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The ospð2nj2nÞ current algebra for a generic positive integer n at general level k is investigated. Its

free-field representation and corresponding energy-momentum tensor are constructed. The associated

screening currents of the first kind are also presented.
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I. INTRODUCTION

The interest in conformal field theories (CFTs) [1,2]
related to superalgebras has grown over the past ten years
because of their applications in physics areas ranging from
string theory [3,4] and logarithmic CFTs [5,6] (for a re-
view, see e.g. [7,8], and references therein) to modern
condensed matter physics [9–14]. In particular, the Wess-
Zumino-Novikov-Witten (WZNW) models associated
with the supergroups GLðnjnÞ and OSPð2nj2nÞ stand out
as an important class of CFTs due to the fact that they have
vanishing central charge and primary fields with negative
dimensions [10,11,15–17]. However, unlike their bosonic
versions, the WZNW models on supergroups are far from
being understood [17] (for references therein and some
recent progress, see [18]), largely due to technical reasons
such as indecomposability of the operator product expan-
sion (OPE), appearance of logarithms in correlation func-
tions, and continuous modular transformations of the
irreducible characters [19].

On the other hand, the Wakimoto free-field realizations
of current algebras (or affine algebras [20]) [21] have been
proven to be powerful in the study of the WZNW models
on bosonic groups [22–27]. The free-field realizations of
bosonic current algebras have been extensively investi-
gated [28–36]. However, to our knowledge, explicit free-
field expressions for current algebras associated with
superalgebras have so far been known only for some
isolated cases: those associated with superalgebras
glð2j1Þ and glð2j2Þ [37–40], glðmjnÞ [41], and ospð1j2Þ
and ospð2j2Þ [31,38]. In particular, explicit free-field ex-
pressions of the ospð2nj2nÞ current algebra for generic n
are still lacking due to the fact that it practically would be
very involved (if not impossible) to apply the general
procedure developed in [32,38] to the current algebra
with a large n.

The recent studies of the random bond Ising model have
revealed that an appropriate algebraic framework for
studying multispecies Gaussian disordered systems at criti-
cality is based on the ospð2nj2nÞ current algebra with the
positive integer n related to the species [10,12,14]. The
explicit free-field expressions of the ospð2nj2nÞ current

algebra will enable one to explicitly construct correlation
functions [2,22,25] of the disordered systems at the critical
points.
In this paper, motivated by its great applications to both

string theory and condensed matter physics, we investigate
the ospð2nj2nÞ current algebra associated with the
OSPð2nj2nÞWZNWmodel at general level k for a generic
positive integer n. Based on a particular order introduced in
Ref. [42] for the roots of (super)algebras, we work out the
explicit expression of the differential realization of
ospð2nj2nÞ. We then apply the differential realization to
construct explicit free-field representation of the current
algebra. This representation provides the Verma modules
of the algebra.
This paper is organized as follows. In Sec. II, we briefly

review the definitions of finite-dimensional superalgebra
ospð2nj2nÞ and the associated current algebra, which also
introduces our notation and some basic ingredients. In
Sec. III, after constructing explicitly the differential opera-
tor realization of ospð2nj2nÞ, we construct the explicit
free-field representation of the ospð2nj2nÞ current algebra
at a generic level k. In Sec. IV, we construct the free-field
realization of the corresponding energy-momentum tensor
by the Sugawara construction. In Sec. V, we construct the
free-field realization of the associated screening currents.
Section VI is for conclusions. In the appendix, we give the
matrix realizations associated with the defining represen-
tation for all generators of ospð2nj2nÞ.

II. NOTATION AND PRELIMINARIES

Let us fix our notation for the underlying nonaffine
superalgebra ospð2nj2nÞ for a positive integer n.
ospð2nj2nÞ is a Z2-graded simple superalgebra with a
dimension d ¼ 8n2. Let fEiji ¼ 1; . . . ; d ¼ 8n2g be a basis
of ospð2nj2nÞ with a definite Z2 grading and denoting the
corresponding grading by ½Ei�. The generators fEig satisfy
(anti)commutation relations

½Ei; Ej� ¼
X8n2
m¼1

fmijEm; (2.1)

where fmij are the structure constants of ospð2nj2nÞ. Here
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and throughout, we adopt the convention ½a; b� ¼ ab�
ð�1Þ½a�½b�ba, which extends to inhomogenous elements
through linearity.

One can introduce a nondegenerate and invariant super-
symmetric metric or bilinear form ðEi; EjÞ for ospð2nj2nÞ
by (A19). Then the ospð2nj2nÞ current algebra [or affine
algebra ospð2nj2nÞk [20]] is generated by the currents
EiðzÞ associated with the generators Ei of ospð2nj2nÞ.
The current algebra at a general level k obeys the following
OPEs [2]:

EiðzÞEjðwÞ ¼ k
ðEi; EjÞ
ðz� wÞ2 þ

P
d
m¼1 f

m
ijEmðwÞ

ðz� wÞ ;

i; j ¼ 1; . . . ; d; (2.2)

where fmij are the structure constants in (2.1) and d is the

dimension of ospð2nj2nÞ, i.e. d ¼ 8n2. The aim of this
paper is to construct explicit free-field realizations of the
ospð2nj2nÞ current algebra with a generic positive integer
n at a generic level k.

Alternatively, one can use the associated root system to
label the generators of ospð2nj2nÞ as follows [43].
Because of the fact that the rank of ospð2nj2nÞ is 2n, let
us introduce 2n linear-independent vectors: f�iji ¼
1; . . . ; ng and f�iji ¼ 1; . . . ng. These vectors are endowed
a symmetric inter product such that

ð�m; �lÞ ¼ �ml; ð�m; �iÞ ¼ 0;

ð�i; �jÞ ¼ ��ij; i; j; m; l ¼ 1; . . . ; n:
(2.3)

The set of roots of ospð2nj2nÞ [or Dðn; nÞ], denoted by �,
can be expressed in terms of f�i; �jji; j ¼ 1; . . . ; ng as
� ¼ f��i � �j;��m � �l;�2�l;��l � �ig;

i � j; m � l; (2.4)

while the set of even roots denoted by��0 and the set of odd
roots denoted by ��1 are given, respectively, by

��0 ¼ f��i � �j;��m � �l;�2�lg;
��1 ¼ f��l � �ig; i � j; m � l:

(2.5)

The distinguished simple roots are

�1 ¼ �1 � �2; . . . ; �n�1 ¼ �n�1 � �n;

�n ¼ �n � �1; �nþ1 ¼ �1 � �2; . . . ;

�2n�1 ¼ �n�1 � �n; �2n ¼ �n�1 þ �n:

(2.6)

Then the corresponding positive roots denoted by �þ are

�m � �l; 2�l; �m þ �l; 1 � m< l � n;

(2.7)

�l � �i; �l þ �i; 1 � i; l � n; (2.8)

�i � �j; �i þ �j; 1 � i < j � n: (2.9)

Among these positive roots, f�l � �iji; l ¼ 1 . . . ; ng are
odd and the others are even. Moreover, associated with
each positive root � 2 �þ, there are a raising operator E�

which altogether spans the subalgebra ðospð2nj2nÞÞþ, a
lowering operator F� which altogether spans the subalge-
bra ðospð2nj2nÞÞ�, and a Cartan generator H� which
altogether spans the Cartan subalgebra h. Then one has
the Cartan-Weyl decomposition of ospð2nj2nÞ

ospð2nj2nÞ ¼ ðospð2nj2nÞÞ� � h � ðospð2nj2nÞÞþ:
Hereafter, we adopt the convention that

Ei � E�i
; Fi � F�i

; i ¼ 1; . . . ; 2n: (2.10)

We remark that the Z2 grading of the generators associated
with the simple roots and the Cartan subalgebra are

½En� ¼ ½Fn� ¼ 1; ½Ei� ¼ ½Fi� ¼ 0; for i � n;

(2.11)

½g� ¼ 0; 8 g 2 h: (2.12)

The matrix realization of the generators associated with all
roots of ospð2nj2nÞ is given in the appendix, from which
one may derive the structure constants fmij of the algebra in

(2.1) for the particular choice of the basis.

III. FREE-FIELD REALIZATION OF THE
ospð2nj2nÞ CURRENTS

A. Differential operator realization of ospð2nj2nÞ
Let us introduce a bosonic coordinate (xm;l, �xm;l, xl, yi;j,

or �yi;j for m< l and i < j) with a Z2-grading zero: ½x� ¼
½ �x� ¼ ½y� ¼ ½ �y� ¼ 0 associated with each positive even
root (respectively, �m � �l, �m þ �l, 2�l, �i � �j, or �i þ
�j for m< l and i < j), and a fermionic coordinate (�l;i or
��l;i) with a Z2-grading one: ½�� ¼ ½ ��� ¼ 1 associated with

each positive odd root (respectively, �l � �i or �l þ �i).
These coordinates satisfy the following (anti)commutation
relations:

½xi;j; xm;l� ¼ 0; ½@xi;j ; @xm;l
� ¼ 0;

½@xi;j ; xm;l� ¼ �im�jl;
(3.1)

½ �xi;j; �xm;l� ¼ 0; ½@ �xi;j ; @ �xm;l
� ¼ 0;

½@ �xi;j ; �xm;l� ¼ �im�jl;
(3.2)

½xm; xl� ¼ 0; ½@xm; @xl� ¼ 0; ½@xm; xl� ¼ �ml;

(3.3)

½yi;j; ym;l� ¼ 0; ½@yi;j ; @ym;l
� ¼ 0;

½@yi;j ; ym;l� ¼ �im�jl;
(3.4)
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½ �yi;j; �ym;l� ¼ 0; ½@ �yi;j ; @ �ym;l
� ¼ 0;

½@ �yi;j ; �ym;l� ¼ �im�jl;
(3.5)

½�i;j; �m;l� ¼ 0; ½@�i;j ; @�m;l
� ¼ 0;

½@�i;j ; �m;l� ¼ �im�jl;
(3.6)

½ ��i;j; ��m;l� ¼ 0; ½@ ��i;j
; @ ��m;l

� ¼ 0;

½@ ��i;j
; ��m;l� ¼ �im�jl;

(3.7)

and the other (anti)commutation relations are vanishing.
Let h�j be the highest weight vector of the representation
of ospð2nj2nÞ with highest weights f�ig, satisfying the

following conditions:

h�jFi ¼ 0; 1 � i � 2n; (3.8)

h�jHi ¼ �ih�j; 1 � i � 2n: (3.9)

Here the generators Hi are expressed in terms of some
linear combinations of H� (A14)–(A16). An arbitrary vec-
tor in the corresponding Verma module is parametrized by
h�j and the corresponding bosonic and fermionic coordi-
nates as

h�; x; �x; y; �y;�; ��j ¼ h�jGþðx; �x; y; �y; �; ��Þ; (3.10)

where Gþðx; �x; y; �y;�; ��Þ is given by (cf. [32,38]1)

Gþðx; �x; y; �y;�; ��Þ ¼ ð �G2n�1;2nG2n�1;2nÞ . . . ð �Gnþ1;nþ2 . . . �Gnþ1;2nGnþ1;2n . . .Gnþ1;nþ2Þ
� ð �Gn;nþ1 . . . �Gn;2nGnGn;2n . . .Gn;nþ1Þ . . . ð �G1;2 . . . �G1;2nG1G1;2n . . .G1;2Þ: (3.11)

Here Gi;j and �Gi;j are given by

Gm;l ¼ exm;lE�m��l ; �Gm;l ¼ e �xm;lE�mþ�l ; 1 � m< l � n; (3.12)

Gl ¼ exlE2�l ; Gl;nþi ¼ e�l;iE�l��i ; �Gl;nþi ¼ e
��l;iE�lþ�i ; 1 � l; i � n; (3.13)

Gnþi;nþj ¼ e
yi;jE�i��j ; �Gnþi;nþj ¼ e

�yi;jE�iþ�j ; 1 � i < j � n: (3.14)

One can define a differential operator realization �ðdÞ of the generators of ospð2nj2nÞ by
�ðdÞðgÞh�; x; �x; y; �y; �; ��j � h�; x; �x; y; �y; �; ��jg; 8 g 2 ospð2nj2nÞ: (3.15)

Here �ðdÞðgÞ is a differential operator of the coordinates
fx; �x; y; �y; �; ��g associated with the generator g, which can
be obtained from the defining relation (3.15). The defining
relation also assures that the differential operator realiza-
tion is actually a representation of ospð2nj2nÞ. Therefore it
is sufficient to give the differential operators related to the
simple roots, as the others can be constructed through the
simple ones by the (anti)commutation relations. Using the
relation (3.15) and the Baker-Campbell-Hausdorff for-
mula, after some algebraic manipulations, we obtain the
following differential operator representation of the simple
generators:

�ðdÞðElÞ ¼
Xl�1

m¼1

ðxm;l@xm;lþ1
� �xm;lþ1@ �xm;l

Þ þ @xl;lþ1
;

1 � l � n� 1; (3.16)

�ðdÞðEnÞ ¼
Xn�1

m¼1

ðxm;n@�m;1
þ ��m;1@ �xm;n

Þ þ @�n;1 ; (3.17)

�ðdÞðEnþiÞ ¼
Xn
m¼1

ð�m;i@�m;iþ1
� ��m;iþ1@ ��m;i

Þ

þ Xi�1

m¼1

ðym;i@ym;iþ1
� �ym;iþ1@ �ym;i

Þ þ @yi;iþ1
;

1 � i � n� 1; (3.18)

�ðdÞðE2nÞ ¼
Xn
m¼1

ð2�m;n�1�m;n@xm þ �m;n�1@ ��m;n

� �m;n@ ��m;n�1
Þ þ Xn�2

m¼1

ðym;n�1@ �ym;n
� ym;n@ �ym;n�1

Þ

þ @ �yn�1;n
; (3.19)

1It practically would be very involved (if not impossible) to
apply the general procedure proposed in Refs. [32,38] for
ospð2nj2nÞ with a large n; however, our choice of
Gþðx; �x; y; �y; �; ��Þ (3.11)–(3.14) allows us to obtain the explicit
expressions of the differential operator realization of the algebra
with a generic n [see (3.16)–(3.25) below].
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�ðdÞðFlÞ ¼
Xl�1

m¼1

ðxm;lþ1@xm;l
� �xm;l@ �xm;lþ1

Þ � xl@ �xl;lþ1
� 2 �xl;lþ1@xlþ1

þ Xn
m¼lþ2

ðxl;m �xl;m@ �xl;lþ1
� xl;m@xlþ1;m

� 2�xl;mxlþ1;m@xlþ1
� �xl;m@ �xlþ1;m

Þ

� Xn
m¼1

ð�l;m ��l;m@ �xl;lþ1
þ �l;m@�lþ1;m

þ 2 ��l;m�lþ1;m@xlþ1
þ ��l;m@ ��lþ1;m

Þ

� x2l;lþ1@xl;lþ1
þ 2xl;lþ1xlþ1@xlþ1

� 2xl;lþ1xl@xl

þ xl;lþ1

� Xn
m¼lþ2

ðxlþ1;m@xlþ1;m
þ �xlþ1;m@ �xlþ1;m

� xl;m@xl;m � �xl;m@ �xl;mÞ
�

þ xl;lþ1

�Xn
m¼1

ð�lþ1;m@�lþ1;m
þ ��lþ1;m@ ��lþ1;m

� �l;m@�l;m � ��l;m@ ��l;m
Þ
�
þ xl;lþ1ð�l � �lþ1Þ; 1 � l � n� 1;

(3.20)

�ðdÞðFnÞ ¼
Xn�1

m¼1

ð�m;1@xm;n
� �xm;n@ ��m;1

Þ � xn@ ��n;1
þ Xn

m¼2

ð�n;m@y1;m � �n;m ��n;m@ ��n;1
þ ��n;m@ �y1;mÞ

� �n;1
Xn
m¼2

ð�n;m@�n;m þ ��n;m@ ��n;m
þ y1;m@y1;m þ �y1;m@ �y1;mÞ � 2�n;1xn@xn � 2�n;1 ��n;1@ ��n;1

þ �n;1ð�n þ �nþ1Þ;

(3.21)

�ðdÞðFnþiÞ ¼
Xn
m¼1

ð�m;iþ1@�m;i
� ��m;i@ ��m;iþ1

Þ þ Xi�1

m¼1

ðym;iþ1@ym;i
� �ym;i@ �ym;iþ1

Þ

þ Xn
m¼iþ2

ðyi;m �yi;m@ �yi;iþ1
� yi;m@yiþ1;m

� �yi;m@ �yiþ1;m
Þ

þ yi;iþ1

Xn
m¼iþ2

ðyiþ1;m@yiþ1;m
þ �yiþ1;m@ �yiþ1;m

� yi;m@yi;m � �yi;m@ �yi;mÞ � y2i;iþ1@yi;iþ1
þ yi;iþ1ð�nþi � �nþiþ1Þ;

1 � i � n� 1; (3.22)

�ðdÞðF2nÞ ¼
Xn
m¼1

ð ��m;n@�m;n�1
þ 2 ��m;n�1

��m;n@xm � ��m;n�1@�m;n
Þ þ Xn�2

m¼1

ð �ym;n@ym;n�1
� �ym;n�1@ym;n

Þ � �y2n�1;n@ �yn�1;n

þ �yn�1;nð�2n�1 þ �2nÞ; (3.23)

�ðdÞðHlÞ ¼
Xl�1

m¼1

ðxm;l@xm;l
� �xm;l@ �xm;l

Þ � Xn
m¼lþ1

ðxl;m@xl;m þ �xl;m@ �xl;mÞ �
Xn
m¼1

ð�l;m@�l;m þ ��l;m@ ��l;m
Þ � 2xl@xl þ �l;

1 � l � n; (3.24)

�ðdÞðHnþiÞ ¼
Xn
m¼1

ð�m;i@�m;i
� ��m;i@ ��m;i

Þ þ Xi�1

m¼1

ðym;i@ym;i
� �ym;i@ �ym;i

Þ � Xn
m¼iþ1

ðyi;m@yi;m þ �yi;m@ �yi;mÞ þ �nþi; 1 � i � n:

(3.25)

A direct computation shows that these differential
operators (3.16)–(3.25) satisfy the ospð2nj2nÞ (anti)com-
mutation relations corresponding to the simple roots
and the associated Serre relations. This implies that the

differential representation of nonsimple generators can be
consistently constructed from the simple ones. Hence, we
have obtained an explicit differential realization of
ospð2nj2nÞ.
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B. Free-field realization of ospð2nj2nÞk
With the help of the differential realization given by

(3.16)–(3.25), we can construct the explicit free-field rep-
resentation of the ospð2nj2nÞ current algebra at arbitrary
level k in terms of n� ð2n� 1Þ bosonic �-� pairs
fð�i;j; �i;jÞ; ð ��i;j ��i;jÞ; ð�i; �iÞ; ð�0

i;j; �
0
i;jÞ; ð ��0

i;j ��
0
i;jÞ; 1 � i <

j � ng, 2n2 fermionic b� c pairs fð�þ
i;j;�i;jÞ;

ð ��þ
i;j;

��i;jÞ; 1 � i; j � ng, and 2n free scalar fields 	i, i ¼
1; . . . ; 2n. These free fields obey the following OPEs:

�i;jðzÞ�m;lðwÞ ¼ ��m;lðzÞ�i;jðwÞ ¼
�im�jl

ðz� wÞ ;

1 � i < j � n; 1 � m< l � n;

(3.26)

�� i;jðzÞ ��m;lðwÞ ¼ � ��m;lðzÞ ��i;jðwÞ ¼
�im�jl

ðz� wÞ ;

1 � i < j � n; 1 � m< l � n;

(3.27)

�mðzÞ�lðwÞ ¼ ��mðzÞ�lðwÞ ¼ �ml

ðz� wÞ ;

1 � m; l � n;

(3.28)

�0
i;jðzÞ�0

m;lðwÞ ¼ ��0
m;lðzÞ�0

i;jðwÞ ¼
�im�jl

ðz� wÞ ;

1 � i < j � n; 1 � m< l � n;

(3.29)

�� 0
i;jðzÞ ��0

m;lðwÞ ¼ � ��0
m;lðzÞ ��0

i;jðwÞ ¼
�im�jl

ðz� wÞ ;

1 � i < j � n; 1 � m< l � n;

(3.30)

�þ
m;iðzÞ�l;jðwÞ ¼ �l;jðzÞ�þ

m;iðwÞ ¼
�ml�ij

ðz� wÞ ;

m; l; i; j ¼ 1; . . . ; n;

(3.31)

��þ
m;iðzÞ ��l;jðwÞ ¼ ��l;jðzÞ ��þ

m;iðwÞ ¼
�ml�ij

ðz� wÞ ;

m; l; i; j ¼ 1; . . . ; n;

(3.32)

	mðzÞ	lðwÞ ¼ ��ml lnðz� wÞ; 1 � m; l � n;

(3.33)

	nþiðzÞ	nþjðwÞ ¼ �ij lnðz� wÞ; 1 � i; j � n;

(3.34)

and the other OPEs are trivial.
The free-field realization of the ospð2nj2nÞ current

algebra is obtained by the substitution in the differential
realization (3.16)–(3.25) of ospð2nj2nÞ:
xm;l ! �m;lðzÞ; @xm;l

! �m;lðzÞ; 1 � m< l � n;

(3.35)

�x m;l ! ��m;lðzÞ; @ �xm;l
! ��m;lðzÞ; 1 � m< l � n;

(3.36)

xl ! �lðzÞ; @xl ! �lðzÞ; 1 � l � n; (3.37)

yi;j ! �0
i;jðzÞ; @yi;j ! �0

i;jðzÞ; 1 � i < j � n;

(3.38)

�y i;j ! ��0
i;jðzÞ; @ �yi;j ! ��0

i;jðzÞ; 1 � i < j � n;

(3.39)

�l;i ! �þ
l;iðzÞ; @�l;i ! �l;iðzÞ; i; l ¼ 1; . . . ; n;

(3.40)

�� l;i ! ��þ
l;iðzÞ; @ ��l;i

! ��l;iðzÞ; i; l ¼ 1; . . . ; n;

(3.41)

�j !
ffiffiffiffiffiffiffiffiffiffiffiffi
k� 2

p
@	jðzÞ 1 � j � 2n: (3.42)

Moreover, in order that the resulting free-field realization
satisfy the desirable OPEs for ospð2nj2nÞ currents, one
needs to add certain extra (anomalous) terms which are

linear in @�ðzÞ, @ ��ðzÞ, @�0ðzÞ, @ ��0ðzÞ, @�þðzÞ, and @ ��þðzÞ
in the expressions of the currents associated with negative
roots [e.g. the last term in the expressions of FiðzÞ; see
(3.47), (3.48), (3.49), and (3.50) below]. Here we present
the results for the currents associated with the simple roots:

ElðzÞ ¼
Xl�1

m¼1

ð�m;lðzÞ�m;lþ1ðzÞ � ��m;lþ1ðzÞ ��m;lðzÞÞ þ �l;lþ1ðzÞ; 1 � l � n� 1; (3.43)

EnðzÞ ¼
Xn�1

m¼1

ð�m;nðzÞ�m;1ðzÞ þ ��þ
m;1ðzÞ ��m;nðzÞÞ þ�n;1ðzÞ; (3.44)

FREE-FIELD REALIZATION OF THE ospð2nj2nÞ . . . PHYSICAL REVIEW D 78, 106004 (2008)

106004-5



EnþiðzÞ ¼
Xn
m¼1

ð�þ
m;iðzÞ�m;iþ1ðzÞ � ��þ

m;iþ1ðzÞ ��m;iðzÞÞ þ
Xi�1

m¼1

ð�0
m;iðzÞ�0

m;iþ1ðzÞ � ��0
m;iþ1ðzÞ ��0

m;iðzÞÞ þ �0
i;iþ1ðzÞ;

1 � i � n� 1; (3.45)

E2nðzÞ ¼
Xn
m¼1

ð2�þ
m;n�1ðzÞ�þ

m;nðzÞ�mðzÞ þ�þ
m;n�1ðzÞ ��m;nðzÞ ��þ

m;nðzÞ ��m;n�1ðzÞÞ

þ Xn�2

m¼1

ð�0
m;n�1ðzÞ ��0

m;nðzÞ � �0
m;nðzÞ ��0

m;n�1ðzÞÞ þ ��0
n�1;nðzÞ; (3.46)

FlðzÞ ¼
Xl�1

m¼1

ð�m;lþ1ðzÞ�m;lðzÞ � ��m;lðzÞ ��m;lþ1ðzÞÞ � �lðzÞ ��l;lþ1ðzÞ � 2 ��l;lþ1ðzÞ�lþ1ðzÞ

þ Xn
m¼lþ2

ð�l;mðzÞ ��l;mðzÞ ��l;lþ1ðzÞ � �l;mðzÞ�lþ1;mðzÞÞ �
Xn

m¼lþ2

ð2 ��l;mðzÞ�lþ1;mðzÞ�lþ1ðzÞ þ ��l;mðzÞ ��lþ1;mðzÞÞ

� Xn
m¼1

ð�þ
l;mðzÞ ��þ

l;mðzÞ ��l;lþ1ðzÞ þ�þ
l;mðzÞ�lþ1;mðzÞÞ �

Xn
m¼1

ð2 ��þ
l;mðzÞ�þ

lþ1;mðzÞ�lþ1ðzÞ þ ��þ
l;mðzÞ ��lþ1;mðzÞÞ

� �2
l;lþ1ðzÞ�l;lþ1ðzÞ � �l;lþ1ðzÞ

Xn
m¼lþ2

ð�l;mðzÞ�l;mðzÞ þ ��l;mðzÞ ��l;mðzÞÞ

þ �l;lþ1ðzÞ
Xn

m¼lþ2

ð�lþ1;mðzÞ�lþ1;mðzÞ þ ��lþ1;mðzÞ ��lþ1;mðzÞÞ

� �l;lþ1ðzÞ
Xn
m¼1

ð�þ
l;mðzÞ�l;mðzÞ þ ��þ

l;mðzÞ ��l;mðzÞÞ þ �l;lþ1ðzÞ
Xn
m¼1

ð�þ
lþ1;mðzÞ�lþ1;mðzÞ þ ��þ

lþ1;mðzÞ ��lþ1;mðzÞÞ

þ 2�l;lþ1ðzÞ�lþ1ðzÞ�lþ1ðzÞ � 2�l;lþ1ðzÞ�lðzÞ�lðzÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffi
k� 2

p
�l;lþ1ðzÞð@	lðzÞ � @	lþ1ðzÞÞ

þ ð�kþ 2ðl� 1ÞÞ@�l;lþ1ðzÞ; 1 � l � n� 1; (3.47)

FnðzÞ ¼
Xn�1

m¼1

ð�þ
m;1ðzÞ�m;nðzÞ � ��m;nðzÞ ��m;1ðzÞÞ � �nðzÞ ��n;1ðzÞ

þ Xn
m¼2

ð�þ
n;mðzÞ�0

1;mðzÞ ��þ
n;mðzÞ ��þ

n;mðzÞ ��n;1ðzÞ þ ��þ
n;mðzÞ ��0

1;mðzÞÞ

��þ
n;1ðzÞ

Xn
m¼2

ð�þ
n;mðzÞ�n;mðzÞ þ ��þ

n;mðzÞ ��n;mðzÞÞ � 2�þ
n;1ðzÞ ��þ

n;1ðzÞ ��n;1ðzÞ

��þ
n;1ðzÞ

Xn
m¼2

ð�0
1;mðzÞ�0

1;mðzÞ þ ��0
1;mðzÞ ��0

1;mðzÞÞ � 2�þ
n;1ðzÞ�nðzÞ�nðzÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffi
k� 2

p
�þ

n;1ðzÞð@	nðzÞ þ @	nþ1ðzÞÞ

þ ð�kþ 2ðn� 1ÞÞ@�þ
n;1ðzÞ; (3.48)
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FnþiðzÞ ¼
Xn
m¼1

ð�þ
m;iþ1ðzÞ�m;iðzÞ � ��þ

m;iðzÞ ��m;iþ1ðzÞÞ þ
Xi�1

m¼1

ð�0
m;iþ1ðzÞ�0

m;iðzÞ � ��0
m;iðzÞ ��0

m;iþ1ðzÞÞ

þ Xn
m¼iþ2

ð�0
i;mðzÞ ��0

i;mðzÞ ��0
i;iþ1ðzÞ � �0

i;mðzÞ�0
iþ1;mðzÞ � ��0

i;mðzÞ ��0
iþ1;mðzÞÞ

þ �0
i;iþ1ðzÞ

Xn
m¼iþ2

ð�0
iþ1;mðzÞ�0

iþ1;mðzÞ þ ��0
iþ1;mðzÞ ��0

iþ1;mðzÞÞ � �0
i;iþ1ðzÞ

Xn
m¼iþ2

ð�0
i;mðzÞ�0

i;mðzÞ þ ��0
i;mðzÞ ��0

i;mðzÞÞ

� �0
i;iþ1ðzÞ�0

i;iþ1ðzÞ�0
i;iþ1ðzÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffi
k� 2

p
�0
i;iþ1ðzÞð@	nþiðzÞ � @	nþiþ1ðzÞÞ þ ðkþ 2ði� n� 1ÞÞ@�0

i;iþ1ðzÞ;
1 � i � n� 1; (3.49)

F2nðzÞ ¼
Xn
m¼1

ð ��þ
m;nðzÞ�m;n�1ðzÞ þ 2 ��þ

m;n�1ðzÞ ��þ
m;nðzÞ�mðzÞ � ��þ

m;n�1ðzÞ�m;nðzÞÞ

þ Xn�2

m¼1

ð ��0
m;nðzÞ�0

m;n�1ðzÞ � ��0
m;n�1ðzÞ�0

m;nðzÞÞ � ��0
n�1;nðzÞ ��0

n�1;nðzÞ ��0
n�1;nðzÞ

þ ffiffiffiffiffiffiffiffiffiffiffiffi
k� 2

p
��0
n�1;nðzÞð@	2n�1ðzÞ þ @	2nðzÞÞ þ ðk� 4Þ@ ��0

n�1;nðzÞ; (3.50)

HlðzÞ ¼
Xl�1

m¼1

ð�m;lðzÞ�m;lðzÞ � ��m;lðzÞ ��m;lðzÞÞ �
Xn

m¼lþ1

ð�l;mðzÞ�l;mðzÞ þ ��l;mðzÞ ��l;mðzÞÞ � 2�lðzÞ�lðzÞ

� Xn
m¼1

ð�þ
l;mðzÞ�l;mðzÞ þ ��þ

l;mðzÞ ��l;mðzÞÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffi
k� 2

p
@	lðzÞ; 1 � l � n; (3.51)

HnþiðzÞ ¼
Xn
m¼1

ð�þ
m;iðzÞ�m;iðzÞ � ��þ

m;iðzÞ ��m;iðzÞÞ þ
Xi�1

m¼1

ð�0
m;iðzÞ�0

m;iðzÞ � ��0
m;iðzÞ ��0

m;iðzÞÞ

� Xn
m¼iþ1

ð�0
i;mðzÞ�0

i;mðzÞ þ ��0
i;mðzÞ ��0

i;mðzÞÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffi
k� 2

p
@	nþiðzÞ; 1 � i � n: (3.52)

Here and throughout, normal ordering of free fields is
implied whenever necessary. The free-field realization of
the currents associated with the nonsimple roots can be
obtained from the OPEs of the simple ones. We can
straightforwardly check that the above free-field realiza-
tion of the currents satisfies the OPEs of the ospð2nj2nÞ
current algebra: Direct calculation shows that there are at
most second-order singularities [e.g. 1

ðz�wÞ2 ] in the OPEs of
the currents. Comparing with the definition of the current
algebra (2.2), terms with first-order singularity [e.g. the
coefficients of 1

ðz�wÞ ] are fulfilled due to the very substitu-
tion (3.35)–(3.42) and the fact that the differential operator
realizations (3.16)–(3.25) are a representation of the cor-
responding finite-dimensional superalgebra ospð2nj2nÞ;
terms with second-order singularity 1

ðz�wÞ2 also match those
in the definition (2.2) after the suitable choice we made for
the anomalous terms in the expressions of the currents
associated with negative roots.

The free-field realization of the ospð2nj2nÞ current
algebra (3.43)–(3.52) gives rise to the Fock representations
of the current algebra in terms of the free fields (3.26)–
(3.34). These representations are, in general, not irreduc-
ible for the current algebra. In order to obtain irreducible
ones, one needs certain screening charges, which are the
integrals of screening currents [see (5.6), (5.7), (5.8), and
(5.9) below] and performs the cohomology procedure as in
[23,28,29,31]. We shall construct the associated screening
currents in Sec. V.

IV. ENERGY-MOMENTUM TENSOR

In this section we construct the free-field realization of
the Sugawara energy-momentum tensor TðzÞ of the
ospð2nj2nÞ current algebra. After a tedious calculation,
we find
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TðzÞ ¼ 1

2ðk� 2Þ
�
�X

m<l

ðE�m��l
ðzÞF�m��l

ðzÞ þ F�m��l
ðzÞE�m��l

ðzÞÞ � X
m<l

ðE�mþ�l
ðzÞF�mþ�l

ðzÞ þ F�mþ�l
ðzÞE�mþ�l

ðzÞÞ

�Xn
l¼1

½2ðE2�l
ðzÞF2�l

ðzÞ þ F2�l
ðzÞE2�l

ðzÞÞ þHlðzÞHlðzÞ� þ
Xn
l¼1

Xn
i¼1

ðE�l��iðzÞF�l��iðzÞ � F�l��iðzÞE�l��iðzÞÞ

þXn
l¼1

Xn
i¼1

ðE�lþ�iðzÞF�lþ�iðzÞ � F�lþ�iðzÞE�lþ�iðzÞÞ þ
X
i<j

ðE�i��jðzÞF�i��jðzÞ þ F�i��jðzÞE�i��jðzÞÞ

þX
i<j

ðE�iþ�jðzÞF�iþ�jðzÞ þ F�iþ�jðzÞE�iþ�jðzÞÞ þ
Xn
i¼1

HnþiðzÞHnþiðzÞ
�

¼ �Xn
l¼1

�
1

2
@	lðzÞ@	lðzÞ � 1� lffiffiffiffiffiffiffiffiffiffiffiffi

k� 2
p @2	lðzÞ

�
þXn

i¼1

�
1

2
@	nþiðzÞ@	nþiðzÞ � n� iffiffiffiffiffiffiffiffiffiffiffiffi

k� 2
p @2	nþiðzÞ

�

þ X
m<l

ð�m;lðzÞ@�m;lðzÞ þ ��m;lðzÞ@ ��m;lðzÞÞ þ
Xn
l¼1

�lðzÞ@�lðzÞ þ
X
i<j

ð�0
i;jðzÞ@�0

i;jðzÞ þ ��0
i;jðzÞ@ ��0

i;jðzÞÞ

�Xn
l¼1

Xn
i¼1

ð�l;iðzÞ@�þ
l;iðzÞ þ ��l;iðzÞ@ ��þ

l;iðzÞÞ: (4.1)

It is straightforward to check that TðzÞ satisfy the OPE of
the Virasoro algebra

TðzÞTðwÞ ¼ c=2

ðz� wÞ4 þ
2TðwÞ
ðz� wÞ2 þ

@TðwÞ
ðz� wÞ ; (4.2)

with a central charge c ¼ 0. The vanishing central charge
of the energy-momentum tensor TðzÞ (4.1) is a simple
consequence of the fact that the superdimension of
ospð2nj2nÞ is zero. Moreover, we find that, with regard
to the energy-momentum tensor TðzÞ defined by (4.1), the
ospð2nj2nÞ currents associated with the simple roots
(3.43)–(3.52) are indeed primary fields with conformal
dimension one, namely,

TðzÞEiðwÞ ¼ EiðwÞ
ðz� wÞ2 þ

@EiðwÞ
ðz� wÞ ; 1 � i � 2n;

TðzÞFiðwÞ ¼ FiðwÞ
ðz� wÞ2 þ

@FiðwÞ
ðz� wÞ ; 1 � i � 2n;

TðzÞHiðwÞ ¼ HiðwÞ
ðz� wÞ2 þ

@HiðwÞ
ðz� wÞ ; 1 � i � 2n:

It is expected that the ospð2nj2nÞ currents associated with
nonsimple roots, which can be constructed through the
simple ones, are also primary fields with conformal dimen-
sion one. Therefore, TðzÞ is the very energy-momentum
tensor of the ospð2nj2nÞ current algebra.

V. SCREENING CURRENTS

Important objects in the application of free-field realiza-
tions to the computation of correlation functions of the
CFTs are screening currents. A screening current is a
primary field with conformal dimension one and has the
property that the singular part of its OPE with the affine
currents is a total derivative. These properties ensure that
the integrated screening currents (screening charges) may
be inserted into correlators while the conformal or affine
Ward identities remain intact [22,25].
Free-field realizations of the screening currents may be

constructed from certain differential operators [29,38]
which can be defined by the relation

�ðdÞðs�Þh�; x; �x; y; �y; �; ��j � h�jE�Gþðx; �x; y; �y; �; ��Þ;
for � 2 �þ: (5.1)

The operators �ðdÞðs�Þ (� 2 �þ) give a differential opera-
tor realization of the subalgebra ðospð2nj2nÞÞþ. Again it is
sufficient to construct si � �ðdÞðs�i

Þ related to the simple

roots. Using (5.1) and the Baker-Campbell-Hausdorff for-
mula, after some algebraic manipulations, we obtain the
following explicit expressions for si:

sl ¼
Xn

m¼lþ2

ð� �xlþ1;mxlþ1;m@ �xl;lþ1
þ �xlþ1;m@ �xl;m þ 2xlþ1;m �xl;m@xl þ xlþ1;m@xl;mÞ

þ Xn
m¼1

ð� ��lþ1;m�lþ1;m@ �xl;lþ1
þ ��lþ1;m@ ��l;m

� 2�lþ1;m
��l;m@xl þ �lþ1;m@�l;mÞ þ xlþ1@ �xl;lþ1

þ 2�xl;lþ1@xl þ @xl;lþ1
;

1 � l � n� 1; (5.2)
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sn ¼ Xn
m¼2

ð �y1;m@ ��n;m
� �y1;my1;m@ ��n;1

þ y1;m@�n;m � 2y1;m ��n;m@xnÞ � 2 ��n;1@xn þ @�n;1 ; (5.3)

snþi ¼
Xn

m¼iþ2

ð �yiþ1;m@ �yi;m � �yiþ1;myiþ1;m@ �yi;iþ1
þ yiþ1;m@yi;mÞ þ @yi;iþ1

; 1 � i � n� 1; (5.4)

s2n ¼ @ �yn�1;n
: (5.5)

One may obtain the differential operators s� associated with the nonsimple generators from the above simple ones.
Following the procedure similar to Refs. [29,38], we find that the free-field realization of the screening currents SiðzÞ
corresponding to the differential operators si is given by

SlðzÞ ¼
� Xn
m¼lþ2

ð� ��lþ1;mðzÞ�lþ1;mðzÞ ��l;lþ1ðzÞ þ ��lþ1;mðzÞ ��l;mðzÞÞ þ
Xn

m¼lþ2

ð2�lþ1;mðzÞ ��l;mðzÞ�lðzÞ þ �lþ1;mðzÞ�l;mðzÞÞ

þ �lþ1ðzÞ ��l;lþ1ðzÞ þ 2 ��l;lþ1ðzÞ�lðzÞ �
Xn
m¼1

ð ��þ
lþ1;mðzÞ�þ

lþ1;mðzÞ ��l;lþ1ðzÞ � ��þ
lþ1;mðzÞ ��l;mðzÞÞ

� Xn
m¼1

ð2�þ
lþ1;mðzÞ ��þ

l;mðzÞ�lðzÞ ��þ
lþ1;mðzÞ�l;mðzÞÞ þ �l;lþ1ðzÞ

�
eð�l� ~	ðzÞÞ= ffiffiffiffiffiffiffi

k�2
p

; 1 � l � n� 1; (5.6)

SnðzÞ ¼
�Xn
m¼2

ð ��0
1;mðzÞ ��n;mðzÞ � ��0

1;mðzÞ�0
1;mðzÞ ��n;1ðzÞ � 2�0

1;mðzÞ ��þ
n;mðzÞ�nðzÞÞ

þ Xn
m¼2

�0
1;mðzÞ�n;mðzÞ � 2 ��þ

n;1ðzÞ�nðzÞ þ�n;1ðzÞ
�
eð�n� ~	ðzÞÞ= ffiffiffiffiffiffiffi

k�2
p

; (5.7)

SnþiðzÞ ¼
� Xn
m¼iþ2

ð ��0
iþ1;mðzÞ ��0

i;mðzÞ � ��0
iþ1;mðzÞ�0

iþ1;mðzÞ ��0
i;iþ1ðzÞÞ þ

Xn
m¼iþ2

�0
iþ1;mðzÞ�0

i;mðzÞ þ �0
i;iþ1ðzÞ

�
eð�nþi� ~	ðzÞÞ= ffiffiffiffiffiffiffi

k�2
p

;

1 � i � n� 1; (5.8)

S2nðzÞ ¼ ��0
n�1;nðzÞeð�2n� ~	ðzÞÞ= ffiffiffiffiffiffiffi

k�2
p

: (5.9)

Here ~	ðzÞ is

~	ðzÞ ¼ Xn
i¼1

ð	iðzÞ�i þ	nþiðzÞ�iÞ: (5.10)

The OPEs of the screening currents with the energy-
momentum tensor and the ospð2nj2nÞ currents (3.43)–
(3.52) are

TðzÞSiðwÞ ¼ SiðwÞ
ðz� wÞ2 þ

@SiðwÞ
ðz� wÞ ¼ @w

�
SiðwÞ
ðz� wÞ

�
;

i ¼ 1; . . . ; 2n; (5.11)

EiðzÞSjðwÞ ¼ 0; i; j ¼ 1 . . . ; 2n; (5.12)

HiðzÞSjðwÞ ¼ 0; i; j ¼ 1 . . . ; 2n; (5.13)

FiðzÞSjðwÞ ¼ ð�1Þ½½i��þ½Fi��ij@w

�ðk� 2Þeð�i� ~	ðwÞÞ= ffiffiffiffiffiffiffi
k�2

p

ðz� wÞ
�
;

i; j ¼ 1; . . . ; 2n: (5.14)

Here ½½i�� is given by

½½i�� ¼
�
1; i ¼ 1; . . . ; n;
0; i ¼ nþ 1; . . . ; 2n:

The screening currents obtained this way are called screen-
ing currents of the first kind [30]. Moreover, the screening
current SnðzÞ is fermionic and the others are bosonic.

VI. DISCUSSIONS

We have constructed the explicit expressions of the free-
field representation for the ospð2nj2nÞ current algebra at
an arbitrary level k and the corresponding energy-
momentum tensor. We have also found the free-field rep-
resentation of the 2n associated screening currents of the
first kind.
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The free-field realization (3.43)–(3.52) of the
ospð2nj2nÞ current algebra gives rise to the Fock repre-
sentation of the corresponding current algebra in terms of
the free fields (3.26)–(3.34). It provides explicit realiza-
tions of the vertex operator construction [44,45] of repre-
sentations for affine superalgebra ospð2nj2nÞk. Moreover,
these representations are, in general, not irreducible for the
current algebra. To obtain irreducible representations, one
needs the associated screening charges, which are the
integrals of the corresponding screening currents (5.6),
(5.7), (5.8), and (5.9) and performs the cohomology analy-
sis as in [23,28,29,31].

To fully take the advantage of the CFT method, one
needs to construct its primary fields. It is well known that
there exist two types of representations for the underlying
finite-dimensional superalgebra ospð2nj2nÞ: typical and
atypical representations. Atypical representations have no
counterpart in the bosonic algebra setting, and the under-
standing of such representations is still very much incom-
plete. Although the construction of the primary fields
associated with typical representations is similar to the
bosonic algebra cases, it is a highly nontrivial task to
construct the primary fields associated with atypical rep-
resentations [46].
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APPENDIX: DEFINING REPRESENTATION OF
ospð2nj2nÞ

Let V be a Z2-grading 4n-dimensional vector space with
an orthonormal basis fjii; i ¼ 1; . . . ; 4ng. The Z2 grading is
chosen as ½1� ¼ � � � ¼ ½2n� ¼ 0, ½2nþ 1� ¼ � � � ¼
½4n� ¼ 1. Let eij, i; j ¼ 1; . . . ; n, be an n� n matrix with

entry 1 at the ith row and the jth column and zero else-
where. The 4n-dimensional defining representation of
ospð2nj2nÞ, denoted by �0, is given by the following 4n�
4n matrices:

�0ðE�m��l
Þ ¼ eml

�elm

0
@

1
A;

�0ðF�m��l
Þ ¼ elm

�eml

0
@

1
A; m < l;

(A1)

�0ðE2�l
Þ ¼ 0 ell

0 0

0
@

1
A; �0ðF2�l

Þ ¼ 0 0
ell 0

0
@

1
A;

(A2)

�0ðE�mþ�l
Þ ¼ 0 eml þ elm

0 0

0
@

1
A;

�0ðF�mþ�l
Þ ¼ 0 0

eml þ elm 0

0
@

1
A; m < l;

(A3)

�0ðE�l��iÞ ¼
0 0
0 eil

eli 0
0 0

0
BBB@

1
CCCA;

�0ðF�l��iÞ ¼
eil 0
0 0

0 0
0 �eli

0
BBB@

1
CCCA;

(A4)

�0ðE�lþ�iÞ ¼
0 eil
0 0

0 eli
0 0

0
BBB@

1
CCCA;

�0ðF�lþ�iÞ ¼
0 0
eil 0

0 0
�eli 0

0
BBB@

1
CCCA;

(A5)

�0ðE�i��jÞ ¼
eij

�eji

0
@

1
A;

�0ðF�i��jÞ ¼
eji

�eij

0
@

1
A; i < j;

(A6)

�0ðE�iþ�jÞ ¼
0 eij � eji
0 0

0
@

1
A;

�0ðF�iþ�jÞ ¼
0 0

�eij þ eji 0

0
@

1
A; i < j;

(A7)

�0ðH�m��l
Þ ¼ emm � ell

ell � emm

0
@

1
A; m < l;

(A8)

�0ðH�mþ�l
Þ ¼ emm þ ell

�emm � ell

0
@

1
A; m < l;

(A9)
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�0ðH2�l
Þ ¼ ell

�ell

0
@

1
A; (A10)

�0ðH�l��iÞ ¼
eii

�eii
ell

�ell

0
BBB@

1
CCCA;

�0ðH�lþ�iÞ ¼
�eii

eii
ell

�ell

0
BBB@

1
CCCA;

(A11)

�0ðH�i��jÞ ¼
eii � ejj

ejj � eii

0
@

1
A; i < j;

(A12)

�0ðH�iþ�jÞ ¼
eii þ ejj

�eii � ejj

0
@

1
A; i < j:

(A13)

We introduce 2n linear-independent generators Hi (i ¼
1; . . . 2n):

Hl ¼ H2�l
; 1 � l � n; (A14)

Hnþi ¼ 1
2ðH�i��j þH�iþ�jÞ;

i ¼ 1; . . . ; n� 1 and i < j;
(A15)

H2n ¼ 1
2ðH�iþ�n �H�i��nÞ; i � n� 1: (A16)

Actually, the above generators fHig span the Cartan sub-
algebra of ospð2nj2nÞ. In the defining representation, these
generators can be realized by

�0ðHlÞ ¼ ell
�ell

0
@

1
A; l ¼ 1; . . . ; n; (A17)

�0ðHnþiÞ ¼
eii

�eii

0
@

1
A; i ¼ 1; . . . ; n: (A18)

The corresponding nondegenerate invariant bilinear
supersymmetric form of ospð2nj2nÞ is given by

ðx; yÞ ¼ 1
2strð�0ðxÞ�0ðyÞÞ; 8 x; y 2 ospð2nj2nÞ:

(A19)

Here the supertrace, for any 4n� 4n matrix A, is defined
by

str ðAÞ ¼ X4n
l¼1

ð�1Þ½l�All ¼
X2n
l¼1

All �
X4n

l¼2nþ1

All: (A20)
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