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Liquidity Misallocation in an Over-The-Counter Market

Shengxing Zhang*
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Abstract

To understand the illiquidity of the over-the-counter market when dealers and
traders are in long-term relationships, I develop a framework to study the endoge-
nous liquidity distortions resulting from the profit-maximizing, screening behavior of
dealers. The dealer offers the trading mechanism contingent on the aggregate history
of his customers summarized by the asset allocation. The equilibrium distortion is type
dependent: trade with small surplus breaks down; trade with intermediate surplus may
be delayed; trade with large surplus is carried out with a large bid/ask spread but with-
out delay. Because of dealers’ limited commitment, the distortions become more severe
when the valuation shock is frequent, the valuation dispersion is large or the matching
friction to form new relationships is large. Calibrating the model and running a horse
race between matching efficiency, trading speed and relationship stability, I found that
the liquidity disruption in the market during the recent financial crisis is more consis-
tent with declining matching efficiency of forming trading relationships. The optimal

mechanism can be implemented by random quote posting.
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1 Introduction!

Many financial over-the-counter (OTC) markets are illiquid, with large bid-ask spreads and
long delay in trade. For example, a typical municipal bond is traded in the OTC market
once every 25 days with an average bid-ask spread of more than 50 basis point|[16], whereas
an equity is typically traded more than once every second with bid-ask spreads an order
of magnitude smaller[32]. Standard theories of the OTC market such as Duffie, Garleanu
and Pedersen (2005)[9], Lagos and Rocheteau (2010)[25] and Hugonnier, Lester and Weill
(2014)[22| show that liquidity distortions can arise from the search friction to locate trading
counterparties. However, financial institutions typically maintain long-term relationships

2 The friction to locate trading counterparties may not be so large as to

with each other.
explain all the distortions. In this paper, I show that even when broker-dealers maintain
long-term relationships with traders, additional liquidity distortions may arise if they do not
observe traders’ private valuations. In this environment, dealers screen traders by controlling
the speed of trade and the transaction price and keep track of the endogenous asset allocation
across his customers. Although dealers provide immediacy to traders, the monopsony power
of the dealer in the OTC market leads to imperfect allocation of liquidity.

In the model, traders search and match with dealers. Similar to equilibrium search
models of the labor market|33], the match is long-term but subject to breakup shocks and

forming new matches takes time. Each dealer is matched with a continuum of traders.

By posting menus of contracts specifying trading probabilities and transaction prices for

'T am indebted to Douglas Gale, Boyan Jovanovic, Ricardo Lagos and Thomas Sargent for their encour-
agement and comments. The paper has also benefited from discussion with Gaetano Antinolfi, Saki Bigio,
Anton Braun, Kenneth Burdett, Jonathan Chiu, Benjamin Lester, Guido Menzio, William Roberds, Guil-
laume Rocheteau, Cecilia Siritto, Klaus-Peter Hellwig, Ariel Zetlin-Jones, Pierre-Olivier Weill, and Randall
Wright. I also thank the seminar participants at the 2012 Midwest Macroeconomics Conference, the 2012
Scociety of Economic Dynamic Annual Meeting, the 2012 North American Summer Meeting of the Econo-
metric Society, the 2012 Chicago Federal Workshop on Money, Banking, Payments, and Finance, and the

Search and Matching Workshop at UPenn.
2See, for example, Li and Schiirhoff (2014)[29] and Afonso Kovner and Schoar (2014)][1].



indivisible assets, dealers screen traders with heterogeneous gain from trade. In equilibrium,
traders with large gain from trade value most immediacy. So, they are willing to pay a
high premium relative to the market price to trade faster. Traders with intermediate gain
from trade sacrifice trading speed for a lower spread. To induce traders with large gain to
accept the high premium, dealers strategically exclude traders with small gain by charging
a fixed spread on top of a variable spread increasing in the trading probability. Therefore,
trade breaks down for those with small gains from trade. I show that these three types of
distortions could coexist in equilibrium.

A theoretical contribution of the paper is to formalize and solve the dynamic programing
problem of the dealer, in which the asset allocation to customers is a high-dimensional state
variable and the contract menus are the control variable. The asset allocation is slow moving
because of the strategic delay of the dealer and the physical limit on the trading frequency
between the dealer and his customers. This induces the dynamic interaction between the
trading mechanism and the asset allocation, especially for traders with intermediate gain
from trade. Traders with large gains from trade are willing to pay a premium to trade
immediately. But trading faster with them also means that less of those traders remain
waiting. With less traders with large gain remaining, dealers have an incentive to trade faster
with traders with intermediate gain. Meanwhile, the dealer also has limited commitment
to contract menus he chooses: when he chooses date-t contract menus, he takes as given
traders’ reservation value, even though it depends on contract menus offered by the dealer in
the future. A better deal in the future increases the reservation value, which in turn squeezes
the dealer’s current profit margin. The limited commitment induces dynamic competition
within a long-term relationship, in the spirit of the Coase conjecture, that a dealer competes
with his future self when trading with investors and this drives his monopsony rent to zero.
In this rich dynamic environment, however, we will show the Coase conjecture only holds
partially. Frictions in the dynamic environment, such as the persistence of the trading
relationship, matching frictions to form long-term relationships, and trading speed limit, all

affect market liquidity. As a result, qualitatively, for traders with intermediate gain from



trade, trade may not break down but instead may be delayed. For traders with small gain,
trade still breaks down as in a static screening problem.

The endogenous liquidity distortion also depends on the stability of trader-dealer rela-
tionships and the matching friction in relationship formation. In benchmark models of the
OTC market such as Duffie, Garleanu and Pedersen (2005)[9] and Lagos and Rocheteau
(2009)[25], liquidity distortion arises because of search frictions to locate trading counter-
parties. I show that when it is hard to form new matches, dealers may also be more likely to
delay trade. Therefore, the strategic delay of the dealer could amplify the matching friction.
On the other hand, the stability of the trader-dealer relationship, measured by the breakup
rate of the relationship, may or may not induce more delay by the dealer, depending on
the matching friction. When I calibrate the model to the corporate bonds market and run
a horse race between relationship stability, matching efficiency and trading speed limit, a
friction similar to those in benchmark models, I found that increasing the matching friction
is more consistent with stylized facts from the recent financial crisis, during which dealers
charge higher markups to their clients without increasing liquidity provision.?

The theory also links the opacity of the OTC market to market liquidity, transaction
costs and asset prices. Opacity leads to heterogeneous valuation over an asset. I show that
more dispersed valuations lead to more delay in trade and larger spread for all traders.

The optimal trading mechanism can be implemented by lotteries over transaction prices.
So, the assumption that the dealer offers the contract menus is not restrictive, even when
the dealer can only use outright sales contract. My theory gives an alternative explanation

for the price dispersion in opaque markets described in Green (2007)[15].

Literature Review Since assets are durable and dealers have limited commitment to the
trading mechanism they post. This paper is closely related to the literature on the Coase
conjecture (see, for example, Gul, Sonnenschein and Wilson (1986)[19]). Recent develop-

ments in this literature include Fuchs and Skrzypacz (2010)[12] and Garrett (2013)[13]. My

3See Di Maggio, Kermani and Song (2016)][8].



model allows changing valuations and arrival of new buyers over time, as well as the fric-
tions in forming and maintaining long-term relationships, none of which are trivial additions
to the baseline setup. The literature studies the optimal trading mechanism contingent on
the individual history. By summarizing by the asset allocation the aggregate history of the
dealer’ customers, which includes trading activities and other events in the past, the trading
mechanism in the paper becomes more tractable and captures the effect of not only trading
speed limit but also other frictions on the liquidity distortion in the market.

My paper is also related to the literation on strategic delay induced by asymmetric
information. Guerrieri, Shimer and Wright (2010)[18] and Chang (2011)[6] combine directed
search friction and asymmetric information. In these papers, delay in trade serves as a
signaling device. One common issue with the signaling equilibrium is that it is sensitive
to perturbation. For an environment with nearly complete information, the equilibrium
allocation is the same as an environment with severe adverse selection as long as the support
of the distribution remains the same. In this model, delay in trade serves as a screening
device. Dealers take into account the effect of the type distribution on their profit when
they optimize the menu of contracts they offer. A perturbation to the distribution will
not affect qualitatively the equilibrium allocation. In this sense, the equilibrium allocation
is more robust in this model. Chiu and Koeppl (2011)[7], Camargo and Lester (2011)[5],
Guerrieri and Shimer (2011)[17] and Chang (2011)[6] study the effect of lemons problem
on liquidity. These papers take the sales contract as given, while here I allow contracts
consisting of two ingredients, the trading probability and the transaction price for sales.

Another related literature is about asymmetric information in the decentralized dynamic
market. Lauermann and Wolinsky (2011)[27], Wolinsky (1990)[34] and Blouin and Serrano
(2001)[3] study information aggregation in the lemon market and its social welfare as the
friction vanishes. Golosov, Lorenzoni, and Tsyvinski (2009)[14] and Camargo and Lester
(2011)[5] are concerned with the trading dynamics. Horner and Vieille (2009)[21] studies
the interaction of strategies of sequentially arriving short-lived buyers in a dynamic lemon

market. Inderst (2005)[23] studies limiting property of a matching market with adverse



selection. Hendel and Lizzeri (1999)[20] studies the durable goods market with lemons. These
papers study the implications of asymmetric information about the quality of the goods or
assets being traded, while this paper studies the implications of asymmetric information
about private valuations. Most of these papers focus on the limiting results as frictions
are asymptotically zero. My focus is to characterize the equilibrium with frictions to study
the resulting liquidity misallocation. In Duffie, Malamud and Manso (2014)[10], the authors
characterize analytically the dynamics of information aggregation in segmented markets. 1 do
not allow information propagation in the model. So valuations across traders do not interact.
While my focus is on the liquidity distortion due to the interaction between asymmetric
information and other frictions and shocks in the economy, it would be interesting to further
study the interaction between these two channels: information aggregation and the liquidity
distortion that arises from the dealer’s screening strategies.

The rest of the paper is organized as follows. In Section 2, I lay out the model. In Section
3, I characterize the equilibrium. In Sections 4 and 5, I focus on distinct implications of the

model on market liquidity and the quoting strategy of the dealer.

2 Model

Environment, Endowment and Preferences The economy is set in continuous time
and lasts forever. There is a continuum of long-lived traders and dealers. The measures of
both groups of agents are normalized to one. Traders are endowed with one type of asset
and deep pockets of numeraire goods. An asset bears a unit flow of dividend goods. The
total asset supply is A = 0.5. The asset is homogeneous in quality. I assume that traders
can hold either zero or one unit of the asset.

Traders’ valuation over the dividend good depends on their preference type x, which is her

private information.* A trader with preference type x enjoys flow utility « from holding one

4The asset holding can also be thought of as unobservable. Since holding more than one unit of asset
or selling more than the trader’s holding does not generate any profit, it is better off for traders to reveal

truthfully their asset holding.



unit of the asset. Over time, a trader may experience a preference shock, which arrives with
Poisson rate §. After the shock, she draws randomly a new preference type from a continuous
distribution G(-) on a compact interval [z, zg] € Ry. Assume that the distribution is

symmetric. Let xp = . Symmetric distribution means G(x) = 1 — G(2x); — z) for

TL+TTH
2

x € [xp,xg]. Both the arrival time of a preference shock and the realization of the shock are

idiosyncratic. Dealers do not value dividend goods. All agents are risk neutral and derive

one util from consuming a numeraire good. Traders and dealers share a common discount

rate, r € R,.

The Structure of the OTC Market Agents trade assets for numeraire goods through
an over-the-counter market. The OTC market has two tiers as in Lagos and Rocheteau
(2009)[25]. Only dealers can trade in the first tier of the market, which we call the inter-
dealer market. The inter-dealer market is competitive, where dealers buy and sell any amount
of assets at the market price without delay. Denote the market clearing price at ¢t to be P;.
The second tier is a bilateral market between dealers and traders. Dealers and traders match
randomly. A trader can be matched with only one dealer. But the dealer is not constrained
in his capacity to host customers. An unmatched trader meets a dealer with Poisson rate
«. The relationship between a matched trader and her dealer breaks up at Poisson rate .
Therefore, the trader-dealer relationship is long-term. This market structure can be thought
as the stable core-periphery structure observed in OTC markets.’

Trade between a dealer and his customers is bilateral and takes place repeatedly in each
dealer-customer relationship at Poisson rate ¢q. The arrival rate represents the speed limit
at which the dealer can process a trade, which includes the time to bargain and deliver the
asset. Also, the dealer may be busy handling trades from his other customers, so each trader
has to wait for her turn. Only when the trader finds the occasion that the dealer is not busy;,
he gets to negotiate the terms of the bilateral trade. This is also part of the physical delay

represented by the Poisson rate.

°See, for example, Li and Schiirhoff (2013)[29].



On each trading occasion, the dealer offers two feasible menus of contracts, a menu of
bid contracts for traders who want to sell and a menu of ask contracts for traders who want

to buy. The trader chooses one contract from the menus.

Trading Mechanism Posted by Dealers Each contract in menu ¢ has two components,
the probability of trade, denoted by ¢;m:/q € [0,1], and the transaction price, denoted by
Pimt € Ry, where i € {a, b} indicates whether it is an asking contract or a biding contract
and m € X = [z, xy] indicates the reported preference type of the corresponding customer.
A contract menu ¢ € {a, b}, denoted by M, = {(qim¢, Pimt) fymex- 15 feasible if (1) given the
menu, it is incentive compatible (IC) for traders to report truthfully their preference types;
(2) it is individual rational (IR) for a trader of type x to accept ex ante a contract with
index .

The trading mechanism offered by the dealer is contingent on the aggregate history for
the group of customers matched with him, summarized by the asset allocation to his trader
customers. The summary statistics for the group of traders is analog to the posterior belief
about the preference type of a trader as the summary statistics for the individual history,
if the mechanism were contingent on the individual history. If the dealer trades faster with
traders of a certain type before ¢, there will be less trading request from traders of that type
at t. The summary statistics also includes other historical information, such as the arrival
of new traders, the breakup of existing relationships and the arrival of preference shocks.

If the dealer has perfect information about the history of a customer, the contract menu
should be further contingent on the history. In the model, I focus on the aggregate history
for the following reasons. (1) While dealers can observe the history of a trading account, a
customer can hide his history by opening several accounts with the same dealer at negligible
cost. She can also hide the timing at which she experiences a preference shock. These hidden
actions prevent the dealer from observing the history of his customers. (2) Trading mecha-
nisms contingent on the history of each customer, which includes not only the trading history

but also the history of preference changes, the date of starting the long-term relationship



and the prior of her preference type, may require too much sophistication, especially because
a dealer hosts a continuum of customers.

The contract menus can be viewed as a direct mechanism, which can have alternative
implementations where traders do not have to report explicitly their types. One implemen-
tation is to use price lotteries on each trading occasion, which fits well the institutional detail
of brokers or market makers intermediating trade in the OTC market. I will show in Section
5 that by posting quotes randomly according to optimally chosen distributions, dealers can

still the direct trading mechanism.

3 Equilibrium Definition and Existence

3.1 Equilibrium Definition

In this section, I will first present the problems of the trader and the dealer, followed by
other equilibrium conditions. The equilibrium definition follows in the end. I will focus on

the symmetric equilibrium.

Traders’ Problem Denote the maximum attainable utility of a trader of preference type
x with a units of asset and matched with a dealer at t to be M, where a € {0,1}. At any
moment, the trader may face several contingencies: she may receive a trading opportunity
from the dealer, a preference shock or a breakup shock.

When the trader receives a trading opportunity, she picks a contract from the menu
offered by the dealer. Denote the reservation value of a trader matched with a dealer by

dyy = My — Moy, For a trader with an asset, she chooses a contract from bid contract



menu, M,,.° The feasibility of the contract menu requires that for trader of type 1z,

xr € arg max Gomt (Pomt — dut) (1)
melzp,xy] (
q
O S l;fﬁt (pb:pt - d:vt) ) (2)

where equation (1) is the incentive compatibility (IC) constraint for the trader, equation (2)
is the ex ante individual rationality (IR) constraint. The expected value for trader of type
(M()mt +pbxt> + <1 - %) Ml:vt-

If she receives a preference shock, she draws her new preference type from distribution

Qbxt
q

1z to pick contract (qper, Ppet) at ¢ is

G(z). So her expected utility in this case is [ My7dG(Z).

If she face an exogenous breakup shock, her expected utility is the maximum attainable
utility of a trader of type 1z not matched with a dealer, which is denoted Uy,,. Although a
trader has the option to break up at any moment with the dealer matched with her, she never
has the incentive to do so because any feasible contract menu offered by a dealer satisfies
her participation constraint and therefore makes her weakly better off than breaking up
with him. We will see that in a symmetric equilibrium the set of feasible contract menus is
nonempty.

Given the maximum attainable utility on these contingencies, we can apply Bellman’s
principle of optimality and write My, as

My, = E, { / ' e "V pds 4 7T {H{T:Té} / M, ;:,dG(%) (3)
t

+ H{TZT—Y} Ul:cT

+ H{T:Tq} (ql?% (MOxT + pbe) + (1 - qqu-) M1$T):| }

where 75 is an exponential random variable with parameter J that represents the arrival of

preference shock, 7, is an exponential random variable with parameter  that represents
the arrival of breakup shock, 7, is an exponential random variable with parameter ¢ that

represents the arrival of a trading opportunity and 7 = min{r;, 7, 7,}.

6Because the trader can only hold zero or one unit of asset, she gains nothing from misreporting her asset

holding.
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The utility of type 1z trader can be simplified using trader’s reservation value as

My, = E, {/T e " pds + e 7Y [MMT (4)
t
+ Lr=ry) / (Myzr — Mig,) dG(2)
+ Lpr=ry (Urar — Miar)
L 2 (s = )|}

Similarly, feasibility of the contract menu, My, requires that for trader of type Oz,

r € arg max Gamt (dgt — Pamt) » (5)
melzp,xzg] (
Qaxt
0 S q (dxt_pamt>7 (6>

where equation (5) is the incentive compatibility (IC) constraint for the trader, equation (6)
is the ex ante individual rationality (IR) constraint. And the maximum attainable utility of

a trader who does not own an asset and is matched with a dealer satisfies
Moy = E, {e-’”“—” {Mom + Trery) / (Mozr — Moy, ) dG(%) (7)
+ Lir=r,} (Uowr — Mogr)
+ H{T:rq}qa% (dur — pa:v7'>:| } :

where 7 = min{y, 7, 7, }. Subtracting (7) from (4) shows that the reservation value satisfies

the following equation
dy = &, {/T e pds 4 e [dm (8)
t
+ Lir—rpy / (dzr — dpr) dG(Z)
+ Ljrery (Wor — dar)

1
+ I[{T:Tq}a (qgmﬂ-pa:m— + QoarPozr — <Qa:m' + Qb:m—) de):| } ;

11



where w,; = Uy, — Uy denotes the reservation value of a trader not matched with a dealer,
U,.+ denotes the utility of a trader who owns a unit of the asset and is not matched with a
dealer.

Uit = E {/ e " Hads + e {H{TT(;} / UledG(i) + I[{TTa}Ml*mT} } ’ (9)

t
where 75 is an exponential random variable with parameter ¢ that represents the arrival of
preference shock, 7, is an exponential random variable with parameter a that represents the

arrival of a dealer, M, __ denotes the equilibrium expected utility from being matched with a

let
dealer, and 7 = min{7s, 7, }. For the rest of the paper, I use the “x” superscript to represent
equilibrium values that an agent takes as given and does not immediately control, wherever
it clarifies presentation.

Likewise, the utility of a trader who owns an asset and is not matched with a dealer,

denoted Uy,;, satisfies

Ut = Et{e’"(Tt) {H{T:Té} / UodeG(az)Jrﬂ{T:M}MgmH. (10)

where 7 = min{7s, 7, }.
In a symmetric equilibrium where dealers employ the same strategy at any moment,

= MlmT? M

OxT

M*

laT

= Moy,-, on the equilibrium path. Subtracting (10) from (9), we derive
an equation for the reservation value of a trader not matched with a dealer.

Wy = Ey {/ e TN ads 4+ e [H{T:m} /ijdG(f) + ]I{T:Ta}dm} } ) (11)

t
To restrict attention to solutions to the above problem relevant to our economic analysis,
we further require that the utility of traders and their reservation value solved by equations

are uniformly bounded.” This implies the utility functions and reservation value satisfy

If a trader of type x holds on to her asset forever and she never experiences preference shocks, her life
time utility would be x/r. A trader cannot receive a lower payoff than z/r through trading and receiving
upward preference shocks if her current preference type is equal to z;, and she cannot receive a higher payoff
than z/r through trading and receiving downward preference shocks if her current preference type is equal
to xg. Therefore, we would expect g /r > Mz, Uiy > xp/r. As long as the asset pays nonnegative

dividend, we would also expect that zg /r > Myy:Uosr > 0.

12



transversality conditions,

lim e "My = lim e ""Uyyy = lim e "dyy = lim e "wyy = 0,V(a,z) € {0,1} x X, (12)
t—o00 t—o00 t—o00 t—o00

To further characterize the payoff functions, it is necessary to study some properties of
contract menus offered by the dealer.

A feasible contract menu satisfies the following properties.

Lemma 1. Given any nonnegative reservation value function d,;, a feasible contract menu
at time t corresponding to the reservation value function satisfies the following properties:
For any two reservation value dg, dy such that dye > dy. The corresponding contracts

picked by type x and y has the following properties:
1. Qaat 2 Gayt, Qat < Qoyt;
2. QuztDazt = QaytPayt, QoatPoet < QbytPbyt;
3. ant(dmt - pazt) > Qayt(dyt - payt); bet<dxt - pbxt) > Qbyt(dyt - pbyt)~

4. If QuetQuer = 0, for all x, there exists a cutoff k; such that is o = 0 if x < Ky and

Qot = 0 if & > Ky,

With Lemma 1, we can prove the following properties of traders’ payoff functions and

reservation value functions.

Lemma 2. Assume quuiGoar = 0 for all x. Then, under boundedness conditions (12), given
symmetric and feasible contract menus, there exist unique uniformly bounded functions d :
[zp,zpg] xRy = R and w : [z, x| Xx Ry — R that satisfy (8) and (11). They are absolutely
continuous in (x,t) € [xp, xy] X Ry and strictly increasing in x € [z, xy| with a uniformly
bounded derivative with respect to type. Given dy and wyy, there exist unique functions M.y,

Mowt, Uiz and Uyyy that are uniformly bounded and satisfy (4), (7), (9), (10).

I impose that g..:qpet = 0 for all x because as we will see in the dealer’s problem, it is a
constraint the dealer faces. It means that the dealer does not engage in round-trip trading,

to buy and sell simultaneously with traders of the same preference type.
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My method for solving for values and establishing their properties is borrowed extensively
from Hugonnier, Lester and Weill (2014) [22|. In Hugonnier, Lester and Weill (2014) [22],
division of trade surplus and trading frequency between two types are exogenous because
of symmetric information. Here, asymmetric information between the dealer and the trader
makes the division of trade surplus and trading frequencies endogenous. My proof handled

additional technicalities induced by these features.

Laws of Motion Denote the population density functions of traders matched with a dealer

to be nl, and the density functions of those not matched to be nY,,, where a € {0,1}. In a

symmetric equilibrium, the laws of motion of these density functions are the following

My = oniy — onty + 6g(X)NT) — iy — Gty + dastNog (13)
My = —Qniy — 0nyy +0g(x) Ny +yniy,, (14)
Moyt = NGy — NGy + 09(2) NG — Ynges + QootNny — GaatNog, (15)
Moot = —OMGgy — ONgyy + 69(x) Noy + YNy, (16)

where N%, = [nk ,dz denotes the total measure of traders with A unit of the asset and
matching status & € {m,u}. Apart from the inflows and outflows induced by exogenous
events such as matching or breaking up with a dealer, and receiving a preference shock,
the trading frequencies picked by dealers, ¢+ and q..¢, also affect the asset allocation for
traders matched with a dealer. The delay in trade specified in dealers’ contract menus
also imposes an externality on the asset allocation to unmatched traders. This affects the
strategic interaction across dealers because dealers take the inflow from unmatched traders
as given.®

Dealers’ Problem A dealer’s maximum attainable payoff depends on the expected profit

from each contract and the distribution of contract choices by his customers. Dealer’s prob-

8Notice also that the law of motion of n%, + nj., does not depend on dealers’ trading strategy. This will

be explained in more detail in the dealer’s problem.
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lem at period t is the following:

Dt,t = max / e—r(s—t) [Qams(paxs - Ps)ng;s + qbrs(Ps - pbzs)nﬁs]d:pdsv (17>
{Mas7 MbS}sZt !
{nTs s>t

subject to, for all € [z, xy] and s > ¢,

hﬁs - an'llL;s - 5”%5 + (59(17)]\[{2 - ’ynﬁs - szsnﬁs + Qazs (’I’LZ; - nﬁs)? (18>
Mgy = angy — 0ngy 4+ 0g(x) N — yni, (19)
GazsQvzs = 07 (20)

M,,,,M,, are feasible.

In the objective function of the profit maximizing dealer, what differentiates dynamic screen-
ing from static screening is that the choice of the screening contract menu affects the law of
motion of the state variable, n{.,. The density function, n{},, summarizes the trading history
between the dealer and his customer-traders. Its law of motion is characterized by (18). If
he sells assets to traders of type x at a higher frequency, more assets will be allocated to
type x traders. If the dealer buys assets at a higher frequency, less assets will be allocated
to them. The asset allocation in turn affects the equilibrium demand and supply of assets
from traders and therefore the dealer’s incentive to screen traders. The density function
also contains other historical information, such as the arrival of new traders, the breakup of
existing relationships and the arrival of preference shocks. n'%,, for A € {0,1}, denotes the
equilibrium type distributions of traders with A unit of the asset and unmatched with the
dealer. When the dealer chooses his contract menus, he takes as given the type distributions
of inflows from the pool of unmatched traders, an'y: .. On the equilibrium path of the sym-
metric equilibrium, n§r, and n{%, follow laws of motion (14) and (16). N = [n'},,dz, for
A € {0,1}. I implicitly impose in the dealer’s problem that he does not willingly breakup
with the traders matched with him, even when he considers his deviation strategies. This
is because he does not face capacity constraints in terms of hosting customers. So, the op-

portunity cost of retaining a customer is zero. Then, his payoff from retaining a customer
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always weakly dominates that from breaking up with her. Since the dealer does not break
up with his customers, the population density of his customers unconditional on asset allo-
cation, nlt = n'’, + ng.,, follows an exogenous law of motion, (19), which depends only on
the inflow of customers, exogenous breakups and preference shocks. nl = n{7, + ngr,, and
N/ = [ndx. Because asset quality is homogeneous, round-trip trading with traders of
the same preference type cannot be at the same time profitable for the dealer and individual
rational for those traders. I will conjecture and verify that constraint (20) is not binding in
equilibrium.

Denote k; € [z, xy] to be the cutoff type so that dy,; = P;. ky exists because otherwise,
either demand or supply in the interdealer market will be zero, so that the interdealer market

cannot clear. There exists a unique k; corresponding to the reservation value function d,;

because d; is strictly increasing in z, according to Lemma 2.

Lemma 3. Taking as given the cutoff type ki, a sufficient and necessary condition for the
contract menus to be incentive compatible is that trading frequencies for buyers, qu.¢, are
increasing in the preference type and trading frequencies for sellers, qu., are decreasing in the

preference type, and prices in the equilibrium contract menu follow the following equations,

Kt
QoztPost — betd;t +/ Qbstdzédsa (21)
T

GaztPazt = antd:;t_/ qastd;ds- <22)

Lemma 3 means that the feasibility constraints on date-t contract menus can be replaced
by monotonicity constraints on ¢y, and g and equations (21) and (22). Substituting

equations (21) and (22) to the dealer’s objective function, we have

Dt,t = max / ,Ds’tds (23)
t
{ansa qbrs}szt,me[zL,IH]

{nﬁs }s>t,x€ [wL ,xH]
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where

Ds,t = e—r(s—t) / [(Qazsd;s - / Q(zutdzlsdu - Qazsps*>(n7;; - nﬁs) (24>
+(Qbmsps* - Qbmsd;s - / Qbusd:;/sdu)nﬁs} dx
subject to,

(18) and (19),
Qbzs 18 decreasing in x, (25)

(azs 18 increasing in x. (26)

Because the market price, reservation values and trading frequencies are all totally bounded,
the following transversality condition holds, lims_,., D, = 0. So, we can apply the maximum
principle to solve for the dealer’s problem. Because the dealer takes as given investor’s
reservation value, the objective function is linear in trading frequencies. It is clear that the
dealer’s problem can be reduced to picking trading frequencies only, with density functions
that are implicit functions of these trading frequencies. Because for any convex combinations
of two sequences of {quus, Gbas }s>¢ that satisfy constraints (18), (19), (25) and (26) also satisfy
these constraints, the choice set for the control variables, trading frequencies, is then convex.
Given this property, we verify in Section A.4 of the Appendix that necessary conditions
provided by the maximum principle are also sufficient for optimality. The sufficiency proof
is derived from Liberzon (2012)[30].

To gain more intuition about the dealer’s incentive, I present below the law of motion
of the co-state variable, A, for the state variable, n{._, of the optimal control problem

ignoring monotonicity constraints and boundary constraints that 0 < uus, Qhes < ¢°. Aws.t

9These constraints are included in the complete characterization of the dealer’s problem in Section A.4

of the Appendix.
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represents the dealer’s present value of a customer of type 1z at date-s.
. TH
_Axs,t = e—r(s—t) |:qb$$(PS - d;s> - / Qbusdzlsdu:| (27>
X

- e—r(s—t) [Qams(dzs - Ps) - / Q(zusdzlsdu:|

zr

- ’y)‘ws,t - 5/\a:s,t + 0 / Azs,th(z)
- <szs + Qa:ps>)\xs,t-

The left-hand side of the equation represents intuitively the flow payoff from having a cus-
tomer of preference type lx minus the capital gain from changes in the value of the cus-
tomer.'” The first component on the right hand side is the dealer’s payoff from offering the
contract menu to sellers in a static setting, discounted by e, g, (Ps — d*,) is the flow
surplus from trade generated by contract (Guws, Poes)- ffH Qousddu is the information rent
enjoyed by a seller of preference type z. Having one more type 1z trade means having one
less type Ox trade, since the total population density of customers of preference type x is
given at n% = n" +ng.,. The second component on the right hand side is the loss from that
in a static setting. The third component, —yA,;,, is the loss from relationship breakup. The
fourth component, —0A;5; + 9 f A2stdG(z), is the loss and gain when the trader experiences
a preference shock. The dealer loses a customer of preference type lx but gains a type 1z
customer, with z following distribution G(z). The last component, —(Gozs + Gazs)Azst, 18
the expected opportunity cost of trading with the customer at trading frequency quzs + Gazs,
rather than trading with her later.

The dealer has limited commitment to contract menus he chooses, in that when he

*

chooses date-t contract menus, he takes as given traders’ reservation value, d},,

even though
it depends on contract menus offered by the dealer in the future. A better deal in the future
increases the reservation value, which in turn squeezes the current profit margin of the dealer.
The limited commitment induces dynamic competition within a long-term relationship, in

the spirit of the Coase conjecture. In this rich dynamic environment, however, we will show

10 \,s = —7'Ags in the steady state.
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the Coase conjecture only holds partially. Frictions in the dynamic environment, such as the
persistence of the trading relationship, v, matching frictions in the market, a, and trading

speed limit, ¢, also affect market liquidity.

Market Clearing Condition The flow demand and supply of the asset in the inter-dealer
market at any moment is equal to the bid and ask transaction flows respectively. So, the

market clearing condition is

/Qaztng;;tdm = /betnﬁtdx- (28>

Definition 1. Given the initial distribution of traders, a symmetric equilibrium is value func-
tions, {Maat, Uazt: Dit(*)} acqo,1y- laws of motion for population distribution {n'3,y, e} ac(o13»
contract menus, Ml,; and M, for all ¢ € R, and market prices {Pt}wgR+ of the inter-dealer

market such that for all A € {0,1},2 € [z, xy], T > ¢,

1. given the value functions of unmatched traders Uy,,,, the value functions of matched

traders M 4., solve traders’ problem:;

2. given the value functions of matched traders, the value functions of unmatched traders

solve equations (9) and (10);

3. given nY,, and Ua,,, the contract menus M, M, and distribution n’y, solve dealers’

problem at date-t;

4. given the equilibrium contract menus, {n'{,_,n%, .} satisfy the laws of motion specified

in equations (15), (16), (13) and (14);

5. the inter-dealer market clears at 7, with the market clearing condition specified in

equation (28).

3.2 Characterization of the Stationary Equilibrium

I will focus on the characterization of the stationary equilibrium. In a stationary equilibrium,

nizt = 07 Vi € {Oa]-}aj € {m7u}7 Mlact - MOact - Ulmt = UOa:t = Dt,t - 07VZL‘,t and the

19



equilibrium contract menus are not time varying. So I omit the time index in the notation

from now on.

Conjecture 1. In the symmetric stationary equilibrium, k = xpr, P = dy, Qaz = Qv 2n—a for

all x, que =0 for all x < Kk, qp = 0 for all > k.

Because the preference distribution is symmetric and the total asset supply is one half,
it is natural to conjecture that in equilibrium & = x5, P = d,, and ¢z = @p2x—2- In
addition, Conjecture 1 imposes that q,, = 0 for all * < k, g5, = 0 for all z > k, which
means that a dealer finds it suboptimal to trade with those she would not trade with under
complete information.!’ Conjecture 1 is a sufficient condition for satisfying constraint (20).
It separates the screening problem into two subproblems, one for the bid contract menu, the
other for the ask contract menu. It will be verified in the proof of Theorem 1.

To present the solution to the optimal control problem, we focus on ask contracts. We
start by looking at the marginal gain for a dealer from increasing trading frequency with a
trader of type Ox. Denote the marginal value if he ignores the monotonicity constraint that

(ae 1s increasing in x, and the boundary constraints that 0 < ¢,, < g to be 9,.1%13

r 9Ly

Ve > kK
ngy 0as’ ’

Uy =

where L, refers to the Lagrangian of the date-t problem of the dealer, ignoring monotonicity

constraints and constraints that 0 < g, < ¢.

oo TH
ﬁt = / {Ds,t + / )‘ys,t |ianlllys o (5 + 7) nﬁ/s + (59(3/) /nﬁsdz + qayng;bﬁ o 71717;3:| dy} ds.
t K

HFollowing Property 4 of Lemma 1, increasing q,, would only tighten incentive constraints of 1y type
investors with y > x. So, if the dealer chooses g,; to be zero under complete information, she should do so
under asymmetric information. So, the conjecture is g, = 0 for all  with d, < P, and gy, = 0 for all x

with d, > P.
12Because we conjecture that g,, = 0 for all < x, we focus on type = > & here.

13To single out the marginal effect on the profit from trading with a certain type of trader, for a function

Jp = ftoo [ f(y, s)dyds, % = ftoo [o(y— :v)é%f(y7 s)dyds, which involves multiplying the integrand for the

integral over y by a Dirac delta function, d(y — x).
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I first use v, to solve for optimal trading frequencies ignoring monotonicity constraints. Then,
if monotonicity constraints are violated, I apply a standard procedure called convexficiation
to solve for optimal trading frequencies respecting monotonicity constraints as well.

From the first order conditions of the optimal control problem in Section A.4 of the

Appendix,
(r 40+ + qu)d. d THopm
Oy = ) (r 7+ o) i - Ja" 5, ud;,,V:vz K, where (29)

r+0+ 7+ oz neL

g - r+oa+0+y and
Tr+a+0)(r+y+0+ Qo) — oy’

m a a+0 4y

gy = (1= A)g(x).

a+7a+5+7+°‘7+6qax

0. is a nonlinear function of trading frequency function q,.. Intuitively, the first component
in (29) represents the marginal value of increasing trading frequencies with trader of type z
under complete information. The second component represents the externality of increasing
the trading frequency on the dealer’s profit from trading with other traders. When the
dealer solves for date-t trading frequencies in the dynamic mechanism design problem, he
takes as given the distribution of traders’ preferences, traders’ value function and the costate
variable. This subproblem is equivalent to a static optimal mechanism design problem.
So, the procedure in Myerson(1981)[31], which studies optimal auction design in a static
environment, applies.

If ¥, is increasing in x for all increasing functions,
Go- € K ={qu : [k, xH] = [0, 4], qus is increasing in x},
then trading frequency function q,. is a fixed point of correspondence ¢ : K = K defined as
o(ge) ={q€K:¢ =0, if0,;(qa) <0,

q: € 10,q], if v, (¢a.) =0,

Gz = ¢, if 0, (qa.) > 0}.

Then, if there exists a fixed point, it satisfies the monotonicity constraint and the boundary

constraints.
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But the monotonicity of v, is not guaranteed. In this case, construction of the correspon-
dence involves bunching, which can be solved using a standard procedure of “convexification”

following Myerson(1981)[31].

Definition 2. A function C, : [z, 25| — Ris a convezification of function C,, : [z, 25| — R

if for any z € [k, zg],

C, = min{wCy 4+ (1 —w)C. twy + (1 —w)z = z,Yw € [0,1],y, 2 € [5, zx]}-

xT

In Section A.4 of the Appendix, we show that if C, is a convexification of C; = fm Uy dy,
L
C, is continuously differentiable. Let v, = C’. v, is a continuous and increasing function

for all ¢q,. € K. The correspondence taking into consideration the monotonicity constraint is

0(qa) ={q€ K :q. =0, if v, (¢a.) <0, (30)
4z € [07 Q]a if Vg (Qa~> = 07

Gaz = 4, if Vg (qa') > 0}

In Section A.5 of the Appendix, we show that there exists a fixed point of the correspondence.
Since the convexification procedure takes care of the monotonicity of trading frequencies and
solves for the constrained optimal trading frequencies, the fixed point in trading frequencies is
optimal and respects the monotonicity constraint. Other equilibrium objects can be derived

from the fixed-point trading frequencies. Hence, the following theorem holds.

Theorem 1. If the density function of the preference shock, g(x), is continuous, there exists

a stationary symmetric equilibrium, where kK = Ty, and qox = Qb 22y -2 Jor all € (X1, TH].

While Theorem 1 proves the existence of a symmetric equilibrium, the equilibrium is not
necessarily unique and trading frequencies in equilibrium contract menus are not necessarily
continuous in the preference type. In sections A.7 and A.8 of the Appendix, I give an example
where there exist two equilibria, one in which trading frequency functions are continuous,
the other in which they are step functions. In the second type of equilibrium, the endogenous

type distribution induces a non-monotonic marginal value v, resulting in bunching. For the
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rest of the paper, however, I will only analyze the equilibrium where trading frequencies are
continuous in the preference type. For numerical and analytical examples I use, such an

equilibrium exists.

4 Implications on Market Liquidity

In this section, I will first present qualitative implications of the model on market liquidity.
Then, I will show the effect of dispersion of valuation, frictions in forming and maintaining

long-term trader-dealer relationships on market liquidity.

4.1 Qualitative Implications

b b

Proposition 1. There exists an equilibrium with threshold types x°, z°, k, z* and z°, such
that vp, < 2® <2’ < Kk < 2% < 2% < xg.

(1) For sellers of type x € [2°, k] and buyers of type x € [k, 2], trade breaks down;

(2) for sellers of type x € [xp,2°] and buyers of type x € [T% xyl, trade is carried out
without delay; but the bid price for sellers of type x € [xr, 2" is the lowest in the market and
the ask price for buyers of typex € [z, xy] is the highest;

(3) if there exists an equilibrium where qq. and gy, are continuous functions in x, then

2° < 7% and 2% < 7% trade for sellers of type x € (2°,2°) and buyers of type x € (2%, T%) is

delayed but trade takes place at intermediate level of bid/ask spread.

The proposition is derived from Theorem 1. The proof is at the end of Section A.5 of
the Appendix. It is a unique feature of the model that there might coexist three regions
categorized by the surplus from trade. The literature on adverse selection with competitive
search friction, initiated by Guerrieri, Shimer and Wright (2010)[18], only shows the second
type of distortion, where all trade is delayed. Intuitively, this is because the reservation value
of the dealer when he offers the screening contract is strictly above zero. So, trade always
break down for those traders whose gain from trade even under complete information is too

small. As in a static screening problem where type distribution is not endogenous, trade

23



probability of trade
spread (basis point)

Figure 1: Equilibrium contract menus.

either breaks down or is not delayed at all. These features of equilibrium contract menus are
illustrated in Figure 1. The bid or ask spreads, defined as M7 i € {b,a}, are presented
in basis points in Figure 1.

The parameter values used in the numerical example to generate the figure are calibrated
to target empirical findings from municipal bonds market. I set the annual discount rate
at 0.05 following the numerical example in Duffie, Garleanu and Pedersen (2005)[9] (DGP).
The parameter values for relationship stability, v, and relationship formation, «, target the
municipal bond market. Li and Schuerhoff (2014)[29] study the network among financial
institutions. Dealers in my model have a different meaning from those in Li and Schuerhoff
(2014)[29]. They call all financial institutions dealers. I treat periphery dealers as traders
in my model and core dealers in their paper as dealers in my model. Li and Schuerhoff

(2014)[29] found that in the municipal bond market, the probability that two dealers who

traded last month also trade this month is on average 65%, which implies an annualized
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arrival rate of the breakup shock of v = 0.35 x 12 = 4.2.'4'°> They also found that if two
dealers did not trade in the previous month, there is on average an 85% chance that they
do not trade with each other in the current month. Since traders matched with a dealer do
not seek a second relationship, this number implies an annualized arrival rate of a trading
relationship of a = 3.15.'° T assume that it takes at least two days for a dealer and trader
to finish a transaction. So, ¢ = 182, which is 7 times as large as the trading frequency used
in DGP. In DGP, the flow utility from dividend consumption of high preference type traders
is 10 times higher than that of low preference type traders. Following the specification,
I assume the preference is distributed uniformly on [.1,1]. Since I do not model trading
frictions between dealers, I target the average turnover rate for trade between customers
and dealers, defined as the aggregate trading volume between customers and dealers divided
by the asset supply. Lester, Rocheteau and Weill (15)[28] offer an estimate of turnover for
municipal bonds, based on the volume of dealer-to-customer data (i.e. not including dealer-
to-dealer trades) of Green, Hollifield and Schueroff (07)[16], and aggregate bond holding
data in the Flow of Funds. This turnover number is around 56%. The arrival rate of the
preference shock is set at 1.525 to match the turnover rate number for trade between traders
and dealers. These calibrated parameter values are summarized in Table 1.

If traders have direct access to the interdealer market, it is easy to show that there is no
trading delay in equilibrium and the equilibrium allocation is efficient and is the same as in
an environment with complete information. The following Corollary summarizes the effect

of the endogenous liquidity distortion on the aggregate allocation.

Corollary 1. Compared to the equilibrium allocation in an environment where traders have

14WWe think of periphery dealers in the data as a collection of traders. Then, by the law of large numbers,

there will be trade between periphery dealers and core dealers whenever they are matched.
15The trading relationship in the overnight interbank lending market is more persistent. Afonso, Kovner

and Schoar (2014)[1] found that the monthly autocorrelation of volume share of lenders is about 91%.

(673

160nly a fraction, T of traders are seeking trading relationships. Among these traders, the arrival rate

of a trading relationship is a. So, « is approximately solved by 0.15 x 12 = —— x «, which implies that

+
o = 3.15.
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Preference Matching

shock arrival rate ) 1.525 meeting rate a 3.15
upper bound Ty 1 breakup rate v 4.2
lower bound Ty 1 Market
discount rate r 0.05 asset supply A 05

distribution function G(z) =L trading frequency ¢ 182

Table 1: Parameter values used the numerical example.

direct access to the interdealer market, the equilibrium has the following qualitative properties:
bid-ask spread arises; delay in trade arises; asset allocation is worse; aggregate trading flow

1s lower.

From Corollary 1, we can see that the equilibrium allocation of liquidity is not efficient.
Figure 2 illustrates the inefficiency. The efficient allocation is calculated by assuming that
all buyers and sellers trade at rate ¢ = 182. The allocation in DGP is calculated by assum-
ing that all trade takes place at rate ¢ = 26, the value used in the numerical example in
DGP.'" Quantitatively, the allocation in DGP is uniformly close to the efficient allocation for
traders of all types. In contrast, allocation efficiency is type dependent in this model. The
equilibrium allocation in this model is the same as the autarky allocation for traders with
small gain, whose trade breaks down. For traders with intermediate gain, trade is delayed.
The allocation for them is in between the efficient allocation and the autarky allocation. For
traders with large gain, the allocation is the same as the efficient allocation, which is better
than the DGP allocation. But quantitatively, the additional improvement appears small.
This numerical exercise shows that quantitatively, the model could predict more severe asset

misallocation. This is because the asset misallocation for traders with small or intermediate

17Ty facilitate the comparison, what I call DGP in the exercise only allows trade between the dealer and
those traders in long-term relationships with the dealer, just that conditional on being matched together,

they act as in DGP, trading at frequency g = 26.
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Figure 2: Equilibrium asset allocation.

gain could be a lot more severe than that in DGP.

4.2 Comparative Statics in the Numerical Example

In this section, I study the comparative statics in the calibrated numerical example. I
focus a subset of parameters to be studied in the next section, all related to the market
structure. The comparative statics act as a horse race among these parameters in explaining
the liquidity disruption in the OTC market during the recent financial crisis.

In Table 2, T first report measures of liquidity in the benchmark which uses calibrated
parameter values reported in Table 1. The measures of liquidity include the turnover rate, the
probability of trade, conditional on traders being matched with a dealer, receiving a trading
opportunity and having a positive gain from trade, the average, maximum and minimum
spread among all trades. While the probability of trade is not directly observable in the data,
it illustrates the response of dealers’ strategic delay to changes in the market structure.

In the benchmark, the annualized turnover rate is 56%, the probability of trade is 0.15,
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Benchmark | Breakup Rate | Matching Rate | Trading Speed
+100% -50% -50%
Turnover Rate (%) 56 -7.9% -22.8% -4.8%
Probability of Trade 15 24.6% 0.2% 31.7%
Average Spread (bp) 20 12.0% 21.7% 36.9%
Maximum Spread (bp) 21 11.8% 21.7% 36.4%
Minimum Spread (bp) 12 17.0% 22.1% 44.6%
Welfare -1.74% -5.30% -0.54%

Table 2: Comparative Statics in the Numerical Example.

average spread is 20 basis points, the maximum spread is 21 basis points and the minimum
spread is 12 basis points. To derive clearer welfare implications, I also compute the welfare

measure, W;, defined as the total flow utility investors, matched and unmatched.
o
W, = / e (4t xda.
t

Then, I study the relative changes in these liquidity measures when the fundamentals of the
model change. Fundamental changes I study include increasing breakup rate, decreasing in
matching rate and decrease in trading speed. The breakup rate represents stability of the
trader-dealer relationship. The matching rate represents frictions in relationship formation.
Trading speed represents trading frictions in DGP.'®

The stability of trading relationship has a small impact on the efficiency of asset alloca-
tion. Although the breakup rate increases by 100%, the asset turnover rate only decreases
by 7.9%, indicating that asset misallocation does not increase dramatically. This is because
when expecting less stable relationships, dealers choose to screen traders by charging a higher
spread rather than delaying trade. The probability of trade increases by 24.6% percent, off-
setting the decrease in the turnover rate because of the higher breakup rate. The average

spread, meanwhile, increases on average by 12.0%. When dealers delay less, the spread they

18See footnote 17.
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charge becomes less dispersed. In this case, the minimum spread increases by 17.0%, 5.2%
more than the increase in the maximum spread. The decrease in turnover rate is reflected
in the decrease in the welfare measure, derive from their asset holding. The welfare measure
decreases by 1.74%.

Decreasing the matching rate has a stronger effect on welfare. With a 50% decrease in
matching rate, the turnover rate decreases by 22.8% and the welfare measure decreases by
5.30%. This is because as the matching rate decreases, dealers do not respond by increasing
the trading speed. The probability of trade increases only by .2%. Meanwhile, the aver-
age spread they charge is 21.7% higher. Intuitively, this is because the strategic interaction
between dealers becomes weaker when the matching rate is low, mitigating dynamic com-
petition between dealers. So, they charge a higher spread while still strategically delaying
trade.

Similar to the effect of relationship stability, dealers respond by reducing strategic delay
when the trading speed limit, ¢, decreases. When ¢ decreases by 50%, the probability trade
increases by 31.7%. Dealers screen traders by charging higher spread instead of delaying
trade. The spread increases on average by 36.9%.

While decreasing matching rate and decreasing trading speed have similar effects on
equilibrium spread, they have very different effect on welfare. Asset turnover rate only
decreases by 4.8% and the welfare measure decreases by .54% when trading speed decreases
by 50%. Turnover rate drops by 4.8 times as much and the measure decreases by 5.3%
when matching rate decreases by 50%. This shows it is important to distinguish frictions in
relationship formation from limits on trading speed.

Empirically, Di Maggio, Kermani and Song (2016)[8] found that during the recent finan-
cial crisis, core dealers charge higher markups to their clients, without increasing liquidity

provision. This is more consistent with increasing the matching friction in my model.
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4.3 Comparative Statics in Analytical Examples

I study two analytical examples in this section, to analyze comparative statics in the numer-
ical exercise and derive further comparative statics. The solutions to the two examples are

in Section A.7 and A.9 of the Appendix.
Example 1. Permanent Relationship

If we assume that dealer-trader relationships are permanent, v = 0, the model can be

solved in closed form. Assume also that the distribution satisfies the following property:

g(x)(x — xpr)? is increasing in x and lfg()x) is increasing in  when x > ,,."
b = I (x‘W)2<5+q>—5we[x“ 7 (31)
() \ 7 — x) ’ oY
. 1— 9(931 )_(:;(xaﬂ;M)’ (32)
. (%a - IM>2 9(?) _ 9 ’ (33)
¢ —xy ) g(z¢)  d+4¢q

b can be derived in the same fashion.

and bz jb y L
In this equilibrium, the qualitative properties in Proposition 1 and Corollary 1 hold. And
we can also solve for bid or ask spreads.?’ Qualitatively, the spread is higher when there is

more delay. So, we focus on delay in comparative statics.
Example 2. Discrete Distribution

Assume that the preference type follows a discrete distribution on {xp,y,xy, 2,25} ,
with 7 <y < zpy < z < xy. Assume that Pr(x = zp) = Pr(x = zy) = m, Pr(z = y) =
Pr(z = 2) =m. A= % Ty = %(xL +xy), Ty —y = z — xp, and that agents are very
patient, r < 4.

19The characterization of bid contracts is symmetric and is omitted to economize the presentation.

29For example, if agents are patient in the sense that r < 1, pge — P = % +

[ {M _ 1} ds,Vz € [z, Z%].

z® | g(s)(s—zm)?
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In this example, oy = Qo = ¢ GQazyy = Qozy, = 0. Restricting our attention to

parameter values such that ¢, = ¢, € (0, ¢), we have

| @+ 1+ +y
Gz = |O Py =11 (6+7). (34)

z=Tp Mo

where ¢ = Pyl

The participation constraints of intermediate types are binding in
equilibrium. So, the spread for intermediate types does not depend on equilibrium delays and
is equal to the surplus from trade. The spread for type x; and xy is decreasing in the delay
facing intermediate types. This analytical example is particularly useful to more completely

characterize the general equilibrium effect of the frictions in forming and maintaining long-

term relationships.

4.3.1 Frictions Related to the Long-term Relationship

The general equilibrium effects of the frictions in forming and maintaining long-term rela-
tionships are summarized in Corollary 2 and Corollary 3. The two corollaries are derived

from equation (34).

Corollary 2. Under the conditions in Example 2, a higher matching friction to form new

relationships (lower o) corresponds to more equilibrium strategic delay in trade.

The intuition behind Corollary 2 is the following. With a high matching friction, it
takes a long time for an unmatched trader to find a dealer. Then, the equilibrium asset
allocation to unmatched traders is closer to the autarky allocation and is less affected by
dealers’ screening strategies, as is evident from the law of motion of traders, equation (13).
Therefore, an unmatched trader is more likely to have large gain from trade in this case.
This gives dealers more incentive to screen those traders by delaying trade with other traders
with smaller gain from trade. And the competition between dealers is less intense. In terms
of efficiency, Corollary 2 implies that the matching friction can be amplified by strategic
delay of dealers. This echoes the findings in the numerical example, where when matching
friction increases, dealers do not significantly reduce strategic delay, leading to a big decrease

in turnover rate and allocation efficiency.

31



The following Corollary shows that findings in the numerical example about the stability

of trading relationship holds only when the matching friction is small.

Corollary 3. Under the conditions in FExample 2, the effect of relationship breakup on equi-
librium strategic delay is ambiguous. If the matching friction is negligible (o > max(d,7)),
increasing the breakup rate decreases delay. If the matching friction is large (o < §), in-

creasing the breakup rate increases delay.

The proof for the corollary is in Section A.10 of the Appendix. When the matching
friction is small, relationship breakup induces more dynamic competition among dealers.
But when the matching friction is large, the strategic interaction is muted. Meanwhile, a
higher breakup rate means that the profit of a dealer depends more on the inflow of traders
from the unmatched population, whose gain from trade is large because of the large matching
friction. This induces dealers to delay trade with traders with intermediate gain from trade
so as to screen traders with large gain from trade. Corollary 3 implies that the stability
of the long-term relationship with dealers is more valuable for traders in an economy with
fewer financial intermediaries, not only because of the exogenous frictions but also because
it reduces strategic delay by dealers. One could imagine that during financial crises, fewer

1

dealers participate in the market. Then, the matching friction increases.?! Corollary 3

implies that the stability of relationship is particularly valuable during those periods.

4.3.2 The Frequency of Preference Shocks

The effect of preference shocks on liquidity distortion is summarized in Corollary 4.

Corollary 4. When the trader-dealer relationship is permanent, under the conditions of
Example 1, equilibrium delay increases for all traders as the preference shock becomes more
frequent. In particular, the measure of traders for whom trade breaks down increases (T°
decreases and x® increases). Equilibrium delay in trade strictly increases for those traders
facing delay in trade (buyers with preference type x € [z% %] and sellers with preference type

T € [1,7%).

21See Lagos and Zhang (2015)[26] for a formal model about the effect of dealer entry on market liquidity.
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The proof is in Section A.11 of the Appendix. According to the law of motion of traders
matched with dealers, equation (13), the asset allocation is closer to autarky allocation when
the preference shock is more frequent. So, there are more traders with large gain from trade,
this induces dealers to delay trade with traders with intermediate gain so as to screen traders
with large gain from trade. Corollary 4 shows that in turbulent times, liquidity distortion

could be higher because of strategic delay of the dealer.

Corollary 5. Under the conditions in Fxample 2, increasing the frequency of preference

shocks also induces more delay.

Corollary 5 shows that findings in Corollary 4 is robust to the general equilibrium effects
induced by the matching friction and relationship breakups. The proof in Section A.12 of
the Appendix.

4.3.3 The Dispersion of Private Valuation

The dispersion of the preference shock affects the size of bid/ask spreads and information
rent enjoyed by traders. This dispersion varies across assets, depending on such features as
the opacity of the market and the sophistication of the asset under study.

[ use Example 1 to study the effect of valuation dispersion, assuming that the distribution

function satisfies the following functional form: g(z) = & |z —x w|S with ¢ > —1 and C =

(a:Hf:CL)CJFI
26(¢+1)

case (( = 0). And a distribution function with a higher ¢ has a thicker tail and higher

. This class of distribution functions includes the uniform distribution as a special

dispersion. Corollary 6 shows that dispersed private valuation induces more delay.

Corollary 6. Under the conditions in Example 2 and the conditions in Example 1 with
g(x) = (—1j |z — 93M|C (C > —1), increasing the dispersion of preference shocks increases trading

delay for traders of all preference types.

According to Corollary 6, then the dispersion increases, both the spread and delay in
trade increase for traders of all preference types. But because there are more traders with

large gain from trade in this case, the aggregate trading flow may not decrease.
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Duffie, Malamud and Manso (2014)[10] shows that the opacity about heterogeneity in the
asset quality also has important implications on trading activities in the market, and that
the effect of opacity on price dispersion is not just driven by heterogeneity in asset quality
but also by the dispersion in private valuation. Edwards, Harris and Piwowar (2007)[11]
studies empirically how the opacity of the OTC markets of corporate bonds affects the
transaction cost. They find that the transaction cost is linked to the opacity of the OTC
market. This implies that the private information about heterogeneous preferences could

also be an important source of distortion when the market structure is opaque.

5 Implementation by Random Bid-Ask Quotes

In this section, I show that in an environment where dealers are restricted to trading without
delay, the optimal contract menus can still be implemented. Imagine that a dealer hires a
continuum of employees, each holding a telephone line. Each trader is assigned an employee
to handle his trade. Employees are busy most of the time doing other things such as handling
trade for other customers. So, the trader needs to wait for her turn, which arrives with
Poisson rate ¢. When her turn comes, she gets a random draw from some distribution of
bid/ask quotes decided by the dealer. And the trade will be carried out without delay if the
trader accepts the quote. Otherwise, the trader waits for her next turn to draw a quote from
the distribution of bid/ask quotes specified by the dealer at that moment.

So far, it is sufficient to look at ex ante IR constraint for a contract menu to be fea-
sible, because the quoted price is deterministic. In this section, the trading mechanism is
implemented through price lotteries. So, it must also satisfy ex post IR constraints. That
is, for contract menus M, = {(Giz, Piz) bvzex, Vi € {a,b} to be feasible, not only should the

expected price Ep;, satisfy traders’ ex ante IR constraint,
Epor < dy < Epyg,
but the realization of the price p;, should also satisfy traders’ ex post IR constraint,
Paz < dz < Dpa- (35)
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When dealers quote randomly, the strategy of traders can be characterized by their reserva-
tion value, like in a random search model with price dispersion. Buyers will buy if and only
if the ask price is below their reservation value. Sellers will sell if and only if the bid price is
above their reservation value. The reservation value is a function of traders’ preference type.
For example, buyers with a high preference type have a high reservation value. Therefore,
they are more likely to accept an ask quote. Trade for those with large gain from trade is
less likely to be delayed but the transaction cost is higher for them. This intuition is in line
with the optimal contract menus designed by the dealer.

I show that if the dealer chooses optimally the distributions of bid and ask quotes, the
profit maximizing contract menus can be implemented. Denote the reservation value of
traders with asset holding a and preference type x to be R,,. Denote the distribution of ask

quotes to be F,(-) and the distribution of bid quotes to be Fy(+).

Lemma 4. The equilibrium contract menus My, = {(Giz, Diz) }veex, Vi € {a, b}, the price dis-

tributions F,(-) and Fy(-) implementing the equilibrium contract menus satisfy the following

equations,
o2 — F,(Ryy), &2 =1~ Fy(Ry.), (36)
q q
q ROz Qb Rln
Gz s — / RAF,(R), 2 B, — / RAF,(R). (37)
q RON q Rlz
~ . Fa(ﬁaw) } ~ { Fb(ﬁax) - Fb(le) }
ax ~ Min g 1, ——= 5, Pp ~ max < 0, 38
b { Fo(Rop) J 1" 1= Fy(Riy) (38)

Lemma 4 gives a necessary condition for the optimal contract menu to be feasible and
implementable by “random search”. But it is not sufficient because the reservation value
solved this way must satisfy the indifference condition: Ry, = d, for buyers of type x and

Ry, = d, for sellers of type x. The following lemma confirms these conditions.

Lemma 5. Given the quote distributions implied by the optimal contract menus, R,. s

indeed the reservation price for traders with asset holding a and preference type x. Ry, = d.

Lemma 4 and Lemma 5 together prove the following proposition.
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Proposition 2. The optimal mechanism can be implemented by dealers quoting randomly

from price distributions F,(-) and Fy(-) following equations (36) and (37).

The price dispersion predicted by this implementation is greater than the price dispersion
predicted by the contract menus. This is because all traders whose trade does not break
down enjoy some information rent, p,, < d, for all > z°, and py, > d, for all z < z°.
We also know that the support of the distribution of ask(bid) prices is [dza, dze]| ([dye, dzs]).
But the difference in the price implication between the direct trading mechanism and this
implementation is not quantitatively large.

The random pricing strategy of the dealer may also arise from competition among dealers.
This mechanism is proposed by Burdett and Judd (1983)[4] and applied to study price
dispersion in opaque financial markets by Green (2007)[15]. This implementation shows that
even if the dealer has monopsony power, the price dispersion may still emerge in equilibrium
as a result of dealers dynamically screening investors with heterogeneous valuations over

the asset. Therefore, the paper offers an alternative mechanism linking the opacity of the

secondary market to price dispersion.

6 Conclusion

I study in an OTC market the effect of unobservable private valuation on market liquidity
and asset allocation when dealers and traders are in long-term relationships. I solve the
optimal trading mechanism contingent on the aggregate history of the traders matched with
a dealer, summarized by the asset allocation. The dynamic screening behavior of the dealer
provides an additional mechanism to account for the liquidity distortion and price dispersion

in the market.
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A Appendix

A.1 Proof of Lemma 1.

Proof. T will present only the proof for ask contracts. The argument for bid contracts is symmetric.

By IC constraints,

Gaxt (dmt - pazt) > qut(dxt - payt) (39)

Qamt(dyt - pazt) < qayt(dyt - payt)- (40)

Subtracting (40) from (39), together with the condition that dy; > dy¢ implies that goer > Gaye-
(40) implies that guatPazt > (Qawt — Gayt)dyt + GaytPayt- Because qagt > Gaye, this means that

QaztPazt = GaytPayt- Using (39> and dy¢ > dyta we can derive gzt (dzrt - pazt) > szyt(dyt - payt)~

Property 4 follows from property 1 and the no-round trip trading condition, quz+qps: = 0 for all

A.2 Proof of Lemma 2

Lemma 6. Given feasible contract menus, any solutions to (8) and (11) that satisfy conditions

(12) are strictly increasing and Liptschitz continuous.

Proof. Using the property of the stopping time, the solution to (8) that satisfies the transversality

condition is a fixed point of the operator

Tyi(d) = / e~ M0+ (7=t)= [ (dazs+qves)ds [z + (6 + (qazr + Qoar) +7) dor + Agr(d)] dr.  (41)
t

where

AIET(d) = 5/ (dffT - dﬂUT) dG(i‘) + QazrPazxr + QoorPoor — (anr + Qba:T) d:m' + 7(wxr - dx‘r)

Assume that dy; = I';(d) is a fixed point that satisfies (8) and (11). Since the right hand side
of (41) is absolutely continuous in time, d,; inherits this property, and it follows from Lebesgue’s
differentiation theorem that

dxt = —r — Axt(d) + T‘dxt
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Using this equation together with the equation, ftT e "m0, dr = % (dm — dee_T(T_t))%—% fT e_T(T_t)dde,

t

we get

T
dwt - / eir("'*t) (JZ + Ax‘r (d))dT + eir(Tit)d:cT- (42)
t

_ / T =0 (g 1 Ay (d))dr (43)

t
Since the right hand side of equation (42) is absolutely continuous in ¢, the fixed point d,; inherits
the property. Assume by contradiction that there exists x > y such that d,; < d; , for all ¢ from
to to T, where T = inf{7 : dyr > dyr, T > to}, then
T
Aot — dye = /t e Loy (war — wyr — (dr — dyr)) + 6 (dyr — dar)
+ [(dazrPazr + GoarPoor — (dazr + Goor) dar)

- (Qay‘rpayﬂ' + QvyrPoyr — (qayT + qbyT) dyf)]} dr + e_T(T_t) (dIT - dyT) :

Next, we will show that dy; < dy; for all ¢ from ¢y to 1" implies

T
/t e (war — wyr — (dur — dyr))dr > 0,V € [to, T),
(qaxtpaa:t + QbatDost — (Qa:tt + bet) dzt)

- (Qaytpayt + QvytPoyt — (Qayt + Qbyt) dyt) >0,Vt € [th T]'

Because of the transversality condition, this equation holds regardless of whether T is finite or

infinite. Using the property of the stopping time, we can rewrite (11) as

H T
Wet = / e~ (et (r—t) [(Oz + 5)1:/ e s 4 () (Ozdw + 5/wdeG(5f>>] dr
t

t

H
4 o (at8)(H—1) [x/ er(st)ds+er(Ht)wa:|
t

for any H > t. By transversality conditions, if T' < oo,

WyT — Wy = / e~ (lato)(r=1) [(a +0)(z — y)/ e Dds + e Vo (dyy — dyT)] dr
T T

> 0.
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The inequality follows from the definition of T'. Then, for any ¢ € [tg, T,
T s
Wer — Wyr = / e~ (atd)(s=7) [(a +9)(z — y)/ e dy 4+ e (dyy — dys)] ds
T - T
+ e~ (@FO)(T=7) [(az —y) / e ds 4+ e T (wyp — wyT)]
- T
> / 6_(T+a+6)(S_T)(X (dms _ dys) ds.
Therefore,
T
/t e T(T=1) (Wer — Wyr — (dgr — dyr))dT

T T
> / e—r(T—t) </ 6_(r+a+6)(s_7)a (da:s - dyS) ds — (dﬂ?T - dyT)> dr
¢ T

T T
= / e (=0 <—1+ / e<’”+a+5>(m>adv) (dur — dyr )dr
t t

T
_ —rr=t) (14 Y a0 ) (d g Vd
t ‘ ( +7‘+a+6( € ) ) (dar yr)dT
>0
From Lemma 1,
Gyt (Dot — dat) — Qoyt (Poye — dyt) > 0, (44)
Qaxt (pa;tt - dzt) - Qayt (payt - dyt) Z 0. (45)

Adding up (44) and (45) implies that

GaztPaxt + GbxtPoxt — (QQ;L’t + bet) dact Z qaytpayt + qbytpbyt - (quyt + Qbyt) dyt~

If T' is finite, by continuity of dy¢ in ¢, dyr —dyr = 0. If T'is infinite, by the transversality condition,
limyp_y oo e (7= (dgr — dyr) = 0. Together, these imply that dyy — dyr > 0 for t € [tg,T), which
delivers the contradiction.

Following similar arguments, we can show that
Wt :/ o~ (rtdta)(T—t) [w—&—é/w;de(:i)—l—adm dr (46)
t

is strictly increasing in x.
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Proof of Lemma 2 follows:

Proof. Denote the space of uniformly bounded, measurable functions from [z, z ] X [0,00) to R4

equipped with supnorm to be D. Clearly, I' maps D into itself. Given d,, we can rewrite equation

(11) as

wat = My (d) = / e (rHote)(T=0) [a: +6 / wirdG(E) + adyy | dr. (47)
t

IL.(f) — I,.(g) = /t ~r 0+ )Ty (frr — gur) dT
If =gl <|f—al,

r+5+a

where |-| denotes the supnorm. So, IT is a contraction mapping of uniformly bounded measurable
functions from [0, oo] to Ry equipped with supnorm. From the contraction mapping theorem, there
is a unique solution of w,; corresponding to d;.

Rewrite equation (8) as

00
Lyi(d) = / e~ (r+d+y+q)(T—t) [x + 5/ddeG(:E)
t
"”YH:ET(d) + (q — Qaxr — be’r)dzf + QazrPazxr + bepr:m’] dr.

To show that I is a contraction mapping given the sequence of contract menus, denote the contract

type x trader chooses from the menu, given his reservation value f(x), to be ( Dam(a). ,pim(x) , qlfm(x) ,pbfm(x) )

LoD =Tl = [ e85 [ (g a6ia)
+ 7(Har (f) — 1ar(9))
- (q(im(m)mimmf + Gy Pom(ayr T (q - (qumT . qim(zw)) 9557)
(@ Phonere * By Phmers + (4= (@i + Honiare)) For )

Denote

Agr = — (qgm(x)q—pam(m) + qu(m)szm(x)T + <q n (qim(w)T t qgm($)7)> gm)

+ (q({m(x)”rpgm(a:)T + ql{m(x)rpl{m(x)r + (q - (Q§m(x)7 + qgm(x)7)> fm> -

40



According to Lemma 1, qgm(x)Tpim(x)T + qgm(x)_rpgm(r)_r — (qgm(I)T + ql{m(I)T> fzr 18 decreasing in

fat- So, for for > gur, Aur < Q(fxT - gxr)- And

Apr > — <qgm(z)TpZm(m)T + Gy () Pom(a)r T (q - (qu(m)f + qgm(w)f)) ! ”)

+ (qlfm(m)Tp(]:m(x)T + qgm(z)Tpgm(z)T + (q - (qc{m(w)f + ql{m(w)f)) g“’”) '

Under the no-round-trip-trading constraint, that q,.-qper = 0 for all z, if a trader with reservation
value g, chooses a bid contract,

! f f f (4 f
qam(m)Tpam(x)T + qu(m)prm(m)T (qam(x)T + qu(x)7> Gar

g g g g g g
> qam(w)Tpam(x)T + qu(x)prm(x)T B (qam(x)T + qu(x)T) Gar-
Therefore, Ayr > —q(for — gur). If she chooses an ask contract, since fyr > g.r, a trader with

reservation value f,, also chooses an ask contract,

g g g g (g g
qam(m)Tpam(x)T + qu(z)prm(x)T + (q (qam(ac)T + qu(m)T)) far

f /

> Dym(@)rPam(a)r T ql{m(m)Tpl{m(x)T + (q - (qf:m(x)f + qgrn(ﬂfﬁ)) Jar:

Therefore, Ayr > —q(for — gur), and

| Asr| < qlfur — gurl. (48)

Together, these imply
T - Lol < | .
So, I' is a contraction mapping. The uniqueness of d then follows from the contraction mapping
theorem.

For any d, in D, there exists a unique function [ w,.dG(x) and therefore a unique reservation
value function w,, in D.

Given the monotonicity of dy;, for any  and y such that xy > x > y > x, any solution to the

mapping, I'(d), satisfies

ity = [Ty (e ) (49)
t

- (Qa$7paw7 + QbzTPoxr + (q - (%;BT + Qbmf)) da;T)

+ (QayTpaJ:T + QbyrPoyr + (q - (QayT + QbyT)) dyT)] dr

< / ef(r+'y+5+(I)T [a: —y+ ’y(wa — wyT) + Q(de - dyr)] dr.
t
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The inequality follows from Property 3 of Lemma 1, that quutPazt + GbatPbet — (Gaat + Qout) dut 1S

decreasing in d.
Wy — Wyt = / e~ HHIT) (1 4 o (dyr — dyy)] dr.
t
Let infyco,o0) dut — dyr = k(x — y). From (50),

1+ ak

Wyt — Wyt < m(ﬂf — y)
From (49),
1 +,y 1+Otk‘ + qk,
dzt - dyt < rtota (l’ - y)
r+v+0+¢q

By definition of k,

r+é+a
r+y+d+gq

1_|_ 1+Oék_|_ k:
< i q.

(50)

Therefore, k is a finite number and is independent of x and y and d,; is Lipschitz continuous in z.

Since dg; is also absolutely continuous in ¢, following Hugonnier, Lester and Weill (2014) [22]

and the reference therein, d,; is absolutely continuous.

Given d and feasible contract menus, (Mozt, M1z, Upet, Urzt)’ is a fixed point of the following

mapping,
_ My q B ftoo e—(r+6+’7)(T—t)—ftT Gazsds [;p + 6f ModeG(i“) + YUgzr + qam(dm — paxT)] dr
_ M, ftoo ef(r+6+7)(7'ft)fft7 Qpzsds [5 f MledG(.%) + YU1zr + quT(pbe — dx.r)] dr
St =
Us ftoo e~ (r+o+a)(T—t) [a: 46 f UpzrdG (%) + OéMom} dr
U1 | | [ e T [ [ UyrdG(E) + aMig,] dr

The solution to the set of equations is a fixed point of the following mapping

0+ a4+
r+d+y r+a+d

12zt (f) — Zat (9)| < min{ Hf =gl

Therefore, = is a contraction mapping, the solution to the problem is unique given any reservation

value functions d. My, — Mot corresponding to d as a fixed point of I" also satisfies the equation for

the reservation value function, d,;. Therefore the solution of My, and Mi,; given the fixed point

of d is consistent with the reservation value function, d,; = M1, — Mose. It is then straightforward

to show that the solution of Uy, Uy satisfies Uryr — Upgr = war = g (d).
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A.3 Proof for Lemma 3

I only present the proof for the conditions for ask contracts here. The proof for the conditions for
bid contracts is symmetric and is thus omitted.

First, from Lemma 2, d,; is strictly increasing in x and is differentiable almost everywhere.

Necessity. The monotonicity of g+ and ¢pe; follows from Lemma 1.

Since x € arg max, Gamt(dzt — Pamt) and from Lemma 2, d, is differentiable almost everywhere,
applying the Envelope Theorem where d; is differentiable, we have qgut(dyt — Pazt) = f:t Gastdyds,
which means that quziPact = Gaztdet — f:t Qastdyds.

Sufficiency. It is optimal for a trader of type x to choose the contract with index x. Comparing

her payoff from choosing contract  and contract m, we have,

Qaaxt (dxt - pamt) - qgmt(dxt - pamt)

= / Qastdlstds - / szstd/stds - Qamt(dzt - dmt)

t t

= / (Qast - szmt)d;tds Z O,Vm S [wa%'H]-

m

The first equality uses the condition that qutpart = Gaztdat — f/«i Gastdids. The inequality uses the

condition that gum: is weakly increasing in m. Q.E.D.

A.4 Dynamic Optimization of Dealers

Solutions satisfying the Maximum Principle. To solve for the dealer’s screening problem,
(23), we first write down the corresponding date-s present value Hamiltonian without the following
constraints: gizs > 0, gizs < ¢, for all z € [0,¢|, i = a,b, and the monotonicity constraints for ¢;s.

The present value Hamiltonian is

Hs,t - Ds,t + /Az&tf(x, da-sy qb-s» nTsv S)dﬂ?,VS Z t7

where D; follows (24), and

o
o+

F (@, a5 @, s, 8) = aniys — oy + 0g(x) / n1sd2 — Yps = QbaNiys + Gax( 9(x) = nigs)-
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Define the derivative of H, with respect to the value of function u.s : [zr,zx] — Ry at y to be

OH, 0
st — /(5(y—x)au
ys

T
e~ T(s=t) (Gazsdes — / Gausdysdu — GazsPs)niy
Oy e

Rs
+ e—r(s—t) <Qbmsps — Qorses — / qbusd;sdu>nﬁs
x
+)‘$S,tf(x7 Ga-s5Gb-s» HTS, 3)] dl‘,

where 6(y — z) is a Dirac delta function, A;s is the co-state variable for nf’..

(51)

Because any convex combination of two sequences of {qazs,qbus s>t , that satisfy feasibility

constraints is also feasible, the choice set for the control variables, trading frequencies, is convex.

So, the optimization problem solving for qu.s and gp.s is well-defined on the infinite-dimensional

vector space. Then, using perturbation to guus and gp.s, we can show that equations (52) and (53)

hold. (54) follows from the maximum principle.

OH, "

8,;-[ L = €_T(8_t) |:(da:s - PS) ng;:s - d;s/ ngllwdu] + )\a:s,tngzcs = 07

OH, '

L = e_'r(S—t) |:(PS - dms) nﬁs - d;S/ nﬂsdu] B )\ws,tnﬂs = 07

Obes L

0 ’ .

% — o (s=1) <quS(PS — dzs) = Qazs(des — Ps) + / Qausd;‘sdu - / qbusd;‘sdu)
anlxs o !

- )\xs,t((s + i + Gbzs + ans) + 5 / )\ng(z)dz - _>\azs,t-
)\ms,t refers to the derivative of A\;s; with respect to s. In the steady state,

>\zs,t = _T>\zs,t .

So, using Conjecture 1, for x > &,

x /

r+90+vy+ oz r+90+v5+ qax

Similarly, for x < k,

f; <Qbm - Qbu) d;du S f)\zsdG(Z) :| )

)\xst :e—’r(s—t) |:
, T+(5+’7+qu 7’—|—5+’Y+qu

Combining (55) and (56),

K r+0+7+qax r+0+7+Gpa

/Axs,th(l‘) =e " =
1 - f r+6+7+ bz +qax dG(x)
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In the symmetric equilibrium,
/ Mo dG(z) = 0.

Substitute (55) into (52), we have

0y = 0, where

o 4o+t ge)didu [ g du
: PO+ da nr

We now show that C, is continuously differentiable if g(x) is continuous and therefore v, is a
continuous and increasing function in z. This is because 7, is continuous except at countable points

of x where g, increases discontinuously. But 0, strictly decreases at those points because

Oy [ (r+ 047+ qas) dids

_ YR
Max r+04+ 7+ qax
R rratddy SR+ (@t ) 5

g(x)a@%iﬂ)(l_fl) r+0

2
(7‘ +o+a+y+ T—::i—ga(Jax)

Therefore, v, is not convex at the neighborhood of those points. Specifically, denote any of those
points as z. There exists an open neighborhood around z, denoted, N (z), such that for any w € (0, 1)
21,20 € N(2), 21, < zg, such that wzy + (1 — w)zy = 2, wC'ZL +(1- w)C'ZH < (., which implies
that C, < C,. Then, there exists a continuously differentiable function C such that C, < C, < C,,
for any z. Following Kirchheim and Kristensen (2001)[24], the convex envelope of a continuously
differential function is continuously differentiable. Therefore, v, = C’, is a continuously increasing

function.

Sufficiency for optimality. The maximum principle only provides the necessary condition for
optimality. To verify that the conditions are sufficient, I adapt a method from Chapter 5.1.4
of Liberzon (2012)[30], which is about the sufficient condition for optimality of solutions to HJB
equations. The key is that the optimality condition for trading frequencies is sufficient for dealers’
subproblem, given any values of state and costate variables. Then, we can show that following
the path of distributions corresponding to an alternative path of trading frequencies would lower
dealer’s expected profit.

Denote the date-t present value of a dealer’s date-s flow profit to Ds ¢(qq-s, gb-s, 2]’ ), emphasizing

that the value is a function of control and state variables. Notice that for all distributions, ny’,
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and the corresponding co-state variable Ay, ¢(n7’, s), satisfying the maximum principle, the optimal

trading frequencies, qq.s, gp.s, dominate any other feasible trading frequencies, .5, Gp.s- That is,

DSJZ(qa'S; Qb-37 nTs) + / )\CBS,t(nTs)f(xa qa'87 Qb-87 nTs? S>dx (57)
ZDs,t(qNa-Sa (jb-sa RTS) + / >\zs,t (nylns)f(l'a (ja-sa qvb~57 nTS’ S)dl‘

Denote dealer’s date-t expected payoff from date s on following the solution satisfying the maximum
principle to be D ¢(nf), all s > t. Denote dealer’s date-t expected payoff from date s on following
an alternative path of trading frequencies and the corresponding distributions, {{a.s, Gb.s }s>¢ and
{n7% }s>t, given Y, = nf’, to be D&t(n’f?s).

Dealer’s expected payoff is solved by the following Lagrangian

o0
Ds,t(n?.bs) - / {DT,t(qa-‘H dv-r, n71n7_) + / )\xT,t(nT’r) [f(:E? da-m5 4b-7 nT7—7 T) - nﬁT} dZE} dT
S

00
= / {Dr,t(QwT’ qb-7 ngnr) + / [)\:c'r,t (nTT)f(x7 da-5 qdb-5 an—a T) + nﬁq—)\xﬂt} dl‘} dr
s

—i—/)\m’tnﬁsd:{;— lim [ Agr4nf, do.

T—00

The second equality is derived using integration by parts. Since lim; oo Azts = 0 and nf}, is

bounded, limy_o0 [ Azt snih,da = 0.

aDS t(”TS)

LA S 5 LA | -
8717{;8 xs,ty ( )

0D, +(nT"

8’5215) = —Ds,t(Qwsa ab-s, n71n8) - /)\a:s,tf(xa Ga-s5 Qb-ss n’fls’ s)dx (59)

From (54), the value function has the following property

DT,t(qa~T7 ql)-7'7 n?’lT) + / |:)\$’T,t<n§_r~z7')f(x7 qu, qb-T7 nT‘r; T) + nﬁﬂ'}\l"r,t dﬂ:’ - 0

So,
Dys(nT) = / Moo dz, (60)

Using transversality conditions, lim; oo D¢(n)?) = limy_yo0 Dt(nﬁ) =0.

 dDg 4 (nf’,

Dty = — [ P g (61)
t S

- % dD, (A},

Dy(nty) = _/ ;( ! )d (62)
t S



dx

dDSyt(ﬁTs) _ 8D5,t(ﬁTs) _’_/8[)5775(771??3)47)1

s nll‘S

D (s G ) — / Nast () £ (2, Garss G 7Y, 8)dl + / Mot (AT
= _DS,t(‘ja-saCIhs»ﬁTs) - /AwS,t(ﬁTs)f(xaQa-Sa qb'87ﬁTS’ S)d:L‘ - /AIS,t(ﬁ?s)ﬁﬁsdﬂr

d ~m \~m
b [ 5 Pl d

T _ T OHst .
- _Ds,t(qwsa Adb-s, anLns) - /)\ms,t<nTs)f(xa Ga-s5 4b-s5 n’ir.st S)d$ + / Tyinﬁsd‘m
lzs

d N~
+ [ 4 PanelG )] do
= _Ds,t((ja-sa (jb~57 ﬁylns) - /)\xs,t(ﬁ?ls)f(xy Cja-sa (jb-sa ﬁ?s? S)dl'
+ Ds,t(Qws; adb-s, HTS) + / )‘$S,t (nqns)f(xa da-s, qb-s; n??y S)dl‘
d ~m \=m
+ % [)‘l‘sﬂf(nl-s)nlzs] dr.

The second equality follows from (58) and (58). The fourth equality uses the necessary condition

(54). Because of (57), from the last equality,
)

dDg (A7) d s <
) S > m m — .
dS = / dS [)\zs7t (n1~8)n1x8] d.’IJ dS (63>

The equality follows from (60). Together with (61) and (62), (63) implies Dy ¢(n7%) < Dyi(nfY).

Hence the sufficiency.

A.5 Proof of the Existence Theorem, Theorem 1

The proof consists of two parts. First, we will show that there exists an optimal stationary contract
menu taking the market price as given. Second, we will show there exists a price for the competitive
interdealer market that clears the market.

Denote the market price to be P. For any price P such that P = d,; for k € (xp,x ), we will give
the proof for the existence of a stationary ask contract menu. The proof for the bid contract menu
follows symmetrically. Specifically, we will show that there exists a (qq4., pa.) such that qu. € p2(ga.)
for all x € [k, zg], and p,; follows equation (22) without the time subscript.

I use Kakutani-Fan-Glicksberg Corollary (P583, Section 17.55 of Aliprantis and Border (2006)2])

to prove this claim. The corollary states that for a nonempty compact convex subset of a locally
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convex Hausdorff space, X, and a correspondence, ¢ : X = X, that has closed graph and nonempty
convex values, there exists a nonempty and compact set of fixed points of .

The set of functions, K, in this context is the set of increasing functions in the space [k, x H][O’q},
K ={qa : [k, 2H] = [0, q], ¢us is increasing in x}. First, by Tychonoff Product Theorem (P52, 2.61
of Aliprantis and Border (2006)[2]), [x,2x]®% is a compact set in the product topology. Since K
is a closed and convex subset of the set, K is compact and convex in the product topology .

Clearly, the correspondence has nonempty convex values. What remains to show is that ¢ has
closed graph. In other words, for a sequence of {g/.}>°; such that ¢ € K and lim, ,q. € K
in the product topology, we need to show that for any sequence {y"}°° ;such that y" € ¢(q.), the
limit exists in product topology and y. = lim, . y"* € K.

To show this, first notice that virtual value 9" that corresponds to ¢ converges to the virtual
value 0. that corresponds to q,.. From (29), 07 is a function of ¢, and integrals of ¢7’; on [k, z| and
[z, zp]. Since ¢! converges pointwise to q,. and ¢, is uniformly bounded, ¢7 also weakly converges
to ¢q., which implies that the integrals of ¢; on [k, z] and [z, zy] also converge to the integrals of
Jaz ON [k, z] and [z, zg]. Therefore, 0" converges pointwise to o.. Using similar arguments, we can
show G converges pointwise to G. Therefore, G™ converges pointwise to G..

Because v is continuous and weakly increasing in x, there exist closed intervals [a", b"], [a, b] C
[k, ], such that v} = 0 if and only if z € [a",b"] and v, = 0 if and only if z € [a,b] C

[k, z]. Because v!' converges pointwise to vy, a < lim, o a™ and lim, , " < b. Therefore,
P(limp o0 qg.) € ¢(ga.). Because yI* € ¢(qg.) and y. € p(limp—o0 qz.), . € ¥(4a-)-

So far we showed that taking x as given there exists a fixed point. Because we assume that
A= % and the distribution function g(z) is symmetric, there exists an equilibrium trading frequency
function gpy = .24, -, Which guarantees that the market clears at K = x ;.

From (29), 6, < 0 and 9, > 0. Because [*(r+ 8+~ + qou)djdu and [7 nfdu are continuous
in x, v, < 0 for x close to k and v, > 0 for x close to xp. v, inherits the property. So, the fixed
point must satisfy the property that g, = 0 for x close to x and g4, = ¢ for x close to zpy. Likewise,
qpe = 0 for x close to k and gy, = ¢ for x close to xj,.

Using property 1 of Lemma 1, ¢, = 0 for all x < k. Likewise, ¢q5, = 0 for all x > . This

confirms Conjecture 1 and completes the proof. Q.E.D.
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A.6 Proof of Corollary 1

From Theorem 1, we can show that z° < k < 2% This means that dealers must earn positive profits.
As long as dealers earn positive profits, there must exists non-trivial bid-ask spread. No trade takes
place for traders with preference type x € [ib, ga]. So, there are delays due to endogenous trading
frictions and trading volume must decrease.

Under efficient allocation, there is no delay in trade for any trader. Denote k* to be the threshold
type for the efficient allocation. If k* > k, the flow of asset supply from sellers is smaller than the
trading flow under complete information, because there exists trading delay for some seller types.
Likewise, if k* < k, the flow of asset demand from buyers is smaller than the trading flow under
complete information. Therefore, the trading flow with asymmetric information must be lower than

that with efficient allocation. Q.E.D.

A.7  Analytical Example 1 (y = 0)

I present the solution for ask contracts here. The solution for bid contracts follows the same
procedure. For x € (2%, %), qaz € (0,q). So, 0, = 0, ¥, satisfying (29). Suppose the solution to gz
is strictly increasing in this region, a conjecture to be verified later, then, from (29), we have

L2 (r 40+ qas) diyds [ nglds

K — x v a =a 64
(r+0+ qaz) d, A z € (2", 7%, (64)
where
1
d, = —
’ 7+ 06+ Gaz
J
o, = 1—A).
W = gle) (- A)
Let F(z) = [ %ds. The ordinary differential equation (64) can be simplified to be
d 1
L mF@) = — a g
7y 0 (x) x_ﬂ,Vwe(g,x ),
_ 1-G(z%)
F(z%) =
(@) d+q

The boundary condition at x = z® uses the fact that q,, = ¢, for all x > z%. From the simplified
ODE, we can solve for qq,. Vx € (2%, 1%),

(x—kK)? 64¢
To—k 1—G(Z,)

Gax = g(w) — 0. (65)
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At Zg4, qaze = q. So, from equation (65), Z, satisfies the following equation: 1 = wm. At 2%,

1-G
a 2 a
Jaze = 0. From equation (65), z, satisfies the following equation: ﬁ = <§a:z> g %ﬂ% The spread

Paz — P satisfies the following equation,

Qaz(pam - P) = / (an - qgs)d;ds

:/“mmu—nf—m@@—@z 5+4q (29— )

—_ — 2 2 —_— ,
¢ %) (2% — K g(s) S—kK r+9
. 9(z) (3 — k) r+ 20 (35) (0+9)
which implies that
p—P:ﬂ‘“+1/%m“‘thmwwf 514 s
rto Qoz Jge g(fa) (ja - “)2 T+ gg(gfs“)) <jsa__ﬁn)2 (5 + ‘I)

Ifr <1,

2=k 1 ["|g(@)(z- k)’
Doz — P = —i—/ =~ —1|ds.
o Gazx Jga [g(s)(s - ”)2
A.8 Bunching equilibrium in Example 1

Assume G € A0, 1] and G(z) = «.

Suppose there exits z, € (k,1) such that ¢, = 0 for = € [k, 2,) and g, = ¢ for x € (x4, 1].

Then, for x < x4, d, = ?15, ng. = 1—A. For x > x4, d, = H(I;Jrq, ngL = %Jrq(l—A). From
equation 29, for z < z,
. 1, 1 1
%‘<‘2%+y7+5@ax+“‘%% J
2 1 1 d+qz,
= x— —
r+0 2(r+0) r+d d+gq
1 d+qr, 1
= 2 — _Z
r+90 0+q 2
and for z > x,,
1
- -1 1
b = T — Xg i r+90 xq 2 (1—.1‘)

r+d+q r+d+qr+4 r+d+gq

1 3
r+5+q( 2)

~ . . . . . A €T ~ .
Because 9, is strictly increasing on intervals [k, x,) and (z4,zg], G(z) = f/@ Dydx is convex on

[k, 24) and (24, 2], but G(z) is not convex in the neighborhood of z,.
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Then, there must exist a, b, such that Kk < a <z, < b < xp, and
Uy = v, forx =a,b
b
/ Opdr = v(b— a)
a

Because ¢(x,) = [0,¢], it must be that v = 0. So, a,b,z, are solved jointly by the following

equations
vy =0, for x = a,b (66)

b
/ tpdd = 0. (67)

Dy = 0 iﬁ’a:i—l—%éj{iz“. We can check that a < z, if and only if% <zg. U, =0iff b= %.

And z, < 2 . We can check that 2?2551‘7(1) < 3. From equation (67)

1 1 186+ qza\]? 1 3 2
— |Ta— | -+ = =—|-—z4 | .
r+4 4 2 d+q¢q r+d+q \4

-1

r+é 20+q 3 r+s (1 1 4

1+ Syt
r+3d+q2(0+q) [4 r+5+q<4 2(5+q>

A.9 Analytical Example 2 (Discrete Distribution)

Tgq —

Assume that the preference type follows a discrete distribution on z; < y < zy < z < xp.
Pr(z = z) = Pr(z = zg) = m, Pr(z = y) = Pr(z = 2) = m. A =3 zy = 3(zL +2n),
xy —y = z — xpy. Because the distribution is symmetric, I will focus on solving the ask contracts.
Because of symmetry, K = xj; = P. Dealers earn no profit selling assets to traders of type xps. So,
darxt = 0. And there is no point to delay the trade with traders of type zg. S0, quz,t = ¢ Because
type z traders are the lowest type dealers are going to sell assets to, pa.: = d.¢:. And since it is optimal
for dealers to make the IC constraint of type zg traders bind, ¢(dymt — part) = Qazt(derre — dat).

The first order condition of the problem at the steady state is

r4+0+7
dy— P — 0Ty —d)nm, — -0
( z )nOzT + 5_{_,}/_}_ o ( xH z)nOmH Viaz + V0az )
where nllt = w0 — 27 (] _ A). Assume that r < 4.

aty CY+5+'7+QT+5QO,Z

z—xM@(a—i-(S)(l—i-%)%-’yi
Ty — 2 T a+d6+7

1| (64+7).

Qaz =

o1



A.10 Proof of Corollary 3

The proof is derived from equation (34). When o > 1, g, = (Z*xM T2 _ 1) (6 + 7). As in Example

TH—Z T

JP— - o
Them 1. Therefore, q,. is increasing in ~.

2, I assume that g, € (0,q), which implies that

When a < 6, ¢, = (%% - 1) (6 +7) + 222 72q. If g4z € (0,q), it must be that 172 < 1.

Therefore, g, is decreasing in v. Q.E.D.

A.11 Proof for Corollary 4

For 61, d2 such that d; > 61 > 0, denote the trading frequency and cutoffs of 6; by guzj, T and

x§. From equ;xtion (32) and (33), 2§ = 7§ , 2§ < z§. For all x € (2§,79), %(qam — Qaz1) =
gg(E;)) (;:a;]\fv[) (52 - 51) > 0. Since az2 — Gazl < 0 at &% and Gaz2 — Qaxl = Oat x = j;%7 Gaz2 < Gazl

for all x € (z%,7%). Q.E.D.

A.12 Proof for Corollary 5

From equation (34), o = (¢ — 1)(0 + ) + ¢gg——"ar—— For gu. to be between 0 and ¢, ¢ < 1.

(a+6)(v+9)

Therefore, g, is decreasing in §. Q.E.D.

A.13 Proof for Corollary 6

The Corollary holds for Example 2, according to equation (34). For Example 1, consider (; and (s

such that (3 > (1 > 1. Denote the trading frequency and cutoffs corresponding to (; by gazj, Z7

and g?

According to equation (32), z§ > z{. According to equation (33), z§ > z§ because

a 4 ﬁ —a 4 ﬁ —a a
Ty —TM = S+q (@3 —xn) > 5tq (@ —am) =27 — 2uM-

For any = € [2§, z}], according to equation (31),

2+(2 2+Q1
r— X r— X
Qaz2 = ( M> (5+Q)_6<( M> (5+Q)_5:%x1~

Q.ED.
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A.14 Proof of Lemma 5

We focus without loss of generality on the ask contracts. By Lemma 4

Fa(ROx) = Qa:r:/q’ fa(ROI)RéJx = qgm/%

and
ROac
RdFa(R) = paacQaa:/q,
ROH
/RodeF (R) = (r+ 6+ daz +7) P+/x L4 ] — (ot 6B+ ven)
=\r ——as| — (¥ ex),
q o a Gaxz T 7 . r+5+qa5+'y YEx
xT 1 +,y€/
o~ . [pe [ L]
q Oxfa(JU) 0x Qa:v|: . T+5+Qas+’7 S
Since R{, fo(Roz) = ¢lz/q, We have, Ry, = P+ [ e gs Since d. = Y a5
0zJOoO\U0z) = qur/ 94, y 10z = K r+0+qas+y z r+6+wa+qaz+’Y;-J:zi5
and P = dy, P+ [ 2% —ds = d,, + [* d\ds = d. Therefore, Roy = dg = Mz — Moy QE.D.
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