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1. Introduction

An oriented rational homology 3-sphere Y is called an L-space if the Heegaard Floer
homology HF (V) satisfies HF (Y,s) ~ Z for each Spin® structure s on Y. Recent interest
in the topological meaning of this condition has been stirred by a conjecture of Boyer,
Gordon, and Watson [7], which states that a prime oriented three-manifold Y is an
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L-space if and only if m1(Y") is non left-orderable. Subsequently, Boyer and Clay [6]
studied a relative version of this problem for manifolds with toroidal boundary.

In this paper, we study the set of L-space fillings of a connected manifold Y with a
single torus boundary component. If Y is such a manifold, we let

SI(Y) ={a € H(9Y) |« is primitive}/ + 1

be the set of slopes on Y. SI(Y) is a one-dimensional projective space defined over
the rational numbers. If we fix a basis (u, \) for H1(9Y), we can identify Si(Y) with
Q := QU {00} via the map au + b\ — a/b. We denote by Y (a) the closed manifold
obtained by Dehn filling Y with slope «, and let K, C Y («) be the core of the filling
solid torus.

Definition 1.1. If Y is a compact connected oriented three-manifold with torus boundary,
LY)={aeSI(Y)|Y(x)is an L-space}
is the set of L-space filling slopes of Y.

For the set £(Y') to be nonempty, we must have b1 (Y") = 1, which implies that Y is a
rational homology S! x D?. In this paper, we will restrict our attention to manifolds with
multiple L-space fillings: that is, for which |£(Y")| > 1. Such manifolds can be easily char-
acterized in terms of their Floer homology. Recall that a knot K in a rational homology
sphere Y is Floer simple [21] if the knot Floer homology W(K) ~ ZH )| Equiva-
lently, K is Floer simple if Y is an L-space and the spectral sequence from HFK (K) to
HF (Y) degenerates.

Definition 1.2. A compact oriented three-manifold Y with torus boundary is Floer simple
if it has some Dehn filling Y («) whose core K, is a Floer simple knot in Y («).

Then we have
Proposition 1.3. |£(Y)| > 1 if and only if Y is Floer simple.

If K, C Y(«) is Floer simple, then the Floer homology of any surgery on K, can
be determined from HF K (K,,) using the Ozsvath-Szab6 mapping cone. The knot Floer
homology, in turn, is determined by the Turaev torsion 7(Y") via the relation

X(HFE(K,)) ~ (1~ [a])7(Y)

established in Proposition 2.1. It follows that if Y is Floer simple, then the Floer homol-
ogy of any Dehn filling of Y can be determined from the Turaev torsion together with
a single o € L£(Y). In particular, we can determine £(Y") from this data, as described
below.
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Write H1(Y) = Z @ T, where T is a torsion group, and let ¢ : Hi(Y) — Z be the
projection. Properly normalized, 7(Y') can be written as a sum

heH(Y)
¢(h)>0

where ap = 1 for all but finitely many h € H;(Y) with ¢(h) > 0, and ay # 0. For
example, if H1(Y) = Z, then

7(Y) = € Z{[t]],

where the Alexander polynomial A(Y") is normalized to be an element of Z[t] and we
expand the denominator as a Laurent series in positive powers of t.

Proposition 1.4. When Y is Floer simple, every coefficient ap, of 7(Y') is either 0 or 1.

Let S[7(Y)] = {h € Hi(Y) | an, # 0} denote the support of 7(Y'), and let ¢ : H1(9Y) —
H,(Y) be the map induced by inclusion.

Definition 1.5. If Y is a Floer simple manifold, we define
DY) ={x—ylz ¢ S[r(Y)],y € S[r(Y)], 6(z) = ¢(y)} Nims C Hi(Y),
and write DI(Y) for the subset of D7(Y') consisting of those elements with ¢(h) > 0.

Let [I] € SI(Y) be the homological longitude (i.e. [ is a primitive element of H;(9Y')
such that ¢(1) is torsion.) The set :~1(D7,(Y)) is a discrete subset of SI(Y') whose only
limit point is [I]. We can now state our first main theorem:

Theorem 1.6. If Y is Floer simple, then either DI(Y) = 0 and L(Y) = SI(Y)\ [I], or
DI(Y) # 0 and L(Y) is a closed interval whose endpoints are elements of 1=1(DI(Y))
and which contains no element of 1=1(DI(Y)) in its interior.

Given 7(Y) and a Floer simple filling slope « for Y, it is thus straightforward to
determine £(Y'): the torsion determines the set D7(Y'), and L£(Y') is the smallest interval
with endpoints in :~(DI,(Y)) which contains « in its interior.

1.1. Splicing

Theorem 1.6 can be used to address a problem raised by Boyer and Clay in [6]. Suppose
that Y7 and Y3 are rational homology solid tori, and that ¢ : Y7 — 0Y53 is an orientation
reversing diffeomorphism. The manifold Y, = Y7 U, Y is said to obtained by splicing Y;
and Y5 together by ¢.
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In 6], Boyer and Clay studied how the presence of structure (*) on Dehn fillings of the
pieces Y7 and Y5 relates to the presence of structure (x) on the splice Y,,, where structure
() could be one of three things: 1) a coorientable taut foliation; 2) a left-ordering on
m1(Y,); or 3) a nontrivial class in HF"(Y,,) (as HF"*? vanishes on, and only on,
L-spaces). When Y] and Y, are graph manifolds, they obtained very strong results in
cases 1) and 2), in addition to less complete results in the third case. The analogy with
the first two cases suggests the following conjecture, which is implicit in the work of
Boyer and Clay and stated explicitly in certain cases by Hanselman [17].

Conjecture 1.7. Suppose that Y1 and Yo as above are boundary incompressible, and let
L be the interior of L(Y;) C SU(Y;). Then 'Y, is an L-space if and only if . (L) ULS =
Si(Y3).

In particular, the conjecture says that in order for Y, to be an L-space, both Y; and
Y5 must be Floer simple. Our second main result is

Theorem 1.8. Suppose that Y and Yy as above are Floer simple and have DT # (), and
that ©.(LS) N LS # 0. Then Y, is an L-space if and only if ¢, (L) U LS = SI(Y3).

Hanselman and Watson [20] have proved a similar theorem using bordered Floer
homology. (Since bordered Floer homology is only defined over Fy, their theorem is
about Fy L-spaces.) The restriction that ¢.(L£9) N LS # 0 represents a limitation of our
approach, rather than anything intrinsic to the problem. To be specific, Theorem 1.8
is proved by writing Y, as surgery on a connected sum of Floer simple knots. When
w«(L3) N LS = 0, we have no convenient way of representing the splice as surgery on a
knot in an L-space. In contrast, Hanselman and Watson’s approach does not require this
hypothesis, but does need a condition on the bordered Floer homology, which they call
stmple loop type. In a subsequent joint paper [18], it is shown Floer simple manifolds are
all of simple loop type, thus enabling us to remove the hypothesis that . (L) N LS # 0
at the cost of working over Fy rather than Z. (In fact, the properties of being Floer
simple over Fo and being simple loop type are equivalent.) The proof of this fact relies
on Proposition 3.10 of the current paper, where we explicitly compute the bordered
Floer homology 5F\D(Y, 1, A) of a Floer simple manifold Y for an appropriate choice of
w, A € Hy(9Y) parametrizing 0Y.

We briefly discuss those aspects of Conjecture 1.7 which are not covered by Theo-
rem 1.8 and its generalizations. As stated, the conjecture implies that a Floer simple
manifold ¥ with D(Y) = @ is boundary compressible. This is easily seen to be the
case when H;(Y) ~ Z, or more generally, when Y is semi-primitive (¢f. Proposition 1.9
below), but in general we have very little idea how to address this question. (Indeed,
this seems like the weakest point of the conjecture.) The other situation which is not
addressed by Theorem 1.8 is the case where one or both of Y7 and Y53 is not Floer simple.
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It seems plausible that bordered Floer homology could be used to prove the conjecture
when |£(Y1)| =1 and |£(Y2)| > 1, or when |£(Y1)| = |£(Y2)| = 1. In contrast, the case
where one or both of the Y; has no L-space fillings seems considerably more difficult to
address with current technology.

1.2. Floer homology solid tori

The class of Floer simple manifolds with D, = ) is of special interest. If Y is a
rational homology S' x D2, we say that Y is semi-primitive if the torsion subgroup of
Y is contained in the image of ¢, and that Y has genus 0 if Hy(Y,9Y") is generated by a
surface of genus 0.

Proposition 1.9. If Y is semi-primitive, the following conditions are equivalent:

(1) Y is Floer simple and DI(Y) = 0.
(2) Y is Floer simple and has genus 0.
(3) Y has genus 0 and has an L-space filling.

For example, if K C S' x S? has a lens space surgery, then the complement of K
satisfies the conditions of the proposition. Such knots have been studied by Berge [3],
Gabai [16], Cebanu [11], and Buck, Baker and Leucona [2|. Other examples of such
manifolds are discussed in section 7.3.

The conditions of Proposition 1.9 are closely related to Watson’s notion of a Floer
homology solid torus. Suppose that Y is a rational homology S' x D? with homological
longitude [, and that m € Hy(0Y) satisfies m - [ = 1.

Definition 1.10. [19] Y is a Floer homology solid torus if@(Y, m,l) ~ C’/F\D(Y7 m—+1,1).

Proposition 1.11. If Y satisfies the conditions of Proposition 1.9, then it is a Floer ho-
mology solid torus.

Manifolds with DZ(Y) = 0 play an important role in the notion of NLS detection
introduced by Boyer and Clay in [6]. If Y is a rational homology S* x D? and o € SI(Y),
a is said to be strongly NLS detected if Y («) is not an L-space; o is NLS detected if
certain splicings of Y with a family of Floer homology solid tori are not L-spaces. (For
the precise definition, see section 7.2.) By Theorem 1.6, the set of strongly NLS detected
slopes is either a single point, an open interval in SI(Y’), or all of SI(Y). By combining
Theorem 1.8 with some direct geometric computation, we can show

Corollary 1.12. If Y is a rational homology S* x D?, the set of NLS detected slopes in
SU(Y) is the closure of the set of strongly NLS detected slopes.
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1.8. Seifert fibered spaces

One of the key motivating examples for the conjecture of [7] is the class of Seifert-
fibered spaces. Indeed, building on work of Ozsvath, Szabd, Mati¢, Naimi, Jankins,
Neumann, Eisenbud, and Hirsch [39,32,34,25,12], Lisca and Stipsicz proved

Theorem 1.13. /35] A Seifert fibered space over S? is an L-space if and only it does not
admit a coorientable taut foliation.

In combination with a result of Boyer, Rolfsen, and Wiest [8], this also implies that
a Seifert-fibered space over S? has non left-orderable 7y if and only if it is an L-space.
The set of Seifert fibered spaces over S? which admit a coorientable taut foliation was
explicitly described by Jankins and Neumann [25] and Naimi [34], building on a result
of Eisenbud, Hirsch, and Neumann [12].

Any Seifert-fibered space over S? can be obtained by Dehn filling a Seifert fibered
space over D?. Tt follows easily from work of Ozsvath and Szabé [37] that any Seifert
fibered space over D? is Floer simple, so we can compute the set of L-space filling slopes
using Theorem 1.6. The resulting description of the set of Seifert fibered spaces which
are not L-spaces agrees with the Jankins-Neumann set, thus giving a new direct proof
of Theorem 1.13.

1.4. Discussion

We conclude with some questions about Floer simple manifolds and their relation
to the conjecture of Boyer, Gordon, and Watson. First, we recall the statement of the
conjecture.

Conjecture 1.14. [7] If Y is a oriented, closed, prime three-manifold, then'Y is an L-space
if and only if m1(Y') is non left-orderable.

A potentially more tractable subset of this problem, raised by Boyer and Clay [6] is:

Question 1. Suppose Y is a Floer simple rational homology solid torus. Is 71 (Y («)) non
left-orderable equivalent to « being an element of £(Y)?

The characterization of £L(Y) given in Theorem 1.6 should make it possible to conduct
more detailed tests of Conjecture 1.14. Since there is already considerable experimental
evidence in support of the conjecture, we should also consider what circumstances might
explain a positive answer to Question 1. One possible explanation is that the condition
of being Floer simple is correlated with some strong geometrical property, which in turn
can be related to orderings of .
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Question 2. Is there a geometric characterization of Floer simple manifolds which can be
stated without reference to Floer homology?

More generally, we think that Floer simple manifolds are a natural class of manifolds
whose geometrical properties should be investigated for their own sake. Some evidence
in support of this idea is provided by the frequency of Floer simple manifolds among
geometrically simple 3-manifolds (as measured by the SnapPea census). Proposition 1.3
may lead readers familiar with the example of L-space knots in S to suspect that the
class of Floer simple manifolds is relatively small, but this is not the case. Of the 59,068
rational homology S' x D?’s in the SnapPy census of manifolds triangulated by at most
9 ideal tetrahedra, nearly 20% have multiple finite fillings, and are thus certifiably Floer
simple. Moreover, more than two-thirds of the remaining manifolds have Turaev torsion
compatible with their being Floer simple. It seems likely that many of these manifolds
are Floer simple as well. (The authors thank Tom Brown for sharing these statistics with
them.) For those who like other geometries, we note that every Seifert fibered rational
homology S' x D? is Floer simple.

It would be interesting to know what happens to the density of Floer simple manifolds
as the complexity increases. Perhaps the most basic question we could ask along these
lines is

Question 3. Are there infinitely many irreducible Floer simple manifolds with the same
Turaev torsion?

1.5. Organization

The remainder of the paper is organized as follows. In section 2, we review some
facts about knot Floer homology and the Ozsvath—Szab6 mapping cone. These are used
in section 3 to prove Proposition 1.3 and to give a characterization of when a given
surgery on a Floer simple knot produces an L-space. In this section, we also explain how
to compute the bordered Floer homology of a Floer simple manifold. Theorem 1.6 is
proved in Section 4. In Section 5 we apply Theorem 1.6 to Seifert fibered spaces, thus
giving a new proof of Theorem 1.13. The proof of Theorem 1.8 is given in Section 6.
Finally, in Section 7, we discuss manifolds with DI, = 0.

2. Knot Floer homology and the Ozsvath—Szabé mapping cone

In this section, we briefly recall some facts about knot Floer homology [38,44,41]
which will be used in what follows. First, let us fix some notation. Throughout this
section, we assume that K C Y is an oriented knot in a rational homology sphere. We
let Y = Y \v(K) be its complement, and denote by u € Hy(dY) the class of its meridian.
Furthermore, we let T C H1(Y") be the torsion subgroup, and denote by ¢ : H1(Y) — Z
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the projection from Hy(Y) to Hy(Y)/T ~ Z, where the isomorphism is chosen so that
o(p) > 0.

2.1. Knot Floer homology

The knot Floer homology HOFK (K) is a finitely generated abelian group with an
absolute Z/2 grading. It decomposes as a direct sum @(K) =66 @(K,B), where
s runs over the set Spin°(Y, 9Y) of relative Spin® structures on (Y,9Y"). Spin®(Y,9Y) is
an affine copy of H1(Y) (aka H;(Y) torsor); it has a free transitive action of Hy(Y"). The
group ﬁﬁ((K,s) is trivial for all but finitely many s € Spin°(Y, 9Y).

Given s € Spin®(Y, 9Y), we consider the formal sum

GHFE(K) = Y X(HFEK(K,s+ h))[H],
heH(Y)

where x(ﬁ((K, s)) is defined using the absolute Z/2 grading. We view x4 (ITF?((K))
as an element of the group ring Z[H; (Y')]; it is known as the graded Euler characteristic
of HFK(K). Clearly

Xo (HFK(K)) = [s — §'|xs(HF K (K)).

From now on, we will drop s from the notation and view X(ITF?( (K)) as an element
of Z[H,(Y)], well defined up to global multiplication by elements of H(Y). We write
x~yifx,y € Z[H(Y)] satisty « = [h]y for some h € H;(Y).

For knots in S3, it is well-known that X(Iﬁ'?( (K)) is the Alexander polynomial of K.
More generally, we have

Proposition 2.1. X(fﬁ’?((K)) ~ (1= [u)7(Y), where 7(Y) is the Turaev torsion of Y.

Proof. fTF?((K) can be identified with the sutured Floer homology SFH(Y,~,) [26],
where the suture 7, consists of two parallel copies of u. The Euler characteristic of the
sutured Floer homology can be described as an appropriately formulated torsion [14].
When 9Y is toroidal, this torsion can be expressed in terms of the Turaev torsion, as in
Lemma 6.3 of [14]. (This lemma was stated for links in S3, but the proof carries through
unchanged.) O

A priori, 7(Y) is an element of the field Q(H1(Y")) obtained by inverting all elements
of Z[H1(Y')] which are not zero divisors. Note that if v € H;(Y") satisfies ¢(v) # 0, then
1 — [v] is not a zero divisor in Z[H1(Y')]. By hypothesis, ¢([:]) > 0, so it follows from
the proposition that 7(Y) € Z[H1(Y)][(1 — [u]) 7! € Q(H1(Y)).

Writing (1 — [p])™' = Y02, [u]* allows us to embed Z[H;(Y)][(1 — [1])~!] in the
Novikov ring
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A[Hi(Y)] = { S anlh] ‘ #{h|an # 0, 6(h) < k} < oo for all k}
heH,(Y)

We will view 7(Y") as an element of Ay[H7(Y)]. By choosing a splitting H1(Y) ~Z& T,
we can identify Ay[H;(Y)] with the Laurent series ring Z[t !, t]] @ Z[T), which we shall
later sometimes call the “Laurent series group ring.”

As an element of the Novikov ring, 7(Y") is well-defined up to multiplication by ele-
ments of Hy(Y). We shall always normalize so that 7(Y") has the form 7(Y) = )", ax[h/],
where aj, = 0 for all h with ¢(h) < 0, and ag # 0.

If H(Y) = Z, it is well-known that 7(Y) ~ A(Y")/(1—t), where A(Y) is the Alexander
polynomial of Y. More generally, if ® : Ay[H;(Y)] — Z[t~*,t]] is the map induced by
the projection ¢ : H1(Y) — Z, we define

then A(Y) ~ (1 —t)7(Y) [47, Section 5.2].
If K is a knot in S3, it is well known that deg A(t) < 2¢(K), and A(K)|;=1 = 1. The
following result is a simultaneous generalization of these two facts.

Proposition 2.2 (/7] Lemma I1.4.5.1 and Theorem II.4.2.1). If ||Y|| is the Thurston
norm of a generator of Hao(Y,0Y) and 7(Y) is normalized as above, then ap =1 for all
h e Hi(Y) with ¢(h) > ||Y].

More generally, it is known that HFEK (K) determines both the Thurston norm of YV
and whether it is fibered [36,35,27]. Since the knot Floer homology of a Floer simple
knot is determined by its Euler characteristic, we have

Corollary 2.3. If Y is boundary incompressible and Floer simple, ||Y]| = deg A(Y) — 1.
If Y is also irreducible, then Y fibers over S* if and only if A(Y) is monic.

2.2. Differentials

The knot Floer homology of K can be used to compute the Floer homology of surgeries
on K. Before we explain how to do this, we must understand the relation between
HFK(K) and HE(Y).

We begin by discussing Spin® structures. There are maps 4,,iy : Spin®(Y,9Y) —
Spin®(Y’) which respect the action of H;(Y), in the sense that i,(s + a) = i,(s) + i.(a)
and ip(s+a) = ip(s)+i.(a) where i, : Hi(Y) — H;(Y) is the map induced by inclusion.
Moreover, i,(s) — ip(s) = ix(\), where X is a longitude of K. We define an equivalence
relation on Spin®(Y, 9Y") by declaring s1 ~ 89 if i,,(s1) = i, (s2). It is easy to see that this
is the same as requiring that i5(s1) = i (s2), and that the equivalence classes are orbits
of Spin®(Y, dY") under the action of p.
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Let s be an equivalence class in Spin®(Y,9Y"). After we choose some auxiliary data
(a doubly pointed Heegaard diagram for K'), Heegaard Floer homology constructs for us
a graded group

CFK(K,3) @CFK K,s)

SES

together with maps do, dy,, dj, C’FK(K 5) — C’FK(K 5), which are filtered with with respect
to the Spin® grading in the following sense: if z € C’FK(Y s), then dox € CFK(Y 5),
dyx € EBk<oC/’}—7?((Y75 +ku) and dpx € EB;DOC/'I—??((Y,s + kp). These differentials satisfy
the relations d3 = (do + d,,)* = (do + dp)? = 0. Furthermore, we have

H(CFK(K,s),dy) = HFK (K, s),
H(CFK(K,3),do + dy) = HFK(Y,i(s)),
H(CFK(K,3),do + dy,) = HFE(Y ,in(s)).

The Spin® grading provides a natural filtration on the latter two complexes, in
the sense that @k<nﬁ7((K,5 + kp) is a subcomplex of (C{FT((K,B),dO + d,) and
@k>n6ﬁ7'7((K,s + ku) is a subcomplex of (C/'F7((K,E),do + dp,). These filtrations give
rise to spectral sequences whose E; term is HFEK (K,3). We denote by d,, dj, the induced
differentials on the E; term, so that e.g. CTTT((K, dy + d,) is homotopy equivalent to
OFK (K,d,). (Note that these are not the same as the d; differentials in the spectral
sequence.)

Definition 2.4. For each s € Spin®(Y’), the bent complex is Ak s = (@(K,E),ds),
where for v € CFK(K,s + ku),

do(x) + dy(2) k<0
ds(z) = < do(z) + dy(z) + dp(z) k=0.
do(z) + dp(z) k>0

The bent complexes measure the Heegaard Floer homology of large integer surgery
on K: H(Ak,s) ~ ﬁ(Y(Nu + A),in(s)) for sufficiently large N and an appropriately
chosen Spin® structure iy (s) on the filling.

The existence of the Spin® filtration means there are chain maps

Tt Ags = (CFE(K,3),do + dy)

Th : AK,s — (C/ﬁ((K,E),do —‘y—dh)

given by
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0 k>0 T k>0
() = mh(x) =
x k<0 0 k<0

for z € C/ﬁ((s + k).
2.3. The Ozsvdth—Szabé mapping cone

Let A be a longitude for K, so that pi- A = 1. The mapping cone of Ozsvath and Szabd
[41] relates the Heegaard Floer homology of the filling Y'(A) to the knot Floer homology
of K. We recall its construction here.

Since ip (s — A) = i,(s), we have

H(CFK(K,s — \),do +dp) ~ HF(Y,i,(s)) ~ H(CFK(K,s),do + dy).
This isomorphism is realized by a chain homotopy equivalence
i (CFE(K,s—\),do +dy) = (CFK(K,s),do + d,).

(The map on homology induced by j is the canonical isomorphism of [28], although we
will not use this fact here.)
For s € Spin“(Y,9Y), let Bk s = (CFK(K,5),dy+d,). We form two chain complexes

AK)= @ Aks and BK)= & Bxs

s€Spin©(Y) s€Spin®(Y)

There is a chain map fy : A(K) — B(K) given by f =m, +jom,. (Soif x € Ak 5, fa(z)
is a sum of terms in Bk s and Bk s1x.) Let X, (K) be the mapping cone of fy. In [41],
Ozsvath and Szabd prove

Theorem 2.5. [/1] HF(Y(\)) ~ H,(X\(K)).

We make some remarks on the construction. First, it is easy to see that the complex
X (K) decomposes as a direct sum of complexes whose underlying groups are of the
form

XA(K,8) = @D Aks1nr @ D Bicsna-

nez nez

The summands are on one to one correspondence with elements of the quotient
H,(Y)/(A\) ~ H{(Y()\)). The resulting decomposition on homology corresponds to the
decomposition of ﬁ(Y(/\)) by Spin® structures.

Second, if F, is the field of order p, where p is a prime, then we can form the com-
plex XN(K;F,) = X3 (K) @ Fp. It follows from the universal coefficient theorem that

HF(Y(A);Fp) ~ H (X (K;Fp)).
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Finally, it is often convenient to work with the homology of the complexes Ak s and
B s, rather than the complexes themselves. We can do this if we use field coefficients.
Specifically, fix a field F), and let Ag, = H(Aks @ F,), A(K) = @Ak, Brs =
H(Bks ®F,), B(K) = ®Bk . Similarly, let v : Ag s — Bk, be the map induced
by my, and h: Ag s — Bk sy be the map induced by j o 7. Finally, let Cy\(K;F,) be
the chain complex whose underlying group is A(K) @ B(K), with differential given by
dx = v(x) + h(x) for x € A(K), dy =0 for y € B(K).

Corollary 2.6. HE(Y (\):F,) ~ H(Cx(K;F,)).
Proof. The short exact sequence

0->B(K)®F, » X\(K;F,) - AK)®F, -0
gives a long exact sequence

— B(K) = HF(Y(\);F,) = A(K) — B(K) —

whose boundary map is given by v 4+ h. An exact sequence over a field splits, so we get
the statement of the corollary. O

2.4. Splicing and surgery

Suppose Y7 and Y5 are rational homology solid tori, and that ¢ : 9Y; — 0Y5 is an
orientation reversing diffeomorphism. The manifold Y, = Y; U, Y3 is obtained by splicing
Y1 and Y, together along ¢. Choose a slope p; € SI(9Y1), and let us = @.(p) be its
image in SI1(0Ys). Let Y; = Yi(u;) be the corresponding Dehn fillings, and let K; = K,
be their cores.

Lemma 2.7. Y, can be obtained by integral surgery on Ki#Ks C Y1#Ys.

This is well-known, but an understanding of the proof will be useful in what follows,
so we sketch it here.

Proof. Let Y/ be the complement of K1#K,. Y’ is obtained by identifying an annulus
v(p1) C Y1 with its image v(u2) = @(v(p1)) C 0Ya. (Throughout the proof, we use the
same symbol to denote both a slope on the torus and a simple closed curve represent-
ing it.) Equivalently, Y’ can be obtained by starting with the disjoint union of Y7, Y3
and S! x I x I and identifying S x I x 0 with v(u1) and S* x I x 1 with v(usg). In this
model, dY” is a union of four annuli: 9Y; —v(uy), ST x 0 x I, Ys —v(pa), and St x 1 x I.
The meridian p of K1# K5 is homotopic to both py and pe (and to the core of each of
the four annuli).
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Let A; be a longitude for pj, so that Ada = —p(A1) is a longitude for pus. We may
assume that A\; Nv(uy) = px I C St x I ~ v(u), and similarly for Ay. Let A} be
the arc obtained by intersecting A; with 0Y; — v(u1), and similarly for A;. The union
of the arcs \,p x 0 x I, A}, and p x 1 x I is a longitude A for K;#K,. Attaching a
2-handle along M is the same as attaching I x I x I to Y’, where the top and bottom
edges I x 1/2 x 1 and I x 1/2 x 0 are identified with A} and A}, and the sides 1 x 1/2 x I
and 0 x 1/2 x I are identified with the other arcs in A. The resulting manifold can be
obtained by starting with Y7,Y5 and ¥ x I, where ¥ is a regular neighborhood of the
1-skeleton in 72 and identifying ¥ x 0 with a tubular neighborhood of p; U\ C 0Y;
and ¥ x 1 with its image under . Finally, filling in the spherical boundary component
with B3 gives YU (T? x I)UY2 =Y,. O

From the proof, we see that Hi(Y') ~ Hy(Y1) ® H1(Y2)/R, where R is the subgroup
generated by (u1, u2), and that under this isomorphism, A = (A1, p«(A1)) = (A1, = A2).

We make two remarks on the utility of this construction. First, it is quite flexible, in
the sense that the choice of any meridian puy € SI(9Y1) gives a different way of realizing
the spliced manifold as a surgery. This flexibility will be useful to us in what follows.

Second, rational surgery on a knot K C Y amounts to splicing Y with S' x D?2.
Suppose (g, A) is our usual basis for H;(9Y'), and that (m,l) is the standard basis for
H1(0S* x D?) (so I = [0D?]). If we glue Y to 9(S* x D?) in such a way that [0D?] is
identified with o = pp + g\ € H1(9Y), then it is easy to see that p is identified with
—gqm + p*l, where pp* = 1 mod ¢. Applying the lemma, we see that Y («) is obtained by
integer surgery on a knot K' = K#K_,,, C Y#L(q,—p*) = Y#L(q, —p).

The knot K_,/, is the unique knot in L(g, —p) whose complement is St x D2, (In the
notation of [45], it is the simple knot K (g, —p,1).) It is Floer simple, with Euler charac-
teristic

t1—-1

X(HFEK (K(g.~p. 1) ~ S

To use Lemma 2.7 to compute the Floer homology of a splice, we need to know how
the knot Floer homology behaves under connected sum.

Lemma 2.8. [/2] HF K (K 1#K») ~ HFK(K,) ® HFEK(K>).
The isomorphism is well-behaved with respect to Spin® structures, in the sense that
XHFE(K1#K2)) ~ x(HFK (K0))\(HFK (K>)).

It is also respects the differentials, in the sense that CFK (K 1#K>s,dy+ d,) is homotopy
equivalent to C{F‘T((Kl, do+dy) ® Cﬁ(KQ, do + d,), and similarly for dj,.

In [42], Ozsvath and Szabé combined the observations above with their mapping cone
for integer surgeries to express the Floer homology of any rational surgery as a mapping
cone.
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3. Floer simple manifolds

In this section we use Ozsvath and Szabd’s mapping cone formula to prove Propo-
sition 1.3 and to derive some basic facts about Floer simple manifolds. For the most
part, these are straightforward extensions of results in [40], [45], and [4]. We conclude by
explaining how to compute the bordered Floer homology of a Floer simple manifold Y
in terms of 7(Y") and a Floer simple filling slope a. Our notation and assumptions are
the same as in section 2.

3.1. Proof of Proposition 1.3

Suppose that K C Y is a knot in an L-space, and that some nontrivial surgery on Y
is also an L-space.

Definition 3.1. We say that HFEK (K,s) is a positive chain if it is generated by elements
T1,. . T, Y1,- - Yn—1 and the induced differentials dj, and d, satisfy d,(y;) = +zi41,
cih(yi) = +x;, and Jv(xi) = czh(a:i) = 0 for all 7. More generally, we say that Ijﬁ(([()
consists of positive chains if CFK (K,s) is a positive chain for each s € Spin®(Y), and
that ITF?((K) consists of coherent chains if either I?F?((K) or fTF?((—K) consists of
positive chains, where —K C —Y is the mirror knot.

Note that all the z;’s in the definition must have the same relative Z/2 grading,
which is opposite that of the y;’s. Since there are more z;’s than y;’s, the z; contribute
to X(W((K)) with positive sign, while the y;’s contribute with negative sign.

If HFK (—K) consists of positive chains, then the dual complex HFK (K) consists of
negative chains. A negative chain has generators 1, ..., Zn, Y1, .., yn—1 and differentials
dv(xz) = +4y; for 1 < i < n and th(;ci) = +y;_ 1 for 1 < i < n. A positive chain with
more than one generator cannot be isomorphic to a negative chain, so if both HFK (K)
and HFK (= K) consist of positive chains, then K is Floer simple.

Ozsvath and Szabé proved in [40] that if K C S® has an L-space surgery with pos-
itive slope, then HFK (K) is a positive chain. The following generalization is an easy
consequence of a result of Boileau, Boyer, Cebanu, and Walsh:

Lemma 3.2. Suppose that K C Y is a knot in an L-space, and that some surgery on K
is also an L-space. Then HF K (K) consists of coherent chains.

Proof. A surgery on K is positive if the corresponding surgery cobordism is positive
definite. Suppose that some positive integral surgery on K is an L-space. By Lemma 6.7
of [4], H.(Ak ) =~ Z for all s € Spin®(Y,dY"). The proof of Theorem 1.2 of [40] carries
over unchanged to show that HFK (K,s) is a positive chain.

Next, suppose that Y’ is obtained by negative integral surgery on K C Y, and that
Y is an L-space. By reversing the orientation of the surgery cobordism, we see that —Y”’
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is obtained by positive surgery on —K C —Y. —Y” is also an L-space, so ETF?((—K)
consists of positive chains, and HFEK (K) consists of negative ones.

Finally, suppose that an L-space Y’ is obtained by fractional surgery on K. Then
Y’ is obtained by integral surgery on a knot of the form K#K_,,, C Y#L(q,—p), so
@(K#K,q/p) ~ fTF?((K) ® @(K,q/p) is composed of coherent chains. Since
K_g4p is Floer simple, it is easy to see that this occurs if and only if ITF?{(K) is
composed of coherent chains. O

Lemma 3.3. If W(K) consists of coherent chains, then 7(Y) = Z [h].
heS[r(Y)]

Proof. We have

r(v) ~ XHEE(E)) _ (Z x<f7ﬁ<<f<,z>>§> (Z[uw)

(1= [ul) seM i=0
where M C Spin®(Y,9Y") is a set of coset representatives for the action of () and

WHFE(K.5) = Y \(HFK (K5 + jp))[u).
JEZ

The hypothesis that HFK (K) counsists of coherent chains implies that the nonzero
coefficients of X(ITF?((K,%}) alternate between +1 and —1, and that the outermost co-
efficients are +1. It follows that the coefficients of the product X(@(K, 8) (2ol
are all either 0 or +1, and hence that all the coefficients of 7(Y) are either 0 or 1 as
well. O

Corollary 3.4. Suppose fTF?((K) is composed of coherent chains, and that ¢p(u) > ||Y|.
Then K is Floer simple.

Proof. By hypothesis, HFEK (K) is composed of coherent chains, so to prove that K is
Floer simple, it suffices to show that every monomial in X(ﬁ?( (K)) appears with a
positive coefficient. As usual, we normalize 7(Y) = >, an[h] so that a;, = 0 whenever
¢(h) <0, and ag # 0. We have X(I?F?((K)) ~ (1 = [p])7(Y), so the coefficient of [h] in
X(fTF?((K)) is ap —ap—p,. Both terms in this difference are either 0 or 1. If ¢(u) > ¢(h),
then aj_, = 0, while if ¢(h) > ¢(p) > ||Y||, then ap, = 1 by Proposition 2.2. In either
case, we see that the coefficient of [h] in X(@(K)) is either O or 1. O

Lemma 3.5. If @(K) is composed of positive chains, then L(Y') contains an interval
of the form {[p+ aA]|0 < a < e} for some e > 0.

Proof. Since HFK (K) is composed of positive chains, the homology of each of its bent
complexes is Z. Since the homology of the bent complexes computes HF (Y (Nu + A))
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for some N > 0, we see that Ny + A € L(Y). Since p- (Nu+ A) = 1, Proposition 17
of [7] shows that [bu + A] € L(Y) for all rational numbers b > N. O

By considering mirrors, we see that if HFK (K) is composed of negative chains, then
L(Y) contains an interval of the form {[u — aA]|0 < a < €} for some £ > 0. It follows
that if K is Floer simple, then p is an interior point of an interval in £(Y).

Proof of Proposition 1.3. If Y is Floer simple, then it has some filling Y («) for which
K, is Floer simple. As we observed above, « is contained in the interior of an interval
in L(Y), so clearly |£(Y)| > 1. Conversely, if £L(Y) > 1, then ]TFT((K) is composed
of coherent chains, so £(Y) contains an interval. Now any interval in SI(Y) contains
elements o with ¢(a) arbitrarily large. (To see this, identify SI(Y) with Q using the
canonical meridian and longitude. If a — a/b under this identification, then ¢(«) = ka
for some fixed k& > 0.) By Corollary 3.4, K, C Y(«) is Floer simple, so Y is Floer
simple. 0O

Corollary 3.6. K is Floer simple if and only if u € L°(Y).

Proof. As observed above, if K = K, is Floer simple, then p € £°(Y’). Conversely,
suppose j € L°(Y). Then L(Y)° # 0, so YV is Floer simple. Since p € L(Y), @(K)
is composed of coherent chains. Suppose HFEK (K) is composed of negative chains but
is not Floer simple. Then some bent group of K has homology of rank > 1. This implies
that Y(Np 4+ A) is not an L-space for N > 0, which contradicts the assumption that
w € L(Y)°. A similar argument applies if HFK (K) is composed of positive chains. O

3.2. Surgery on Floer simple knots

We now suppose that K C Y is Floer simple. We give a graphical criterion for deter-
mining whether a given integer surgery on K is an L-space. To do so, we consider the
set Spiack = S[@(K)] C Spin®(Y,9Y). Since K is Floer simple, Spiack is a set of
coset representatives for the action of the subgroup () C Hy(Y). In other words, every
s € Spin®(Y, dY) can be written in a unique way as § + nu, where § € Sgy ok and n € Z.
We color s black if n =0, red if n > 0, and blue if n < 0.

Now suppose we do surgery along K with slope A\, where - A =1 and ¢(X) # 0 (i.e.
A is not the homological longitude). We divide Spin“(Y,dY) into cosets for the action
of (A). Since ¢(A) # 0, each coset L is an affine copy of Z, so it has a natural ordering.
Each element of L is colored either black, red, or blue; elements which are sufficiently
negative are all colored blue, and elements which are sufficiently positive are all colored
red. We say L is properly colored if no red element of L appears before a blue element.

Proposition 3.7. Y(\) is an L-space if and only if every coset for the action of (\) is
properly colored.
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Fig. 1. Part of a typical complex Cy,. Blue dots are shown by stars; red dots by hollow circles. Summands
of each of the possible forms are visible. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

Proof. The argument is the same as the proof of Lemma 4.8 in [45]; we sketch it briefly
here. We fix a prime p and use the mapping cone to compute I?Z\T(Y()\); F,). The mapping
cone Cy(K) decomposes as a direct sum of chain complexes CJ,, one for each coset L.
Since K is Floer simple, the bent groups Ak s,y appearing in one summand are all
isomorphic to F,, as are the groups Bx s+nx. Let hg,vs be the restriction of the maps
h,v to Ak 5. If s is colored red, the map v, is an isomorphism and h,; = 0; if 5 is colored
blue, the map hs is an isomorphism and vs = 0; and if s is colored black, both hs; and
Vs are isomorphisms.

The complex C}, takes the form shown in Fig. 1, where each colored dot in the top
row represents A g sn) = [Fp, each dot in the bottom row represents Bg s4nx >~ F,, and
the arrows represent nonzero differentials. The chain of differentials breaks each time we
encounter a red or blue dot, thus decomposing C', into smaller summands. Summands
corresponding to intervals in I whose endpoints are both red or both blue are acyclic;
summands whose left endpoint is blue and whose right endpoint is red have homology in
even Z/2 homological degree, and summands whose left endpoint is red and whose right
endpoint is blue have homology in odd Z/2 homological degree.

It follows that ﬁ(Y(A),E) ~ I, if and only if L is properly colored, and hence that
Y (A) is an F), L-space if and only if every coset is properly colored. Finally, the statement
of the proposition follows from the fact that Y'()) is an L-space if and only it is an F),
L-space for every prime p. O

3.3. Bordered Floer homology of Floer simple manifolds

In this section, we show that the bordered Floer homology [30] of a Floer simple
manifold Y is determined by the Turaev torsion of Y together with a slope in the interior
of L(Y). We very briefly review some facts about bordered Floer homology; for more
details see [30,31].

A bordered three-manifold is an oriented three-manifold Y equipped with a paramet-
rization (that is, a minimal handle decomposition) of its boundary. We will restrict our
attention to the case where Y = T2, in which case a parametrization is specified by a
choice of two simple closed curves p, A € H;(9Y') which satisfy p- A = 1.

The type D bordered Floer homology @(K u, A) is a differential graded module
over a certain Fy-algebra A(Z) associated to the torus. A(Z) is generated by elements
01, P2, P3, P12, P23 and p1o3 corresponding to certain arcs on the boundary of the 0-handle
in the handle decomposition of 9Y’, together with a pair of idempotents ¢g,¢;. We let
T = {19,t1) C A(Z) be the ring of idempotents.
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Following Chapter 11 of [30], we can think of the module structure as being specified
by a pair of vector spaces V0, V! over the field of two elements Fy, together with linear
maps

Dy, D3, D193 : V? = V? Dy: VI VO
Dy : VO VO Doy : VI 5 V!

where @(Y, wA) =AZ)@z (VO@ V1) and for x € VY@ V1, the differential is given
by 0x =) prDi(z). .

In writing the above, we have assumed that CFD(Y, u, A) has been reduced with
respect to all provincial differentials, so that

VO~ SFH(Y,v,) ~ HFK(K,) V'~ HFEK(Y,v,)~ HFK(K))

where the suture v, is two parallel copies of 11, and similarly for 7.

Petkova [43] showed that the algebra A(Z) can be given an absolute Z/2 grading,
and that @(Y, i, A) can be given a Z/2 grading compatible with it. Petkova’s grad-
ing depends on some auxiliary choices, but we can make some statements which are
independent of these choices.

Lemma 3.8. The maps D12 and D3 preserve the homological Z/2 grading. If Dy has
parity i with respect to the Z/2 grading, then Da, D3 and D23 have parity 1+, i and
1+ 4, respectively.

Proof. We first consider the absolute grading on A(Z). By definition, algebra generators
corresponding to arcs joining two ends of the same « arc have grading 1. (See definition 11
of [43] and the equations just preceding it.) In our case, this says that gr p1o = gr pes = 1.
From the relations p; - pag = p123, p1 - P2 = p12, and pa - p3 = pa3, we see that grpioz =
grp1+1,grps =grp;+1, and grps = grps+1 = gr p;. The statement now follows from
the fact that grox=grx+1. O

We will also need to know how the D;’s behave with respect to the Spin® grading.
Let us write V? := ﬁﬁ((l@,s), so we have a decomposition V? ~ @,V?, and similarly
for V', where the indexing sets in the sums are Spin®(Y,~,) and Spin‘(Y,v,), as defined
in [26].

In what follows, it will be convenient to work with a slightly more general notion of
relative Spin® structure. Suppose v € I'(TY|gy) is a nonvanishing vector field on 9Y.
Elements of Spin®(Y,v) are defined to be homology classes of nonvanishing vector fields
on Y which restrict to v on 9Y. (Recall that two nonvanishing vector fields are said
to be homologous if they are homotopic on the complement of a ball in Y.) The set
Spin“(Y,~,) is defined to be Spin“(Y, v, ), where v, is a particular nonvanishing vector
field defined in section 4 of [26].
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If Spin®(Y,v) is nonempty, a standard obstruction theory argument shows it is an
affine space over H%(Y,0Y) ~ H(Y). Moreover, if [a] € Hi(Y) is represented by an
embedded simple curve a C Y, a vector field representing [a] - s can be obtained from a
vector field representing s by a local modification in a neighborhood of a, as described in
section 20.2 of [46]. Finally, if V is a nonvanishing vector field on T2 x [0, 1] which restricts
to v; on T? x {i} (i = 0,1), we obtain a H;(Y') equivariant bijection iy : Spin®(Y, vg) —
Spin“(Y, v1) by concatenation with V.

Lemma 3.9. There is a bijection j : Spin®(Y,~,) — Spin®(Y,v\) which respects the action
of H1(Y') and for which

Dy : V) = Vi, Dy : Vi = Vs D3 : VY = Vi iain
Dyp: V) = VY, Dos le(s) - Vj1(5)+u Digs : V' — le(ﬁ”“

This is essentially Lemma 11.42 of [30], but stated so as to clarify the dependence
on 4 and A.

Proof. Huang and Ramos [24] have constructed a grading gr on C/'@(Y,M,A). This
grading lives in a set S(H) of homotopy classes of nonvanishing vector fields on Y which
satisfy certain boundary conditions. To be specific, for each elementary idempotent ¢ in
the algebra A(Z), there is an associated vector field v, on 9Y, and if v € S(H), then
v|ay should be equal to v, for some elementary idempotent ¢. (The vector field v,, does
not agree on the nose with the vector field v, defined by Juhasz, but there is a natural
homotopy which relates them; similarly for v,, and vy.)

Similarly, Huang and Ramos consider the set G(Z) of homotopy classes of nonva-
nishing vector fields on dY x [0,1], subject to the constraint that v|syxo = v, and
v|gyx1 = v, for some elementary idempotents ¢ and /. They show that G(Z) forms a
groupoid under concatenation, and that it acts on the grading set S(H), again by con-
catenation. In section 2.3 of [24], they construct explicit vector fields vy on 9Y x [0, 1]
associated to each py; the grading of prx is the vector field vy - gr x, where - denotes the
action by concatenation.

The grading of [24] contains the Spin® grading, in the sense that if x is a generator
of @(Y, i, A), then its Spin® grading is s(x) = p(grx), where p is the forgetful map
which takes a homotopy class of vector fields to its homology class. By Theorem 1.3 of
[24],ifx € C/'ﬁ(Y, U, A), gr0x = o~ 1-grx, where o is a vector field on Y x [0, 1] which
is supported in a ball. It follows that s(0x) = s(x), and hence that p(v;)-s(Dyx) = s(x).

If s € Spin®(Y,7,), we define j(s) = p(v; ') - 5. By construction, Dy : V2 — le(s). The
fact that G(Z) is a groupoid implies that j is a bijection; j is equivariant with respect to
the action of H;(Y') since we can arrange this action to take place in the interior of Y,
away from the region in which the concatenation takes place. Similarly, we see that

s(Dsx) = p(vg ") - s(x) = plvg ' - v1) - j(s(x)).
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Fig. 2. Change of framing bimodules for the torus, taken from figure A.3 of [30].

The set of homology classes of nonvanishing vector fields on Y x [0, 1] which restrict
to v, on one end and v,, on the other is an affine copy of H1(9Y x[0,1]) ~ H;(9Y). Thus
if I is the idempotent of the groupoid G(Z) corresponding to the idempotent ¢1, we must
have p(vg ' -v1) = p(I1) +a, for some a € H;(9Y). Tt follows that s(D3(x)) = j(s(x)) +a
for some universal element o € H;(9Y) which does not depend on Y or x. Comparing
with Lemma 11.42 of [30], we see that o = pp+ A. Thus D3 : V) — le(
The arguments for the other D;’s are very similar. O

&)tAtp B8 desired.

Proposition 3.10. Suppose thatY is Floer simple, that o € SI(Y') is a Floer simple filling
slope, and that p, A € Hy(9Y) satisfy u- A= 1. Then CEFD(Y, 1, \) is determined by o
and 7(Y).

Proof. It suffices to show that @(Y, i, A) is determined for one particular choice of u
and A, since the invariant of any other choice can then be determined using the change
of basis bimodules in [31].

We choose 1 to be a slope in the interior of £(Y) such that ¢(u) > ||Y]|, and take
A = Ao — Npu, where g is some class with g A\g = 1, and N > 0. (We will specify below
how large N needs to be.)

The knots K, K, are Floer simple, so all the elements of V;, have the same Z/2
grading. Similarly, all elements of V7 have the same Z/2 grading. By Lemma 3.8, either
Dy = D153 =0 or Dy = D3 = 0. To see which of these two options hold, we consider the
effect of a Dehn twist along p. We have

CED(Y, 1, A + j1) = CFDA(7,) R CFD(Y, 11, \)

where the change of framing bimodule @A(TM) is shown in Fig. 2.

Writing ﬁ\D(Y, A+ pu) = WO W we have W! = r X VY @ q X VL. Denote
by D : W' — W' the contribution to 0 coming from provincial differentials; then we
have H(W?' D) = HOFK (K4+2)- By choosing N sufficiently large, we can ensure that
u+A = Ao—(N—1)uis in the interior of L(Y). It follows that Fﬁ(([(w_)\) is Floer simple
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Fig. 3. Generators of C/F\D(Y, 5m—1, —9m+2l), where Y is the complement of the negative trefoil in S3. Dots
in the top row represent generators of Vj, dots in the bottom row generators of V;. The horizontal position
of each generator indicates its Spin® grading. Potential components of the differential are shown by arrows:

red (sloping right) for D, blue (sloping left) for D3, and black (the arcs) for Ds3. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)

and has dimension equal to |H1(Y(u + A))| = [H1(Ya)| — |H1(Y,)| = dim Vi — dim Vj.
Referring to the figure, we see that the only contribution to the provincial differential
D comes from the arrow labeled 1 ® p3. Thus the map ps : V? — V1 is an injection.
Similarly, by considering

CFD(Y, i+ M\ \) = CFDA(r; YR CFD(Y, i, \)

we deduce that the map D; : Vj — Vj is injective. Since Dy and D3 are nontrivial, we
must have Dy = D93 = 0.

Let $mae € S[ITF?((K#)] be maximal, in the sense that if s, + @ € S[W(Kﬂ)]
(where v € H1(Y)), then ¢(a) < 0.

Lemma 3.11. j(Smax) is mazimal in S[}T}-??((K)\)].

Proof. It is well known [36] that HFEK detects the Thurston norm, in the sense that if
K CY(a), then

max{¢(s — ') 5,5’ € SHFE (K)]} = ||[Y]| + |¢(a)].

Choose nonzero elements x € V) 'y € V?  where ¢($maz — Smin) = ||V + ¢().
Since D; and Dj are injective, j(Smaz) and j(Smin) + A + p are both in S[W(KA)]
We compute

¢(j(5max) - (](ﬁmm) + 1% + /\)) = ”YH + ‘QZ)()‘)‘
= max{¢(s — ') | 5,8’ € S{HFK(K))]}.

It follows that j(8,,4.) must be maximal and j($,in + ¢ + A) must be minimal. O

We represent &7\D(Y, 1, A) by a directed graph like that shown in Fig. 3, with a
vertex for each generator and an edge for each potential component of the differential;
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that is, for each pair of generators x,y whose Z/2 and Spin® gradings are compatible
with having D;x =y for some Dy, we draw an edge from x to y and label it with Dj.

Lemma 3.12. Each vertex of the graph associated to ﬁ'\D(Y,u, A) has valence two.

Proof. First suppose that x is a generator of V. We have already seen that D; and Ds
are both injective, so x is the starting point of one arrow labeled with D and one arrow
labeled with D3. Dy = Di23 = 0, so the only other possible arrows adjacent to x are
labeled by D12. Now D15 shifts the Spin© grading by —\, and ¢(—\) = No(u)—d(Ao). We
choose N sufficiently large that [¢p(A)| > maxses ¢(s) — minges ¢(s); then Do vanishes
for grading reasons.

Next, if x is a generator of Vi, it can be a terminal point of an arrow labeled D,
or Ds, and either an initial or a terminal point of an arrow labeled Ds3. We claim that
X is a terminal point of an arrow of type D; if and only if it is not an initial point of
an arrow of type Dos. To see this, consider s € Spin®(Y,v,). We say s is occupied if
5€ S[FTF?((KH)], and unoccupied otherwise; similarly for j(s) € Spin®(Y,~,), but with
K in place of K,. The claim is equivalent to saying that if j(s) is occupied, then exactly
one of s and j(s) 4+ p is occupied. To prove this, we first record some basic facts about
the support.

Lemma 3.13. Let S = S[W(Ka)], where ¢(a) > ||Y||. Write |s| = ¢(Smaa — ), and
define 7(Y') = 3_ 4y <o @n[h] to be the Turaev torsion of Y expanded as a sum in negative
elements of H1(Y'). (This is the opposite of our usual convention.) Then we have

(1) If|s| < 0,5 ¢ S.

(2) If0<|s| < ¢(), s € S if and only if the coefficient of § — Sy in T(Y) is 1.
(3) I V]| < ls] < 6la), s € 5.

(4) If p(a) < |s| < p(a) + Y|, then s € S if and only if s+ ¢ S.

(5) If |s| > ¢(a) + ||V, then s ¢ S.

Our assumption that ¢(a) > ||Y|| implies that the ranges specified in items (2) and
(3) overlap.

Proof. Ttem (1) follows from the definition of $,,4,, while item (5) is the fact that
HFEK determines the Thurston norm. To prove item (2), we use the relation that
X(W(Ka)) = (1 —[a])7(Y). Item (3) follows from the fact that S contains exactly
one element in each congruence class modulo « together with the fact that ¢(«) > Y|,
which implies that if k& # 0, s + ko is either in region (1) or in region (5). Finally, in
region (4), the only representatives of s modulo « which are not in regions (1) or (5) are
sand s+a. O

We now check case-by-case (depending on the value of |s|) that if j(s) is occupied,
then exactly one of s and j(s) + p is occupied.
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(i) |s| < 0. In this case j(s) is unoccupied, and there is nothing to check.

(i) 0 < |s| < ¢(p). This is in region (2) for both K, and K, so s is occupied if and
only if j(s) is occupied. |s + p| > 0, so j(s) + p is unoccupied.

(iif) o(p) < |s| < d(p) + ||Y||- s is in region (4), so s is occupied if and only if s + p is
not occupied. j(s) + p is in region 2), so by (b) it is occupied if and only if s + p is
occupied. Thus s is occupied if and only if j(s) + u is not occupied.

(iv) o(p)+Y| < Is] < |p(AN)|+]|Y]]. s is in region (5), so it is unoccupied, while j(s)+
is in region (2), since ¢(u) > ||Y||. Since |s + p| > ||Y||, j(s) + p is occupied.

(v) oM+ Y]] < |s|. In this region, j(s) is unoccupied.

This proves the claim. A very similar argument shows that x is a terminal point of
an arrow of type Ds if and only if it is not the terminal point of an arrow of type Das.
The statement of the lemma follows. O

Since K, and K are Floer simple, each arrow in the diagram corresponds to a map
Fy — F3. To determine the corresponding component of the differential, it suffices to
know whether or not this map is 0. We will show that every map corresponding to an
arrow in the diagram is nonzero, thus completing the proof of Proposition 3.10. The maps
D; and D3 are injective, so any arrow labeled by D; or Ds is nonzero. For the arrows
labeled by Ds3, we argue as in the proof of Theorem 11.36 in [30]. By Proposition 11.30
of [30], there are maps D12, Do1, Do, Da3o, and Dsg; satisfying

D3 0 Dgi12 + D3z 0 Doy + D3 0 Dy = 1y,
D1 0 Dy3p + D1 © Dag + D3g1 0 Dy = 1y,

Since Dy = D93 = 0, it follows that if x is not in the image of Ds, it must be in the
image of Da3, and if x is not in the image of Dy, Da3(x) # 0. Comparing with the proof
of Lemma 3.12, we see that every arrow in the diagram must correspond to a nonzero
map. 0O

4. Intervals of L-space filling slopes

Now that the “proper coloring” condition of Proposition 3.7 is in place, we are
equipped to tackle the problem of describing L-space intervals in terms of D(Y) and a
slope from the interior of the L-space interval. We begin by establishing some conven-
tions.

4.1. Conventions for slopes and homology
If Y is a compact oriented three-manifold with torus boundary, then a slope of Y is a

nonseparating, oriented, simple closed curve in dY. Such objects correspond bijectively
to primitive elements of H;(9Y)/{=£1}, or equivalently, to elements of P(H;(9Y)). Any



J. Rasmussen, S.D. Rasmussen / Advances in Mathematics 322 (2017) 738-805 761

choice of basis (m,!) for H;(9Y") specifies homogeneous coordinates nm + n'l — [n: n’]
on P(H,(9Y)), to which we usually refer in terms of the affinization

Hy(0Y) \ {0} = QU {00}, (1)

nm +n'l — n/n'.

Let ¢ : H1(0Y) — H1(Y) be the map induced by inclusion. We fix a basis (m,1)
for H1(9Y) such that [ is a generator of ker + and m - ! = 1. The generator [ is the
homological longitude of Y it is well defined up to sign. In contrast, the choice of m is
only well defined up to the addition of a multiple of I. Consequently, the numerator of
m(nm+n'l) = n/n’ is canonical (up to sign), but the denominator depends on the choice
of m.

To Dehn fill Y along a slope pn = nm + n'l € H1(9Y), one attaches a 2-handle along
the simple closed curve associated to p, and then fills in the remaining S? boundary with
a 3-ball. The resulting manifold, which we denote by Y (u) or Y(n/n’), has homology
Hy(Y () = Hi(Y)/(e(p)), which has order |n| if H1(Y) is torsion free.

Any non-zero Dehn filling Y () produces a knot K, := core(Y (u.)\Y) C Y (1),
on which one can now perform Dehn surgery. Our conventional choice of basis for Dehn
filling slopes involves a canonical (up to sign) rational longitude I, with m (satisfying
m -1 =1) only determined up to addition of copies of I. On the other hand, the conven-
tional basis for Dehn surgery involves a canonical meridian, namely p., for the knot K, ,
with a longitude A, € H;(9Y) (satisfying p,, - A, = 1) only determined up to addition of
copies of p.

Thus, for an arbitrary slope, say

p=nm+n'l=au, + B\ € H(9Y), (2)

we could describe the Dehn filling Y (1) as the n/n/-filling of Y (with respect to the basis
(m,1)), or as the a/F-surgery along the knot K, (with respect to the basis (., \)).
Note that each of these conventional descriptions involves either a denominator or a
numerator which is non-canonical. To dodge this problem, we can instead divide the
canonical numerator of n/n’ by the canonical denominator of a/ to obtain n/3, with

ni=p-l, B = .- p = pn'—qn (where p, = pm + ql), (3)

and with |n| = |H1 (Y (u))| when H;(Y') is torsion free. Note that n/g is not a slope in
the conventional sense, since = n(u./p) + B(1/p), with u./p,1/p ¢ H1(0Y;Z), and the
projective linear map P(H(9Y)) — P(Z?), [n : n'] = [n : B] is not surjective, having
determinant p. Still, since this map is injective, it is sufficient for cataloguing slopes. In
fact, the reciprocal §/n is more convenient for this purpose. Given an initial filling Y (1)
on which we wish to perform surgery, we call (u, - p)/(1 - 1) = 5/n the surgery i, -label
(or just surgery label) of u. Since
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n_p
n' g+ B/n )

the surgery u,-label of y quantifies the deviation of the Dehn filling slope of i from that
of py,, with a surgery label of 5/n = 0 labeling the original slope ..

We also need conventions for H;(Y'), relative to the map ¢ : H1(0Y) — Hi(Y),
restricting to the case of b;(Y) = 1. The Universal Coefficients Theorem implies
coker + = H?(Y) = Tors(H;(Y)). Thus, setting T := Tors(H;(Y)) and T? := (1(1)) =
T N u(H(9Y)), we have coker ¢« = Hy(Y)/ ({(t(m)) ® T?) = T, which implies

(Hy(Y)/T) Ju(m) = T? = Z/q, (5)

where g := |T?|. In other words, any generator m for Hy(Y)/T will satisfy «(m) €
+gm + T. We shall always choose m so that «(m) € +gm + T.

4.2. Conventions for Turaev torsion and D™(Y)

Recall our definition for D(Y) C H1(Y) as the finite set
DY) :=A{x —ylz ¢ S[r(Y)],y € S[r(Y)]} Ne(mZxo +1Z), (6)
where 7(Y) is the Turaev torsion of Y, which we always normalize so that
0eS[r(Y)],  =(v) e Z[[][T], (7)

with ¢ := [m] for any generator m of H1(Y)/T = Z satisfying «(m) € mZso+T.
When Y is Floer simple, we can also define the torsion complement,

() = o SO - (), 0
heT

with the Floer simplicity of ¥ guaranteeing that
S[r(Y)] = mZso® T \ S[r(Y)], 9)
so that D7(Y) admits the alternative definition
DY) := (S[t4Y)] = S[r(Y)]) N e(mZ>o + IZ). (10)
We shall often want to restrict our attention to the non-torsion elements of D(Y),
DY) == (S[t(YV)] = S[r(V)]) Ne(mZso +1Z) = D(Y)\T. (11)

When we wish to emphasize our inclusion of the torsion elements of D7(Y’), we shall
write DI (Y) for D(Y').
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Although we shall not need the following fact until the proof of Theorem 6.2 in
Section 6, we lastly remark that the complement of D(Y') is a semigroup.

Proposition 4.1. IfY is Floer-simple, then the complement I'(Y) := «(mZ>o+1Z)\D(Y)
is closed under addition.

Proof. Suppose there exist z,y € I'(Y) with z +y € D(Y). Since z +y € DY), we
know there exists z € S[r(Y)] for which z + y + z € S[7°(Y)]. If z + = € S[7°(Y")] then
x = (x+z)— 2z € D(Y), a contradiction. On the other hand, if s + « € S[r(Y)], then
y=(r+y+z2)—(x+2) € D(Y), another contradiction. Thus x +y ¢ D(Y). O

In the case that Y is the complement of an algebraic knot K< S? linking the germ of some
complex planar curve singularity (C,o)—(C?,0), I'(Y) coincides with the singularity
semigroup (see [10]) associated to the Newton—Puiseux expansion of the singularity.

4.3. Notation: truncation and remainders

Lastly, we need some basic arithmetic notation. Henceforth in this paper, we use the
conventional truncations ||, [-] : Q — Z,

7] ==max{z € Z|z<r}, [r]:=min{z€Z]|z>r}, (12)
and the less conventional notation [-], : Z — {0,...,|p| — 1} to select a representa-
tive modulo p, by projecting an integer to Z/|p|Z and then selecting its preimage in
{0,...,|p| — 1} C Z. In terms of our truncation notation,

a a
[a]lp = a — {ng, [—aly = —a+ [5—‘ b, when b > 0. (13)

4.4. Restating Theorem 1.6 as Theorem 4.2

We are now equipped to re-express Theorem 1.6 in a more practical form, describing
the L-space slope interval £(Y) in terms of any given slope from the interior £°(Y") of
that interval, using the “surgery label” description of slopes. Since the interval of L-space
surgery labels always excludes co—its being the surgery label of the rational longitude
l—we can always describe a closed interval of L-space surgery labels in terms of its
minimum and maximum in Q.

That is, given an L-space slope p;, = pm + ¢l € H1(9Y) with (u,) € £°(Y), Theo-
rem 1.6 tells us that when DI, # @), a Dehn filling Y (¢) is an L-space if and only if

T (0-) < m, () <7, (84) for all § € DI(Y), (14)

where 7, denotes the surgery u,-label,
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M, + Hi(OY)\ {0} = QU oo}, = my, (1) o= (o 1)/ (1 - 1), (15)

and where, for each § € DI(Y), the lifts §_,d, € ¢~ 1(d), with ﬂ'HL(ZL) < FHL((~$+), are
the two lifts of & closest to ju,, with respect to 7, , again assuming DI,(Y) nonempty.

Since DI(Y) C «(H1(9Y)), we can express any 6 € DI(Y) as § = du(m) 4+ ye(l). Any
lift & € t='(d) of & then takes the form & = dm + I, satisfying WuL(S) = (- 6)/6 =
(p¥ — qd) /4, for some ¥ =~ (mod g). In other words, we have

(7. (3)|u3) =) = 1= qa{;py +pgZ "

Since m, (p) = 0 and (u) € L°(Y), Theorem 1.6 implies 7TML((~$_) and 71';%(5_*_) are
respectively the largest negative and smallest positive elements of {71'“]‘(5)| L(6) =10 },s0
that

7, (3 = W= Da = 09) -y 7, (5, = 1= 0o (17)

for each d € DI, Thus, proving Theorem 1.6 is equivalent to proving the following.

Theorem 4.2. Suppose Y is Floer simple. If DI(Y) # 0 and u, = pm + ql € H1(9Y)
satisfies (u.) € L°(Y), then the Dehn filling Y (u) is an L-space if and only if

0o 0%
5 < ; < 5 for all 6 = ou(m) + (1) € DY), (18)
//l/ .
where b3, := [py — qdpg and b° := b3 — pg. If DI(Y) = 0, then Y (i) is an L-space if
and only if {(u) # (1), or equivalently when (p, - p)/(1-1) is finite.

Remark. When DZ(Y') # (), the above finite collection of inequalities cuts out L£(Y') as
the largest closed interval in SI(Y) containing g, without containing any elements of
P(.=H(DI(Y))) in its interior, for P(:71(DI(Y))) the image of =1 (DI,(Y)) under the
projectivization map P : H;(9Y)\{0} — SI(Y). Note that (18) is just a restatement
of (14).

Since one could argue that it is difficult to know whether an L-space slope p, satisfies
() € L°(Y) without first having computed £°(Y), we point out the following.

Corollary 4.3. If Y is Floer simple and Y (u,,) is an L-space, for pu, = pm+ql € H1(9Y),
then the following are equivalent:

(i) K, C Y( L) is a Floer simple knot,

(i1) () € £(Y),

(1) {m) & P (DILY))),

(i) B2 = [py — ably # 0 for all & = du(m) +7u(1) € D(Y).
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(The equivalence of (i) and (i7) is from Corollary 3.6. For (iv), see the paragraph
preceding the theorem statement.) Whereas verifying condition (#i¢) requires determining
membership in an infinite set, testing condition (iv) only requires |DP7(Y)| comparisons,
using numbers we already needed to compute. If it does turn out that some bi =0, then
(u) is an endpoint of the interval £(Y'), and the other endpoint of £(Y) has surgery
fu-label either max (6% /8) or min(b3 /8) over § € DI,(Y), but determining which of these
two endpoints is correct requires more data, such as the knowledge of a second L-space
slope.

For completeness, we now pause to re-express Theorem 4.2 in terms of our two more
conventional bases, starting with conventional surgery coefficients for surgery along the
knot core K, C Y (u,) \Y associated to a given interior L-space slope p;, = pm + ¢l
with some specified longitude A, := ¢*m + p*l, u, - A, = 1, so that pp* — q¢* = 1. Next,
for each & € DI(Y), we express the lifts 4,8 € 1~(8) flanking p,, as

5+ :aiuL—Fbi)\L, 5 = a‘iuL—i—b‘i)\L, (19)
with b‘j_, b ai, and a? satisfying
b‘i = [py — qd]pgs v = bi —pg, 6 = aip + biq* =alp+02q* > 0. (20)

When p > 0, a straightforward calculation shows that

a® q* al
— < == < & forall § € DY), (21)
b2 D b

and Theorem 4.2 takes the following form.

Corollary 4.4. Suppose Y is Floer simple. If DI (Y) # 0, and p, = pm + gl with p > 0
is an L-space slope for Y satisfying b%. := [py — qdlpg # 0 for all & = du(m) + y(l) €
DI(Y), then for any longitude A, = ¢*m + p*l (with p, -\, = 1), the a/B surgery along
K, CY(u)—or equivalently, the Dehn filling Y (1) with p = apy, + BA,—is an L-space
if and only if

@ at
5

O[<

a_al el
— ')
8 b

<
b =

% for all & € DI,(Y), (22)
where 1(ad 405 \) = 1(a® p, +b3\) = &, with b2 := b3 —pg, for each § € DI(Y). In
such case, the left hand inequality obtains when §/n < 0, the right hand when 3/n > 0,

and we regard both inequalities as vacuously true when B/n = 0, where n = p -1 =
ap+ Bq*. If DI(Y) = 0, then Y (u) is an L-space if and only if n # 0.

Remark. Note that this makes (6, ) and (6_) the left-hand and right-hand endpoints,
respectively, of L(Y) C SI(Y') with respect to the orientation induced on SI(Y') by taking
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surgery coefficients or Dehn filling slopes. That is because we originally constructed 5+
and d_ to yield the right-hand and left-hand endpoints, respectively, of the space of
uy-surgery labels for £(Y'), which has the opposite orientation.

One could also characterize L-space slopes in terms of the Dehn filling basis, m, (.
If we take pu;, = pm + gl to be an interior L-space slope with p > 0, then for any
d = du(m) +yu(l) € DI(Y), it follows from the two identities in (13) that

Py = a0lpo = [=adly + |7 = [28]] 5 ~la oy = ~ladly ~ p[[20] ~] . (28)

from which it follows that the lifts d,,8_ € ¢~'(d) adjacent to p, take the form

sz (ool o mome (B[54 )

As expected, these are the lifts of § with Dehn filling slope closest to p/q (regardless of
whether p > 0), and Theorem 4.2 takes the following form.

Corollary 4.5. Suppose Y is Floer simple. If DI(Y) # 0, and p,, = pm+ql is an L-space
slope for'Y satisfying py — qd # 0(mod pg) for all § = du(m) + yu(l) € DIN(Y), then
p=mnm+n'l is an L-space slope for Y if and only if 7 € I? for all § € DI(Y), where,
for each & € DI(Y), I? is the closed interval in Q U {oo} which excludes 0 and has
endpoints

L F

If DY) =0, then Y(u) is an L-space if and only if n # 0.

(25)

Example. Suppose K C S? is an L-space knot of positive genus g(K), with Alexander
polynomial A(K). Then Y := $3\ v(K) is Floer simple, and since K C S3 an L-space
knot implies deg A(K) = 2g(K), the hypothesis g(K) > 0 implies D7(Y) # (). Since
H,(Y) is torsion free, the endpoints of I° reduce to §/ [%-‘ and ¢/ L%J for each § =
§u(m) € DI(Y). We already know that the infinity filling Y (1m+0l) = S is an L-space.
= in (26)), we know

that Y (pm + 11) is an L-space for any p > 0 sufficiently large. Taking p > maxscpr (v) 1)

Thus (if necessary replacing K with its mirror and using —7, for

1 1
P P
recover the well known result that for n’ # 0, Y(nm + n'l) is an L-space if and only if

then makes the endpoints of each I® become 6§/ [ 1 = ¢ and ¢/ { J = 400, and we

n
— > max 0 =deg74(Y) = (deg A(K)) —1=2¢g(K) — 1. 26
W 0= degTo(Y) = (deg A(K)) ~ 1= 20(K) (26)
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4.5. Set-up for proof of Theorem /.2

For the remainder of this section, we fix the following data:

e Y a Floer simple 3-manifold,
o p, =pm+ql € Hi(JY) primitive, with (u,) € L°(Y),
o p=nm+n'l € H(JY) primitive, with the goal to determine if (i) € L(Y).

We begin by making some simplifying assumptions, without loss of generality.

Proposition 4.6. For purposes of proving Theorem /.2, we may assume, without loss of
generality, that p, 3 >0, n # 0, pg > deg[m]TC(Y), and ged(p, q) = ged(pg, 8) = 1, where
B =y p and g := |[(t(1))], with ¢ : H1(8Y) — H1(Y) the map induced by inclusion.

Proof. Theorem 4.2 already correctly characterizes the case of 8 = 0, for which () =
(ur) € L£°(Y), and the case of n = 0, for which the filling Y () = Y(I) is not a rational
homology sphere, hence not an L-space. Likewise, we know that any L-space slope pu;, =
pm + ¢l must have p # 0. Since we are free to replace p, with —p,, or p with —pu, we
may take p, 5 > 0 without loss. Lastly, since () € £°(Y'), we can approximate p, with
another primitive L-space slope u, = p'm + ¢'l with (u) € £°(Y), such that ¢’ # 0,
p'g > deg 7°(Y), and ged(p'g, f') = 1, where ' := pj - . O

We henceforth consider the assumptions of Proposition 4.6 to hold.

Our primary tool from Heegaard Floer homology to determine whether Y (u) is an
L-space is Proposition 3.7, but to exploit this proposition, we must first exhibit Y (u) as
integer surgery on a Floer simple knot in an L-space. Since {(u,) € £°(Y), Corollary 3.6
tells us that the knot core K, C Y (u) is Floer simple. Thus, we already have Y (u)
as rational surgery on a Floer simple knot. We then appeal to a standard construction
for re-expressing a rational surgery on a knot as an integer surgery on the connected
sum of that knot with a particular Floer simple knot in an appropriate lens space, called
L(B3, a*) below.

4.6. (1) as integer surgery on a Floer simple knot

To describe this construction more explicitly, we first let K, C S denote the unknot,
and take (my,l;) and (ma, l2) as respective bases for H;(9Y) and H;(9(S?\ Ky)), such
that my -1y = ma-la = 1, with [; generating (7 (T}), where T} := Tors(H;(Y)), and with
lo generating ker to, where ¢ : H1(0Y) — Hy(Y) and 15 : Hy(9(S?\ Ky)) — H1(S?\ Ky)
are the maps induced on homology by inclusion. This allows us to write

poi=mnmy+n'ly,  prci=p=pma+qly,  pg = fmg +a’ly, (27)
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where po is constructed to produce the desired lens space (S®\ Ky)(u2) = L(B,a%),
with 8 := p, - p and o := [-n"!p]s. (Note that the condition ged(pg,3) = 1 from
Proposition 4.6, together with the primitivity of u, imply that ged(n,8) = 1.) Setting

q*:=[—q ], write o, p*, and B* for the (integer) solutions to the respective equations
n=ap+ Bq*, pp* —qq* =1, and BB* — a*a =1, so that

Al = q*ml +p*ll7 )\2 = ams + ﬂ*ZZ (28)

serve as longitudes, satisfying pq1 - Ay = us - A2 = 1. Note that this makes p = apu1 + SA;.
Let Y, denote the connected sum knot complement

Yy =Y (u)#(8° \ Ko)(n2) \ Kpy#Kp,, (29)

where K, C Y(u1) and K,,, C (S®\ Ky)(u2) = L(3, a*) are the knot cores associated
to the respective fillings by p; and ps. If we write ¢ : Hy(0Y,) — H1(Yy), f1: H1(Y) —
Hy(Yy), and fo : H1(S3\ Ky) — Hi(Y,) for the maps induced on homology by the
corresponding inclusions, then f; & fo descends to the isomorphism,

(H1(Y) & H1(S*\ Ky)) /(t1(p1) ~ t2(p2)) — Hi(Y), (30)

which, since H;(S? \ Ky) is torsion free, restricts to the isomorphism,

(1 (H1(0Y)) @ 2 (H1(D(S* \ Kv)))) /(1a(pa) ~ t2(p2)) = L(H1(9%)).  (31)

For the knot K, #K,, with meridian 1, we can splice the longitudes Ay and A,
together to form a longitude of class Ay € ¢=*(f1 (A1) + f2(A2)) C ¢t(H1(0Y)). The Dehn
filling ¥, (\y) then has homology elements satisfying

fria(pr) = fata(pz) = £ fara(Na) = =2 fria (M), (32)

implying that fie1(u) = fiei(aps + A1) = 0 in Hy (Y (My)). Since, in addition, we
know that ¥, is homeomorphic to Y, it follows that Y (u) = Y, (M), realizing Y (u) =
Y. (\x) as zero surgery (relative to \x) on the Floer simple knot K, #K,, C Y (1) =
Y (i) #L (B, 0").

Since ged(pg, 8) = 1 and H;(S%\ U) is torsion free, it follows from the isomorphisms
(30) and (31) that f; restricts to isomorphisms 77 — T and T¢ = T?, where Ty :=
Tors(H(Y)), T := Tors(Hy(Y,)), T := Ty N 11 (H1(9Y)), and T? := T N o(H1(9Yy)).
It also follows that we can choose [ € :~1(T?) and m € H;(9Y,) with m -1 = 1 such that
f1 and fy satisfy

J1 o e(ma) = Bu(m), f2 1 12(mz) = pu(m) + g€u(l), (33)
fl : L1(l1> — ﬂfb(l),
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on the images of +1 and ¢a, for some £ € Z/g, with g := |T‘9| = ‘T18|. We then have

L(pg) = frr(p) = fata(p2) = Bpe(m) + Base(l), (34)
t(Ag) = fit1(A1) + farz(A2) = ne(m) + n'€u(l),

where we used the facts that

n=ap+ B¢, n' =aq+Bp". (35)
The condition that py-Ayx = 1 determines &, which we shall not need.
4.7. Applying the “coloring condition” of Proposition 3.7

Since this section uses the Euler characteristic of knot Floer homology, which we
express in terms of the Turaev torsion, regarded as an element of the Laurent series
group ring of homology, we briefly introduce generators m, my, and mq for Hy(Y,)/T,
H1(Y)/T1, and Hy(S3\ Ky), respectively, with signs chosen so that

t(m) € +gm+T, (my1) € +gmi +T1, t(mz2) = ma. (36)
For notational brevity, we also set
ti=1[m], ti:=[m], t2:=[ma], (37)

where [-] indicates inclusion into the Laurent series group ring of the relevant homology
group.

In order to use Proposition 3.7, we need the support of the Euler characteristic of the
knot Floer homology of the knot core K, C ¥, (A4). Since HFEK tensors on connected
sums, its Euler characteristic X“/ﬁ‘ turns tensor product into multiplication, and the
support function S[-] on (Laurent series) group rings converts this multiplication of
polynomials into addition of sets, yielding

ST (). K| = ST (). B0 + a8 TS K (12), )]
(38)

Proposition 2.1 tells us that

S {XW(Y(M),KM)} =S[(1 = [u(u)]) - (1= t) " Ehenlh] — 7)) (39)

) S[llitszhen[hl =) A+ [ ()] ()

= (SIr ()N ({0,...,pg = 1pmy + 1)) T (S[(Y)] + ea () »
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where 7(Y) € Z[t=1,t]][T] D Z[H1(Y)] is the Turaev torsion, 7°(Y) is the torsion com-
plement as defined in (8), and we used our simplifying assumption that deg, 7%(Y") < pg.
Similarly, we have

S[X*TF\K((S?’ \ Ku)(p2), Kﬂz)] = S[(1 = [(e2(n2)]) - 7(S* \ Ku)] (40)
= S[(1—15)/(1 — t2)]
=1{0,...,8 — 1}ia(my).

Thus, if we set

Ao = A(SEOIN {0, pg = 1y + 1)) + {0,..., 8= 1} fara(ma),  (41)
Ar = AS[FY)] + tlag) + {0, 5 = 1 fara(m),

then in the language of Proposition 3.7, we have
Sprack = S[Xlﬁ(y;%(/\#)aK#) = Ao Il Ay, (42)
Skep = Ssrack + L(M#)Z>07 SeLue ‘= Sprack — L(N#)Z>O~
Using the fact that ¢(p4) = B fata(ma), one can easily verify that

(SbLue = Srep) N (MZiso +T') = (A1 — t(py)) — (Ao + t(ug))) N (MZso +T) (43)
= (fl(S[TC(Y)} — S[T(Y)D — f2L2(m2)Z>O) N (ﬁlZ>0 + T)

Proposition 3.7 then implies Y, (Ax) is an L-space if and only if
t(Ag)Z N (Sprve — Srep) N (MZso +T) = 0. (44)
Suppose the above set is nonempty, hence contains some element be(Ay) such that

bL()\#) =f1 (hc - h) — kfgbg(mg) €Eml~o+T (45)
with b € Z4o, k € Zso, he € S[T(Y)], and h € S[T(Y)]. Since bu(Ay), kfata(ms) €
1(H1(Yy)), we know that fi(h.—h) € o«(H1(Yy)), implying he —h € «(H1(Y')). Moreover,

since bu(Ay) € mZso + T, we know that he — h € m1Z~o + T1. In other words,
he —h e (S[TY)] — S[r(Y)]) Ne1(m1Zso + W Z) =: DILY). (46)

Writing he — h = du(my) + y(lh) € DI(Y) and evaluating fi, f2, and ¢(Ay) as
(

(
expressed in (33) and (34), we transform (45) into

(br)u(m) + (br")€u(l) = (B3 — kp)u(m) + (By — kq)&u(l), (47)
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which, since nmy + n'ly = aus + A1 = (ap + B¢*)my + (aq + Bp*)ly, yields the two
equations

blap + Bq") = Bd — kp > 0, (48)
b(ag + Bp*) = By — kq (mod g). (49)

One can use the identity pp* — gq* = 1 to solve the above two equations simultaneously
for b, obtaining b = py—¢d (mod g). Moreover, taking the first equation modulo p implies
= —¢d (mod p). Thus any solution in b to (47) must satisfy b = py — ¢d (mod pg).

4.8. Completing the proof of Theorem 4.2

For each § = §t(m1)+7u(l1) € PI(Y), set b2 := [py—qd]pg —pg and b3, := [py—qd]pg-
Note that our earlier assumption of pg > deg; 7¢(Y) ensures that b3 #0and b2 | < pg.

We claim that Y, (\,,) is an L-space—or in other words, that (48) and (49) have no
solution (b, k) € Z x Z~q for any dc(m1) + (1) € DI(Y)—if and only if

b6

bé
F_ <-=Z F”' for all § = dc(mq) + ye(ly) € DIYY). (50)

S|

First, consider the case in which n > 0. Suppose there exists § = dc(mq) + yi(lh) €
DI(Y) for which 8/n > bi/é. Since n,d > 0, this implies 0 < bin < B4. Thus, since
bin = (—q0)(Bgq*) = B (mod p), there exists kg € Zs¢ such that bin = 6 — kop > 0.
Thus (b3, ko) provides a solution for (b, k) in (48), which, together with the relation
b3 = py — 6 (mod g), implies (49) also holds for (b, k) = (b3, ko), and so ¥ (\4) is not
an L-space.

Conversely, still for n > 0, suppose that ¥, (\4) is not an L-space. Then there exist
0 = dulmy) + yu(lh) € DI(Y) and (b,k) € Z x Z~o for which (48) and (49) hold.
In particular, (48) implies bn < 8§ and b > 0, while (48) and (49) together imply
b= b‘j_(mod pg), requiring b > b‘j_. Thus 36 > bn > b‘j_n, implying 8/n > b‘j_/é.

The argument for the case of n < 0 is nearly identical, but with a few signs and
inequalities reversed. This completes the proof of our claim, and the claim implies the
theorem, if we additionally note that (50) holds vacuously when DI (Y) = @, and that
(u) was arbitrary in SI(Y)\ {l}. O

5. Seifert fibered L-spaces

To illustrate the utility of our new L-space interval tool D7, in this section we ex-
ploit Theorem 4.2 to offer a simple alternative proof of a known result: namely, the
classification of Seifert fibered spaces over S? which are L-spaces. We restrict to the S2
case because it is the most interesting one, as no higher genus Seifert fibered spaces are
L-spaces, and all oriented Seifert fibered spaces over RPP? are L-spaces [7].
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5.1. Seifert fibered L-spaces, a history

Up until now, the classification of Seifert fibered L-spaces has relied, at least in one
direction, on the classification of oriented Seifert fibered spaces M over S? admitting
transverse foliations, a problem which dates back at least to 1981, when Eisenbud, Hirsch,
and Neumann [12] re-expressed this foliations problem in terms of a criterion on represen-
tations of w1 (M) in H&Sé@ S, the universal cover of the group of orientation-preserving
homeomorphisms of S!.

A few years later, Jankins and Neumann [25] reformulated the criterion of [12] in
terms of Poincaré’s “rotation number” invariant on Ho/n[\l_eT)JrSl7 a development which,
along with the correct conjecture that this criterion is met in Hg_rr\l_e/o+5 Lif and only
if it is met in a smooth Lie subgroup thereof, allowed them to write down an explicit
characterization of Seifert fibered manifolds over S? admitting transverse foliations. With
the exception of one special case, they also showed that this list was complete. It took
more than a decade before Naimi [34] resolved this outstanding case using dynamical
methods, and more than a decade after that before Calegari and Walker [9] generalized
Naimi’s methods to provide a proof of the Jankins—Neumann classification that did not
appeal to smooth Lie subgroups.

In the late 1990’s, Eliashberg and Thurston [13] proved that one can associate a weakly
symplectically fillable contact structure to any C? cooriented taut foliation on a closed
three-manifold—a result which Kazez and Roberts [29], and independently Bowden [5],
have recently extended to C° foliations. Since Ozsvath and Szabé have [39] shown that
this contact structure gives rise to a nontrivial class in Heegaard Floer homology, this
proves that L-spaces do not admit co-oriented taut foliations.

In the converse direction, Lisca and Mati¢ [32] proved that a Seifert fibered manifold M
over S? admits contact structures in each orientation which are transverse to the fibration
if and only if M belongs to the explicit set characterized by Jankins and Neumann. Lisca
and Stipsicz then showed [33] that if there is an orientation on a Seifert fibered manifold
M over S? for which no positive contact structure is transverse to the fibration, then M
is an L-space.

Since our own answer matches that of Jankins and Neumann, one could take the
non-L-space/transverse-foliation equivalence for Seifert fibered manifolds over S? as a
corollary of Theorem 5.1 below. As for our L-space classification itself, however, the proof
no longer requires foliations, dynamical methods, or even (after the proof of Theorem 4.2)
contact or symplectic geometry. It only uses ordinary homology and one computation of
Turaev torsion from a homology presentation.

5.2. Conventions and bases
To construct a Seifert-fibered space with n exceptional fibers over S?, we start with

the trivial circle fibration S x S?, and remove n + 1 solid tori, S* x D2, i € {0,...,n},
yielding a trivial circle fibration over the n 4+ 1-punctured sphere,
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V=8t % (S2\ 11, D?), oY =]1",aY, (51)

where 8;Y" denotes the ith toroidal boundary component, 0; Y = —9(S' x D2).

Next, we choose presentations for Hy(Y) and Hy(9;Y) in terms of the regular fiber
class f € H, (V) and classes horizontal to this fiber. For each i € {0,...,n}, we take
(fi, —hi) as a reverse-oriented basis for H,(8;Y"). Here, h; € H;(8;Y") denotes the merid-
ian of the excised solid torus S* x D2, and if we write Z; : Hy(9;Y) — H;(Y) for the map
induced by inclusion, then f; € i;'(f) denotes the lift of f satisfying (f; - Ei)|3if/ =1.
Setting each h; := Zl(ill) € Hq (}7), we note that there must be a relation among the h;,
since the n + 1-punctured sphere is the same as the n-punctured disk, with first Betti
number n. In fact, since any one of the h; can be regarded as the class of minus the
boundary of this disk, with the remaining h; summing to a class equal to the boundary
of the disk, we have ) " ; h; =0, so that H,(Y) has presentation

Hi(Y) = (frhoye oo ha| S hi =0). (52)

To specify a Seifert fibered space, one simply lists the Dehn filling slopes, in terms of
the basis (f;, —h;) for each Hi(8;Y), of the n + 1 toroidal boundary components of Y,
conventionally filling 0pY with an integer slope and the remaining ;Y with noninteger
slopes. That is, for any e, r1,...,r, € Z and s1,...,8, € Zxo with each ;— ¢ 7, the

Seifert fibered space M (ep; ;—1, ceey Z—:) denotes the Dehn filling of s along the slopes
fio == eofo — ho, (53)
ii=rifi —sihs, i€ {1,...,n}.

The resulting manifold has first homology

Hl(M(eO;%,...,g—:)> = (fhos o | S by = io(pt0) = - . = in(n) = 0) . (54)

Note that for any (zo,...,z,) € Z"! satisfying Y I, z; = 0, the change of basis h; —
hi +zif, 1€ {0,...,n}, yields the reparameterization

M( 0;;...,S>I—>M(€0+ZO,T1+21,...,Z—:+Zn). (55)
In addition, M (eq; :—1, ..+, e) admits an orientation reversing homeomorphism,
—M(eo; 5+, .-y 52) = M(—eo; =55, —52). (56)

5.8. Statement of L-space classification

We are now able to state our result.
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Theorem 5.1. If M (eo; 2—1, ..., =) denotes a Seifert fibered space over S? with n > 0
exceptional fibers, then M (eg; :—1, cee ;—W) is not an L-space if and only if e+ ;- : =0

or

_€0+01<n:,;1r<ls__< 1—|—z:rZ —D <0< —ey+ mggs——<1+zrz J) (57)

where s denotes the least common positive multiple of s1,...,Sn.

Remark. If we take each s; > 0, then inequality (57) is equivalent to the condition that

1 - [_rix]& Tz s
in -1 - ) s - ~| -1 .
021;2”< 2 ) <oyl < m( DY ) 9

i=1 v i=1

The middle expression, ey + Y, 55, is the orbifold Euler characteristic. If eg + St ™

=0, then ()8) fails to hold when n < 2, in which case all three expressions are equal.
Theorem 5.1 makes it easy to deduce the L-space filling slope interval for any regular-

fiber complement in a Seifert fibered space. That is, for any j € {1,...,n}, the above

theorem implies that M (eo; %, ..., =) is an L-space if and only if

7 Sn

—eox — —1+§:V1w

i#]

>F“Sf_ﬂ o e ”ZVJ <Y;—”“°J (59)

i#]

for all z € {1,...,s— 1}. Since the above expressions are integers, (59) holds if and only
if

—eoT — —1+Zrix—‘ Zréi or —eoT — 1—1—2\‘2? gréi. (60)
, ; , ;

— | Si —
7] i#]
Dividing both sides by z then gives the following result.

Corollary 5.2. If M (eq; %, ooy =), with each s; > 0, denotes a Seifert fibered space over
S? with n > 1 exceptional fibers, then for any j € {1,...,n}, M(ep; T tr) s an
L-space if and only if eq+ Y7 1 % # 0 and

T r r T
< ey + rnln—— —1—|—E {Z—‘ or —eo—l—max—— 1—|—E \‘lJ > L
S; 0<z<s oy S; 0<z<s oy Ss

where s is the least common multiple of those s; with i # j.
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5.4. Set-up for proof of Theorem 5.1: Dehn filling a Floer simple manifold

We begin by expressing M (eq; %, cee :—Z) as the Dehn filling of a Floer simple mani-
fold Y. For now, we demand that 0 < r; < s; and ged(r;, s;) =1 for each i € {1,...,n}.
Let Y denote the regular-fiber complement

Y= M(0; ..., =)\ (ST x D), (62)

PR

so that Y'(po) = M(eo; 5+, ..., 5*). Regarding Y as a partial Dehn filling of Y, we have

Writing ¢9 : H1(0Y) — H;(Y) for the map induced by inclusion, and identifying
ho and fo with their respective images under the canonical isomorphism Hl(aoff) —
H,(9Y), we again have LO(EO) = ho and Lo(fo) = f, but in the sense of the above
presentation for Hq(Y).

Define
[Ty [Ty [y
Socd 1= ged = 1= § === 64
ged g ( 51 9 9 Sn ) Sgcd ( )
noting that this makes s the least common multiple of s1,...,s,. Note that if we set

" s s " r;

l:=pfo+q hy, with p:= —Z ¢'i==, g:=gcd Z—zs, s, (65)
im %9 g =17

then [ is primitive in H;(9Y). In addition, since hg = — .-, h;, we have

Zsi = Z%sf + sho = guo(l). (66)

i=1 i=1""

Thus ¢ (l) € H1(Y) is torsion, and so [ is also a rational longitude. Moreover, since

gu(l) = X7 £ii(us) = 0 is a primitive linear combination of the relations in the
presentation of H(Y) in (63), we have g = [(t0(1))|. Choosing any m € H;(9Y") satisfying
m -1 =1, and writing m = —qfy — p*hg, allows one to solve for f and hg in terms of m
and [.

Now, since all £ > 0 by assumption, we know from Ozsvath and Szabé in [37] that
Y(—ho) = M(0; %,..., 1) is an L-space, so we may take i := —hy as our given L-space

filling slope, and Choose )\L = fo for its longitude, with p, - A\, = —hq - fo = 1. We then
have

= —ho=pm+ql, A= fo=q"m+p, (67)

with p and ¢* asin (65), and with ¢ and p* solving the Diophantine equation pp*—qq¢* = 1.
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5.5. Computation of D(Y)

To compute D(Y'), we need the Turaev torsion, 7(Y"). Recall that Y is a union along
torus boundaries of trivial circle fibrations,

Y =8"x (S*\[[.,D?) U S xD? U ... U S, x D2 (68)

The leftmost S1 above, corresponding to the regular fiber in Y, has class ig(\,) = f €
H,(Y). Similarly, for i € {1,...,n}, each S} above has class i;(\;) € H;(Y), where \;
is any longitude satisfying ( ti - Ai)lg,y = 1. Since each i;(p;) = 0, each class ;(A;) is
independent of the choice of \;. The Turaev torsion then obeys a product rule for unions
along torus boundaries [47, Thm. VIL.1.4], yielding

T(Y) = (1= [2o(A)]) XM= POTT™ (1~ [25(A)]) X PD (69)
= (1= o)D" T, (1= (M),

where [-] denotes inclusion of Hy(Y) into the Laurent series group ring for Hy(Y).
These 7;(A;) bear simple relationships to ¢o(p,) and ¢g(\,). That is, we claim that

Lo(,uL) = Z?:l ’I'iLAZ‘()\i), and Lo()\L) = Silfi(ki) for each i € {1, . ,TL}. (70)

To see this, note that since each u; = rifi — s;hi, with (ﬁ . Bz)|8y = (i~ N\i) oy = 1,
we know there exist r7, sy € Z such that
Li(Ni) =sif+rihi, rirf +sis) =1, (71)
implying that
rili(Ai) = 87 (rif) +riri hi = s7(sihi) +rirlhy = hy, (72)
sili(Ni) = sisp f + 17 (sihi) = sisi f + ri(rif) = f = w(\). (73)
Thus, since to(p) = —ho = >y hi, (70) holds in Hy(Y).
Since to(AL) = s;2;(A;) for each i € {1,...,n}, we may rewrite 7(Y) as
n
1—[2( ]
Y)= 74
) oo /\L 1;[1 =[] (")
which has support
Sr(V)] = {eo(A)Zx0} + {32021 wili(Ni) [yi €0, si — 1}}. (75)

Since Y has multiple L-space fillings, it is Floer simple, and so each element of H;(Y")
has coefficient 0 or 1 in 7(Y'), and the torsion complement 7¢(Y") has support
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S ={—jro\) + Xis1wili(N)J € {1,...,n—1},y; €{0,..., s —1}}
n H1 (Y)zo, (76)
where H1(Y)>o := {w € Hi1(Y)|¢p(w) > 0} for any homomorphism ¢ : Hi(Y) — Z
satisfying ¢(co(m)) > 0.
Since s;i;(A;) = to(AL) for each i € {1,...,n}, it follows from (75) that S[r(Y)] is
additively closed, which, in turn, implies that
(S )] = Sir(Y))) N Hi(Y) 20 = S[(Y)], (77)
so that D(Y') is the intersection D(Y) = S[7°(Y)]No(H1(9Y)). By (70), we know that
to(H1(9Y')) = Span {eo(p), to(Ar)} (78)
= Span {Lo(‘uL) = Z?ZI Tzltl(AZ), L0(>\L) = 51Z1(>\1) =...= Snif\n(An)} .
Now, for any j € {1,...,n— 1} and (y1,...,yn) € [[/-1{0,...,s; — 1}, we have

—joOn) + 0 yitiO) = S0 (i + zisa) i) — G+ o0 z)w(A) (79)

for any (z1,...,2,) € Z". Thus, —jio(A) + Yoiey vili(Ni) € wo(H1(9Y)) if and only if
there exist (z1,...,2,) € Z™ and x € Z for which

(Y1 + 21815+ -y Yn + 2nSn) = (r12, ..., rp). (80)

We can therefore parameterize D(Y) = S[%C(Y)] N (H1(0Y)) as

In such case, we have y; = [r;x]s, and z; =

={6|je{l,....n—1}, ze{l,...,s— 1}, 6 >0}, with (81)
87 = a0 () + U o(\) a” =, W= —j— Z it
x x x b xr ? xr P SZ ?
R f( Z )
9 im1

where 6] := .- 1 for any 8., € 151(87). Since 8% is invariant under the action  — z + s,
it suffices to choose a fundamental domain of length s for z € Z. The above expression
for D7(Y) uses the fundamental domain z € {0,...,s — 1}, but excludes 0, since &) < 0
forall j € {1,...,n—1}.
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5.6. Application of Theorem 4.2/Corollary 4./

This particular choice of fundamental domain ensures that for all 87, € DI(Y), we have

b~ = bii and al~ = a®* in the sense of Corollary 4.4. That is, for all j € {1,...,n—1}

and x € {1,...,s — 1} with 62 > 0, we have

. i— 57 L , 2y
0< b =L 2SI Iy N2 _0= py. (82)

This makes al~p, +bJ" A, € 15 (87) one of the two lifts of 87 closest to py, in P(H,(9Y)),
and the closest lift of 7 on the other side of py, is aZt g, + bt N, € 15" (872), where

agf = aijx =a” —q'g = —(s—2x), (83)
. 59 . o= [ri(s—=z
= o =g = i Y| ).
i=1 v
To use Corollary 4.4 on M(eo; T, ..., 5) = Y(uo), we shall also want the (u., )\L)
surgery coefficients for o, and the value of pug-I. Slnce o = eofo —hoand [ = pfo +q* ho,
with g, = —ho, A, = fo, p = s syt 155, and ¢* , we have
Mo = Qg + ﬁ)\L, o= 17 ﬁ ‘= €0, (84)
po-l=eoq" +p=— (eoJrZS >
i=1 "°

=0
is treated separately in the theorem statement, we henceforth restrict to the case of

Mo - l 7& 0.
Suppose that DI(Y) # (. In this case, Corollary 4.4 tells us that M (ep; o m)=

7 Sn

Since Y (p) is never an L-space when p -1 = 0, and since the case of eg + > ., = =

Y (uo) is an L-space if and only if

i— Jj+ _ _
a1 _ =& _ & o« —6-2 1_a (85)

for all j € {1,...,n— 1} and # € {1,...,5 — 1} with 62 > 0, and moreover the left-
hand (respectively right-hand) inequality obtains only if 5/(ug - 1) < 0 (respectively 3/

(1o - 1) > 0).
Further suppose that 8 = eg < 0. Then M (eq; %, ..., ) is an L-space if and only if

0>—ey+bl /x for all j and = with 67 > 0 ifpp-1>0
0< —ep—bit/(s—x) for all j and x with 62 > 0 if ug-1<0. (86)

never (case already excluded) ifpg-1=0
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Note that for all j € {1,...,n— 1} and x € {1,...,5 — 1}, 82 = al*p + bJ*¢* implies
b fe=01/(q" ) —p/a", V(s —w)=—0L/(¢"(s —2)) —p/q".  (87)

Thus b~/ is never maximized and —b%* /(s — z) is never minimized when 4, < 0, so we
can remove the §7 > 0 conditions from (86). Moreover, b2~ /z is never maximized and
—bJT /(s —x) is never minimized when j > 1, so it suffices to fix j = 1. Reparameterizing
the second case of (86) by s — 2 + x then transforms (86) into the condition

1 - ;X 1 Ly P
< — in —— | — — ——
0= 60+OI<nacH<ls :L‘< 1+21’781-‘> or 60+OIE§§S $<1+Z S
1=

)
; %
1=1

xJ) <0, (38)
which is the negation of the theorem statement’s inequality for non-L-spaces.

When eg > 0, M(eo; ¢+, ..., ) is always an L-space, since eg = 0 corresponds to our
initial L-space Y (u,), and since when ey < 0, the right-hand inequality in (85) holds for
allje{l,...,n—1}and z € {1,...,s—1}. Accordingly, when e > 0, (88) always holds
(via its right-hand inequality).

Lastly, suppose that DI (Y) = (). Since we have excluded the case of g -1 = 0, this
implies that Y (po) = M(eo; 5, ..., ) is an L-space, so we must show that (88) holds.
To see this, first note that the negation of (88) is equivalent to the inequality

. 1 i [—rix]s. i T 1 n [rix]s,
S PR QS LI [ — —[-1 ) (89
OI<111125 x ( ; S; > €+ ;s < Oglgi{s €T ( + ; S; ( )

Since DI,(Y) = () implies 67 < 0 for all j € {1,...,n— 1} and z € {1,...,5 — 1}, we
have

- —TiT|s; - - Til]s, j=
1—27[ S] =—017, >0, —1+Z[ ] =6=1<0 (90)

i=1 i

for all z € {1,...,s — 1}. Thus (89) fails and (88) holds.
We have finished showing that, when 0 < r; < s; and ged(r;,s;) = 1 for each i €
{1,...,n}, M(eo; %, ) js an L-space if and only if eg + Y ., 2 # 0 and (88)

’
Sn Sq
dr;

holds. Moreover, since (88) is invariant under any map * + 97 with d € Zo, or under

any reparameterization of the type in (55), we can remove our initial restrictions that
0 <r; <s; and ged(r;, s;) = 1, completing the proof of the theorem.

6. Gluings along torus boundaries
The introduction to Section 5 discusses how, for Seifert fibered spaces over S? (al-

though the same is true for all Seifert fibered spaces [7,15]), the property of admitting a
cooriented taut foliation is equivalent to the property of not being an L-space.
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6.1. Equivalent properties for Seifert fibered spaces

In fact, this pair of equivalent properties belongs to a larger list.

Theorem 6.1 (/12,59,35,8]). Suppose M is a Seifert fibered space over S*. Then the
following are equivalent:

(1) M admits a cooriented taut foliation.
(2.p) There exists a homomorphism p : m (M) — Homeo R with non-trivial image.
(2.LO) The fundamental group m (M) admits a left ordering.

(3) M is not an L-space.

Summary of Proof. Our idiosyncratic numbering owes to a result of Boyer, Rolfsen, and
Wiest [8], which implies that (2.p) = (2.LO) for (a superset of) all closed, prime, oriented
three-manifolds. We also have (1) = (3) for all closed oriented three-manifolds, as shown
by Ozsvath and Szabé in the case of C? foliations [39], a result recently extended to C°
foliations by Kazez and Roberts [29], and independently by Bowden [5].

More is known for Seifert fibered spaces. For Seifert fibrations over S2, we have (1) =
(2) as a corollary of a result by Eisenbud, Hirsh, and Neumann [12]. The result that
(3) = (1) is due to Lisca, Matié, and Stipsicz for fibrations over S? [32,33], Boyer,
Gordon, and Watson for fibrations over RP? [7], and Gabai for fibrations with positive
first Betti number [15]. One could also regard the classification by Jankins, Neumann
[25], and Naimi [34] of Seifert fibered spaces over S? satisfying (1), together with the
classification in the present article’s Theorem 5.1 of Seifert fibered L-spaces over S2, as
an alternative proof that (1) = (3). O

The above result motivated a conjecture of Boyer, Gordon, and Watson [7] that properties
(2) and (3) above are equivalent for all closed, prime, oriented three-manifolds.

6.2. Gluing results

To further explore the relationship of the above properties, Boyer and Clay [6] studied
how each of these properties glue together when one splices together Seifert fibered
spaces along the toroidal boundaries of fiber complements to form a graph manifold.
In the process, Boyer and Clay observed that properties (1) and (2) obey a similar
criterion determining when they admit compatible gluings. The property (3) of being a
non-L-space proved less tractable for this exercise, but Boyer and Clay conjectured that
property (3) should follow a similar gluing pattern to that of (1) and (2).

We are now able to confirm their conjecture in the case in which two Floer simple
manifolds glued along their torus boundaries have the interiors of their L-space intervals
overlap via the gluing map. In fact, there is no requirement that these Floer simple
manifolds be graph manifolds.
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Theorem 6.2. Suppose that Y1 and Ya are Floer simple manifolds glued together along
their boundary tori. Such gluing is specified by a linear map ¢ : Hy (0Y1) — Hy(0Y2) with
detp = —1, descending to a map pp : SI(Y1) — SIU(Y2) on Dehn filling slopes, where
SUY;) = P(H,(9Y;)). Let L(Y;) C SUY;) denote the interval (with interior L°(Y;)) of
L-space filling slopes forY;, for each i € {1,2}, and suppose that op(L°(Y1)) N L (Ya) is
nonempty. Then Y1 U,Y5 is an L-space if and only if pp(L°(Y1)) U L°(Ya) = SI(Ya) if
both DI (Y;) are nonempty, and if and only if op(L£(Y1)) U L(Y2) = Si(Y2) otherwise.

Notation. For brevity, we henceforth write
I :=L(Y;) and I; := L°(Y;).
6.3. Set-up for proof: conventions and simplifying assumptions

We begin by choosing bases (m;, ;) for Hy(9Y;) and m; for Hy(Y;)/Tors(Y;), for each
i € {1,2}, according to the conventions of Section 4.1. Thus, if we write ¢; : H1(9Y;) —
H,(Y;) for the map induced on homology by inclusion of the boundary, then I; generates
(H(Ty), where T; := Tors(Hy(Y;)), m; satisfies m; - I; = 1, and m; satisfies ¢;(m;) €
gimi + T;, where g; := |T?|, with T? := 1((l;)) = T; N 1(H1(9Y3)).

We shall break the operation of torus boundary gluing into three steps more amenable
to Heegaard Floer computation: those of Dehn filling, connected sum, and Dehn surgery.
In preparation, assuming gpp(jl)ﬂfg nonempty, choose 1 € P_l(fl ﬂ@lgl(jg)) C Hy1(0Y7)
and a longitude A; € H;(0Y7) satisfying p1-A; = 1. Set po 1= (1) and Ag := —p(A\y) €
H{(9Y3), noting that this makes Ay a longitude relative to ps, since p1 - Ay = 1 and
deto = —1 imply ps - Ay = 1. Write p; = pym; + ¢;l; and A\, = ¢'m; + pjl;, with
pipy — qiqf = 1, for each ¢ € {1,2}. Note that the invariant ¢* := ¢fp2 + ¢5p1 is
independent of choices of pq and A;. That is, if we write (¢;;) for the entries of the
matrix for ¢ with respect to the bases (mq,({1) and (mao,l3), then

" =p2gi + ¢5p1 = (P11p1 + P12¢1)q7 — (91147 + P1207)P1 = — 2. (91)

Before using p; and A; to splice together Y7 and Ys, we first pause to make some simpli-
fying assumptions, without loss of generality.

Proposition 6.3. Suppose @p(fl) NI, # (). For purposes of proving Theorem 6.2, it is
sufficient to take ¢* > 0, and we may choose uy € ]P’_l(fl N QO]PTI(I.Q)) C Hy(0Y1) to
satisfy ged(pi, ;) = ged(p1, p2) = ged(p1, 92) = ged(p2, g1) = 1, p1,p2 > ¢* > 0, and
pi > (14 degpz, 7(Y1))(1 + degz,,17°(Y2)) for i € {1,2}, where pim; + qil; = pi,
g;m; + pili = i, po = (1), A2 := —p(A1), and q* := qip2 + g3p1 for i € {1,2}. We
call such p1 “judiciously chosen.”

Proof. We summarily dispense with the case in which ¢* = 0, since then <pp(f1) Ul, #
P(H1(0Y2)) and Y; U, Y3 is not a rational homology sphere, hence not an L-space. If
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q* < 0, then we may send ¢* to —¢* by making the changes of basis (m;, ;) — (m;, —1;)
while simultaneously reversing the orientations of both Y; and Ys. This preserves the
positivity of p; and ps, and leaves invariant the questions of whether Y7 U, Y5 is an
L—space and whether QOIP’(Il) N jg = P(H1(8YQ)), or (p]p(Il) n 12 = P(H1(8Y2)) Thus we
henceforth take ¢* > 0.

We can construct a judicious choice of p; as an approximation of a primitive rep-
resentative Pymy + Qqly € P_l(_fl N wﬁl(fz)) with P, > 0. Since I; N golgl(fg) con-
tains an open ball, we can demand that P; and @; are nonzero for i € {1,2}, where
Pymg 4+ Qale = o(Pymy + Q1l1). If P, < 0, we repair this sign with the change of basis
(ma,l2) — (—mg, —l2). Writing M, = (¢;;) for the matrix for ¢ with respect to the
bases (m1,l1) and (ma,l2), choose s € Z such that x := @22 + @125 and y := —da1 — P11
are nonzero, with ged(z, g2) = 1, noting that we now have M, (z,y)" = (—1,s)". Next,
set

D := |g1g22y(yP1 — 2Q1)(Py + 2 P)], (92)
and define p1 := p1my + q1l1 and pg := pamag + gals = @(p1), with
p1:= PiDN + x, pa = Po,DN — 1, (93)

1= Q1 DN +y, g2 = Q2DN + s

for some integer N > ¢*(1 + deg,17°(Y1))(1 + degy,7°(Y2)) chosen large enough to
make py := p1mq + gil1 lie in ]I”_l(fl N gprl(I'z)). Then ged(p1, g2) = ged(pa,91) = 1,
and one can use the facts that p1/x —q1/y = (yP1 —2Q1)(D/(zy))N is relatively prime
to p1/x and that p1/x 4+ pa = (P + xP2)(D/z)N is relatively prime to py to argue,
respectively, that ged(p1,q1) = 1 and ged(p1,p2) = 1, the former of which statements
implies ged(pa,g2) = 1. O

6.4. Dehn filling a Floer simple manifold

We are now ready to construct Y7U, Y5 as the Dehn filling of a Floer simple manifold Y.
For each ¢ € {1,2}, perform the (L-space) Dehn filling Y;(u;), writing K, for the knot
core of Y;(p;) \ Y;. Next, let Y denote the (Floer simple) knot complement

Y =Y () #Yo (p2) \ Ky # Ky, (94)

of the connected sum K, #K,, C Yi(u1)#Y2(u2) = Y (1), where g, denotes the merid-
ian of K, #K,,,, and as usual, write ¢ : H;(9Y) — H;(Y") for the map induced on homol-
ogy by inclusion of the boundary, and set T := Tors(H:(Y)) and T? := «(H,(0Y)) N T.
The maps f; : Hi1(Y;) — H1(Y) induced by inclusion descend to an isomorphism
1@ fo: (Hi(Y1) © Hi(Y2))/(t1(p1) ~ t2(u2)) — Hp(Y) that identifies meridians,
via fie1(p1) = fata(pe) = ¢(pe). In addition, K, #K,, has a longitude X, satisfying
fi(ti (M) + fa(e2(A2)) = e(Ar).
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Consider the Dehn filling Y (\,), which one could regard as 0-surgery with respect to
the basis (., Ar) along the knot K, #K,, C Y () = Y1 (u1)#Y2(p2), with Y () an
L-space. Since Y already identifies ¢1(u1) with ta(p(p1)), and since setting ¢(A,) = 0
identifies ¢1 (A1) with t2((A1)), we have

Y(A) =Y; U, Ya. (95)

To describe Y () more explicitly, one can deduce that f; @ f, restricts to an isomor-
phism

(11 (H1(8Y1)) @ 12(H1(Y2)))/ (11 (p1) ~ t2(p2)) — (H1(Y)) @ (00),  (96)

for some o € T with [{o¢)| = ged(g1, g2). That is, if we define

go :=gecd(g1,92), 91 :=91/90, G2:=92/90, 9 := g192/90 = G1G290, (97)

then for [ € H;(9Y) an appropriately signed generator of :=1(T) and any m € H;(9Y)
satisfying m -l = 1, there are og € T of order gy and £ € Z/g such that
fru(ma) = pae(m) + g21€e(l) — qroo,  farta(ma) = pre(m) + q1G26e(1) + g200,
fi:u(ly) = p2g28e(l) + proo, f2:e2(l2) = p1G1&§e(l) — p2oo. (98)

Thus, g = |T?], and if we write
po=pm+aql, A =q¢"m+p, (99)
then p, q, ¢*, and p* satisfy

p = pip2, q = (@1p292 + q2p191)€ (mod g), (100)

q = qip2 + G, P = (P13 + 41 42)91 + (P20 + ¢541)g2)§ (mod g).

Again, the condition p - A\, = 1 determines the value of &, which we shall not need. Of
course, it will often be more convenient to express this restriction of ¢;(H1(9Y;)) to f1® fa
in terms of the bases (¢;(p;),ti(A:)) for ¢;(H1(9Y;)) and (¢(pn), t(AL)) for ¢«(H1(9Y)), as
we shall describe explicitly in the proof of Proposition 6.5.

In either case, we see that ¢* = ¢ip2 + ¢5p1 makes its appearance as A, - [. Thus,
Y1 Uy, Yo = Y(A;) can be regarded as surgery with label (u, - A.)/(AL - 1) = 1/¢* along
Ky # K, CY ().

6.5. Computation of D(Y)

For the remainder of Section 6, we regard the entire preceding construction, along
with the hypotheses of Theorem 6.2, as fixed initial data. We are now ready to compute
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D'(Y'), which we shall call DI (Y') to emphasize that in this case we are not excluding
torsion elements.

Proposition 6.4. Suppose that uy is “judiciously chosen” from P~Y(I; N ¢p'(I2))
nonempty, and thatY is constructed as above. If we set ty := [(c(m))], then DI (Y) =
Ry II (Rl @] RQ) II R3, with

1 1— (e )
Ry:=S - 70, 101
e e T TGy (101

Ry i= JUDL()) + ({0, p2 = Tha(ms) +7F),
Ry i= fo(DE(Y2)) + fi({0,...p1 = Lha(my) + TY)
Ry = 1() + f1(DZ(Y1)) + fo(DL(Y2)).

Proof. To compute DI (Y), we need the Turaev torsion 7(Y") and torsion complement
7¢Y). In order to write these down, we first choose generators m for Hy(Y)/T and m;
and H,(Y;)/T; satisfying

tm)egm+T, (my)€gm;+T;, i€{l,2} (102)
Recall that the above condition only constrains the signs of m and m;. We shall write
t:=[m] € ZIH\(Y)], t;:=[m;] e Z[H(Y;)], ie{1,2}, (103)

for the inclusions of m and m; into their respective group rings.
Invoking the standard gluing rules for Turaev torsion yields

7(Y) = (1= () fi(r(V1)) fa(7(Y2)), (104)

where each f; denotes the lift of f; to the Laurent series group ring Z[t; ', ;]][T;] D
Z[H,(Y;)]. (One could also obtain this result by using Proposition 2.1 and the fact that
Heegaard Floer homology tensors on connected sums.)

For i € {1,2}, set Pr := >, p[h] € Z[H:(Y)] and Pr, := >, _r[hi] € Z[H1(Y3)],
and let P and P; denote the Laurent series P := Prp/(1 —t) and P; := Pr, /(1 —t;), the
latter with polynomial truncations

_ 1— tfigi

Pio= (U= fu(ua)DP = ———Pr. (105)

The torsion complements 7°(Y) := P — 7(Y) and 79(Y;) := P; — 7(Y;) then satisfy

T(Y) = P — (1= [(u)) fi(Pr = 7°(V)) fo (P2 — 79(Y2)) (106)

= 4y 475,
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with 7§ = P — (1= [o(u)]) fr(P1) fo(Pa),
15y = AT V) fa(P2) + fr(P1) f2(7°(Y2)) — f(7°(V1)) fo(79(Y2)),
r§ = [(p )] fL(7°(V1)) fa(r9(Y2)).

It is straightforward to show that each of r§, r{,, and r§ is an element of Z[H;(Y)]
with coefficients in {0, 1}, and that the three sets S[r§], S[r$,], and S[r§] are disjoint. In
particular, r§ satisfies the property

(S[rE] = S[F1(P1) f2(Po)]) 0 S[P] = S[rf], (107)
while r{, satisfies

S[ria) = ST (Y)) 2 (P2) + fu(P1) fo(7(Y2))). (108)

On the other hand, since each (1 — [¢;(;)])7(Y;) has no negative coefficients, it follows
from (104) that 7(Y") has support

Sir(YV)] = S[fi(r(11)) fa(7(¥2))] € Hu(Y). (109)

Lastly, we compute DI (Y) := (S[r(Y)] — S[7(Y)]) N t(mZxo + IZ). Using the facts
that 0 € S[r(Y;)] for each i € {1,2} (as per the convention stated in (7) in Sec-
tion 4.2) and that L(Hl(GY)) C flbl(Hl(aH)) D fQLQ(Hl(aYQ)), we obtain DgO(Y) =
Ro 11 (R1 U Rg) II Rg, with

Ry = S[TB] N L(mZZO + ZZ), (110)
Ry = f1(DZ(Y1)) + f2(S[P2] N e2(Hi(Y2))),
Ry = f2(DL(Y2)) + f1(S[P1] N (Hi(Y1))),
Ry = 1) + f1(DZ(Y1)) + f2(DE(Y2)),
where property (107) has made any remaining subsets of S[7%(Y")] — S[r(Y")]—such as,
for example, f1(S[7°(Y1)] — S[r(Y1)]) N (mZ<o + T)—land in S[r§]. It is straightfor-

ward to show that the above R; are equal to those enumerated in the statement of the
proposition. O

6.6. Computation of L-space interval for Y

Having determined D(Y"), we can apply Theorem 4.2 to compute the L-space interval
for Y.

Proposition 6.5. Suppose that py is “judiciously chosen” from P~1(I; N cp]Pfl(I'g))
nonempty, and that'Y is constructed as above. For each i € {1,2}, set q; := [q;‘]pi and
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let B; denote the set B; := {[’pﬁz — Gi0ilpigd 0i = 0iti(my) +viti(li) € ’DZTO(YZ»)}. Then
Y1 Uy Ys is an L-space if and only if condition (L.i) holds for each by € By, (L.ii) holds
for each by € Ba, and (L.iii) holds for each (by,bs) € By x Ba with by = by (mod go):

1[bg| 11]bg
(i) % +3 % >1 Vb=b (mod pigi), 0 < b < pg,

1[bg| 11]bg
(Lii) % +3 f >1 Vb= by (mod paga), 0 < b < pg,

1[bgi| 11bg
(L.447) 3 % —&-5 % >1 Vb=b; (modpigr), b=be (mod p2g2), 0 <b < pyg,

where p := p1py and g := g192/g0, with go = ged(g1, g2)-

Proof. We begin by ensuring that DI (Y') meets the conditions of Theorem 4.2 Since
Ry ¢ T implies DI(Y') # 0, it remains to verify, for each & = du(m)+~:(l) € DI (Y), that
bs := [pY—q8]pg(= pu-t () (mod pg)) is nonzero, or equivalently, that § ¢ (v(u,)). Now,
the definition of DI already implies 0 ¢ DI (Y'). Recalling the result of Proposition 6.4,
and that ¢(u.) = pe(m) + qu(l) with p := pyps, we know that the inclusions

Ro C{1,...,p1p2 — p1 — pa}e(m) + T°, (111)
RiURy C f1({0,...,p1 — 1}a(ma) + TP) + f2({0,...,pa — L}ia(ma) + TY) (112)
= ({0,...,p1 — 1}pa 4+ {0,...pa — 1}p1)e(m) + T?
imply that (¢(u,)) N (RoUR; URs) = 0. Lastly, since our “judiciously chosen” hypothesis
makes degz,,) 7°(Yi) < pigi = degjy,,j[ti(pi)], and since the kernel of f1 @ f> is generated
by (t1(p1), —t2(p2)), we know that (¢(u,)) N Rs = 0. Thus, Theorem 4.2 applies.

Since we can regard Y; U, Y2 = Y (\,) as surgery with label 1/¢* along K, #K,,, C
Y (1), Theorem 4.2 tells us that Y7 Uy, Y is an L-space if and only if

bs
5

bs —p
1)

1
<—< 113
<F< (113)

for all 6 = du(m) + (1) € DI(Y) (= DI(Y) \ T). Now, since bs = pu, - 0 (mod pg) for
any lift & € 1=1(8), there always exists a unique as € Z for which § = t(agu, + bs\.).
Such as € Z satisfies 6 = asp + bsq*. Taking this as a definition for as € Z, we note
that, since bs —p < 0 and ¢* > 0, the left-hand inequality in (113) is vacuous, whereas
the right-hand inequality is equivalent to the condition ags < 0.

Since bsq* > 0 for all § = du(m) + yu(l) € DI(Y), we obtain as < 0 automatically
whenever § < p. In particular, as < 0 for all § € Ry and for any & € DI (Y)N(0c(m)+T7?).
Now, the latter case is, strictly speaking, irrelevant to the question of whether Y7 U, Y3
is an L-space, but the fact that the condition as < 0 is vacuous on torsion elements
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of DI(Y) allows us to apply the condition to all of DI (Y'), thereby simplifying our
bookkeeping.

It remains to apply the condition as < 0 to each of Ry, Ry, and Rg3, from which we
shall obtain the respective conditions (L.7), (L.i¢), and (L.i%¢). To do this, we first, for
each i € {1, 2}, consider the bijection,

{0,...,pigi =1} — {0, ..., p; — 1}ei(my) + T2 C 1;(H,(0Y)), (114)

biqf _
by — 1i(— LD—%J i+ bidi) € [biilp;ti(mi) +T7,

recalling that ju; = p;m; + qili, \i = ¢fm; + pili, and g; := |T?| with T? = (1;(I;)). The
inverse map sends

X; = szl(m,) -+ yZL7(ll) — bz‘” = [ﬂ, . (z,ml + yll,)]p% = [pzy, — qia:i]pigi. (115)

Thus, if we define ;" = —(b7"q; — [b;"q;],.)/pi, then for any x; = z;t;(m;) + yiti(l;)

with z; € {0,...,p; — 1}, and for any s; € Z, we have
x; = vi(ag i + 07" N) = wi(af" — q; gisi)pi + (07 + pigisi)\i), (116)

with s; € Z parametrizing the lifts Li_l(Xi) of x;.

Since fit1(p1) = fata(p2) = e(py) and frer (A1) + fata(A2) = ¢(A), we deduce from
(116) that f1(x1) + fa(x2) € «(H1(9Y)) if and only if there exist s1,s2 € Z such that
bt 4+ 19181 = 32 + pagese, which, in turn, occurs if and only if b7* = 032 (mod go), since
9o = ged(p1g1, p292) = ged(gi, g2). In such case, if we write f1(x1)+ f2(x2) = t(ap,+bAr)
with b € {0,...,pg—1}, then b is the unique solution in {0, ...,pg—1} to the equivalences
b= 07" (mod p1g1), b = b3? (mod pags). Setting b = b +p;g;s; makes g;s; = (b—b7")/p;
for each i € {1,2}, so that we obtain

a= Zie{l,z}(a?i — 4; 9i5:) (117)
= Siequay (-0 a = 1], ) /pi — af(0— %) /mi)
= —b0(qip2 + @2p1 — p1p2)/p1pe + (07 ail,, /o1 + [05245],, /D2
o[22
n b2

where the third line uses the identity

q" = qip2 + ¢3p1 = @1p2 + q2p1 — P1P2-

(Here, the lefthand side is just the definition of ¢* For the righthand side, the “ju-
diciously chosen” hypotheses 0 < ¢* < p; imply that 0 < ¢* < @1p2 + ¢2p1 and ¢* =



788 J. Rasmussen, S.D. Rasmussen / Advances in Mathematics 322 (2017) 738-805

[G1p2+@2p1]pyps- Thus, since 0 < ; < p;, we have pipa < ¢*+p1p2 < 1p2+qp1 < 2p1p2,
forcing the middle two terms of this inequality to be equal.)
Since we may write any d € Ry as

0 = f1(61) —|—f2(X2) = L(Cl/,LL—l-b/\L) (118)

with 81 € DI(Y1), x2 € {0,...,p2 — 1}a(ma) + {0,...,92 — 1}e2(l2) satisfying
b2 = bz151 (mod gp), 0 < b < pg, and a as determined in (117), we have as = a, and
demanding as < 0 yields condition (7). Likewise, applying as < 0 for all § € Ry yields
condition (#7),. The case of Rj3 is similar, except that since & = ¢(u,) + f1(01) + f2(d2),
we need a5 = 1+a < 0 and b3* = 632 (mod go), yielding condition (iii,). 0

6.7. Determining when gluing hypothesis is met

We next turn our attention to the L-space filling slope intervals I; C P(H;(9Y3)), to
determine when they combine according to the hypotheses of the theorem.

Proposition 6.6. Suppose that uy is “judiciously chosen” from P~Y(I; N ¢p* (1))
nonempty, and that Y is constructed as above. For each i € {1,2}, set q; = [qg‘]pi
and let B; denote the set B; := {[pl% — Gi0ilpigil 05 = 0iti(my) + vivi(li) € DZTO(YZ-)}.
Then @p(I1) U I, = P(H(dY2)) when both DI(Y;) are nonempty—and pp(I;) U Ir =
P(H,(0Y2)) when one or both DI (Y;) are e%lpty—z'f and only if the following three
conditions hold:

1 q- 1 q
(i) — {%J +— {@J >1 forall by € By,
by | p1 by | p2

1 |bag 1 |bag
(Li)) — V—‘hJ . V—‘DJ > 1 for allby € Bs,
by | p1 by | p2

1|bigy| 1 |beq
(viii) 3 b‘ﬂ 5 BZQJ >1 for all (b1, bs) € By x Bs.

Proof. Fori € {1,2}, let m; denote the “surgery label” map, m; : H1(9Y;)\{0} — QUoo,

i - (Qgpni + Biki) _ Bi
(ip; + Bixi) -l cupi + Bigl’

T o Qs + Bidi — (119)

and for each &; = d;0;(m;) +7iti(l;) € DI(Y5), let SH_, d;_ € Li—l(&i) denote the two lifts
of §; closest to u; with respect to surgery label, i.e.,

Sip = adimi + 00N, Bl = [pivi — Gidilpigs (120)

8io = ad p + b2 N = (aﬁ+ q;%) i + (bfi—pigi) Ai (121)
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Note that since p; > degs,17°(Y;) implies 6; < p;, we have

0i = alipi + bipa; = 07147 ], = afipi + 727 = (b0 q]]p > 0. (122)

Note also that m;(8;_) < 0 < m;(8;4) unless §; = 0, in which case 7;(8,_) = m;(d;1) = oco.
Corollary 4.5 then implies that, for DZ (Y;) nonempty, I :=P~(I;) C H,(9Y;) takes
e -3,
the form I; = ﬂ5i€D§0(3’i) I?%, where

= {u € H,(9Y;) \ {0}

mi(8i) < mn) S m(B) 6 >0,

If DI(Y;) = 0, then, similarly to the case in which §; = 0, I, is the complement of
7 H(0).

Note that we always have co ¢ 7;(I;). Thus, a necessary condition to achieve pp(I;)U
Iy = P(H(dY3)) or wp(ly) U Iy = P(H,(dYz)) is to have

(c0.i) o0 € maop(ly), (00.ii) o0 € mop H(I). (124)

We claim that conditions (c0.i) and (cc.ii) are respectively equivalent to (1.7) and (1.7%).
First note that it is sufficient to prove the equivalence of (cc.7) and (1.7), since the maps

©:apy + BA = apo — Bla, @t aus + B — apy — B (125)

are exchanged by swapping i = 1 with ¢ = 2. Also, when DI (Y1) = (), in which case (1.7)
holds vacuously, our hypothesis that ¢* # 0, ensuring that mopm; 1(oo) # 00, implies
(c0.i) holds automatically. Thus, we henceforth assume that DI (Y1) is nonempty.

For any ajp; + b1\ € Hy(0Y7) \ {0}, it is straightforward to show that the map

—b
ma0p : ajpy + by A — —1* (126)
aipz — b1g;
has denominator satisfying
aips — b1q§ = p—2(a1p1 + bqu) — blq— (127)
P1 P

In particular, since ¢* > 0, and since §; = a‘fipl + b‘lsiqf > 0 and b‘fi < 0 for any
01 € DI (Y1), we have

atpy — 0515 >0, mop(d1_) >0 forall & € DI (Y1) (128)

Now, there are two ways in which m50¢(I?") could contain co. One is if oo is contained
as an endpoint of my o (I?1), in which case, since m 0 p(81_) # oo, we must have
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g O cp(épr) = 00, or equivalently, a1 L1ps — b‘sl 1 g5 = 0. Conveniently, the condition w5 o

©(d1_) # m 0 p(d14) also implies that WQOLp(Ifl) is closed 1n this case. The other
possibility is that oo lies in the interior of mogp([l ). Since ', ¢, and 7y are each
orientation reversing, this is equivalent to the condition that 7r2 0p(81_) < maop(diy),
which, since mo0p(8;_) > 0, implies my00(d14) > 0 and hence a1+p2 b‘ls+q2 < 0. In fact,
the converse is also true using the substitutions a‘ls_ = aH_—i— g7 g1 and bll_ = b1+ D191,
and the fact that al it b‘ls 1qi >0, it is straightforward to show that the inequalities
a py — 0% g5 > 0 (from (128)) and a‘fipg b‘1;+q2 < 0 imply that m 0 p(8;_) <
T © cp(61+). Thus, in summary, (cc.7) holds if and only if a‘fﬁrpg b‘f+q2 < 0 for all
01 € DI (Y1), or equivalently, if and only if

allsipz b(1s+QQ = [btls+Q2] for all §; € DI(Y1), (129)

which, after substituting a‘fl+ = ([birql] b‘fiq{)/pl and ¢ip2 + ¢5p1 = QP2 + G2p1 —
p1p2, becomes condition (1.7).

Thus, conditions (ec.i) and (oc.ii) are respectively equivalent to conditions (I.7)
and (1.74). When one or both of DI (Y;) are empty, (1.ii7) holds vacuously, and (cc.i)
and (co.i?) are jointly equivalent to the condition that pp(l;) U Iz = P(H;(0Y2)). We
henceforth assume that each DI (Y;) # 0, and that conditions (1.7) and (1.i7), hence (oc.i)
and (cc.i%), hold.

For each (81,01) € DI (Y1) x DZ(Y2), the substitutions a'lsjr = ([b‘erql]p1 - b‘fiqf)/pl,
a9 = ([b32.43]p, — b32.03) /D2, and ¢ips + @5p1 = Gup2 + Gop1 — p1p2 make the condition

1 |odig 1| 682¢
e [y =y (130)
bl | p byl | P2
equivalent to the inequality
afi b3% + a32bd, <0, (131)

which, after we multiply by —ps and add bgj_ (a‘fipg b‘ls 1 ¢3) to both sides, becomes

b51 (a62 D2 + b2+‘12) > b2+(a1+p2 b?-&-‘]z) (132)

which, since b‘f+(a2+p2 +bz+Q2) < 0, implies a1+p2 b‘erq2 # 0, and hence 15 0p(8; )
# o0. Note that when 5 0 () # oo, condition (ce.i) is equivalent to the condition

(0 <) mo0p(d1-) <mop(diy). (133)
If 6, = 0, then I2? is the complement of 75 !(c0), and so (133) is equivalent to the

condition that ¢p(I?*) U I92 = P(H,(dY2)), where [%* denotes the interior of P(I%*)
for each i € {1,2}. If d; > 0, so that m(82_) < 0 < m2(d24 ), then dividing (132) by
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1

D) (a‘fipg —birqg) makes (132) equivalent to the inequality mo0¢(d1,) < m2(d24 ), which,
combined with (133), becomes

7T2(62,) <0<mo (,0(51,) <m0 (,D((ler) < 7T2(52+), (134)

which again is equivalent to the condition that ¢p(1%1) U2 = P(H;(8Y3)). Thus condi-
tion (1.4i7), which takes (130) over all (d1,d:1) € DI, (Y1) x DI(Y2), is equivalent to the
condition that pp(l) U I, = P(H,(8Y2)). O

6.8. Comparison of L-space classification with gluing hypothesis

Now that we have both classified when Y; U, Y5 is an L-space, and classified when it
satisfies the gluing hypothesis in terms of the union of the L-space intervals of Y; and Y5,
it remains to show that these two classifications are equivalent.

Proposition 6.7. Suppose that uy is “judiciously chosen” from P~1(I; N wp* (1))

nonempty, and that Y is constructed as above. For each i € {1,2}, set q; := [q;‘]pi

Then condition (1.3) (respectively (1.ii)) from Proposition 6.6 holds if and only if con-
dition (L.i) (respectively (L.i1)) from Proposition 6.5 holds for all by € By (respectively
by € BQ)

and let B; denote the set B; := {[pi'yl- — Gi0ilp;gs

Proof. If B; = (, then conditions (1.¢) and (L.7) hold vacuously, hence are equivalent.
We therefore assume Bj is nonempty and fix some by € By. Clearly (L.i) implies the
statement of (1.7) for that particular by, since by € {b € Z|b = b1 (mod p1),0 < b <

P191P292/90}-
Conversely, suppose (1.¢) holds for that b;. Substituting ¢* = g1p2 + gap1 — p1p2 gives

big* bi1q b1 G-
LS [b1G1]p, n [b1G2]p, (135)
P1p2 P1 y%)
Thus, for any b:= by + yp1g1 with y € {0,...,p2g2/g0 — 1}, we have
bq > <[b1ql]p1 N [b1q2]p2> n yp191(P1G2 — (P1 — G1)p2) (136)
P1p2 D1 P2 P1p2
> [bq1]p, L ([bltb]m n ygl[plfiz]pz)
b1 P2 D2
> [bqﬂpl + [qu]Pz,
b1 D2

which is equivalent to the inequality in condition (L.7). An analogous argument proves
the equivalence of conditions (L.i7) and (1.74) for any by € Bs. O
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Proposition 6.8. Suppose that uy is “judiciously chosen” from P~Y(I; N ¢p'(I2))
nonempty, and that Y is constructed as above. For each i € {1,2}, set q; = [qf]pi
and let B; denote the set B; := {[pml — Gi0ilpigil 05 = 0iti(my) + vii(li) € DgO(Yi)}
Suppose conditions (1.i) and (1.i3) from Proposition 6.6 hold. Then condition (1.ii7) from
Proposition 6.6 holds if and only if condition (L.iii) from Proposition 6.5 holds for all
(b1,b2) € By x By with by = by (mod go).-

Proof. We henceforth assume that DI (Y1) and DI (Y2) are nonempty, since otherwise
conditions (1.4i7) and (L.7i7) hold vacuously in all cases.

If condition (1.74%) holds, then it holds for any (b1, b2) € By x By with by = by (mod gp).
In this case, the unique b € {0,...,p1p2g — 1} satisfying b = b; (mod p1g1) and b = by
(mod pag2) also satisfies [bq1]p, = [b1G1]p, and [bg2]p, = [b2g2]p,, so that we have

1|bq 1 | bg: 1|b61q 1 | bag 1 1\ [b1q 1 1\ [bagq
-0 G
b p b | p2 bi| p1 ba| p2 by b p1 by b D2

> 1. (137)

Thus (1.3¢7) implies (L.3i7) for all (b1, be) € By X Bs with by = by (mod go), and it remains
to prove the converse.

Claim. Suppose that conditions (1.i) and (1.ii) hold, and that there exists some (by1,ba) €
By X By for which the statement of (1.iit) fails, or equivalently (using the substitution
q" = qip2 + @2p1 — p1p2), for which

* biq bogq
A [b1q1]p, n [b22]p, (138)
P1P2 bip1 bapa
Then we have the inequalities
bi1q baq baq b1q
(Z) [ 1Q1]101 > [ 2q1]P1 (”) [ QqQ]PQ > [ 1q2}P2 (139)

by - by by - by

and conditions (1.1) and (1.43) for this particular (by,by) € By X By become the equalities

* *

(Z) q _ [blql]pl_’_ [bl(jQ]Pz, (”) q _ [bQQl]Pl_’_ [qu?}Zb'

P1D2 bip1 b1p2 P1D2 bap1 bap

(140)

Proof of Claim. Using the substitution ¢* = q1p2 + qop1 — p1p2, We can re-express con-
ditions (1.7) and (1.77) as

W L > [b1Q1]p1+ [51Q2]p2’ i) L > [b2fJ1]p1+ [52612]172.

pip2 ~ bip: bip2 pip2 — bapr bapo

(141)
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Concatenating (138) with (141.7) (respectively, (141.ii)) then yields inequality (139.i7)
(respectively, (139.7)). Setting 01 := [b1q1]p, € DI,(Y1) and 62 := [baga]p, € DI (Y2), we
note that (139.7) implies

P 1
<1 142
bap2 b1 (142)
since otherwise, applying (139.7) and 1/b; < d2/(bap2) in succession would yield
[b2G1]p, < 5_1 1 < 5_1 P _ _ 0102/po
bap1 p1 b1 T p1 bape bap1
_ (1L dog,, 7*(41))(1 + dog,, (¥ /p2 _ 1
b2p1 b2p1 ’
making [b2@1]p, < 1, a contradiction. Thus (142) must hold.
Applying (141.7), (138), and (142) in succession, we obtain
[blf?l]pl [b1G2]p, < ¢ (143)
bip1 bip2 P1p2
< b1y, [b2op,
bip1 bap2
b1da]p, | 1
< — + —. 144
bip1 by (144)
Subtracting [gq;]lm + [bgf;]m from lines (143) and (144) then yields
* — — 1 —
0< 1 _ ([blfh]pl n [bﬂb]pg) < 1 [bqu]pz’ (145)
P1D2 bip1 bip2 by bip2
but we also know that
7 [01¢1]p, [515211)2) 1
- + € —Z. 146
D1P2 ( bip1 bip2 b1 (146)

Thus, (140.7) must hold, and (140.7i) follows from symmetry, proving our Claim. O

Having proven our Claim, we pause to introduce the notation b; — 5 for the bijection

{0,...,pigi — 1} — {0,...,p;i — L}ei(my) + TP, (147)

big; _
bi = & = Lz’(—{ qu pi 4 bidi) € [bidilpLi(mi) + 17,

(3

whose inverse we used to define each B; as a set of integers indexing the elements
of DI (Y3).

We now proceed with an inductive argument. Suppose that (L.ii4) holds for all
(b1,b2) € By x B satisfying by = by (mod gp), and that (1.i) and (1.24) hold, but that
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there exist b; € B; and by € By, with {i,I} = {1,2} and b; < by, for which (1.3i7) fails,
i.e., for which

*

¢ [bz@i]pur [brarlp,
D1P2 bip; brpr

(148)

Equation (140) from our Claim then tells us that

1 bi‘]iJ 1 Y%‘QIJ
— + — =1. 149
b; {Pz‘ b | pr ( )

This means that b; ¢ By, since otherwise, setting b := b; € B; N By = By N By would
make (149) contradict condition (L.iii). Thus, 87 ¢ DI(Y7) and b; < by.
We next apply (139) from our Claim, to obtain

_ b; ., _ _
[biql]l)l < E[bqu];ﬂf < [quI]PI' (150)

Since 8% — 8% € ([b1qr)p, — [bidilp, ) tr(m1)+T¢, the above inequality implies 87 — %7 €
1r(m1Zso + 1;Z). Thus, since 8 ¢ DI (Y7) and o € DI (Yr), the additive closure of
t1(miZso 4 1;Z2) \ DL(Yr) from Proposition 4.1 tells us that 5}” - 5}" € DI (Yr). Since
(150) implies ([brqrlp, — [bidrlp;) = [(br — b:)qr]p,, we actually have 827 — §vi = 827 b ¢
DI (Y1), implying by — b; € B;. We furthermore have

[bi(jI]PI < [blq]}pl — [bﬂh]?l < [(bI _bi)ql]PI7
bi b] bI bI - bi

(151)

so that (148) implies

q* < [blql];ﬁz [(bI — bi)qI]PI
pip2 ~ bips (br — bi)pr

(152)

with b; € B; and by — b; € By, mimicking our initial conditions.
We then iterate the process, at each iteration redefining i,I € {1,2}, b;, and b; so
that

DY = min{b, 6P — b2}, BFY = max{b', b7 — by} (153)

Like any Euclidean Algorithm, this strictly decreasing sequence bounded by zero must
terminate at zero, with its last two nonzero entries equal to

b?nal = b?nal — gcd(b(i)riginal, b?riginal). (154)

Setting b := bfinal = pfinal ¢ B; N By then makes (149) contradict condition (L.iii).
This completes the proof of the proposition, thereby completing the proof of Theo-
rem 6.2 0O
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7. Generalized solid tori and NLS detection

In this section, we study manifolds with DI, = ). Unless otherwise specified, we assume
that Y is a rational homology S! x D? with H(Y) = Z ® T, and that ¢ : H{(Y) —
H,(Y)/T ~ Z is the projection. We define gy > 0 by the relation im ¢ = gyZ C Z.
The number gy is the minimal intersection number of a curve on dY with a surface
generating Ho(Y,0Y). Equivalently, it is the minimal number of boundary components
of such a surface, or the order of the homological longitude [ in Hy(Y"). Finally, we define
ky to be the order of the group 7/(T' Nim ¢), so that |T| = ky gy .

7.1. Generalized solid tori

The Seifert fibered spaces N, = M(0;1/g,—1/g) provide a motivating example of a
class of manifolds with £(Ny) = SI(Ny) \ [I]. They were studied in [7] (for g = 2) and
subsequently by Watson [19] for arbitrary values of g. We briefly describe them here.
First, we have

Hi(Ng) = (f,h1,h2|f+gh1=f—gha=0)~Z&Z/g.

The Z summand is generated by hq, and the Z/g summand is generated by o = hy + hs.
Hi(ONg) = (f,0), so t(H1(ONy)) = gZ® Z/g C H1(Ng4). The Turaev torsion is

1 1w
TN~ T )~ (- B o)

so the Milnor torsion is

1—t9
T(Ng) = 7(Ng)lo=1 = (EnE =14 20433+ 4 (g— D9 4 gt + 19T 4L

It is easy to see that if x ¢ S[T(Ny)], y € S[T(Ny)] with ¢(z) > ¢(y), then ¢(z —y) < g.
If z —y € im ¢, we must have ¢(xz —y) = 0, so DI (N,) = 0. More generally, the same
argument shows that

Proposition 7.1. If Y is Floer simple and deg A(Y') < gy, then DI(Y) = 0.
Motivated by this, we make the following
Definition 7.2. A generalized solid torus is a Floer simple manifold Y with deg A(Y) < gy.

If Y is such a manifold, Corollary 2.3 implies that ||Y|| < gy — 2. On the other hand,
an embedded surface which generates Ha(Y,0Y) has at least gy boundary components,
so a norm-minimizing surface must have genus 0.

The Milnor torsion of a generalized solid torus is determined by gy and ky .
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Lemma 7.3. Suppose that Y is a rational homology S* x D?. If p : Z[t] — Z[t]/(t9 — 1)
is the projection, then p(A(Y)) = ky (1 —t9Y)/(1 —t).

Proof. The usual product formula for the torsion implies that
(Y (1)) = j1«(7(S* x D?) o (7(Y))

where j; : S' x D? — Y(I) and jo : Y — Y (I) are the inclusions. It follows that

_ 7(Y)
Y =
() = 1)
By [47], Lemma 3.2, we have
_ t[H (Y (D)

T(Y (1) = =R + P(t)

where ¢ € Z and p(t) € Z[t*!]. |[H1(Y(]))| = ky. Combining the two formulas, we see
that

hyte(1—19v)

AlY) 1—¢t

+(1—t)1-HP(t). O
Combining the lemma with the requirement that deg A(Y) < gy gives
Corollary 7.4. If Y is a generalized solid torus, A(Y) ~ ky (1 —t9v)/(1 —t).

In contrast, 7(Y) is not determined by the fact that Y is a generalized solid torus, as
can be seen by considering the Seifert-fibered spaces M (0;a/g, —a/g).

Proposition 7.5. A generalized solid torus is a Floer homology solid torus in the sense of
Watson [19].

Proof. Let g = gy. Recall that Y is a Floer homology solid torus if @(Y, m,l) ~
@(Y, m +1,1), where [ is the rational longitude and m -I = 1. By composing with an
appropriate change of basis bimodule, we see that this is equivalent to saying that for
some f, A with - A =1, we have C/'F\D(Y, 1y ) ~ @(Y, Ti(p), 71(N)), where 7; is the
Dehn twist along .

Suppose that Y is a generalized solid torus. By Proposition 3.10, we can explicitly
compute @(Y, u, A) for an appropriate choice of p and A. In fact, @(u,)\) is
determined by the polynomials X(ﬁﬁ(([(“)) and X(}Tﬁ(([(,\)), which are in turn
determined by A(Y), ¢(u), and ¢(A). Since ||[Y|| = g — 2, the criteria of Proposition 3.10
will be satisfied if we take y = m and A =1 — Nm, where N > 0.

Let S, C Hi(Y) be the support of ET}-??((KM), normalized so that if z € S, then
0 < ¢(x) < 29 —2. S, is determined by the conditions that for 0 < ¢(z) < g — 1,
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x € S, if and only if z € S[7(Y)], and for g — 1 < ¢(p) < 2g — 2, z € S[y] if and only if
v SEr(Y)) -

Similarly, let S\ C H;(Y') be the support of HF K (K}), normalized so that if z € Sy,
then 0 < ¢(x) < (N+1)g—2. S, is determined by the conditions that for 0 < ¢(x) < g—1,
x € Sy if and only if z € S[r(Y)], and for g — 1 < ¢(x) < (N +1)g —2, z € Sy if and
only if z + A ¢ S[7(Y)]. (Note that ¢(X) < 0, so we need = + A here rather than z — X).

Now let p/ = 7(m) = p+1 and A = 7;(X\) = A — NI. The supports S, and Sy can
be described similarly.

We define an isomorphism [ : @(Y, A — @(Y, @y N). The map f :
HFEK (K,)— OFK (K,) is given as follows. If z € S,,, then f takes the unique nonzero
clement of HFK (K,) supported at « to the unique nonzero element of HFK (K,) sup-
ported at x+[¢(x)/g]l. Using the description of the sets S, and S, given above, together
with the fact that ¢(u) = g, it is easy to see that f is a bijection. Similarly, if = € S},
we define f to take the unique nonzero element supported at x to the unique nonzero
element of @(KX) supported at x + |(z)/g]l.

It remains to check that f carries the arrows in the diagram for C' = @(Y, y ) to
the arrows in the diagram for C’ = C/F\D(Y, w1, N). Suppose x and y are the initial and
terminal ends of an arrow of type Dags in C, so that y — x = p. Then ¢(y) — ¢(x) = ¢,
so fly)— f(z) =p+1=p',s0 f(y) and f(x) are the endpoints of an arrow of type Das
in C’. A very similar argument shows that arrows of types D1 and D3 are preserved as
well. O

We can prove a partial converse to Proposition 7.1. Recall that Y is said to be semi-
primitive if T' C im ¢. Equivalently, Y is semi-primitive if ky = 1.

Proposition 7.6. Suppose that Y is semi-primitive and Floer simple. If DI(Y) = 0, then
Y is a generalized solid torus.

Proof. Let ¢ = gy. Since Y is semiprimitive, we have H1(Y) = Z & (Z/g) and also
im ¢ = gZ&Z/g C H1(Y). Let t, o0 be generators of the Z and Z/g summands respectively,
so that 7(Y) = 3" ¢i(0)t?, where g;(0) is a sum of powers of o. Suppose that for some
value of 4, ¢;(1) < g and ¢;—4(1) > 0. Then we can find ¢ S[r(Y)] with ¢(x) = 4
and y € S[r(Y)] with ¢(y) = i — g. It follows that £ — y € im ¢, which contradicts
DI (Y) = 0. We conclude that for a fixed value of k there is at most one value of n for
which gi4ng(1) # 0, g.

The Milnor torsion of Y is 7(Y) = A(Y) /(1 —t) = Z a;t', where a; = q;(1).
=0
Lemma 7.7. There is a constant ¢ so that for allk € Z/g, Z a; =k+c(g).

i=k (g)

Note that all but finitely many of the a; are equal to either 0 or g, so the sum is a
well-defined element of Z/g.
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Proof. We say that f(t) € Z[t] has property (*) if the statement of the corollary holds
for a; given by f(t)/(1 —t) = > oo ait’. It is easy to see that f(t) =1+t +...+ 197!
has property (*), and that if f(¢) has property (*), then so do f(t)+t* —t97¢ and t°f(¢).
Lemma 7.3 implies that A(Y) can be obtained from 1+t + ...+ t97! by a sequence
of operations of the first type plus a single operation of the second type, so A(Y) has

property (*). O

The lemma implies that after an appropriate shift in the indexing of the a;’s (so that
7(Y') is no longer constrained to have t¥ as its lowest order term) the subsequence (ax4ng)
has the form ...,0,0,0,k,9,9,9 ..., where 0 < k < g. In other words, each subsequence
is determined up to a global shift, and it remains to see how these shifts fit together.

We claim that the sequence (a;) has the form ...0,0,0,1,2,...,9—1,9,9,9. ... Equiv-
alently,

TY)~To=t+22+. .. +(g—Dt9 L4 gt9 4 gt9 + .. = %
To see this, let us say that Q(t) € Z[t~!,t]] is obtained from P(t) by an elementary shift
if Q(t) — P(t) = at' + (g — a)t'9 for some a,i € Z. We have shown above that 7(Y) is
obtained from T by a sequence of elementary shifts.

Next, we consider the effect of an elementary shift on the Alexander polynomial.
If Q(t) € Z[t=4,t]], let F(Q(t)) = p((1 — t)Q(t)), where p : Z[t] — Z[t]/(t9 — 1) is the
projection, so that F(7g) = 1+...+t97!. An easy calculation shows that if Q(t) — P(t) =
at'+ (g —a)t't9, then F(Q(t)) — F(P(t)) = gt' — gt'*1. It follows that if Q(t) is obtained
from 7o by a sequence of elementary shifts and F(Q(t)) = F(7o), then Q(t) is obtained
from 7o by a global shift; that is, each residue class is shifted by the same number of
elementary shifts. To sum up, we have proved that 7(Y') ~ 7, so Y is a generalized solid
torus. O

As we observed above, if Y is a generalized solid torus, Ha(Y,0Y") is generated by a
surface of genus 0. It follows that Y (I) = Z#(S! x S?), where Z is a rational homology
sphere. Conversely, we have

Proposition 7.8. Suppose that K C Z#(S' x S?) has an L-space surgery. Then the
complement of K is a generalized solid torus.

Proof. We use the exact triangle with twisted coefficients, as formulated by Ai and Peters
in [1]. We briefly recall their statement. Given a class n € H;(Y) and p € SI(Y), we can
form w, = PD(j.(n)) € H*(Y (p)), where j : Y — Y (u) is the inclusion. The twisted

—

Floer homology HF (Y (11); Aw,,) is a module over the universal Novikov ring

A:{Za,,tﬂreR,aTEZ,#{T<C|GT#O}<oof0rallCe]R}.
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If the image of w,, in H*(Y (1), R) is 0, then ﬁ'(Y(,u); Ay,) = fI—I\T(Y(u)) ® A. Ai and
Peters show that if g - A = 1, there is a long exact sequence

— HE(Y (10); Aw,) = HF(Y(A\); Aw,) = HF(Y (1 + A); A

m ’ wu+>\)

— HF(Y (1); Aw,) = -

Let Y be the complement of K, so Y (I) = Z#(S' x S?). Choose n € H,(Y) with
¢(n) = 1, so that w; generates Ho(Y (1)) = Z. By [1] Proposition 2.2, ﬁ’(Y(l); A,,) =0.

Now suppose there is some m with m-l = 1 and m € £(Y). In this case H*(Y (m); R) ~
H2(Y (m+1); R) = 0. The exact triangle shows that ﬁ'(Y(m))@A o~ fI-I\T(Y(m—&-l))@A,
which implies that HF (Y (m)) ~ HEF(Y (m +1)). Since Hy(Y (m)) ~ Hy (Y (m + 1)), it
follows that m +1 € L(Y). Repeating, we find that m 4+ nl € L(Y) for all n > 0, and
thus that [ is a limit point of £(Y"). It follows that Y is Floer simple and DI,(Y') = 0.

For the general case, suppose that ;1 € £(Y'). Then Y (I) is obtained by integer surgery
on K,#K_q/, C Y(u)#L(q,—p) for an appropriate choice of p and ¢. Let Y’ be the
complement of this knot. The argument above shows that every non-longitudinal filling
of Y’ is an L-space. An infinite family of these fillings are also obtained by Dehn filling
on Y, so Y is Floer simple.

To conclude the argument, we compute 7(Y). Let j; : Y — Y (1) and jp : St x D? —
Y (I) be the inclusions. The usual product formula for the torsion says that

7Y (1) ~ j1(T(Y))j2: (T(S" x D?)).

Here

|H(2)]

TV () = H(ZH#(S" x 8%) ~ o

It is easy to see that the map ji. : H1(Y)/Tors — H1(Y(l))/Tors is an isomorphism,
while the map jo. : H1(S* x D?) — H*(Y(1))/Tors is multiplication by g, so

H(2)] 7Y
Q-2 1—w

Equivalently

T(Y) ~ [Hi(Z)]

It follows that Y is a generalized solid torus. 0O

Proposition 1.9 from the introduction is an immediate consequence of Propositions 7.6
and 7.8, and Proposition 1.11 follows from Proposition 7.5.
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7.2. NLS detection

Next, we study the notion of NLS detection introduced by Boyer and Clay in [6].
Suppose that Y; is a rational homology solid torus and that Y» is a semi-primitive gen-
eralized solid torus. Given a primitive class o € H1(Y1), choose an orientation reversing
homeomorphism ¢ : Y7 — 9Y3 with @, (a) = I, where [ € H;(9Y3) is the homological
longitude. Since Y3 is a Floer homology solid torus, HF (Y,) is well defined, in the sense
that any ¢ satisfying ¢.(«) =1 will give the same result. We say that « is NLS detected
by Y5 if Y, is not an L-space.

If Y7 is Floer simple, it follows from Theorem 1.8 that « is NLS detected by Y5 if and
only if o is not in the interior of £(Y'). In fact, there is a direct proof of this fact for
any Y.

Proposition 7.9. The slope o is NLS detected by Ys if and only if « is not in the interior
of L(Y1).

Proof. Suppose that a is not NLS detected by Y. Then Y, is an L-space for every ¢;
with ¢;.(a) = I. The manifolds Y, are all obtained by Dehn filling a manifold Y which
is constructed by identifying v(«) C 9Y; with v(I) C 0Ys, as in the proof of Lemma 2.7.
It follows that Y’ is Floer simple.

Let p € H1(9Y’) be the class which represents the common image of o € Hy(9Y7)
and [ € H;(9Y2). The sutured manifold (Y”,~,) contains an essential annulus A which
separates Y7 from Y5. The boundary of A is a pair of curves parallel to u. We choose
the position of the sutures so that one component of 0A lies in Ry (y,) and the other
component is in R_(vy,). Decomposing (Y”,~,) along A gives a new sutured manifold
which is the disjoint union of (Y1,7,) and (Y2,7;). A is a product annulus, so it follows
from Lemma 8.9 of [27] that

SFH(Y',v,) = SFH(Y1,7a) ® SFH(Y2, 7).

Since dY’ = T2, there is a natural injection ¢ : Spin®(Y’,~,) — Hi(Y") given by the
formula j(s) = PD(c;(s)), and similarly for Y7 and Y5. The tensor product respects the
decomposition into Spin® structures in the sense that c(z ® y) = j1.(c(x)) + Jou (c(y)),
where j; : Y; — Y’ is the inclusion.

In the case at hand, H1(Y') = H1 (Y1) @ H1(Ya)/{« = 1), and H1(Y2) ~ Z & Z/ gy,
where the Z/gy, summand is generated by I. Thus Hy(Y") ~ Z & (H1(Y1)/(9y,)). Now
« is a nontorsion element of Hy(Y7) (otherwise Y,, is not a rational homology sphere),
so the image of j1, is contained in the torsion subgroup of H;(Y”).

If Y is a rational homology S x D? and 8 € SI(Y'), then SFH(Y,vg,5) = 0 whenever
¢(c(s)) > Y[l + [@(B)]- The set Ocy,y,) = {s € Spin®(Y,75) [ ¢(c(s)) = [[Y]| + |o(8)]} is
the set of outer Spin® structures for (Y, vg) [27]. We write
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SFH(Y,73,0)= €D SFH(Y,ys,5).

EEO(yﬁﬁ)
Since the image of j1. is contained in the torsion subgroup, we have
SFH(Y',v,,0) ~ SFH(Y1,7,) ® SFH(Y2,7,0). (155)

In particular, |[Y'|| = ||Yz2|| = 9y, — 2 = gy’ — 2, so Y’ is a generalized solid torus.
To conclude the proof we use the following two lemmas. The first is probably well-
known, but we give a proof just in case.

Lemma 7.10. Suppose Y is an incompressible rational homology S* x D?, thatl € H1(9Y)
is the homological longitude, and that m -1 = 1. Then

SFH(Y,y,0) ~ SFH(Y,vm,0) ® H,(S").

Proof. Let S C Y be a properly embedded surface generating Ho(Y,9Y). If we decom-
pose (Y,7,,) along S, we get a sutured manifold (Z,vz), where dZ is a union of two
copies of S glued together their boundaries, and there is one suture for each component
of 8S. Decomposing (Y,~;) along S gives (Z,~%), where the suture v/, is the same as vz
except that there are three parallel sutures along one component of 95 instead of one.
By Proposition 9.2 of [27], SFH(Z,~y) ~ SFH(Z,vz) ® H.(S'). O

Lemma 7.11. If Y is a generalized solid torus and m € Hy(9Y) satisfies ¢(m) = gy,
then SEH (Y, Yy, O) ~ ZFv.

Proof. SFH(Y,vm,0) = @(Km, 0), where K, C Y (m) is the dual knot. Since Y is
a generalized solid torus, the latter group is Floer simple, hence determined by its Euler
characteristic. By Lemma 7.3,

ST () =

It follows that ITF?((KW 0)~7ZF. O

Applying the lemmas to Y2, which has ky, = 1, we see that SFH (Y2, 7, 0) ~ H,(S1).
For Y’, suppose that Hy(Yi(a)) = Hi(Y1)/{a) has order d. The torsion subgroup of
H,(Y’) is Hi(Y1)/{gy,), so it has order gy,d. Since gy: = gy,, we see that ky: = d.
Since p is the homological longitude of Y, SFH(Y',~,,0) ~ H.(S') ® Z%. Comparing
with equation (155), we see that SFH(Y1,7,) ~ Z% Now if K, C Yi(«a) is the dual
knot, then ﬁﬁ((Ka) = SFH(Y1,7a) ~ Z%, where d = |H(Y1(a))|. So K, is Floer
simple, which implies that Y; is Floer simple and that « is in the interior of £(Y7).

Conversely, if « is in the interior of £(Y"), Theorem 1.8 implies that Y, is an L-space,
so «a is not NLS detected by Ys. O
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Boyer and Clay define a to be NLS detected if it is NLS detected by some N,, where
Ny = M(1/g,—1/g) is the original family of Floer homology solid tori discussed above.
The proposition shows that a is NLS detected by one IV, if and only if it is NLS detected
by all Ny if and only if « is not the interior of £(Y"). This proves Corollary 1.12.

7.3. Eramples

We conclude by constructing some examples of generalized solid tori. Some of these
were previously known to Hanselman and Watson [19] and Vafaee [49]. We start with
the following observation.

Corollary 7.12. If Y is an irreducible, semi-primitive generalized solid torus, then Y is
the complement of a closed gy -strand braid in S* x S?.

Proof. The hypotheses imply that A(Y) ~ (1 —1¢9)/(1 —t) and that Hy(Y,9Y") is gener-
ated by a gy-times punctured sphere. By Corollary 2.3, it follows that Y fibers over S*
with fiber of genus 0. O

By Proposition 7.8, the complement of any knot in S x S? with a lens space surgery
is a generalized solid torus. Cebanu [11] showed that a knot of this form is a closed braid
in S* x S2. Examples of such knots were studied by Buck, Baker, and Leucona in [2].
Many (but not all) of them are derived from knots in the solid torus which have solid
torus surgeries. These knots were completely classified by Gabai [16] and Berge [3].

To find other examples, we look for braids in S! x S? which have L-space surgeries.
One criterion for finding such examples is given here. Suppose ¢ is an ordinary g strand
braid in D? x I. We can close o to get a closed braid in S* x D?. Dehn filling S! x D?
along S! x p gives the ordinary braid closure & C S3. We can also fill S* x D? along 0.D?
to get a closed braid in S* x S?, which we denote by 7. Let A € Br, be the full twist
on g-strands.

Proposition 7.13. Suppose that o is a braid with the property that K, = A"c is an L-
space knot in S3 for all n > 0. Then the complement of & is a semi-primitive generalized
solid torus.

Proof. Let L C S3 be the link which is the union of K = & and the braid axis B. The
braid & is the image of K in the S! x 52 obtained by doing 0-surgery on B.

Let L(a,c) be the manifold obtained by doing a surgery on K and ¢ surgery on B,
where a € Z and ¢ € Q. Then L(a,—1/n) is the result of a + ng? surgery on K,,. Using
Seifert’s algorithm, it is easy to see that there is a constant C'(o) with the property that
g9(K,) < C(o)+ng(g—1)/2. Thus if a > 2C(c), then a+ng? > 2g(K,,) — 1 for all n. > 0.
By hypothesis, K, is a positive L-space knot, so L(a,—1/n) is an L-space for all n > 0.

Now let Y be the manifold obtained by doing a surgery on K, and let Y =Y —v(B).
There is a slope g € SI(Y') so that Y (ag) = L(a,0), and a sequence of slopes a_;,, €
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SI(Y) which converge to o such that Y (a_1,,) = L(a, —1/n). It follows that Y is Floer
simple and that ag is in the closure of £(Y). Since ag is not the homological longitude
of Y, ag € L(Y), so L(a,0) is an L-space. By Proposition 7.8, Y is a generalized solid
torus. O

We call a closed braid in the solid torus which satisfies the criterion a L-space braid.
Examples include:

o Knots in the solid torus with solid torus surgeries (aka Berge—Gabai knots)

o The twisted torus knots T'(p, kp & 1;2,1) studied by Vafaee [48]

o Cables of L-space braids [22]

e Satellites where the pattern knot is a Berge-Gabai knot and the companion is an
L-space braid [23]

We conclude with two remarks. First, we conjecture that every positive one-bridge
braid (not just the Berge-Gabai knots) is an L-space braid. Since the knot obtained by
applying a full twist to a one-bridge braid is again a one-bridge braid, this is equivalent
to showing that the closure of any positive one-bridge braid is an L-space knot in S3.
Second, in light of the last two items, it would be interesting to know if a satellite where
both the pattern and the companion are L-space braids is also an L-space braid.
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