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Role of quantum statistics in the photoassociation of Bose-Einstein condensates
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We show that the photoassociation of an atomic Bose-Einstein condensate to form condensed molecules is
a chemical process which not only does not obey the Arrhenius rules for chemical reactions, but that it can also
depend on the quantum statistics of the reactants. Comparing the predictions of a truncated Wigner represen-
tation for different initial quantum states, we find that, even when the quantum prediction for an initial coherent
state is close to the Gross-Pitaevskii prediction, other quantum states may result in very different dynamics.
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I. INTRODUCTION

The production of a molecular Bose-Einstein condens
~BEC! via Raman photoassociation of an atomic condens
has attracted much theoretical and experimental interes
the past few years. That an atom-optical analog of the opt
processes of frequency conversion should exist with cond
sates was first stated by Drummondet al. @1#, who developed
an effective quantum field theory to describe coupled ato
and molecular BECs. An early suggestion that a molecu
condensate could be produced via photoassociation c
from Javanainen and Mackie@2#, who proposed a two-mode
phenomenological Hamiltonian to model the process. A m
complete proposal, using an atomic and two molecular fie
with spatial dependence, coupled via a two-color Ram
transition so as to minimize spontaneous emission los
was developed by Heinzenet al. @3#. This model utilized the
Gross-Pitaevskii equation~GPE! approach and demonstrate
that the molecular formation would not obey the usu
Arrhenius rules for chemical reactions. Go´ral et al. @4# pre-
dicted that interactions with a thermal component would te
to destroy the oscillations predicted by Heinzenet al. after a
short interaction time. As shown by Hope and Olsen in o
dimension@5#, and Hope in three dimensions@6#, full quan-
tum zero-temperature treatments using the positive-P repre-
sentation@7,8# may not always agree with mean-field pred
tions, even for the mean-fields.

Experimental efforts to form molecular condensates
photoassociation have been at least partially successful,
87Rb molecules having been formed by Raman photoa
ciation techniques@9#, although the atom-molecule oscilla
tions predicted theoretically@3# were not observed. Using
similar technique, Gertonet al. @10# formed 7Li molecules
as a means to vary the atom number in a condensate
attractive interactions and hence study the growth and
lapse dynamics. Molecules have also been formed from
sodium condensate by a single-photon transition, altho
this method does have problems with their subsequent s
taneous breakup@11#. It may not be long before experimen
advance to the stage where the predicted superchemi
type oscillations can be achieved and detected.

Another intriguing question has been the issue of
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quantum state of a trapped condensate with repulsive in
atomic interactions. Perhaps the two most natural choices
the coherent state and the Fock state, so useful in quan
optics. The coherent state appeals because of the cohe
properties exhibited@12–14#, but has the problem of a lar
gish uncertainty in number, which is conceptually difficult
understand as atoms are not created or destroyed at ty
temperatures. The number state is superficially an appea
choice, but as the condensate is in contact with an envir
ment, particles can be added or removed. This state also
the problem that it has no defined phase. As the nonlinea
due tos-wave collisions between condensed atoms is equ
lent to a Kerr interaction, we may expect to find that t
actual state is none of the above. An early calculation@15#
predicted an amplitude eigenstate, while a subsequent, m
rigorous calculation@16# predicted a sheared Wigner func
tion which approximated a number squeezed state. A m
recent attempt, using the Hartree approximation, found aQ
function which suggests both amplitude quadrature and n
ber squeezing@17#.

In this work we combine these issues, considering
effects of different possible initial states on the dynamics
Raman photoassociation, without actually solving the pr
lem of which may be the most likely ground state of t
trapped condensate. As the mathematics of photoassoci
is essentially a more complex form of that of secon
harmonic generation, and both quantum statistics@18,19# and
Kerr nonlinearities@20# affect the dynamics of this process,
is of interest to investigate their effect in the present sit
tion. As we investigate only the dynamics of the mean fie
rather than quantum correlations, we stochastically integ
the appropriate equations in the truncated Wigner repre
tation @8,21,22#, which we expect to give reliable results fo
the numbers of particles involved.

II. THE SYSTEM AND EQUATIONS OF MOTION

We consider that the initial atomic condensate is trapp
such that one of the frequencies (v0) is much smaller than
the other two, allowing use of a one-dimensional approxim
tion. We consider here a Raman photoassociation sch
@3,5,6# with the excited molecular field adiabatically elim
©2003 The American Physical Society03-1
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nated. Photoassociation has previously been treated us
functional positive-P representation@5,6#, which gives true
stochastic differential equations for the coupled and mole
lar fields. However, numerical integration of these equati
is very time consuming and can present serious stab
problems@8#. Hence we use a truncated Wigner represen
tion, which is much more stable and lends itself readily
the modeling of different initial quantum states of the atom
condensate. A full Wigner representation of this problem
derivatives of third order in the equation of motion for th
pseudoprobability function, and, while it is possible to mod
these using stochastic difference equations@23#, there are
severe practical difficulties involved. However, as is co
mon with the Wigner representation, we discard the thi
order derivatives, which in this case leaves us with a Fokk
Planck equation with no diffusion matrix. This can b
immediately mapped onto differential equations which ha
the appearance of coupled Gross-Pitaevskii-type equati
We stress here that there are, however, two important di
ences. The Wigner equations calculate symmetrically
dered operator products and averages must be taken o
large number of integrations, with initial conditions chos
so as to represent the Wigner function for the desired in
states. Only if the Wigner function were to be a Diracd,
which is completely nonphysical, would we recover t
Gross-Pitaevskii equation. We can now model the quan
fields ~to a good level of approximation! via equations which
are completely classical in appearance.

Using the usual oscillator units, with time measured
units ofv0

21 and space in units ofA\/mv0, we are then able
to describe the process by two coupled equations for
complex atomic (ca) and molecular (cm) fields,

i
]ca

]t
52

]2ca

]x2
1Va~x!ca1~Uaaucau21Uamucmu2!ca

1 ikca* cm ,

i
]cm

]t
52

1

2

]2cm

]x2
1Vm~x!cm

1~Ummucmu21Uamucau22D!cm2
i

2
kca

2 . ~1!

In the above,Va(x)@Vm(x)# represents the trapping potenti
for the atomic~molecular! condensate,Uaa is the atom-atom
interaction strength,Umm represents that between molecule
and Uam represents atom-molecule scattering, all in t
s-wave d-function approximation. The coupling strengthk,
chosen as real here, represents the Raman laser couplin
tween atoms and molecules.D is the detuning from the Ra
man resonance. In this model we ignore spontaneous lo
and interactions with the thermal cloud, which does not e
at zero temperature.

III. RESULTS

For the purposes of comparison, in all simulations we
as our starting point a ground-state solution of the GPE fo
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one-dimensional trapped atomic condensate with 23104 at-
oms and a value of the nonlinear interaction,Uaa54
31023. This initial solution is obtained via propagation i
imaginary time. In all our investigations we useUam
521.5Uaa , Umm52Uaa , k51, D50, and a molecular
trapping potential twice that of the harmonic atomic pote
tial, all consistent with Ref.@24#. The integrations begin with
all particles in the atomic condensate. The equations are
tegrated over 104 trajectories, using a standard split-opera
method, with momentum propagation in Fourier space an
three-step predictor-corrector method in position space.
accuracy and stability of the integration is checked by ke
ing track of the conserved quantity,Na12Nm , and by vary-
ing the time step. Over the times shown,t5p/16, results
with a halved time step were virtually indistinguishable a
number was conserved to within less than 0.05%.

To model the quantum states, each of the 1024 point
the spatial grid is given an initial value on each trajecto
chosen from the appropriate Wigner distribution. A coher
state is modeled by taking the~real! GPE solution for thenth
spatial point and adding real and imaginary numbers dra
from a normal Gaussian distribution, givingc(xn)
5cGP(xn)10.5(h11 ih2)/ADx. It is easily verified that the
trajectory average will beucGP(xn)u211/(2Dx) at each
point, with 1/(2Dx) needing to be subtracted at each po
after the averaging. A minimum uncertainty squeezed stat
modeled by adding 0.5(h1e2r1 ih2er)/ADx at each point,
wherer is the squeezing parameter. A sheared state, typ
of Kerr nonlinearities, as in Dunninghamet al. @16#, is simu-
lated by transforming the added squeezed state noise
factor exp(iqh3), where q is the shearing factor. The rea
noise terms have the correlations

h j50, h ih j5d i j . ~2!

Numerical checks of single-mode distributions produced
ing these methods show that they give the correct values
average numbers and quadrature variances. In our sim
tions for squeezed states, we use values ofr 56 ln 0.5, while
for the sheared state we useq50.005, which give results
similar to the Wigner function shown in Dunninghamet al.
@16#. We also investigate a more extreme shearing, witr
52 ln 0.2 andq50.05, as we are treating a larger conde
sate than those considered in Refs.@16,17#, which will pos-
sess a larger effective Kerr nonlinearity, giving a mo
sheared Wigner distribution~which we call acrescentstate!.
The molecular field begins as a coherent vacuum. Althou
we would have also liked to investigate initial number stat
this was not feasible as their Wigner function in terms
Laguerre polynomials@25# becomes incredibly difficult to
treat for large numbers.

For purposes of comparison, we begin by numerically
tegrating the GPE-type equations, which give semiclass
results with the quantum statistics playing no part in the ti
evolution. What we find is that the spatial dependence of
trapped condensates plays an important role in the proc
with the coupling rates at different densities being differe
For the parameters used, this causes an interesting stru
to emerge, with spatial sidebands forming in the distrib
3-2
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tions, as shown in Figs. 1 and 2. Over the times shown h
the kinetic energy of the condensates plays a negligible r
with integration of spatially separate single-mode equati
at each spatial point giving virtually identical prediction
both spatially and for the total particle numbers. This is n
the case for longer interaction times.

Examining Figs. 3 and 4, which show the mean parti
numbers, we see that when we use an initial coherent sta
the Wigner equations, we do not see the dramatic differen
from the GPE predictions reported previously@5,6#. The rea-
son is simply that we are working with different paramete
with the ratio betweenk and the strength of the nonlinea
interactions being important. This was previously demo
strated to be the case in traveling-wave second-harm
generation, with which, although it is not as rich a system
coupled condensates, an analogy can be made@20#. Initial
states with the degree of amplitude squeezing and shea
as calculated in Refs.@16,17# also do not lead to vastly dif
ferent predictions, the difference between the two being
most negligible. However, a dramatic difference occurs wh
we consider the initial crescent state, which is grea

FIG. 1. GPE atomic field prediction up tot5p/16, showing the
spatial dynamics of the atomic BEC, not calculable in a sing
mode approach. The units of the spatial axis areA\/mv0.

FIG. 2. GPE molecular-field prediction up tot5p/16.
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sheared in phase space with a large degree of num
squeezing~the single-mode Fano factor for this distributio
is '0.2), but being well above the minimum uncertain
product in the quadratures@single-modeV(X)'0.6,V(Y)
'15].

The differences seen are not due to the initial spatial
tensity correlation, defined using the field operators as

g(2)~x,x!5
^ca

†~x!ca
†~x!ca~x!ca~x!&

^ca
†~x!ca~x!&2

, ~3!

which is expected to affect the initial conversion rate@18,26#.
This factor varies between 1 and 1.04 at the center for
states considered here, and the initial conversion rate is
most unchanged. The differences come in the first minim
of the atomic population and in subsequent revivals and

-

FIG. 3. Atomic population predictions. The dash-dotted line
from the GPE approach, the solid line is for an initial coherent st
the dashed line is the amplitude squeezed state, and the dotte
is the crescent state.

FIG. 4. Molecular population predictions, with lines as in Fig.
3-3
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more readily explained by the initial degree of phase unc
tainty. It can be readily seen by examination of Eq.~1! that
whether association or disassociation is predominant will
pend on the phase of the productsca* cm and ca

2 . As the
crescent state has a larger phase uncertainty than the o
considered, the photodisassociation process begins to d
nate and the mean number of atoms begins to revive a
earlier time than for the others.

IV. CONCLUSION

We have shown that the quantum state of the ini
atomic condensate can play an important role in the me
field dynamics of photoassociation, even when the GPE
dicts the dynamics for an initial coherent state accurately.
the quantum states considered give some difference from
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GPE predictions, but the crescent state, possibly the m
likely for BEC, is the most dramatic, showing a marked
less complete conversion to molecules. Over the time sc
we considered, the quantum statistics are much more im
tant than the spatial dependence of the condensate. T
results suggest that, for the purposes of Raman photoass
tion, a careful preparation of the initial atomic condens
may be important for the resulting dynamics.
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