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Any continuous-variable distillation protocol that does not change the effective loss of the transmission
channel cannot be used to achieve maximum Einstein-Podolsky-Rosen style correlations after distillation. We
analyze the continuous-variable entanglement distillation protocol described by �Browne et al., Phys. Rev. A
67, 062320 �2003�� and show that it does not change the effective loss of the transmission of entanglement. We
extend this scheme to one which does change the effective transmission coefficient of the channel. Our scheme
has the added benefit that the states generated exhibit isotropic noise which is best suited to applications of
continuous-variable entanglement such as continuous-variable teleportation.
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I. INTRODUCTION

It has been established now for quite some time that the
distillation �1� of Gaussian continuous-variable �CV� en-
tanglement from Gaussian states with “Gaussian operations”
�i.e., those operations which transform Gaussian states into
Gaussian states� is not possible �2�. This of course left open
the possibility of distilling Gaussian entanglement using non-
Gaussian operations.

Distilling non-Gaussian entanglement from Gaussian en-
tanglement has been shown to be possible �3�. However, the
desire here is to have a procedure that outputs Gaussian en-
tanglement so it can be used within the standard CV opera-
tions which perform best with Gaussian states. It has also
been shown that Gaussian entanglement decohered by a non-
Gaussian channel can also be distilled �4�. Unfortunately,
though, the most common decohering channels are in fact
Gaussian.

An example of a scheme for distilling Gaussian entangle-
ment was presented in �5�. In this scheme, photon counting
was used as the non-Gaussian operation used to distill en-
tanglement. This paper begins by describing the important
characteristics of the scheme in �5� and finds that the purifi-
cation power of this scheme is limited. That is, this scheme
has very limited ability to mitigate the effects of a Gaussian
decohering channel. A scheme built upon this is then de-
scribed, and its distillation and purification abilities are quan-
tified. The scheme is shown to have superior purification
results.

The scheme in �5� and the scheme described here depend
on an iterative procedure which must be iterated many times
to distill Gaussian entanglement. Some of the convergence
properties are explored and it is shown that only a few itera-
tions need be performed to distill a state close to the Gauss-
ian one.

II. GAUSSIAN STATES

Squeezed states and coherent states are examples of states
with Gaussian probability distributions in the position and

momentum quadratures. Gaussian probability distributions
are fully characterized by specifying a vector of means and a
covariance matrix. Any state which has a vector of means
which is the zero vector and a covariance matrix which has
an eigenvalue less than the variance due to vacuum noise is
called a squeezed vacuum.

The covariance matrix contains the variances of the posi-
tion and momentum observable of each mode along the di-
agonal and the covariances between those observables in the
off-diagonal entries. A covariance matrix must be symmetric
as the covariance between two observables is independent of
the order of the observables.

The canonical pure two-mode squeezed vacuum state has
a covariance matrix

�
cosh 2r 0 sinh 2r 0

0 cosh 2r 0 − sinh 2r

sinh 2r 0 cosh 2r 0

0 sinh 2r 0 cosh 2r
� , �1�

where r is a parameter representing the strength of the cor-
relation between the two modes and is referred to as the
“squeeze parameter.” The same state can be written in a two-
mode Fock basis as

�cosh r�−1�
n=0

�

tanhn r�n,n	 , �2�

which can be verified by computing the variances and cova-
riances of the four quadrature variables of the two modes.
This state is entangled for r�0.

III. GAUSSIFICATION AND DISTILLATION

The distillation protocol in �5� consists of two procedures.
First, several pairs of weakly entangled Gaussian CV states
are collected by the two parties. Then for each pair one of the
parties mixes their mode with a single photon at a beamsplit-
ter of reflectivity �2. Then this party makes photon counting
measurements on one of the two output modes for each pair.
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The parties decide to accept the distributed entangled pair if
the detection registered one and only one photon. The opera-
tion that is applied by the acting party to a single pair is
shown in Fig. 1.

The effect of this operation can be described by the effect
operator

�
n

�− 1�n−1�n−1�n − �1 + n��2��n	
n� �3�

acting on the mode that was transformed by the operation
and the other party applies the identity operation.

Starting with a pure two-mode squeezed state transmitted
through a channel with no loss, the output state conditional
on the measurements giving the desired outcome is

��	 � �0,0	 +
�2�2 − 1�

�
tanh r�1,1	 + �higher-order terms� ,

�4�

where the last term represents terms of more than two pho-
tons. A phase shift has been applied so that the superposition
has a plus sign. The ratio of the �0,0	 and �1,1	 coefficients
can be set between 0 and 1 for any given squeezing strength
r by choosing the beamsplitter ratio � appropriately.

As pointed out in �5� it is possible to relax the require-
ment of measuring one and only one photon if the input state
is has a very low amplitude. Under these conditions a detec-
tor which measures the presence or absence of photons will
provide a very good approximation to that of a detector
which measures one and only one photon.

In the initial qubit distillation protocols a similar proce-
dure is used to select by measurements those state which
have high entanglement �1�. This is known as the Procrust-
ean method of entanglement distillation and hence this first
step in the distillation protocol will just be called “distilla-
tion.”

The second part which we will call “Gaussification” con-
sists of an iterative procedure which converts many copies of
the state in Eq. �4� into a Gaussian state with a stronger

entanglement than any individual state which the distillation
protocol started with. Each party mixes the two modes they
have on a 50:50 beamsplitter from two copies of the state in
Eq. �4� �Fig. 2�. One output mode from either side is mea-
sured, and the output is accepted when both parties measure
zero photons. The procedure applied by one party to combine
two pairs is shown schematically in Fig. 2. After this opera-
tion, two entangled pairs are consumed and the output state
is closer to a Gaussian state than the input states while keep-
ing the ratio of the �0,0	 and �1,1	 amplitudes constant.

When this operation is applied successfully by both par-
ties the effect on an input composed of two copies of an
arbitrary input density matrix was found in �5�. It is

�̄a,b;c,d = �
s=0

a

�
t=0

b

�
n=0

c

�
m=0

d

Ma,b;c,d
s,t;n,m�s,t;n,m�a−s,b−t;c−n,d−m, �5�

where the coefficients Ma,b;c,d
s,t;n,m are given by

Ma,b;c,d
s,t;n,m = 2−�a+b+c+d�/2�− 1��a+b+c+d�−�s+t+n+m�

���a

s

�b

t

�c

n

� d

m

�1/2

, �6�

where the density operator element indices are defined as

�
a�1
b�2��̂��c	1�d	2� = �a,b;c,d �7�

and the subscripts of the kets define which mode the state
describes. As shown in �5�, if this mapping is iterated then
the states which this map converge to are Gaussian states.
This is what gives rise to the name Gaussification.

So combining these procedures results in a process which
has many copies of a weakly entangled Gaussian state as
input and a single �potentially stronger� Gaussian entangled
state as the output. The combination of these procedures is
shown in Fig. 3.

The convergence of the Gaussification procedure is con-
ditional on the covariance matrix that the output state is ex-
pected to converge to being that of a physical state. The

T
FIG. 1. The distillation step of the protocol described in �5�. The

input mode is mixed with a single photon and one output mode is
detected. The other output mode is accepted only if a single photon
is detected. The beamsplitter ratio � is varied to achieve different
ratios of the zero- and one-photon terms in the output. This opera-
tion will be labeled T.

G
FIG. 2. The basic step of the Gaussification procedure described

in 1. Pairs of modes are combined at a 50:50 beamsplitter and one
output is detected. The other output is accepted if zero photons are
measured. After this, two modes that form the output of two suc-
cessful iterations are combined and the detection occurs again. This
operation is applied by both parties in the same manner. The states
which result after many iterations of this procedure are Gaussian
states. This operation will be labeled G.
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particular Gaussian state that the procedure is expected to
converge to is completely determined by the following ele-
ments of the density operator after the first iteration:

�00;00,�10;10,�01;01,�10;01,�20;00,�02;00,�11;00.

This is because these elements relative to each other remain
unchanged after the first iteration of the map. By choosing
these elements for the initial input state using non-Gaussian
operations, distillation of Gaussian entanglement is achieved.

The covariance matrix 	 for the above elements of the
input state was computed in �5�. Writing 	=B−1−1 then the
matrix elements of B are

�10;10/�00;00 = 1 − B1,1 − B2,2, �8�

�01;01/�00;00 = 1 − B3,3 − B4,4, �9�

�10;01/�00;00 = − B1,3 − B2,4 + i�B1,4 − B2,3� , �10�

�20;00/�00;00 =�1

2
�− B1,1 + B2,2 − 2iB1,2� , �11�

�02;00/�00;00 =�1

2
�− B3,3 + B4,4 − 2iB3,4� , �12�

�11;00/�00;00 = − B1,3 + B2,4 − i�B1,4 + B2,3� . �13�

By inverting these relations one can calculate the covariance
matrix. As it is only the ratio with �00;00 that defines 	 it is
convenient to work with � un-normalized such that �00;00
=1.

The covariance matrix 	 represents a true quantum state if
and only if 	+ i
 is non-negative definite where 
 is the
two-mode symplectic matrix

�
0 1 0 0

− 1 0 0 0

0 0 0 1

0 0 − 1 0
� . �14�

IV. TWO-MODE SQUEEZED STATES WITH LOSS

It is useful at this point to look at the covariance matrix
for a pure two-mode squeezed state which has traveled
through loss. We are going to consider the general case
where the loss the two-mode traverse may be unequal. We
shall call this distribution of the total channel loss from the
source to the two outputs the loss profile. We are also going
to work with variables which represent the channel transmis-
sions instead of the loss but as the sum of the loss and trans-
mission is unity, one can move between the two representa-
tions. Channel transmissions will be represented by �.

It is easiest to calculate the covariance matrix by consid-
ering the evolution of the state in the Heisenberg picture. If
the two modes from the squeezed state are labeled a and b
then the transmitted modes at the output of the channels are

Xa� = ��aXa + ��1 − �a�va, �15�

Xb� = ��bXb + ��1 − �b�vb, �16�

with �a and �b being the transmission of channels a and b,
respectively. Using these equations one finds the variance of
the mode at output a �in units where the variance of vacuum
noise is unity� is


�Xa��
2	 = �a
Xa

2	 + �1 − �a� �17�

and similarly for mode b. The cross correlations can also be
computed


Xa�Xb�	 = ��a�b
XaXb	 . �18�

Incorporating the two-mode squeezed state from Eq. �1� and
the above two-mode loss transformations generates the cova-
riance matrix for a lossy two-mode squeezed state

�
C1 0 − S 0

0 C1 0 S

− S 0 C2 0

0 S 0 C2

� , �19�

where

C1 = 1 + �a�cosh 2r − 1� , �20�

C2 = 1 + �b�cosh 2r − 1� , �21�

S = ��a�b sinh 2r . �22�

Alternatively if one is given a covariance matrix of the
general form shown in Eq. �19� defined by only three param-
eters C1, C2, and S, one may try and write it down in terms of
the parameters which define a lossy two-mode squeezed state
r�, �a�, and �b�. That is, one may want to invert the relationship
given in Eqs. �20�–�22�. This is achieved by the following
relations:

cosh�2r�� =
S2 + �C1 − 1��C2 − 1�
S2 − �C1 − 1��C2 − 1�

, �23�

�a� =
C1 − 1

cosh�2r�� − 1
, �24�

T
T
T
T

G

G
G

G

G
G

FIG. 3. A schematic summary of the distillation protocol in �5�.
A source of weakly entangled squeezed state is depicted in the
middle. The distillation operation T from Fig. 1 is performed by one
party on all distributed pairs. Then the Gaussification steps G as
shown in Fig. 1 are repeated until a single mode is left as the output.
If the expected covariance matrix is physical then the output will
converge toward a Gaussian state in the limit that infinitely many
pairs are used. Note that the distillation step is only performed on
one side, and any channel loss considered is contained to the side
not performing the distillation.
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�b� =
C2 − 1

cosh�2r�� − 1
. �25�

It is important to note that the Gaussian state under consid-
eration in these relations may not have been generated from
a lossy squeezed source, but this description will give the
parameters of an equivalent lossy squeezed source which
will behave identically. Note that r� must be real and 0��a�,
�b��1. This puts a restriction on the type of covariance ma-
trices of the form in Eq. �19� which can be considered
equivalent to those generated from a pure squeezed state and
loss.

It is quite common in experiments to build a symmetric
configuration such that the output state has isotropic noise.
We will represent this case by C1=C2=C. For this isotropic
case, the physicality condition for the covariance matrix sim-
plifies to

C2 − S2 
 1. �26�

If one wants to write an isotropic covariance matrix as from
a lossy squeezed source then to satisfy the criterion that r� be
real, C and S must be constrained to C�1 and either C−S
�1 or C+S�1 must be true to keep the denominator of Eq.
�23� positive. Also the isotropic nature requires �a�=�b�=��
and the previous condition on C ensure that ��
0. ���1 is
the same condition as that in Eq. �26� provided that the re-
strictions C−S�1 and C�1 are already satisfied.

In the Gaussification procedure, the low photon number
components of the density operator describing the state re-
ceived by the two parties are the most important. These will
now be calculated for the general two-mode lossy squeezed
state.

The calculation proceeds by considering the same ar-
rangement for loss as was considered when calculating the
covariance matrix. The pure two-mode squeezed state can be
written

�
n=0

�
tanhn r

n!
a†nb†n�0,0	 , �27�

where a and b are the annihilation operators for the two
squeezed modes and the state written such that the �0,0	 term
has coefficient 1. By introducing annihilation operators for
loss modes la and lb, after the two squeezed modes have
passed through the loss then the output state can be written

��	 = �
n=0

�
tanhn r

n!
���aa† + �1 − �ala

†�n

����bb† + �1 − �blb
†�n�0,0;0,0	 , �28�

where the numbers after the semicolon in the Fock state rep-
resent the two loss modes. Expanding this expression

��	 = �
n=0

�
tanhn r

n! �
k=0

n �n

k

���aa†�n−k��1 − �ala

†�k�
p=0

n �n

k



����bb†�n−p��1 − �blb
†�p�0,0;0,0	 , �29�

��	 = �
n=0

�

tanhn r �
k,p=0

n ��n

k

�n

p

�1 − �a�k/2�a

�n−k�/2

��1 − �b�p/2�b
�n−p�/2�n − k,n − p;k,p	 . �30�

This expression can be simplified by calculation of the coef-
ficients of the wave function ��,�

c,d = 
� ,� ;c ,d ��	, where c
and d are the number of photons in the loss modes from
modes a and b, respectively, and � and � label the photon
number in the final output modes,

��,�
c,d = �

n=0

�

�
k,p=0

n

tanhn�r�

���n

k

�n

p

�1 − �a�k�a

n−k�1 − �b�p�b
n−p

���,n−k��,n−p�c,k�d,p �31�

By defining � n
k �=0 for k�n and eliminating the k , p sum

��,�
c,d = �

n=0

�

tanhn�r�

���n

c

�n

d

�1 − �a�c�a

n−c�1 − �b�d�b
n−d��,n−c��,n−d

�32�

and finally eliminating the n sum

��,�
c,d = ��+c,�+d tanh�+c�r�

���� + c

c

�� + d

d

�1 − �a�c�a

��1 − �b�d�b
�.

�33�

To calculate density operator elements, one must trace over
the loss modes. Remembering that the above expressions de-
scribes the coefficients of the wave function, the density op-
erator element for the vacuum state can then be written

�00,00 = �
c,d=0

�

�0,0
c,d�0,0

�c,d. �34�

The contributions from � are only nonzero if c=d and � is
real. We can write

�00,00 = �
n=0

�

��0,0
n,n�2. �35�

Hence,

�00,00 = �
n=0

�

tanh2n�r��1 − �a�n�1 − �b�n

=
1

1 − tanh2�r��1 − �a��1 − �b�
. �36�

As the only nonzero terms in the sum which forms the den-
sity operator are those where �+c=�+d for both terms, we
find the following density operator elements are zero:

A. P. LUND AND T. C. RALPH PHYSICAL REVIEW A 80, 032309 �2009�

032309-4



�20,00 = �
c,d=0

�

�2,0
c,d�0,0

c,d = 0, �37�

�02,00 = �
c,d=0

�

�0,2
c,d�0,0

c,d = 0, �38�

�10,01 = �
c,d=0

�

�1,0
c,d�0,1

c,d = 0. �39�

The nonzero terms are

�11,00 =
tanh r��a�b

1 − tanh2�r��1 − �a��1 − �b�
�00,00, �40�

�01,01 =
tanh2�r��1 − �a��b

1 − tanh2�r��1 − �a��1 − �b�
�00,00, �41�

�10,10 =
tanh2�r��a�1 − �b�

1 − tanh2�r��1 − �a��1 − �b�
�00,00. �42�

V. GAUSSIFICATION AND LOSS

Applying the distillation step shown in Eq. �3� to the lossy
squeezed state, the nonzero density operator elements be-
come

�00,00 =
�2

1 − tanh2�r��1 − �a��1 − �b�
, �43�

�11,00 =
�2�2 − 1�tanh r��a�b

��1 − tanh2�r��1 − �a��1 − �b��
�00,00, �44�

�01,01 =
�2�2 − 1�2tanh2�r��1 − �a��b

�2�1 − tanh2�r��1 − �a��1 − �b��
�00,00, �45�

�10,10 =
tanh2�r��a�1 − �b�

1 − tanh2�r��1 − �a��1 − �b�
�00,00. �46�

The work in �5� considered a channel with an asymmetric
loss profile. The side doing the single-photon distillation had
no loss �i.e., �b=1�, and the other side had loss �. This then
gave the simpler density operator elements

�00,00 = �2, �47�

�11,00 =
�2�2 − 1�tanh r��

�
�00,00, �48�

�01,01 =
�2�2 − 1�2tanh2�r��1 − ��

�2 �00,00, �49�

with all other elements zero. They then wrote this as

�11,00/�00,00 = � , �50�

�01,01/�00,00 =
1 − �

�
�2, �51�

where �= �2�2−1�tanh r�� /� which could be set to any
value between zero and �� by choosing �. This is similar to
the zero loss case, with the exception that the maximum � is
now ��.

The covariance matrix which results after the entangle-
ment distillation and Gaussification using this single-sided
loss is

	

=
1

� − �2�
� + �2�2� − 1� 0 2�� 0

0 � + �2�2� − 1� − 2�� 0

2�� 0 �2 + � 0

0 − 2�� 0 �2 + �
� .

�52�

This result was computed in �5�. Using Eqs. �23� through
�25� it can be shown that this covariance matrix is equivalent
to a lossy-squeezed state with parameters

r = tanh−1��/��� , �53�

�a = � , �54�

�b = 1. �55�

So the effect of the distillation protocol is to have an effec-
tive source whose squeezing parameter is increased by a fac-
tor involving the chosen beamsplitter reflectivity. However,
the loss profile of the transmission channel remains un-
changed.

VI. CONTINUOUS-VARIABLE TELEPORTATION,
ENTANGLEMENT SWAPPING, AND REPEATERS

CV teleportation is an immediate application of Gaussian
CV entanglement. The aim of teleportation is to recreate an
arbitrary input state by sending classical signals and utilizing
shared entanglement without actually sending the state itself.

The unity gain fidelity of CV teleportation of a coherent
state performed through a channel with loss of � equal on
both sides is given by

Fequal,loss =
1

2 − �
. �56�

This fidelity is achieved if the entanglement source had
maximum squeezing. For a channel with one sided loss the
maximum fidelity is

Funequal,loss =
1

2 − �2 . �57�

The fidelity on the unequally distributed loss is always lower
than that of the equal loss.

The fidelity for an input state of non-minimum uncer-
tainty is more complex than these equations just given. As a
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CV repeater arrangement would use mixed states in general,
these expressions for the fidelity cannot be used to calculate
the overall fidelity of a CV repeater. More generally under
repeated application of any channel the final fidelity is not
the product of fidelities of each constituent channel.

Another measure of performance of CV teleportation is
the amount of noise added to the output state �6�. In order to
achieve a high fidelity for any input state, the teleportation
protocol must be operated at unity gain. The noise added
under these conditions is

�2�X2 � X1� , �58�

where the subscripts 1 and 2 represent the modes of the
entanglement and X represents the particular quadrature un-
der consideration. The plus or minus sign represents the sign
of the signal sent on the classical channel. The sign can be
chosen for each quadrature and should be chosen to give the
minimum value for the added noise. This expression for the
added noise holds for both pure and mixed input states. Also,
the effect of multiple teleportations chained together can be
found by adding the noise added by each teleportation.

If the entanglement in the CV teleporter is generated from
a two-mode squeezed state under general lossy conditions
�Eqs. �20�–�22�� the added noise is

2 + ��a + �b��cosh�2r� − 1� − 2��a�b sinh�2r� . �59�

If the total channel throughput is constrained �i.e., �a+�b
−�a�b is constant� but �a and �b are varied then this expres-
sion is minimized when �a=�b. That is, the least noise is
added when the squeezing source is placed in the middle of
the channel. When this is the case, the added noise is

2�1 − �� + �e−2r, �60�

and the least added noise is 2�1−�� occurring when r→�.
In qubit based protocols, a threshold level of purity exists

below which no entanglement distillation can occur �7�. The
idea of the quantum repeater protocol is to perform entangle-
ment distillation before this level is reached and use en-
tanglement swapping to achieve entanglement at the end
points.

In the case of maximum squeezing, the added noise is a
linear function of the loss between end points. Attempting to
use CV entanglement distillation and entanglement swapping
would not decrease the noise below that of merely directly
transmitting the state unless the distillation protocol de-
creases the effective loss of the channel. As shown in the
previous sections the protocol described in �5� does not
achieve any change in the effective loss of the channel.

In the next section we will describe a protocol which sym-
metrizes the distillation protocol from 1. At the same time,
this protocol changes the effective loss on the channel so that
an improvement in the performance of protocols which uti-
lize CV entanglement is achieved.

VII. SYMMETRIZED CV DISTILLATION

The protocol developed in the references in �5� only con-
sidered the fully asymmetric loss scenario which is not opti-

mal for CV teleportation. This section considers a symme-
trized version of this protocol.

There are two main alterations which will be made to the
protocol. First, the channel will have a symmetric loss pro-
file. Second, the distillation procedure involving counting
photons will be performed by both parties as shown in Fig. 4.
Performing the distillation procedure on both sides will mean
that it may be true that the probability of success will be
reduced. However, as the loss profile is different comparing
the probability of success of the symmetrized scheme and the
original scheme will depend on the particular figure of merit
used for to describe the application of the distilled entangle-
ment.

After the symmetrized distillation procedure succeeds for
both parties the zero- and one-photon components of the
output density operator are

�1100

�0000
= �1100 = �2�2 − 1

�

2 � tanh r

1 − �1 − ��2tanh2 r
, �61�

�1010

�0000
= �1010 = �2�2 − 1

�

2 ��1 − ��tanh2 r

1 − �1 − ��2tanh2 r
= �0101.

�62�

These expressions can be simplified by writing

� =
2�2 − 1

�
, �63�

� =
� tanh r

1 − �1 − ��2tanh2 r
�2, �64�

and

� = �1 − ��tanh r , �65�

then the matrix elements of the density operation become

�1100 = � �66�

and

�0101 = �1010 = �� . �67�

The parameter � can be chosen freely by setting �2. All
values of �2 are possible ranging from zero when T=1 /�2 to
very large values for small T. Note that � is unchanged by
any choice of �. The resultant covariance matrix from this
state after the Gaussification procedure is of the form given
in Eq. �19� with

T
T
T
T

G

G
G

G

G
G

T
T
T
T

FIG. 4. This figure is similar to Fig. 3. The distillation step is
now performed on both sides. Also, the loss profile has changed and
it is assumed that the loss affects both modes of the source en-
tanglement equally.
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C1 = C2 =
�2�1 − �2� + 1

�1 − ���2 − �2 , �68�

S =
2�

�1 − ���2 − �2 . �69�

The Gaussification procedure will only converge if the given
covariance matrix represents a physical state that is 	+ i


0. For symmetric and isotropic covariance matrices this
inequality reduces to C2−S2
1 as per Eq. �26�. In terms of
the � and � parameters just introduced, this requirement is

� �
1

1 + �
. �70�

The range of parameters � and � parameters which will pro-
duce a state that converges under Gaussification are shown in
Fig. 5.

It is clear that this procedure does not change the value of
�. Both the input and output states must have the same value
for the parameter � defined above. However, the value of �
for the output state �assuming that � is greater than unity�
will increase. By inverting the relationship between r�, ��
and �, �, one finds that

tanh r� = � + �2�1 − �2� . �71�

As �→ �1+��−1 one finds that tanh r�→1. As � is un-
changed through the distillation procedure, one finds that the
maximum effective throughput of the channel is ��=1−�. As
tanh r of the original state is less than unity the effective
channel throughput of that the output state exhibits must in-
crease �i.e., �����. Unlike the protocol described in �5� the
effective loss on the entanglement is changed. Also, to
achieve the highest throughput for a particular given channel
a low value of initial squeezing is desired as this would make
� very small.

VIII. CONVERGENCE WITH GAUSSIFICATION

The Gaussification procedure involves iterating a se-
quence of linear optics and photon detection. As the itera-
tions are applied the state converges toward the desired state.
The rate of convergence is then an important consideration.
Here we analyze the rate of convergence of the Gaussifica-
tion procedure when used with the distillation procedure.

To quantify the rate of convergence of quantities of inter-
est in CV entanglement, we have chosen to analyze the Duan
Inseparability Criterion �8� using only the second-order mo-
ment �i.e., the elements of the covariance matrix� even for
non-Gaussian states. For protocols involving CV quantum
key distribution and reverse reconciliation �9� these moments
are all that one is interested in as they saturate important
bounds involving security.

Using the expressions for the covariance matrix of the
converged state it is possible to show that the Duan insepa-
rability criterion is equal to

C − S =
�−1 − �1 − ��
�−1 + �1 − ��

. �72�

As �→ �1+��−1 this expression becomes

C − S = � . �73�

Figure 6 shows the convergence of the inseparability crite-
rion to these values with weak initial squeezing of r
=arctanh�0.01� and 100% channel throughput. Figure 7
shows convergence from the same initial states when the
channel throughput is 0.05%. The convergence rate is
slightly slower in the case with channel loss when the de-
sired output entanglement is high.

All of these plots show the general properties of the con-
vergence of the Gaussification procedure. When small en-
tanglement output is desired from the distillation protocol,
then convergence is fast. The rate of convergence is slower
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FIG. 5. �Color online� This
plot shows the region of param-
eters � and � which allows con-
vergence under Gaussification.
The states which are not physical
and do not converge are in the re-
gion labeled “inaccessible.” Con-
tours are shown for a numerically
calculated probability of success-
ful operation of the distillation
step and one round of Gaussifica-
tion for a channel with 95% loss.
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as the target entanglement is higher. Also note that the intro-
duction of loss changes the rate at which convergence is
achieved. Depending on the desired accuracy and the par-
ticular application that the entanglement is used for there
may be little value in adding more steps to the Gaussification
procedure beyond the first few iterations.

IX. EXCESS NOISE

Loss is not the only noise process that may occur when
the source entangled states are distributed. A thermal noise
source may modulate the beam containing the entanglement
increasing the variances of the noises that the end points see
without any increase in their covariances. That is C may
increase while S stays constant. The state will still remain
physical under the requirement of Eq. �26� but may not

satisfy the requirement that C�S�1 which ensures that the
effective squeeze parameter r� remain real.

When both C+S�1 and C−S�1 the state of the incom-
ing entanglement cannot be written down as an equivalent
state involving pure two-mode squeezing and loss. In fact,
the condition that C�S�1 is exactly the same as the insepa-
rability criterion presented in �8� for this type of Gaussian
state. Hence when both plus and minus conditions are not
met then the states cannot have any entanglement as the con-
dition is necessary and sufficient for Gaussian states. This
puts a limit on the amount of excess noise that the protocol
can be used for which corresponds exactly with the disap-
pearance of entanglement in the initial state.

X. CONCLUSION

In this paper we have generalized the Gaussian distillation
protocol presented in �5� and have presented a way of
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FIG. 6. This plot shows the rate of conver-
gence of the Duan inseparability criterion as a
function of the � parameter in a channel with no
loss. The seed entanglement has squeezing pa-
rameter r=arctanh�0.01�. The data are generated
by a numerical simulation at the particular points
shown. The first ten energy eigenstates of each
mode were used in the simulation. The curve is
from the theoretical covariance matrix derived in
the text.
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FIG. 7. The plot is the same style as Fig. 6 but
the throughput of the two channels which feed
the protocol is �=0.05. The top axis shows the
equivalent channel loss for the converged state.
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quantifying its performance through the effective squeezing
and loss of the distilled output state. It was shown that the
original scheme did not improve the loss on the output state
compared with the loss under which the states were sent,
severely limiting the effectiveness of the protocol. A symme-
trized version of this protocol was then presented, and it was
shown that this does reduce the loss on the output state com-
pared with the channel loss. It was shown that the protocol is
in principle able to purify greatly provided the input states
were weakly squeezed.

The original distillation protocols only considered the
limit of an infinite number of iterations to produce the out-

put. Here we have shown that if the strength of the entangle-
ment desired is not too high then only a small number of
iterations is required to achieve a state close to the fully
converged state.
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