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Quantum superchemistry: Role of trapping profile and quantum statistics
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The process of Raman photoassociation of a trapped atomic condensate to form condensed molecules has
been labeled superchemistry because it can odcOrkaand experiences coherent bosonic stimulation. We
show here that the differences from ordinary chemical processes go even deeper, with the conversion rates
depending on the quantum state of the reactants, as expressed by the Wigner function. We consider different
initial quantum states of the trapped atomic condensate and different forms of the confining potentials, dem-
onstrating the importance of the quantum statistics and the extra degrees of freedom which massive particles
and trapping potentials make available over the analogous optical process of second-harmonic generation. We
show that both mean-field analyses and quantum calculations using an inappropriate initial condition can make
inaccurate predictions for a given system. This is possible whether using a spatially dependent analysis or a
zero-dimensional approach as commonly used in quantum optics.
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[. INTRODUCTION condensate with repulsive interatomic interactions. As far as
we are aware, experimentalists have not paid much attention
The production of a molecular Bose-Einstein condensatéo this issue, despite suggestions for the reconstruction of the
(BEC) via Raman photoassociation of an atomic condensatdensity matrix experimentallf9,10]. Perhaps the two most
has attracted a great deal of theoretical and experimental itommon choices are the well-known coherent state and the
terest in the last few years. That an atom-optical analog ofhumber, or Fock state, both much used in quantum optics.
the optical processes of upconversion and down-conversionhe coherent state appeals because of the coherence proper-
should exist with atomic and molecular condensates was firgies exhibited in interference experimentsl—-13, but has
stated by Drummonet al. [1], who developed an effective the problem of a largish uncertainty in number, which is
quantum field theory to describe coupled atomic and molecueonceptually difficult to understand as atoms are not created
lar BECs. An early suggestion that a molecular condensater destroyed at typical temperatures. The number state is
could be produced via photoassociation came from Javsuperficially an appealing choice, but as the condensate is in
anainen and Macki¢2], who proposed a two-mode, phe- contact with an environment, some particles can be added or
nomenological Hamiltonian to model the process. A moreremoved. This state also has the problem that it has no de-
complete proposal, using an atomic and two molecular fieldéined phase. Another problem, perhaps more philosophical, is
with spatial dependence, coupled via a two-color Ramarnwhether we can actually talk about number states when we
transition so as to minimize spontaneous emission lossedp not know exactly what the number involved may be. In an
was developed by Heinzest al.[3], who called this process actual BEC, the nonlinearity due t®wave collisions be-
superchemistry. Their model, using a mean-field, Grosstween condensed atoms is equivalent to a Kerr interaction, so
Pitaevskii equatioiGPE approach, showed that the dynam- that we may expect to find that the actual state is none of the
ics were quite different from those of normal chemical reac-above. Calculations using various approximations have pre-
tions. As shown by Hope and Olsen in one dimendié)y  dicted an amplitude eigenstdte4], a sheared Wigner func-
and Hope in three dimensiof§], full quantum treatments tion which approximates a number squeezed $tE and a
using the positive? representatiofi6,7] and initial coherent Q function which suggests both amplitude quadrature and
states may not always agree with mean-field predictions, asumber squeezinfl6]. Another recent work has proposed
the quantum noise affects the dynamics. In a recent workthat generalized coherent states may be a more appropriate
Olsen and Plimak8] showed that the initial quantum state of description[17].
the atomic condensate, as expressed by the Wigner function, In this work we combine these two issues, considering the
can also have an effect on the dynamics. The present work isffects of different possible initial states on the dynamics of
an extension of Ref8] to consider longer interaction times, Raman photoassociation, without actually solving the prob-
different trapping potentials and the efficacy of a single-lem of which may be the most likely ground state of the
mode-type approach. A fuller derivation of the equations oftrapped condensate. As the mathematics of photoassociation
motion is also included. Overall, what we will demonstrate isis essentially a more complex form of that of second-
that the superchemistry described in Ref] is even more harmonic generation, and both quantum stati$ti&19 and
different from standard chemistry than the original authorsKerr nonlinearitieg20] have been shown to affect the dy-
supposed. To our knowledge, no chemical process whichamics of this process, it is of interest to investigate their
would depend on the pseudoprobability function of the reaceffect in the present situation. As we are interested only in
tants has been described previously. the dynamics of the mean fields rather than quantum corre-
Another question which has attracted the attention ofations, we stochastically integrate the appropriate equations
theorists has been the issue of the quantum state of a trappedthe truncated Wigner representatiph21,23, which we
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expect to give reliable results. In fact, as the numbers of
interacting particles involved become greater, we can expect
that the accuracy will increase. We will also investigate the

appropriateness of a zero-dimensional approach to this prob-
lem, which necessarily neglects the trapping potential and
the kinetic energy of the condensed particles. As there is
some experimental freedom in engineering trapping poten-
tials [23], we will also investigate the effect of profiles other

than the harmonic one generally used in theoretical analyses.

FIG. 1. Energy-level schematic of the coupled atomic and mo-
II. THEORETICAL TREATMENTS OF INTERACTING lecular fields.|1) represents the condensed atof2s, the excited
CONDENSATES molecules, and3) the condensed ground-state molecules. The Ra-
man laser coupling strengths are representeg laynd (2, with A

In principle there exist several ways to theoretically jonresenting the detuning from the excited molecular bandnd
model the dynamics of interacting condensates, but in praGgpresenting the Raman detuning.

tice we find that our options are somewhat limited. A full and
exact treatment requires a description in terms of quanturferential equations which have the appearance of coupled
fields, but as the resulting functional Heisenberg equations dbross-Pitaevskii-type equations. It must be stressed that
motion are highly nonlinear, this approach is impracticablethere are, however, two important differences. First, averages
An equivalent option, the quantum master equation, is totallynust be taken over a large number of integrations of these
impractical as the dimension of the required Hilbert space i§duations, with initial conditions chosen so as to represent
far beyond the capacities of any computer. Assuming nonvahe Wllgner functl.on for the desired q_uantum.sta.tes. Only if
nishing expectation values for the field operators in théh® Wigner function were to be a Dirag, which is com-
Heisenberg equations leads to the mean-field approach of tfetely nonphysical, would we recover the Gross-Pitaevskii
GPE[24,25, which, even though it is derived using quantum equations. It is the pI’ObabI!IStIC distribution o_f the initial
statistical considerations, cannot describe the effect of thes¥ate which allows the evolution of complex variables to rep-
on the dynamics. Worse, for systems of interacting fields, théesent(to a very good approximatigrthe evolution of non-
GPE has been shown to give misleading predictions in somgommuting field operators. Second, being an approximation
parameter regimelst,5]. An alternative approach which can to the fu]l W|gner represent_atlon, the truncated Wigner rep-
say something about the quantum features is path-integrégSentation yields symmetrically ordered operator averages
Monte Carlo[26], but this method is only really practical for [30]. Formulas for physical quantities which are expressed as
calculating ground-state properties and not dynamical evolu?ermally ordered operator averages must be corrected due to
tion. Other recent developments have been the use of st§?€ operator reordering, as done in EG3) below. With
chastic wave functiong27] to solveN-boson time-dependent these reservations in mind, we can now model the interacting
problems and a stochastic GPE, developed from the quantuﬁPa”tum fields via equations which are completely class_lcal
kinetic master equatiof28]. in appearance and hence lend themselves to a relatively
The phase-space methods so commonly used in quantufimpPle numerical treatment.
optics have also been extended in a functional form to treat
dynamical problems in condensates. These methods provide
a way of mapping the appropriate Hamiltonian and master We consider that the initial atomic condensate is trapped
equation onto stochastic equations éemumber variables. In  sych that one of the frequencies) is much smaller than
the present case, the only one of these representations whighe other two, leading to a cigar shaped condensate which
allows an exact mapping of our problem onto stochastic difmay be approximated as one dimensional. We consider here
ferential equations is the functional positierepresenta- a two laser Raman photoassociation sch@baes] where the
tion. This has previously been used to treat photoassociatiogkcited molecular field will be adiabatically eliminated. The
[4,5], but numerical integration of the resulting equations isthree different atomic and molecular fields with the laser
very time consuming and can present serious stability probcouplings and detunings are shown schematically in Fig. 1,
lems[7]. Hence we will use a truncated functional Wigner with the process being described by the functional Hamil-
representation, which is much more stable and lends itsetpnian (note that we use units such that 1)
more readily to the modeling of different initial quantum

Ill. THE SYSTEM AND EQUATIONS OF MOTION

states of the atomic condensate. A full Wigner representation. - 1 4 - ~t

of this problem would have derivatives of third order in the H:f dxga(¥)| = 5 EJFVa(X) lﬂa(X)Jrf AXfr (X)
equation of motion for the pseudoprobability function, and,

while it is possible to model these using stochastic difference 1 42 R R
equations[29], there are severe practical difficulties in- X| = am oz + Ve (X) = A | the (X) + f dxw;rn(x)
volved. However, as is commonly done with the Wigner rep- IX

resentation, we can discard the third-order derivatives, which 1 2 1

in this case leaves us with a Fokker-Planck equation with no | _ =~ v/ (x)+ 5| g (x)+ _j dx 120
diffusion matrix. This can be immediately mapped onto dif- 4m gx? 2
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+ iy Umm‘//m+2‘/’a¢muam¢a¢m]+ E dxx(x)

XLPE20X) e (X) = JA) ha ()] f dxQ(x)
X[ () Prn(X) = e (X) P (301, (1)

wherem is the atomic masa}a(x) is the atomic field anni-
hilation operator, (x) is the excited molecular-field anni-

hilation operator, andj(x) is the ground-state molecular-
field annihilation operator. The Rabi frequency of the
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molecule scattering. Note that we are considering only one
field for the excited molecules as the lasers should be de-
tuned so that their population will remain as small as pos-
sible. For this reason, and also because the strengths are not
at all known, we have ignored spontaneous breakup of the
excited molecules and any collisional interactions involving
them.

Following the usual rout¢7,31], we find a seemingly
simple form for the master equation,

2

transition between atoms and excited molecules is repre-

sented byy(x) and((x) is the Rabi frequency of the tran-

as in ourT=0 treatment there is no interaction with the

sition between excited and ground-state molecules. In prinenvironment. Although, given the problems with the size of
ciple, these could also be time dependent. The bare detuningse necessary Hilbert space, we can do nothing directly with
A and é are as shown in Fig. 1. The trapping potentials arethis equation, it can be mapped onto a generalized functional

represented by, (atoms, V,, (molecule$, andV« (ex-
cited moleculep In the standard-wave -function approxi-
mation,U ,, is the atom-atom interaction strength,,,, rep-
resents that between molecules, dngl, represents atom-

Fokker-Planck equation for the Wigner distribution. This
process gives the following equation, wherg;(]
=a,m,m*) are now the complex variables of the Wigner
representation:

IW _ | -1 & ) ( , 1 g 11 4
W—fdx s mﬁ+Va(X)+Uaa(|l/fa| ~ D+ Uam| [¢ml*~ 5 ‘/’a_% 2m 2 Val®)
) ( ) 1) ) g [—1 & A d 1 4 A
_Uaa(|¢a| _1)_Uam |’pm| _z ‘//a_% mé’ 2+Vm*(x)_ wm*_@ mp_vm*(x)"'
. J -1 5 , 1 g |1
X'//m*_m mﬁ"'vm(x)"'umm(hﬁﬂ _1)+Uam |wa| _E +0 wm_ﬁ m?_ m(X)
Ul Y2~ 1)~ U <|¢|2_1)_5 VAt~ 30|~ 2 et — e — 2| —— 2 e
m m am a 2 m ﬂlﬂa arm (71,0; at m* 2 awm* a (91#:;* a
a0 R Aranin ( & & *)
- X m m— m* m* | 4 aa a~ a
P aw*m*‘” "™ g V| 4 o !
J°® 3° 3° 3 33
Umm m— ?n Uam m a~
" (aw?naw:;w awmaw*mzw >+ (awaw;awmw +a¢aa¢ma¢:n¢ Iy I,

&3
X = —————— ) ()

- m
Ipads Iy,

3 3
+x(x)( a J

W ,;, m* » :q*-m- :1'-
3 ﬁw§5¢;*+&¢;zﬁ¢m*)) (o s 0 s W t)

As stated above, although stochastic difference equations caa calculate intensities. We note here that for a previous treat-
be found which are equivalent to this generalized Fokkerment of photoassociation using the positReepresentation
Planck equation, they are difficult to use. Hence, by neglectf4], the truncated Wigner representation gives almost identi-
ing the third-order derivatives, we make a mapping onto aal predictions for the atomic and molecular numbers.
coupled set of differential equations. Although the neglect of Using the standard oscillator units, with time measured in
these derivatives may be thought of as an uncontrolled apinits ofwgl and space in units ofi/mwg,, and considering
proximation, it is an approximation that has previously giventhe laser couplings as spatially constant across the trap, we
good results in many systems, especially when we only wisHind

013601-3



M. K. OLSEN PHYSICAL REVIEW A 69, 013601 (2004

de, P molecular field. SettindJ.,=U..+x%/2A, we see that the
i T +V,(X)+Uqa(| ¢ ?— 1) laser fields cause an effective change in the atom-atom scat-
X tering strength.

1 We can now write a pair of coupled equations which de-
+Uam( |l 2— 5 Bat iy o, scribe the system. Defining the frequency
- Uam
A 15 ix , ©=Uaat 5, ®
| dt = —Eﬁ‘l‘vm*(X)—A wm*_5¢a+lﬂ¢m1 o
X we use an atomiémoleculay frame rotating atw(2w) and
2 introduce a fixed phase shift so that the Raman couplings are
i%— _ Ea_+v () + U o | ] 2— 1) real. Finally, setting
dt - 2 o')XZ m m (ﬁm
Qx
o 1 - A
+Uam |¢a| _E +0 wm_lﬂlﬂm*- (4)
, Uam Q2

It must be stressed here that, although these equations have §'=0+Umm—2Uaa— 2 + A ©
the form of coupled equations of the Gross-Pitaevskii type,
they are not equations for the order parameter, the meawe find
fields, or for what are commonly called the macroscopic
wave functions. They are equations for the complex vari-  dy, Py ) 5 5
ables of the Wigner representation of the three coupled con- | 5~ =~ ey +Va(X) that (U ol el *+ Ul )
densates and these variables are in fact stochastic, with the
initial conditions obeying a probability distribution. There +ikh
are also differences in the self- and cross-interaction terms,
which come purely from the Wigner distribution and will be dijin 1 Py

seen below to cause a shift in the Raman detuning. i——=— 55—+ V(X) ¥t (Ul ¥l

Although we could integrate the system of three equa- dt 2
tions, this would be rather time consuming. We will therefore .
take advantage of the fact that the Rama_n lasers shoulq be F Ul t0al = 8" tho— '_ng' (10)
detuned so as to create as few as possible of the excited 2
molecules, as these have extremely short lifetimes and their ) )
spontaneous breakup would be a source of undesirablE"€ detuning from the Raman resonance is now represented
losses. We therefore adiabatically eliminate the equation fopy &', which we will assume to be zero in our treatment.
¥ 10 leave two coupled equations for the complex atomidVote that we ignore interactions with any atoms of the ther-
(4) and molecular ¢, fields. By neglecting the kinetic Mal cloud which is usually found along with the condensed
energy in the equation fop,» and assuming that these ex- portion, as we are assuming that thg condensate actually is at
cited molecules are untrapped, we find 0 K. In all our investigations we will us& ,,,=—1.5U/,,
Unm=2U.,, k=1, §'=0, and a molecular trapping poten-
tial twice that of the harmonic atomic potential.

wm*:T

1 2
SXVA= Q| )
IV. EFFECT OF THE TRAPPING POTENTIAL

which can now be substituted into the equationsy#grand ) ) S .
¥m. This process adds One of the things we wish to consider in this work is the

effect that different trapping potentials may have on the pro-

X2 ) Qx . cess of photoassociation. Experimentally, there is some free-
ﬂ| Yl Ya= 3 VYaim (6)  dom in engineering the actual potential, as shown in a recent
article by Thomast al,, which describes the fabrication of a
to the equation fowy,, and double-well trap for condensat¢23]. During the adiabatic
evolution from the original harmonic trap, a stage is passed
Qx , 0?2 where the bottom of the trap is much flatter. A trap of this
ﬂ‘/’a_f'pm (M form may well be interesting for photoassociation experi-

ments, as the conversion rates effectively depend on the local
to the equation fowy,,. What we note is that, as well as the densities through the producis, ,,, and #2. In Fig. 2 we
effective Raman coupling terms between atoms and moleompare the densitigg/,(x)|? for atomic condensates con-
ecules now depending on both fields plus the detuning fronfined in differently shaped traps. The trap with a central po-
the excited level, a nonlinear light shift has been added to theential of the formV(x)sin’x gives a flatter density distri-
atomic field and a linear light shift has been added to thebution than a harmonic trap, while a trap wi(x) «sir’x
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FIG. 2. Ground-state solutions of the Gross-Pitaevskii equation t{units of ai")
for a harmonic trap (solid line, a trap with V(x)
=0.125G 5, SiN%(7X%ne)  (dash-dotted  ling  and  Vu(x) FIG. 3. Atomic population predictions in the harmonic trap, up
=0.125¢,,SifP(mX/Xnay) (dotted ling, with Xma=12. The units of  tot=m/8. The dash-dotted line is from the GPE approach, the solid
the spatial axis are%/mwg line is for an initial coherent state, the dashed line is the slightly

sheared state, and the dotted line is the crescent state. All quantities

gives a more peaked density distribution. If the different con-plotted in this and subsequent graphs are dimensionless.

version rates at different spatial points were the only cause of ) ]

dampening in the oscillations between the atoms and mol- !n Figs. 3 and 4 we show the mean particle numbers,
ecules which we will see below, we might think that a flatterdefined as

trap could lead to more regular oscillations between the

atomic and molecular condensates. This is because a flatter N; =A% ([1;(x)|?—1/2A%), (11
central density distribution is more like a homogeneous con- k

densate. On the other hand, the more peaked distribution . , . .
might then be expected to give less regularity in the oscillalVherej =a,m, andk labels the points on the numerical grid.

tions, as there is more local-density variation across the cerfYhat we see is that when we use an initial coherent state in
the Wigner equations, we do not find the dramatic differ-

ter of the distribution. We will investigate these suppositions sz _ i )
in what follows. ences from the GPE predictions for the first atomic revival as
reported previously4,5]. The reason is simply that we are
working with different parameters, with the ratio between
and the strength of the nonlinear interactions being important
As a harmonic trapping potential is most commonly usedn this regard. This was previously demonstrated to be the
in theoretical investigations of trapped condensates, we be-
gin by considering this case. For purposes of comparison, we 9000 : : : : . : .
numerically integrate the GPE-type equations, which give
semiclassical results with the quantum statistics playing no #°%°f S . ]
part in the time evolution. We emphasize here that the GPE 4,4 ! 3 s
solutions are not really physically relevant where they dis- B L
agree with the quantum predictions, as it is impossible to 6ooof iy & \ Lo -
turn off the quantum noise. What we find is that the spatial N i v "
dependence of the trapped condensates plays an importa 20| : ¥ ‘
role in the process, with the coupling rates at different den-z4000_ 3 ;
sities being different. For the parameters used, this causes ¢ BN ~
interesting structure to emerge, with spatial sidebands form- 3000- B ]
ing in the distributions, as shown in a previous wd#. "
Over the times shown here, the kinetic energy of the conden 2000r |
sates has little effect, with an averaging of the results of ggol |
integration of spatially separate single-mode equations a
each spatial point giving virtua_lly identical predi_cti(_)ns, both % 005 01 045 02 025 03 035
spatially and for the total particle numbers. This is not the t(unitsofm;‘)
case for longer interaction times, where the atoms have time
to move around due to both the trapping potential and the FIG. 4. Molecular population predictions in the harmonic trap,
s'wave scattering processes. with lines as in Fig. 3.

A. Harmonic trap
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case in traveling wave second-harmonic generation, with _x10*
which, although it is not as rich a system as coupled conden

sates, a useful analogy can be m2ig]. What we do see is 18t _
that the oscillations predicted by Heinzenal. [3] do not A

persist after the first atomic revival, once the quantum noise 1.6r _}!-_‘\‘-‘ ]
is taken into account. This feature is not due to interactions ,-'i'., \ -

with thermal atoms, as in Gal et al. [32], as there are no ™[ H ,-" "-\_ T

thermal atoms present in our zero temperature treatment. Nc 5| N/
is it due merely to an averaging over different conversion >® ;' B i i
rates at different positions within the condensates, as this 1 o
averaging effect is also present in the GPE treatment. It is i B S AT Wi,
due to the quantum nature of the matter fields, cannot be %% YA S 5 T
represented by classical treatments, and is intrinsic to the 44l =Y Ny lf A _
process of photoassociation. Whether and to what extent th \ i N
oscillations may be more persistent for different parameter o.4r SN S ~._d
regimes, for example larger condensates or different initial .
states, is an open question. 0% 005 01 015 02 025 03 035
An initial atomic state with the same degree of amplitude t{units of ')
squeezing and shearing as calculated in RES] also does
not lead to vastly different dynamics from the initial coherent  FIG. 5. Atomic |00|DU|€=1ti0n predictions up te= 7/8 in the flatter
state, the difference between the two being almost negligiblrap, with V(x) = sir’x. The lines are as in Fig. 3.
However, a dramatic difference in the early dynamics occurs
when we consider the initiarescentstate(see Sec. 1 of the The values found vary between 1 and 1.04 at the center for
Appendix below, which is greatly sheared in phase spacethe initial states considered here in the harmonic trap, with
with a large degree of number squeezifige single-mode the initial conversion rate almost unchanged. The differences
Fano factor for this distribution is=0.2), but being well come in the first minimum of the atomic population and the
above the minimum uncertainty product in the quadraturesubsequent revival and are more readily explained by the
[single-modeV(X)~0.6V(Y)~15]. The initial conversion degree of phase uncertainty in the initial state. It can be seen
to molecules for this state is not as complete and the firshy examination of Eq(10) that whether association or dis-
revival in the atomic population is earlier and more pro-association is predominant will partially depend on the phase
nounced than that for the other initial states. Interestinglyof the productsy ¢, and ¢>. As the crescent state has a
enough, the longer time behavior is almost independent ofarger phase uncertainty than the others considered, the pho-
the initial state, with the populations reaching a quasistationtodisassociation process begins to dominate and the mean
ary state. Whether a later revival of the oscillations is presentumber of atoms begins to revive at an earlier time than for
or not is difficult to predict using our methods, as the com-the other states.
putational time required becomes prohibitive. However, we
consider it unlikely as the system of interacting atomic and
molecular condensates is probably too complicated to find
the collapses and revivals predicted in, for example, the When we investigate the effect of the three different traps
Jaynes-Cummings modg33]. considered, we do find differences in the oscillations pre-
As the initial conversion rates for all the states consideredlicted, but we do not find that these are noticeably more
here were almost identical, it seems that the differences seesersistent for any particular trap shape In Fig. 5 we show the
are not due to the spatial intensity correlation, defined usingesults for the trap witl/,(x) =0. 125<max5'n (X%, With
the field operators as Xmax=12. These are in fact not very different at all from
those for the harmonic trap and we again do not see more
0% VAN NNy g than one large revival of the atomic number. Figure 6, for
9@ (x,x)= wa(x)ﬁa(x):’b‘i(x) lﬂa(X)>. (12)  Va(x)=0.125¢3, ,,Sirf(mx/%may), also shows similar dynam-
(Pa(X) ha(x))? ics, but the initial conversion rate is a little higher, being
dependent on the density. Note that in all cases we assume
This correlation factor is predicted to be important in thethat the ground-state molecules are trapped by a potential of
initial conversion rate for both traveling wave second har-the same form and with twice the intensity of the atomic
monic generation and photoassociation of homogeneous coffap. This i s con5|stent with harmonic traps for atoms, where
densate$18,34. In the variables of the Wigner representa- V(x) = 3mw$x?, since the mass of a molecule is twice that
tion, which represent symmetrically ordered operatorof an atom. We have assumed that this relationship also holds
averages, the definition is for other trapping potentials considered here.
In Fig. 7, we compare the atomic evolution for the initial
T4 AT 2 crescent state in the three different traps, showing clearly
g@(x,x)= Y20 "~ 2l gl "+ 1/%x. (13  that, while there are differences in the time evolution, the end
(|a(x)|2—1/12A%)? results after a short interaction time are virtually the same.

B. Other trapping potentials
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FIG. 6. Atomic population predictions up te= /8 in the nar-

row trap, withV(x)« sir’x. The lines are as in Fig. 3.

FIG. 8. Mean atomic field density up to=7/8 for an initial
coherent state in the harmonic trap. The units of the spatial axis are
\ ﬁ/mwo

tions. It is due to the quantum nature of the condensate, and,

The flatter traps show a slightly more complete conversion WQuhile it does not require a fully quantum descriptiavhich

molecules after the first revival of the atomic population butth : : :
) . - . SN e truncated Wigner does not provide for this systequnan-
the difference is not striking. Unlike the GPE predictions, We{m noise must %e taken into gccount yot

always find a quasistationary state where the conversion has
almost stopped. It is not just the density integrated across th(gzf
condensate which is almost unchanging, but the atomic an
molecular numbers are also almost not changing at eac
point, as can be seen in Fig. 8. Although the result shown i

cases considered above do not give qualitatively differen

What we have not investigated in this paper are the effects
different initial atom numbers, Raman detunings, different
wave scattering strengths, and perhaps even a spatially de-
endent Raman laser coupling. As the process is highly non-
near, it is possible that the superchemistry-type oscillations

ifferent parameters, but we suspect that they may be diffi-

for an initial coherent state in the harmonic trap, the otherﬁredicted by Heinzemt al.[3] would be more persistent for

results. This effect, which we may think of as a saturation o

cult to reproduce experimentally. In any case, we are confi-

th(te contver5|ﬁn ”%‘tf' IS _?Ot dulg Sﬁlew to qllfftehrenég%nverzl_oraem that for more than short interaction times, simulations
rates at each point or it would show up ih the PrediCyhich take the quantum noise into account will be necessary

to accurately reproduce or predict the results of any
superchemistry-type photoassociation experiment. Without

1.8}
1.6f 1 PR

141 1

08F 1
0.6} \ !

0.4} A

doing this analysis, we can say little about the accuracy of
_ the GPE approach for each situation.

i V. THE ZERO-DIMENSIONAL APPROACH

7 This approach has been used, in a classical mean-field
approximation, to represent Raman photoassociation of
atomic condensatg85]. The claim has been made that to

reproduce the results for a condensate with spatial depen-
dence, all one needs to do is to take the average of integra-
i tions for different points from the spatially dependent con-

densate. If the condensate did in fact obey the mean-field
equations this approach would actually give reasonable re-
sults for short times. For processes which take place over
longer times, the kinetic energy has an effect and atoms and
molecules can move around, changing the behavior. How-

02 015 02
t(units of m81 )

FIG. 7. Atomic population predictions up te= 7/8 for the ini-

0.25

0.3

0.35

ever, after a short time, the mean-field approach can give
completely wrong predictions for the populations, even when
we begin with coherent states. This has been previously seen

tial crescent state, in the three different traps. The solid line is foin traveling wave second-harmonic generatid,20], but is

the harmonic trap, the dash-dotted line is ¥(x) > siréx, and the

dashed line is fol/(x) e sin’x.

possibly not as important in that system due to the small
nonlinearities and short interaction times of availaf@
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2500 - - - - ' - ' classical approach, which predicts regular periodic behavior
in this case, is reasonably accurate up to the second revival
of atomic population, but then begins to differ from the
guantum prediction. The quantum result shows a damping of
the oscillations, due solely to the quantum noise. This serves
to show that any averaging process using mean-field solu-
tions would eventually become an averaging over erroneous
values and could not be expected to lead to correct predic-
tions. We note also that it is very easy to find parameter
regimes where the classical and quantum predictions are
markedly different, even for early times. In this regard, the
ratio betweenk and thes-wave interactions plays an impor-
tant role, with the classical predictions becoming less accu-
rate as«k/U 4, is increased.

2000

500

VI. CONCLUSION

0 005 01 015 02 025 03 035
tunits of a") We have used a truncated Wigner representation to exam-
) ) o ) _ine the dynamics of continuous-wave Raman BEC photoas-
FIG. 9. Zero-dimensional predictions for the atomic pOpmat'on'sociation, examining the effects of different initial quantum
The solid line represents the classical mean-field prediction, and thgtates and different trapping potentials. We have also exam-
dash-dotted line is the stochastic prediction for an initial coherenf, .4 o accuracy of the zero-dimensional, quantum-optics-
state, averaged over 4.830° trajectories. In this case the other pe approach. What we have shown is th’at both the quan-
initial states do not show a noticeable difference from the coheren L .
state. tum state of the initial atomic condens_ate and the actufell form
of the confining potentials can play important roles in the
materials. With photoassociation, however, we do not havgynamlcs of the mean fields. In none of the cases consm_lered
the same limits on interaction time. The process will con-Vas the GPE approach accurate Over more than shart times.
tinue as long as the Raman lasers are switched on and ti¥¥e found that the form of the trapping potential affects the

condensate remains stable, which should be sufficient to pr(@teS of conversion, with a tighter trap and hence higher peak

duce a large number of the superchemistry-type oscillation ensities giving greater initial_ conversion rates, as e>_<pect¢d.
if the mean-field picture were correct he superchemistry-type oscillations previously predicted in

We an nvestgat he zero-dmensionl system it 1 CFC, SPPCEE re ot pertert, v sy of e com
coupled equations P '

true even at zero temperature, in which case any interaction
da with thermal atoms can play absolutely no part in the time

— =—i(Ugala|?+Uam BlD) a+ ka* B, evolution. All the quantum states considered exhibit different

dt dynamics from the GPE predictions, especially as the inter-
ds action time increases. The phase shearedcentstate, pos-

L , K sibly the most likely for BEC, gives the most marked differ-
a——l(Umm|,3|2+ Uanlal?~ 6 ):3_5“2’ (149 ences. Over the time scales we considered, the quantum
statistics are much more important than the spatial depen-

wherea and 8 now represent atomic and molecular ampli- dence of the condensate. These results suggest that, if we
tudes, respectively. The other parameters are all as in Egyish to simulate or predict the results of Raman photoasso-
(10). Note that the lack of potential and kinetic energy in thisciation experiments, an analysis which takes into account the
approach means that, apart from the deturdihgthese equa- quantum nature of the interacting condensates will be impor-
tions are mathematically equivalent to those used in Reftant. It also suggests that if superchemistry-type oscillations
[20]. One important difference from the optical case, how-are to be observed, a very careful choice of the experimental
ever, is that th&J; self- and cross-interaction terms are very parameters will need to be made.

much larger than those likely to be found in any optical
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densities used for the harmonic trap. Note here that this is

not the same as the atomic number at the center of the one- APPENDIX
dimensional grid, which ia x| ¢,|2, but is the number which
enters into the one-dimensional equations. The results for the
other initial quantum states considered above are virtually For the purposes of comparison, in all simulations we
indistinguishable from the coherent state. We find that thaised as our starting point a ground-state solution of the GPE

1. Integration of the equations
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for a one-dimensional trapped atomic condensate with 2inearity and be expected to have a more sheared Wigner
X 10* atoms and a value of the nonlinear interactitt},,  distribution. We call this choice of initial conditionaescent
=4x10 3. This solution for the initial condition is obtained state, due to the shape of the contours of the resulting Wigner
via numerical propagation of the GPE in imaginary timedistribution. The molecular field always begins as a coherent
[37], beginning with the Thomas-Fermi solution for thesevacuum, withy,(X,) = 0.5 n4(x,) +i 775(xn)]/\/ﬂ on each
parameters and the appropriate trapping potential. The intérajectory, with the random variables defined as in &d).
gration always begins with all particles in the atomic con-
densate and no molecules. The equations are averaged over _ _ o L
10 trajectories, using a standard split-operator method, with 2. Interpretation of the Wigner distribution for atomic fields
momentum propagation in Fourier space and a three-step The addition of noise terms in the initial condition of the
predictor-corrector method in position space. The accuracWigner equations, which calculate symmetrically ordered
and stability of the integration is checked by keeping track ofoperator products, and gives as an average the normally or-
the conserved quantitiy,+2N,,, and by varying the time dered expectation value plus half an atéon moleculg in
step. Over the times shown, results with a halved time stepach spatial mode, does not have a simple physical interpre-
were virtually indistinguishable and number was conservedation as with optical fields. With the Wigner representation
to within less than 0.05%. in optics, a natural interpretation is that thereie-half of a

To model the intial quantum states of the condensatesjacuum photorin each mode. This is indeed the interpreta-
each of the 512 points in the spatial grid is given an initialtion given in the classical theory of stochastic electrodynam-
value on each trajectory, chosen from the Wigner distributiorics [38], which is equivalent to the truncated Wigner repre-
for the appropriate state. A coherent state is modeled by talsentation and explains nonlinear optical processes as
ing the (rea) ground-state GPE solution for theh spatial  classical evolution under the effects of vacuum noise. It has
point and adding real and imaginary numbers drawn from deen used to explain many effects, such as quadrature
normal Gaussian distribution, givings.(x,)=¢S"(x,)  squeezing, which do not require a negativity of the Wigner
+0.5 71(xy) +i72(xn) 1/ VAX, whereAx is the spacing of function. TheP representations, on the other hand, calculate
the numerical grid. It is easily verified that the trajectory hormally ordered operator products and any nonclassical ef-
average will be|ygp(xy)|?+1/2Ax at each point, with fect is explained as being due to interaction with a nonlinear
1/2Ax needing to be subtracted at each point once the trajednedium. In the case of bosonic matter fields, the extra half
tory averaging has taken place. A minimum uncertaintyvacuum atonshould be thought of only as a mathematical
squeezed state is modeled by adding [§%x,)e" devu_:e which allows classical variables to represent sym-
+i772(Xn)e']/\/H at each point, where is the squeezing metrl_cally ordered operator moments. The difficulty of con-
parameter. A sheared state, typical of Kerr nonlinearities, agidering that these half vacuum atoms have any physical ex-
in Dunninghamet al.[15], is simulated by transforming the iStence is made clear when we try to think of an atomic

added squeezed state noise by a factofigxg(x,)], whereq analog of the Casimir effect, which, in the electromagnetic
is the shearing factor. The real noise terms have the correl&2S€; can be explained very well by stochastic electrodynam-
tions ics as being due to the absence of some half vacuum photons

between the two plates. In the atomic case, we would have to
7i(X0) =0, 7 (Xm) 7j(Xn) = S - (A1) consider that the analogous force existed due to every type of

bosonic atom(and moleculefthat was not present between
Numerical checks of single-mode distributions produced usthe equivalent of the two plates, which seems absurd. As
ing these methods show that they give the expected valuedways in quantum mechanics, what is real is that which can
for average numbers and quadrature variances. In our simise observed in some way, which in the present case are nor-
lations for squeezed states, we use values=oftlog0.5, mally ordered products of the matter fields. Obviously, these
while for the sheared state we usgeF0.005, which give normally ordered products need not have integer values, but
results similar to the Wigner function shown in Dunninghamwill always have half an atom less in each mode than the
et al. [15]. We also investigate a more extreme shearing ofiverage number predicted by the Wigner representation.
the distribution, withr=—10g0.2 andg=0.05, as we are Given this caveat as to interpretation, we can use the Wigner
treating a larger condensate than those considered in Ref®presentation equations to calculate the time evolution of
[15,16]. This will hence possess a larger effective Kerr non-the interacting atomic and molecular condensates.
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