AN ASYMPTOTIC FORMULA FOR a-TH POWERS
DIVIDING BINOMIAL COEFFICIENTS

J. W. SANDER

§1. Introduction. In 1985, Sarkdzy [11] proved a conjecture of Erdds [2]
by showing that the greatest square factor s(n)* of the “middle” binomial
coefficient (%) satisfies for arbitrary £ > 0 and sufficiently large n

e(C ewn (C+eWn
b

<s(n)<e

25 (mr-ak) (2

In the following years, several results related to prime square factors of
binomial and multinomial coefficients were obtained (see [6]-[9]).

Erd6s’s stronger conjecture concerning a-th powers dividing binomial
coefficients was proved by the author [10] who showed that, for any
a=2,0<e<1 and 0=< k< m satisfying

where

|m—2k|<m'®

b4

there is always an arbitrarily large prime p such that

(&)

if m is sufficiently large. For references to problems and results concerning
divisors of binomial coefficients, the reader may consult [3] or [4].

In this paper, we will generalize Sark6zy’s theorem to a-th powers dividing
binomial coefficients (*’;%) for “comparatively small” d. For this reason, we
define for a=2 and |d|< n the integer s,(n, d) by

(") =sutm aratna)

with g,(n, d) not being divisible by an a-th prime power. Constants ¢, ¢, ¢;
as well as implicit constants may only depend on the parameter a.

a

p

THEOREM 1. Leta=2 and 0<e=<]1.If
n]/a
|d| <

- 1
(log n)tte’ M
then we have for sufficiently large n

1/ nl/a
= +
log s4(n, d) = Con 0((log ")e)’
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26 J. W. SANDER

where

) (o)) ) e)

For a =2 and d =0, Theorem 1 implies Sark8zy’s result. For a wider range
of d, we can show the following.

THEOREM 2. Leta=2and 0<e<l1. If
ldl<n'"", (2)

then we have for any &' > 0 and sufficiently large n

n®/ @ 1er ) < log s,(n, d) < n'/". (3)

Remark. The proof of Theorem 2 shows that the upper bound holds for
all
b/a
n
d|l€<————
' l (log n)b+e s (4)

where 1=< b =< a. In this case, we have

log s,(n d)sz‘/“<l)a—b § (( ! )l/a—<—l—)l/0)n”“
e 2 =i \\2k—1 2k

nl/a
o . 5
((log n)f) ©)
The proof also implies an explicit constant for the lower bound in (3), namely
1 a+1 , ,
log Sa(n, d)><-3—) (25/(a+l+e+e)_l)ns/(a+1+5+e )' (6)

§2. An asymptotic formula concerning fractional parts. As an application
of a new exponential sum estimate, we recently proved

LEmMA 1 ([10], Theorem 3). LetJ=1,2<P<n'’ o= (0,,...,0,) with
0<o;=<1forl<j<Jand

D(o)= D(o; P, n)=card {psP: {I%}<aj (lsjsj)},

where {x}=x —[x] denotes the fractional part of the real number x. Then, for
arbitrary £ > 0, there is a positive constant ¢, such that

D(0) =0, ... a,m(P)+ O((P'~08 P/los nY 4 pUrdI2ten=1/2)(1og n)*/),

COROLLARY. Leta=2and 0<p; <7<l forl1<j<a If
nl/a sP<nl/(a 1)—1/a? (7)
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POWERS DIVIDING BINOMIAL COEFFICIENTS 27

then

a—1

) log p=[] (7;—p;)P+ O(P exp (—Vlog P)).
= j=1

pjs("/Pj}’;‘l’jP (1<j<a) ’

Proof. We have
) 1=3 (-1 I Dlp)

_p=<P ic{1,...,a—1}
oy={n/p’}<7; (1sj<a) [il=j
where
Di(p,7) = D(0o)
with
B {pj, for jei,
7oy forj¢i,
for 0s<j<a. By Lemma 1, we get with J=a -1
a—1
> 1= 1] (5;—p))w(P)
j=1

psP
pi=<{n/p’}<7 (1sj<a)

+ 0((Pl—cl/a2+ I)(a+1)/2—(az(a—1)/2((12—a+1)))(10g n)4a)

=1 (5= p)m(P)+ O(P'““(log m)*") ®)

for suitable ¢ and some ¢,> 0. Notice that we did not make use of the lower
bound in (7) up to this point.
By partial summation, we thus deduce from (8) and the prime number

theorem in terms of 6(x) =% ,_, log p with a sufficiently good error term (see
for instance [1], p. 113)

Y log p=1log P ¥ 1
. p<P  p=P
pjs{n/p’t<r; (1sj<a) pi={n/p’}<7 (1sj<a)
P
dt
— Z 11—
J. o pst t
2 pi<{n/p’t<7 (Isj<a)
P
a—1 7T(t)
= [ (7;—p;)| w(P)log P— J -Tdt
j=1
2

+ O(P' “(log n)** log P)

a—1
=11 (5;=p;)8(P)+ O(P' “:(log n)*“ log P)

Jj=1

= a]jl (7;—p;)P+ O(P exp (~Vlog P))

+ O(P' “(log n)** log P).
By the lower bound in (7), the corollary follows.
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28 J. W. SANDER

§3. Proof of Theorem 1. First we show that, without loss of generality,
d =0. Suppose d <0. Since

(2n + d) B (2n1+ dl)
for n,=n+d and d, =—d >0, it suffices to prove that

1/a
ny
d<—————
" (log ny)'*e”

(9)
because then, by the theorem,

. 1/a
log s.(n, d) =log s,(n,, d;)=C,n\/*+ O(—’b——)

(log ny)°

1/a

=C,n"+ ( 1 )
" o (log n)*©

But (9) follows easily from (1). Therefore, we may assume in the sequel

nl/a

Osd<—— .
(log n)l+e

(2n+d) -

(10)

Let

n

say. Then, for all p,

2n+d n n+d [log (2n+d)/log p] 1 2n+d
= 2 (5 [5) < e e
p p p a=1 log p

thus
pP<2n+d (11)

Moreover, we have for (2n+d)"**'<p<(@2n+d)"°
we((22)-[2]-5)
’ P p P
+
(B e
p p p

and for 2n+d)"/*<p=<2n+d

B,<a-1. (13)
Define
B
YP =a [ZE] > (14)
such that
s.(n,d)*= [ p. (15)
p=<2n+d
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POWERS DIVIDING BINOMIAL COEFFICIENTS 29

Obviously,

Yr < Bp, (16)
and, by (13), we have for 2n+d)"/*<p<2n+d

¥, =0. a7

Now, setting

T=T(n)=[(log n)*]

and
2n+d\V°
X=X(n)=< T+1) ,
we deduce from (15) and (17) that
sa(n,d)*= I  p7=UL, (18)
p<(2n+d)"*
where
UO:pgx P
and
U= 11 p.

X <p=(2n+d)V/®
Collecting (11), (16) and (10), we obtain by Chebyshev’s theorem ([1],
p. 55) for sufficiently large n

log Upy= Y logp»=< ¥ logp’=< ¥ log(2n+d) -
p=X p=<X

p=X
<2lo
& nlog X
3 1/a -1
=2logn (l:g " (-; log 2n —log log n)
1/a
<12a . (19)
logn
Now we turn our attention to U. By (12) and (14), we get
log U= ¥ . Yologp=a h3 y log p, (20)
X <p<(2n+d) X <p=s2n+d)"/*°
E\(j) (sj<a)
where E,(j) denotes the condition
2n+ n n+d
i P
It is easily seen that, for real numbers x and 08§ <1,
1, for1-6=<2{x}<2-26o0r2-8=<2{x},
2x+8)-[x]-[x+8]= 21
[2x+8]-[x]~1 ] {0, for2{x}<1-6or2-26=2{x}<2-4. (21)
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30 J. W. SANDER
By (10), we have for 1<j < g, p> X and sufficiently large n

d_d 2T\ _d1
0<—7<;sd( ) dn?in<c3)¢<1 (22)

2n

h

with some ¢;>0 and

1

A=A(n)= -

(log n)

Setting

d
x= lj, 6=—,

p p

we thus obtain from (20) and (21)
logU=a )y log p, (23)

X <p=(2n+d)/°?

Ey(j) or E3(j) (1sj<a), E,(a)

where E,(j) and E;(j) denote the conditions

and

By (22), we have for 1<j<a
> logp= ) logp— ¥ logp

E(p) E(p) E(p)
E>(j) or E3(j) Ez(j) Es(j)

= Y logp+O > logp |,
E(p) X<p=(2n+d)"/°®
E>(j) 2—c3a=2{n/p’}

where E(p) indicates that p is subject to some arbitrary conditions including
X <p=(2n+d)"°. Applying this process successively to the sum in (23) for
j=12,...,a—1, we deduce

logU=a Y log p+ O] max Y logp|. (24)
X<p=(2n+d)'/*® Isj<a x <p<(2n+d)"*°
Ex(j) (1sj<a), E(a) 1~c3Aa<{n/p’}

Again by (22), we have for 1<j<a

Y logp= Y logp+ 2 logp~ ) log p
E(p) E(p) E(p) E(p) )
Ex(j) (n/p'y=4 1-(d/p”)y=2{n/p’}<1 {n/p'}=1-(d/p")
= Y logpt+O ¥ logp |+O ) log p
E(p) X <p=Qn+d)"° X<p=<(2n+d)"/®
{n/p’}=} 1—csa=2{n/p’}<1 {n/plt=1—c32

with E(p) as above. Using this equality successively in (24) for
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POWERS DIVIDING BINOMIAL COEFFICIENTS 31
j=12,...,a—1, we obtain
logU=a Y log p

X<p=(2n+d)V®
{n/pl}=} (1=j<a), Ey(a)

+ O| max max lo 25
1<j<a I<[0,1] x<ps(zz:n+d)‘/“ gp | (25)
[H{E8N {n/pi}el

where I runs over intervals and |I| denotes the length of I
Obviously, by (22),

n"/* <X <(2n+d)"e < p/leD7Ve, (26)

Therefore, we may apply the corollary with p; =0, 7, =1 (j # jo) and [ p;,, 7, =1
for the appropriate j,. Then we get from (25)

logU=a y log p+O(An"?). 27
X<ps(2n+d)l/"
{n/p’}=} (1sj<a), E(a)

<2n+d)‘/"
X, = . .

Then we define for 1 <¢< T intervals

For teN, we set

L={x:x,<x=x}

For a prime pe [,(1<¢<T), we have

X _(2n+d)”“< <(2n+d ve
TN 141 PE\ —e

that is

3

or

[2n+ ]
t=|——|.
p

Hence, we have for X <p<(2n+d)"*

2n+d
2 [ S ]@pelzk (28)
P
for some 1<k=<[T/2}, and
[2n+d
2J( ';,, ]@pelzk-l (29)

for some 1<k=<[¥T+1)].
For real x and 0=< 6 <1, we clearly have

[2x+6]-[x]-[x+8]e{0, 1}
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32 J. W. SANDER
and
[x+8]-[x]e{o0, 1}.
Thus
1, if 2|{2x+8] and [x]#([x+35],
[2x+86]1—-[x]-[x+6]=31, if 24[2x+6] and [x]=[x+8],
0, otherwise.

Setting x =n/p® and 8=d/p”, we obtain from (22), (28) and (29) for
X<p=Q2n+d)V°

[2n+d]_[l]_[n+d]
r° p° p*
1, if pelL, for some 1<k<[3T] and {n/p°}=1-(d/p°),

={1, if pel,_, for some 1<sk=<[3(T+1)] and {n/p°}<1-(d/p°),
0, otherwise.

Therefore, (27) implies with (22)

[(T+1)/2}
logU=a Y ¥ log p
k=1 pely—,,{n/p®}<1-(d/p?)
{n/p}=5 (1=j<a)

(7/21 : .
+a Y log p+O(An"*)
k=1 peby{n/p*}=1-(d/p®)
{n/plt=ta=<j<a)
[(T+1)/2]
=a X z 10gp+0( z log p
k=1 pely_y X<ps(2n+d)'/"
{n/pl¥=t(1=j<a) {n/p“}=1-(d/p°)
+0(An"?). (30)
Clearly,
n d
{—a}?l‘—;@P"l("*'do) (31)
p 4

for some 1<d,=<d. Assume that, for fixed dy, 1<d,=<d, there is a prime
P, X <p=(2n+d)"?, satisfying p°|(n+d,). By the definition of X, we have

n+d, 2n+d

< <(logn)*< X
p

a pa

for sufficiently large n. Hence, for each 1< d,=< d, there is at most one prime
p> X satisfying p®|(n+d,). Thus, by (31) and (10),

d

) logp= % ) log p<dlogn<an'/*.
X <p=(2n+d)"° do=1 X <p=(2n+d)"/°
{n/p"}=1~(d/p") p*l(n+dp)
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POWERS DIVIDING BINOMIAL COEFFICIENTS 33

Now (30) yields

B(T+1]

logU=a Y ¥ log p+ O(An"9). (32)
k=1 pPelhiy
{n/py=301=j<a)

With regard to (26), we are able to apply the corollary to the main term in
(32), namely

1 a—1
,Z logp=(5) (X2k-1=Xa1) + O(x2-1 €Xp (—VIOg Xp5c—1))
PE€i2k—y

{n/pt=l01<j<a)

la—l Y nl/a
={- + !4 -
() puenvaryero( )

for sufficiently large n and 1<k <[3(T+1)], where

1 1/a 1>l/a
D"_(Zk—1> "<2k .

Therefore, we obtain from (32)

LT+1)] ( n'e

1 a-—1 [2
log U=al-= 2n+d)Ve D.+0 —-——T)+OA ey (33
Og a<2) ( n ) kgl k (log n)a+1 ( n ) ( )

Obviously,
1 1/a 1 1/a 1 1/a 1 1 1+(1/a)
Di=|=—— 1-(1-— <(—) —<(—— ,
, (2k—1> ( (1 Zk) ) (2k—1) 2ak (2k—1>
hence

1\/* 1
Z Dk < ("‘) < .
k>[H(T+1)] T log n

Now (33) together with (22) implies

a-1 o)
log U=a(%) (2n)* ¥ D+ 0(An"?).
k=1

With (18) and (19), this completes the proof of Theorem 1.

§4. Proof of Theorem 2. We need the following old result due to Kummer,
where e(n; p) denotes the order of the prime p in the positive integer n.

LEMMA 2 ([5], p. 116). For non-negative integers m and n,

(("a"):r)

equals the number of “‘carries” that occur when m and n are added in p-adic
notation.
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34 J. W. SANDER

The upper bound in (3) follows immediately for all d <n from (18), (16),
(12) and Chebyshev’s theorem (see [1], p. 55). In order to show (5), we copy
the proof of Theorem 1 with a few modifications. With (4), (22) will be
replaced by

Is—< n b/ =cA<1

()"t
I &
for b<j<a and p> X. Changing the condition 1<j<a into b<j<a in
(24), (25) and (27), we get upper bounds for log U. This finaily leads to the
claimed inequality (5).

In order to prove the lower bound in (3), we consider the set

. n 2 n n 1
=1 vu+en yu+en, =2 1 1 <i< LI O
M {n <p<(2n) .3<{p}} (K<j=<), {pK} 2},
where
J= [a +1+ e’] ,
£
and K =J—a. By Lemma 1 and the prime number theorem, we get
1 1 J—K ; nl/(J+e’)
e’ 1 +e’
cardM=5(§) (w((2n)""V+) — g (n"/ )))+O((log n)z)
pl/+e) pl/U+e)
=C +0{ —— 4
' logn ((log n)2> (34)
with
C =1(1)a(1+e')(z‘/“’”')—l)
1 2 3 .
For any pe M, we have
%pl+e'<n<p.l+e" (35)
n 2 .
» >3 (K<j=lJ), (36)
and
n 1
p_K <5. 37)

Write n in p-adic notation, namely
n=np’+n,,p" "+, . +np+n,  (0<n;<p).
For K <j=<J, we have by (36)

2 [n] _npT'+...+ng
< = >

s

3 p/
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POWERS DIVIDING BINOMIAL COEFFICIENTS 35

thus
l'u>3—(p—1)<—15+ : ..+i.> >2_ 1
p 3 p p/ 3 p
This implies for p=7
nj>3p,
ie.,
n;>3p (K=<j<lJ). ' (38)
By (37), we get in a similar fashion
Ny -, <3p. 39)

By (2) and (35),
0$d<nl—s <p(J+s')(1—e')<pK—l

b

where again d =0 is assumed without loss of generality. Writing d in p-adic
notation, too, we therefore get

d=dg_,p*?+...+d,
with integers d;, 0= d; <p. Thus we have by (35), (38) and (39)
n=np’+.. . +ng_ p"'+... +n,,
n+d=nip’+ ... +nk_pX "+ ... +n},
where

n,=n>ip (K=<j<lJ).

+
(GO

which means that each p € M satisfies p*|(*"¢). Hence we conclude by (34)

> > 1/(-’+€')Cln”(1+s')/logn

so(n,d)=[] p=n

a\rl, ’
peM

By Lemma 2,

thus
lOg s,,(n, d) > (%)a+1(21/(1+s’) _ l)nl/(1+s’)

for sufficiently large n. By the definition of J, this yields the lower bound of
Theorem 2 and (6).
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