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Abstract

Irregularities in intracellular traffic in axonsused by mutations of molecular motors may lead to
“traffic jams”, which often result in swelling ofkans causing such neurodegenerative diseases as
Alzheimer’s disease and Down syndrome. Hence, dfiparticular interest to mathematically
model the formation of traffic jams in axons. Tlpaper adopts the hydrodynamic continuity
equations for intracellular transport of organelbss developed by Smith and Simmons [1]
whereas the Kerner and Konhauser [2] model fofficrgdms in highway traffic is applied to
predict the velocity field. It is observed that dmirmation of the two sets of equations can

comprehensively predict the traffic jams in axoritheut the need to any additional assumption
or modification.

Keywords. Numerical, Molecular motors, Motor-assisted trammsp Neurons, Axons and
dendrites, Intracellular organelles, Traffic jams
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c dimensionless variance of the velocity distribatie:%-
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(o variance of the velocity distribution

D, dimensionless diffusivity of a free particle,97+
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D, diffusivity of a free particle
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Kio

B

K

dimensionless binding rate to MTs for particlestimove in the negative directi

+

first order rate constants for binding to MTs particles that move in the positive (+) and
negative (-) directions, respectively

dimensionless detachment rate from MTs for pasithat move in the (+)/(-) directions,

. K
respectively, =

+

dimensionless detachment rate from MTs for pasi¢chat move in the (+)/(-) directions

for the case when concentration of particles ridingnicrotubules is very low

first order rate constants for detachment from Nrsparticles that move in the (+)/(-)
directions, respectively

o Lk
dimensionless axon Iength\7—+
+0

axon length
73

: : , - V3
dimensionless free particle concentratlugl,k~—3

-+

free particle concentration

dimensionless concentration of particles moving Mms in the (+)/(-) directions,

NE
respectively,f, IZ+3O

+

concentration of particles moving on MTs in th@/(+) directions, respectively

73
+0

RS

dimensionless concentration of free particles ma&ied atx=0, NO

constant concentration of free particles maintiaiex = 0

73

. . . . . ~ V
dimensionless concentration of free particles ma@ed atx=L, N, R*;’




N, constant concentration of free particles maintiaiex = L

t time
t dimensionless average relaxation tirﬁ&
Vv, dimensionless velocity of a particle moving on ar Nh the (+)/(-) directions,

. A
respectively—==
+0

v, velocity of a particle moving on a MT in the (H)(directions, respectively
\7t average motor velocity of the anterograde (+) mtidbgrade (=) transport, respectively
\7+O average motor velocity of the anterograde (+)dpant for the case when concentration
of particles riding on MTs is very low

X dimensionless particle displacement in the axan:-

+0
X particle displacement in the axon
Greek symbols
U dimensionless viscosity of the traffic flové%

"

7 viscosity of the traffic flow

0,,0, degree of loading & =0/X =L

r average relaxation time

1. Introduction

Neurons are known to be highly specialized celihwing arms (processes). An axon is an arm
which transmits electrical signals. This arm idexhla dendrite (see Fig. 1 of Alberts et al. [8]) i

it receives electrical signals. Axons in a humaulyboan be up to one meter in length. They
support little synthesis of proteins or membranende, materials must be imported constantly

from the synthetically active cytoplasm of the d¢mby (Hurd and Saxton [4]) and be transported
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to arms’ terminals. Diffusion is not a sufficientlfast mechanism for transporting large
intracellular particles (organelles), such as lgygeein particles or intracellular vesicles cangyi
different types of cargo. This is because accordingtinstein’s relation for the diffusivity of
small particles due to the Brownian motion, thefudifvity is inversely proportional to the
particles’ radius, which means that larger parsideve smaller diffusivity. To overcome the
diffusion-limited intracellular transport in axoasd dendrites axons rely on the “railway system”
whereby large intracellular particles attach thdweseto molecular motors (specialized proteins
that as a result of a chemical process, usually Aydtrolysis, undergo conformational changes

“walking” along intracellular filaments, such asamatubules (MTs)).

All MTs in an axon have the same polarity (thengpknds point toward the axon terminal); the
MTs do not stretch the entire length of the axorthed the continuous path along the axon is
composed by short overlapping segments of pardiled. Transport vesicles loaded with specific
proteins are carried away from the neuron body tdwthe synapse (the axon terminal) by
kinesin-family molecular motors (this family of nemlular motors is responsible for the transport
on MTs toward their plus-ends). Used and old irgHatar organelles are carried from the axon
terminal toward the body of the neuron by dyneimifg molecular motors (this family of

molecular motors is responsible for the transpart¥'s toward their minus-ends). In dendrites
the MT polarities are mixed; some of them poinirtidus ends toward the dendrite tip and some
point those toward the neurons’ body. Thereforea idendrite, depending on the polarity of a
particular MT, transport in a certain direction {tee neuron’s body or away from it) can be

carried out by either kinesin or dynein moleculatons [3].

Irregularities in intracellular traffic in axonsused by mutations of molecular motors may lead to
“traffic jams”, which may result in swelling of are causing various neurodegenerative diseases
(Hurd and Saxton [4], Goldstein [5], Martin et f8]). Hurd and Saxton [4] published electron
micrographs of cross-sections through axonal smgdli The micrographs show that the
swellings, caused by traffic jams induced by a mmmtaof a gene encoding the force-producing
heavy chain of the kinesin molecular motor, arekpdowith mitochondria, large multi-vesicular

bodies, and other types of intracellular organelles

Traffic jams in intracellular transport in axonsagimilar to those in highway traffic [7-10].
Moving in a step-like manner on MTs, kinesin ancheip use energy obtained from ATP
hydrolysis to generate force. Experimental obséaathave been made that step sizes of dynein
motors depend on the hindrance force against farwavement of these motors. Based on these

observations, Mallik et al. [11] proposed a molacwear mechanism for them. In a recent study,



Kunwar et al. [12] presented a cellular automatalehdor intracellular traffic of dynein motors
based on the aggressive driving model of vehicukdfic. Fortunately, traffic jams in highway
traffic have been studied in great detail usindedéint models including, cellular automation, gas

kinetic, and car-following (Nagatani [13]).

The aim of this paper is to simulate traffic jamsan axon by applying numerical techniques. The
combination of the molecular motor-assisted transmmuations reported in [1] and the
hydrodynamic model of traffic jams in highway tiaffproposed in [2] form the governing
(continuity and momentum, respectively) equatiofise model developed by Kuznetsov and
Hooman [7] relies exclusively on the first set guations, i.e. the continuity equations. There, it
was assumed that either the detachment rate ovefloeity is an exponential function of the
number density while the other remains uniforrmglthe axon. That is, no equation was solved
to obtain the velocity distribution. The presentrkyoon the other hand, uses the momentum
equations of [2] to find the velocity distributioHence, it can shed some light on the traffic jams

in axons, over a wide range of key parameters, adfhitatively and quantitatively.

2. Governing equations

The molecular-motor-assisted transport equatioggested in Smith and Simmons [1] are

B = 0% (o o \e ora L irs
PRl (k+ + k_)nO + KA, + KA (1)
an: = IZ+ﬁo - ~iﬁ+ _a(v—+~n+) (@)
ot X

~ B B a ~ =
O R -KA —M (3)
ot [6)%¢

where ISO is the diffusivity of a free particlef is the time;, is the free particles concentration;
n,,n_ is the concentration of particles moving on MTstlie positive and negative direction
(away from/toward the cell body) respectiveky;is the linear coordinate along the axan; v,

is the velocity of a particle moving on a MT towandd away from the cell body (in an axon this

is the motor velocity generated by a dynein/kinesamily molecular motor) respectiveI}E+

andk_ are the first order rate constants for bindingifts for particles that move in the positive



and negative directions, respectively; aﬁd and k. are the first order rate constants for

detachment from MTs for particles that move inphositive and negative directions, respectively.

These equations are supplemented by equationstimuahich state that the product of particle

density and acceleration equals the sum of actrnge$ (Kerner and Konhauser [2]), i.e.

_ ~ ey - )
W g O GO VA)-W 1000 (@)
ot ox N ox T A ox\" ox
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whereT is the average relaxation tim&;’ is the variance of the velocity distributigin,is the

viscosity of the traffic flow, an(\|7i is the average motor velocity of the anterogradedgrade
(+/-) transport, respectively.

The terms on the right side of the above equatitiasild be interpreted as statistical anticipation

: C, ON_ C, on,
functions [8]. Hence, the pressure terms RLS-—— and ——2>—,
n_ ox n, ox

- +

model the anticipated

behavior of molecular motors to accelerate or dwatt if the density (in this case andn, ,

respectively) decreases or increases. The diffugidacous) terms,éat(ﬁ%j and
n_ ox X
10

=% (ﬂaljj model the anticipated behavior to go with thevflof other molecular motors:
n, ox

0X

o . . 0%V
accelerate or decelerate when the traffic is irsth&e of special acceleration [17], hsﬁ > <0.
X

The appropriate boundary conditions for Eqns. (&8)

$=0 @, =N, A, =o,N, 2) g (6)
ox

o~ o~ ~ 0(V,,_

X=L f,=N,A_=0 N, (0>~(/):0 (7)

According to the Pi theorem, the maximum reductforqual to two (the number of dimensions
describing the variables, length and time). Intiidg the appropriate scales, similar to [7,8], and

assuming constant and uniform traffic propertiessdosity, relaxation time, and velocity
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variance), the dimensionless steady-state (asga lanescale involved in their formation) form

of the governing equations are

d®n, : ‘o=
Dy —>2—(k, +k.)n, +k.n, +k'n_=0 8)
dx
d(v,n,)
k,n, —k,n, ———==0 9
+° 0 + T+ dX ( )
d(v.n)
kony—k'n.-————==0 10
_n, —k'n_ = (10)
2 _ 2
g v __cdn +V_(n_) v., ud \/2_ (11)
dx n_ dx t n_ dx

2 —_
dv. __Gdn Vi(n)-v., ud.

A = 12
dx n, dx t n, dx® (12)
Dimensionless boundary conditions are
d(v
x=0 %=Ono:No n, =og,N, (13)
d(v
x=L %:On():NLn_:aLNL (14)
Then, the dimensionless flux of intracellular orglées can be given by
: dn,
=-D,—+v,n_+v.n_ 15
J 0 dx (15)

Finite difference approximation is used to solve tlon-linear system of equations, i.e. Eqns. (8-
12), iteratively subject to the appropriate bougdaonditions, i.e. Eqns. (13-14Fhe governing
equations are discretized using the Central DiffeeeScheme (CDS) using a uniform grids of
size Ax=0.025. Grid independence is verified by running tode on different grid sizes. It is
observed that movingx from 0.025 to 0.015, the change in the resultess lthan 1%. The
convergence criterion (maximum relative error ie tlalues of the dependent variables between
two successive iterations) in all runs is set af. s a test on the accuracy of the numerical

procedure the results are compared (successfuilly)[W8].



3. Results and Discussion

In the light of Dinh et al [14], the detachmenterabnstantsE’i, for trafficking adenoviruses of
type 2 in HelLa cells are estimated as §.5 The corresponding binding ratd&_, =1, are taken

to be equal to s based on [1,7] where the authors assumed thataiypiolecular motor

velocities arev, =+1 um/s and that the Einstein relation for au®- sphere in water gives

50 =04 um?s. As estimations of transport properties foretight types of organelles are given

in Table 1 of [15] and in supplementary material [fb6], they are not repeated here. An axon
with a dimensionless length &f=20 is modeled in this research. We have also asgutimat
No=N, =0¢= 0,=0.1, and\/+,_=+,—1.

Figures 2-4 display dimensionless number densitycentrations of free particles,, those

riding on microtubules toward and away from therpalbody,n.andn,, and the anterograde and
retrograde velocities for different values of tlmmtrolling parameters. Figures 2(a,b) correspond
to t=0.01 and«=100 with different values df,. It can be seen in the figure that@shanges, by
even order of magnitude, with the mentioned vafoeshe other parameters, velocities (in either
direction) are close to their average values thinoug the axon hinting that traffic jams are not

forming.

With figures 3(a-d), on the other hand, where 1 masle to change from 0.01 to 100, witiind
Co being fixed (at 1 and 0.1, respectively), a ddf@r phenomenon is observed. As the
dimensionless viscosity increases, all three nurdkbasity concentrations increase. Interestingly,

the local velocities, still almost uniformly diditited, tend to be half of their average values.

A traffic jam forn, is evident in Fig. 3(c); it occurs at approximgtet2.0 which is, surprisingly,
the same location as that reported in [7] basethein simplified model. The traffic of organelles
toward the axon terminal becomes more jammed iasreases. This is similar to the formation
of a cluster of cars in traffic flow [17], with thdifference that traditional traffic flows are
essentially unsteady, and clusters of cars (trgfits) often form in a homogeneous flow and are

highly dynamic while those in the intracellularflaf organelles are steady [7].

Figures 4(a-d), that show the effect of changing tblaxation time, with fixed viscosity and

velocity variance, illustrate clearly that the mbidecapable of predicting the traffic jam. For the
highest relaxation time, the number density corredions are almost doubled (except for regions
near the two ends of the axon where boundary donditare to be satisfied) compared to the

lower values of. Interestingly, the velocity values approach zgodbe more specified reduce by



90% forv. and 60% forv,) for hight values. Surprisingly, the velocity distributiomts to be
almost indistinguishable wher 1 while the changes in the number density conceéatsi{when
t=1) are not as severe as thosé=df0 compared tt=0.1. A notable observation is thatseems
to be more sensitive to a change in relaxation tommpared tov.. This is a very important
observation that the anterograde and retrogradeitiels do not mirror about theaxis. This is,
however expected as the boundary conditions aferelift for number density concentrations at
the two axon ends despite being identical for the velocities. The reader should be reminded
that the nature of the problem is a coupled oree, the number density concentrations are
functions of the velocities (see Eqgns. (1-3)) wrilke velocities are, in turn, affected by the

number density concentrations; see Eqns. (4-5).

Figure 5 illustrates how the (dimensionless) fluxon the vertical axis, changes when the
controlling parameters, t, andu) vary. The horizontal axis represents one of thedependent
variables (mentioned in the legend in the figurgem) with the other two being fixed. Observe
that increasing either @f ort leads to highejvalues. This seems to be the case for low viscosity
values while for higher viscosities, s@y10, the converse is true jpdecreases with. According

to this figure, traffic jam results in reducing tfiex of organelles toward axon terminal with the

reduction being more significant asncreases.

4, Conclusions

This research demonstrates that modified Smith-Sinsequations if supplemented by Kerner-
Konhauser equations are capable of modeling trgfits in molecular-motor-assisted transport
of intracellular organelles in axons. Effect offdient combination of the key parameters, on
number densities and velocities, is examined. & whserved that not only the increase in the
number density can slow down the traffic jam bgbahe interaction between different terms in
the momentum equations can play a key role. This lma worse in the regions occupied by
axonal swelling, where organelles with attachedemallar motors compete for the same limited
space close to the microtubule. Traffic jams asl welsharp reduction in local velocities can
result in reducing the flux of organelles towardmaxerminal, which may eventually lead to a

disruption of normal functioning of the neuron.
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Figure captions

Fig. 1. Schematic diagram of a neuron cell witheadfite and axon; also, a traffic jam in the

axon resulting from crowding of organelles at aaiarlocation in the axon.

Fig. 2. Effect of velocity variance on the molecutaotor assisted transport along microtubules

on number density concentrations of free parti¢cigsparticles riding on microtubules toward the
neuron body,n_, particles riding on microtubules away from thdl deody, n, (a), and
anterograde/retrograde velocities (b) computedi#d00 and t=0.01.

Fig. 3. Effect of dimensionless viscosity on numHdensity concentrations of free particléesg,
(a), particles riding on microtubules toward theuma body, n_ (b), particles riding on

microtubules away from the cell body), (c), and anterograde/retrograde velocities (d)

computed for §¢=0.01and t=1.

Fig. 4 Effect of dimensionless relaxation time anmiber density concentrations of free particles,

n, (a), particles riding on microtubules toward theuron body,n_ (b), particles riding on

microtubules away from the cell body), (c), and anterograde/retrograde velocities (d)

computed for ¢=1andu=10.

Fig. 5 Effects of velocity variance, viscosity, amelaxation time on the flux. Solid line
corresponds to&=0.1andp=1. For dashed line t=0.01and:100 while with dash-dotted one
co’=0.1and t=1
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Fig. 1. Schematic diagram of a neuron cell witheadfite and axon; also, a traffic jam in the

axon resulting from crowding of organelles at aaierlocation in the axon.
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Fig. 2. Effect of velocity variance on the molecutaotor assisted transport along microtubules

on number density concentrations of free particigsparticles riding on microtubules toward the

neuron body,n_, particles riding on microtubules away from thdl deody, n, (a), and

anterograde/retrograde velocities (b) computegifd00 and t=0.01.
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Fig. 3-d
Fig. 3. Effect of dimensionless viscosity on numbdensity concentrations of free particlésg,

(a), particles riding on microtubules toward theuma body, n_ (b), particles riding on

microtubules away from the cell body), (c), and anterograde/retrograde velocities (d)

computed for §¢=0.01and t=1.
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Fig. 4-d
Fig. 4 Effect of dimensionless relaxation time ammiper density concentrations of free particles,

n, (a), particles riding on microtubules toward theuron body,n_ (b), particles riding on

microtubules away from the cell body), (c), and anterograde/retrograde velocities (d)

computed for ¢=1andu=10.
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Fig. 5 Effects of velocity variance, viscosity, amtbaxation time on the flux. Solid line
corresponds toe&=0.1andu=1. For dashed line t=0.01apg100 while with dash-dotted one

co’=0.1and t=1
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