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Investigation of plasticity-induced fatigue crack closure
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Abstract: Plasticity induced crack closure and constraint effects due to finite plate thickness are both
fundamental aspects in the mechanics of fatigue cracks. Moreover, plasticity induced crack closure
provides an effective first-order correction to the crack driving force, as used in the correlation and
prediction of fatigue crack growth. The approach developed in this study utilises the distributed
dislocation technique to model fatigue cracks growing under constant amplitude loading in finite
thickness plates. Numerical results are obtained through the application of Gauss-Chebyshev
quadrature and are presented for the crack opening stress ratio. An excellent agreement is observed
with previous three-dimensional finite element studies.

Keywords: crack closure, crack opening stress, crack tip plasticity, distributed dislocation technique,
edge dislocation, plate thickness effect, through-the-thickness crack.

1 Introduction

Under the classic linear elastic approach to fatigue it is assumed that crack growth rates can be
described as a function of the stress intensity factor range, AK = K,ax - Knin. However, this method is
unable to account for many phenomena, which are present in almost all practical situations. Such
examples include the effects of the loading history, plate thickness, crack size, stress concentrators,
etc. The discovery of crack closure [1] provided a new foundation for fatigue analysis. Elber [1]
suggested that closure occurs as the result of crack tip plasticity and that significant crack growth will
only occur when the crack is fully open. This lead to the introduction of an effective stress intensity
factor range AKepr = Kmax - Kopen, Where Kopen refers to the stress intensity factor when the crack just re-
opens. Plasticity-induced crack closure has been found able to account for a range of factors including
the load ratio, overload effects, and plate thickness [2].

Crack closure has been experimentally investigated by various techniques such as compliance
methods [1,3] and by acoustic emission [3] among others. In general these studies have proven the
importance of crack closure in fatigue and that plasticity-induced closure is the dominant mechanism
under many conditions. Although, there is often some scatter between the crack opening stress values
obtained by the different measurement techniques.

Many simplified analytical [4,5] and numerical [6] models have been developed to try and describe the
effects of crack closure for various specimen and crack geometries. A large number of these studies
are based on the Dugdale strip-yield model [7] modified to include a wake of plasticity left behind as
the crack grows. In addition, plane stress conditions are usually assumed, which greatly limits the
applicability of the results to actual structures where the crack tip stress field is always three-
dimensional. Newman [6] introduced the use of a so-called constraint factor, a, into his plane stress
analysis in an attempt to account for the effects of plate thickness. However, choosing a value for the
constraint factor is not straightforward as it requires numerical or experimental results for similar
materials, specimen geometry and load conditions. Trial and error, or curve fitting of fatigue crack
growth data are often employed, which creates further ambiguity. Finite element (FE) methods have
been utilised [8-10] as an alternative to model complex two- and three-dimensional geometry,
however, there are many issues including mesh refinement, crack face contact, required
computational effort, etc. These issues make FE methods very difficult to apply for most practically
important applications.

This paper presents an analytical approach for investigating the effects of plasticity-induced fatigue
crack closure in plates of finite thickness. The developed procedure is based on the distributed
dislocation technique and the solution for an edge dislocation in a finite thickness plate. Numerical
results are obtained via the application of Gauss-Chebyshev quadrature and are presented for the
crack opening stress ratio, which is an important parameter used in the correlation and prediction of
fatigue crack growth. A comparison with previously published two and three-dimensional FE studies
shows a very good agreement.
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2 Fatigue crack under constant amplitude loading

Consider a through-the-thickness crack of length 2a, which has been growing under constant
amplitude loading from an initial crack size 2a;. The crack lies centrally along the x-axis (-a < x < a) in
an infinite plate of thickness 2h and is subjected to the remotely applied stress o7, (x). A rigid perfect-

plastic strip yield model is employed along with the assumption that the stresses and plastic zone size
are uniform across the plate thickness. To eliminate the need to manually grow the crack from
initiation to its final length, which can be a laborious task, we approximate the plastic wake as being a
linear function of the final crack half-length [4,5]. It is understood that all of these simplifications are
most applicable to the case of plane stress, particularly where the final crack length is several times
greater than its original length. The developed methods, however, aim to provide a powerful first-order
estimate of the effects of plasticity-induced crack closure in plates of finite thickness. This will allow for
more accurate prediction of crack growth rates and structural lifetimes in many practical applications.

Schematic diagrams of the strip-yield models for a fatigue crack at maximum and minimum applied
loads in the cycle are shown in Figures 1a and 1b, respectively. Here the size of the tensile plastic
zone at maximum load is given by r, and the maximum crack tip stretch by &y. At minimum applied
load the size of the reverse plastic zone is given by r,., B8 is the half-length of the region of the crack
that remains open and &5, is the residual crack tip stretch.
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Figure 1. Schematic of a fatigue crack at (a) maximum applied load and (b) minimum applied load.
3 Solution procedure

3.1 Maximum applied load

The distributed dislocation technique involves replacing the crack and plastic zones with a continuous
distribution of edge dislocations. By taking advantage of the symmetry of the problem about the y-axis,
the following singular integral equation can be derived for the y-stresses along the x-axis:

0 (x)= [ B, (€)[6(x.8) - G(x-E)]dE + 035 x). (1)

where By(¢) is the unknown dislocation density function and G(x, ¢) is the dislocation influence
function. Here the influence function represents the non-dimensional stress at a point x due to a
dislocation with a unit Burgers vector located at £&. The second term in the kernel, that is -G(x, -¢), is
simply due to the symmetry condition. The separation of the crack faces, g(x), can be determined from
the dislocation density through the relationship:

dg(€) _
dé

The influence functions for a through-the-thickness edge dislocation in a finite thickness plate are
given as [11]:

-By(¢). (2)
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for the y and z-directions, respectively. In these equations p = x - ¢, E is Young’s modulus, v is
Poisson’s ratio, K, and K; are modified Bessel functions of the second kind, and the thickness
parameter is:
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In the limiting cases of plane stress and plane strain the x and y influence functions are given as [12]:
2u 1
G(x,6)=G,, (x,)=———. 6
xx(X,6) =Gy (x,§) Kiip (6)
Furthermore, in plane stress use is made of the fact that g,,= 0 and in plane strain 0., = v(0, + 0y,).

By employing a Tresca yield criterion and assuming that o,, 2 0, 2 0, the stresses in the plastic zone
can be written as |0y, — 0| = 0,, where g, is the flow stress of the material. The boundary conditions
for the governing integral (1) at maximum applied load, o5, (x) = o7, , therefore become:

G(x,§)=Gyy(x,§) and o(x)=0,,(x)=0, for0<x<a, (7)
G(x,§)=Gyy (x,§)—Gzz(x,§) and 0(x) =0y, (X) -0z (x)=0,, forasx<a+r, (8)

For x = a + r, the condition g(x) = 0 applies and this has already been incorporated into the integral (1).

In order to improve the efficiency of the numerical solution, which will be achieved via the application
of Gauss-Chebyshev quadrature, the equation (1) is separated into two integrals. The first is taken
over the half crack length and the second over the length of the plastic zone, such that:

0(x) = 01(x)+ 02(x)+ 07, (), ©)
1ra

o1(x) = — [ By (©)[6(x.6) - G(x-E)]de, (10)

and:

02(x) = [ B, ©l6(x.§) - Glx- e . (1)

Separating the integrals as above provides control over the number of integration points placed within
each interval. In addition, this method allows for exact placement of the edge of the plastic zone rather
than at the integration points, for example if only the one interval was used over the whole length [5].

The equations (10) and (11) are then transformed to integrals over the range -1 to 1, which provides:

01(x):%Ij1§y(s1)[§(x,s1)—§(x,—s1 )]gds1 where € :%(s1 1), (12)
and:
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We now introduce the function @ (s), which is related to the dislocation density function by:
By(s)=(s)(1+s)2(1-s)"2. (14)

Through the application of Gauss-Chebyshev quadrature the integrals (12) and (13) can each be
written as a linear series summation. This gives:

T2 By oy + MB sy~ Glxsy)], (15)
i=1

o1(x) = P

and:



02(x) = 2nr2”+ 1 21 Pa(52: )52 + NG (x.52,)~ G (x2). (16)

where the integration points within each interval are determined by:
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Within the crack and plastic zones the discrete stress functions are only valid at the collocation points,
which are defined as:

tj‘kzcos(n' ], k=1...n;, j=1,2, (18)

2I7j+1

where the x-t transformations within each interval are equivalent to those for the é-s transformations.
When x > a + r, equations (15) and (16) may be evaluated at any point.

The unknown functions g (s;;), forj=1,2and i =1... n; can now be determined by substituting (15)

and (16) back into (9) and by enforcing the stress boundary conditions over the length of the crack and
direct plastic zone. This gives a total system of n; + n, linear equations in the n; + n, unknowns. The
size of the direct plastic zone, r,, is determined by first making an initial guess and then iterating based
on the requirement that K(a + r,) = 0. Here K| is the mode | stress intensity factor and is found through
an asymptotic analysis of the stress field ahead of the crack tip as:

K;=y2mr,

3.2 Minimum applied load

E _
—4(1_V2)<P2(32,1) : (19)

In this study it is assumed that the compressive flow stress is of equal magnitude to the tensile flow
stress. Furthermore, to enable comparison with previous crack closure investigations, the out-of-plane
constraint is removed during reverse plastic yielding. This means that compressive yielding will occur
when |oy,|= 0,. The boundary conditions for R 2 0, where R =g /0%, at minimum applied load,

oy (x) = 0% therefore become:

G(x,€)=Gyy(x.€) and 0(x)=0,,(x)=0, for x < B, (20)

dg(x) _ Or , B<x<a, (21)
ax a-a;

G(x,§)=Gyy(x,§) and 0(x)=0yy (X)-0z(X)=-0o, asx<ating (22)

and:

d.(_;ix) - dgm;;(x)’ a+tresSx<atr, (23)

where the subscript max refers to the displacement curve at maximum applied load.

A similar procedure to the maximum load case is then followed. That is, the governing integral (1) is
separated into several intervals along the x-axis, namely Oto 8, Btoa,atoa+r,,,anda+r,.toa +
r,. Solution to the problem is again found though the application of Gauss-Chebyshev quadrature and
the appropriate coordinate transformations, to provide a new system of linear equations. Full details,
however, are not included here. The size of the reverse plastic zone, r,., and the region of non-
closure, B, are determined via iteration by minimising and maximising the residual crack tip stretch, g,
respectively. This condition arises from the requirement that the slope of the deflection/plastic stretch
curve must be continuous. An initial guess is necessary for each of the unknowns including og, which
then converges very rapidly through back substitution into (21). The deflection and plastic stretch
curves, and thus Ok, are determined by numerical integration of (2) and (14).



4 Crack opening stress

An important parameter often utilised in the correlation of fatigue crack growth rates is the effective
stress intensity factor range, which can be defined as:

AKeff =(Omax —Ogpen)YNTa,

where Y is a specific function due to the cracked geometry and o, is the remotely applied stress at

(24)

the point when the crack tip re-opens. The effective stress intensity range is therefore related to the
linear elastic range by:

1-06pen | Tmax

1-R

AKgsr = AK . (25)
The crack opening stress can be found using the techniques developed in Section 3, by applying the
boundary conditions:

G(x,€) = Gyy (x,€) and 0 (x) =0y, () =0, forx<a, (26)
and:
dg(x) _ dgmin(x), foras<x<a+r, (27)

dx ax

With o33, (x) = 0gpen -

Results for the crack opening stress to maximum stress ratio are presented in Figures 2a and 2b as a
function of the normalised direct plastic zone size and load ratio, respectively. Curves for several plate
thickness to crack length ratios are given along with the plane stress and plane strain limits. In these
calculations the initial crack length was taken as a; = 0. It can be seen that as ¢%,, /0, — 0 plane

strain conditions prevail and as o3, /0,— 1 plane stress conditions prevail. Similarly, as h/a

increases the plane strain solution is recovered. Overall the opening stress ratio is quite high,
indicating to the significance of accounting for plasticity-induced crack closure in fatigue analyses.
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Figure 2. Crack opening stress ratio as a function of (a) the normalised direct plastic zone size and (b)
the load ratio.

Figure 3a shows a comparison of the present results for the crack opening stress ratio with those from
previous FE investigations in the case of plane stress. Results for the crack opening stress ratio as a
function of the plate thickness to crack length ratio are provided in Figure 3b and are compared with
the through-the-thickness average values obtained from a three-dimensional FE analysis [9]. To
provide for a better comparison the crack length and plate thickness in the current analysis were
adjusted in order to keep the crack tip stress intensity factor and the h/a ratio the same as that for the
FE model. An excellent agreement is observed between the present results and the FE values. Any
variation between the results can be explained by the different modelling assumptions made in the
present analysis compared to the FE studies.
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Figure 3. Comparison of the opening stress ratio for (a) plane stress and (b) a finite thickness plate.

5 Conclusions

This paper describes a new approach for investigating the effects of plasticity-induced fatigue crack
closure in plates of finite thickness. The developed procedure is based on the distributed dislocation
technique and the solution for an edge dislocation in a finite thickness plate. Numerical results were
obtained via the application of Gauss-Chebyshev quadrature. Results for the crack opening stress
ratio were presented and compared with those from previous finite element investigations. A very
good agreement was observed. The developed methods therefore offer a powerful alternative to the
use of the plastic constraint factor or FE analysis for determining the various parameters, such as the
effective stress intensity factor, used in the correlation and prediction of fatigue crack growth.
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