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Chapter 1

Introduction



1.1 Overview

1.1.1 Motivating example

Proteins are macromolecules consisting of long chains of amino acids that occur in all types of
cells in living organisms. They are responsible for many different functions, among others the

transport of substances and enabling important chemical reactions.

Examples of proteins are hemoglobin, which transports oxygen in the blood stream, aquaporins
that are essentially channels that control the flow of water into and out of cells and lysozymes,
which are responsible for the splitting of chemical compounds with water, see, e.g., Branden

and Tooze (1998) for more details on proteins and their structure.

Because proteins perform these crucial tasks the study of their biological functions is important.
One approach, that we will be dealing with in this work, is the analysis of the function-dynamic
relationship. It is well known that the collective motions of the atoms of a protein are impor-
tant for its biological function, see Henzler-Wildman and Kern (2007). Among experimental
methods like nuclear magnetic resonance spectroscopy (Mittermaier and Kay, 2006) or X-ray
crystallography (Bourgeois and Royant, 2005) computational methods like molecular dynam-
ics simulations have become crucial tools for the analysis of this relationship (Berendsen and
Hayward, 2000).

We concentrate on data acquired by the latter method, i.e., we deal with the simulated dynamics
of proteins by the Gromacs software (Abraham et al., 2014). Typical functions of proteins like
the opening of channels or the changing geometry of binding sites where chemical reactions take
place happen over small time frames of femto- or picoseconds (Tuckerman et al., 1991). This

necessitates the gathering of a large number of observations n € N over very small intervals of



time, making molecular dynamics simulations particularly useful.

The atoms of the backbone, i.e., the longest chain of amino acids the protein consists of, are
often used for this analysis. If the backbone consists of p € N atoms in Cartesian coordinates
Ap1,. . Ay, € R3 observed at times ¢ = 1,...,n the protein dynamics are encoded in the
design matrix X = (Xy,...,X,)" € R that consists of X, = (A],..., A7)" € R,
t=1,...,n (Brooks and Karplus, 1983).

The biological function of a protein will usually be measured by the opening area of a binding
site or the distance between two (or several) groups of atoms or residues that are assumed to be
responsible for its performance. These measurements at time ¢ = 1,...,n will be denoted by

y; and gathered in the vector y = (y1,...,yn)".

Hence the question of the function-dynamic relationship can be recast into asking how X and
y are related. Although the dynamics and function are explicitly available the high number
of atoms and observations can be cumbersome for regression analysis. As the motions of the
atoms are highly dependent in space it is clear that we encounter a collinearity problem in X,

see Hub and de Groot (2009).

Furthermore not all atom motions might be important for the function of interest. If the protein
has a binding site the movements of atoms surrounding this site might be more important than
atoms that are farther away. One approach would be to incorporate this information into the
model building process. Here we will focus on regression methods that automatically find the

important information in a subspace of the column space of X.
This problem is well known in biophysics and several different approaches were used to identify

the important motions. Some of the most popular techniques are principal component analysis,

normal mode analysis and functional mode analysis, (Kitao and Go6, 1999; Go and Noguti,



1983; Hub and de Groot, 2009). The first two methods find motions that have a large variance
in X or that occur with a low frequency, but neglect the information present in y. Functional
mode analysis seeks to find the collective motions that are highly correlated with y. Recently,
Krivobokova et al. (2012) proposed the use of the partial least squares algorithm to uncover
the responsible collective motions. It was seen that this method is related to functional mode
analysis and partial least squares was successfully used to uncover several function-dynamic
relationships. This is the main motivation for the topic of this thesis and the analysis of the

partial least squares algorithm.

The other motivation is the fact that {X,}}, are, as motions of atoms over time, inherently
highly dependent and the need for methods that can deal with these types of data arises. It is
well known that the dynamics of proteins have long autocorrelations that decay slowly (Nadler
etal., 1987). In Alakent et al. (2004) autoregressive integrated moving average time series were
used to model and analyze them. This lead to the interest in studying how the partial least

squares algorithm performs when the data are time series with (possibly) long autocorrelations.

1.1.2 Regularized regression

Regularized regression is an important topic in modern statistics. For illustration purposes we

consider the fixed design regression problem

y=XB+e, (1.1)

with X € R"™4, 3 € R? and ¢ is an n-dimensional random vector with independent and

identically distributed components. We assume throughout this chapter that n > d, i.e., we have



more observations than variables. Assuming that the columns of X have mean zero and that y
is centred we denote the sample covariance matrix with A = n~! X" X and the cross covariance
with b = n~1 X ™y. The ordinary least squares estimator 30 s = A~'bis the minimizer (in 3) of
the squared Euclidean distance between y and X /. This estimator is unbiased and has several

other important properties, see, e.g., Rao and Toutenburg (1999), chapter 3.

On the other hand it is obvious that the variance of Bo s is high when A is ill-conditioned. This
problem is closely related to high collinearity in the columns of X and thus A will have small
eigenvalues. As was mentioned in the previous section this occurs in the modelling of protein

dynamics.

This complication can lead to unstable estimates of the coefficients of 3 and, although the data
used for model building can be estimated exactly, can lead to a poor generalization error also

known as model overfitting (Hawkins, 2004).

When the quality of an estimator B is measured via the mean squared error the well known bias-
variance decomposition can be used to analyze its behaviour. A biased estimator can improve
upon BO s 1n this sense if the variance is significantly lowered and at the same time the bias

increases only slightly.

We consider estimators of the form 3 t, = fo(A)b for a function fy : [0,00) — R that depends
on a parameter § € © C R. Usually fy is chosen such that fp(A) is better conditioned than
A~ Here fy(A) is to be understood as the functional calculus of A, i.e., applying fy to the

1.z > 0. Typically f, has the role

eigenvalues of A. Of course for o5 we have folz) = x~
of a function that regularizes x~! and the degree of regularization depends on the regularization

parameter 6.

We will first consider linear methods, that is, f, does not depend on y. Among this class of



methods are two of the most well known regression techniques, ridge regression and principal
component regression. Partial least squares is a nonlinear regression technique and will be the

focus of the next section.

Ridge regression (Hoerl and Kennard, 1970) is a biased method that is frequently used by statis-
ticians when the regressor matrix is ill conditioned. It is also known in the literature of ill-posed

problems as Tikhonov regularization (Tikhonov and Arsenin, 1977).

The regularization function is fy(z) = (x + 0)~', x > 0, for a parameter § > 0. For any 6 > 0
the matrix A + 01,, 1, being the d x d identity matrix, is invertible. Furthermore for small 0
the perturbation of the original problem might be small enough that Bém = fo(A)b is a good

estimator for S with low variance.

It can be shown that the ridge estimator is the solution to the optimization problem
min,cra || Xv — y||? + 0||v||* and thus large choices of § shrink the coefficients towards zero.
This hinders the regression estimates from blowing up like they can in the ordinary least squares

estimator.

The simple description makes the theoretical analysis of ridge regression attractive. The opti-
mality under a rotational invariant prior distribution on the coeffients 5 in Bayesian statistics
(Frank and Friedman, 1993), make ridge regression a strong regularized regression technique
when there is no prior belief on the size of the coefficients 5. A major disadvantage is the need
for the inversion of a d x d matrix that can be quite cumbersome if d is large. The choice of 6

is crucial, see Khalaf and Shukur (2005) for an overview of approaches.

Principal component regression is a technique that is based on principal component analysis
(Pearson, 1901). Let us denote the eigenvalues of A with Ay > Xy > -+ > \; > 0 and the

corresponding eigenvectors vy, . . . , v € R%. Denote with I the indicator function. For principal



component regression the function f,(z) = 27 'I(z > \,), z > 0, is used with regularization
parameter § = a € {1,...,d}, i.e., all eigenvalues that are smaller than )\, are ignored for
the inversion of A. This leads to the estimator 37CF = f,(A)b, a = 1,...,d, that avoids the

collinearity problem if a is not chosen too large.

The principal component regression estimators can also be written as Ef; CR =
W (WEAW,)"*WZTb. The matrix W, = (wy,...,w,) € R¥ is calculated as follows. In
the first step the aim is to find a vector w; € R that maximizes the empirical variance of Xv;
and has unit norm, yielding w; = v;. Subsequent principal component vectors are calculated
in the same way under the additional constraint that they are orthogonal to wy, ..., w;_1. This

gives w; = v;. See Jolliffe (2002) for details on the method.

Thus principal component regression also solves the problem of dimensionality reduction as we
restrict our estimator to the space spanned by the first a eigenvectors. These eigenvectors are
the ones that contribute most to the variance in X. For proteins this corresponds to the largest
collective motions. To compute the principal component estimator it is necessary to calculate
the first a eigenvectors of the matrix A, which, similar to the inversion in ridge regression,
can be time intensive for large matrices. The number of used eigenvalues is crucial for the
regularization properties of principal component regression and there are several ways to choose

them, e.g., cross validation or the explained variance in the model.

We will mention some other methods, that are not necessarily linear in ¥, only shortly: the least
absolute shrinkage and selection operator (Tibshirani, 1996), factor analysis (Gorsuch, 1983),
least angle regression (Efron et al., 2004) and variable subset selection (Guyon and Elisseeff,
2003), to name only a few. We refer to Hastie et al. (2009) for an overview of the mentioned as

well as other regularized regression methods.



1.1.3 Partial least squares

Partial least squares has developed into a wide array of methods that deal with finding relation-
ships between a response and a regressor. Usually latent variable models are considered where
not all the information of the regressor X is useful for the prediction of y. Instead there is a
subset of vectors in the column space of X that contains all the information. More precisely,

the considered (multivariate) models are of the form

X=NP"+X,, Y=NQ'+Y,, (1.2)

with the latent variables N € R™* connecting X and Y, the X-loadings P € R the Y-
loadings Q € R**! and X, € R™*%, Y, € R™ °. We take | < d the number of latent variables
and e € N the number of response variables. The matrices X and Y} are typically considered
as residuals that have no meaningful information on the relationship between X and Y that is
contained in N. This is enforced, e.g., by assuming that X is uncorrelated to Y and Y} is

uncorrelated to X.

In order to find these latent relationship, partial least squares regression was suggested by Wold
et al. (1984) for applications in chemometrics and is based on the work of Wold (1966). Some
other methods that take the basis concept of this algorithm and use it for the discovery of latent
relationships are partial least squares path modelling or multi-block partial least squares, see,
e.g., Vinzi et al. (2010), for an overview.

Here we will focus on the (univariate) partial least squares regression as presented in Helland

(1988) with e = 1 in model (1.2). The main idea of partial least squares is similar to the

one presented in Section 1.1.2 for principal component regression. In the first step the vector



w; € R? is calculated such that it maximizes the empirical covariance between Xw, and y
and is of unit norm. Subsequent components w;, ¢ = 2, ...,d, are calculated in the same way
with the additional restriction that they are orthogonal to wy, . . ., w;_1. Thus, whereas principal
component regression only considers the variance of X to construct the model, partial least
squares inherently takes the response into account. The algorithm can be formulated as a two

step recursion

wis1 =b— AR, Bo=0, (1.3)

B = Wi(WEAW;) "' Wb,

with W; = (wy,...,w;), i = 1,...,d. Hence the partial least squares estimator can be written
in the same way as the principal component one but with different matrices W;, ¢« = 1,...,d.
It was established in Kramer (2007) that W;" AW; is a positive definite tridiagonal matrix for
1 < [*. Here [* is what is called the number of relevant eigenvalues of A, i.e., the ones such that

Aivlb # 0, see Helland (1990).

Based on the weight vectors w; the score vectors are calculated via ¢; = Ptjl_,...,t Xw;. Here

i—1
Ptf,...,ti_l denotes the orthogonal projection onto span{t, ..., t; 1 }*. These are used to esti-

mate the latent components /V in the model (1.2), which connect X and y, see Martens and Neas

(1989).

It was shown in Phatak and de Hoog (2002) that the partial least squares estimator B\, solves the
optimization problem

B; = i — Xv|? 1.4
5 argvegg&b)lly vl|%, (1.4)

with || - || denoting the Euclidean norm and K;(A, b) = span{b, Ab, A?b, ..., A" b} being the



1th Krylov space with respect to A and b. Hence the estimator BZ can be written as BZ =qi—1(A)b
for some polynomial ¢; ; of degree ¢ — 1 with random coefficients. The regularization function
for partial least squares is given by f; = ¢;—1, ¢—1 = 0 with regularization parameter § = i €
{1,...,d}, but this function depends on y. This shows that the partial least squares estimator
is nonlinear in the response, in contrast to linear methods like ridge regression and principal
component regression. For an overview of some other properties of partial least squares we

refer to Rosipall and Kramer (2006).

The polynomials g; establish the link between partial least squares and the conjugate gradient
algorithm as derived by Hestenes and Stiefel (1952) applied to the normal equation Ax = b
for x € R? see Phatak and de Hoog (2002). In fact, if z; denotes the conjugate gradient

approximation of the solution z € R? after ¢ steps, it holds z; = B\Z if zy = 0 1s chosen.

It is well known that conjugate gradient is an efficient algorithm for the solution of normal equa-
tions and is part of the wider range of Krylov subspace methods, see Golub and van Loan (1996)
for details and it is a well suited algorithm to study ill-posed problems, see Hanke (1995). Com-
putationally this efficiency is due to the fact that only multiplications of matrices and vectors
are necessary in the conjugate gradient algorithm. From a theoretical perspective Krimer and
Braun (2007) showed that partial least squares uses more degrees of freedom of (1.2) in each
iteration than principal component regression does for the calculation of EZ and @P CR respec-

tively. In this sense partial least squares extracts more information about the regression problem

in each step.

In iterative methods like principal component regression and partial least squares regularization
is achieved by early stopping of the algorithm, i.e., we stop after ¢+ < d iterations. Here we

consider discrepancy principles as stopping rules. In applications discrepancy principles can be

10



difficult to evaluate and other techniques are used, e.g., the number of iterations are derived by
cross-validation or the used degrees of freedom of the model.

Discrepancy principles were introduced by Morozov (1984) for the parameter selection in
Tikhonov regularization. The main idea for iterative methods like partial least squares is that
the smallest ¢ < d is chosen such that HA@ —b|| < A, where {A,, },en C [0, 00) is a threshold
sequence that converges to zero, making the choice of regularization parameter more adaptive
to the data than a-priori parameter choices. Blanchard and Krdmer (2010b) use such stopping
rules to derive consistency results for a type of kernel conjugate gradient algorithm and state
explicit convergence rates.

The consistency of partial least squares was analyzed before in Naik and Tsai (2000) when the
number of latent variables of the model is known for independent and identically distributed

data without giving explicit rates.

1.1.4 Kernel partial least squares

We will now consider a nonparametric regression model of the form
yt:f*(Xt)+€t7 t:17"'7n7 (15)

with (Xy, ;)" being independent and identically distributed as (f( )Y, ff e L2 (PX ) and
€1,...,&, iIndependent and identically distributed and independent of X1, ..., X,,.

There are several approaches to estimate the regression function f* in the model (1.5). If the
dimension d of X, is small interpolation by splines is often used (under additional smoothness

assumptions on the target function f*). On higher dimensional data conditions are usually

11



imposed to negate the curse of dimensionality (Hastie and Tibshirani, 1990), e.g., f* follows an
additive model f*(x) = Zle fi(zi), x = (x1,...,24)", as was done in the extension of the
partial least squares algorithm to a spline setting in Kramer et al. (2010).

In the field of machine learning reproducing kernel Hilbert space methods that map the data
into abstract spaces in which the nonparametric regression problem is transformed into a linear

one are popular (Gyorfi et al., 2002). These are the methods we will deal with in this section.
We consider a reproducing kernel Hilbert space (H, (-, -)3;) of functions on R? with reproducing
kernel k : R x RY — R, i.e., the property g(z) = (g, k(-, z))% holds for g € H and z € R<.
By virtue of the generalized representer theorem of Scholkopf et al. (2001) it is known that the

solution of the regularized least squares problem

5%51711;{% — h(Xe)} + &[5, (1.6)
with penalization parameter £ > 0 has the form f, = > o;k(-, X;) for some a4, ..., a, € R.
t=1

We will use f,, as an approximation of f* in /. This leads to the problem of estimating @ =
(o, ..., )", For this purpose linear methods are applied that can be cast into the reproducing
kernel Hilbert space setting, like kernel ridge regression (Saunders et al., 1998) and kernel
principal component regression (Rosipal et al., 2000).

There is an extension of the partial least squares algorithm to reproducing kernel Hilbert spaces
derived by Rosipal and Trejo (2001). The kernel partial least squares estimator a;, i = 1,...,n,
can be written as the solution of the optimization problem

Q; = arg vel&?]?n,y) ly — KnUH2,

12



with K, = [k(X;, X,)]}',—, being the kernel matrix, see Krimer and Braun (2007) for the
derivation. This is comparable to the linear partial least squares algorithm (1.4) if we write

B; = X"a; and

q; =arg min |y — XX
UEK:i(XXT,y)

Thus in the linear case we have K,, = X X, or, in other words, we use the kernel k(z,y) = z"y.

Note that an explicit mapping of the data into 7 is not necessary due to the kernel trick (Hoff-
mann et al., 2008) and in the algorithm only the kernel matrix K, is needed. This is due to
an alternative representation of the partial least squares algorithm proposed in Lindgren et al.
(1993) that avoids the use of A = X" X as in (1.3) and only relies on the matrix X X", which,

as demonstrated above, fits perfectly into a kernel setting.

Blanchard and Kriamer (2010a) showed the universal consistency of the kernel partial least

squares estimator for two different stopping rules without giving explicit convergence rates.

In the study of ill-posed problems it is well known that the convergence rates of conjugate
gradient algorithms can be arbitrarily slow if no other assumptions are imposed on the target
function f*, see Hanke (1995), chapter 3. Assuming that the kernel is measurable and bounded
and that the target function coincides almost surely with an element f € 7, an a-priori condition
on f and the kernel covariance operator S : H — H,g — E{g(X)k(-, X)} is given by the
Holder source condition: there exists an u € H and r > 1/2, R > 0 such that f = Sr=1/2y
with ||ull% < R.

This condition is usually interpreted as an abstract smoothness condition for f with respect to
S, i.e., the higher r can be chosen the smoother the solution is in . See Bauer et al. (2007),

Section 2.3 for more details and Flemming (2012) for alternative conditions that are used in the

13



ill-posed problems literature.

Under a source condition convergence rates in the £2 (PX ) -norm of reproducing kernel Hilbert
space methods for independent data are of order Op{n_r/ (27”“)}, see, e.g., de Vito et al. (2005)
for kernel ridge regression and Blanchard and Kridmer (2010b) for a kernel conjugate gradient

algorithm.

It was shown in Caponnetto and de Vito (2007) that the order optimal convergence rate of
kernel ridge regression for independent and identically distributed data is Op{n”"/ (2r+)} . Here
s € (0,1] is the intrinsic (effective) dimensionality parameter measuring the complexity of
the data in H. These rates are also achieved for kernel conjugate gradient in Theorem 2.2 of
Blanchard and Krdmer (2010b). If the parameter s is unknown and only a source condition is
assumed as a-priori information on the model we get the worst case rates with respect to this

parameter with s = 1.

1.1.5 Dependent data

The previously mentioned results dealt either with the case of fixed design (1.1) or with inde-
pendent and identically distributed data (1.5). A major motivation for this work was the fact
that trajectories of atoms in proteins are highly correlated over time as has been discussed in

Section 1.1.1.

In this thesis we consider serial dependence in the data given by time series models. Our main
focus is on the description of these processes by their autocovariance function to measure the
second order dependence in the data. This is due to the fact that the autocovariance function is
a popular tool in applications to study dependence and is also investigated in the dynamics of

proteins, e.g., Nadler et al. (1987). On the other hand it is an easy to understand and to handle

14



concept in the framework of time series analysis and is closely linked to the spectral density
function that is crucial in the analysis of stationary time series (Priestley, 1981). Finally, under
the assumption of Gaussianity, it is also all the information that is needed (assuming the data

have mean zero) to study the behaviour of the whole process.

A time series {Z; },ez is stationary if for all choices hy,...,h, € Z,p € Nand h € Z the
property PZriZhp = PZni+hr-Zhp+h holds. If the dependence can be characterized completely
by the mean and autocovariance functions, as is the case for Gaussian time series, this can
be reduced to E(Z;) = E(Ziy4) and Cov(Zy, Zs) = Cov(Zisn, Zsin), t,s,h € Z, and the
covariance matrix of {Z; }}; is a symmetric Toeplitz matrix.

Examples of processes we consider are stationary autoregressive moving average time se-
ries of order (p,q), p,q € No, ie, Zy = >0 0 Zy; + Y1, Bivy—i + 1, for coefficients
ai,...,qp,P1,...,0, € R and independent and identically distributed innovations {v;}+cz.
In Brockwell and Davis (1991), Chapter 4.4, it is shown that any stationary time series with
continuous spectral density can be approximated by an autoregressive moving average process,

making these models very flexible.

For stationary time series the distinction between short and long range dependence has to be
made. A process is called short range dependent if its autocovariance function is absolutely
summable. If this is not the case we speak of long range dependence (Giraitis et al., 2012).
If the data are short range dependent, many statistical properties of the time series are similar
to the independent case, e.g., the sample mean and the sample variance are /n-consistent.
Stationary autoregressive moving average time series are examples of short range dependent
processes whose autocovariance function decays exponentially fast. See Brockwell and Davis

(1991) for more details.

15



For long range dependent processes convergence rates usually become worse than the rates in
the independent case, e.g., O(n~%?) for some ¢ € (0, 1), complicating the statistical analysis
of these types of data (Samorodnitsky, 2007). An example of a process that exhibits long range
dependence is the fractional Gaussian noise Z; = By (t) — By(t—1),t € N. Here { By (t),t >
0} is a zero mean Gaussian process in continuous time with E[{ By (t) — By (s)}?] = |t — s|*1,
t,s > 0, for some H € (0, 1]. This H is usually referred to as the Hurst coefficient, after Hurst

(1951), and is used as a measure for the degree of long range dependence.

As the motions of atoms in proteins exhibit properties of nonstationarity we also consider in-
tegrated models. Assume {Z;},c is a stationary process. Then X; = 25:1 Zi,t=1,...,n,
is an integrated process of order one. A simple example is the random walk if Z;, t € Z, are

independent and identically distributed.

In contrast to stationary time series the statistical properties can change at each point in time,
e.g., PXt #£ PX fort # s =1,...,n, and the covariance matrix of {X;}? , will in general not
have a Toeplitz structure. This makes the statistical treatment of integrated time series difficult
and there is no reason to believe that standard statistical estimators, like the sample mean or
sample variance, should converge.

If {Z;}ien is an autoregressive moving average time series of order (p,q) we call the cor-
responding integrated process autoregressive integrated moving average time series of order
(p, 1, q). These processes are often used to model nonstationarity in the data and, as mentioned

before, were also applied to model the dynamics of atoms in Alakent et al. (2004).
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1.2 Papers

Here the papers that this work consists of are summarized.

1.2.1 Partial least squares for dependent data

Published in Biometrika, Singer et al. (2016)

We consider a latent variable model of the form

X =V(NP"+mF), y=V(Nqg+nf), (1.7)

where V' € R™ " is such that V2 is a covariance matrix, as is ¥? = PPT + n?1; € R%*? and
[ < d. The constants 1y, 7, > 0 denote the noise level in the data. N is an n x [ dimensional
random matrix, F' an n X d dimensional random matrix and f an n dimensional random vector.
We assume that the noise F' and f are independent of the latent variables /N and independent of
each other. The matrix V2 is interpreted as the covariance of the observations over time. The
partial least squares estimators B\Z estimate in this model 3(1n;) = X2 Pq, where we understand

¥.~2 as the Moore-Penrose pseudoinverse if 7; = 0 and | < d.

We derive the population partial least squares estimators and the corresponding population
Krylov space of the model (1.7) and show that they are independent of the temporal covari-
ance. In Theorem 2.1 we establish concentration inequalities for the estimators A = n~ 1 X*X
and b = n~' X"y under dependence in the data. We see that the mean squared error of A and
b does not converge to zero if the ratio of Frobenius norms ||V||72]|V?|| does not go to zero.

Otherwise the estimators are consistent and converge to their population counterparts, showing
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that the population Krylov space can be estimated consistently.

With this result the consistency of the partial least squares estimator is proven in Theorem 2.2
when the algorithm is stopped according to a discrepancy principle. The convergence rate is
Op([IVIIP2IVZI) A [V 72][V2]] goes to zero.

Under the assumption that ||V || ~2||V2|| does not converge to zero we prove the inconsistency of
the first partial least squares estimator 51 in Theorem 2.3. In Theorems 2.4 and 2.5 we consider
the convergence of ||[V||72||V?||, showing that if V? is the covariance matrix of a stationary
time series with autocorrelation function that decays exponentially fast, the partial least squares
estimator is y/n-consistent. If V2 is the covariance matrix of an integrated process we show,
on the other hand, that the ratio converges to some positive constant. Hence 31 will be an

inconsistent estimator when this type of nonstationarity is present.

We suggest a simple modification of the partial least squares algorithm, called corrected partial
least squares, to deal with this shortcoming. Using an estimator V2 for V2 we consider the
partial least squares algorithm with A(V) = n"' X"V ~2X and b(V) = n~' X"V 2y instead
of A and b, respectively. In Theorem 2.6 we establish consistency of the corrected partial least
squares estimator and show that the convergence rate depends on the rate with which V2 can be
estimated by V2in operator norm.

We demonstrate the validity of these results by a simulation study that incorporates several
different dependence structures V2, e.g., independent and identically distributed, autoregressive
of order one and autoregressive integrated moving average of order (1, 1,1).

Finally we apply corrected partial least squares to a protein dynamics problem. The protein
aquaporin is a water channel and we consider as the functional value y its opening diameter. We

see that corrected partial least squares considerably improves the predictive performance over
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partial least squares and principal component regression. The first corrected partial least squares
estimator already yields a good representation of the dynamics of the protein responsible for

changes in the functional value.

1.2.2 Kernel partial least squares for stationary data

We consider the nonparametric regression problem (1.5) when { X, };c7 is a d-dimensional sta-
tionary time series. Let X be a random vector that is independent of {X,},cz and {e,}sez
and has the same distribution as X,. We derive properties of the kernel partial least squares
estimator given the training set {( Xy, y;)" }};.

In the following we will assume that the reproducing kernel is bounded and that the target
function f* fulfils a source condition with parameter » > 1/2. In Theorem 3.1 we prove that
the kernel partial least squares estimator is consistent in the £? (PX )—norm and the H-norm

when the algorithm is stopped early.

The convergence rate depends on two factors: the source parameter > 1/2 and the rate at
which the estimators of the kernel covariance operator S,g = n~'>"  g(X)k(-, X1), g €
H, and the kernel cross covariance 7'y = n~ ' >")" | y:k(-, X;) converge to their population
counterparts in probability.

In Proposition 3.1 we investigate the set of functions for which a source condition holds. We
derive upper bounds for such functions in the H-norm that depend on the parameter r. For
univariate normally distributed data and the Gaussian kernel k(x,y) = exp{—s(z—y)?*},z,y €

R, s > 0, we give an explicit expression of these functions.

The mean squared error of S,, and 77y is calculated in Theorem 3.2.
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Under the assumption that { X; },7 is a Gaussian process we establish convergence rates for S,
and T7*y in Theorem 3.3. These rates depend on the type of stationarity that we have: if { X };c7
is a short range dependent process we get y/n-consistency, but for long range dependence the

convergence slows down significantly.

Corollary 3.1 combines the previously obtained results and shows that in the considered Gaus-
sian setting the convergence rate of the kernel partial least squares estimator is sensitive to the
range of the dependence in the data. The strength of dependence between observations of the
process is measured by the polynomial decay of its autocorrelation function p. More precisely,
we consider |p(h)] < (h+1)"% h € Ny, ¢ > 0. The case ¢ > 1 corresponds to short and
q € (0,1) to long range dependence. We see that the kernel partial least squares estimator has
a convergence rate in the £? (PX>—n0rm of O, {n~"/+V} if ¢ > 1. For q € (0, 1) the rate is
only O, {n=7/Cr+1,

These theoretical results are supported by a simulation study highlighting how different de-
pendence structures influence the convergence rate. We consider independent and identically

distributed, stationary autoregressive and long range dependent data.

1.3 Conclusion

The contribution of this thesis and the papers contained within are threefold. Firstly the par-
tial least squares algorithm was analyzed with respect to its consistency and convergence rate.
Secondly the impact of serial dependence in the observations was studied, with focus on long
range dependence and nonstationarity. Thirdly a modification was proposed to deal with non-

stationarity in the data and was applied to the analysis of the function-dynamic relationship in
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proteins. In the following we will go into more detail on each of these contributions and outline

some possible further research directions.

1. Convergence rates of the (kernel) partial least squares algorithm:

The statistical properties of partial least squares are not well understood, despite an increasing
interest in the last decades. One of the main problems in the analysis of the algorithm is its
nonlinearity in the response. The fact that the algorithm is consistent was known for some time
when the data are independent and identically distributed, yet explicit convergence rates were

not available even in this setting.

In the paper Singer et al. (2016) we focused on probabilistic convergence rates and established
the /n-consistency of the partial least squares estimator if the data are either independent or
follow a stationary process with exponentially decaying autocovariance function. These rates
are obtained if the algorithm is stopped early using a discrepancy principle stopping rule. This
result makes use of the link between partial least squares and the conjugate gradient algorithm,
specifically the results obtained by Nemirovskii (1986).

We considered the model (1.7) in which the covariance matrix of the multivariate process
{ X}, is separable, i.e., Cov(Xy;, X ;) = [X%];;[V*]isfort,s =1,...,nandi,j =1,...,d.
The assumption has its origin in the analysis of spatio-temporal data (Cressie and Wikle, 2011).
This special covariance structure makes it possible to treat the temporal effects separately and
is a reason we obtain such clear convergence rates that depend on the ratio of the Frobenius
norms ||V'||72||V?||. The fact that the population Krylov space turns out to be independent of

the temporal covariance structure is thanks to this assumption as well.

An extension of our results into a nonseparable setting would be certainly interesting, but not
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straight forward.

For the kernel partial least squares estimator there is little research into its statistical proper-
ties. The universal consistency of the algorithm was proven in Blanchard and Krdamer (2010a)
without giving explicit convergence rates and the closest result to ours is the one obtained in
Blanchard and Kridmer (2010b) for a kernel conjugate gradient algorithm that is similar to kernel

partial least squares.

We derived the consistency of the kernel partial least squares estimator in both the £? (PX ) -
norm and the H-norm. Similar to the linear case this is possible because we stop the algorithm
early. The stopping rule used for kernel partial least squares is based on the work of Hanke
(1995) and is of a more complicated form than the discrepancy principles discussed before.
The derivation of this result uses the connection between kernel partial least squares, kernel
conjugate gradient and the theory of orthogonal polynomials. The employed techniques are

similar to the ones used in Hanke (1995) and Blanchard and Kriamer (2010b).

To obtain explicit rates we focus on Gaussian time series. If these time series are short range
dependent, i.e., the autocovariance function is absolutely summable, we get convergence rates in
the £? (PX ) -norm for the kernel partial least squares estimator of order O,{n~"/(?*U}_ These
rates were also achieved for kernel ridge regression when only a source condition is assumed

and the data are independent and identically distributed.

The best obtainable rates are O,{n~"/(?**)} with s € (0, 1] denoting the intrinsic dimension-
ality parameter as discussed in Section 1.1.4. We obtain the rate for s = 1, i.e., when there
is no a-priori information about this parameter. Our results could be extended to include this
information, but different types of concentration inequalities than the ones established here are

needed for this.
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2. Properties of the algorithm under long range dependence and nonstationarity:

We investigated the influence of integrated time series, which are inherently nonstationary, on
the partial least squares algorithm. We found that the mean squared error of the estimators
A and b does in fact not converge to zero in this situation and hence we might be unable to
estimate the population Krylov spaces consistently. Furthermore we saw that the first partial
least squares estimator B\l is inconsistent under this specification. This result highlights the fact

that ignoring strong dependencies in the observations leads to incorrect estimation.

An extension of these results would be the study of partial least squares score vectors ¢; under
nonstationary dependence. The scores are important for the interpretation of latent variable

models.

For the kernel partial least squares algorithm we considered stationary but long range dependent
observations. We measure the range of the dependence in the data with the degree ¢ > 0 of
the polynomial decay of the autocorrelation function of the considered Gaussian process. For
g € (0,1) we are in the situation of long range dependence and the convergence rate of the
kernel partial least squares estimator in the £2 (PX ) -norm is O, {n =/} This highlights
the fact that for stable statistical results in the long range dependent situation more observations
are needed than in the independent case. This is not an unexpected result, as many statistical
techniques lose efficiency when long range dependence is present in the data (Samorodnitsky,

2007).

It would be interesting to extend these results to nonstationary depence structures, e.g., inte-
grated processes. There are several technical problems with this approach. It is for example
not clear how the kernel covariance operator should be defined, as S;g = E{g(X:)k(-, X3)},

g € H, inherently depends on ¢ = 1, ..., n, in contrast to the stationary case. This operator is
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crucial for the definition of the source condition that we impose on the target function f*.

3. Modifications of the algorithm to deal with nonstationarity:

To counter the inconsistency of the partial least squares estimator that results from nonstationary
data the corrected partial least squares algorithm was suggested. The idea is to remove corre-
lation in the data in the model (1.7) by multiplying both X and y with the inverse of V. Here
V2 is an estimator of the temporal covariance matrix V2. We saw that the corrected partial least
squares estimator is consistent if the estimator for the temporal covariance matrix is consistent

in operator norm. The feasibility of this approach is again due to the fact that we are dealing

with data that has a separable covariance matrix.

The corrected partial least squares algorithm was applied to analyze the function-dynamic re-
lationship of the protein aquaporin. We found an improvement in the predictive power of the
algorithm, especially in the first partial least squares components, when using corrected par-
tial least squares compared to ordinary partial least squares and principal component regres-
sion. This improvement is especially important in the first estimator 31. It corresponds to the
ensemble-weighted maximally correlated mode of motion contributing most to the fluctuations
in the response y (Krivobokova et al., 2012). Hence corrected partial least squares also improves
upon functional mode analysis and helps in identifying relevant underlying dynamics.

A heuristic extension of corrected partial least squares is the corrected multivariate partial least
squares algorithm, i.e., we have several response variables. This is the case in model (1.2) for
e > 1. This method was already implemented and tested on some function-dynamic problems
where the function is not represented by a univariate time series. The predictive power of

this corrected multivariate partial least squares algorithm substantially improved upon that of
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ordinary multivariate partial least squares. It could be interesting to do some research in that
direction, as there are currently no theoretical results on this algorithm. It has to be noted though
that multivariate partial least squares does not share many properties used in the derivation of

the results presented in this thesis, making any extensions not straight forward.

At the moment there are no results on a modification of the kernel partial least squares algo-
rithm for long range dependent data. The way the dependence structure enters the algorithm

nonlinearly makes this a rather difficult problem.

An interesting feature of our convergence in probability results for both partial least squares and
kernel partial least squares is the fact that the convergence rates of the algorithms are based on
concentration inequalities for the sample covariance matrix or sample covariance operator and
the sample cross covariance. Thus it is possible to include other types of dependence structures
than the ones studied in this thesis as long as concentration inequalities can be derived for the

aforementioned estimators, making our results in Theorem 2.2 and Theorem 3.1 rather flexible.

The problem of dealing with long range dependence and nonstationarity in the data is of in-
creasing interest in the statistical community as many datasets in applications exhibit these
properties, e.g., the dynamics of proteins. The partial least squares algorithm is widely used,
especially in the chemometrics but also the biophysics community to analyze regression prob-
lems when there is high collinearity present in the regressor matrix or a latent variable model is

assumed.

This thesis made contributions to these fields, yet there are still many open questions and possi-
ble ways to extend the research presented here. Hopefully the results obtained in this thesis and

the corresponding papers will spark further interest in the study of the behaviour of partial least
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squares when the observations are neither independent nor identically distributed, but rather

time series with possible long autocorrelations.

1.4 Own Contribution

Here the contribution by M. Singer to the presented publications are summarized.

The paper “Partial least squares for dependent data” (Singer et al., 2016) is a joint work with
T. Krivobokova, A. Munk and B. de Groot. The theory, implementation and simulations were
done by M. Singer with some help of T. Krivobokova and A. Munk. The data analysis was done
by M. Singer with the aid of B. de Groot. The writing of the paper was done by M. Singer and

T. Krivobokova. His own contribution can be judged to 80%.

The paper “Kernel partial least squares for stationary data” is a joint work with T. Krivobokova
and A. Munk. This paper was largely done by M. Singer, including model, theory and simula-

tions, with input from T. Krivobokova and A. Munk.
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Partial least squares for dependent data
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We consider the partial least squares algorithm for dependent data and study the consequences
of ignoring the dependence both theoretically and numerically. Ignoring nonstationary depen-
dence structures can lead to inconsistent estimation, but a simple modification leads to consis-
tent estimation. A protein dynamics example illustrates the superior predictive power of the
method.

Key words and phrases:
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dynamics

2.1 Introduction

The partial least squares algorithm introduced by Wold (1966) is a powerful regularized regres-
sion tool. It is an iterative technique, which is, unlike most similar methods, nonlinear in the
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response variable. Consider a linear regression model

y=XB+e, 2.1)

where y € R", X € R4, 3 ¢ R? and the error term ¢ is a vector of n independent and
identically distributed random variables. To estimate the unknown coefficients 5 with partial
least squares, a base of ¢ < d weight vectors w4, . . ., w; is iteratively constructed. First, the data
are centered, i.e., ¥y and the columns of X are transformed to have mean zero. Then the first
vector w0, is obtained by maximizing the empirical covariance between Xw and y in w € R,
subject to ||w|| = 1. Afterwards, the data are projected into the space orthogonal to X w; and the
procedure is iterated. The ith partial least squares estimator B\Z for [3 is obtained by performing
a least squares regression of y on X, constrained to the subspace spanned by the columns of

W; = (wy, ..., w;). Helland (1988) summarizes the partial least squares iterations in two steps

via

Wiyn = b—AB;, Bo=0, (2.2)

B = Wi(WPAW,) ‘Wb,

with b = n"'XTy and A = n~'X7X, under the assumption that (WTAW,)~! exists. The
regularisation is achieved by early stopping, that is, by taking ¢ < d.

Alternatively, /3; can be defined using the fact that @; € ICi(A,b), where IC;(A, b) is a Krylov
space, that is, a space spanned by {Aj‘lb};:1 (Helland, 1988). Then, one can define partial
least squares estimators as 3; = arg mingex,ap(y — XB)"(y — XB). There is also a direct

correspondence between partial least squares and the conjugate gradient method with early
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stopping for the solution of A5 = b.

Frank and Friedman (1993) and Farkas and Héberger (2005) find the partial least squares al-
gorithm to be competitive with regularized regression techniques, such as principal component
regression, lasso or ridge regression, in terms of the mean squared prediction error. Also, the op-
timal number of partial least squares base components is often much lower than that of principal

components regression, as found in Almgy (1996).

Partial least squares regression has a long and successful history in various application areas, see
e.g., Hulland (1999), Lobaugh et al. (2001), Nguyen and Rocke (2002). However, the statistical
properties of this algorithm have been little studied, perhaps because of the nonlinearity of
partial least squares estimators in the response variable. Some attempts to understand properties
of partial least squares can be found in Hoskuldsson (1988), Phatak and de Hoog (2002) and
Kriamer (2007). Their almost sure convergence was established by Naik and Tsai (2000). For
kernel partial least squares, Blanchard and Kramer (2010a) obtained convergence in probability
results by early stopping. For the closely linked kernel conjugate gradient algorithm, Blanchard
and Kramer (2010b) established order-optimal convergence rates dependent on the regularity of
the target function. Delaigle and Hall (2012) compared theoretically the population and sample

properties of the partial least squares algorithm for functional data.

Regression techniques typically assume independence of responses, but this is often violated,
for example, if the data are observed over time or at dependent spatial locations. We are not
aware of any treatment of the partial least squares algorithm for dependent observations. In this
work we propose a modification of partial least squares to deal with dependent observations and
study the theoretical properties of partial least squares estimators under general dependence in

the data. In particular, we quantify the influence of ignored dependence.
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Throughout the paper we denote by || - ||z the spectral and by || - || the Frobenius norm for

matrices, || - || also denotes the Euclidean norm for vectors.

All proofs are given in Section 2.7.

2.2 Partial least squares under dependence

2.2.1 Latent variable model

In many applications the standard linear model (2.1) is too restrictive. For example, if a covari-
ate that is relevant for the response cannot be observed or measured directly, so-called latent
variable or structural equation models are considered (Skrondal and Rabe-Hesketh, 2006): it
is assumed that X and y are linked by [ < d latent vectors and the remaining vectors in the
d-dimensional column space of X do not contribute to y. This can be interpreted as if the
latent components are of interest, but only X, which contains some unknown nuisance informa-
tion, can be measured. Such models are relevant in modelling of chemical (Wold et al., 2001),

economic (Hahn et al., 2002) and social data (Goldberger, 1972).

We consider a latent variable model with the covariates X and response y connected via a matrix

of latent variables NV,

X = V(NP 4+ F),
(2.3)

y=V(Ng+mnf),
where Nand F are an n x [-dimensional and an n X d-dimensional random matrix, respectively,
and f is an n-dimensional random vector. The random elements N, F, f can have different dis-
tributions, but are independent of each other, with all entries being independent and identically
distributed with expectation zero and unit variance. The matrix P € R%*! and vector ¢ € R! are
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deterministic and unknown, along with the real-valued parameters 7;, 72 > 0. We assume that

n > d > [ and that rank(N) = rank(P) = [, rank(F') = d almost surely.

The matrix V' € R™ " is a deterministic symmetric matrix, such that V2 is a positive definite
covariance matrix. If V' # [, then X in model (2.3) can be seen as the matrix form of a d-
dimensional time series {X,;}} ; and y can be seen as a real-valued time series {y;};~,. The
covariance matrix V2 determines the dependence between observations, which might be non-
stationary. We will call V2 the temporal covariance matrix of X and define X2 = PP™ + 0?1,
Setting [ = d, 1 = 0 reduces model (2.3) to standard linear regression with dependent obser-

vations.

The latent variables /N connect X to y, whereas F' can be considered as noise, thus giving a
model where not all directions in the column space of X are important for the prediction of .
The representation (2.3) highlights practical settings where the partial least squares algorithm
is expected to outperform principal component regression and similar techniques. In particular,
if the covariance of 7, F' dominates that of N P™, then the first principal components will be
largely uncorrelated to y. In contrast, the first partial least squares basis components should by

definition be able to recover relevant latent components.

The partial least squares algorithm is run as described in Section 2.1 with matrix X and vector y
defined in (2.3). If n; = 0, then model (2.1) is correctly specified with ¢ = P" 3 and the partial
least squares estimator (2.2) estimates 3. If ; > 0, then 3(n;) = X 72Pq is rather estimated.
Note that 5(0) = .

In the standard partial least squares algorithm it is assumed that V' = I,,. In the subsequent

sections we aim to quantify the influence of V' # [,,, which is ignored in the algorithm.
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2.2.2 Population and sample partial least squares

The population partial least squares algorithm for independent observations was first introduced
by Helland (1990). Under model (2.3) we modify the definition of the population partial least

squares basis vectors as

1 n
W; = arg max — Z Cov(y: — X{ Bi-1, Xgw), Bo=0,

weRY N
fwl=1 =1

where 3; € R? are the population partial least squares regression coefficients. The average co-
variances over observations are taken, since the data are neither independent nor identically dis-
tributed if V2 # I,,. Solving this optimization problem implies that the basis vectors wy, . . . , w;
span the Krylov space K;(3?, Pq): see Section 2.7.1. In particular, under model (2.3), the
Krylov space in the population turns out to be independent of the temporal covariance V? for

alln € N.

For a given Krylov space, the population partial least squares coefficients are obtained as

t=1

I 2
;= i Ed— - X/ .
fi=arg R {n > (- X/'8) }
It is easy to see that the solution to this problem is
B = K, (KF¥?K,) " K Pg, K, = (Pg,%*Pq,..., X"V Pqg),

which is independent of V2 for all n € N.

To obtain the sample partial least squares estimators B\i, Y2 and Pq are replaced by estimators.
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In the standard partial least squares algorithm, under independence of observations, ¥.? and
Pq are estimated by unbiased estimators n~! X7 X and n~! X"y, respectively. However, if the
observations are dependent, such naive estimators can lead to £2-inconsistent estimation, as the

following theorem shows.

Theorem 2.1 Let the model (2.3) hold and the fourth moments of Ni 1, F} ; exist. Define A =

IVII72X"X, b= V|| 2X"y. Then

sy VR "l
B =) = T ( Ca+ 2 s

e il
E(||Pq b”) = ||V||4 Cb+Z||V2||2b ’

where

Ca = IIPH4+IIPTPH2+4nf||PH2+md(1+d)

_ 4 4 4 4
ca = {E(N)) 3}Z|yP|| +{E(F)) -3} nid
Cy = |Pgll*+(P| qu!2+deq|!2+mn§d+n§!|P!!2

o = {E(N,) -3} Z 121 q;
i=1

and V; denotes the t-th column of matrix V.

The scaling factors in A and b have no influence on the sample partial least squares estimators
in (2.2), so that replacing n~! with ||V|| =2 does not affect the algorithm and both A and b are
unbiased estimators for Y2 and Pgq, respectively.

IfE(NY{,) = E(F},) = 3, then constants c4 and ¢, vanish, simplifying expressions for the mean
squared error of A and b. This is satisfied, for example, for the standard normal distribution.
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Thus, these terms can be interpreted as a penalization for non-normality.

Finally, 37" [[Vi[I* < 377 (V'V,)? = ||[V2|” implies that the convergence rate of both
estimators is driven by the ratio of Frobenius norms ||V ||72||V?||. In particular, if ||V'||~2||V?||
converges to zero, then the elements of the population Krylov space ¥ and Pq can be estimated
consistently. This is the case, for example, for independent observations with V' = [,,, since
112|| = ||1,,|| = n'/2. However, if ||V||~2||V2|| fails to converge to zero, ignoring the temporal

dependence V2 may lead to inconsistent estimation.

2.3 Properties of partial least squares estimators under de-

pendence

2.3.1 Concentration inequality for partial least squares estimators

In this section we apply techniques of Blanchard and Krdamer (2010b), who derived convergence
rates of the kernel conjugate gradient algorithm, which is closely related to kernel partial least
squares. Both algorithms approximate the solution on Krylov subspaces, but employ different
norms. In particular, Blanchard and Kridmer (2010b) have shown that if the conjugate gradi-
ent algorithm is stopped early, the convergence in probability of the kernel conjugate gradient
estimator to the true regression function can be obtained for bounded kernels. Moreover, the
convergence is order-optimal, depending on the regularity of the target function. These results

hold for independent identically distributed observations.

We avoid the nonparametric setting of Blanchard and Kridmer (2010b) and study a standard

linear partial least squares algorithm with a fixed dimension d of the regression space. We allow
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the observations to be dependent, and, instead of a bounded kernel, consider unbounded random
variables with moment conditions. In this setting we derive concentration inequalities for partial
least squares estimators that allow us to quantify the influence of the temporal covariance.

We assume that 7; > 0 and hence rank(A) = d almost surely. Regularization of the partial
least squares solution is achieved by early stopping, which is characterized by the discrepancy

principle, i.e., we stop at the first index 0 < ag < a such that

| 4728, = A72)| < 7(3)Bugll + ), 4

for §, ¢ > 0 defined in Theorem 2.2, and some 7 > 1. Here a denotes the maximal dimension
of the sample Krylov space /C;(A, b) and almost surely equals d. For technical reasons we stop
at a* = ag — 1if p,,(0) > (571, where p; is a polynomial of degree i — 1 with p;(A)b = B;
and ¢ < 77!, The existence of such polynomials was proved by Phatak and de Hoog (2002). If
(2.4) never holds, a* = a is taken. With this stopping index we get the following concentration

inequality.

Theorem 2.2 Assume that model (2.3) with n; > 0 holds and that the fourth moments of N i,
Fy 1 exist. Furthermore, a* satisfies (2.4) with 7 > 1, ( < Y Forv € (0,1] let 6 =

v 2|V (|72 || V2 ||Cs and € = v~ 2| V|| 72||V2||C,, such that 6, ¢ — 0, where

Cs = (204 + 2¢4)?, C. = (20} + 2¢)"?,
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with C's, ca, Cy and ¢, given in Theorem 2.1. Then with probability at least 1 — v,

Iv2) Iv2)
B = )| < 1k a0 + (ke . @)
where

ci(v) = v e(r,0) + oISl (Ce + 1B 1B Pql|Cs)

e2(v) = v He(r, Q) + o(HIE e (CCs + 57 Pgl|CF)

for some constant (T, () that depends only on T and (.

If Ni1,Fiq, f1 ~ N (0, 1), then the expressions for Cs and C, are simplified and the scaling
factor of c;(v) and c,(v) can be improved from v~'/2 to log(2/v), which is achieved by using

an exponential inequality proved in Theorem 3.3.4 of Yurinsky (1995).

Theorem 2.2 states that the convergence rate of the optimally stopped partial least squares esti-
mator B\a* to the true parameter 3(7,) is driven by the ratio of the Frobenius norms of V2 and
V', similar to the results of Theorem 2.1. In particular, if the data are independent with V' = [,
then B\a* is square-root consistent. In this case c¢3(1) is asymptotically negligible. Note that the

theorem excludes the case that ||V||72||V?|| does not converge to zero.

2.3.2 Properties of 31 under dependence

Nonlinearity in the response variable of ; hinders its standard statistical analysis, as no closed-
form expression for the mean square error of f3; is available and concentration inequalities sim-

ilar to (2.5) are the only results on the convergence rates of partial least squares estimators, to
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the best of our knowledge. However, if the ratio of ||V?|| and ||V||? does not converge to zero,

Theorem 2.2 does not hold.

In this section we study the first partial least squares estimator B\l, for several reasons. First, the
explicit expression for its mean square error can be derived. Second, if there is only one latent
component that links X and y, i.e., [ = 1 in (2.3), then consistent estimation of /3; is crucial.
Finally, Bl is collinear to the direction of the maximal covariance between X and y given by wy,
which is important for the interpretation of the partial least squares model in applications, see
Krivobokova et al. (2012). The next theorem gives conditions under which Bl is an inconsistent

estimator of (3.

Theorem 2.3 Assume that model (2.3) holds, d > 1 and eighth moments of Ny 1, F\ 1, f1 exist.
Furthermore, suppose that the ratio ||V'||72||V?|| does not converge to zero as n — oo. Then,

for either | > 1,1, > 0orl =1, n >0, 0, is an inconsistent estimator for [3;.

The case [ = 1, 17; = 0 not treated in Theorem 2.3 corresponds to the standard linear regression
model with a single covariate, so the partial least squares estimator coincides with the ordinary
least squares estimator, see Helland (1988).

Hence, if there is only one latent component in the model, i.e., [ = 1, 7; > 0, and ||V 72||V?||
does not converge to zero, then 3(n; ), which in this case equals 3;, cannot be estimated consis-

tently with a standard partial least squares algorithm.

2.3.3 Examples of dependence structures

In all previous theorems the ratio ||[V2||||V'|| =2 plays a crucial role. In this section some special

covariance matrices /2 are studied in order to understand its behaviour. Stationary processes
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considered in this section are assumed to have expectation zero and to decay exponentially, i.e.,

for for ¢, p > 0 and v(0) > 0,

v(t)| < v(0)cexp(—pt), t € Z, (2.6)

with v : Z — R being the autocovariance function of the process.

Subsequently, f(n) ~ g(n) denotes ¢; < f(n)/g(n) < co, for n large, 0 < ¢; < ¢y and

fig: N—=R.

Theorem 2.4 Ler [V?], = ~(|t —s|) (t,s = 1,...,n) be the covariance matrix of a stationary
process, such that the autocovariance function v : 7. — R satisfies (2.6). Then ||V?|| ~ n'/?

and ||V]|* ~ n.

Hence, if V2 in model (2.3) is a covariance matrix of a stationary process, then ignoring depen-
dence of observations in the partial least squares algorithm does not affect the rate of conver-
gence of partial least squares estimators, but might affect the constants. Examples of processes
with exponentially decaying autocovariances are stationary autoregressive moving average pro-

cesses.
As examples of nonstationary processes we consider first-order integrated processes. If { X; }1cz

is stationary with autocovariance function 7y satisfying (2.6), then 2221 X, 1s an integrated

process of order one.

Theorem 2.5 Let { X, }1cz be a stationary process with autocovariance function ~y satisfying
(2.6). If y(t) < 0 for some t, we assume additionally p > log(2c+1). Let V? be the covariance

matrix of > ., X;. Then ||V||? ~ n? and ||V?|| ~ n?.
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The lower bound on p for negative ~(t) ensures that no element on the diagonal of V2 becomes

negative, so that V2 is a valid covariance matrix.

This theorem implies that the ratio ||V'||~2||V?|| does not converge to zero for certain integrated
processes. In particular, combining this result with Theorems 2.1 and 2.3 shows that the ele-
ments of the sample Krylov space A and b, as well as 51, are inconsistent, if the dependence
structure of the data can be described by an integrated process satisfying the conditions of The-

orem 2.5, e.g., an integrated autoregressive moving average process of order (1,1, 1).

2.4 Practical issues

2.4.1 Corrected partial least squares estimator

So far we considered the standard partial least squares algorithm, showing that if certain de-
pendences in the data are ignored, estimation is inconsistent. Hence, it is crucial to take into
account the dependence structure of the data in the partial least squares estimators.

Let us define b (S) = n~ ' X"S 2y and A (S) = n ' XTS2X for an invertible matrix S €
R™*", Furthermore, let k;(S) = A(S)16(S), Ki(S) = [k1(S), ..., ki(S)] € R¥ and B;(S) =
K;(S) {Ki(S)TA(S)K(S)} ' Ki(S)™b(S),i = 1,...,d.

For S = I, this yields a standard partial least squares estimator. If S = V/, the temporal
dependence matrix, then b (V) and A (V') are square-root consistent estimators of Pq and Y2,
respectively, with the mean squared error independent of V', which follows from Theorem 2.1.
Hence, the resulting B\Z(V) is also a consistent estimator of 5; and Theorem 2.2 shows that 3(7;)

can be estimated consistently by early stopping as well. This procedure is equivalent to running
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the partial least squares algorithm on V 'y and V1 X, that is, with the temporal dependence

removed from the data.

In practice the true covariance matrix V2 is typically unknown and is replaced by a consistent
estimator /2. We call the estimator @(‘7) the corrected partial least squares estimator. The next
theorem shows that, given a consistent estimator of V2, the population Krylov space and 3(n;)

can be estimated consistently.

Theorem 2.6 Let V2 be an estimator for V? that is almost surely invertible for n € N and

|vv-ev -1,

E = O,(ry,), where 1, is some sequence of positive numbers such that r,, — 0

asn — oo. Then

JA(V) = 22|z = Oplra),  ||b(V) — Pg|| = Op(ry).

Moreover, if we assume that 1, > 0, we have with probability at least 1 — v, v € (0, 1],

1Ba (V) = Bm)|| = O(r),

where the definition of a* in (2.4) is updated by replacing A, b and B; by A(‘/}), b(\7) and @(‘7),

respectively.

Theorem 2.6 states that if a consistent estimator of the covariance matrix V2 is available, then
the elements of the population Krylov space A, b, as well as the coefficient 5(7;), can be
consistently estimated by A(V), b(V) and B (V). The convergence rate of these estimators is
not faster than that of /2. For example, if the temporal dependence in the data follows some

parametric model, then parametric rates of n~/2 are also achieved for A(V), b(XA/) and f,- (IA/)
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Estimation of V2 by some nonparametric methods, e.g., with a banding or tapering approach,
leads to a slower convergence rates: see Bickel and Levina (2008) or Wu and Xiao (2012).
Similar results are well-known in the context of linear regression. For example, Theorem 5.7.1
in Fuller (1996) shows that the convergence rate of feasible generalized least squares estimators

is the same as that of the estimator for the covariance matrix of the regression error.

2.4.2 Estimation of covariance matrices

To obtain the corrected partial least squares estimator, some consistent estimator of V2 based
on a single realisation of the process is necessary. In model (2.3) the dependence structure over

the observations of X is the same as that of y and V' can be estimated from y alone.

If V2 is the autocovariance matrix of a stationary process, it can be estimated both parametri-
cally and nonparametrically. Many stationary processes can be sufficiently well approximated
by an autoregressive moving average process, see Brockwell and Davis (1991), Chapter 4.4.
Parameters of autoregressive moving average processes are estimated either by Yule—Walker or
maximum likelihood estimators, both attaining parametric rates. Another approach is to band
or taper the empirical autocovariance function of y (Bickel and Levina, 2008; Wu and Pourah-
madi, 2009; Wu and Xiao, 2012). These nonparametric estimators are very flexible, but are

computationally intensive and have slower convergence rates.

If y is an integrated processes of order one, then V2 can easily be derived from the covariance

matrix estimator of the corresponding stationary process.
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2.5 Simulations

To verify small sample performance of the partial least squares algorithm under dependence
we consider the following simulation setting. To illustrate consistency we choose three sample
sizes n € {250, 500,2000}. In the latent variable model (2.3) we set d = 20, [ = 1,5 and take
the elements of P to be independent identically distributed Bernoulli random variables with
success probability 0.5. Elements of the vector g are ¢; = 57~ ',7 = 1,..., 1, in order to control
the importance of the different latent variables for y. The random variables V; i, F; ; and f; are
taken to be standard normally distributed. The parameter 7); is chosen to get the signal to noise
ratio in y to be two and 7, is set so that the signal to noise ratio in X is 0.5. Three matrices V2
are considered: the identity matrix, the covariance matrix of an autoregressive process of the
first order with coefficient 0.9 and the covariance matrix of an autoregressive integrated moving

average process of order (1, 1, 1) with both parameters set to 0.9.

First, we ran the standard partial least squares algorithm on the data with the three aforemen-
tioned dependence structures to highlight the effect of the ignored dependence in the data. Next,
we studied the performance of our corrected partial least squares algorithm applied to nonsta-
tionary data. Thereby, the covariance matrix of the autoregressive moving average process has
been estimated parametrically, as discussed in Section 2.4.2. A nonparametric estimation of
this covariance matrix has lead to qualitative similar results.

The boxplots in Figure 2.1 show the squared distance of B\Z and (3(n;) in 500 Monte Carlo
replications. Two cases are shown in one panel: the model has just one latent component and B\l

is considered, i.e., | = ¢ = 1 and the model has five latent components and the squared distance

of Bs to B(m) is studied, i.e., | =i = 5.
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Figure 2.1: Squared distance of partial least squares estimators @ and (3(n;) in 500 Monte
Carlo samples. First three boxplots in each panel correspond to [ = ¢ = 1, the latter three to
[ =i = 5. The dependence structures are: first order autoregressive (top left), autoregressive
integrated moving average of order (1,1,1) (right) and independent, identically distributed (bot-
tom left). The standard partial least squares (top and bottom left) and corrected partial least
squares (bottom right) have been employed.
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We observe that the mean squared error of @ obtained with the standard partial least squares
converges to zero for autoregressive and independent data with the growing sample size. How-
ever, an autoregressive dependence in the data leads to a somewhat higher mean squared error,
compare the top and bottom left panels. If the data follow an autoregressive integrated moving
average process and this is ignored in the partial least squares algorithm, then the mean squared
error of B\Z converges to some positive constant, see the top right boxplots. Taking into ac-
count these nonstationary dependencies in the corrected partial least squares leads to consistent

estimation, similar to the independent data case, compare the bottom left and right panels.

We conclude that if the observations are dependent, corrected partial least squares improves
estimation: in case of stationary dependence the mean squared error is reduced and in case of

nonstationary dependence the estimation becomes consistent.

2.6 Application to Protein Dynamics

Proteins fulfil their biological function through particular movements, see Henzler-Wildman
and Kern (2007), so a key step in understanding protein functions is a detailed knowledge of
the underlying dynamics. Molecular dynamics simulations (de Groot et al., 1998) are routinely
used to study the dynamics of biomolecular systems at atomic detail on timescales of nanosec-
onds to microseconds. Although in principle allowing to directly address function-dynamics
relationships, analysis is frequently hampered by the large dimensionality of the protein con-
figuration space, rendering it non-trivial to identify collective modes of motion that are directly

related to a functional property of interest.
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Figure 2.2: Distance between the first backbone atom and the first centre of mass of aquaporine
(left) and the opening diameter over time (right).

Krivobokova et al. (2012) have shown that partial least squares helps to identify a hidden re-
lation between atom coordinates of a protein and a functional parameter of interest, yielding
robust and parsimonious solutions, superior to principal component regression. In this work we
look at a protein studied in the aforementioned paper: the water channel aquaporine as found in
the yeast Pichia pastoris. This is a gated channel, i.e., the diameter of the opening can change,
controlling the flow of water into the cell. We aim to study which collective motions of protein
atoms influence the diameter y; of the channel at time ¢, measured by the distance of two centres
of mass of the residues of the protein which characterize the opening. For the description of the
protein dynamics we use an inner model, i.e. at each point in time we calculate the Euclidean
distance d of each backbone atom of the protein and a set of certain four fixed base points. We
denote the p = 739 atoms by A;1,..., A, € R3, the fixed base points by By, ..., B, € R? and
take

Xt - {d(At,h Bl), e 7d(At,p7 Bl), d(At,la BQ), e 7d(At,pa B4)}T € R4p.
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The available timeframe has a length of 100 ns split into n = 20000 equidistant points of
observation. Krivobokova et al. (2012) found that a linear relationship between X and y can be

assumed.

Taking a closer look at the data reveals that both y; and X, ;, © = 1,...,4p, are nonstation-
ary time series, see Figure 2.2. For the calculation of V2 we used the banding approach
mentioned in Section 2.4.2 and found the results to be very similar to a simple autoregres-
sive integrated moving average process with parameters (3,1,1) and corresponding coefficients
(0.1094,0.0612,0.0367, —0.9159). Autoregressive integrated moving average models have

been employed before to study protein time series (Alakent et al., 2004).

To validate our estimators, we used the following procedure. First, the data were split into two
equal parts and the models were build on the first half. Then the prediction was done on the
test set consisting of the second half of the data and was compared to ¥, from the test set. To
measure the accuracy of the prediction we used the Pearson correlation coefficient common
in the biophysics community and the residual sum of squares, both shown in Figure 2.3. The
partial least squares estimator clearly outperforms principal components regression. The cor-
rected partial least squares algorithm, which takes temporal dependence into account, delivers
better prediction than standard partial least squares. The improvement is strongly present in the
first components. High predictive power of the first corrected partial least squares components
is particularly relevant for the interpretation of the underlying protein dynamics. Krivobokova
et al. (2012) established that the first partial least squares regression coefficient Bl corresponds
to the so-called ensemble-weighted maximally correlated mode of motion contributing most to

the fluctuation in the response y.

Altogether, due to the low dimensionality, corrected partial least squares greatly facilitates the
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Figure 2.3: Correlation (left) and residual sum of squares (right) of the predicted opening di-
ameter and the real data on the test set. Compared methods are principal component regression
(grey), corrected partial least squares (black, solid) and partial least squares (black, dashed).

interpretation of the underlying relevant dynamics, compared to partial least squares and prin-
cipal component regression, where many more components are required to obtain the same

predictive power.
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2.7 Proofs

2.7.1 Derivation of the population partial least squares components
Let K; € R denote the matrix representation of a base for &;(3%2, Pq) . Then

Y E(y - XTKie)” = [V (lgl” + n3 — 207K Pg+ o" K[ K;a) .

t=1 t=1

Taking the derivative with respect to @ € R’ and setting the resulting equation to zero gives
K!'Y?K;a = K;Pq. Since the matrix KY?K; is invertible, we get the least squares fit 3; in
Section 2.2.

Assume now that the first ¢ < a partial least squares base vectors wy, . . ., w; have been calcu-

lated and consider for A € R the Lagrange function

n

> Cov (ye = X7 B, XJw) = A([w]* = 1) = w" (Pg = £26) Y [VZ]is = AJlw]* = 1).

t,s=1 t,s=1
Maximizing with respect to w yields

n

wipr = (20) 7 (Pq = 28)) Y [V?]s o Pg— 56,

t,s=1

Since 3; € K;(X2%, Pq), we get w1 € Kiy1(2?, Pq) and w44 is orthogonal to wy, . . . , w;.
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2.7.2 Proof of Theorem 2.1

First consider

2

E (|l — Pq|*)

E {(PN" + mF")V>Nq + mo(PN" + mF")V?f} — Pq

H V]

1 3
={E PN™V2Ng — P PNTV?
{ (HHV!P ‘ q”) e f”)}

i e () e (i)} = s,

due to the independence of IV, F' and f. It is easy to see that

Nl

U
V1

Sy = %d(HCIHZJrU%)'

Furthermore, with Ay = NTV2N, we get

1

S =
v

2 2
E(QTAOPTPAOC]) ”PQH +om HVH4 (HPNTV f” ) :

Consider now E (¢" AgP"PAyq) as a quadratic form with respect to the matrix P*P. Denote

k =E (N{;) — 3. First, E (Ayq) = E(N"V2Nq) = |V|?q and

[l n !
Var(Aog) = | > qats Y v;m%E(Ns,iNu,aNt,jNv,w] —[V[I*qq"
La,b=1 t,s,u,v=1 i1
1,]=
- n l
= | aas |VI* + (@a; + 0isllal®) VP + 5 ||V%||45i,jq?] ~VI*aq
L t=1 i,j=1

= V2P (ag™ + lallPL) + Y Vil *diag (af- - - . a)

t=1
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where diag(vy, . .., v;) denotes the diagonal matrix with entries vy, ...,v; € R on its diagonal
and 0 is the Kronecker delta. In the second equation we made use of E (N, ; N, ,N; ;N,p) =
57L,a5j,b537u5t,v + 5i,b(sj,a&s,v&;u + 6i,j5a,b6t,s(5u,v + R 5t7s(ss,u5u,v5i,j5j,a5a,b, t, S, U, v = 17 <oy N,

i jab=1,....d.

Hence,
1 1
||V||4 E(¢"AgP"PAyq) = ||V||4 tr { P*P Var (Aoq)} — W E(¢"Ag) P*PE (Auq)
_|| 2H2 TPTP P TPTP H‘/tH 2 2

The remaining term in S; follows trivially, proving the result. E ||[X? — AJ|? is obtained using

similar calculations. O

2.7.3 Proof of Theorem 2.2

Lemma 2.1 Assume that for v € (0,1], 1 > 0 and some constants 0,¢ > 0 it holds that

P(JA=X%|<d)>1—v/2and P (||b — Pq|| <€) > 1 — v/2. Then the inequalities

142 =S < 278571 {1 + o(1)},

|AT2h — S Pg|| < e[S 2 + 27 6(| Pall + = 2= {1 + o(1)}

hold simultaneously with probability at least 1 — v.

Proof: We show the result by using the Fréchet-derivative for functions F : R¥*¢ — Rdxd,
Due to the fact that 77; > 0 it holds that X2 is positive definite and thus invertible. It holds
rank(A) = d almost surely since rank(F’) = d almost surely and VP and F are independent.
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We assume that we are on the set where |4 — ¥?||; < 6 and ||b — Pql|| < € hold both with

probability at least 1 — v.

It holds due to Higham (2008), Problem 7.4, that F’(32) B for an arbitrary B € R?*? is given as
the solution in Z € R™? of B = ¥©Z + 7Y, i.e., due to the symmetry and positive definiteness
of ¥ we have F'(X?)B = 271X~ B. We take the orthonormal base {E; ;,i,j = 1,...,d} for
the space (R™? || - ||) with E; ; corresponding to the matrix that has zeros everywhere except

at the position (7, j), where it is one. The Hilbert-Schmidt norm || F’(32)|ug is

d d
IF(Z2) s =47 Y IS E P =47 Y B, =471 7”
ij=1

ij=1
This yields with the Taylor expansion for Fréchet-differentiable maps
1AY2 = 2z < |F'(S)(A = 22| + of||A = 2||) < 27H|ZH|o{L + o(1)}.
For the second inequality we see first that
AT — S Pq|| < €| S|z + [[(A7V2 =271 (2.7)

The Fréchet-derivative of the map F : R¥™? — R4 A v A7Y2 is FI(S)B =

—2-1y2B%! for B € R%™? and
d
IF(S2)hs = 47" ) IS E 7P <47 =72 =)
ij=1

Here we used the submultiplicativity of the Frobenius norm with the Hadamard product of
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matrices. Thus we get via Taylor’s theorem
1ATY2 =7 < 27HIE 2B HIA - 22[16{1 + o(1)}.
Plugging this into (2.7) yields
IA™Y20 — 27 Pq|| < €S| + 2716 Pall + O IZ 2N IE 7 {L + (1)},

where we used that ||b|| < ||Pq|| + e. O

Equivalence of conjugate gradient and partial least squares: We denote A = AY2 and

b= A"12b. The partial least squares optimization problem is

. X 2
ve%l(ﬂ,b)”y vl|%,

whereas the conjugate gradient problem studied in Nemirovskii (1986) is
min _ ||b— Av||. (2.8)
veK; (A2,Ab)

It is easy to see that the Krylov space K; (A2, Ab) = K;(A,b),i =1,...,d. We have

ar min b— Av||? = arg min —Xv|%i=1,....,d.
5 min [~ Al = arg min [ly - Xo
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Thus it holds

Ei =arg min _ HB — flv”z.
vek; (A2, Ab)

Furthermore we have YX3(n;) = ¥~ Pq, i.e., the correct problem in the population is solved by

B(m1) as well. Now we will restate the main result in Nemirovskii (1986) in our context:

Theorem 2.7 Nemirovskii

Assume that we have 1, > 0 and there are 5 = 0(v,n) > 0, € = év,n) > 0 such that
for v € (0,1] it holds that P <||E — A2, <4, || Pg — A7) < €> > 1 —v. Assume
furthermore that there is a vector u € R? and constants R, > 0 such that B(n,) = XFu,
|u|| < R is satisfied.

If we stop according to the stopping rule a* as defined in (2.4) with ™ > 1 and { < 77! then we

have for any 0 € [0, 1| with probability at least 1 — v

_ 2 N 2004/
Hz"{ﬁa* _ 5(771)}H < C2(, 7, C)RAI=O/ 1+ <€+(5RL“) e

Proof: Note first that on the set where |~ — AY2||; < 4 holds we also have
max{||A?||z,||Z|lz} < L. Constrained on the set where all the conditions of the theorem
hold with probability at least 1 —  we consider Nemirovskii’s (3, A2, £~ Pq, A~'/2b) prob-
lem with errors 4 and €. Furthermore by assumption Nemirovskii’s (260, R, L, 1) conditions
hold and thus the theorem follows by a simple application of the main theorem in Nemirovskii

(1986). U

We will now apply Theorem 2.7 to our problem. Due to the fact that 7; > 0 it holds that
Y32 is positive definite and thus invertible. We note that the spectral norm is dominated by the

61



Frobenius norm. From Markov’s inequality we get
P(l4-32>0) <62E (|la-32").

Using Theorem 2.1, > ||V;[|* < ||[V?||? and setting the right hand side to v/2 for v € (0, 1]
gives § = v~ 2||V|72||V?||C;s. In the same way ¢ = v~ '/2||V||72||V?||C.. Lemma 2.1 gives

with probability at least 1 — v the concentration results required by Theorem 2.7 with

~ 12
_ el
V]

=)

Cs{1+o0(1)}

™2

B V2 3 V2 2
= (1/ 1/2HV”|2|C€+I/ 1|I’V|:’4 CeC(S) {1+0(1)}

The remaining condition of Theorem 2.7 holds by choosing ;# = 1 and R = |73 Pq||. Here

we used that 3(n;) = Y72 Pq. Thus the theorem yields for § = 1

|26 - B}

‘ < C(1,7,0) (e+SRL) ,

with L = ||| + 4. Denote ¢(r,¢) = C(1,7,¢). Finally we have |~z o] < ||Sv]| for

any v € R? and thus the theorem is proven with

ci(v) = v {e(r, Q) + oIS Iz (Ce + ISl 57*PallCy)

c2(v) = v~ He(r, Q) +o(HIE e (CCs + 57 Pgl|CF) -
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2.7.4 Proof of Theorem 2.3

The theorem is proved by contradiction. Assume that 31 — [3; in probability. Choosing
v € R%, v # 0, orthogonal to 3; implies that UT§1 converges in probability to zero. Note that
we assume d > 1. Next we show that the second moment vanishes as well.

Let M, (z) = maxies, [[;_; E(z") for a random variable » with existing mixed rth moments,

reNand I, ={i € {0,...,7} 4y +is+ -+ 14, = r}. Consider

E (IPNTVENg]") < 1P| *llgll* E(INTVEN])

8
<IPIMal Y- > TTivsl

ie{l,...,l}4 se{1,...,n}8 j=1

i )

h=1j=2h—1

n 4
< 1Pl {Z ||vtu2} Mg(Ny1) = PP Y lgl |V I1EMs(Ny ).
t=1

In the last inequality we used the fact that the V;;, ¢ = 1,...,n,4 = 1,...,[, are independent
and identically distributed and E(NN, ;) = 0. Thus E([[,_; [T725_; Ni,.s,) is zero if the random
variables NV;, ;. do not appear at least in pairs in the product. We see that then the norms
|Vs, || have to appear at least in pairs as well. Finally we can use the fact that ", [|[V;||* <

(>, [IVi]I?)*/2 for u > 2 and the definition of Mg(N ;).

Now using (a + b)? < 2(a® + b?) for a, b € R and the independence of N, F' and f we obtain

8%||v]|*
E (v"b)* < e

B (||[PNVENG|| + ot | F*VENG|* + b [| PNV i | FEVE )
<8[lol|* { Ms (N, )l PII* + Ma(Nv) Ma(Fy )i al| '

+My(Npa) My(fr) P PII* + My(Fr ) My(fr)ninpd®} < oo, n e N,
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Thus, (va)2 is uniformally integrable by the theorem of de la Vallée-Poussin and it follows that
the directional variance Var(v"b) has to vanish in the limit as well. Now, calculations similar to

Theorem 2.1 yield

Var(u'h) = ':K/W (R (lall? + 1) + 1Pl (Il + 72) + (0" Po)?)
ZWH Z P’ {E(N},) — 3}, veR™

=1

We assumed that |V'||72||V?|| does not converge to zero. It remains to check under which
conditions Var(v"b) is larger than zero. This will always be the case if v # 0 and 7, > 0,1 = 1.
For 71 = 0 and [ > 1 a vector v that lies in the range of P and is orthogonal to 3; o Pq exists,

thus contradicting Bl — (31 in probability. U

2.7.5 Proof of Theorem 2.4

It is easy to verify that [|V||? = tr(T2) = n(0) and [|[V2||* = ny2(0) + 23202 A2(t)(n — 1).

If (2.6) is fulfilled, then

w0) < V2 < o) {14 2P =R Z I <z [ 2o

It follows that ||V2|| ~ n!/2. O

2.7.6 Proof of Theorem 2.5

Let v : N — R be the autocovariance function of a stationary time series that has zero mean.

For the autocovariance matrix V2 of the corresponding integrated process of order one we get
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V2, = ijzl v(|i = 7)), t,s = 1,...,n. Lett > s. By splitting the sum into parts with
i<jandi> jweget[V?], = sy(0)+> 7 31 v(i)+ >, 3171 (i) Due to symmetry,
[VQ]tS = [VQ]M for s > t.

First, consider the case that all (), j > 0, are negative. Using (2.6) we obtain

7(0)52[\/2L’827 {s—cZZexp —pj —cZZexp pj},tZS.

7j=1 =1 7=2 =1

Evaluation of the geometric sums gives

V9,220 (sf1- 2 b e SR 1 () [+ explos — )]

exp(p) — {exp(p) — 1}

The second term on the right is always positive and the positivity of the first term is ensured by
the condition p > log(2c + 1). Hence, v(0) [1 — 2¢ {exp(p) — 1}71} s < [V?,, <7(0)s, s >

1. If y(¢), t > 1, is not purely negative, it can be bound by
7(0) [1 = 2¢{exp(p) — 1}_1} s < [VZLS < ~(0) [1 4 2c{exp(p) — 1}_1} s

We write §; and d, for the constants in the lower and upper bound, respectively, so that
Simin{s,t} < [V?],, < domin{s, ¢}, t,s = 1,...,n. This yields upper and lower bounds

on the trace of V2 and shows that ||V]|*> ~ n?. Additionally,

n t n 52
VA, =2 V1, [V, = V21 + X [V, < 2t (6nt — 4 43t + 1)

=1 =1 I=t+1

2
VY, > %lt (6nt — 4% + 3t +1) .
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This implies upper and lower bounds on the trace of V4 in the form ¢n(n + 1)(n* + n + 1) for

¢ € {62/6,05/6} and thus ||[V?|| ~ n. O

2.7.7 Proof of Theorem 2.6

First consider n_lXT‘A/_2y. Define X, = (Xy1,...,Xun)" = NP" + mF and y, =
(Yu1s - Yun)" = Ng+ nof such that X = VX, and y = Vy,. By the triangle inequal-

ity we have
|1 x 02y — Pl < [ln X7V 2y = Pl + Xt (V2= V) g

The first term on the right hand side is convergent to zero in probability due to Theorem 2.1.

The second term can be bound by
~ 2 R
o (P2 = v2) | < VR = L X e

Since both X, 1,..., X, , and ¥, 1, ..., Y. are independent and identically distributed, it fol-

lows that n~"|y,[|? is a strongly consistent estimator for E(y;. | ), as well as that n~"|| X7}[|* is

a strongly consistent estimator of E(|| X,,1||?). Convergence in probability of H vV — 1,
c

~

to zero implies the convergence of b(V') to Pq in probability by Slutsky’s lemma.

To obtain the convergence rate ||n~* XV ~2y—Pq|| = O,(r,), use Theorem 2.1 and ||V V2V —
Lz = O,(r,). The convergence of [|[n " X"V ~2X — X2| is proven in a similar way.

To show the consistency and the rate of the corrected partial least squares estimator, we follow

the same lines as in the proof of Theorem 2.2. First, § = r,c4(v) and € = r,¢,(v) for v € (0, 1]
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with constants c4(v), ¢,(v) are taken, such that the inequalities
AWV =Sz < rmeaw),  [AWV)™20(V) = 57 Py|| < raca(v)

hold simultaneously with probability at least 1 — v. As the product of three matrices that have

almost surely full rank d due to 77; > 0 it holds that A(XA/) is almost surely invertible. Moreover,
R = |27 Pq||, p = 1 fulfils the remaining condition in Theorem 2.7. Thus, with probability at

least 1 — v we get by setting § = 1

|

~

Bar (V) = B(m)

<7 C(L 7, O{1+o(WHIS e [eo(v) + ca@) IS Pall {2l e + raca()}]

where the constants (, 7 are taken from the definition of a*. 0
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Kernel partial least squares for stationary data

Marco Singer®, Tatyana Krivobokova®, Axel Munk®®
“Institute for Mathematical Stochastics, Gottingen, Germany

®Max Planck Institute for Biophysical Chemistry, Gottingen, Germany

We consider the kernel partial least squares algorithm for the solution of nonparametric regres-
sion problems when the data exhibit dependence in their observations in the form of stationary
time series. Probabilistic convergence rates of the kernel partial least squares estimator to the
true regression function are established under a source condition. The impact of long range

dependence in the data is studied both theoretically and in simulations.
Key words and phrases:

Kernel partial least squares, Long range dependence, Nonparametric regression, Source condi-

tion, Stationary process

3.1 Introduction

We study the statistical regularization properties of the kernel partial least squares algorithm for

the solution of nonparametric regression problems

v = [(Xy) te, tEZ. (3.1)
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For fixed d € N we consider the d-dimensional stationary time series { X };cz on a probability
space (€2, A, P) and {&;}c7 is an independent and identically distributed sequence of real val-
ued random variables with expectation zero and variance o > ( that is independent of { X }4¢7.
Furthermore let X be a random vector that is independent of { X, };c7 and {&; };cz with the same

distribution as X,.

The aim is to estimate the regression function f* € L2 (PX ) based on a training sample
{(Xe,p)" Heyon €N

The focus of this work is on the kernel based learning approach. Due to the representer theorem
of Wahba (1999) and its generalization in Scholkopf et al. (2001), reproducing kernel Hilbert
space methods have gained popularity in recent years, especially in the machine learning com-
munity, and many regularized regression techniques like ridge regression, principal component
regression and partial least squares have been adapted to this nonparametric setting (Saunders

et al., 1998; Rosipal et al., 2000; Rosipal and Trejo, 2001).

In reproducing kernel Hilbert space methods the data { X;}}_; are mapped into a Hilbert space
H of functions on R¢ with reproducing kernel k : R? x R? — R such that the nonparametric
regression problem (3.1) becomes linear in a function space. The main advantage of these
methods is the kernel trick, i.e., this mapping can be done implicitly via the kernel matrix
K, = n k(X, X s)]# s=1- Linear methods are then applied to the problem in the reproducing

kernel Hilbert space.

Partial least squares was derived for the solution of linear regression problems with collinear-
ities in the regressor matrix by Wold et al. (1984). The algorithm works similar to principal
component regression with the main difference being that in each step the covariance between
response and regressor is maximized instead of the variance of the regressor, see Helland (1988)
for a detailed description. Similar to principal component regression partial least squares is an
iterative regularized regression technique and regularisation is achieved by stopping the algo-

rithm early. Itis also closely related to the conjugate gradient algorithm, see Phatak and de Hoog
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(2002).

In several studies it has been seen that partial least squares is competitive with other regression
methods like ridge regression and principal component regression and it needs generally fewer
iterations than the latter to achieve good parameter estimation and prediction, see, e.g., Frank
and Friedman (1993) and Krdmer and Braun (2007). For an overview of further properties of

partial least squares we refer to Rosipall and Kramer (2006).

The method was adapted to the kernel setting in Rosipal and Trejo (2001) by using the reformu-
lation of the algorithm presented in Lindgren et al. (1993). The relationship to kernel conjugate
gradient methods was highlighted in Blanchard and Krdmer (2010a). It can be seen in Hanke
(1995) that conjugate gradient methods are well suited for handling ill-posed problems, as they

arise for example in kernel learning (De Vito et al., 2006).

Rosipal (2003) investigated the performance of kernel partial least squares for nonlinear dis-
criminant analysis. Blanchard and Krimer (2010a) proved the consistency of kernel partial

least squares when the algorithm is stopped early without giving convergence rates.

For a variant of kernel conjugate gradient explicit probabilistic convergence rates were proven
in Blanchard and Kridmer (2010b). The question what convergence rates kernel partial least
squares achieves remained open.

To the best of our knowledge there was no previous research on the performance of the al-
gorithm when instead of independent and identically distributed observations stationary time
series are considered. We investigate this case and see that under short range dependence the
convergence rates of kernel partial least squares are the same as in the independent case, whereas

long range dependence leads to slower rates.

All the proofs are given in the Sections 3.6 and 3.7.
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3.2 Kernel partial least squares

We consider the nonparametric regression model (3.1) with the stationary time series { X }ez
and assume that we have a training sample {(X;, y;)"}}_, forn € N.
Define with (H, (-, -)#) the reproducing kernel Hilbert space of functions on R¢ with reproduc-

ing kernel k : R x R? — R, i.e., the property
g9(x) = (g, k(-,2))n, = €R% g EH, (3.2)

holds.

The corresponding norm in A will be denoted by || - || We refer to Berlinet and Thomas-
Agnan (2004) for examples of Hilbert spaces and their reproducing kernels and specifically to
Steinwart et al. (2005) for a derivation of the reproducing kernel Hilbert space belonging to the
Gaussian kernel k(z,y) = exp{—s(z —y)"(z —y)}, 7,y € R%, s > 0.

To find an approximation of f* in H given the training sample {(X, y;)" }}_, we consider the

regularized least squares problem

zréi{[l n! ;{yt - h<Xt)}2 + f”hHg{

with penalty term £ > 0. By virtue of the generalized representer theorem of Scholkopf et al.
(2001) the solution of this optimization problem is f, = > ", auk(-, X;) for some o, ... o, €
R.

There are a variety of different approaches to estimate the coefficients «, ..., «,, including
kernel ridge regression, kernel principal component regression or kernel partial least squares.
Kernel partial least squares was derived by Rosipal and Trejo (2001). Essentially the data
X, are mapped into ‘H via ¢, = k(-, X;). This mapping can be done implicitly by using the

kernel trick (¢, ¢s)3 = k(X;, Xs) and thus only the n x n dimensional kernel matrix K, =
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n~'k(Xy, X))} ,—; is needed in the algorithm.
It was shown by Kridmer and Braun (2007) that the kernel partial least squares algorithm solves

the optimization problem

a;=arg min |ly— Ko|? i=1,...,n, (3.3)

vElCi(Kmy)
with y = (y1,...,yn)". Here K;(K,,y) = span{y, Ky, K?y,...,Ki"ly}, i = 1,...,n, is
the ith Krylov space with respect to K, and y and || - || denotes the Euclidean norm rescaled by

n-L.

The following assumptions on A and k are crucial for our further analysis:

(K1) H is separable,

(K2) There exists a s > 0 such that |k(x,y)| < & for all z,y € R? and k is measurable.

Under condition (K1) the Hilbert-Schmidt norm || - ||gs for operators mapping from # to H is
well defined. If condition (K2) holds all functions in { are bounded, see Berlinet and Thomas-
Agnan (2004), chapter 2. Thus we have H C £? (PX ) as every bounded function is integrable
with respect to a probability measure. The condition is satisfied for a variety of popular kernels,

e.g., Gaussian or triangular.

The change of space operator T' : H — L? (PX ) ,g — g is well defined if (K2) holds and
the kernel integral operator is given by T* : £* (PX) — H,g — E{k(-, X)g(X)}. It is easy
to see that 7', T* are adjoint, i.e., for u € H and v € £* (PX) it holds (T*v, u)y = (v, Tu)s
with (-, -)5 being the inner product in £ (PX ) This property is useful as we will measure the
estimation error of f, in the £ (P*)-norm || - ||».

The sample analogues of 7,7 are T, : H — R", g — {g(Xy),...,9(X,)}" and T} :
R™ = H, (v1,...,0,)" = 01> vk(-, X;), respectively. In the rescaled Euclidean product

1

(u,v) = n" v, u,v € RY, both of these operators are adjoint as well.
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Finally we define the sample kernel covariance operator 5,, = 1,°T}, : H — H and the popula-
tion kernel covariance operator S = 177" : H — H. Note that it holds K,, = T,,7;". Under (K1)
and (K2) S is a self-adjoint compact operator with operator norm ||S||; < &, see Caponnetto
and de Vito (2007).

In the literature of ill-posed problems it is well known that without further conditions on the tar-
get function f* the convergence rate of the conjugate gradient algorithm can be arbitrarily slow,
see (Hanke, 1995), chapter 3.2. One common a-priori assumption on the regression function f*

1s the source condition:
(S) There existr > 1/2, R > 0 and u € £? (PX) such that f* = (T7T*)"u and ||ul|s < R.

It is well known that in the case r > 1/2 the target function f* € L2 (PX ) coincides almost
surely with a function f € H and we can write f* = T'f, see Cucker and Smale (2002). Hence
we can define M = sup,cpa | f(2)].

For r > 1/2 the source condition can be restated for the function f € H as what is also known

as the Holder source condition with p = r — 1/2
(SH) There exist ;1 > 0, R > 0 and v € ‘H such that f = S*u and ||u||3; < R.

The condition (SH) measures the smoothness of the solution f with respect to S in H, see Bauer

et al. (2007) for more details.

3.3 Consistency of kernel partial least squares

The kernel conjugate gradient algorithm as described by Blanchard and Kridmer (2010b) is
consistent when stopped early and explicit convergence rates can be obtained when a source
condition (S) holds. Here we will proof the same property for kernel partial least squares. Early
stopping in this context means that we stop the algorithm at some a < n that depends on n and

consider the estimator f5, .
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For z € R" we define ||z||% = n~'2"K,z. The difference between the two methods is
the norm to be optimized. The kernel conjugate gradient algorithm of Blanchard and Kriamer
(2010b) estimates the coefficients o € R™ of f,, via &Y = arg minyer, (k) |y — Knv||%, as
opposed to kernel partial least squares &; = arg minyer, (k.4 |y — Kov||*, ¢ = 1,...,n, see
(3.3).

It is easy to see that the optimization problems can be rewritten for the function f, as
MiNger, (s, ) || Ty — Sngll3, and mingeg,(s, 74 ||y — Tng||?, respectively. Thus kernel con-
jugate gradient obtains the least squares solution g in the H-norm for the normal equation
Ty = S, g and kernel partial least squares finds a function that minimizes the residual sum of
squares ||y — {g(X1), ..., 9(X,)}"||*. In both methods the solutions are restricted to functions
g € Ki(Sn, Try).

An advantage of the formulation for the kernel conjugate gradient estimator is that concentration
inequalities can be established for both 7,y and .S,, and applied directly as the optimization
function contains both quantities. The stopping index for the regularization can be chosen by
a discrepancy principle as a* = min{l < i < n: [|S, fzee — Tyl < Ay} with A, being a
threshold sequence that goes to zero as n increases.

For the kernel partial least squares optimization problem, on the other hand, the function to be
optimized contains only y and 7,,g = {g(X1),...,9(X,)}" for which statistical properties are
not readily available. Thus we need to find a way to apply the concentration inequalities for 7>y
and 5, to this slightly different problem. This leads to complications in the proof of consistency
and a rather different and more technical stopping rule for choosing the optimal regularization
parameter a* is used, as can be seen in Theorem 3.1. This stopping rule has its origin in Hanke

(1995).

The next theorem states the convergence properties of the kernel partial least squares algorithm

when a source condition holds.
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Theorem 3.1 Assume that conditions (K1), (K2), (S) hold with r > 3/2 and there are constants

Cs,Ce > 0 and a sequence {7, }nen C [0,00), v, — 0, such that we have for v € (0, 1]
P(ISh = Sle < Comm) 21=v/2, P(IT5y = Sfln < Com) 21 —v/2.
Define the stopping index a* by
a* = min {1 <a<n: i 150 fa, — Taylls > (C”yn)Q} : (3.4)
i=0

with C = C, + R{1 + Cs(r + 1/2)x"~1/2},

Then it holds with probability at least 1 — v that

1fa, = f*llo = O {727/,

| fa,. — flla = O {42~/

It can be shown that the stopping rule (3.4) always determines a finite index, i.e., the set the
minimum is taken over is not empty, see Hanke (1995), chapter 4.3.

The convergence rate of the kernel partial least squares estimator depends crucially on the se-
quence 1, and the source parameter r. If 7, = O(n~'/2), this yields the same convergence rate
as Theorem 2.1 of Blanchard and Kramer (2010b) for kernel conjugate gradient or de Vito et al.
(2005) for kernel ridge regression with independent and identically distributed data.

The optimal stopping index a* is of a theoretical nature. The constants Cs and C. require decent
knowledge about the estimators S,, and 7y and the stopping index also depends on the source
parameter r, which is unlikely to be available in every application.

Recall again that the target function fulfils f* = T f almost surely for an f € H under (S) and

that o = r + 1/2. As the source condition is crucial for Theorem 3.1 the following proposition
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will derive a more explicit representation for f € H if (SH) holds:
Proposition 3.1 Assume that (K1),(K2) and (SH) hold. Then we have for 1 € N

(i) || flln < Re™.
If additionally d = 1 and X, ~ N(0,0%),0% > 0, holds and the Gaussian kernel k(x,y) =
exp{—s(x —y)?} forx,y € R, s > 0, is used we have for u € N
i N -1/2
@ 115 < m{ S autooty |
for coefficients {5; , }i_, C (0,00) and Sy, = 1,

(iii) f can be expressed via f(x) = > ;° c¢;L,(x, z;) for certain {z}7°,,{c;}32, C R such

that 375, cicjk(zi, z;) < R*. Here we have for v,z € R

L) = (o™ der(g,)) e | 172 { SN2 |

with A € RWHDXWHD) peineg g tridiagonal matrix with elements

02425, |i—jl=0,0,j<p+l
S , t=7=pn+1

—S ) |Z_j|:1

0 , else

fori,j=1,...,u+1and Ay, is the |1 X p-dimensional submatrix of A including the fist

W columns and rows.

Given an u € H with ||u|l% < R and so? > 1 the higher ;1 € N is chosen the smaller the norm
|| f Iz, becomes, which can be interpreted as a higher degree of smoothness of the solution in .
The first part can be applied for < 1 and shows the same property, whereas for x > 1 this

inequality becomes too coarse.
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The explicit representation of the solution f under a source condition will be useful for simula-
tions as the convergence rate in Theorem 3.1 explicitly depends on r = p + 1/2. It shows that
any function satisfying the source condition is a linear combination of very specific exponential

functions L, (y;,-), i € N.

3.4 Concentration inequalities

Crucial assumptions of Theorem 3.1 are the concentration inequalities for .S,, and 77y and

convergence of the sequence {7, }nen-

In this section we will derive concentration inequalities by an application of Markov’s inequality

and the mean squared error of both estimators is of interest.

Theorem 3.2 Under Assumptions (K1) and (K2) it holds that

M

2 3
E|S, — Slis =

n?

0= h) [ ) (0P ) — AP()aP )}

R2d

T
L

+n {EF*(Xo, Xo) — [[SIls | -

M

E||Try — Sfll3 = nﬁ (n—h) / k(z,y) f(x) f(y) {dP*»*0(z, y) — dP¥ (z)dP¥(y) }

R2d

T
I

n~t [E{k(Xo, Xo) f*(Xo)} — IS f1I3, + 0° Ek(Xo, Xo)] -

It is obvious that the convergence rate is controlled by the sums appearing on the right hand
side of both equations in Theorem 3.2. If these sums are of O(n) then the mean squared error
of both S,, and T*y will converge to zero with a rate of n~!. On the other hand if the sums are
of order O(n?~?) for some g € (0, 1), the mean squared errors will converge with the reduced

rate n~ 9.

In the next theorem we will derive explicit convergence rates for these sums in a Gaussian
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setting, i.e.,

(D1) (Xn, Xo)™ ~ Nog(0,5), h =1,...,n— 1, with

To Th

Th T0

Here ¥ € R™? and [T1i—j|li =1 € R™ ™ are positive definite, symmetric matrices and ®

denotes the Kronecker product between matrices. Furthermore Xy ~ Ny (0, 75X).

(D2) For the autocorrelation function p;, = 7, ' 7, there exists a ¢ > 0 such that |p;,| < (h-+1)79

forh=0,...,n—1.

Condition (D1) is a separability condition for the covariance matrices >, h = 0,...,n — 1.
Under condition (D2) it is easy to see that from ¢ > 1 follows the absolute summability of the
autocorrelation function p and thus { X, },c7 is a short memory process.

On the other hand ¢ € (0, 1] yields long memory, see, e.g., Definition 3.1.2 in Giraitis et al.
(2012). Examples of long memory processes are the fractional Gaussian noise with an autocor-
relation function that behaves like (h + 1)2(=H) with H € (0, 1] being the Hurst coefficient.
See chapter 2 of Samorodnitsky (2007) for details.

The next theorem gives concentration inequalities for both estimators .S, and 7'y with conver-

gence rates depending on the parameter g > 0.

Theorem 3.3 Under the assumptions (K1),(K2),(D1) and (D2) it holds for v € (0,1] with

probability at least 1 — v

2,71/2 2 2
2 K-d —q\—1/4(d—2 -1k 15 ls
15n — Slltis Swn(q)l/{(?ﬂ)ddet(E)}l/Q(l_4 @)-1/Ad-2) | —
. 2 xMd'/? Cv—1ja(d—2)  —1K[M + o’ = 1S £1l5
_ < _ 44 '
HTny Sf”?—t — gon(q) y{(2ﬂ)ddet(2)}1/2(1 4 ) +n v
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The function v, (q), q¢ > 0, is defined as

n~¢(q) , g>1

enlq) = n~tlog(n){5 — log(4)} , gqg=1

n {2l =)' =29+ 2-9)7'2°7] , ¢€(0,1),

\

with ( being the Riemann-zeta function.

The theorem shows that for ¢ > 1 both estimators are /n consistent. For ¢ € (0,1] the
convergence rates slow down significantly as the long range dependence affects the estimation

procedure.

Together with Theorem 3.1 Theorem 3.3 implies

Corollary 3.1 Assume that the conditions of Theorem 3.1 hold. Assume also (DI1) and (D2).

Then we have with probability at least 1 — v

O{n—r/(2r+1)}’ q> 1’
[ fap — f*ll2 =
O{n=r/Crih} g € (0,1).

3.5 Simulations

Wesetd = 1and ¥ = 0% = 4.

For the matrix V? = [7),_ illij=1 € R™" we choose three different structures. The first setting is
7, = I(h = 0), corresponding to independent data, the second 75, = 0.9~" for an autoregressive
process of order one and the third is the long range dependent case with 7, = (1 + h)~'/4,
h=0,...,n—1andn = 200,400, ..., 1000.

We use the Gaussian kernel k(z1,72) = exp{—s(z; — 22)*}, 21,70 € R for s = 2. The

regression function is chosen as f(x) = 4.37 "' {3Ly(x, —4) — 2L4(x,3) + 1.5L4(2,9)}, = € R.
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Figure 3.1: The function f evaluated on [—7.5,7.5] (black) and one realisation of the noisy
datay = f(z) + € (grey).

The normalization constant is chosen such that f takes values in [—0.35, 0.65]. The function L,
is the exponential function L4 given in Proposition 3.1 normalized to take values in [0, 1] and

hence the source condition (SH) is fulfilled with p = 4.
The function can be seen in Figure 3.1.

In a Monte Carlo simulation with [ = 1000 repetitions the time series {Xt(j )}?:1 are generated
via XU = VN with NU) ~ A, (0,0%1,), 7 = 1,...,l. We denote with I,, the n x n-
dimensional identity matrix. All Monte-Carlo samples are independent of each other.

The residuals 59 ), e ) are generated as independent standard normally distributed random
variables and independent of {Xt(j )}?:1 . The response is defined as yﬁj ) = f(Xt(j )) + nsgj ),
t=1,...,n,7=1,...,l withn =1/16.

The kernel partial least squares and kernel conjugate gradient algorithms are run for each sam-
ple { (Xt(j ), yéj ))T}?:l, j = 1,...,1, as described in Rosipal and Trejo (2001) and Blanchard
and Kridmer (2010b), respectively, with a maximum of 40 iteration steps. We denote the esti-

mated coefficients with &Ej mo @%’m), j =1,...,1, withm = CG meaning that the kernel
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Figure 3.2: Boxplots of the £? (P*)-errors {em }2P of kernel partial least squares (top)
and kernel conjugate gradient (bottom) for different autocovariance functions 7 and n =
200,400, ...,1000. On the leftis 7, = I(h = 0), in the middle 7, = 0.97" and on the
right 7, = (h + 1)~ /4,

conjugate gradient algorithm was employed and m = PL.S that kernel partial least squares was

used to estimate oy, . . ., .

The squared error in the £2 (P*)-norm is calculated via

i = [ {figm @ — 1@ o (—5ge? ) d
€n,r \/W al m) T exXp 252 x Z,

forj=1,...,1,n=200,400,...,1000 and m € {CG, PLS}.

The results of the Monte-Carlo simulations can be seen in the boxplots of Figure 3.2. For
kernel partial least squares it can be seen that the independent case on the left and the case of
autoregressive dependence have roughly the same convergence rates, although the latter case

has a generally higher error. On the other hand in the case of long range dependence we see
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Figure 3.3: Mean of the £* (P)-errors {em 120 of kernel partial least squares (left) and
kernel conjugate gradient (right) for n = 200,400, . .., 1000 multiplied by n?"/r+1) for r =

4.5. The solid black line is for 7, = I(h = 0), the grey line for 7, = 0.9" and the dashed black
line for 7, = (h + 1)~1/4,

that the convergence is slower and the interquartile range is larger at the same time, supporting

the theoretical results of Corollary 3.1.

On the other hand the £? (PX )—error of kernel conjugate gradient is generally a bit higher
in this simulation study than that of kernel partial least squares for all settings. Nonetheless,
qualitatively both of them are very similar.

Figure 3.3 shows the mean of the estimated £? (P*) errors {egm 132 for different n, 7 and
m € {CG, PLS}. The errors were multiplied by n%/2r+Y for r = ;i + 0.5 = 4.5 to illustrate
the convergence rates. According to Corollary 3.1 we expect the rates for the independent and
autoregressive cases to be n~2"/(2"+1) which is verified by the fact that the solid black and grey
lines are roughly constant. For the long range dependent case we expect worse convergence

rates which are also illustrated by the divergence of the dashed black line.
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3.6 Proof of Theorem 3.1

The proof of Theorem 3.1 makes use of the connection between the partial least squares and the
conjugate gradient algorithm. This section is structured as follows: First we will introduce the
link between kernel partial least squares and kernel conjugate gradient. We will state some key
facts about orthogonal polynomials and their relationship to the algorithm in Lemma 3.1. Then
the consistency of kernel partial least squares is shown with the help of three error bounds that

are obtained in Lemmas 3.3 — 3.5.
With a slight abuse of notation we define f; = f5, fori = 1,...,n. We consider the kernel par-
tial least squares algorithm as an optimization problem &; = arg min,cic,(x, 4) ||[y—EKnv||*, @ =

1,...,n,and thus f; = T)a;. It is easy to see that K,, = 7,7 and thus

= i ~Tgl?, i=1,...,n. 35
f argger(nslnr}T;ley gll*, i n (3.5)

This is the conjugate gradient algorithm CGNE discussed in chapter 2.2 of Hanke (1995).

3.6.1 Orthogonal polynomials and some notation

Denote with P; the set of polynomials of degree at most © = 0,...,n. For functions v, ¢ :
R — R and r € Ny define the inner products [¢, ¢, = (¥ (S,) Ty, S!é(Sn) T y)s. From the
definition of the Krylov space it is immediate that every element v € IC;(S,,, T¥y),i = 1,...,n,
can be represented by a polynomial ¢ € P;_; viav = q(5,,) T y.

The following discussion is based on Hanke (1995), chapter 2. There exist two sequences
of polynomials p;,¢; € P;, i = 0,...,n, such that f; = ¢;—1(S,)T 'y with ¢_; = 0 and
Try — Sy fi = pi(Sn)Ty. Both sequences are connected by the equation p;(x) = 1 — zg;—1 (),
x € R, and the polynomials {p;}!" , are orthogonal with respect to [-, -]o.

We will also consider other sequences of polynomials, namely qm, py] e P,1=0,...,n,

[

88



" ] = 0, such that p[ ]( ) =1-— :cqz[ g 1(z), € R, and the sequence {pg’"]};go is orthogonal
with respect to |-, -],. This yields for every r € Ny a separate conjugate gradient algorithm
with solution f") = ¢/, (S,)T*y € Ki(S,, T y) and residuals Ty — S, f" = pl'l(S,) T,
1=1,...,n.

As S, is self-adjoint, positive semi-definite and the kernel is bounded by x we know that
its spectrum is a subset of [0, x|, see Caponnetto and de Vito (2007). This also implies that

max{||S||z, |Sullz} < k, with || - || - denoting the operator norm. The i distinct roots of pzm

[r] -
T, <Ri=1....n

will
be denoted by 0 < x[f]z <.

We will summarize some key facts about the orthogonal polynomials in the next lemma.
Lemma 3.1 Letr,s € Nyandi =1,...,n. Then we have:

(i) The roots of consecutive orthogonal polynomials interlace, i.e., for j = 1, ... 1 it holds

[r]

[7"]
O<IJH_1 <

[T+ 1] [r] [r]

[r]
<.I]+1H_1<l’j+1z<"'<l’

[r+1]
i < Tip1i41 <K,

<J:

(ii) the optimality property [pZ ,p£1 ]1/2 | Ty Snfi[l] |l < | Ty — Snh||3 holds for all

h e ICz(Sn, T;y),

1 1

/
(iii) on x € |0, ZL‘[ ]] it holds 0 < py](x) < 1and qm(x) < ‘<p£r]> (0)

(iv) pm = plf],

, —1
w () ) =-xi, (41)

: | @ Y2 ()T G :
(vi) define ¢;i(x) = p; () (27, Ty, — forx € [0,2y;], i = 1,...,n. Then it

() o]

holds for u > 0 that x*¢?(x) < u with the convention 0° = 1.
Proof: (i) See Hanke (1995), Corollary 2.7.

(i1) See Hanke (1995), Proposition 2.1.
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[r]

(iii) Due to part (i) we know that all i roots of the polynomial p; ' are contained in (0, x).

Furthermore p/"(0) = 1 — 0¢") = 1. Thus p!" is convex and falling in [0, a:[f]l] and the first

% 7

assertion follows.

Because of the convexity of pl’ on [0, JJ[IT]Z] we get ¢(z) = 27 1{1 — pI(2)} <

M) (o
p; (0)].
(iv) See the discussion in Hanke (1995) preceding Proposition 2.1 and use the facts that 7'y €

range(S,) and S, is an operator of rank n.
(v) Write p” (z) = Hézl(l —x/ xm), r € [0, k], and the result is immediate.

(vi) See equation (3.10) in Hanke (1995). [

We denote for z > 0 by P, the orthogonal projection operator on the eigenspace corresponding
to the eigenvalues of S,, that are smaller or equal x and P;- = Iy — P, with I3, : H — H being

the identity operator.

3.6.2 Preparation for the proof

An important technical result that will be useful in the upcoming proof is

Lemma 3.2 Let B,C : H — H be two positive semi-definite, self-adjoint operators with

max{||B||z, ||C|lz} < k. Then it holds for any r > 0 with ( = max{r — 1,0}
IB" = C"|le < (C+ Dw|B = O~

Proof: See Blanchard and Kramer (2010b), Lemma A.6. ]

For the remainder of the proof we assume that we are on the set where it holds with probability
atleast 1 — v, v € (0,1], that ||S,, — S||z < d and ||T'y — Sf|| < e. Here we take § = Cy,,,
e = C¢, for a sequence {7}, converging to zero and constants Cs, C, > 0.

The stopping rule (3.4)is givenby a* = min{a =1,...,n: > ¢ [|Sufi — Tiyli’ > (Cv,) 72}

for C = Cc + R+ Cs(p + 1)k*R.
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With Lemma 2.4 in Hanke (1995) we see that this stopping iteration can also be expressed as

a* =min{l <a<n:|S, N —Trylly < Oy}, (3.6)

i.e., we stop the kernel partial least squares algorithm when a discrepancy principle for fil]

holds.

Recall that H C £? (PX) and T : H — £* (P¥) is the change of space operator. Using the

fact that 7', T are adjoint operators, f,« = T f,« and f* =T f we see

o = e = 1T (far = Pllz = (S(far = s far = Frae = 1572 (far = e

An application of Lemma 3.2 with » = 1/2 and the definition of ¢ yields

I far = F¥ll2 = 1S3 (far = Fllae S NSY2(Far = FoD) e + 1S72(F = Pl

< "2 (far = 20+ 12 = Fllc) + 1Y Fae = Sl + 12U = Pl G

The following lemmas will deal with bounding the quantities in (3.7). Recall that = r — 1/2

is the source parameter in (SH).

Lemma 3.3 Assume C,, € (0, 1] such that z, = (C,ry)Y/ 1 < $[11,]a*71 and C' > C. + C, R+

Cs(p + 1)k R. Under the conditions of the theorem it holds

C
CYW 1 - c1{C, + C,R + Cs(p + 1)kr R}
C
C;/(Q’”Q) [1—CHC.+ C.R+ Cs(un+ 1)/‘41“3}]‘

[ far = FI [l < A1/ 4D

IS3/2 e = £ < 72V

a

Proof: 1f the inner products [-, -]y and [-, -]; are the same the proof is done because both polyno-

mial sequences are identical.
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We now observe that we have for a* = n due to Lemma 3.1 (iv) ¢,—1(z) — qu]_l(x) =

e Hpa () — pa(2)} = 0, ien, ||for — fir

proof is done.

w = 0and ||S2%(for — 1)l = 0 and the

If the inner products differ and we have 0 < a* < n it holds f,+ # fil]

Proposition 2.8 in Hanke (1995) can now be applied for 0 < a* < n and yields q,«_1(x) —
ai (@) = 2 Hp (x) = par (1)} = O0eplZ_, (2), > 0, with 6. = (p1)'(0) — (p1))'(0) > 0.
We get for — fit = qor—1(S) Ty — a1 (S) Ty = 0upit 1 (Su) Ty

Proposition 2.9 in Hanke (1995) yields 0,« = [pf*]_l, pg_l} 11 [pgl*], pgl*]}o. The optimality
property of fc[;] in Lemma 3.1 (i1) shows that

1/2

1/2
Ty — Sy flY < [pfj_l,pﬁ_l}o 38

= P (S)TEylln = [pgﬂ,pgﬂo

Combining these results yields

2 2
1/2 [PEL*]—UPEI*]A]O (] .
| "< 1P (S Tyl (3.9)
0 (2] (2]

pa*—l7pa*—1 1

2] 2]

1
”fa* - (E*] :| [pa*—17pa*—1

Recall that 91:[12},1*_1 denotes the first root of pfj_l. It holds for any 0 < 2 < :U[f]a*_l that

0< p([fj_l(:x) < 1, see Lemma 3.1 (iii), and thus

22 1Y ip o (9T — St S Pl gy
Pos—15Pgx—1 0o = H zpa*fl( n){ nY f + f}HH + || T pa*fl( n) ny”H
< e+ | Pl (S0) S gy + a2 PESYPE (S) Tyl

1/2
<e+ "R+ ||P;Ep£l2*]71(5“+1 — SE | + g1/2 [p,[fj,l,p,[f*],l} L

In the second inequality (SH) with > 0 and the definitions of § and € were applied.
(1]

1,a

(2]

By assumption z, = (Cpy)Y/#*) < a7 . | < 27 ._; due to the interlacing property of the
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roots of the polynomials pgr], 1=1,...,n,r € Ny, see Lemma 3.1 (i).

Using Lemma 3.2 we get ||S# — SEHY| . < (u+ 1)k5 and setting © = z, we get

1/2 1/2
[pf]_l,pgﬂ 1}0 <e+ 'R+ 0(u+1)r*R+ 2 [pf}_l,pf}_l}

1/2
= 7 {C. + C,R + Cs(pu + )r"R} + a7 V/? [pg}_l,pf}_l} . (3.10)
Due to (3.6) and (3.8) we have additionally Cv < [|S, £ | — Tyl = 1P () Tyl <

1/2
k]

Plugging this into (3.10) yields

Y

1/2 1/2 1/2
[p[fl_l,p[f] }0 <cHc+C, R+CJ(M+1)H”R}[ = 1}0 +a V2 [pp*] ppf]_l}l

or equivalently

1/2
|:p£z2]—l ) p¢[12]—1:|

Cy/ 21— YO, + CoR + Cs(u+ 1)k RY]

1/2
[pf*]_p pf]_l} < AU @u2) (3.11)

where by assumption C' > C, + C, R + Cs(p + 1)k R and x, = (Cpy)"/(#HD),

Combining (3.9), (3.11) and || Pl (Sn)T7y|l2 < Cry due to the stopping index (3.6) yields

- pa! () Tyl
for = Flloe < 770D
” I /1 — C-YC, + CuR + Cs(pu + 1)r#R})?
< 7u/(u+1) ¢
- /W1 — ¢ C. + CoR + Cs(pu + 1)s# R}

93



For the second part of the proof we derive in the same way as (3.9)

P o2 Y2
pa*fhpa*fl 0 m .
I < ]1/2 1Daz (Sn) Ty |-

ISL2( fo — I

2 2
|:p([zj—17p£*]—l 1

Using again (3.11) and ||p£3j(Sn)T;y||H < C gives

C

||S711/2(fa* - f(&])” < 7(2“"'1)/(2#4—2) |
' O/ B 1 — C-YCe + CuR + Cs(p + 1)w1R}]

finishing the proof. O

Lemma 3.4 Foranyi=1,...,n, u > landany (0 <z < x[llll we have under the conditions

of the theorem

17 = £ < Bt b} a7 (1,0 = Tyl e+ 607 R)
+ (e + 65" R)| (9 (O)];
||5'71/2(f _ fi[l})”H < R{xu+1/2 +$1/25MHM—1} Lol <||Snf¢[1] Tyl + e+ 6/@“]%)

+ (e + 0n" )| (1) (0)]
Proof: Denote f; = ¢!, (5,,)S, f and consider

1F = Fe < NPCF = Fllse + 1Pe(fi = F) e+ IPECE = £ e (3.12)
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The first term of (3.12) can be bound by an application of Lemma 3.2 and (SH) with px > 1

1P(f — F)llae = 1 PAT — a1 (S) S} Fllae = 1Pl (Sn) fllae = 11 Pep ™ (S) SP
< N PpM (S0) St ulla + || Pepl (S0) (5™ — S¥)ull

< R{a" 4 opust"}.

In the last inequality we used thaton 0 < z < x[ll}l we have 0 < pzm (x) < 1.

For the second term of (3.12) we use Lemma 3.1 (iii) ¢/ (z) < |(p!")'(0)] on z € [0, a:[ll}l] This

yields

12 (£ = F)llae = 11Poa” (S0) (Suf — Tiy)ll

< 1Pea™(S)(Sf = Tyl + 1 Pea™ (S0) (S — S) 1

< (e+ 0" R) ‘(pﬁ”)l (0)’ :

Finally, we have

IPAF = S < & NPESAF = A < 7 {USufl = Tyl + 1 Po(Tiy = S0 f) e}

e (IS0 = Tiglle + € + 6 R)

and thus the first inequality is proven.

For the second inequality we use

ISY2(f = s < NPSYA(F = Fi)llae + IIBSY2(fi = F) e + I PESY2(F — £ 1
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In the same way as before we derive bounds for the three terms:

IP.SY2(f — fi)llu < a'/26uxt 'R + 2" 1/2R,
/
(") )

IPESY2(f — (M)l < & YV2(|SufY = Tyl + € + 05 R),

1PSY2(fi = £l < 2M/2(e+ GRRM)

)

completing the proof. U

Lemma 3.5 Assume that C, € (0,1] is such that x, = (Cpy)Y/#+) < x[ﬁ]a*,l and C >

C.+ C.R + Cs(p + 1)k" R. Under the conditions of the theorem it holds for i > 1

’( ([11*]>/ (0)‘ < 7—1/(#+1)

(2” + 2),LL+1R 1/(p+1)
+{C—%W+DMR+Q}

C-1/4) {1 G+ R+ Cy(p+ DR }‘2
* C

/ !/
Proof: The proof is done in two steps by using the inequality ‘ (pé”) (O)‘ < ‘ (pgj,l) (0)' +
1y’ 1Y
() 0 () o]

1. Consider first a* > 1.
We will bound ||Snf£1]71 — T} yl||% from above. Define z = x[lly]a*fl and ¢;(x) = p?](x)(z —
x)722Y2,0 < 2 < 2 Due to Lemma 3.1 (vi) it holds that sup,,, 2"¢%_,(z) <

y”|(p([llj_1)’(0)|*”, v > 0. The proof of Lemma 3.7 in Hanke (1995) shows that
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wow M . . .
Dy —1s Par—1 < || P.tpar—1(Sn) Ty |3 This yields with (SH)
0

1/2
180580 = Tyl = [psills] < 1P s (STl
< 1P 1(80)S S e + | P 1(8:) (T = Sl

1/2
S ||Pz¢a*—1(5n)SfHH +€ ( sup ¢2*1)

0<zx<z

< [Pe@ar—1(Sn) ShH ull g + [ Pedar1.(Sn) (S = S* Pully + €

1/2 1/2
<R { ( sup $2u+2¢2*—1) +6(p + 1)K ( sup ¢(21*—1> } te

0<z<z 0<z<z

—pu—1
2u+ 2" R+6(u+1)K"R +e.

<|() ©

This gives together with Cy < [|.S,, fc[ﬁ],l — Tryllx

—pu—1

Cy < ‘ (pff*]_1> (0)' (2p + 20" R + 4 {Cs(u+ DK R + C.} .

If C > Cs(pp+ 1)* R + C. we finally have

1/(p+1)
ERY ~1/(u1) (2u+2)"*'R
‘(p“*—1> (0)' S {C—Cg(u‘l—l)/{“R—FCe ' G139

If a* = 1 it holds pgj_l = 1 and thus

/
(pg*]_1> (0)‘ = 0 and the inequality (3.13) is true as
well.

2. We will derive an upper bound on

/ /
(p([jj> (0) — (pg,Ll) (0)’ . Due to Corollary 2.6 of

Hanke (1995) we have

(1] (1]

' / [pa*_ppa*_J
(P1) ) = (o) ()] < 3 (3.14)
2 2]
Pox—15Pgr—1 1
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We have 0 < z < :c[f,]a*_l < 37[12,11*—1 due to the interlacing property of the roots in Lemma 3.1

(i) and thus 0 < pf*]_l( )<1lfor0<z< ;1:[ ]* _,- With that we get with (SH)

. 9 1/2
Py (STl < [pEisp )
< PP (S) Tyl + 2 V2 PESY2pE (STl
B 1/2
< Pl (Su)(Tiy = S )+ | Pop_y (Su)S" ulle + 272 D w2, |

1/2
<e+ R{6(p+1)r" 4+ 2"t} + x 1/ [pf*]flapf]fl} L

For the choice z, = (C,7)Y "+ we get

1o 1/2
) <O+ Calpt DR oy [l

1/2
Itholds [p_,, plX_ 1] — 1S, fY | — Tyl > Cv. This yields with C > C, + C,R +
0

Cs(p+ 1)kMR

W” H]}<74MHWAMH%1_Q+CHH{MM+UWR}pﬂ p}}

a*—1s Pax—1 0 C Pax—15DPax—1 1

Together with (3.14) we have

/ _ _ Ce+ CoR+ Cs(p+1)s*R)
() O - () @ < e i Colur )

Combining this with (3.13) completes the proof. 0
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3.6.3 Proof of Theorem 3.1

The proof is an application of Lemmas 3.3 - 3.5 to (3.7). First note that » > 3/2 implies p > 1

and thus this condition in Lemma 3.4 holds.

Let us choose z, = (C,7v)Y 1, Lemma 3.1 (v) shows that

<p£1}>/ (0) _

Equation (3.13) thus shows that C;, can be chosen small enough such that

() 0] = el or

1
t=1,...,n,r € Ny. Thus it holds < x[ll]z

and C, < 1, which makes the first condition in Lemma 3.3 and 3.5 hold true. The choice
C =C.+ R+ Cs(pu + 1)k*R gives the second condition.
Now we need to check the remaining condition of Lemma 3.4, namely that a C', can be chosen

such that (C,)"/+1) < x[ll}a is true. Lemma 3.5 yields a C, > 0 such that C.~yY/#+D <

!/
<p£11*]> (0)‘ < x[ll]a More precisely we want

Czl/(uﬂ) <

- -1
ot/ [1_ Cet GolR A+ Cs(u+1)x"R) > (2p + 2)H'R 1/ (ut1) |
’ C C—Cs(p+1)rrR + C

Denote z, = (C,)"#+1) and with z = z, Lemma 3.4 can be applied.

To ease notation we will denote everything in the derived bounds that does not depend on v as
a constant ¢;, j € N. Thus we get by combining Lemmas 3.4 and 3.5 that with probability at

least 1 — v

!/

If— 2

2 <) oeyy oy 4oy ’ (PE*] > (0)‘

< 017“/(“+1) + ey + 037"/(““) + 0571—1/(%1) — O{'y“/(“+1)}
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and

IS&2(f — £

!
13, < cyBTLD/WHD) o ooy l/Cut2)y o=t/ Gty 4 oot/ @ty ‘ (pff*]) (0)‘
< gy UG o Qu9)/(kD) o (et Ga2) | (412D )

— 0{7(2#+1)/(2u+2)}_
Finally Lemma 3.3 gives

e — fUN2, = OfpW/BDY [SY2(frr — FIY ||y = Ofy2utD/ a2,

Combining the above with (3.7) yields

Hf — far 3{ _ O{,yu/(xﬂrl)}’

1 f* = far H% — 0{71/2’7“/(”“)} + O{,-)/(?lﬁ‘l)/(?ﬂ'*‘?)} — 0{7(2u+1)/(2u+2)}7

completing the proof with = r — 1/2. 0

3.7 Additional proofs

3.7.1 Proof of Theorem 3.2

We denote with tr(A*B) the trace inner product of two Hilbert-Schmidt operators A, B : H —
‘H and the tensor product (f; ® fo)h = (f1, h)s fo for functions fi, fo,h € H. We use the

notation k; = k(-, X;). Note that it holds || A||%¢ = tr(A*A) for a Hilbert-Schmidt operator A.
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Lemma 3.6 Under the assumptions (K1) and (K2) the following hold
(i) tr{(k; @ k¢) (ks @ k) } = B*( Xy, X,),
(i) [|Slfs = Jpa Joa K* (2, y)dPFo(z)dPFo(y),

(iii) Bltr{(ko ® ko)S} = ||S|/4s-

Proof: (i) Let {v;};en denote an orthonormal base of H. Then it holds due to the reproducing

property (3.2)

tr { (ke @ ko) (ks @ o)} = D (v k) (v, Ko wk (X, X) = <Z<vz-,ks>%kt> k(X X,).

=1

(i)
IS = Z(Svi,Svm = Z/w% k(- 2))a(vi, k(- 2)) 3 dP¥ ()

R4

://<Z<Uuk<'>$)>wivk(wy>> k(z, y)dPX (z)dP* (y).
H

Rd Rd V7L

The assertion follows because PX = PXo,

(iii)

E[tr{(ko ® ko)S}] = E({Sko, ko)) = E (R/Ufoy k;(-7x)>3_[dPX(x)>

d

_ / / K (2, y)dP¥ (2)dPX (y) = |15]3s.

Re R4
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Proof of the theorem: It holds due to S, =n~' >0 k @ ky

n

B (1.~ Sliks) = -5 O (Blor{(he @ k) (ks © K)}] — 2Efir{(hy © o)} + 1STfhs)-

t,s=1

For the first summand we get E[tr{(k; ® k;)(ks @ k,)}] = E{k*(X}, X,)}, due to Lemma 3.6

(i). Using the stationarity of { X;} ; and Lemma 3.6 (iii) we get

B (15— 1) =~ (B (X0, X))} — 51} + 5 >0~ 1) [BIR(X0 Xo)} — IS112s]

h=1

yielding the first result by an application of Lemma 3.6 (ii).

For the second equation we see due to the independence of { X;}} ; and {&;}}-, that
T3y = Sl = o*n™" B{k(Xo, X0)} + E (|80 f = SFII5,)

The rest follows along the same lines as the first part of the proof. U

3.7.2 Proof of Proposition 3.1

Recall that Su = Eu(Xy)k(-, Xo) for u € H. Define the independent random variables

Yi,..., Y, that are all distributed as X,.

First consider the following observation for i € N:

Stu = S(5"'u) = By, (S*'u)(Y1)k(-, Y1) = Ey, By, (8" 2u) (Ya)k(Y1, Ya) k(- Y1) = ...

pn—1
=Ey, - By, [[ k(Y. Yisn)u(Y,) k(. V). (3.15)

v=1

(i) The inequality follows trivially: || f|ly = ||S*u|| < R||S||: < RrM.
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(i1) We derive with (3.15) and the Cauchy-Schwarz inequality

pn—1
1S#ulla < KBy, -+ By, [ [ (Y, Vo) (u, k(- Y

v=1
pn—1

< REy,---Ey H k(Y. Y 1)
v=1

Note that for the Gaussian kernel we have k = 1.

Define the matrix I' € R#*# via

c2+2s , i=j=2,...,u—1
o ?+s 1=7=1,pu
Fi,j -
—S ) |l - .]| =1
0 , else.
We have
pn—1
Ey, - Ey, H k(Y,, Y, 1) = {27“72}“/2/@(1) (=1/22"T'z) dw
v=1 R~

= {0 det(I")}~1/2.

We denote with I';.;, i < jthe (j —i+1) x (j —i+1)-dimensional submatrix of I that contains
only the columns and rows 7,2+ 1,...,7 — 1, 7.

For the representation we consider the three term recursion that holds for determinants of tridi-
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agonal matrices. Denote with D; , = o*det(I'y;) fori = 1,..., u. Then we have

1+ so? , i=1
‘Di# = (1 + QSUZ)DZ‘,L” — 320’4Di72,,u , 1= 2, S 1
(14 s6%)D,—1, — s*0*D, ., i = L.
\
It is immediate that D; ,, is a polynomial of degree ¢ in so? with coefficients By ., . . ., Bii - It

is also straight forward that 8y, , = 1,7 = 1,..., . So all left to show is that these coefficients

are always positive via induction.

For Dy ; this is obviously true. We write x = so?. Assume now that it is true for some p € N

andi=1,...,u. As D; .11 = D;, for ¢ < p1 we have

Dysipr = 1 +32+2*)Dyyy — (14 2)2°Dyysy,
= (14 2)Dy-1p = 2* Dz + 2{(2 + 2) Dy — 2° Dyua}

= Dy + 2Dy + Dy ).

Thus we have the sum of polynomials with positive coefficients according to the induction

hypothesis and the result is proven.

(iii) We take u = > .7 cik(-,2) for {z}ien,{citien C R such that |[ullf, =

1=
Zf’}:l cicjk(zi,zj) < R% The fact that a function u € H can be represented as a linear
combination of kernel functions is clear due to the Moore-Aronszajn Theorem, see Berlinet and

Thomas-Agnan (2004).
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Define the matrix I' = [I'; ;|12 € R(+2x(52) yia

r
o242 , i=7=2,...,u+1

S , 1=7=1u+2

—S ) |Z_]|:1

0 , else

Then we have via the integration of Gaussian functions and (3.15)

1 oo
f(z) = W Z ci/exp {=1/2(z, 21, ..., 2p, z) (2,210, .. 2y, 2) F (21,00 2y)
=1 Ri
1 = _
ot det(Tyy) /2 Zl ciexp [~1/2det(Coyen) ™ {det(Arpr)(2” + 2) = 26"z ]

Here we used the symmetry property det(I's.,+2) = det(I'y.,41) as the first and last rows and

columns of I' are identical. This concludes the proof. U

3.7.3 Proof of Theorem 3.3

Denote with g, the common density of (X}, X)" and gy the density of X,;. We need some

intermediate results to prove the theorem.

Lemma 3.7 Assume that condition (D2) holds. Then we have

» n~'((q) ,  g>1
n2 ) (n—"h)lps| <c n~tlog(n){5 — log(4)} , q=1
h=1
{20 -q) ' = 2-¢) "+ (2-9722 |, ¢€(0,1).
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Here ( denotes the Riemann zeta function.

Proof: Recall that by condition (D2) we have |p(h)| < (h+1)"% h =0,...,n — 1 for some

q > 0.

First assume ¢ € (0, 1]. The integral test for series convergence gives lower and upper bounds

for the hyperharmonic series as

(=) + 1) =271 < 3R <270+ (1— g Hnl 21,

This yields

i
L

) D I RIS o SRR {(n Yy h—<q—1>}

h=2 h=2 h=2

>
Il
—

<n P+ {279+ (1—-¢) '(n"" =21 —(2—q) " {(n+1)>1—-2"9}]. (3.17)

We need to separate two cases. First let ¢ € (0, 1), then it holds from (3.17) and the fact that

n?2<nt<n

_2271— J(h+1)"

—q(1 — _9l—¢q
<n+1{2 (1—¢q)—2 }+n+1
- n2 1 q nlta

(1-q)7' - 77(2 —0)

<nT{2(1-¢)7 = (2 - g} + (2 - q) 7127,

due to 279(1 — ¢) — 2179 < 0.
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For ¢ = 1 we evaluate the limit

lim n 2 [(n+ 1) {279+ (1—¢q) ' (n"" =27} =2 - ¢ {(n+1)>¢—2°79}]

= (2n*)713 — log(4) — n{1 + log(4)}] + n2(n + 1) log(n)

log(n)

[5 —log(4)] -

Finally, the case ¢ > 1 is trivial as the zeta-function ((q) is defined as the hyperharmonic series

with coefficient q. O

The next lemma and the subsequent corollary show that the quantities appearing in the sums of

Theorem 3.2 can be linked to the autocorrelation function p:
Lemma 3.8 Under the assumptions (K1), (K2) and (D1) it holds for h > 0 with p;, = To_lTh

2

Rl K (2, y){gn(x, y) — go(x)go(y) }d(z,y) < {(47T7_0)ddet(2>}1/291/2(ph)7
/k(w,y)f(w)f(y){gh(:v,y)—go(:v>go(y)}d(x7y) < {(W@fﬁi@)}w9”2%%

R2d
with 6(p) = 1+ (1 — p?)742 = 2714 — p?) =42, p € [0,1).

Proof: We will only proof the first inequality, the second one follows in the same way.

By Jensen’s inequality and (K2) we know

/ K2 () {gn(, ) — gol)g0(y) }d (. )

R2d
1/2

< K2 / {gn(x,y) = 29n(2,y)90(x)g90(y) + g5 (x) g5 (y) } d(x, y)
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The first and third integral term can readily be calculated as

/ (@, y)d(z, y) = [(4m)4 (8 — 72)2 det ()]

R2d
2

/ Ra)de b = {(dr)ird det()}

R4

For the first equality we use det(A ® X)) = det(A)? det(X)? for A € R?*2 and thus

Jaeaexp (—1/227G7'2) dz
gn(, y)go(x)go(y)d(x, y) = : (3.18)
Rz (2m)2 det ()27 (18 — T7)4/?
with
-1
To Th ' 0
G = + ® X
Th T0 0 7'0_1
It holds det(G) = (478 — 72) "4 (g — 7277)% det(X)%. Thus we get with (3.18)
(2m) g (g — 7i2) "2 det(%)
d =
RZ 9, 9)90()90 (), 9) = mra R 2 (2 — 72}
={en4r? -1 d/2 det(X -
0~ Th)
completing the proof by multiplying all integrals with 7 dTg. UJ

Corollary 3.2 Under the assumptions (K1), (K2), (DI1) and (D2) it holds for all h > 0 and

qg>0
2d1/2
/kZ(x’y){gh(x’y)_%( Jow)id(e.y) < rHargamye ) VAR |
M dY/2
/ k(2,9) f(2) £ (0){gn(z.y) — g0(x)go() }d(z, ) < {(zw)dﬁ( T A
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Proof: Recall that 0(p) = 1+ {1 — p?} %2 — 24+104 — p2}=4/2 for p € [0, 1). We seek to find
bounds on 6 and the corollary can be proven by an application of Lemma 3.8.

By assumption (D2) we know there is a p, such that p7 < p? < 1 for all h > 0. Thus consider

p € [0, p.]. We start by finding a constant C' > 0 with

0'(p) = p{(l _ p2)fd/271 . p2>fd/271} d < p2C.

Thus C can be taken as C' = d { (1 — p?)~¥/271 — 2¢¥1(4 — p2)=d/2-11

Thus we know that the slope of @ is always less than that of C'p?. Finally it holds that (0) = 0
and thus 0 < 0(p) < Cp?, p € [0, p.].

Under condition (D2) it holds {1 — p2}~%2 < {1 — 2724}=9/2 completing the proof by using
Lemma 3.8. U

Proof of the theorem: First note that the the operator norm is dominated by the Hilbert-Schmidt

norm. By Markov’s inequality we have for v € (0, 1]

P (IS0 = Sllis < v E[ISh = Slifs) = 1 - v,

P(IT7y — Sflly < v ETy = Sfll) = 1 - v.

An application of Theorem 3.2, Corollary 3.2 and Lemma 3.7 completes the proof. 0
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