panel, and also from the particle-hole
pair with σ′ 6= σ in the middle panel. Another singular term
sgn (ω + ω′) arises from the particle-particle pair excitation
with σ′ 6= σ in the right panel.

Eq. (3.13) by taking first the ω → 0 limit,

ReΨ−−
σ (0) =

∑

σ′

ρdσ′

∂

∂ω′
ReΓσσ′;σ′σ(0, ω

′;ω′, 0)

∣∣∣∣
ω′=0

+
∑

σ′( 6=σ)

Γσσ′ ;σ′σ(0, 0; 0, 0) ρ
′
dσ′. (A6)

The second term of Eq. (A6) can be expressed in the
form,

∑

σ′( 6=σ)

Γσσ′ ;σ′σ(0, 0; 0, 0) ρ
′
dσ′ = −

∑

σ′( 6=σ)

χσσ′

ρdσρdσ′

ρ′dσ′ .

(A7)

The first term of Eq. (A6) can be calculated as

∑

σ′

ρdσ′

∂

∂ω′
ReΓσσ′ ;σ′σ(0, ω

′;ω′, 0)

∣∣∣∣
ω′=0

=
∑

σ′

ρdσ′

∂

∂ω′
ReΓσ′σ;σσ′ (ω′, 0; 0, ω′)

∣∣∣∣
ω′=0

=
∑

σ′( 6=σ)

ρdσ′

∂

∂ω′
ReΓσ′σ;σσ′ (ω′, 0; 0, ω′)

∣∣∣∣
ω′=0

= −
∑

σ′( 6=σ)

ρdσ′

∂

∂ω

1

ρdσ

∂ ReΣ−−
eq,σ′(ω)

∂ǫdσ

∣∣∣∣∣
ω=0

=
∑

σ′( 6=σ)

ρdσ′

ρdσ

∂

∂ǫdσ

(
1−

∂ Σ−−
eq,σ′(ω)

∂ω

)∣∣∣∣∣
ω=0

=
∑

σ′( 6=σ)

ρdσ′

ρdσ

∂χ̃σ′σ′

∂ǫdσ
=
∑

σ′( 6=σ)

ρdσ′

ρdσ

∂χ̃σ′σ

∂ǫdσ′

=
1

ρdσ

∑

σ′( 6=σ)

(
∂χσσ′

∂ǫdσ′

− χσσ′

ρdσρdσ′

∂ρdσ′

∂ǫdσ′

)
. (A8)

Note that Γσσ′ ;σ′σ(0, ω
′;ω′, 0) = Γσ′σ;σσ′ (ω′, 0; 0, ω′), the

symmetric property of the vertex function has been used
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to obtain the second line. To obtain the third line, we
have used the property that the vertex function for the
parallel spins Γσσ;σσ(ω, 0; 0, ω) has no ω-linear real part,
which has been shown in paper II.12 Therefore, we ob-
tain the following result from Eqs. (A6)–(A7), using Eq.
(2.21) for the density of states,

ReΨ−−
σ (0) =

1

ρdσ

∑

σ′( 6=σ)

∂χσσ′

∂ǫdσ′

. (A9)

The (eV )2 and T 2 contributions of ReΣ−−
eq,σ(0) arise from

the intermediate single-particle excitation which carries
the different flavor indexes σ′ from the external one σ.

From these results, the vertex function for
Γσσ′;σ′σ(ω, ω

′;ω′, ω) can also be deduced. For σ′ = σ, it
takes the form

Γσσ;σσ(ω, ω
′;ω′, ω)ρ2dσ = iπ

∑

σ′( 6=σ)

χ2
σσ′

∣∣ω − ω′
∣∣+ · · ·,

(A10)

and it for σ′ 6= σ is

Γσσ′ ;σ′σ(ω, ω
′;ω′, ω) ρdσρdσ′ =

− χσσ′ + ρdσ
∂χ̃σσ′

∂ǫdσ
ω + ρdσ′

∂χ̃σ′σ

∂ǫdσ′

ω′

+ iπ χ2
σσ′

( ∣∣ω − ω′
∣∣−

∣∣ω + ω′
∣∣
)
+ · · · . (A11)

These results and the ω2 contribution of the self-energy
are related each other via the Ward identity, given in Eq.
(2.23).

Appendix B: Coefficients α2σ & φ2σ of FMvDM

In this appendix, we summarize the relation between
the parameters used in the description of FMvDM and
the derivative of the susceptibilities. The coefficients α1σ

and φ1 are the parameters which were introduced by
Nozières for his phenomenological description,

α1σ

π
= χσσ ,

φ1
π

= −χ↑↓ . (B1)

Note that χ↑↓ = χ↓↑ and it is an even function of h
because of Ω is an even function of h, as mentioned.

The coefficients α2σ and φ2σ defined in Eqs. (13a)–
(13d) of the FMvDM’s paper10 can also be written in
terms of the susceptibilities. Substituting the charge and
spin susceptibilities, χc ≡ χ↑↑ + χ↓↓ + χ↑↓ + χ↓↑ and

χs ≡
1

4

(
χ↑↑ + χ↓↓ − χ↑↓ − χ↓↑

)
, into the definitions and

rescaling the magnetic field as B = 2h,

α2↑ + α2↓

2π
= − 3

4

∂χs

∂ǫd
− 1

16

∂χc

∂ǫd

=
1

8

(
∂

∂ǫd↑
+

∂

∂ǫd↓

)[
−2
(
χ↑↑ + χ↓↓

)
+
(
χ↑↓ + χ↓↑

)]
,

(B2)

α2↑ − α2↓

2π
=

1

2

∂χs

∂B
+

3

8

∂χc

∂B

=
1

8

(
− ∂

∂ǫd↑
+

∂

∂ǫd↓

)[
2
(
χ↑↑ + χ↓↓

)
+
(
χ↑↓ + χ↓↑

)]
,

(B3)

φ2↑ + φ2↓
2π

= − ∂χs

∂ǫd
+

1

4

∂χc

∂ǫd

=
1

2

(
∂

∂ǫd↑
+

∂

∂ǫd↓

)(
χ↑↓ + χ↓↑

)
, (B4)

φ2↑ − φ2↓
2π

= 2
∂χs

∂B
− 1

2

∂χc

∂B

=
−1

2

(
− ∂

∂ǫd↑
+

∂

∂ǫd↓

)(
χ↑↓ + χ↓↑

)
. (B5)

Thus, the coefficients α2σ and φ2σ can be expressed in
the form

α2σ

π
= − 1

2

∂χσσ

∂ǫdσ
,

φ2σ
π

= 2
∂χ↑↓

∂ǫdσ
. (B6)

Using these relations, the coefficient for the ω2 real
part of the self-energy, provided in Eqs. (B2a) and (B8b)
of FMvDM’s paper,10 can be confirmed to agree with Eq.
(2.28) of ours,

R̃σ,ω

zσ
=

α2σ

πρdσ
− πρdσ

z2σ
cot δσ

= − 1

2ρdσ

(
∂χσσ

∂ǫdσ
+ 2π cot δσχ

2
σσ

)
= −1

2

∂χ̃σσ

∂ǫdσ
. (B7)

We have also used Eq. (2.20) to obtain the last line.

Appendix C: Comparison with FMvDM’s formulas

As mentioned in Sec. III, there is a discrepancy be-
tween our results deduced from the Ward identities and
the FMvDM results obtained with the Nozières’ phe-
nomenological theory. The difference appears already at
equilibrium, eV = 0, in the T 2 contribution of the real
part of the retarded self-energy Σr

eq,σ(ω, T ). Our result
can be expressed in the following form

lim
T→0

Re
Σr

eq,σ(0, T )− Σr
eq,σ(0, 0)

(πT )2/6
=

φ2,−σ

2πρdσ

=
1

ρdσ

∂χ↑↓

∂ǫd,−σ

=
1

2ρdσ

(
∂χ↑↓

∂ǫd
+ σ

∂χ↑↓

∂h

)
. (C1)
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Here, we have used Eq. (B6) for the definition of φ2σ. In
contrast, the FMvDM result given in (B1a), (B2a) and
(B8a) of Ref. 10 can be expressed as

lim
T→0

Re
ΣFMvDM

eq,σ (0, T )− ΣFMvDM
eq,σ (0, 0)

(πT )2/6
=

φ2σ
2πρdσ

=
1

ρdσ

∂χ↑↓

∂ǫdσ
=

1

2ρdσ

(
∂χ↑↓

∂ǫd
− σ

∂χ↑↓

∂h

)
. (C2)

Note that φ2σ/2πρdσ = −2R̃σ,V /zσ.
10 The problem is

which parameter “∂χ↑↓/∂ǫd,−σ or ∂χ↑↓/∂ǫdσ”, alterna-
tively in FMvDM’s notation “φ2,−σ or φ2σ”, should de-
termine the coefficient for Σσ. Our derivation starts
with the identity given in Eq. (3.13), for which the
summation over σ′ can be restricted to the inter-
mediate states with σ′ 6= σ as shown in Appendix
A. This is because the contribution of intermediate
state which carries the same spin σ′ = σ as that of
the external propagator σ vanishes owing to the an-
tisymmetry properties Γσσ;σσ(0, 0; 0, 0)|ω′=0 = 0 and
Re (∂/∂ω′)Γσσ;σσ(0, ω

′;ω′, 0)|ω′=0 = 0, corresponding to
Eq. (2.27). Thus, for the spin 1/2 single-orbital Ander-
son model, the intermediate states which give a finite

contribution to ReD̂2Σ−−
eq,σ(0) becomes unique, i.e., the

σ′ = −σ component.

The discrepancy in the self-energy also transmits to
the T 2 coefficient of the spectral function and the con-
ductance, given in Eqs. (B7c) and (29) of Ref. 10. Specif-
ically, FMvDM’s conductance formula can be rewritten
in the form,

cFMvDM
T,σ =

π2

3

[
− cos 2δσ

(
χ2
σσ + 2χ2

↑↓

)
+

sin 2δσ
2π

∂χσσ

∂ǫd

]
,

(C3)

cFMvDM
V,σ =

π2

4

[
− cos 2δσ

(
χ2
σσ + 5χ2

↑↓

)

+
sin 2δσ
2π

(
∂χσσ

∂ǫd
+
∂χ↑↓

∂ǫd
− σ

∂χ↑↓

∂h

)]
. (C4)

These two expressions can be compared with our Eqs.
(5.6) and (5.7), which coincide with FMvDM’s formula
at h = 0 where ∂χ↑↓/∂h = 0. However, the difference
becomes significant as magnetic field increases. At half-
filling ǫd = −U/2, the FMvDM’s formula takes the fol-
lowing form,

(T ∗)2

2

∑

σ

cFMvDM
T,σ

ξd→0−−−−→ π2

48
Wh

T , (C5)

and

(T ∗)2

2

∑

σ

cFMvDM
V,σ

ξd→0−−−−→ π2

64

(
Wh

V − ΘM

)
, (C6)

where T ∗ = 1/4χ↑↑. It can be compared with Eqs.
(5.23)–(5.25) of ours. The difference is in the way
the ΘM term enters. This may be the main reason
for the disagreement of FMvDM’s numerical result for
the magneto-conductance disagrees30 with the previous
second-order-renormalized-perturbation results.29

Appendix D: Comparison with ReΣr(ω, eV )
described in Ref. 13

The explicit low-energy expression of the real part of
the self-energy given in Eq. (4.2) reproduces at zero mag-
netic field h = 0 the previous result, reported in Eq. (19)
of Ref. 13. It was written in such a way that the coeffi-
cient for the ω2 real part, β, as an additional parameter
that had not been related to the other renormalized pa-
rameters

β ≡ Re
∂2Σr

eq(ω)

∂ω2

∣∣∣∣∣
ω=0

. (D1)

Recent development clarifies that this coefficient can be
written in terms of the derivative of the static susceptibil-
ities β = ∂χ̃↑↑/∂ǫd↑, as mentioned for Eq. (2.28). With
this recent knowledge, we can explicitly confirm that the
previous result is completely identical to Eq. (4.3).
The coefficients for ωeV and α2(eV )2 terms in Eq. (19)

of Ref. 13 can be written, respectively, as

−
(
β − ∂χ̃↑↑

∂ǫd

)
=− ∂χ̃↑↑

∂ǫd↑
+
∂χ̃↑↑

∂ǫd
=
∂χ̃↑↑

∂ǫd↓

=
∂χ̃↑↓

∂ǫd↑
, (D2)

β − ∂χ̃s

∂ǫd
=
∂χ̃↑↑

∂ǫd↑
− ∂

∂ǫd
(χ̃↑↑ − χ̃↑↓)

= − ∂χ̃↑↓

∂ǫd↑
+
∂χ̃↑↓

∂ǫd
=
∂χ̃↑↓

∂ǫd↓
. (D3)

These coefficients agree with the corresponding results
given in Eq. (4.2) for σ =↑ and h = 0. Furthermore, the
coefficient for the (eV )2 term that emerges through the

D̂2 operator can be written in the form,

− lim
h→0

(
β − ∂χ̃↑↑

∂ǫd
+
ρ′d
ρd
χ̃↑↓

)
= lim

h→0

(
∂χ̃↑↓

∂ǫd↑
− χ↑↓

ρ2d
ρ′d

)

= lim
h→0

[
∂

∂ǫd↑

(
χ↑↓

ρd↑

)
+
χ↑↓

ρ2d↑

∂ρd↑
∂ǫd↑

]
= lim

h→0

1

ρd↑

∂χ↑↓

∂ǫd↑

= lim
h→0

1

ρd↑

∂χ↑↓

∂ǫd↓
. (D4)

This agrees with the general result, given in Eq. (A9).
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