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Kudella und Dr. G. Huber fiir das Layout und die Endredaktion. Dem geschitzten Leser
wiinschen wir interessante Einblicke.

Preface of the editor

The Geomechanics Colloquium Karlsruhe July 24-25, 2008 under the headline “Funda-
mentals and Applications of Geomechanics® takes place as a scientific symposium on the
occasion of the 70th birthday of Prof. Dr.-Ing. Dr. h.c. Gerd Gudehus and the centena-
ry of Baurat h.c. Prof. Dr. techn. Dr. mont. h.c. Leopold Miiller. The Institute for Soil

Mechanics and Rock Mechanics at the University of Karlsruhe (TH) honours two of its
outstanding personalities.

In 1966, the university (at that time still Institute of technology) was able to enlist Pro-
fessor Dr. Leopold Miiller from Salzburg, the founder of the International Society for
Rock Mechanics (ISRM), as honorary professor. Until his retirement in 1976 he headed
the department of rock mechanics and has strongly influenced generations of students as
academic teacher. With Prof. Leopold Miiller we also commemorate a scientist who has
established modern rock mechanics as an interdisciplinary science by his pathbreaking
research work. In January 2008 he would have been 100 years old.

In 19783, Professor Dr. Gerd Gudehus was appointed to the professorship for Soil Me-
chanics and Foundation Engineering. His competent familiarity with the fundamentals
of theoretical mechanics soon resulted in the chairs’s international reputation as a cen-
tre for fundamental research in soil mechanics. Bridging the gap between soil mechanics,
granular dynamics and physical chemistry has become the ultimate scientific challenge in
the lifework of Prof. Gudehus. Over the years his research resulted in the emergence of a
genuine “Karlsruhe school®, Prof, Gudehus celebrates his 70th birthday in July 2008.

The two conference volumes in hand under the headline “Felsmechanik, Fels- und Tun-
nelbau“ (Rock Mechanics, Rock Engineering and Tunneling) and “Bodenmechanik und
Grundbau* (Soil Mechanics and Foundation Engineering) contain a collection of selected
papers which were submitted to the colloquium and have been reviewed by a small Scien-
tific Comitee. For reasons of time, only about one of two contributions could be allowed
for oral presentation. It was our objective, however, that at least in these conference vo-
lumes, many of those may have their say who have been closely connected to Prof. Miiller
or Prof. Gudehus as colleagues, scholars or business partners.

We are aware that the contributions are very different in regard to length, scientific claim
professional depth and relevance for practitioners. Exactly with this wide perspective

. . T
ntributions could not be clearly assigned to either the m.o: or rock MWMBMMHVMM@
chiove 1 ference volumes of similar length, we took the rdmg% to as .mH Papers
3?95 .go o 1 modelling and construction, landslides and brittle geomaterials to he
oz%MﬂMMWMMWMméEBm If this seems arbitrary in particular cases, we ask authors ai
0 .
eaders for understanding. - .
W ur gratitude to all authors who were not mmmmmm by mB,U;:.Em %M&MMMM
ocial the Mm . to the members of the Scientific Comitee for the rewiev an y
cmemm - mme Finally I thank Dr. P. Kudella and Dr. G. Huber for the layout an
mem%mm%z. We wish our esteemed readers interesting insights.
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ic Modeling of Weathered
Rockfill Materials

Erich Bauer !

mary

Len rock materials under stress the process of weathering and conseguently the
ation of the solid hardness may be accelerated under water. Thus the resistance
icles against abrasion and breakage can be strongly influenced by a change of the
ive moisture content of the grains. The focus of this paper is on modeling the essenti-
echanical properties of moisture sensitive weathered coarse-grained rockfill materials
9.0 hypoplastic constitutive model. The model takes into account the current void ratio,
effective stress, a motsture dependent degradation of the solid hardness and the strain
Creep and stress relazation during the process of degradation of the solid hardness
also included. Tt will be shown that the results obtained from numerical simulations
in_good agreement with ezperiments carried out with weathered granite.

iechanical behavior of broken rock is different for unweathered or weathered grains.
degree of geological disintegration, by chemical weathering or by the intensity and
rientation of micro-cracks, has a significant influence on the solid hardness and as
nsequence on the evolution of grain abrasion and grain breakage Furthermore for
fills with coarse-grained and uniform particles under stress the contact forces between
icles are much higher than in a well-graded granular material. Thus grain abrasion
&d by the plastification of the contact zones and grain crushing related to the pro-
ive development of micro-cracks are usually more pronounced in coarse-grained rock-
(e.g. [Rzadkowski&Zurek, 1970], [Marsal, 1973]). Grain abrasion and grain crushing
ge the grain size distribution and consequently the limit void ratios of the material.
6y may also have an influence on the mechanical properties. Depending on the state of
thering the propagation of micro-cracks due to water-induced stress corrosion can be
ongly influenced by & change of the relative moisture content of the grain material. Thus
ie mechanical properties of weathered broken rock are different for dry and wet states
the material (e.g. [Brauns&Kast&Blinde, 1980], [Kast, 1992], [Alonso&Oldecop, 2000},
Oldecop&Alonso, 2004], [Oldecop&Alonso, 2007]). For weathered rockfill materials the
compressibility is higher for a wet than for a dry material as illustrated in Figure la.
For a pre-compressed material under dry conditions (path A-B) a following wetting un-
der constant pressure leads to an additional compaction (path B-C in Figure 1b) while

iy

“1nstitute of Applied Mechanics, Graz University of Technology, Graz, Austria
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[Masin 2007] D. Masn. A hypoplastic constitutive model for clays with meta-stable
. structure. Canadian Geotechnical Journal, 44(3):363-375, 2007.

erle. State boundary surface of a hypoplastic
32(6):400-410, 2005.

The influence of anisotropy and yielding on
simple computational models of lithosphere

(Masin&Herle, 2005] D. Masin and L H scale shear banding and mantle convection

model for clays. Computers and Geotechnics,

solls wi elastic stramn range. ecnanics o, QQFW%@GQ Tic sQE\Q\N aterais, <.

299, 1997.

Hans-Bernd Miihlhaus ! ? Louis Moresi ® Matt Davies!
and Klaus Gottschaldt?

ing the reaction curve of shotcrete
Mechanics and Rock Engineering,

¥

[Oreste, 2003] P. P. Oreste. A procedure mﬂ, determin
lining considering transient conditions. Rock
36(3):209-236, 2003.

[Péttler, 1990] R. Pottler. Time-dependent rock-shotcrete interaction. A numerical short-,

C d Geotechnics, 9:149-169, 1990 The way a planet deforms in response to thermal or gravitational driving forces, depends
cut. Computers ana (s€0té , 9:149-169, .

n the material properties of its constituents. The Earth’s behaviour is unique in that its
utermost layer consists of a small number of continuously moving plates. Venus, another
lanet of similar size and bulk composition to the Earth displays signs of active volcanism
but there is no evidence of plate movements or plate tectonics.

ié 7dravkovié. Finite element analysis in
tts&Zdravkovié, 1999] D. M. Potts and L.
(Potts ma&mnm\io& engineering. Volume I: Theory. Thomas Telford, London, 1999.

. On the generalised stress-strain
Burland, 1968] K. H. Roscoe and J. B. Burland . ; : .
EOmoommMawMMME of s_i clay. In J. Heyman and F. A. Leckie, editors, Engineering
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E scheme [Moresi et.al., 2003]. Focussing initially on models of crustal deformation at a
e of a few tens of km, we choose a Mohr-Coulomb yield criterion based upon the idea
at frictional slip occurs on whichever one of many randomly oriented planes happens
o be favorably oriented with respect to the stress field. As coupled crust/mantle models
ome more sophisticated it is important to be able to use whichever failure model is
propriate to a given part of the system. We have therefore developed a way to represent
ohr-Coulomb failure within a mantle-convection fluid dynamics code.

[Stallebrass& Taylor, 1997] S. E. Stallebrass and R. N. Taylor. Prediction of ground mov
ments in overconsolidated clay. Géotechnique, 47(2):235-253, 1997.

[Viggiani&Atkinson, 1995] G. Viggiani and J. H. Atkinson. Stiffness of fine-grained so
at very small strains. Géotechnique, 45(2):245-265, 1995.

ith the modelling of lithosphere deformation we use an orthotropic viscous rheology (a
fferent viscosity for pure shear to that for simple shear) to define a preferred plane for
to occur given the local stress field. The simple-shear viscosity and the deformation’
then be iterated to ensure that the yield criterion is always satisfied. We again assume
Boussinesq approximation - neglecting any effect of dilatancy on the stress field.

ing to the largest planetary scale, we present an outline of the mechanics of unified
els plate-mantle models and then show how computational solutions can be obtained
uch models using Escript. The consequent results for different types of convection are
esented and the stability of the observed flow patterns with respect to different initial
ditions and computational resolutions is discussed.

Earth Systems Science Computational Centre (ESSCC), The University of Queensland, St Lucia,
nsland, Australia

CSIRO Division of Exploration and Mining, 26 Dick Perry Ave, Kensington, Western Australia,
alia

chool of Mathematical Sciences, Monash University, Clayton, Victoria, Australia,
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1 Introduction e continents, there has been a strong philosophical divide between those who con-

der that these faults are dominant, fundamentally distinct, component of the sys-
- at every scale [Zhong&Gurnis, 1994, Zhong&Gurnis, 1995a, Zhong&Gurnis, 1995b,
hong&Gurnis, 1996, Zhong et. al., 1998, Bird&Kong, 1994], and those who believe that,
a lithospheric scale, the deformation on faults can be averaged within a contin-
n description more in tune with the underlying driving forces [England et. al., 1985,
ngland&Houseman, 1988].

Heat 10ss from the Earth’s deep interior occurs through a process of thermal convection
in the solid mantle. The pattern of deep convection is not directly observable as it is
strongly modified by the very non-linear response of the near-surface rocks in the cool
thermal boundary layer (the lithosphere).

The ocean floor is made up of a dozen or so near-rigid "plates" which geodynamicists
believe constitute the upper thermal boundary layer of this convection system. Oos.mm.
quently, the entire ocean floor is recycled with a characteristic time of 100-200 million
years.

reason that such a debate is possible after many years of discussion is almost cer-
ly due to the fact that each of these approaches captures something important,
different, about the way the Earth works. In models of actively deforming conti-
ts, a thin skin continuum representation of the mantle lithosphere and crust captures
large-scale deformation in a reliable, reproducible way |England&Houseman, 1985,
gland et. al., 1985] but not capture important detail in the surface strain field associ-
ed with the largest faults. Thin skin models of the brittle layer in which known faults
¢ explicitly included capture this fine detail [Bird&Kong, 1994, Kong&Bird, 1996] but
fidelity of the model deformation is very reliant on accurate prior knowledge of the
ts’ distribution and their dips.

Continents do not participate in the active overturn of the mantle, largely becausé they
contain a high percentage of granitic rock which is light relative to the olivine composition
of the mantle. The continents have been able to resist being recycled completely for at
least 4 billion years. In some areas ("cratons") have remained largely undeformed for
this time, while other areas have undergone enormous deformation to form (and reform)
mountain belts.

The strong correlation between seismicity and plate boundaries (e.g. Barazangi and Dor-
man [Barazangi&Dorman, 1969]) makes it seem likely that plate motions are associated
with localization of deformation occuring when stresses reach the yield strength of the
lithosphere. In addition, close to the surface where temperatures are less than approxi-
mately 600°C it becomes necessary to consider the role of elasticity [Watts et. al., 1980b] .

"thick-skin" model of the continental lithosphere which also includes the major faults
he brittle regime is the appropriate way to bridge these two thin-skin approaches, but
ignificantly more challenging computationally. We describe an algorithm which can
del both the frictional behaviour of localized faults, the non-linear rheology applicable
the broad scale where the faults are too small to resolve individually, and the fluid
aviour of active thermal convection in the mantle.

From a modeling point of view, it is necessary to consider the fluid convection of th
mantle and the history-dependent viscoelastic/brittle behaviour of the continental crust as
a single coupled system. The requirements for a geological simulation code are therefore a
ability to track boundaries and interfaces through extremely large deformation, includin
fluid convection, of non-linear history dependent materials. The wide range of physica
and temporal scales, and the many coupled physical processes also impose 2 need fo
computational efficiency. The code should also be very flexible in the rheological law:

which it can treat. ?

angian integration point finite element methods [Moresi et.al., 2003] can model elas-
iscoplastic deformation (a suitable description for the small-scale behaviour of the
t) coupled to a convecting viscous mantle {Lenardic et. al.,2003].

Constitutive models

In this paper we describe two.flow models which accurately treat these difficulties at,
overlapping scales. In the first we describe an orthotropic plasticity model formulated
from a fluid dynamics viewpoint which can model coupled mantle convection and crust
deformation. This model can also be used to model localized faulting in the crust. In the:
second example, we examine the role of the temperature-dependerit-viscosity and elasticit;
in planetary scale convection models with a yield criterion applied to the lithosphere.

‘odynamics we commonly treat the Earth on a large scale as an incompressible, viscous
d with infinite Prandtl number in which motions are driven by internal temperature
tions. Elastic deformation is important only in the low-temperature part of the
em and is therefore usually assumed to have a minor effect on the system at the
est (planetary) scale [Watts et. al., 1980a, Watts et. al., 1980b]. The force term is
avitational body force due to density changes. We assume that these arise, for any
n material, through temperature effects so that:

1.1 Continuum deformation and fault formation 0ijj = Pi = gpo(l — arT)z (1)

-g is the acceleration due to gravity, po is material density at a reference temperature,
s the coefficient of thermal expansivity, and T is temperature. z; is a unit vector in
vertical direction. We have also assumed that the variation in density only needs to
considered in the driving term (the Boussinesq approximation: Boussinesq, 1903).

The surface deformation of the Earth is dominated by the presénce of faults on which a
very large fraction of strain is accomodated in the long term (Dolan, pers. comm.). In
the modeling of large scale deformation of the Earth in both the ocean basins and in
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and mutually orthogonal vectors, s and m, lying in the fault plane. The traction resolved
in each of these directions is given by:

Substituting a general viscous constitutive law

' 5 = 2D, Dig = (vig +v34)/2 (2)
. Onn = T304 (6)
gives the equation of motion:
. \.N._ AWV Ogn = m@.ﬂwu.Q.@. A.Nv
i Drt) g — i = 1—orT)z
(mjaDua) 5 — P = gpolL — arT)z o = iy ©

If we assume that s was chosen parallel to the direction of maximum traction in the

jon is dri ing from the interior. The energy equation governs the " ¢
Motion is driven by the heat escaping from the mterior € energy ed g fault-plane, then the yield criterion for the fault segment is given by f = 0 in

evolution of the temperature in response to advective transport of heat by the fluid and
diffusion of heat through the fluid. For a given fluid element,
. DT
T === ~(KkTs): + Q) (4)
Dt
where k is the thermal diffusivity of the material, and Q(t) is a source term attributed to
decay of radioactive materials within the Earth.

\,” _Qm3_+ﬂmbﬁQ::|nMO va

Where ¢ the friction angle and ¢ is cohesion. It is possible to express the magnitude of
the maximum shear traction in the fault plane as

To = |Osn| = \/Ouroaneny — Qwﬁ (10)

without explicitly calculating s. We note that 7gis invariant with respect to changes of

. . . the pressure p so that 75(oy;) = 75(0?,), where o’ is the deviatori
2.1 Viscosity of mantle materials on geological timescales (5) (%) v fatoric stress tensor

The viscosity of the mantle at long timescale is known to be a strong function of tempera- 2.1.2 Continuum failure criterion
ture, pressure, stress, grain-size, composition (particularly water content). Karato & Wu
[Karato&Wu, 1993], give the following expression for the deformation of upper mantle

Bm&mﬂmr H.::L\HS m.w%‘\. Amv
=94 Aqv Aq, ¢
where A is a constant, 4 is shear modulus, b* is the Burgers vector, T' is temperature,
7 is the second invariant of the deviatoric stress tensor (ie 7 =
the stress tensor and o’y its deviator), E* is an activation energy, V* and activation
volume, R is the gas constant, h is the grain size, n is a stress exponent, and m a
grain-size exponent. Despite this complexity, the dominant effect on the viscosity from
the point of view of the large-scale dynamics of the system is the effect of temperature
(e.5. Solomatov [Solomatov, 1995]). Some anisotropy of material properties is observed
in mantle materials due to crystallographic realignment during strain but the effect is not
well characterized and may be more important in diagnosing strain than in influencing,
the deformation itself {Muhlhaus et. al., 2004]. C

The previous model applies to a fault which is already established independently of the
prevailing stress field and has a length scale which is large with respect to the system as
a whole. This description is only appropriate for the largest few faults in any system. We
also assume that there are very many faults at smaller scales which can be represented by
a continuum approximation. The continuum approximation rests upon the assumption
that, at the small scale, all orientations of incipient faults are present. For any given stress
field, we can then assume that there is at least one incipient fault within every element
of the material which is oriented in such a way that it fails earlier than any other fault
and begins to grow. For a point in the material we consider the plane SE% contains
the minimum (here most compressive) and maximum principal stresses (o7 and o).
Resolving the stress onto a fault oriented at an angle  measured positive counterclockwise
to the oy direction yields

Onn = MAS + o) + MAS — or11) cos(28) (11)

1 .
2.1.1 Fault Model Failure Criterion Ton = MAS ou11) sin(26) (12)
Substituting into the yield criterion (9) gives:

An idealized picture of a geological fault is of a two dimensional discontinuity surface i
arbitrarily embedded in the unfractured rock. In all but the very near surface regions
it is appropriate to assume that the overburden pressure is sufficient to prevent the fault
surfaces separating, and that deformation occurs by frictional sliding in the plane of th

fault [Barr, 1981]. If we consider a small planar element of the fault with a normal, n

tan L 4 ¢
sin(26) — tan ¢ cos(26)

o —0or =

(13)
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that the stress difference on the left hand side of (13) is & minimum (see Brady and Brown
[Brady&Brown] for a derivation close to the spirit of Coulomb’s (1776) derivation). It
is then simple to compute d(o; — o771)/d8 to find the value of 6 which minimizes the
differential stress required for failure to be

fp = tarctan(tan™! v) = F(= + M.v (14)

™
4
Replacing @ by 05 in (13) gives

or—-om _ _ mgﬁs +omr

2 2

In a pristine material we expect faults to form at an angle between 22.5° and 45° to the
most compressive principal stress direction. In the Earth (tang < 1) this means that
we expect steep faults to form in extensional environments (s close to the direction of
gravity) and shallow faults to form in compressive environments (s close to orthogonal to
the direction of gravity). The orientations (14) can be used to define a curve-linear system
of coordinates within the plastic zone of a boundary value problem. The coordinate
lines are the so called static characteristics (see Hill [Hill, 1998] for an outline of the
method of characteristics). The static characteristics do not necessarily coincide the
orientation of macroscopic shear bands (see the pioneering paper by Rudnicki and Rice
[Rudnicki&Rice, 1975} and Vardoulakis and Sulem [Vardoulakis&. Sulem, 1995} for an
outline in the context of geomechanics including experiments).

+ccosp ~ (15)

2.1.3 Flow rule for plasticity model

The yield criterion provides a limit on the acceptable stress states in the material. A
corresponding flow rule is needed to determine the manner in which the material deforms
when the yield stress is reached. The incompressible fluid assumption which we made
in formulating the mantle convection problem is a severe constraint on the possible flow
rules. In the theory of plasticity one assumes flow rules of the form

r.u@lm
DP =% 30 (16)
Where 4? is the equivalent plastic strain rate and g is the so called plastic potential and
DP is the plastic part of the stretching; here we assume that the total stretching can be
decomposed into a viscous and a plastic part. Elastic strains are assumed as wbmwms_mmo.mbﬁ
for the problems considered here. The incompressibility constrain is satisfied if g depends
on the deviatoric stress only. Apart from that, g depends on the stress‘invariants according
to the symmetry of the material and possibly on other state variables such as temperature.
The standard choice for g in connection with a yield criterion of type (9) or (15) with

0 =+0p is g= q._m.Am = n_u\:.\uc = /\AQZ - Qmwvw\% -+ me.
Closer to the implicitly made assumption that upon yielding, plastic deformation consists

in frictional sliding on two, possibly simultaneously active sets of thin parallel bands
[de Josselin de Jong, 1971} is the following choice of the flow rule:

L org o1k
B .
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where 78 = 75(0 = 1/4 + ¢/2) and 7§ = 75(6 = —7/4 — ¢/2) and 7 2 0, A2 = 0.

We shall concentrate on shear banding processes on a scale involving the lithosphere as
well as parts of the underlying asthenosphere. Shear banding may be triggered by the
structural non-symmetry of the constitutive equations due to the simultaneous pressure
Sensitivity of the yield criterion and the assumed incompressibility and/or due to some
orm of strain softening. In the application we will consider softening of the friction angle
and the cohesion. In these applications we adopt a simplified form of the constitutive
model where we assume that only one of the two glide mechanisms is active. In this case
upon continuing yielding the material deforms like a transversely anisotropic medium of
the type proposed by Miihlhaus et al [Muhlhaus et. al., 2002b, Muhihaus et. al., 2002a}.

To account for the anisotropic nature of the material, locally transverse-isotropic viscous
material is characterised by two effective viscosities, 7 and ng, where 7 is the conventional
viscosity and 7s is introduced as a shear viscosity applicable for flow along a layer. The
isotropic part of the stretching is then corrected by the A;;x tensor:

05 = 2nDy5 + 2 (ns — 1) Mg D — PO (18)
where
Asj = Yo (ninudiy + njnuda + namude; + ndie) — 2MiMyNETY

and n is a normal surface vector defining the orientation of the material layering known as
e director. The inverse form of the constitutive model (18) reads [Muhlhaus et. al., 20022,

1 1 1
Dij = =0l + Amﬂ - ﬁv?é T (19)

We also note the relationship:

Ts = (20)

1/2As500:50m

ince we consider only one slip system we do not need subscripts anymore and designate
the equivalent strain rate of the active glide system as 4”. Comparing (17) and (19) we
find the following expression for the shear viscosity 7g:

- 2ng = ﬁw + M&L = E, ¥= WMM Dy (21)

where
F= AWMM + tan ﬁwwuqummm -c, q%m = 2nDy; — 6P (22)

Thus:
s = = tan GGJSGUE -p)tec (23)

¥

The denominator of (23) is the total shear strain rate on the active glide system.

-
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2.1.4 Failure history, strain softening and healing and flow in microcracks; this mechanism is several orders of magnitude faster than hav-

ing vacancies diffuse along such crystalline defect structures as dislocations, dislocation
substructures and intact grain boundaries.

v

We now consider a possible history dependency of the mechanical parameters of the glide
planes and the effect of deformation on the orientation of the failure planes; we also wish
to consider the possibility of simple healing (annealing) of the glide planes or shear bands
once de-activated.

The relationship (24) is assumed to hold even if the shear band is not active, i.e. 47 = 0.
The parameter 2, is not a state parameter but a measure to quantify the relative effect

creation and annihilation of inelastic structures (e.g. shear bands) caused by plastic
deformations chosen for heuristic reasons.

Before addressing the above items we note that although our models bares some super-
ficial similarities with the micromechanics based crystallographic slip theories for metals
[Bronkhorst et. al, 1992], the present model is very different. We neglect elastic deforma-
tions, vacancies and interstitials, the main carriers of the viscous part of the deformation
are assumed to diffuse freely through the lattice without affecting the plastic part.of the
deformation. An intermediate configuration as assumed in elasto-plasticity does not exist
in the present case. The glide planes are considered either as shear fractures or in the
plasticity case as macroscopic strain localizations usually encompassing multiple grains.
Plasticity becomes retevant at greater depth below the top 30 kilometres at large pressures
and high temperatures. In this case, the pressure sensitivity (angle of friction) usually °
disappears. If not, the formal description is analogous to that of fractures. The question
then arises as to how the glide planes are affected by deformation and stress rotation:
One possibility is to treat the glide planes as embedded in the plastic deformation as
described by the history of the inelastic velocity gradient L. However, experience with
fixed smeared crack models demonstrates that these models tend to cause stress locking
ie. an artificial build-up of shear stresses along the crack. In the smeared crack model
the stress locking was overcome by co-rotating the cracks with the principal stress axes. :
This is very simple indeed and an analogous approach is adopted here. The glide planes"
are always oriented relative to the principal stress axes as defined by the mobilized angle
of friction ¢ in relationship (14). In metal plasticity the orientation of the slip planes are
constant with respect to the intermediate configuration.

During the actual calculation, we iterate to determine the distribution of particles which
are currently yielding, we consider first whether each particle has failed in a previous
time step and test to see if it will fail given the updated stress distribution. In 3D, the
ip direction is assumed to lie in the failure plane in the direction of maximum resolved
shear stress. The friction coeflicient and/or the cohesion for the material points which
have failed weaken as relative slip (24) accumulates during yielding. If a material point
as failed in the past but changes in the ambient stress field mean that it is no longer
elding, then the history parameter (24) decreases until 4%, = 0.

he cohesion and/or friction coefficient are softened according to
c(a) = ac(0) + (1 — a)c(l) and (25)

tan(p(8)) = Btan(p(0) + (1 — B) tan(¢(1)) (26)
here o = min(1,7%,,/7¢) and 8 = min(1,7%,, /).

Numerical strategies

.1 Moving Integration Points
We assume that strain hardening/softening and healing can be described by means of the

following relative strain measure: he constitutive model described above has been implemented into a Lagrangian inte-

tion point finite element code [Moresi et.al., 2003]. The method uses a standard mesh
discretize the domain into elements. The shape functions interpolate node points in
e mesh in the usual fashion and are used to compute derivatives of nodal variables.
[aterial property variations, and history variables such as failure plane orientation and
Failure history are stored on integration points which are also material points of the fluid.

he problem is formulated through the usual FEM weak form to give an integral equa-
on which can then be decomposed to a series of element integrals and through the usual
m,&mmiz discretization procedure, give element stiffness matrices, KZ:

Fa= [P =670, Aaz0 (24)

In (24) 0 < 6 < 1 is a dimensionless temperature-dependent healing parameter.- Given
that the most likely micro-structural features that give rise to shéar bands are disloca~
tions, the healing or annealing processes usually involve movement of vacancies (maybe
interstitials) to these dislocations which will rearrange themselves into lower energy con:
figurations such as sub-grain structures. The extent of this rearranging process depends
on the density of dislocations and the temperature at which the "healing" occurs. The
healing is usually considered at a two stage process involving (a) recovery and (b) re-
crystallization. Since both processes may occur during deformation itself, the term dy-
namic can be applied to both processes. Details on the physics of recrystallisation and
annealing can be found in Humphreys and Hatherly [Humphreys&Hatherly, 1995]. An-
other healing mechanism is associated with fluid flow along channels in grain boundaries

K® = \s BTCMBd (27)

e replace the continuous integral by a summation

K? = Ms@mwoﬂo@?vw@?v (28)

-
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Here the matrix B consists of the appropriate gradients of interpolation functions .éEmr 4 HN@E@_GM
transform nodal point velocity components to strain-rate pseudo-vectors m.d any points in
the element domain. C, the constitutive operator corresponding to (18), is composed of
two parts C = Ciso + Caniso- In standard finite elements, the positions of the mmB@mm
points, xe.“ ‘and the weighting, w, are optimized in advance. In our scheme, the x,’s
correspond precisely to the Lagrangian points embedded in the fluid, and w, must be

recalculated at the end of a timestep for the new configuration of particles.

4.1 Shear Banding

We now consider the extension and compression of a brittle layer which lies above a
viscous layer for a range of non-dimensionalised material properties and strain-softening
parameters. In each case the deformation is driven by a boundary condition which uni-
‘ormly stretches or compacts the background mesh (initial size 2.0 x 1.0) in the horizontal
direction only with a velocity of 1.0. The evolving interface geometry and material history
is recorded on the swarm of particles. A layer of low-viscosity, compressible material is
always included in the calculation above the layers of interest to allow the volume change
of the domain to be accomodated. In geological models the effect of gravity is always

important so we have included this effect. The strength of gravitational acceleration is
the user from low-level parallel development. Of particular interest, the “Finley” FEM 10.0 and the density of the layers is 1.0. The shading in the figures represents the second

computational kernel has been used within Escript to solve the constitutive equations of invariant of the stress tensor plotted between 0 and 10 in the top layer and 0 and 1 in the
section 2. A brief overview of Finley and its FEM implementation is presented in this f : ower layer.
section.

3.2 Scripting of Boundary Value Problems

The toolkit Escript [Gross et. al., 2007] has been applied to obtain ﬁ.rm Hmmc:m. Syma.sm
to planetary scale mantle convection. Escript provides a scripting interface E.éw.:\.w
specific differential problems are stated to parallelised computational kernels, shielding

Figure 1, a brittle layer of thickness 0.35, viscosity 10.0, and cohesion 4 (compression),
5 (extension) lies above a purely viscous layer of viscosity 1.0. The strain softening
parameter, v was 0.1 for all six models shown, and the minimum value of the cohesion
as 1.0 at this reference strain. A narrow notch of material in the brittle layer was removed

eplaced by material of the lower layer) to provide an initial stress concentration which
ourages shear band formation.

To use Finley, the Data module is used to transform an initial boundary §Em proble
(IBVP) into a sequence of linear BVPs to be solved at each time step. The H.Emma w/hu
can then be provided to Finley to assemble a stiffness matrix associated with a given
unstructured domain using a discretisation based on the standard variational moﬁ.BEmﬁe
appropriate for the supplied mesh and selected element type. .Hg :H.,mmh w<w wmd&ﬁ
@HoSmma. to F s.&m@ ﬁ.o m.mwoBEmM mﬁmwmmma BMSM mmmwhwwm Mﬂ%ﬁw%ﬂ% UnSHrUCHEr 1 this experiment, the layers were only deformed until the pair of shear bands had
mesh using a discretisation based on the standard varl eloped across the entire layer — total strain of between 2% and 5%. The orientation
*these shear bands was then compared with the ideal orientation of the slip planes
uming that the orientation of the principal stress directions is not strongly influenced
the shear band formation) which is indicated in the diagram by the light coloured
e. In compression the fit between the macroscopic shear band orientation and the
croscopic material point slip orientation is very close. In extension the shear bands
m at shallow angles for low values of the cohesion, steeper angles for higher values,
t the agreement between the microscopic slip orientation and the shear bands is not as
d. We attribute this to the fact that at shallow depths in the layer the gravitational
ing is insufficient to keep the fault surfaces in contact during extension, so that our
mption that all failure occurs through pure frictional sliding is not valid. Our model
es not allow the possibility of failure in tension and clips the second viscosity to slightly
pve zero whenever it would be zero or negative.

For an unknown vector function u, the PDEs of a BVP are provided to 3&@ guo.
the specification of the coefficients of the following templated form in tensorial notatio

—(Asjmwny),; — (Bijrtr),g + Caaiig + Digtie = — X455 + Y;

The tensorial coefficients A, B, €, D, X and Y are functions of their woo@s.ob in t
physical domain. For example, to solve equation (3) for velocity, the identification of
terms with (29) reveals it is necessary to provide Finley with 4, X, and Y only.

In a similar manner, Finley provides a system of implicit (natural) boundary conditie
and explicit Dirichlet boundary conditions as given by the wmmvmom?m systems: °

t
- N
iu.A\»&.Eﬁ{ + mﬁxﬁwv + dipug = 3@..&@. +y; onl
w; =r; onT'?

where n denotes the outer boundary normal, and A, B and X are as previously defi
Here, d and y are coefficients defined on the natural boundary I'V while r is a functi
defined on the Dirichlet boundary I'2. The linear BVP defined by equations (29)-(3
is referred to as the Finley Boundary Value Template (FBVT). Finally, a general fo
of the FBV'T for the case of a steady BVP with a single differential equation in a sc
unknown also exists.

2 Large deformation model

e 2 shows the evolution of the deformation when the extension is comparitively large.
this model we account for gravitational loading of the crust. The dimensionless gravi-
tional acceleration is 100, the cohesion is 1.0, and tan(¢) is 0.5.- The grid resolution was
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Shear band angle

tan(9)

Figure 1: Shear band formation in compression (stars) and extension (crosses) of
a layer of length 2.0, thickness 0.35 with a small notch removed, viscosity 1 = 10.0,
cohesion 4 (compression) and 15 (extension). The compression / extension velocity
is 1.0; the lower layer viscosity is 1.0, the upper layer viscosity is 0.1 and this material
is compressible. The ideal orientation of shear bands assuming the principle stress

orientations are horizontal / vertical is indicated by the broad white lines on each
image.

300 x 150 elements and the total extension was 70%. We Eoﬁmmm the upper layer deforma-
tion using initially horizontal stripes of passive markers to indicate the total deformation.

The instantaneous plastic deformation rate was plotted in bright white superimposed on
the stripes in the background.

An initially large number of active shear bands in the upper part of the brittle layer re-
duced during the first 1-2% of extension as strain softening within the shear bands allowed
them to compete. Throughout the deformation experiment, due to stress transfer from
the lower, viscous layer, there are approximately five active shear bands which accumulate
significant slip (from a visual inspection of the strain markers).

At the end of the experiment it is possible to see how resilient shear bands have rotated
during extension. These are the shear bands which have accumulated significant slip
and, consequently, are significantly weaker than surrounding material. This population
of shear bands coexists with a second generation which have formed at steep angles in the
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Figure 2: A model crust with initial random orientations of damage was extended
Yy 20% (A), 28% (B) and 70% (C). The horizontal stripes in the upper layer are
assive strain markers. Current plastic strain rate is indicated by the intensity of
he white colouring in the shear bands.

ess deformed blocks, and some old scars of shear bands which were active early in the
experiment.

.3 Mantle Convection

Murning to the longest planetary scale we use the temperature-dependent rheology (5) to
explore the mechanical conditions underlying the 3 basic types of planetary convection
nodes, namely stagnant lid, episodic subduction and continuous (Earth-like) convection
odes. Viscous deformation is described by a combined Newtonian and power law creep
odel. The power law viscosity includes a contribution from dislocation glide, a typical
ower law exponent (n = 3) and a contribution from von Mises plastic deformations
ith temperature independent coefficients and a large exponent (n = 15). The effective
cosity is given by:

¥

1
T\1-n 1-np
) )

hiere 7y is the temperature dependent Newtonian viscosity, 7y is a reference viscosity
for plastic deformation, 7 is the second deviatoric stress invariant, 79 is the reference
ransition stress, and 7y is the reference yield stress invariant. For ny we assume the

1
=

TY

+

(32)
e
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Arrhenius relationship: y =.37, ideal plasticity (rv =constant) and utp/n* = 10* In the simulations we use

he power law plasticity model with ny = 15 and 7y = nyO. The initial temperature
istribution was 1

HH ) sin(zgm) cos(zym) + (1 — zq) (39)
‘The basic modes of convection applicable to a cooling planet, such as stagnant lid, episodic
resurfacing and mobile lid convection have been reproduced with the non-linear viscoelas-
tic approach and are shown in figures 3, 4, and 5 respectively. The vertical spikes on top
of the velocity streak-line plot in each of the subfigures represent the relative magnitudes
of the horizontal cold boundary velocities: larger spikes represent lower velocities, and
smaller spikes represent higher velocities. A comparison between the Nusselt numbers for
he stagnant, episodic and mobile lid cases is shown in figure 6.

AT,
TN = Tnoe T (33)

where ATy =E"+PV* /r, Thr is the pressure dependent melting temperature, A is a positive
constant (distinct from that used in (5)) and 7o is the viscosity as T — co.

In the convection study of section 4.3 we ignore the pressure dependence of Ty in the
Arrhenius relation. The main emphasis in the study will be on the role of elasticity, power
law creep and plasticity on the emergence of different styles of convection. In the dimen-
sionless formulation we write the Arrhenius relationship of (33) as follows [Tackley, 1998b]:

1 2

B Ald-3) = :imﬁi[elm (34)

nNoe
Here, 7 is the reference viscosity used in the definition of the Rayleigh number. This
corresponds to a Newtonian viscosity contrast of about 10% across the convection cell. In
the applications we assume that A = 23. In the absence of convection, the ratio of the
Newtonian viscosity to 7, varies slowly due to temperature change in the lower half of

the cell, from 1 in the middle to 0.022 on the bottom and rapidly in the upper half from
1 to 2087 on the top.

Temperature

In the formulation of the constitutive model we make the standard assumption that the

symmetric part of the velocity gradient, the so called stretching, is the sum of elastic, and
a visco-plastic part, i.e.:

Velocity
Dy = D§ + Df (35)
We assume incompressible flow so that D;; = v;; = 0. According to (32) the visco-plastic

stretching is defined as:
!

fo
DP -4 (3
. Y ngy
and for the elastic part we assume:
. T ure 3: Typical temperature and velocity distributions for episodic convection at
: pe =2 (37 | 3 maximum of the Nusselt number (refer to Figure 6).
X =g,

-slight but noticeable shift in parameter values and validity fields for cases including elas-
icity has been recorded. In addition, the buffering action of elasticity permits solutions
6 extreme viscosity variations and introduces long-range interactions. This results in an
dering and stabilization of patterns of convection at high Rayleigh numbers, replacing
maller-scale turbulence by larger planetary-scale re-mobilization.

where 1 is the elastic shear modulus and ¢7;; is the Jaumann stress rate (see Kolymbas and'
Herle [Kolymbas&Herle, 2003} and Miihlhaus and Regenauer-Lieb[Muhlhaus et. al., 2005
for recent discussions and objective stress rate comparisons). The Jaumann stress rate
related to the material stress rate as:

0755 = Oijy + ViTijk — Wirok; + 0 Wi {3 M
where W;; is the non-symmetric part of the velocity gradient. Conclusions
The temperature dependence of the viscosity was given by (34), resulting in a viscosit;
ratio from the cold to the hot boundary of 10° due to temperature variation alone. Mor
extreme viscosity contrasts can be easily considered in the present formulation becaus

the upper limit for the effective dimensionless viscosity is set by the dimensionless elasti
shear modulus and the time increment ptpét/n*. We assume Ra = 10%, 1o = 0.866 % 105/

e plasticity algorithm described in this paper addresses a prominent problem in mmo&r
mics: how to model the brittle deformation of the uppermost lithosphere which occurs
en mantle convection deforms the continents at the same time as modeling the under-
ng fluid convection which drives the surface deformation. The formulation has been
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Temperature Nusselt Number Vs Time
%00 : : Stagnant Lid ——
: Episodic Lid -
400 e
350 - - -

Velocity

Nusselt Number
o

10.

Figure 4: Typical temperature and velocity distributions for episodic convection at
a minimum of the Nusselt number (refer to Figure 6).

Temperature

‘Figure 6: A comparison of Nusselt numbers for stagnant-lid (lowest with steady
‘state) episodic and mobile lid convection. Here the yield stress 7, is respectively a
factor of 3, 6 and 9 times the transition stress 7o = 0.866 x 10%° (i.e. the transition
from Newtonian-Power law creep). The dimensionless shear modulus is 104, An
henius relation describes the temperature dependence of creep with a viscosity
contrast accross the layer of 105, The power law exponents are n = 3 and n = 15
dislocation glide and plastic deformation respectively).

Velocity

strain softening model based on the accumulated slip at failed material points is required
for localization to occur.

a simple extension experiment, the shear bands interact to generate geologically plan-
ble patterns of deformation including rotated fault blocks and multiple generations of
ults.

Figure 5: Typical temperature and velocity distributions at steady state for mobile
lid convection. For mobile lid convection, significant parts of the top layer move lik

rigid bodies. Je have also outlined a formulation for visco-elastic convection based on a combined

Newtonian and power law rheology; the effect of plastic yielding is considered by an
ditional power law term with a high (n = 15) power law coefficient (Equation (32)). The
odel is valid for studying the geodynamics of mantle convection amongst other problems.
he nonlinear equations of motion are solved incrementally based on a consistent tangent
formulation producing second order accurate results so that iterations within each time
Step are not necessary in most cases. In Moresi and Solomatov [Moresi&Solomatov, 1998]
nd Tackley[Tackley, 1998a], plastic yielding is considered by introducing an upper limit

developed from a mathematical description of fluid flow which is inherently capable of
modeling thermally driven convection.

By locally satisfying the failure criterion for frictional sliding and adopting the assump-
tion that deformation initially occurs along the static characteristics, we have generated
macroscopic shear bands aligned with the static characteristics of the global stress field. A
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to the viscosity given by the ratio of the yield stress and the equivalent viscous strain
rate. Since the strain rate strain rate at the current time is unknown, an initial estimate
has to be based on the strain rate from the last time step producing first order accurate
results; hence a time consuming, iterative approach is necessary. The iterative approach
is usually mdre time consuming than the present incremental approach with occasional
iterative reduction of residuals. In the iterative approach the constitutive operator is
more sparse than in the consistent incremental approach, which sometimes can be used
to advantage.

The convection problem with strongly temperature dependent viscosity has some unique
characteristics: the strains in m of the system are very large, necessitating a fluid-
dynamics formulation, yet the relaxation time in the cool thermal boundary layer is
significant compared to the characteristic time associated with fluid flow. In the bulk of
the fluid the relaxation time is small compared to the time taken for convective features
to evolve due to the much lower viscosity of the warm fluid.

Because elastic stresses in the strongly convecting part of the system relax rapidly, the
introduction of elasticity does not produce a qualitative change to the stagnant lid convec-
tion regime (see Solomatov [Solomatov, 1995]). In episodic and mobile lid regimes, there
is a competition between the build-up of stresses in the cool lid, and the stress-limiting
effect of the yield criterion. The introduction of elastic deformation does not quantita-
tively influence this balance either, although we do expect a difference in the distribution
of stresses in the lid, which explains the variation in the onset of overturns and their
increasing frequency which we observed as the elastic shear modulus was reduced.

The presence of an elastic deformation mechanism also allows significant deformation
of the highly viscous lid with considerably lower viscous energy-dissipation rates. This

is reflected in the lower energy dissipation during episodic overturns which we observed
by integrating the system Nusselt number. In the Earth this effect may be important in
subduction zones where prediction of dissipation rates due to slab bending is un-physically
large. We observed a breakdown in the highly regular boundary layer overturn time when

moving from a perfectly harmonic initial condition to a non-harmonic initial condition.

This is similar to the results of Moresi and Solomatov [Moresi&Solomatov, 1998], who
noted for the purely viscous case that the regularity of the episodic regime was an artifact
of the small convection domains. Once we break the perfect symmetry of the convection

pattern, the evolution also becomes significantly more time-dependent.

We note, finally, keeping our goal of a unified planetary dynamics model in mind, tha

the two formulations can be merged as the orthotropic constitutive law can be inverted;

from the stress/strain-rate relationship of (18) to that of (19) and substituted into (36)
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