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A-POSTERIORI ERROR ESTIMATES FOR LINEAR EXTERIOR
PROBLEMS VIA MIXED-FEM AND DTN MAPPINGS

MAURICIO A. BARRIENTOS!, GABRIEL N. GATICA' AND MATTHIAS MAISCHAK?

Abstract. In this paper we combine the dual-mixed finite element method with a Dirichlet-to-
Neumann mapping (given in terms of a boundary integral operator) to solve linear exterior transmission
problems in the plane. As a model we consider a second order elliptic equation in divergence form
coupled with the Laplace equation in the exterior unbounded region. We show that the resulting mixed
variational formulation and an associated discrete scheme using Raviart-Thomas spaces are well posed,
and derive the usual Cea error estimate and the corresponding rate of convergence. In addition, we de-
velop two different a-posteriori error analyses yielding explicit residual and implicit Bank-Weiser type
reliable estimates, respectively. Several numerical results illustrate the suitability of these estimators
for the adaptive computation of the discrete solutions.
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1. INTRODUCTION

The coupling of dual-mixed finite element methods (FEM) and boundary integral equation methods (BEM)
has been frequently applied during the last few years to numerically solve a wide class of linear and nonlinear
boundary value problems appearing in physics and engineering sciences (see, e.g. [6,9,18,22,24,25,32], and the
references therein). As it is well known in mechanics, the utilization of dual-mixed FEM allows to compute
stresses more accurately than displacements, and the use of BEM is more appropriate for linear homogeneous
materials in bounded and unbounded regions. Analogously, according to the terminology in heat conduction
problems, the above method combines the advantage of BEM for treating homogeneous domains and that of
dual-mixed FEM for getting better approximations of the flux variable in heterogeneous media.

An alternative procedure, when dealing with exterior problems, consists of employing Dirichlet-to-Neumann
(DtN) mappings. The combination of this approach with the usual FEM has been applied to several elliptic
operators, including the Laplacian and the Lamé system in elasticity (see, e.g. [20,26,28-30]). In these works
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the corresponding DtN mapping either depends on a boundary integral operator or is expressed in terms of a
Fourier-type series expansion. Now, in [16] we utilized the DtN mapping from [29] together with our dual-mixed
finite element method from [25] to analyze an exterior transmission problem in hyperelasticity. Then, in [22]
we combined a modified dual-mixed FEM with the DtN mapping from [20] and [30] to study the solvability of
a nonlinear elliptic equation in divergence form coupled with the Laplace equation in an unbounded region of
the plane. This modified dual-mixed method, which is based on the Hu-Washizu principle from elasticity, leads
to two-fold saddle point operator equations, which are also called dual-dual mixed formulations (see [17,18]).

On the other hand, in order to guarantee a good rate of convergence of the discrete solutions, one usually
applies a mesh-refinement algorithm based on a suitable a-posteriori error analysis. To this respect, concerning
the combination of the usual FEM with BEM, we may refer to [10,13,14], where mainly reliable a-posteriori
error estimates are provided. More recently, this kind of result has been extended to the coupling of dual-mixed
FEM and BEM for linear and nonlinear problems (see [5,6,12,19,21,23]). Here, the estimates for the linear
problems are of explicit residual type, and those for the nonlinear ones are based on the classical Bank-Weiser
implicit approach. Up to the authors’s knowledge, there is no further contributions in this direction for the
combination of dual-mixed FEM with either BEM or DtN mappings.

The main purpose of the present work is to derive explicit and implicit reliable a-posteriori error estimates
for linear exterior problems in the plane, whose variational formulations are obtained by the combination of
dual-mixed FEM with DtN mappings. As a model, we consider the exterior transmission problem from potential
theory studied in [32] (see also [12,21,24]). In addition, we use the DtN mapping from [20,30], which is given
in terms of the hypersingular boundary integral operator for the Laplacian. The rest of the paper is organized
as follows. In Section 2 we introduce the model problem, derive the associated mixed variational formulation,
and prove the corresponding solvability and continuous dependence results. Actually, this is done through an
equivalent formulation arising from a direct sum decomposition of one of the unknowns. In Section 3 we use
Raviart-Thomas spaces to define the discrete scheme, show that it is stable and uniquely solvable, obtain the
Cea error estimate, and state the associated rate of convergence. Then, a reliable a-posteriori error estimate of
explicit residual type is derived in Section 4. Our analysis here follows very closely the techniques from [12,21].
In Section 5 we apply a Bank-Weiser type a-posteriori error analysis and provide a reliable estimate that depends
on the solution of local problems. An explicit estimate, based on bounds of these local solutions and a suitable
averaging technique, is also deduced in this section. Finally, several numerical experiments illustrating the
efficiency of these estimators for the adaptive computation of the discrete solutions are given in Section 6.

In what follows, the symbols C, C, and C are used to denote generic positive constants with different values
at different places.

2. THE MODEL PROBLEM

Let Q be a bounded and simply connected domain in R? with Lipschitz-continuous boundary I'y. Also,
let 1 be the angular domain bounded by I'g and another Lipschitz-continuous closed curve I';y whose interior
region contains €y. Then, given f; € L?(Q;), g € H'/?(I'y) and a matrix valued function k; € C(€;), we
consider the exterior transmission problem: Find u; € H' () and us € HL (R* — Qo U Qy) such that
uy=g on Iy, —div(kiVui)=fi in Q,

u; = uy and (I<L1Vu1)-n=% on Iy, (1)
on

—Auz =0 in R*=QuUQy, wug(x)=0(1) as |lz]| — +oo,

where n := (ny,n2)T denotes the unit outward normal to I';.
We assume that «, induces a strongly elliptic differential operator, that is there exists a; > 0 such that

ar|€]]* < (k1 &) & VEER (2)
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_ We now introduce a sufficiently large circle I' with center at the origin such that its interior region contains
Qo U Qq. Then we let Q5 be the annular region bounded by I'y and I', put 2 := Q; UT'; U Q5, and define the

u iy , the data f := { fr iy , and the flux variable o := Kk Vu in ),

global unknown u := { us i O 0 in O
K1 in Ql
I in QQ

Next, we apply the boundary integral equation method in the region exterior to the circle I'; and obtain the

following Dirichlet-to-Neumann mapping (see [20,30])

where Kk := , and I denotes the identity matrix.

oc-v=-2W(\) on T, (3)

where v is the unit outward normal to 99 := o UT', A := u|r is a further unknown, and W is the hypersingular
boundary integral operator.

We remark that if T' is choosen as a polygonal boundary instead of a circle, then we would need all the
boundary integral operators to express o - v in terms of A\. The advantage of using a circle in this case lies on
the simplicity of the resulting Dirichlet-to-Neumann mapping (3).

We recall here that W is the linear operator defined by

0 0

Wile) = =503 Jr owly)

E(z,y)p(y)ds, Yrel, YuecHYI),

where v(z) stands for the unit outward normal at z € T, and E(z,y) := —5= log ||z — y]| is the fundamen-
tal solution of the two-dimensional Laplacian. It is well known that W maps continuously H'/ 2+9(T) into
H=Y249(T) for all 6§ € [~1/2,1/2], and that there exists az > 0 such that

(W (), e > az ||ull ey Vi€ Hy2(D), (4)
where
Hy*(T) i= {p € HY2(T) = (Lpjr =0}

In addition, W(1) = 0 and W is symmetric in the sense that (W (u), p)r = (W (p), u)r for all u, p € HY?(T).
Hereafter, (-,-)r (resp. (-,-)r,) denotes the duality pairing of H~'/2(T") and H'/2(T") (resp. H~'/?(I'y) and
H'/2(Iy)) with respect to the L?(T") (resp. L?(I'g)) inner product.
In this way, the model problem (1) is reformulated as a boundary value problem in € with the nonlocal
boundary condition (3). Hence, by performing the usual integration by parts procedure in €, we find that the
corresponding mixed variational formulation reads: Find ((o,\),u) € H x Q such that

A((O’,/\),(T,M))+B((T“u,)’u) = <T-V,g>1—~0’
H@Mm:f/ﬂm, (5)

Q
for all (7, p),v) € H x Q, where H := H(div; Q) x H/?(T), Q := L?*(Q), and the bilinear forms A : H x H — R
and B : H x Q — R are defined as follows:
A((Ua A)a (T,/.L)) = / (’4’71 G) T dz + 2<WA7M>F - <T v, )‘>F + <G ' VaM)Fa (6)
Q

B((7,p),v) ::/deivrda:, (7)

for all (e, ), (7,u) € H, for all v € Q.
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At this point we recall that H(div;(2) is the space of functions 7 € [L?(Q)]? such that div T € L?(Q2), which,
provided with the inner product

(o, T)H@iva) = / diVO’diVde—l—/a-de’
2 Q

becomes a Hilbert space. In addition, for all 7 € H(div;Q), 7 -v|r € H-'/2(T), 7-v|r, € H-'/?(I), and both
[T v|lg-1/2(ry and ||T - V|| g-1/2(r,) are bounded above by ||7||z(div;0)-

On the other hand, each y € H'/? (T") can be uniquely decomposed as p := fi+q, with ji := (M — \T1| fr uds) €
Hé/Z(F) and ¢ := \11“| Jrpds € R, which states that HY?(T) = Hé/Z(F) @ R. Further, it is easy to see that
il %1720y = A2 0y +IT] lal?, and hence ||| 7172 vy and [[(f, @)l /20y < == [ill /2y + gl are equivalent.

Tben we write A = X + p, with )€ Hl/Z(F), p € R, and consider the alternative formulation: Find
((,N), (u,p)) € H x Q such that

Al(e, %), () + B((r i), (w,p)) = (7 -0, g)ro, 8
B((o3), (v,q)) = — /Q fuda, (8)

for all (7, 1), (v,q)) € H x Q, where H := H(div;Q) x Hl/z(F) Q = L*(Q) x R, and the bilinear form

H x @ — R is defined as

B((r i), (v.)) = /Q vdivrds — ¢ v, r. (9)

Then we have the following result.

Theorem 2.1. Problems (5) and (8) are equivalent. More precisely:

1. If ((o,N\),u) € H x Q is a solution of (5), where X\ : = A+ p, with X\ € Hl/Q(I‘) and p € R, then
((0,A), (u,p)) € H x Q is a solution of (8). }
2. If (o, \), ( p)) € H x Q is a solution of (8), then ((o,\),u) € H x Q is a solution of (5) with X\ := A+ p.

Proof. Let ((o, )\)J u) € H x @ be a solution of (5), where \ := A+p, with X € Hé/Z(I‘) and p € R, and consider
(T, 1), (v,q)) € H x Q. Since W(p) = 0, it follows that

A((o, ), (1, ) + B((7, 1), (w,p)) = A((a,N), (T, 1)) + B((,),u) = (T v,g)r,. (10)

Now, taking ¢ = 1 and 7 = 0 in the first equation of (5), and using the symmetry of W and the fact that
W(1) =0, we find that (o - v,1)r =0, and hence

B((0. 1), (1,0)) = B((e, X),0) = B((0, \),v) = — /Q fuda.

This equation and (10) prove that ((o, )\) (u,p)) € H x @ is a solution of (8).

Conversely, let ((o, \), (u,p)) € H x Q be a solution of (8), and define A := X\ + p. Taking v = 0 and ¢ = 1
in the second equation of (8 ), we deduce that (o - v,1)r = 0. Then we consider ((7,pu),v) € H x @, such that
wi=j—+q, with g € Hé/Q(I‘) and ¢ € R, and observe that

A((a, 0, (T, 1) + B((7,1),u) = A((o, ), (1, 1)) + B((T,f1), (u,p)) = (T-v,9)r,- (11)
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Also, according to the second equation in (8), we find that

B((e,\),0) = Bl(o,}), (v,0) = — /vadx,

which, together with (11), shows that ((o, A),u) € H x @ is a solution of (5). O

In virtue of Theorem 2.1, from now on we concentrate on the equivalent problem (8). The corresponding
continuous and discrete analyses are based on the classical Babuska-Brezzi theory.

At this point we remark, which is easy to prove, that the bilinear forms A, B, and B are all bounded.

We end this section with the following theorem providing the unique solvability and the continuous depen-
dence result for the mixed variational formulation (8) (and hence also for (5)).

Theorem 2.2. There exists a unique ((0',5\), (u,p)) € H x Q solution of (8). Moreover, there exists C > 0,
independent of the solution, such that

1o, ), w.p))lwg < C {122y + gl }-

Proof. We first prove the continuous inf-sup condition for B. Thus, given (v,q) € Q = L*(Q) x R, we let
2 € H'(2) be the weak solution of the mixed boundary value problem:

—Az=v in Q, z=0 on Iy, %:q on T,
v
for which one can easily show that |[z||g1 () < C{[|v|[z2(q) + |¢|}. Then we set ¢ := —Vz and observe that

divro =vin Q, 79-v=—gon T, and ||7ol[m(aive) < C{l[vllz2@) +[g]}. It follows that

wp B, (0.0) - Bl(70,0). (0 ) _ [[lEzo) +IP1Ial*

awer @Dl = Amolla@we l7olla@ivie)
(T ,)#0

> 811w, )llgs

where 3 depends on |I'| and C. .
We now let V' be the kernel of the operator induced by the bilinear form B, that is

Vi={(r,m) e H: B((7,pa),(v,q) =0 V(v,q)cH},

which yields

V:{(T,ﬂ)EH(diV;Q)XHOI/Q(F): divr=0 in Q and (r-v,1)r=0}-

It follows, using (6), (2), and (4), that A is strongly coercive on V, that is, for all (T, i) € V it holds
A(m, i), (7, 1) = /Q("Lil 7)-Tde + 2(W(i),i)r = « ||(Taﬁ)“?—[(div;ﬂ)xl—[lﬂ(r)a

where o depends on aq and as.
Finally, a straightforward application of the abstract Theorem 1.1 in Chapter II of [8] completes the proof. [

3. THE DISCRETE SCHEME

Hereafter we assume, for simplicity, that I'g and I'; are polygonal boundaries. In order to discretize the
circle ', we proceed similarly as in [22]. This means that given n € N, we let 0 =t <t; <--- <t, =27 be a
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uniform partition of [0,27] with ;41 —¢; = h = %’T for j € {0,1,...,n — 1}. In addition, we let z : [0,27] — T
be the parametrization of the circle I' given by z(t) := r (cos(t), sin(¢))” for all ¢ € [0,27]. We denote by €j, the
annular domain bounded by I'g and the polygonal line I';, whose vertices are {z(t1),z(t2), ..., z(tn)}-

Then we let 77 be a regular triangulation of Q; by triangles T' of diameter hr such that h := SUPeT, hr.
We assume that for each T € 7y, either T' C Q1 or T C Q. Then, we replace each triangle T' € 7; with one
side along I';, by the corresponding curved triangle with one side along I'. In this way, we obtain from 7; a
triangulation 7, of £ made up of straight and curved triangles.

Next, we consider the canonical triangle with vertices P, = (0,0)7, P, = (1,0)7 and Ps = (0,1)T as
a reference triangle 7', and introduce a family of bijective mappings {Fr}rer,, such that Fr(T) = T. In
particular, if T is a straight triangle of 7y, then Fr is the affine mapping defined by Fr(&) = By & + by, where
Br, a square matrix of order 2, and by € R? depend on the vertices of 7.

On the other hand, if T is a curved triangle with vertices Py, P» and Pj, such that P, = z(¢;_1) € I' and
Py =z(t;) € T, then Fr(&) = Br & + by + Gr (&) for all & := (&,22) € T, where

x

Gr#®) =15,

{z(tj—1 + 22(t; — tj—1)) — [2(tj—1) + 22 (2(t;) — 2(tj-1))]} - (12)

We now let J(Fr) and D(Fr) denote, respectively, the Jacobian and the Fréchet differential of the mapping
Frp. Then we summarize their main properties in the following lemma.

Lemma 3.1. There exists hg > 0 such that for all h € (0,hg) Fr is a diffeomorphism of class C* that maps
one-to-one T onto the curved triangle T in such a way that Fp(P;) = P; for all i € {1,2,3}. In addition, J(Fr)

does not vanish in a neighborhood of T, and there exist positive constants C;, i € {1,...,5}, independent of T
and h, such that for oll T € T}, there hold

Cihy < [J(Fr)| < CohZy  [I(Fr) |y < Cabr™ Vi e {-1,1},

and
|(DFT)|Wk,oo(T) < Cy h?la |(DFT)71|Wk,oo(T) < G hl%_l vk e{0,1}-
Proof. See Theorem 22.4 in [36]. O
Herafter, given s > 0, || - [lyye.co () and | - [ypeoe 7y (1:esp. Il - H[WSYOO(TA)]QXQ and |« [[yy..cc ()2x2) denote the
norm and semi-norm of the usual Sobolev space W#°(T) (resp. [W*°°(T)]?>*2). In addition, | - |71 (7y)2 I the

semi-norm of [H'(T)]?, and given a non-negative integer k and a subset S of R or R, Pj(S) denotes the space
of polynomials defined on S of degree < k.
We now introduce the lowest order Raviart-Thomas spaces. For this purpose, we first let

snan-am {(3).(2).(3)}

and for each triangle T' € 7;,, we put
RT(T):={7: 7=JI(Fr) " (DFr)7oF;' #cRTo(T)}- (14)
Then, we define the finite element subspaces for the unknowns o, A, and u, as follows:

HP =={1, € Hdiv;Q): Tu|r € RTo(T) VT €Ty}, (15)
Hpyo={pn:T =R, pp=fpoz ", i, € Hy(0,2m)}, (16)
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with

Hﬁ\ (0,27) := {/}h :[0,27] = R, i, is continuous and periodic of period 2,
fnlie; 1) € Pi(tj—1,t;) Vie{l,..,n} },

and
Qn = {v, € L*(Q): wp|r €Po(T) VT €Ty }- (17)

Thus, we set Hj, :== HZ x H}> and state the Galerkin scheme associated with the continuous problem (5) as:
Find ((oh, A\n), un) € Hp x Qn such that

Ao M), (Ths i) + B((Th in) un) = (T - v,9)r,,
B((Uh;)‘h);vh) = 7/Qf’0hdl" (18)

for all ((7h, ), vn) € Hp X Q.
Next, similarly as for the continuous problem, we introduce an alternative formulation, which is the discrete
analogue of (8). To this end, we define

HYo == Hp N HY(T), Hy = HZ x HYy, Qn:=Qu xR, (19)
and consider the Galerkin scheme: Find ((op, Xh), (un,pn)) € Hy, x Qp such that

A((Gha S‘h)a (Tha:ah)) + B((Thmah)? (Uh,ph)) = <Th : V’9>F07

B((Uh75‘h>a(vhth)) = — /Q f’l)hdl', (20)

for all (T, fin), (vh, qn)) € Hy X Q.-
Then we have the following result.

Theorem 3.2. Problems (18) and (20) are equivalent. More precisely:

L If ((on, An),un) € Hy X Qy is a solution of (18), where A, := A, + pn, with A, € Hf;o and py, € R, then
(o, S\hZ, (un,pn)) € Hy x Qp, is a solution of (20).

2. If (o An), (un, pr)) € Hy, x Qy, is a solution of (20), then ((oh, M), un) € Hy x Qp, is a solution of (18)
with A\p, := An + ph-

Proof. Tt is similar to the proof of Theorem 2.1 since it is based on the decomposition H} = H, fL\A,o @ R. We
omit further details. O

Our next goal is to show that the Galerkin scheme (20) is stable and uniquely solvable. To this end,
we consider first the equilibrium interpolation operator &, : [H(Q)]*> — HF, which, according to the Piola
transformation used in (14), is given by (see, e.g. [8,34])

En(T)|r == J(Fr) " (DFp)E(F) 0o ExY YT €T,

where # := J(Fr) (DFp)~'1 o Fr and € : [H'(T)]? — RTo(T) is the local equilibrium interpolation operator

on the reference triangle T
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Lemma 3.3. There exists C > 0, independent of h, such that
[T = En(T)r2@)2 < ChllT|lm ()2 (21)

and

IN

[div (En(T)) |2 < Clldiv T2 (22)
for all T € [HY(Q)]?.

Proof. Using the change of variable = Fr(Z), we find that

I = En()Ifz2 ()2 = / I7(2) = I(Fr) " (DFr) E(F)(Fr (2)) 3 de
= [ 13 H(r o Pr)(@) — 3(Fr) ™ (DFr) E(5))| a2
:/T 3| [30en) (DFr) [#0) - E0) @) [ a2
< [ @ iwl; @ - fo@|) a (28)
where || - ||2 is the usual euclidean norm for both vectors and matrices in R? and R2*2, respectively.

Now, since |J(Fr)~'| = O(h;?) and ||(DFr)|l2 < Cyhr (see Lem. 3.1), and because of the approximation
property of €, we deduce from (23) that

I = &) Fagrys SCUF — EE e < ClAPnmye = C1IED) (DFD)™ (70 Fr) Py oy
é{lJ FT W1 oo (T ||(DFT) )||[W00<>(’f‘)]2><2 ||TOFT||[L2(T)]2

+ 1) o, ¢y [(DFr) ™ 1|[W1 oo (pyjzxz |17 0 Frllpa gy

2
+ ||J(FT>HW0,oo(T) I(DFp)~" ||[W0,oo(T“)]2x2 |T o FT|[H1(T)]2 } ) (24)
with a constant C' > 0, depending only on 7.

Next, applying the corresponding norm estimates for J(Fr) and (DFr)~! (see again Lem. 3.1), changing
back the variable & by Fy'(z), and using chain rule in the term |7 o Fr| (g1 (72> we conclude from (24) that

||T — 8h(7-)H[2L2(T)]2 S éhQ ||T||[2H1(T)]2 vT S 7—h (25)
On the other hand, we know from the conmuting diagram property on the reference triangle T that
div EF)l| 2y < IldivFl 2.

Then we use the above inequality, identity (1.49) (¢f. Lem. 1.5) in Chapter III of [8], and Cauchy-Schwarz’s
inequality, to find that

||div€h(T)|\%2(T) ::/ div &y () divEp(T)da = /dlth( )div E(F) di

< ||div &, (T T2y 1AV EF)| 20y < ||d1v5h(7)||L2(f) 1div 7] L2y (26)
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where div/é’RT) stands for div &, (7) o Fr.
Then, applying the inequalities (1.40) (¢f. Lem. 1.4) and (1.54) (¢f. Lem. 1.6) in Chapter III of [8], and the
estimate for J(Fr) given in Lemma 3.1, we deduce that

[div En(T) 20y < C hy' ||div Ex(T) | L2¢r) and [div 7|27y < Chrl|div e,
which replaced back into (26) yields
div (En(T) | 2(ry < C||div T 27 VT €T (27)

Hence, summing up over all the triangles T' € 7}, in (25) and (27), we conclude, respectively, (21) and (22). O

We are now in a position to prove the discrete inf-sup condition for the bilinear form B.

Lemma 3.4. There exists §* > 0, independent of h, such that for all (vy,qn) € Qp, it holds

sup B((Th, fin), (v, qn))

(T hoip)€Hy ||(Tha/1h)||H
(T poiip)#0

> B [(vn, an)llg-

Proof. Given (v, qn) € Qn, we note that

B [l B 0
sup ((Thuu'h} (Uhth)) 2 sup ((Thy )7 (Uhth)) .
(T Ap)efy, (7 h, i)l 2 T,enT 17|l m(div;0)
(T hi2p)#0 T #0
Uh in Q
5, e— 1 _ () = 0 10
Then, we define ¥y, : _ (/ o d + qn |F|> im0y put Q QU Qp, and let z € H'(Q) be the
1] \Ja
weak solution of
~ 0
—Az=17, in Q, —Z:qh on T, /zdx:O.
Ov o

Since €, being the interior region of the circle T', is clearly convex, the usual regularity result (see, e.g. [27])
implies that z € H2(£2) and

Izl 2@y < C{llvallz2@) + lanl } -

Thus we define 7 := —Vz|q € [H(Q)]2, and observe that divF = vp, in Q, 7 v = —g, on I, and

Tl @z = IVl < ll2llgz@) < C{llvnllez) + lanl }- (28)
Further, it is easy to see that

17 maivse) < C {lonll2) + lanl }- (29)
Then, using the approximation property (21) and the estimate (22) (¢f. Lem. 3.3), we find that
1€ (aivioy = NI 2 + [1div (En()II22(0y
<C { T - 5h(7~')||[2L2(Q)]2 + ||7-||[2L2(Q)]2 + [|div 7-||%2(Q) }

<C {h2 ||’7'||[2H1(Q)]2 + H%H%{(div;ﬂ) }7
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which, using (28) and (29), implies
HER(P) | (aivsiy < C {lvnllrz) + lanl } - (30)

We now let Pj, be the orthogonal projection from L?(2) onto the finite element subspace Q. Then, using
the identity (1.49) (¢f. Lem. 1.5) in Chapter III of [8] and the conmuting diagram property on the refer-
ence triangle T, similarly as we did in the proof of Lemma 3.3, we deduce that in this case there also holds
Pr(div &, (7)) = Pr(div 7), which yields

/vhdivé’h(i‘)dx = / vpdivrdr = th||2L2(Q).
Q Q

Next, since fe En(T) veds = fe T - v ds for all the edges e of 7y, with v, being the unit outward normal to e,
and since 7 - v = —qp, on I', we deduce that (&,(7) -v,)r = —qp ||
According to the above analysis we can write

sup B((T1,0), (vn, qn)) >

T,cuT ||7'h||H(div;Q)
T p#0

B((En(7),0), (vn,qn)) lallf2(q) + U] 43
[ER (T (aivi) ER (T E(divi)

2 ﬁ* ||(vh7Qh)||Q7

where the last inequality follows from (30). This finishes the proof. |

We are now in a position to provide the stability and unique solvability of the Galerkin scheme (20), and the
corresponding Cea estimate.

Theorem 3.5. There exists a unique ((on, M), (un, pr)) € Hy, x Qn solution of (20). In addition, there exists
C > 0, independent of h, such that

(s Mn)s (wro ) g < C {12y + Nlgllzzrzgy) }s

and

1((a, V), (w, ) = ((&h, An), (s pr))l gy < C _ min _ I[((e, A),w) = ((Th, ), vn)l| frxg-
(T hitn),vn)EHR X Qp

Proof. Let Vi, be the discrete kernel of the operator induced by the bilinear form B. Ttis easy to show, according
to the definition of B (¢f. (9)) and Lemma 5.7 in [22], that

Vh :Z{(Th,ﬂh)Eﬁh: (tp-v,)r=0 and divr, =0 in Q},

and hence the bilinear form A is uniformly strongly coercive on V.
In this way, Lemma 3.4 and direct applications of the abstract Theorems 1.1 and 2.1 in Chapter II of [§]
complete the proof. |

We end this section with a result on the rate of convergence of the Galerkin scheme (20). For this purpose,
we recall the following approximation properties of the subspaces HZ , H} ,, and Qy, respectively (see, e.g. [2,
8,31,34)): '

1. (APY): For all 7 € [H'(Q)]? with divr € H'(Q), it holds

7 = En(M | a(aiviey < Ch {17/l yz + [div ]| giq) |-
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2. (APQ,O): For all i € H*?(T) N Hé/Q(I‘), there exists fi, € H}){,o such that
i = fanllgzey < Ch|lallse -
3. (APy): For all v € H() it holds
l[v — Pu()llz2) < Chlllla (),

where P, is the orthogonal projection from L?(£2) onto Q.
Then we can establish the following theorem.
Theorem 3.6. Let (o, \), (u,p)) and ((on, M), (un, pr)) be the unique solutions of the continuous and discrete

mized formulations (8) and (20), respectively. Assume that o € [H*(Q)]?, dive € H*(Q), A € H"V/2(T) and
u € H5(Q), for some s € (0,1]. Then there exists C > 0, independent of h, such that

(. A, () = ((ns An)s (s o)l gy < CB° {IIUII[Hs(m]z +lldiv o[ e 0 + 1A HS(Q)}'

me+12ry + | |ul

Proof. Tt follows from the Cea estimate in Theorem 3.5, the above approximation properties, and suitable
interpolation theorems in the Sobolev spaces. |

4. AN EXPLICIT RESIDUAL A-POSTERIORI ESTIMATE

Let us first introduce some notations. We let E(T') be the set of edges of T' € T3, and let Ej, be the set of all
edges of the triangulation 7. Then we write Ej, = En(Q) U ER(To) UEL(T), where Ey(Q) :={e€ E,: e CQ},
En(T) :={e € E, : e CT}, and similarly for Ej(Tg). In what follows, hr and h. stand for the diameters of
the triangle T € 7}, and edge e € Ej, respectively. Also, given a vector-valued function T := (71, 72)T defined in
Q, an edge e € E(T) N ER(2), and the unit tangential vector tr along e, we let 77 be the restriction of 7 to T,
and let J[T - tr] be the corresponding jump across e, that is J[7 - tr] := (77 — 71/)|c - t7, where T” is the other
triangle of 7;, having e as edge. Here, the tangential vector tr is given by (—va,11)T where vy = (v1,12)T is
the unit outward normal to OT. Finally, we let curl (7) be the scalar g—x — g_;;'

Next, we define the finite element space

Xp = {neCQ): wlr=00F;', veP(T), YT eT},

and let I, : H'(2) — X}, be the usual Clément interpolation operator (see [7,15]). The following lemma states
the local approximation properties of I.

Lemma 4.1. There exist positive constants C1 and Cy, independent of h, such that for all ¢ € H(Q) there
holds

lle = In(O)llr2ry < Crhrllellmamy VT € T,
and
||507Ih(50)||L2(e) < Oy hi/QHSOHHl(A(e)) Vee Ly,

where A(T) :={T" €Ty, : T'NT #0}, and Ale) :=U{T" €T, : T'Ne#0D}
Proof. See Theorem 4.1 in [7]. O
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The main goal of the present section is to prove the following theorem providing a reliable a-posteriori error

estimate.

Theorem 4.2. Let ((o,\), (u,p)) € H x Q and ((on, An), (un, pr)) € Hy x Qp, be the unique solutions of the
continuous and discrete formulations (8) and (20), respectively. Assume that the Dirichlet data g € H*(To) and

that k1 € C*(Q1). Then there exists C' > 0, independent of h, such that

1/2
(o= o h =X @ —wnp—pa))||, < {Z n%} ,

Hx@ TET,
where for any triangle T € T, we define

: _ 2
na =||f + dlva’h||%2(T) + h2 chrl(n 1Uh)HL‘2(T)

S P | R | ¥/ (. T RR 70 1
eeE‘(T)r‘uEh(Q)
2

. 2 dg 12
+ Z he {H(FL ah.tTHL[Z(S)JrHE . +||ggh||L2(e)}
e€E(T)NE (To) L2(e)
~ 2
d\y, 9 ~ N 2
+ Z he (F'" Uh) tT*F +||£h||L2(e)+H>\h*)\h’ I
e€ E(T)NE(T) (e)
with
fh I=Oh "V +2W(5\h),
. 1
gh|e Izh—/gds VGEEh(Po),
e Je
and

. 1 [.
>\h|e = h—/)\h ds VGGE}I(F).
e Je

(31)

—~

32)

(35)

In order to prove Theorem 4.2, we need some preliminary results. We begin with the following technical

lemma.

Lemma 4.3. Let 6 := o), + o* € H(div;Q), where o* := Vz and z € H'(Q) is the weak solution of:

—Az=f+divey inQ, z=0 on Ty, g—f/ =0 on I'. Then there exists C > 0, independent of h, such that

H(a_&,x_xh)HZ <CIIf +divanlla [[@ = 6.3 = M)|| + |Alon M), (@ = & =7, X = A = fin)

+|<Th'yaph>r|+|<(aia-7’rh)'Vag>F0|a

for all (Th, fin) € Hy, with div Ty, = 0.

Proof. Tt follows similarly as the proof of Lemma 4.2 in [21]. We refer to [4] for details.

O

Now, we can give an a-posteriori error estimate for (o0 — o) and (5\ — S\h) through the following theorem.
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Theorem 4.4. There exists C' > 0, independent of h, such that
1/2
— Y ) < 2
e —oni=dn)| <c { > m,T} , (36)
TeTh

where for any triangle T € T, we define

: 2 _ 2
niT =||f +diven||izq + h chrl(n 1ah)‘ ‘LQ(T)

Y ke[l on) -t [
e€E(T)NEL(Q)

2
_ 2 dg
+ Z he {H(K/ la-h)'tTHL‘Z(e)+HF }
c€E(T)NEn(To) TllL2(e)
2
_ dAp 2
+ S he ||k on) b — Ity + 11€nllz2(e)
e€E(T)NEL(T) L2(e)

Proof. From Lemma 4.3 we know that v = 2% = 0 onT and div(6—6) = 0. In addition, the formulations (8)

and (20) yield (o - v,1)r = (o - v,1)r = 0. Then, using Gauss’s Theorem we deduce that ((o — &) - v, )r
<(0-76-) 'V71>F0 =0.
Thus, since € is connected, there exists a stream function ¢ € H(Q), with fQ pdz =0, such that o0 — 6 =

_\T
curlcp::( D i“’—)

78%2 8321
We now introduce the Clément interpolant ¢, := In(¢) € Xj and take from now on 7, := curlyy, in
Lemma 4.3. In this way, o0 — & — 75, = curl(¢ — ¢4, ), and for all i, € H}?A,o it holds

A((o, M), (curl(p — @n), A = Xy — fin)) = /Q("ﬂ_lah) -curl(y — ¢p) dz

+<%(¢*sﬁh),5\h>r+<fh,5\*5\h*ﬁh)r, (37)
T

where &, := op - v +2WN\,. Since o, - v|r € L*(T') and An € HY(T), it follows easily, using the mapping
properties of W, that &, € L?(T).
Now, applying integration by parts, we obtain

/Q(kfla'h) ~curl(p — ¢p) de = Z

TeT,

1 _ _
ts Y UlkTen e —eee+ > (T ow) b — )i
e€E(T)NEL(Q) e€E(T)NE,(T)

{ — / curl(ktay,) (o — @p) dz
T

+ Z (on) 'tT7<P50h>L2(e)}a (38)

EGE(T)ﬂE;L (Fo)
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which, replaced back into (37), yields

A((on, An), (curl(o = @n), A = A = fin)) == > { - / cul(k™'op) (¢ — ¢n) dz
TET, T

1 _ _
+§ Z (Jl(x I‘Th)'tT]NP*sOh)L?(e)Jr Z ((k 1Uh)'tT,<P*<Ph>L2(e)
e€E(T)NEL(Q) e€E(T)NEy(To)

_ dx .
+ > <<("L ton) - tr — ﬁﬁp—%hz(e) + (s A — A —Mh>L2(e)) }, (39)
)

e€E(T)NEL((T

for all i, € Hf;o, where (-, ) p2(¢) stands for the usual L?(e)—inner product.
Next, we define py, := Ij,(w)|r, where w € H'(Q) is the solution of the boundary value problem: Aw = 0 in

Qw=M\— S\h on I', and g—,“j =0 on I'y, and set iy, := (,uh - |_11“\ fr Ih ds) S H;L\A’O. It is easy to see that

lollzrs ey < C|[A=Aa]| (40)

HY2(T)

and from Lemma 4.1 it follows that

[

Lo llw = In (@)l g2y < Che? 1wl g1 aeyy-

Using the property (£, 1)r = 0, the above inequality, and the fact that the number of triangles in A(e) is
bounded (independently of h), we show that

> Yo A=) = | D A=A —fin) (e
TeT, e€cE(T)NEL(T) ecE, ()
1/2

=1 Y A=) SC QD he||€h||iQ(e) wll g1 () (41)

eeEh(F) eeEh(F)

In order to bound the remaining terms in (39) we apply Cauchy-Schwarz’s inequality, Lemma 3.4, and the fact
that the number of triangles in A(T') is also bounded. Thus, we find that

) / curl(k o) (¢ —gn) de| < €37 hr [Jeurl(k 7o) | o gy lelly acry, (42)
TeT, ' T TET,

> S Ul en) trlo = en)iae| <C Y > BT on) -t 20y el aey

T€T), e€E(T)NEL(Q) TETh e€ E(T)NER (Q)
(43)

Z Z (K™'on) - tr, o = r)reie)| < C Z Z h?||(k " on) 'tTHp(e) el i1 (aey)

TET), e E(T)NE,(To) TET), e€ E(T)NE(To)

(44)
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and
d\
1 h
E : E : <(’<"’ O'h) “tr — dt P — @h>L2(e) <
TET, e€E(T)NEL(T) T

c YD RP||(sTen) tr —

TeTh eeE(T)NER(T)

||80||H1(A(e))' (45)
L2(e)

Also, we observe that (7, -v,1)r = (curl(pp) - v,1)r = (%g@h, 1)r = 0, which shows that the third term on
the right hand side of the inequality in Lemma 4.3 vanishes.
For the remaining term on I'y we note that

)

|<(U*&*Th)'yvg>ro| = |<cur1(@7@h).y’g>r(}| B ‘<<p<ph’di—gT>Fo

which, applying Lemma 4.1, leads to

1/2
dg 2

|<(U*&*Th)'l/,g>1"0| SC Z he dtT

eCER(To)

o] 1 () - (46)

L2(e)

Therefore, using (39), (41), (42), (43), (44), (45) and (46), we deduce that

- . - . . 1/2
[A((@n, ), (@ = & =7, X = A = )|+ (o = & = 7))ol < Con { Il oy + 10l ) s
(47)

1/2
where 7 := {ZTET;L (ﬂiT —||f + div Uh||2L2(T))} . Now, since [, ¢dz =0, we obtain from (47) and (40),

IN

Cﬁ1{|<ﬁ|§{1(9)+H;\_;\hH2 }1/

[A((@nA). (0 = & =7, A= 2 — i) |+ [{(o = & = 1) - v, | e

jon
\
oL
>
[V}

0771"(0*&,

Hence, in virtue of Lemma 4.3 and the continuous dependence result given by the estimate ||o*|]| H(divi0) <
C||f + div o1l 12y, we conclude that

1/2
e —oni—sn||, < {Ir ol + it} =c { > niT} , (48)

TeT,

which ends the proof. O

In order to complete our a-posteriori error estimate, we need to provide the estimate for (u—up) and (p—ps).
For this purpose, the following lemma is necessary.

Lemma 4.5. For any 7 € H(div,Q) there exists v+ € [H*(Q)]? such that div(ry) = divr in Q, (v v, 1) =
(t-v,1)r, and

||I'T||[H1(Q)]2 < C||T||H(div;Q)’
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with a constant C > 0, independent of T.

Proof. We proceed similarly as the proof of Lemma 4.4 in [21]. Let O be the convex domain whose boundary
is the circle I, that is O := Qg U Q. Then, given 7 € H(div; Q) we consider the function f € L2(QO) defined by

divr in Q

= 1
-— {/ divrdz — (7 -v, 1>1"} in Q.
10| /o
Since [, fdz—(T-v,1)r = 0, we deduce that the weak solution z € H'(O) of: Az = fin O, glz/ = ‘1| (t-v,Dr
on I', and fo zdz = 0, is uniquely determined. In addition, a classical regularity result and the trace theorem
in H(div; Q) imply that z € H*(O) and
Izllir0) < C{I1fllao) + 17w, 1rl } < Clitlliaivo- (49)

Thus, we put rr := Vz|q and observe that r+ € [H'(Q)]?, div(rr) = f = divr in Q, and (rr - v, 1)p =
(&2 1)r = (T -v,1)r. Finally, (49) yields

ezl @ < ll2llrz@) < llzllmzo) < Clirllaaive),
which completes the proof of the lemma. O

The a-posteriori error estimate for (v — up,p — pn) € Q is established now.
Theorem 4.6. There exists C' > 0, independent of h, such that

1/2
[(w = un,p—pn ||Q<C{Z77T} :

TeT)

Proof. The continuous inf-sup condition for B (¢f. proof of Th. 2.2) yields the inequality

~ B 7-707 U, p _B T,O, Uh, Ph
lu=wnp—pi)llg < ¢ sup 2T (p) - BUT0 (on,pn))
Tef;_(iiv;m ||T||H(div;Q)
0

Now, given 7 € H(div; ) we consider the function r+ provided by Lemma 4.5 and note that

B((T,O),(u,p)) Z:/QudiVle'fp<T'l/,].>p

= /Qudiv (rr)dz — p (er - v, 1)1 = B((rr,0), (u,p)),

which, according to the first equation of (8), gives

B((7,0), (u,p)) = = A((o, ), (r7,0)) + (r7 - v, g)r,- (51)

Similarly, using now the properties of the operator &£,, we easily deduce that
B((.0). (un,pn)) = [ wndivrde = py r-v. Lr
Q

= /Quh div (En(r7)) dz — pn (En(r7) - v, 1)r = B((En(rr),0), (un, o)),
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which, in virtue of the first equation of (20), yields
B((Ta O)’ (uh’ph)) - - A((Gh> ;\h)a (gh(rT)’ 0)) + <gh(r7') "V, 9>F0- (52)

Then, by replacing (51) and (52) back into (50), we obtain

A((Uha 5‘h)a (gh(r'r) —Irr, 0)) - A((O’ — Oh, 5‘ - 5‘h>a (r’Ta 0))

— {(Ep(x7) — r7) - v,
1w~ wn,p—pa)llg < C _ sup {Enlrr) ~r7) v,9iry
Tez;;_(div;m |||T||H(div;ﬂ)
#0

(53)

We now bound the terms on the right hand side of (53). First, the boundedness of A, Theorem 4.4, and
Lemma 4.5 imply that

1/2
| A((0 —on, A=), (r7,0))| < C { > nf,T} 7| mr(div;) - (54)
TeT),
Next, since &, satisfies fe En(rr) -vds = fe rr -vds for all e € Ej,, we deduce that
(En(rr) —r7) v, 9)ry = ((En(rT) —T7) -V, 9= Sh)ry V8K € Sh,

where S}, is the space of piecewise constant functions on the partition of 'y induced by the triangulation 7p,
and hence

H{Ener) —rr) vogine | < D lg—sulleze) 1En(rr) —vr) - vllL2(e (55)
e€Ep(To)

for all s;, € Sj,. But, with the same interpolation results used in the proof of Theorem 4.5 in [21], we can prove
that

|@En(rr) —r7) vl2ie) < ChY? [[rr i (2, (56)
where T, is the triangle to which e belongs, and C, a constant independent of i, may depend on the minimum

angle of 7j,.
In this way, (55), (56), Cauchy-Schwarz’s inequality, and Lemma 4.5 lead to

1/2
[{(En(rr) —r7) v g)r, [ < C inf > hellg = sulliae 17|z aivi)
T leeER(To)
1/2
=C Z he |lg — gh”%Q(e) 17| 2 (divs)» (57)
SEE},,(F[))

where gl 1= h% fe gds for all e € Ej,(Ty).
In order to bound the first term on the right hand side of (53), we recall from (25) that

1ER(C) = Clliraryz < Chr |||y V¢ € [HYQ)?, VT € Th. (58)
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Thus, applying Cauchy-Schwarz’s inequality, (58) with ¢ = r+, Lemma 4.5, and following a similar analysis to
the one yielding (57), we can show that

A((on, M), (En(rr) —r7,0)) ) <

/Q("ﬂ_lah) ~(En(rr) —ry)de

+ ) ((En(rr) — 1) v, \)r

1/2
<CQ Y Bl onllfpaiye + D hellAn = Anllfz Il 1 aivie)
TeT, e€ER(T)
(59)
where Ap|e = h% L, A ds for all e € Ep(T).
Therefore, by inserting (54), (57), and (59) back into (53), we conclude the required estimate. O

Finally, the proof of Theorem 4.2, which is the main contribution of this section, follows straightforward from
Theorems 4.4 and 4.6.

5. AN IMPLICIT A-POSTERIORI ESTIMATE

In this section we apply a Bank-Weiser type procedure (similarly as in [19] and [23]) to our model problem.
For the classical Bank-Weiser’s approach we refer to [3]. As a result of our analysis we obtain a second reliable
a-posteriori error estimate of implicit type, which depends on the solution of local problems. In addition, we
bound these local solutions, introduce a suitable averaging technique, and transform the original estimate into
an explicit one.

We first need a symmetric, bounded, and strongly coercive bilinear form A on the space H := H (div; Q) x

Hé/ *(T). In particular, from now on we consider

A((C,p),(T,,U)) = <C’T>H(div:ﬂ) + <W(p)’u>f‘ V(C7p)7 (T,,U,) € f{ (60)

Then, given the solutions ((o, \), (u,p)) € H x Q and ((qh,:\h), (un,pn)) € Hy x Qp of the continuous and
Galerkin schemes (8)~and (20), respectively, we define the H-Ritz projection of the error with respect to A, as
the unique (&, \) € H such that

A((6,X), (1,1)) = Al(0 = on, A = An). (T, 1)) + B((7, 1), (u = un,p — pn)) (61)

for all (7,u) € H. The existence of such a (&, \) is guaranteed by the fact that the right hand side of (61) (as
a mapping acting on (7, 1)) constitutes a linear and bounded functional on H.

Now, given T' € 7j, and e € E(T), we denote by (-, ) gr(aiv;7) the inner product of H(div;T) and let (-, -)ar be
the duality pairing between H~/2(9T) and H'/?(dT) with respect to the L?(9T)-inner product. In addition,
we let Holo/z(e) be the space of functions in H'/2(e) whose extensions by zero to the rest of 9T are in H'/2(9T),
and denote by (-, ). the duality pairing between HO_Ol/Q(e) and Holo/2 (€) with respect to the L(e)-inner product.
As before, v stands for the unit outward normal to 97T

The following theorem provides an important upper bound for the Ritz projection (&, \) € H.

Theorem 5.1. Assume there exists s > 2 such that g € H'/?(To) N W=1/55(T) and let @y, be a function in
HY(Q) N WHs(Q) such that ¢p(Z) = g(&) for each vertex T of Tp, lying on To, and ¢n(Z) = M (Z) + pn for
each vertex T of Tp, lying on I'. Further, for each T € Ty, let 1 € H(div;T) be the unique solution of the local
problem

<6'T, T>H(div;T) = Gh’T(’T) V1€ H(diV; T), (62)
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where Gy, € H(div;T)" is defined by

Gpr(T) = — /(n_lo'h) -rdx — / updivrdz + (T -vr,On)or
T T
+ Z (T-vr, A+ Dh — Pr)e + Z (T-v7,9— Pn)e- (63)
c€E(T)NEy(T) ¢€E(T)NEn(To)

Then there holds

A((@.A), (8, 0) < Y 6Tl + IWTHHT2ZWAL) + on v (1512 r)- (64)
TET,

Proof. We first observe from (8) that

A((Ga/\)a (T’M)) + B((T7IJ’)’ (u,p)) = <T ’ V,g)ro,
and hence

A((6,X), (1,1)) = (T - v, g)rg = Al(an, M), (7. 1) = B((7, 1), (un, p1)) (65)

for all (7, u) € H. Thus, since A is symmetric and strongly coercive on H, we have that

1 (1 o
AU D). @) = min {5 A(r). () = Al D). (r) | (60

which, according to (65), becomes

7% A((a-a 5‘)7 (6a A)) = min - j(’raﬂ)a (67)
(T.,m)eH
with
J(r,pn) = %A((‘RM), (7, 12)) + A(( ;M) (7, 1) + B((7, 1), (un, pr)) = (T - ¥, 91y (68)

On the other hand, the hypotheses on g and ¢ imply, according to the Sobolev imbedding theorems, that
(g —&n)le € Hééz(e) for each e € Ey(To) and (A + pn — @n)le € Hééz(e) for each e € Fy(I"), whence

(Tv.g=@nro= Y, (T-v,g=—@n)eand (T-v, +pn—@n)r = > (T-V, M +pn—Fn)e (69)
SEE},,(FQ) SEE},,(F)

Further, we also get — Z (T -vr,@por + (T -v,on)r + (T-v,@0n)r, = 0, which is then added to the
TeT,
quadratic functional 7. R
In this way, recalling the definitions of A, A, and B, and using (69), we obtain

J(r,pn) = Z Jr(Tr) + Fa(p), (70)

TeT,

where 77 is the restriction 7|p,

1
Jr(Tr) =5 lrr|Fr vy — Grr(Tr), (71)
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and

Jo(p) = 5 (W(p),mr + @W(An) + on - v, m)r. (72)

N | =

‘We observe here that

LIPS
TTeH(giv;T) Jrr(rr) = - D) ||0'T||H(div;T); (73)

where 61 € H(div;T) is the unique solution of the local problem (62).
Hence, replacing (70) up to (72) back into (67), noting that H(div;€) is contained in the broken space

H(div; Q)" = {r € [L*(Q))*: 7re H(div;T) VT €T},

and using (73), we deduce that

- % A((a,N),(a,)) min { Z J,1(T7) } + min  J(p)

T eH(div;Q2) TeT, /,LGHé/2(F)

> min Jir(tr) +  min - Jo(p)
TEZT;L TreH(div;T) ( ) uEHém(F) (
1 . 1
=3 > lerlary — 5 (W(p), p)r, (74)
TEZZ
where p € Hé/ 2 (T) is the unique solution to the equation
(W(p), i)y = —(2W() + o v, Ve HY*(T). (75)

It follows from (75) that

1 1 - 3
5 (W), p)r = = S [IWH2WO) + on Vi),

whence (74) yields

1 I 1 . 1 _ <
—3A(@.0)..2) 2 5 D> 7l — 5 IWHHIZWOW) + o vl ),
T€eT,

which completes the proof. [l

It is important to remark that the above theorem does not require any further condition on @, and hence, in
principle, this function can be chosen in many different ways. However, we will prove below that the proposed
a-posteriori error estimate becomes efficient up to a term depending on (u — @p). This property is called
quasi-efficiency. Therefore, one should try to choose @) as close as possible, at least empirically, to the exact
solution wu.

We now give the main reliable a-posteriori error estimate for the Galerkin scheme (20), which makes use of
the H-Ritz projection (&, ) and the associated upper bound provided by Theorem 5.1.
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Theorem 5.2. Let ¢, be as indicated in Theorem 5.1, and for each T € Ty, let 61 € H(div;T) be the unique
solution of the local problem (62). Then there exists C > 0, independent of h, such that

1/2
H((U—Gh,;\—:\h)7(u—uh,p—ph))HHXQ <C { > 07+ R%} ;

TeT,
where
07 = ||&T||§{(div;T) + || f+divey ||%2(T)
and
RE = |[2W() + on-v[F1sry:

Proof. The continuous dependence result given by Theorem 2.2 is equivalent to stating that the variational
formulation (8) satisfies a global inf-sup condition, which means that there exists C' > 0 such that

1€ @ llaeg <€ s { AW ), (7,m) + B((r, w), (w,m) + BU(C 0, (v, ) }

(T 1), (v, ) €A XQ
T w0, (v, <1

for all ((¢,p), (w,r)) € H x Q.

In particular, taking ((¢, p), (w, 7)) :== ((6 — &5, A — An), (4 — up, p— pr)) in the above inequality, and using
the definition of the Ritz projection (&, ) € H (cf. (61)), and the statements of the continuous and Galerkin
schemes (8) and (20), we obtain that

||((o-*o-ha)‘*)‘h)a(u*uhvp*ph»”f[x@ < C sup {A((U’,_),(T,‘LL)) - /Q(erdiva'h)vd:E} ’

(T 1), (v, ) €EH XQ
AT ), (v,a) <1

Hence, using the properties of A, and applying Cauchy-Schwarz’s inequality, we deduce that there exists C > 0
such that

1/2
||((U70'h;)\7Ah)a(ufuhap*ph»”f[xé < c {A((Uaj‘)a(‘775‘)) + Z ||f+d1va-h||%2(T)} )
TeT,

which, together with the upper bound (64), finishes the proof. O

The following lemma provides a-priori estimates for the solution of the local problem (62). They will be used
to show the quasi-efficiency of the estimate provided by Theorem 5.2, and also to deduce an explicit reliable
a-posteriori error estimate based on a suitable averaging technique.

Lemma 5.3. Let @5, be as indicated in Theorem 5.1, and for each T € Ty, let 67 € H(div;T) be the unique
solution of the local problem (62). Then there exists C > 0, independent of h and T, such that

|| aivir) SC{ (&7 an) = Vnllairype + llun — @nllia)

- 1/2
~ 112 ~ 2
D DR PV Ry SR | R AV S ()
e€E(T)NE,(T) e€E(T)NE,(To)
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In addition, for any z € HY(Q) N W13(Q), with s > 2, such that z = g on Ty, we get

N _ 1/2
lerllnvy < C{Il 87 an) = ValBiaye + lun = 2y + 130G s} - ()

0 on O0TNIy
where Jpr(2):=4¢ z—(Ap+pn) on OTNT.
z— @p  otherwise

Proof. We first recall from (62) that 67 € H(div;T) and (67, T)g(dgivir) = Gnr(7T) for all 7 € H(div;T),
where

Gpr(T) = — /(n_lo'h) -rdx — / updivrdz + (T -vr,Pn)or
T T
+ Z (7- VT, 5\h + pn — ¢h>e + Z <T "vr,g9 — Sz’h>e- (78)
¢€E(T)NEx(T) ¢€E(T)NEx (To)

Since @, € H(Q), we apply Gauss’s formula to obtain

(T-vr,Pn)or = / Vo - Tdx + / pp div T da.
T T
Then, replacing this expression back into (78), applying Cauchy-Schwarz’s inequality, and using the fact that

67| zaiviry = [|Gh.7 |l H(div;T) > We arrive to (76).
On the other hand, given z € H'(Q) N W%(Q), with s > 2, such that z = g on Ty, we obtain

(T vr, Gn)or + Y (Tevn M+ pn—@nde + > (T-vr,g—dn)e =

e€E(T)NE(T) e€E(T)NE(To)
(Tove,2)or — (T-ve,z=@n)or+ Y, (T v, A+ Dh— @Bh)e — > (T-vr,&n—2)e
e€E(T)NE, () e€E(T)NE(To)
= (T -vr,2)or — (T-vr,Inr(2))or,
which, replaced back into (78), yields (77) and ends the proof. O

We show next that the reliable a-posteriori error estimate from Theorem 5.2 is quasi-efficient, that is, it is
efficient up to a term depending on the traces of (u — @) on the edges of 7;,. Indeed, we have the following
lemma.

Lemma 5.4. Let ¢, be as indicated in Theorem 5.1, and assume that u € WH5(Q), with s > 2. Then there
exists C' > 0, independent of h, such that for all T € Ty,

07 < C{ llo = onllraivery + llu—unllZs) + IJh,T(U)Iiw(aT)}, (79)

0 on OTNIy 3
where Jp 1 (u) = A=A on OTNT. Further, there exists C > 0, independent of h, such that
u— @p  otherwise

Y 07+ Ri < é{ (o = an A=), (w—unp =)l + D IInr@lrzon } (80)

TeT, TeT),
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Proof. From the second equation of (8) we get div o =—finQand (- -v,l)r=0.In addition, from the first
equation of (8) we deduce that k' =Vuin Q,u=A+ponT,u=gonTly and 2W(A\)+o-v=0o0nT.
Then, applying Lemma 5.3 (¢f. (77)) with z = u, we obtain that

16711 aiviry < C{ (™ on) = (67 O)IE2 ey + llun = ulliey + IWnr @2 orn } (81)

Hence, (79) follows from (81) and the fact that

07 = ||&T||§{(div;T) + ||f+diV‘7h||2L‘z(T) = ||&T||§-I(div;T) + |[div (U—Uh)||2L‘2(T)-

On the other hand, using that (2W(A) + o - v) = 0 on I', and applying the boundedness of W and the trace
theorem in H(div;(2), we obtain that

RE == |2W(An) + o - V||§171/2(r) <C { An — 5\||§11/2(1“) + llon — U”%—I(div;ﬂ) } (82)

Finally, summing up in (79) over all T € 7},, and adding (82), we conclude (80) and finish the proof. O

The quasi-efficiency provided by Lemma 5.4 is in agreement with the properties of the classical Bank-Weiser
approach. In fact, it is well known that this a-posteriori error analysis only yields reliability, and that it is
possible to obtain an explicit lower bound of the error through the utilization of a different estimator, usually
of residual type.

Our next purpose is to bound the global quantity Rr by computable local indicators on the edges e € Ej,(T).
Indeed, we have the following lemma.

Lemma 5.5. There exists C > 0, independent of h, such that

RE < Clog[l+Ch(D)] Y. hel2W(n) + on-vl[iz, (83)
SEE},,(F)

where

Ch(T) = max { :

e’

e and €' are neighbour edges of I’ } .

Proof. We first observe from the definitions of the finite element subspaces HZ and H, })1‘70 (cf. (15) and (19)) that
(on-v)|r € L3(') and A, € H'(T'), and hence, a mapping property of W implies that (2W (A,) + o -v) € L2(T).
Now, taking 75, = 0 in the first equation of (20), and (vn,qn) = (0,1) in the second one, we deduce,
respectively, that (2W(X) + o - v, fin)r = 0 for all iy, € Hp), and (o), - v,1)p = 0.
Therefore, using the decomposition H} = H})f,o @ R, the symmetry of W, and the fact that W (1) = 0, we
conclude that (2W (X\y) + o, -v) is L?(I')-orthogonal to H}'. Thus, a straightforward application of Theorem 2
in [11] yields the estimate (83) and ends the proof. O

As a consequence of Theorem 5.2 and Lemma 5.5, we obtain the following result.

Theorem 5.6. Let ¢, be as indicated in Theorem 5.1, and for each T € Ty, let 61 € H(div;T) be the unique
solution of the local problem (62). Then there exists C > 0, independent of h, such that

HxQ

1/2
H((a—ah,:\—;\h),(u—uh,p—ph))H SC’{Z é%} ,
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where

07 == 1673 (aivery + |1+ diven |2y +log[l + Ca(T)] > he W) + on - V(720
e€E(T)NEL(T)

It is important to remark here that the local problem defining &1 lives in the infinite dimensional space
H(div;T), and therefore, it can only be solved approximately by considering suitable finite dimensional sub-
spaces. To this respect, as indicated in [1], we suggest to apply the p or the h — p version.

Alternatively, we propose to utilize the upper bound (76) from Lemma 5.3 to derive a fully explicit reliable
a-posteriori error estimate that does not require neither the exact nor any approximate solution of the local
problem (62). More precisely, our main explicit reliable a-posteriori error estimate for the Galerkin scheme (20)
is stated as follows.

Theorem 5.7. Let ¢y, be as indicated in Theorem 5.1. Then there exists C > 0, independent of h, such that

1/2
(e = oA =2 (= wp—p)||, < C { > é%} , (81)

TeTh
where
07 =l (k" 'on) — Vén ||[2L2(T)]2 + |[un — @n ||%2(T) + |[f+dives ||%2(T)
5 =2 =12
+ Z ||)\h+ph790h||Hé[42(e) + Z ||97§0h||H(%2(e)
e€E(T)NE(T) e€E(T)NER(To)
+ log[1 + C(T)] S hell2W() + 0w vfia (85)
e€E(T)NEx(T)
Proof. 1t follows directly from Theorem 5.6 and Lemma 5.3. O

We end this section by setting an appropriate choice for @;. As suggested by the quasi-efficiency result
provided by Lemma 5.4, this function needs to be as close as possible to the exact solution u. Hence, we
follow an averaging technique and define @y : Q — R as the unique continuous function satisfying the following
conditions.

1. (@n|lro Fr) € Pl(T) for all T € Ty, where Fr is the diffeomorphism mapping the reference triangle 7

onto T' (¢f. Section 3).
2. For each vertex T of Ty, lying on To: ¢n(Z) = g(T).
For each vertex Z of 7, lying on I': @p(Z) = My (Z) + p.
4. For each vertex Z of 7p, not lying on T'oUT: ¢, (Z) is the weighted average of the constant values of uj on
all the triangles T' € 7} to which T belongs. Here, the weighting is according to the relative area of each
triangle.

@

Finally, we observe that for implementation purposes, the H'/2-norms appearing in the definition of the local

indicators f7 can be bounded using an interpolation theorem. More precisely, given an edge e € Ej,(I")UE}, (L),
and a function p € H}(e), we have

oIz, < Nolzeco llellig o

6. NUMERICAL RESULTS

We now provide several numerical results illustrating the performance of the discrete scheme (18), and
supporting the quality and efficiency of the a-posteriori error estimates given by (31, 32) and (84, 85). We
emphasize, according to Theorem 3.2, that it suffices to solve (18) instead of the equivalent Galerkin scheme (20).



A-POSTERIORI ERROR ESTIMATES FOR LINEAR EXTERIOR PROBLEMS 265

For the geometry of the problem, we let 'y (9€y) and I';y be the boundaries of the squares with center
at (0,0) and side lengths given by 1 and 4, respectively. In other words, Iy is the polygonal curve determined
by the vertices (1/2,1/2), (=1/2,1/2), (—=1/2,—1/2), and (1/2,—1/2), and T'; is the one determined by (2, 2),
(—2,2), (—2,-2), and (2,—2). In all our computations we consider k1 equals the identity matrix I, and choose
the data f and g so that the exact solution of (1) is

U(I’,y) = % (vl’2+y2) V(x,y) GRz*QO;

z— 0452 + 42 X
where y € C?([$,+00)) is the cut-off function defined by

i —3r2+3r, ifl<r<i

x(r) =
1, if1<r

Hence, we take T" as the circle with center at (0,0) and radius 4, and recall that the computational domain 2
is the annular region bounded by I'g and I'.

We observe that u has a singularity at (0.45,0), u € C?(£2), and u & C3(£2). In fact, because of the definition
of x, the third order derivatives of u are not continuous on the unit circle.

We let N be the number of degrees of freedom defining the subspaces Hj, and @y, that is N := number of
edges of 7;, + number of nodes on I' + number of triangles of 7;. Also, we use the following notations for the
individual and global errors

e(u) := ||U*Uh||L‘2(Q)a e(\) = ||)\*)\h||L2(F), e(o) = ||0'*0'h||H(div;Q),

and

1/2

e = {[e(w)]” + [e(V]* + [e(e))* } /7,

where ((o,\),u) € H x Q and ((oh, An),un) € Hp x Qp are the solutions of (5) and (18), respectively. In
addition, we consider the error estimates given by

1/2 1/2
77:—{27)%} andé:—{Zé%} ,

TeT, TeT),

where 57 and 7 are defined by (32) and (85).
The adaptive algorithm used in our computations follows a standard approach from [35] (see also [33]). More
precisely, given a parameter vy € (0,1), we apply the following scheme:
1. Start with a coarse mesh 7j,.
Solve the discrete problem (18) for the actual mesh 7p,.
Compute np (éT) for each triangle T' € 7j,.
Evaluate stopping criterion and decide to finish or go to next step.
Use blue-green procedure to refine each T' whose indicator np (éT) is among the 100y % of the largest
indicators. Define resulting mesh as actual mesh 7, update h and go to step 2.

Sl

In Tables 6.1 throughout 6.5 we display the errors for each unknown, the error estimates 1 and 0, and the
effectivity indices e/n and e/ 0, for uniform and adaptive refinements. In addition, Figures 6.1 and 6.2 show the
global error e versus the degrees of freedom N. We consider here two choices of the refinement parameter -,
namely 0.1 and 0.25. We remark that the errors on each triangle T' € 7, are computed using a 16 points
Gaussian quadrature rule.
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TABLE 6.1. Individual errors, error estimates 7 and 6, and effectivity indices for the uniform refinement.

N | e(u)| el e(o) n e/n 0 e/
1222 | 0.9602 | 0.3206 | 21.0856 | 39.2721 | 0.5375 | 29.4685 | 0.7164
4764 | 0.6674 | 0.1793 | 18.0624 | 36.2539 | 0.4986 | 25.1351 | 0.7191

18808 | 0.5291 | 0.1765 | 12.4059 | 34.1627 | 0.3635 | 17.7766 | 0.6986
74736 | 0.4847 | 0.1796 | 6.8630 | 25.9430 | 0.2653 | 10.2980 | 0.6683

TABLE 6.2. Individual errors, error estimate, and effectivity index for the adaptive refinement
based on 7, with v = 0.1.

N| ew]| eN)| el@)| n e/n
12221 0.9602 | 0.3206 | 21.0856 | 39.2721 | 0.5375
1705 | 0.6835 | 0.1922 | 18.0697 | 36.2829 | 0.4984
2339 | 0.5532 | 0.1837 | 12.4267 | 34.2311 | 0.3634
3226 | 0.5135 | 0.1842 | 6.9190 | 26.0892 | 0.2660
4344 | 0.5046 | 0.1842 | 3.7602 | 17.0105 | 0.2233
9913 | 0.5027 | 0.1843 | 2.3152 | 11.3346 | 0.2097
8340 | 0.4947 | 0.1813 | 1.7358 | 8.2160 | 0.2208

12553 | 0.4907 | 0.1809 | 1.5224 | 6.3317 | 0.2542
19094 | 0.4846 | 0.1798 | 1.3737 | 4.9846 | 0.2945
28893 | 0.4826 | 0.1801 | 1.2419 | 3.9749 | 0.3382

TABLE 6.3. Individual errors, error estimate, and effectivity index for the adaptive refinement
based on 6, with v = 0.1.

N | e(u)| e e(o) 0 e/
1222 | 0.9602 | 0.3206 | 21.0856 | 29.4685 | 0.7164
1802 | 0.6806 | 0.1889 | 18.0673 | 25.1435 | 0.7191
2587 | 0.5460 | 0.1796 | 12.4188 | 17.8093 | 0.6981
3676 | 0.5054 | 0.1811 | 6.8987 | 10.3820 | 0.6665
5215 | 0.4944 | 0.1807 | 3.7113 | 6.0897 | 0.6155

11078 | 0.4885 | 0.1803 | 1.5939 | 3.2497 | 0.5160
17558 | 0.4834 | 0.1795 | 1.3610 | 2.9870 | 0.4873
279471 0.4819 | 0.1794 | 1.2214 | 2.8579 | 0.4637
45060 | 0.4798 | 0.1795 | 1.1351 | 2.7639 | 0.4506
73261 | 0.4777 ) 0.1796 | 1.1031 | 2.6731 | 0.4547
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100 [ T T T T T T T T T T T T T T T T _

r uniform refinement —6—
adaptive refinement based on n - -+ - ]
adaptive refinement based on 6 —— :

error e i
10 -
1 1 1 1 1 1 1 L 1 1 1 1 1 I L
1000 10000 100000

degrees of freedom N

FIGURE 6.1. Error e for uniform and adaptive refinements (with v = 0.1).

100 [ T T T T T L T T T T T L | T T T T T T I_

C uniform refinement —$—
adaptive refinement based on n - -+ - ]
adaptive refinement based on 6 —— :

error e i
10 | =
]. L L | L L L |. |. |. + L L L

1000 10000 100000 le+4-06

degrees of freedom N

FIGURE 6.2. Error e for uniform and adaptive refinements (with v = 0.25).
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TABLE 6.4. Individual errors, error estimate, and effectivity index for the adaptive refinement
based on 7, with v = 0.25.

N| ew]| eX)| el@)| 1 e/1
12221 0.9602 | 0.3206 | 21.0856 | 39.2721 | 0.5375
2305 | 0.6725 | 0.1823 | 18.0628 | 36.2611 | 0.4985
4654 | 0.5356 | 0.1772 | 12.4080 | 34.1781 | 0.3634
9264 | 0.4899 | 0.1786 | 6.8699 | 25.9641 | 0.2654

18693 | 0.4769 | 0.1789 | 3.6320 | 16.6864 | 0.2198
37606 | 0.4736 | 0.1795 | 2.0264 | 10.5919 | 0.1972

TABLE 6.5. Individual errors, error estimate, and effectivity index for the adaptive refinement
based on 60, with v = 0.25.

N| ew)| el e(o) 0 e/0
1222 | 0.9602 | 0.3206 | 21.0856 | 29.4685 | 0.7164
2345 | 0.6725 | 0.1825 | 18.0628 | 25.1380 | 0.7191
4941 | 0.5355 | 0.1772 | 12.4075 | 17.7864 | 0.6983
10986 | 0.4887 | 0.1785 | 6.8666 | 10.3175 | 0.6674
24320 | 0.4758 | 0.1790 | 3.6255 | 5.9069 | 0.6198
54177 | 0.4729 | 0.1798 | 2.0168 | 3.6833 | 0.5645

As expected, the errors e for the adaptive refinements decrease considerably faster than for the uniform one.
Also, it is observed in all cases that e is mainly dominated by the individual error e(o). Further, the indices
e/n and e/0 are always bounded above, which provides experimental evidences for the estimates (31) and (84).
We note, at least for this example, that the adaptive algorithm based on 6 is more efficient than the one based
on 7. Nevertheless, as shown in Figures 6.1 and 6.2 the adaptive refinement using 7 converges a bit faster than
the one using 6. Now, it is also clear from Figures 6.1 and 6.2 that the adaptive meshes generated with v = 0.1
yield a much faster decreasing of e than with v = 0.25. However, after about N = 15000 degrees of freedom,
this process saturates and no further significant improvement is obtained. On the other hand, the decreasing
obtained with v = 0.25 shows a closer behaviour to the expected quasi-optimal linear rate of convergence.
These facts can also be verified from Tables 6.2 up to 6.5 by computing the experimental rates of convergence,
that is the quantities 7%, where e and € are the global errors associated with two consecutive adaptive
meshes with N and N’ degrees of freedom, respectively.

Next, in Figures 6.3 and 6.4 we display initial and intermediate meshes obtained with the refinement strate-
gies. We observe that the adaptive algorithms, based on both n and 0, are able to recognize a neighborhood
of (0.5,0), which is close to the singular point (0.45,0). Also, they clearly identify the unit circle, on which, as
mentioned before, the exact solution u looses smoothness.

Finally, we emphasize that the numerical results presented in this section provide enough support for the
adaptive methods being much more efficient than a uniform discretization when solving linear exterior problems.



A-POSTERIORI ERROR ESTIMATES FOR LINEAR EXTERIOR PROBLEMS 269

FIGURE 6.3. Initial and intermediate meshes with 1222, 4344, 8340, and 28893 degrees of
freedom, respectively, for the adaptive refinement based on 7, with v = 0.1.
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FIGURE 6.4. Intermediate meshes with 2345, 4941, 10986, and 24320 degrees of freedom, re-
spectively, for the adaptive refinement based on 0, with v = 0.25.
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