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1 Introduction

If we jump back and forth between two sets by using the shortest possible jumps, how
does the outcome of this procedure depend on the sets? When does this iteration stag-
nate? These are the fundamental questions motivating this thesis.

More general, in this thesis, we give an analysis of fixed point algorithms involv-
ing projections onto closed, not necessarily convex, subsets of finite dimensional vector
spaces. These methods are used in applications such as imaging science, signal pro-
cessing, and inverse problems. The tools used in the analysis place this work at the
intersection of optimization and variational analysis.

For example, in physical applications such as the phase retrieval problem, it is pos-
sible to model the problem as a problem of finding intersections of two or more closed
subsets (21, (2, C R". The reason for this approach is that, in these models, we may be
able to find closest points in each of the sets at a low cost, but finding the intersection
immediately may be costly or impossible. A mathematical problem of the kind

find x € (31 Ny

is called a feasibility problem. We study theoretical properties of fixed point algorithms
applied to nonconvex feasibility problems. Our study focusses on two prominent rep-
resentatives, namely the method of alternating projections and the Douglas-Rachford algo-
rithm. The alternating projections algorithm reads as follows. Denote for a point x € R"
by Pq, x the closest point in (); relative to x. Given an initial point x° € R"”, we generate
the sequence {x"}ien via

xF1 = P, P, x*.

If we write R, = 2Pq, — Id, then for a given x° € R", the sequence {x"} ;< of iterates
generated by the Douglas-Rachford algorithm is given by

1
ka = E (R01R02 + Id) Xk.

We give the precise definitions in Chapter 4. The method of alternating projections goes
back at least to von Neumann in (von Neumann, 1951), and since then it has been an
object of broader research. The classical literature is restricted to the case where both
sets () and (), are convex subsets (Cheney and Goldstein, 1959), (Gubin et al., 1967),
(Bauschke and Borwein, 1993), (Bauschke and Borwein, 1996), (Bauschke et al., 1997),
(Bauschke et al., 2004), (Deutsch and Hundal, 2006a), (Deutsch and Hundal, 2006b),
(Deutsch and Hundal, 2008).
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Recent studies have identified the interplay between regularity of the sets and regu-
larity of their intersection as the key to a general analysis. For instance, the aforemen-
tioned convexity is an assumption on the regularity of the sets. Additional assump-
tions, like a nonempty interior or a local angle between the sets are a key element to
obtain rates of convergence.

Among the first studies of these methods in more general settings is the paper by
Combettes and Trussel (Combettes and Trussell, 1990), but it was not until recently
that a quantitative analysis was achieved (Hesse and Luke, 2013). This and additional
tools from variational analysis gave rise to a deeper analysis of the nonconvex setting
(Bauschke et al., 2013a), (Bauschke et al., 2013b), (Bauschke et al., 2014b), (Hesse et al.,
2014).

For the Douglas-Rachford algorithm, which is known since work of Douglas and
Rachford (Douglas and Rachford, 1956), and the work of Lions and Mercier (Lions and
Mercier, 1979), the development has been slower. The work of Hesse and Luke (Hesse
and Luke, 2013) is among the first results of local convergence with rates under absence
of convexity.

We apply both methods to solve an optimization problem arising from the field of
sparsity optimization. That is, we seek the vector with least possible nonzero entries
satisfying an underdetermined system of linear equations. This problem, known as
the compressed sensing problem, has gained a large popularity since the work of Candes
and Tao (Candés and Tao, 2005), and it is especially not convex. There, the authors
approach the problem by seeking the vector x satisfying Mx = p with least possible
¢1-norm. Under suitable assumptions, this solution of ¢;-minimization coincides with
the sparsest possible vector x satisfying Mx = p. In (Blumensath and Davies, 2009),
(Blumensath and Davies, 2010), and (Beck and Teboulle, 2011), the ansatz of making an
a priori assumption to the sparsity of the solution was suggested. We follow that ansatz
in this work.

The second application of alternating projections comes from the physical problem of
phase retrieval. Using the idea in (Candeés et al., 2011), we obtain a formulation similar
to the search for a vector with least possible nonzero entries satisfying a linear system.
Instead of minimizing the nuclear norm, as done in (Candeés et al., 2011), we propose
again an a priori assumption to the solution and apply the method of alternating pro-
jections.

We give an analysis of projection methods in a nonconvex setting. In sparsity opti-
mization, it is important to point out that up to now the sufficient conditions for con-
vergence of projection methods to the correct solution are not competitive to those of
{1-minimization. By weakening these sufficient conditions for convergence, projection
methods may at least be on the same level of performance as other known methods.
Also in phase retrieval, the analyzed setting in rank minimization suffers from the curse
of dimensionality and yields high runtimes. This work is meant as a foundation for the
development of new ways to solve existing problems.

However, the results shown in this thesis give new insights in the behavior of the
method of alternating projections and of Douglas-Rachford, and these insights are the
contribution of this work.



This thesis can be devided into two main parts, based on the underlying optimization
problems. The first one is the compressed sensing problem, where we seek a solution
to an underdetermined linear system with least possible nonzero entries. Because the
problem is NP-hard, we relax it to a feasibility problem with two sets, namely, the set A
of vectors with at most s nonzero entries and, for a linear mapping M : R” — R", the
affine subspace B of vectors x satisfying Mx = p for p € R" given. This problem will
be referred to as the sparse affine feasibility problem. First, we name several geometric
properties of the nonconvex set As, including (g, §)-subregularity, recently developed
in (Hesse and Luke, 2013). Moreover, we show the explicit shape of the second-order
subdifferential, defined in (Mordukhovich and Rockafellar, 2012), of the function that
counts the number of nonzero entries in a vector.

For the Douglas-Rachford algorithm, we give the proof of linear convergence to a
tixed point in the case of a feasibility problem of two affine subspaces. We show that
the projection of this fixed point onto one of the affine subspaces is a solution to the
feasibility problem. This result first appeared in (Hesse et al., 2014), and it is the first
of several proofs of linear convergence of Douglas-Rachford that came up shortly after
(Bauschke et al., 2014a), (Demanet and Zhang, 2013). It allows us to conclude a result of
local linear convergence of the Douglas-Rachford algorithm in the sparse affine feasibil-
ity problem. Proceeding, we name sufficient conditions for the alternating projections
algorithm to converge to the intersection of an affine subspace with lower level sets of
point symmetric (i.e., f(x) = f(—x) for all x), lower semicontinuous, subadditive func-
tions. The theorem and its proof are inspired by (Beck and Teboulle, 2011) but shows
convergence of alternating projections instead of iterative hard thresholding. Since the
function that counts the number of nonzero entries of a vector satisfies all these proper-
ties, this implies convergence of alternating projections to a solution of the sparse affine
teasibility problem. Together with a result of local linear convergence of the alternating
projections algorithm in (Hesse et al., 2014), this allows us to deduce linear conver-
gence after finitely many steps for any initial point of a sequence of points generated
by the alternating projections algorithm. The conditions guaranteeing this convergence
behavior are very strong, and we show some limitations of these conditions.

In contrast to the results on global convergence to the true solution of alternating
projections in sparse affine feasibility, we generalize the setting to the search for the in-
tersection of a polyhedral set and the set A; of sparse vectors. Again, we show conver-
gence to a fixed point of the alternating projections algorithm for any inital point. This
results in a formulation of necessary conditions for global convergence of the method
in the sparse affine feasibility problem.

The second part of this dissertation deals with the minimization of the rank of ma-
trices satisfying a set of linear equations. As in the case of sparse affine feasibility, we
relax the problem of minimizing the rank of a function to a feasibility problem between
the set of matrices of fixed rank and the affine subspace given by the linear equations.
This problem will be called rank constrained affine feasibility problem. The motivation
for the analysis of the rank minimization problem comes from the physical applica-
tion of phase retrieval and a reformulation of the same as a rank minimization problem
(Candeés et al., 2011). We show that, locally, the method of alternating projections must
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converge at linear rate to a solution of the rank constrained affine feasibility problem.
The final result is on sufficient conditions for global convergence of the same method,
which are related to the analogous result in the sparse affine feasibility problem.

This work is organized as follows. In Chapter 2, we introduce several definitions
including those of different notions of regularity. The notation used there is based on
the book by Rockafellar and Wets, (Rockafellar and Wets, 1998). The presentation of
different regularities is in the spirit of (Hesse and Luke, 2013). We give an introduction
to sparsity optimization together with one of the main problems in Chapter 3. We check
how the different regularity tools defined in Chapter 2 can be applied to the set of sparse
vectors in the Euclidean space R". To obtain convergence results for projection methods
applied to sparsity optimization, we name several properties of projection operators in
Chapter 4. We review classical and recent convergence results on alternating projections
and a recent result on linear convergence of Douglas-Rachford in the case of affine
subspaces. The latter first appeared in (Hesse et al., 2014). In Chapter 5, we present the
tirst of three main results of this thesis. Namely, under strong assumptions, we show
that the method of alternating projections converges to lower level sets of subadditive,
lower semicontinuous, point symmetric functions for all initial points at a linear rate.
We show the consequences of this result for sparsity optimization afterwards, as well
as the behavior of Douglas-Rachford in the case of sparsity optimization.

A generalization of the case of alternating projections in sparsity optimization is pre-
sented in Chapter 6. We show that the method, if applied to a polyhedral set and the
set of sparse vectors, generates a sequence of iterates which always converges to a finite
set of cluster points. This is our second main result. Chapter 7 builds a link between
sparsity optimization and rank minimization. We show there, via an embedding of the
set of sparse vectors into the set of matrices of low rank, how regularity properties of
sets of matrices translate to sets of vectors linked to these sets of matrices. A prominent
representative of the latter, namely, the set of matrices of fixed rank, will be analyzed in
more detail in Chapter 8. This analysis includes geometric properties and the formu-
lation of the projector onto this set. In Chapter 9, we present the physical problem of
phase retrieval, which is motivating the theoretical analysis in Chapter 10. In the lat-
ter, we study properties of the alternating projections operator, applied to a translation
of the phase retrieval problem to a rank minimization problem. We show local linear
convergence of alternating projections, which is our third main result. We also present
a specialization of the first main result, presented in Chapter 5, to the problem of min-
imizing the rank of matrices with respect to affine constraints. Afterwards, in Chapter
11, we present numerical demonstrations of the theory developed in the former chap-
ters.



2 Preliminaries

We start by introducing several notations and theoretical foundations for the following
chapters.

2.1 Functions

The first definition is of set-valued mappings. It extends the notion of a classical func-
tion. Detailed studies on set-valued mappings are given in (Rockafellar and Wets, 1998,
Chapter 5) and in (Dontchev and Rockafellar, 2014) with more examples and historical
notes.

Definition 2.1.1 (set-valued mappings, (Rockafellar and Wets, 1998, p. 148)). Let U,V
be arbitrary sets. A mapping F : U =3 V,u — F(u) C V, giving for every u € U a sub-
set F(u) C V, is called a set-valued mapping. For a set-valued mapping F, it is always
possible to give the inverse mapping F~1 : V =3 U assigning to every point y € V the set
{x € U |y € F(x)}. The inverse map then is a set-valued mapping itself. A set-valued func-
tion F : U 3 V is single-valued at x € U if either F(x) = @ or there exists y € V such
that F(x) = {y}. By abuse of notation and if it is clear from the context, write F(x) = y if

F(x) = {y}.

With this notation, a classical function f : U — V, where for each u € U there exists
at most one v € V such that f(#) = v, becomes a single-valued function. Further, for
any such f it is possible to give an (in general set-valued) inverse map f~! : V =3 U.
In the following definitions we have to distinguish between set-valued functions and
classical functions.

Definition 2.1.2 (domain, range, and graph of a set-valued mapping (Rockafellar and
Wets, 1998, pp. 148-149)). Define for a set-valued mapping F : V =3 W the sets

dom(F) :={v|F(v) # @},
range(F) ={w|3v: we F(v)}, (2.1)
gph(F) = {(xu)[u e F(x)}.

Definition 2.1.3 (domain, range, and graph of a function (Rockafellar and Wets, 1998,
p. 5)). Define for a function F : R" — R the sets

dom(f) ={v]|f(v) <o},
range(f) ={w|3Jv: w=f(v)}, (2.2)
gph(f) ={(xu)|u=f(x)}.
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Further, a function f : R" — R is called proper if f(x) < oo for at least one x € R" and
f(x) > —oo forall x € R".

Definition 2.1.4 (fixed points). Let F : R" =3 IR" be a set-valued mapping. We define the set
of fixed points of F by
Fix(F) ={x e R" |x € F(x)}. (2.3)

Further, we define the set of stable fixed points of F via
StFix(F) := {x € Fix(F) | F(y) = F(x) forally € F(x)}. (2.4)

We refer to the example in Figure 6.1 to show the need for a definition of stable fixed
points. Note that we always have StFix(F) C Fix(F).

In the following, we give the definition of lower level sets and the lower semicontinu-
ity of a function. According to the commentary in (Rockafellar and Wets, 1998, Chapter
1), the usage of these two constructions dates at least back to lectures of Fenchel (see
(Fenchel, 1951)). Due to its general formulation, the following definition can be found
in (Bauschke and Combettes, 2011, Definition 1.4).

Definition 2.1.5 (lower level sets). Let X be a vector space. Define for a function f : X — R
the lower level set of f at height t € R by

leve; f = {x e X | f(x) < t}. (2.5)

Instead of giving the usual definition of lower semicontinuity in the literature, we cite
the equivalence given for instance in (Bauschke and Combettes, 2011, Theorem 1.24).
The reason for this is purely esthetic. It is also nicer to define continuity of functions
via the property that the preimages of open sets are open sets instead of giving an ¢, J-
criterion.

Definition 2.1.6 (subadditive function). A function f : X — R will be called subadditive
if flx+y) < flx) + f(y) forall x,y € X.

Definition 2.1.7 (lower semicontinuity). A function f : X — R will be called lower semi-
continuous at every point in X if the lower level sets lev<; f are closed in X for all t.

Definition 2.1.8 (epigraph). For a function f : X — R define its epigraph by
epif ={(x,a) e XxXR|a>f(x)}. (2.6)

We introduce the notion of subdifferentials. Subdifferentials are a generalization of
differentials for the cases when functions are not everywhere differentiable. For exam-
ple, the indicator function /¢ of a closed set C C IR" is not differentiable at the boundary
of C. Yet, the subdifferential of /¢ at boundary points exists (see (2.8) for the Definition
of Lc).

Definition 2.1.9 (subdifferential of a function (Rockafellar and Wets, 1998, Definition
8.3)). Let f : R" — R be a lower semicontinuous function with ¥ € dom(f).



2.2 Optimization

1. The vector v is called a regular subgradient of f at %, denoted by v € df (%), if

liming /) =SB — 0 x=%) 2.7)

=] -

X#X

2. The vector v is a limiting subgradient of f at X, written v € f (%), if there are sequences
xk—x with f(x*) — (&), and oF € of (x*) with o* — v.

The set of regular subgradients and limiting subgradients at a point X will be called regular
subdifferential and limiting subdifferential, respectively.

Remark 2.1.10. The reqular subddifferential in Definition 2.1.9 is also called Fréchet subdiffe-
rential. The limiting subdifferential is due to Mordukhovich. It can also be defined in terms of
normal cones (Definition 2.3.3), see (Mordukhovich, 2006, Theorem 1.89).

Definition 2.1.11 (subdifferentially regular function). A function f : R" — R is subdif-
ferentially regular if the subdifferentials o f and df defined in Definition 2.1.9 coincide.

2.2 Optimization

The definition of subdifferentials in Definition 2.1.9 leads to optimization problems
since subdifferentials can be used to formulate optimality conditions. First, for a subset
Q) C R", we define the indicator function of () via

n:R" 5 R, xH{O ifx e 0, 2.8)
oo otherwise.

In Chapter 3, we introduce the basic minimization problem of sparsity optimization.
As a foundation, we define a more general family of optimization problems.

Definition 2.2.1. Let M : R" — R™ be a linear map, let f : R" — R be an arbitrary function
with dom(f) # @, and let ¢ : R™ — R be another function with dom(g) # @. Define now a
fundamental optimization problem of finding a minimizer of the composition f +go M, i.e.,

find argmin {f(x) + g(Mx)}. (2.9)

xeR”

Theorem 2.2.2 (Fermat’s rule (Rockafellar and Wets, 1998, Theorem 10.1)). If a proper
function f : R" — R has a local minimum at %, then

0€df(%), 0¢caf(x). (2.10)

If f is convex (Definition 2.3.1), then (2.10) is not only necessary for a local minimum but
sufficient for a global minimum.

A subclass of (2.9) are the so-called feasibility problems.
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Definition 2.2.3 (feasibility problem). Let 1,0 C IR" be nonempty. A mathematical
problem of the form
findx € Q1N (2.11)

is called a feasibility problem.

There is a connection between feasibility problems and optimization problems of the
type (2.9): a point x is a solution to (2.11) if and only if x is a zero of f + go M in (2.9),
where f =1, § = 10,, and M = Id.

As we will see in the following chapters, solving feasibility problems highly depends
on the geometries of the sets involved.

2.3 Geometry

“Eine Punktmenge heifst konvex, wenn sie mit zwei Punkten stets deren Verbindungs-

strecke enthalt”?.

Definition 2.3.1 (convex set & convex function). Let X be a vector space.

o Asubset () C X is convex if for any two points x,y € Q) the relation

tx+ (1—t)y e Qforallt €[0,1] (2.12)
holds.
e For an arbitrary subset D C R", define the convex hull of D (Rockafellar and Wets,
1998, Chapter 2.E.) as
conD= () C (2.13)
C2D

CCIR" convex

o A function f : X — R is called convex if its epigraph is a convex set. For a function
g:R" — R, define its convex hull as, see (Rockafellar and Wets, 1998, Proposition
2.31),

]

(cong) (x) :=inf { i:) Aig(x;)
i=

n n
Aixj=2x,A;>0,) A= 1}, (2.14)
=0 j=0

or, equivalently, con g is the greatest convex function majorized by g.

Convexity of sets and functions and its implications for optimization give rise to a
broad field of mathematics. We refer to (Rockafellar, 1997) as a standard work on this

ISee (Bonnesen and Fenchel, 1934, p. 3). This is of course not the first usage of the terminology “convex”.
But, the book of Bonnesen and Fenchel is one of the first works entirely devoted to the topic of convex
geometry.
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topic. At this point we introduce the Minkowski sum of sets. If A and B are subsets of a
vector space R”, then we define the set

A+B={a+blac AbecB}. (2.15)

Before proceeding with projections, we give the notion of the affine hull of a subset
QCR”
affQ={Ax+(1-ANy|xyeQAeR}. (2.16)

The most important tool analyzed in this work will be the projection onto a set, clar-
ified in the following definition.

Definition 2.3.2 (projector and projection). For () C IR" closed and nonempty, the mapping
Pq : R" =3 Q) defined by
Pox = argmin||x — y|| (2.17)
yeQ
is called the projector onto Q). A point ¥ € Pqx is called a projection with respect to the norm
|| - |I. The projector is in close relation to the distance of a point x € R" to a set (3 C R", given
by
d = mi -yl 2.18
o (¥) :=min |lx —y]| (218)

By the mapping Rq : R" =3 R", denote the reflector on () defined as
Rax :=2Pax — x. (2.19)

As an initial intuitive example for the projector and the reflector, consider Figure 2.1.

RC@ cr

Figure 2.1: Points projected and reflected on a set

We restrict ourselves to the finite dimensional setting. Further, if not stated otherwise,
the norm in (2.17) will always be the norm on R"” induced by the inner product. The
expression in (2.17) is valid for any kind of set () as a set-valued mapping. Apparently,
if () is an open subset of R", then the minimizing argument does not exist. In that
case, the projector would be an empty-valued mapping. In a finite dimensional Hilbert
space, closedness of () is both necessary and sufficient for Pox to be nonempty (see
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(Bauschke and Combettes, 2011, Corollary 3.13)).

Additional theory has been developed if the geometries of the sets at hand we would
like to project onto are more restrictive. This leads to the question of regularity con-
ditions of the sets. Some properties are already determined by a global structure, for
example if the set () is a manifold or a submanifold (Lewis and Malick, 2008).

Definition 2.3.3 (normal cones (Bauschke et al., 2013b, Definition 2.1), based on (Mor-
dukhovich, 2006, Definition 1.1 and Theorem 1.6)). The proximal normal cone Ng (%) to
a closed nonemtpy set (3 C R" at a point X € () is defined by

cone(Pyl (%) —x) ifxeQ,

a (2.20)
@ ifx ¢ Q.

N§ (%) = {

The limiting normal cone Nq(X), or simply the normal cone, is defined as the set of all
vectors that can be written as the limit of proximal normals; that is, v € Nq(X) if and only if
there exist sequences (x¥)gen in Q and (0F)gen in NS (xF) such that x* — % and o* — v, as
k — oo.

We refer to Figure 2.2 as an illustration of the different types of normal cones.

Definition 2.3.4 (tangent cones (Rockafellar and Wets, 1998, Definition 6.1)). A vector
w € R" is tangent to a set O C R" at a point ¥ € Q, written w € T (%), if there exists
a sequence (tF)eny C R with T > 0,781 < 7* for all k and limy_,o, ¢ = 0 as well as a
sequence (x*)ren C R such that x* € Q) for all k and limy_,, x* = % satisfying

xk— %

— —w, ask — oo, (2.21)
T

We note that if () is a submanifold of R", then the tangent cone in Definition 2.3.4 and
the normal cone in Definition 2.3.3 as well as the tangent space and the normal space

known from differential geometry coincide (see (Rockafellar and Wets, 1998, Example
6.8)).

Figure 2.2: The red lines represent the limiting normal cone at the point x. Note that the
proximal normal cone at x is 0.

10



2.3 Geometry

The definitions of normal cones and tangent cones are formulated without any re-
strictions on the set (). If, for example, () is an open subset of R", then we have
Nq(x) = {0} and T (x) = R" at every point x € Q.

Definition 2.3.5 (minimal distance of sets). For two nonempty and closed subsets ()1, (), of
R" define the minimal distance between these two sets by
d(Qq,)y) = inf x—vyll. 2.22
(2= inf flx—y] 2.22)

Remark 2.3.6. If )y, (), are closed subsets of R", then this is not sufficient for d(Qy, ) to
be a minimum instead of an infimum. A counterexample with two closed sets would be

le={x€IR2|xQ2€x1},in={xe]R2}x2:0}~

Both sets are closed, and for every € > 0 there exists x; € R such that e —x; < e. Thus, the
infimum in (2.22) is zero.

We proceed with the definition of best approximation pairs between two closed sets.
In (Bauschke et al., 2004), a formulation for closed convex sets C;, C; as the pair of
points

(v1,v2) € C1 X Cp such that ||v; — v2|| = inf||C; — C| (2.23)

has been given. Definition 2.3.5 is inspired by this formulation. The expression (2.23) is
designed for convex sets since for convex sets C;, C; the functions

f1 : C1 —>1R,Z)I—> dcz (Z)) andfz : Cz —>]R,wi—>dcl (w)

are convex functions. Hence, the function
1 1
f:CixC =R, (v1,02)— §f1(01) + Efz(vz) (2.24)

is a convex function. A pair of points satisfying (2.23) is then a local minimum of (2.24).
Because local minima of convex functions are global minima, it is equivalent to seek
points as in (2.23) or to find local minima of (2.24). If the closed sets at hand are not
convex anymore, the formulation in (2.23) will not cover local minima of (2.24). Because
the fixed points of the algorithms we analyze in this thesis are related to all local minima
of (2.24), it is necessary to have a local version of (2.23). See Figure 2.3 for an example
of two nonconvex sets with local best approximation pairs.

Definition 2.3.7 (local best approximation pairs). Given two closed sets (31,0 C R", a
pair of points (v1,v2) € Q1 x () is a local best approximation pair if v, € Pn,v; and
v1 € P, v, and if there exist e1 > 0 and &3 > 0 such that

sz (wl) > sz (Z)l) and dQl (Z{)z) > dQl (7)2) (2.25)

forall wy € Oy NBg, (v1) and for all wy € O N By, (v2), ¢f. (2.18).

11
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Remark 2.3.8. The above defition on best approximation pairs does not exclude points in a
possibly nonempty intersection of () and (). On the other hand, it is not necessary for best
approximation pairs to exist at all. See Remark 2.3.6 for an example. We compare this definition
of local best approximation pairs with the definition of local best approximation points in (Luke,
2008, Definition 3.3). We note that the convexity of (1 in (Luke, 2008, Definition 3.3) can
be omitted (Luke, 2015). In contrast to Definition 2.3.7, the Definition in (Luke, 2008) is just
one-sided. This means that, for a local best approximation point x € (), the point Pq, x is
not necessarily a local best approximation point to (2p. For our purposes, we define a two-sided
version here.

Definition 2.3.9 (local best approximation point (Luke, 2008, Definition 3.3)). For a con-
vex set )y and for a nonconvex set (), a point x € )y is a local best approximation point if
there exists a neighborhood B (x) such that do, (x) < dq, (y) forall y € Be(x) N Q.

In a close relation to best approximation pairs stands the gap vector. When dealing
with nonconvexity, we have to define a local version.

Definition 2.3.10 ((local) gap vector (Luke, 2008, Equation 1.7)). Let ()1, (), be closed and

convex subsets of R". For the set G1p := ()1 — (), define the gap vector
g = Pg,,0. (2.26)
For two closed subsets Q23,24 C R", define
B(Q3,04) = {(a,b) € Q3 x Q4 | (a,b) is a local best approximation pair} (2.27)
The set of local gap vectors G via
G :={a—"b| (a,b) is alocal best approximation pair} . (2.28)
Lemma 2.3.11. Let U,V C IR" be affine subspaces. Then there exist u € U and v € V such
that (u,v) is a best approximation pair between U and V.

Proof. First, we note that the Minkowski sum U + V of the affine subspaces is again
an affine subspace. Hence, the difference U — V is an affine subspace and especially a
closed, convex set. That means that there exists a point ¢ € U — V such that P;_y0 = g.
Hence, there exist u € U and v € V such that u — v = g. Because g is the gap vector
between U and V, we have a pair (1, v) € U x V such that (u, v) is a best approximation
pair between U and V. o

2.4 Regularity
As already mentioned, the convergence behavior of the algorithms used in this thesis

heavily relies on properties of the sets and their intersections involved in the feasibility
problems on hand. These properties are called regularity conditions. We distinguish

12



2.4 Regularity

Figure 2.3: Two different kinds of best approximation pairs: the point W is in the inter-

section of the horizontal line and the blue set, the pair (V;, V) attains a local
minimum of the function in (2.24).

between two kinds of regularity conditions. On the one hand, we define regularities of
sets in Section 2.4.1. These describe properties of a single set () at hand. On the other
hand, we name regularities of collections of sets in Section 2.4.2. There, the interplay
between different sets is studied.

2.4.1 Regularity of Sets

Definition 2.4.1. Let (3 C R" be nonempty.

1.

The set (3 C R" is (g, 0)-subregular at X with respect to U C IR" if there exist ¢ > 0
and & > 0 such that
(0,2 —y) <ellol]lz -yl (2:29)

holds for ally € QN By(%),z € UNBs(x), v € N5(y). For simplicity, Q is (¢, 5)-
subregular at ¥ if U = {x}.

IfU = Qin (1), then Q) is (g, 0)-regular at x.

If Q)is a closed set, then () is Clarke regular at X € Q) if, for all ¢ > 0, there exists § > 0
such that any two points x,y € Bs(X) with x € Q and any z € Pqy satisfy

(x =%y —z) <ellx—x[y -zl (2.30)

If for all € > O there exists 6 > 0 such that (2.29) holds for all x,y € Q N Bs(%) and
vy € Nq(x), then Q) is said to be super-regular at .

If Q) is closed, then () C IR" is said to be prox-regular at a point X € () if there exists a
neighborhood U of X such that the projection Pcx is single-valued for all x € U.

13
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Remark 2.4.2. Let H be a Hilbert space. We refer to (Deutsch, 2001, Chapter 2, p. 21) for
the definition of a Chebyshev set: a subset () C H is Chebyshev, if Pq is a single-valued
mapping for all points x € H. By (Deutsch, 2001, Theorem 12.7), in a finite dimensional
inner product space R", a nonempty subset C C R" is closed and convex if and only if C is
Chebyshev. With Definition 2.4.1, it is possible to give an alternative definition of convex sets
in finite dimensional spaces. We recall the best approximation property for closed convex sets:
by (Deutsch, 2001, Theorem 4.1), if a set () C IR" is closed and convex , then for all x € R",
Pax = z if and only if

(x—2z,z—y) <0 forally € Q. (2.31)

For every x € R" there exists exactly one z € Q) satisfying (2.31) if and only if ) is a convex
set. In other words, () (0, c0)-subregular at every x € Q) if and only if () is convex.

For a generalization to general Hilbert spaces, Deutsch closes his book with the question:
“Must every Chebyshev set in (an infinite-dimensional) Hilbert space be convex? We believe
that the answer is no.”?

Remark 2.4.3. The definition of (¢, §)-subregularity was introduced in (Hesse and Luke, 2013)
and is a generalization of the notion of (e, §)-regularity introduced in (Bauschke et al., 2013b,
Definition 8.1). This regqularity condition can be seen as a measure for violation of convexity
of a set. By Cauchy-Schwarz, a trivial upper bound for € is given by 1. Further, there is a
monotinicity in € with respect to 6: if a set Q) is (g, 8)-subregular at a point x € ) and if () is
(¢/,6')-subreqular at x as well for &' < 6, then ¢ < e. If a set () is (¢, §)-subreqular at a point
x € Q,and if O is (g, 5)—subregular at x as well for §>06, thené > e

For the definition of super-regularity, we refer to (Lewis et al., 2009, Definition 4.3), while
the definition stated in 2.4.1 (4) can be found in (Lewis et al., 2009, Proposition 4.4).

Similarly, the definition of Clarke regularity is cited from (Lewis et al., 2009, Definition 4.1).

The first appearance of prox-regularity was in (Poliquin et al., 2000, Definition 1.1). The way
of stating it in Definition 2.4.1 (5) is actually due to the equivalence given by (Poliquin et al.,
2000, Theorem 1.3 i)). Since prox-regularity is a local property, it is very natural to ask for
counterexamples (see Figure 2.4).

Proposition 2.4.4 (relations of regularities). For a nonempty and closed subset () C R" the
following chain of implications holds:

1. If Q) is prox-reqular at %, then () is super-reqular at X.

2. If Q) is super-reqular at X, then Q) is Clarke regular at X.

3. If Q) is Clarke reqular at X, then Q) is (¢, 6)-subreqular at X.
The converse does not hold.

Proof. The statement in (1) follows from (Lewis et al., 2009, Proposition 4.9). Claim
number (2) is (Lewis et al., 2009, Corollary 4.5). To prove (3), we set y = x in (2.30).
Note that, for all z € Pqx, the vector x — z is contained in Nn(x). Then Equation

2(Deutsch, 2001, p. 306, Question)

14
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(2.30) is exactly equivalent to (2.29). Counterexamples for the converse of (1) and (2)
are shown in (Lewis et al., 2009, Example 4.6 and p. 494), while a counterexample for
the converse of (3) is given in (Hesse and Luke, 2013, Remark 2.12). O

Figure 2.4: Let C be the union of the two black lines. It is not prox-regular at the inter-
section of the black lines. In particular, for any neighborhood of the point
in the intersection, the projector onto C is not single-valued for all points on
the red dashed lines. We illustrate this with the point z and its projection
given by the end points of the blue lines.

Example 2.4.5. At this point it is worth mentioning an important class of prox-regular sets.
Let M be a smooth manifold. Then M is prox-regular everywhere (Lewis and Malick, 2008,
Lemma 2.1).

2.4.2 Regularity of Collections of Sets

Next, we define some notions of regularity of collections of sets that, together with (g, 6)-
subregularity, provide sufficient conditions for convergence of iterative methods used
in the following chapters. Linear regularity, defined next, can be found in (Bauschke
and Borwein, 1993, Definition 3.13). Local versions of this have appeared under various
names in (Ioffe, 2000, Proposition 4), (Ngai and Théra, 2001, Section 3), and (Kruger,
2006, Equation (15)).

Definition 2.4.6 (linear regularity). A collection (1, y,..., Q) C R” of closed, non-
empty sets Q0; C IR" is called locally linearly regular at ¥ € N7, Q); on B, (%) if there exist a
k> 0andad > 0 such that

dm}n:l()j(X) <x _max do, (x) forall x € Bs(%). (2.32)

15
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If (2.32) holds at % for every 6 > 0, the collection of sets is said to be linearly regular there.
The infimum over all « such that (2.32) holds is called modulus of regularity on B, (%). If the
collection is linearly reqular, one just speaks of the modulus of regularity (without mention of
Bs(%)).

There is yet a stronger notion of regularity of collections of sets that we make use of
called the basic qualification condition for sets in (Mordukhovich, 2006, Definition 3.2). For
the purposes of this work, we refer to this as strong reqularity.

Definition 2.4.7 (strong regularity). The collection ()1, )y) is strongly regular at x if
No, (£) (1 —No, (%) = {0}. 239)

It can be shown that strong regularity implies local linear regularity (Hesse and Luke,
2013). Any collection of finite dimensional affine subspaces with nonempty intersec-
tion is linearly regular (Bauschke and Borwein, 1996, Proposition 5.9 and Remark 5.10).
Moreover, if ()1 and () are affine subspaces,

(1, )) is strongly regular atany ¥ € O3 N

— 0OfnOLf={0} and 01N, #Q. (2.34)

In the case where ()1 and (), are affine subspaces we say that the collection is strongly
regular without mention of any particular point in the intersection - as long as this is
nonempty - since the collection is strongly regular at all points in the intersection.

16
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In signal processing applications, it may be the case that signals satisfying certain linear
constraints can be represented as vectors with just few nonzero entries in some generic
basis. Of course, with the right change of basis, we can represent any signal as a sparse
vector.

Consider for example the constant function f : R — R, x — 1 and its Fourier trans-
form

F) (k) = /°° 2R qx — §(k).

—00

Here, §(k) denotes Dirac’s delta function. Now, we translate this to applications with
signals of finite length, say, x = (1,...,1) € R". Then F becomes the discrete Fourier
transform F, and we get

F(x) = (n,0,...,0).

As is shown in Theorem 3.1.4, finding these sparse vectors satisfying linear equations
is in general NP-hard. The task of finding this sparse vectors is called sparsity optimiza-
tion. With their preprint in 2004, the authors of (Candés and Tao, 2005) introduced a
sufficient condition, called restricted isometry property, for the linear constraints such
that a convex relaxation returns the correct solution. The work (Donoho, 2006) gave
bounds for the number of linear constraints for recovery of the sparsest vector. It also
gave this field of research its name “Compressed Sensing”. Since then the field of Com-
pressed Sensing has developed rapidly. In (Foucart and Rauhut, 2013), there is a first
mathematical overview of this topic.

This chapter is based on (Hesse et al., 2014). Instead of applying a convex relaxation,
we formulate the sparsity optimization problem as a feasibility problem. In other words,
we seek points in the intersection of sets. The set of sparse vectors in a vector space is a
nonconvex set. We study geometric properties of this set used in forthcoming chapters.

3.1 Definitions

To find a vector x € IR" satisfying a set of linear constraints with the least possible
number of nonzero entries can be formulated as a minimization problem. First, we
introduce a notation for the number of nonzero entries of a vector.

17
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Definition 3.1.1. Denote the sign of a real number r A by

~1 ifA<0,
sign(A) =<0 ifA=0, (3.1)
1 ifA>0.

The lo-function of a real-valued vector x € IR" is defined via

n

lo(x) = ) | sign(x;)|. (3.2)

i=1

The fyp-function is thus the function that counts the number of nonzero entries in a
vector. Instead of £y(x), some authors in the literature use the notation ||x||o = fo(x).
This reflects the fact that £o(x) can be written as the limit of /,-functions for 0 < g < 1.
It is not a norm since it violates the scalability of a norm. It is also not a convex function
for all n > 1. To see this, letx =0,y = (1,0,...,0),and A = % Then we have

1= lo(Ax+ (1= A)y) = £o((1/2,0,...,0)) =1 > L = Alo(x) + (1 — A)lo(y). (3.3)

NI—=

09 - “\ —
W

L L
-1 0.8 06 -0.4 0.2 0 0.2 0.4 0.6 08 1

Figure 3.1: Graphs of pth powers of the functions ¢, for p = 0 (blue), p = {¢ (red),
p= % (yellow), p = % (purple), and p = 1 (green).

Remark 3.1.2. The convex hull of the {y-function is the constant zero function. To see this,
we remind the reader of the definition of the convex hull in (2.14). Let x € R" and p > 1
be arbitrary. We define now Ag := %,)\1 =1—Ag, and xo = ux,x; = 0. We note that the
equalities 2}:0 Ajxj = x and Z}:o Aj = 1 hold. The value of £o(x) cannot exceed n. As a
consequence, we have Z}:o Ailo(x;) < % Since the number y can be arbitrarily large, we see
that the infimum over all A, szjl':o Ajlo(x;) is zero.
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Definition 3.1.3. Let m < n and let M € R™*" be a linear mapping of full rank. Further,
let p € R™ be an arbitrary vector. Then formulate the compressed sensing problem (Candes
and Tno, 2005, Equation 1.3):
argmin  {p(x)
x€R" (34)
s.t. Mx =p.

In applications, the vector p is usually a signal obtained by a measuring process. Due
to this, p will sometimes be referred to as the “measurements”.

The following theorem by (Natarajan, 1995) is the reason why relaxations or refor-
mulations of (3.4) are necessary:.

Theorem 3.1.4 ((Natarajan, 1995, Theorem 1)). The compressed sensing problem (3.4) is
NP-hard.

The proof of Theorem 3.1.4 goes by finding examples of (3.4) that are equivalent to
known NP-hard problems. In this case, a matrix and a vector of measurements is con-
structed such that finding the sparsest vector in the affine subspace is equivalent to
finding a solution to the “exact 3-covering”. The latter is NP-hard (Garey and Johnson,
1979).

As mentioned in the introductory part, we formulate a feasibility problem related to
Problem (3.4). In (Blumensath and Davies, 2009), (Blumensath and Davies, 2010), and
in (Beck and Teboulle, 2011), the authors make an a priori assumption s on the value of
lp(x) of a solution ¥ to (3.4). Then the authors use iterative hard thresholding to find a
point ¥ of sparsity s. We follow the same ansatz and make an a priori assumption s to
the sparsity of a solution ¥ to (3.4).

We formulate a feasibility problem closely related to (3.4). First, the sets involved in
that feasibility problem need to be defined.

Definition 3.1.5. Define for an integer s with 0 < s < n the set of vectors in R" of sparsity at
most s by
As ={x e R"| {p(x) <s}. (3.5)

This set has been used throughout the literature, for example in (Bauschke et al.,
2014b) and in (Hesse et al., 2014). We will name a collection of properties of As in
Section 3.2. An intuitive example for A, C R? is shown in Figure 3.2. Further, we
define the set

B:={xeR"| Mx =p}. (3.6)

The set B represents the set of vectors satisfying the linear constraints in Problem (3.4).
Let us show some of its properties.

Lemma 3.1.6. The set B defined by (3.6) is an affine subspace. Hence, it is a closed and convex
set.

Proof. To show that B is an affine subspace, it is sufficient to show that, for all x,y € B
and for all A € R, we have Ax + (1 — A)y € B. Because all points x,y € B satisfy
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Figure 3.2: The set of 2-sparse vectors in R® together with a point where its nearest point
in A is not unique
Mx = My = p, and since M is a linear mapping, this gives us
MAx+(1-A)y) =AMx+(1-A)My=Ap+(1—-A)p=p, (3.7)

which is equivalent to Ax 4+ (1 — A)y € B. m

Now we can formulate our feasibility problem.

Definition 3.1.7. Given a sparsity parameter s € IN, define the sparse-affine feasibility
problem by
find x € As N B. (3.8)

In Chapter 5, we analyze the performance of the alternating projections algorithm
and the Douglas-Rachford applied to Problem (3.8). Their behavior heavily relies on
the geometries of A; and B. We describe these in the following section.
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3.2 Regularity of Sparsity Sets

The following two sections are based on Sections II and III in (Hesse et al., 2014). Fol-
lowing (Bauschke et al., 2014b), we decompose the set A, into a union of subspaces. For
x € R", define the sparsity subspace associated with x by

supp(x) = {y € R" | y; = 0if x; = 0} (3.9)
and the mapping
I[:R"—{1,...,n}, x—{je{l,...,n}x;#0}. (3.10)
Define
J =221 and ;= {J € J| ] has s elements} . (3.11)

The set As can be written as the union of all subspaces indexed by | € Js (Bauschke
et al., 2014b, Equation (27d)),
As=J A (3.12)
Jes
where A := span {¢; | j € |}, and ¢; is the jth standard unit vector in R". For x € R”,
we define the index set of the s largest coordinates in absolute value by

Cs(x) = {] € Js

min |x;| > max |x;| p . 3.13
nin 3 > max]x } 613)

The next elementary result gives a compact presentation of the shortest distance of a
point x to its projection onto the set As.

Lemma 3.2.1 ((Bauschke et al., 2014b, Lemma 3.4)). Let x € As and assume s < n — 1.
Then

min {da,(x) |x¢ A, J € Jo} =min{|xj| | j € I(x)}. (3.14)

Using the above notation, the normal cone to the sparsity set As; at x € A; has the
following closed-form representation. It was shown in (Bauschke et al., 2014b, Theorem
3.9). We also refer to (Luke, 2013, Proposition 3.6) and Proposition 8.2.7 for the general
matrix representation.

Ng,(x) ={v e R"| ly(v) <n—s}N (supp(x))L

= U A5 (3.15)
JeJs, 1(x)C]

The normal cone to the affine set B also has a simple closed form, namely, Np(x) =
B! (see, for example, (Mordukhovich, 2006, Proposition 1.5)). Let y € R" be a point
such that My = p. Recall the definition of the Minkowski sum in (2.15). Note that ker M
is the subspace parallel to B, i.e., ker M = B + {—y}. This notation gives us explicit
representations for the projectors onto A; (see (Bauschke et al., 2014b, Proposition 3.6))
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and B:
Ppx=x—M'(Mx—p) and Pux= |[J Py, x, (3.16)
JECs(x)

where M' is the Moore-Penrose inverse (see (5.2) for more details), and

(Pa;x)j = {2’ ; ; ]] ’ (3.17)

Lemma 3.2.2. The set of sparse vectors As is locally convex at points x with £y(x) = s.

Proof. Choose x € As with £y(x) = s. Define § < min{|x;| | x; # 0} and choose y,z in
the intersection of the ball Bs(x) with A;. Since the ball is a convex set, it only remains
to prove that any convex combination of y and z is contained in A;. But this is true since

the index set
I(x)={jeN|x#0} (3.18)

is the same for y and z. Otherwise, a sparser vector would be contained in Bs(x) since
it is convex. This completes the proof. O

Next, we collect some facts about the projectors and reflectors of A; and B. Because
the set B is convex and closed, the projector onto B is single-valued. In the sense of
Definition 2.1.1, we write ¥ = Ppx instead of {¥} = Ppx.

Lemma 3.2.3 ((Hesse et al., 2014, Lemma II1.2)). Let As and B be defined by (3.5) and (3.6).
Let z € Asand w € B. Forany 6, € (0,min {|z;| | j € I(z)}) and for any 6, € (0,00), the
following hold:

(i) Pgx € By, (w) forall x € By, (w);
(i) Pa,x C By, 2(z) forall x € Bys_s(z);
(iii) Rpx € By, (w) forall x € By, (w);
(iv) Ra,x C By, /2(z) forall x € By, j5(2).

1

Proof. (i) This follows from the fact that the projector is nonexpansive' since B is

convex and
| Ppx — wl| = [|Ppx — Ppw|| < [|x —w]|.

(ii) Letx € By, 2(z). We have
|xj — zj| = |xj] <6./2 forany j€ I°(z):={j:z =0}
Moreover, we have

v~z <6./2 forall jel(z):={j:z#0},

n fact, the projector is firmly nonexpansive as shown, for example, in (Zarantonello, 1971, Lemma 1.2).
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3.2 Regularity of Sparsity Sets

and so |x;| > 6,/2 for all j € I(z). Altogether, this means that |x;| > |x;| for all
i€l°(z),jel(z).

Therefore, the indices of the nonzero elements of z exactly correspond to the in-
dices of the |I(z)|-largest elements of x, where |I(z)| denotes the cardinality of the
set I(z). Since |I(z)| < s, the projector of x does not need to be single-valued?.
Nevertheless, for all x* € P4 (x), we have z € supp(x™), where supp(x™) is de-
fined by (3.9). Since supp(x™) is a subspace, x™ is the orthogonal projection of x
onto a subspace. Hence, by Pythagoras’ theorem, we obtain

2 2
I = x|+l =213 = IJx I} 6.19)
5 .
and [lxt —za < v —zll, <3

Thus, Py x C ]B(gz/z(z).

(iif) The reflector Rp is with respect to the affine subspace B containing w. The distance
dp (Rpx) is equal to dp (x). The result follows.

(iv) As in the proof of (ii), for all x € By /5, we have z € supp(x™) for each x* €
P4 (x). In other words, the projector, and hence the corresponding reflector, is
with respect to a subspace containing z. Thus, as in (iii), ||Ra,x — z|| = ||x —z||,
though in this case only for x € B;_/».

i

The next lemma shows that, around any point ¥ € A, the set A; is the union of
subspaces in A; containing ¥. Hence, around any point ¥ € A; N B, the intersection
As N B can be described locally as the intersection of subspaces and the affine set B,
each containing x.

Lemma 3.2.4 ((Hesse et al., 2014, Lemma II1.3)). Let ¥ € As N B with 0 < {y(X) < s. Then
forall 5 < min{|%;| : X; # 0}, we have

AsﬂIB(;(f) = U A]ﬂIBg(f), (3.20)
JeJs, I(x)C]

and hence
AsNBNBs(x) = |J AjnBNBs(x). (3.21)
JeJs, I(x)C]

If in fact £o(X) = s, then there is a unique | € Js such that, for all 5§ < min{|x;| : X; # 0}, we
have As NBs(%) = Aj N B, (X) and hence As N BN Bs(%) = AN BNBs(X).

Proof. 1If s = n, then the set A; is equal to R”, and both statements are trivial. For the
case s < n — 1, choose any x € Bs(%) N As. From the definition of § and Lemma 3.2.1
we have that, for any | € J;, if ¥ ¢ Aj, then x ¢ A;. By contraposition, therefore,
x € Ajimplies that ¥ € Aj, hence, for each x € Bs(¥) N As, we have x € B (%) N Ay

2Consider the case z = (1,0,...,0),x =(1,6/4,6/4,0,...,0),and s = 2.
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3 Sparsity Optimization

where I(%) C I(x) € J;. The intersection B (%) N A; is then the union over all such
intersections as given by (3.20). Equation (3.21) is an immediate consequence of (3.20).

If in addition ¢y (%) = s, then the cardinality of I(%) is s and by (Bauschke et al., 2014b,
Lemma 3.5), we have C;(%) = {I(X)}, where C;(%) is given by (3.13). This means that
if X has sparsity s, then there is exactly one subspace A with index set | := I(%) in J;
containing X. By Lemma 3.2.1,

dana, (%) =min {|5;] | j €} > 6.

From this we conclude the equality A; N B;(%¥) = A; N B;(X) and hence
AsNBNBs(X) = AjN BN Bs(%),

as claimed. o

Theorem 3.2.5 (regularity of A; (Hesse et al., 2014, Theorem II1.4)). At any point ¥ €
A\{0} the set As is (0,0)-subregular at X for 6 < min {|%;| | j € I(x) }). On the other hand,
the set As is not (0,6)-subregular at ¥ € A\{0} for any 6 > min{|%j||j€ I(x)}. In
contrast, the set As is (0, 00)-subregular at 0.

Proof. Choose any x € Bs(X) N As and any v € Ny, (x). By the characterization of the
normal cone in (3.15), there is some | € J; with I(x) C Jand v € A]L C Na,(x). Asin
the proof of Lemma 3.2.4, for any 6 € (0,min {|%j| | j € I(%)}), we have I(x) C I(x).
Hence, ¥ — x € Ajand (v, ¥ — x) = 0. By the definition of (¢, §)-regularity in Definition
24.11), Asis (0,0)-subregular as claimed.

That A, is not (0, d)-subregular at ¥ € A, \ {0} for any § > min{\f]] |jeI(x)}) fol-
lows from the failure of Lemma 3.2.4 on balls larger than min {|%;| | j € I(%)}. Indeed,
suppose § > min {|%;| | j € I(x)}, then, by Lemma 3.2.1, there is a point x € B,(%) N A,
withx € A] C A;but ¥ ¢ Aj. Now we choose v € Al C Ny, (x). Because ¥ ¢ Aj, then
¥ —x ¢ Ajand thus (v, ¥ — x)| > 0. Since Ny, (x) is a union of subspaces, the sign of v
can be chosen so that (v, ¥ — x) > 0, in violation of (0, §)-subregularity.

For the case ¥ = 0, Equation (3.15) yields (v, x) = 0 for any x € As; and v € Ny, (x)
since supp(x)* L supp(x). This completes the proof. i

Lemma 3.2.6. Let r,s,n € N withr <s < n. Then, for all x € R", we have
PA,(PAsx) = PA,x. (3.22)

Proof. By (3.16), we know that P4 x is the set of vectors with the r largest absolute
entries of x. Denote by E, the set of r largest absolute entries of x and by E; the set of s
largest absolute entries of x. Then E, C E; and, hence, Py, (Pa,x) = Pa,x. i

Finally, the above statements yield two useful properties of the {p-function.

Proposition 3.2.7. The {y-function is subadditive and lower semicontinuous. Further, the
equality £o(x) = lo(—x) holds for all x € R™.

24



3.3 Regularity of the Intersection

Proof. By Definition 2.1.7 based on (Rockafellar and Wets, 1998, Theorem 1.6), the lower
semicontinuity of a function is equivalent to the lower level sets being closed subsets of
R". For all s € IN, the lower level sets of ¢ are given by

leVSS by = {x e R" ’ by < S} , (323)

in other words, lev<; {y; = A;. The latter is, as a union of finitely many subspaces, a
closed set for all x € R".

The number of nonzero entries in a vector is independent of the sign of the entries,
s0 lp(x) = lo(—x).

To show subadditivity, we take x,y € R" with {o(x) = sy and {o(y) = sy. If I(x) N
I(y) = @, where I(x) and I(y) are given by (3.10), then £y(x +y) < s, + s, with equality
if and only if sy +s, < n. If I(x) N I(y) # @, then in any case {o(x +y) < sx + 5.
Altogether, /j is a subadditive function. |

3.3 Regularity of the Intersection

In (Hesse and Luke, 2013), it was shown that local linear regularity of intersections of
sets is one of the ingredients for local linear convergence of the alternating projections
algorithm. As will be shown in this section, the collection (As, B) has locally linearly
regular intersection as long as the intersection is nonempty. We begin with a technical
lemma.

Lemma 3.3.1 (linear regularity under unions (Hesse et al., 2014, Lemma IIL.5)). Let
(1,9, ..., Yy, Qpyy1) be a collection of nonempty subsets of R™ with nonempty intersec-

tion. Let X € <ﬂ;”:10j) N Qyuy1. Suppose that, for some § > 0, the pair (Q, Quui1) is locally
linearly regular with modulus x; on Bs(%) for each j € {1,2,...,m}. Then the collection
(U}":l Q, Qm+1) is locally linearly regular at X on B;(%) with modulus ¥ = max;{x;}.

Proof. Denote I := Ui, Q;. First, note that, for all x € Bs(x), we have
dererl (x) = HI]ln {dQ/QOJrl (X)} S Hl]ln {K] maX{dQ]‘ (x) 4 de+1 (x)}} 4 (3‘24)

where the inequality on the right follows from the assumption that (€, (,41) is locally
linearly regular with modulus x; on Bs(x). Let ¥ > max;{x;}. Then
drna,., (x) < ®min; {max{dq, (x), dq,., (%)} }

m

3.25
— % ax{mmj{dgj (x)}, da,,, (x)}. (429

This completes the proof. |

Theorem 3.3.2 (regularity of (As, B) (Hesse et al., 2014, Theorem II1.6)). Let As and B
be defined by (3.5) and (3.6) with AsNB # ©. Atany X € As N B and for any 6 €
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(0,min {|x;| | j € I(%)}), the collection (As, B) is locally linearly regular on Bs ;> (%) with
modulus of regularity
K= max 1K
B

where k7 is the modulus of regularity of the collection (A, B).

Proof. For any ¥ € A; N B, we have ¥ € AjN B forall ] € J; with I(x) C J. Thus,
(A}, B) is linearly regular with modulus of regularity x; (Bauschke and Borwein, 1996,
Proposition 5.9 and Remark 5.10). Define

A75 = U A].
JeTs, I(x)C]

Then, by Lemma 3.3.1, the collection (As, B) is linearly regular at ¥ with modulus of

regularity ¥ := jma(x) {x;}. By Lemma 3.2.4, we obtain A; N B;/»(X) = A; N By ()
JeJs, I(x)S]

for any 6 € (0,min {|%;| | j € I(x)}). Moreover, by Lemma 3.2.3(ii), for all x € Bs/»(%),
we have Py x C Bs/»(X), and thus Pa,.x = Pzx. In other words, da, (x) = dz(x) for
all x € Bs/,(%). Hence, the collection (As, B) is locally linearly regular on Bs(%) with
modulus k. This completes the proof. o

Bj/2(2)

Figure 3.3: The intersection of the blue line B with the set A; is locally linearly regular.
For example, the blue disc may be chosen as the corresponding neighbor-
hood of a point in the intersection A; N B. The dashed lines is the subset of
points of R? that have not a unique projection in Aj.

As an example for local linear regularity, consider Figure 3.3.

Remark 3.3.3 ((Hesse et al., 2014, Remark II1.7)). Another example shows that the collection
(As, B) does not need to be linearly regular. Consider the sparsity set Ay, the affine set B =
{(1,7,0) | T € R}, and the sequence of points {x*}icn defined by x* = (0,k,0). Then
A1NB = {(1,0,0)} and max{d, (xX),dp(x*)} = 1 for all k while d4,~p(x*) — oo as
k — oo.
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3.4 Second-Order Subdifferentials

3.4 Second-Order Subdifferentials

This section is inspired by the works (Le, 2013) and (Mordukhovich and Rockafellar,
2012). In the former, the subdifferentials of the /y-function and of the rank-function are
computed, while the latter gives an analysis of second-order subdifferentials. Our aim
here is to extend the work of (Le, 2013) by one degree of derivation.

3.4.1 The Second-Order Subdifferential of the Counting Function

Lemma 3.4.1 ((Le, 2013, Theorem 1, Theorem 2)). The {y-function is subdifferentially reg-
ular (Definition 2.1.11).

Definition 3.4.2 (coderivatives (Rockafellar and Wets, 1998, Definition 8.33)). Given a
set-valued F : R" =3 R™, define the coderivative at (¥,7) € gph(F) by

D*F(%,7)(u) = {v € R"

(0, —1t) € Ngpn(p) (%, y)} . (3.26)

Our aim is to give a notation of a second-order derivative for set-valued mappings.
With coderivatives of subdifferentials, this notation can be given.

Definition 3.4.3 ( (Mordukhovich and Rockafellar, 2012, Definition 2.1)). Let f : R" —
R be a function which is finite at X. Define the second-order subdifferential

PF(x,7)(u) = (D'3f) (%,7) (u),u € R". (3:27)

Now let the function f : R" — IN be the ¢y-function, i.e., f(x) = ¢y(x). Then, by
Lemma 3.4.1, the different sorts of subdifferentials, namely, the regular and the limiting
subdifferential of the {y-function, coincide. This leads to the subdifferential

9l(x) = suppt(x) = {y € R" | y; = 0if x; # 0} . (3.28)
As a consequence, we get

9o(%, ) (1) = {v €R"

(0,~4) € Ngpngary) (£,9)) } - (3.29)

In the following, we compute the normal cones of the graph of the subdifferential of
¢y. We observe that every element (x, y) of gph(d¢p) has at most n nonzero components.
This is due to the definition of supp~(x) and the fact that x as well as y are elements
of R". Further, if x has k nonzero components, then y has at most n — k nonzero com-
ponents. The graph of the £y-function is thus the set of vectors in R?" with sparsity at
most 1.

We write the space of sparse vectors A, C R" x R" as a (of course not disjoint) union
of subspaces. First, we define an index set

I, € {l[ g 2{lmm}

1| = k} (3.30)
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indexed by k € {1,...,n}. Now define the subspaces

Ag, = {(x,y) € R" x R" ‘ xj=0Vjel,y =0VI€ ]Ik}- (3.31)
Then )
A= UJUAr (3.32)
k=1 I,

Lemma 3.4.4. The normal cone of the graph of 0y is the set

L . — -
ngh(aég)(y/ y) — A]Ik N Zf€0<(xl y)) _ nj”/id (X, y) € A]Ik’ (333)
UAj, forall Ay, with (x,y) € Ar,.

Proof. Consider the case that £y((X, 7)) = n, and take an arbitrary sequence { (x,y)* }ren
converging to (X,7). Then there exists a neighborhood of (¥,%) and k' € IN such that,
for every k > K/, the projection of (x,y)* onto gph(d4p) lies in supp((X,7)). But then
any cone

cone ((x,y) — Poph(ary) (x/]/)> (3.34)
lies in supp((%,¥)). From this, we conclude that the limes superior of these cones is
supp((%,7))" = Ajp- (3.35)

The same argument applies for sparser points (¥,). The difference is that, for any
subspace A jy), there is a sequence converging to (X,¥) such that the projection of the

elements of the sequence lies in A(;;). We obtain the union of all A(l]. 0 with (X,7) €
A(jx) as the Mordukhovich normal cone. o

Theorem 3.4.5. The second-order subdifferential of the £y-function is the set

P0o((%,7) () = (Do) ((%,7)) ()

{o] (u,—0) € supp((x,7))"} if bo((x,y)) = n,
= {v ‘ (u,—v) € UA(Lj’k)for all Ay with (%,7) € A(j,k)} ifbo((x,7)) <n,
@ else.
Proof. The claim follows from Lemma 3.4.4. |

3.4.2 The Inverse Second-Order Subdifferential

The goal of this section is to give an explicit formula for the inverse mapping as in Def-
inition 2.1.1 of the second-order subdifferential operator 9*(y((x,¥)) for some (X,7) €

gph(9¢o).
Lemma 3.4.6. We have dom 9%(y((x,7)) = 9o(%).
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Proof. By Theorem 3.4.5, the second-order subdifferential of the ¢y-function is given by

Pho((%,7)) (1) = (D*340) (%,9)) (1)

{v| (u,—v) € supp((x,9))*} if (o((x,7)) = n,
= { ‘ ( ) Aé,k) for all A(],k) with (f, y) € A(],k)} if éo((y,y)) <mn,
%) else

So, a necessary condition for 32y ((,y))(u) to be nonempty is u € supp(x)*. By (3.28),
this is equivalent to u € 9¢y(X). o

Corollary 3.4.7. For the inverse of 3*y((X, 7)), we have
dom 04y ((x,7)) ! = supp(%). (3.36)

Proof. By (Rockafellar and Wets, 1998, Chapter 5.A), we have dom (F~!) = range(F
for a set-valued mapping F. But, for some u € dom 9%/y((%,¥)), we have u € supp(x)*
and i € supp(¥)+. Hence,

9*6o((%,7))(u) C supp(u)™, (337)

and supp(u)* is a superset of supp (¥). Because u € dom 9?{y((%,7)) is chosen arbi-
trarily, we get dom 924y((x,7)) ! = supp(%). i

3.4.3 Set-Valued Newton’s Method

The definition of a second-order subdifferential could give rise to the minimization of
the /p-function via a Newton-type method. We briefly note why this is suboptimal.
A naive approach would be an iteration {x*}, _ with

xk+1 c xk _ 8260((xk’yk))71(a£0(xk))

with y* € 94y(xF). But as we have seen in Corollary 3.4.7, the intersection of 9/y(x")
with dom 02/ ((xF, y¥)) 1 is {0}. Then —9%4((x*, y*)) 1 (94 (x*)) is just the zero vector.
As a consequence, the sequence {x*};cn would be constant. Hence, the approach via
this Newton-type method would not lead to any useful result.

Remark 3.4.8. In the spirit of (Hiriart-Urruty, 2013, Theorem), we remark that every point
of R" is a local minimum of £y since £y is lower semicontinuous and takes only finitely many
values. For all x € R", choosing ¢ < min {|x;| | x;j # 0}, we can find a neighborhood of x such
that lo(x) < Lo(y) for all y € Be(x). Hence, it is not surprising that a set-valued Newton’s
method stays at the same point in every iteration.
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On several occasions in the previous chapters, we have named the method of alternat-
ing projections and the Douglas-Rachford algorithm. These algorithms are two repre-
sentatives of the class of projection methods. We name all basic properties and conver-
gence results of the two mentioned algorithms.

4.1 Properties of the Projector

Before we give theoretical results on projection methods, we discuss the properties of
the projection operator defined in (2.17).

The following theorem is a classical result of convex analysis. It states that the pro-
jector onto a closed, convex set is a nonexpansive mapping.

Theorem 4.1.1 ( (Cheney and Goldstein, 1959, Theorem 3)). The projection operator for a
closed, convex set () C H in a Hilbert space H satisfies the Lipschitz condition

IPox — Pyl < [x -y, (4.1)
equality holding only if ||x — Pax|| = ||y — Pay||-
Proof. By the best approximation property of convex sets, we have

<PQX — PQy, PQy — y> Z 0 (4 2)
and  (Pqy — Pax,Pox —x) >0. '

Then we have (Pax — Pay, Pay —y) + (Pay — Pax, Pox — x) > 0, which is equivalent
to
(Pox — Pay,x —y) > (Pax — Pay, Pox — Pay) = |[Pax — Pay|*. (4.3)

Applying the Cauchy-Schwarz inequality to (4.3) gives us

IPax = Pay|| llx =yl = |[Pax — Payl|*, (44)
which is equivalent to ||x —y| > ||Pqx — Pqy||. Equality holds here only if (Pnx —
Pay, Pay — y) = (Pay — Pax, Pox — x) = 0 and if Poy — Pox = A(y — x) A € R. From

this, we conclude

(y—x,Pay—y)=0 and (y—x,Pox—x)=0.
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Finally, computing

0 = (Pax— Pqy,Pay —y) — (Pay — Pax, Pox — x)
+(y—x, ony —y)+(y PR Pox —x) (4.5)
= |[Pax —x|" — ||Pay — ylI*,

we get the desired result. ]

The next result is on preimages of the projector. Note that the underlying set C is not
required to be convex.

Lemma 4.1.2. Let C C X be a nonempty, closed subset and let z € C. Then Pz'z is a
nonempty, convex subset of X.

Proof. Assume there exist x,y € Pz 12 such that we find a A € [0,1] together with Z € C
such that
Ax+ (1 -A)y—z2|| < [[Ax+ (1 - 1)y —z|

and x,y ¢ P- 17, Because x,y ¢ PC_ z,we have A € (0,1). By Pythagoras, this gives us

lx = 2[* = [lx = Ax — (1 = Dy* + |Ax + (1 = A)y — 2|2 (4.6)
and 3 ) ) )
ly =22 = ly = Ax — (1= D)y [ + |Ax + (1 = D)y — 2% (4.7)
Define
T = argmin|[Ax + (1 — A)y — z||. (4.8)
A€[0,1]

1. If T € {0,1}, then either x or y is the minimizer of the distance between the points
on the line {Ax+ (1 —A)y | A € [0,1]} and z. Without loss of generality, assume
llx — z|| < |ly — z||. This means that

(y—Ax—(1—-A)y,z—Ax—(1—A)y) >0 forall A €]0,1]. (4.9)

Then, by Pythagoras,
ly — 2> =lly—Ax—(1- /:\)y\lz +|IAx+ (1= Ay — ZH;
<y = Ax= (1= Ayl + IAx+ (1= A)y — 2l
< lly—Ax— (L= A)y|2 + Az + (1 - )y 2] w10
+y—Ax— (1 -y, Ax+(1-A)y —z)
=lly—Ax—(1-A)yy+Ax+ (1—A)y —z|?
= lly —zII*
This is a contradiction since ||y — Z|| > ||y — z||
2. If T € (0,1), then we have (by Pythagoras again)
lx =2 = [lx = 7x = (A= D)y|* + |7 + (1 - T)y — 2| (4.11)

32



4.1 Properties of the Projector

and
ly =zl = lly —tx — A = )y|l* + |[tx + (1 — 1)y — 2| (4.12)

Without loss of generality, assume A > 7. Then
v = Ax = (1= Ayl < x —Tx — (1 =)yl (4.13)

Further, . ) 3 )
[Ax+ (1= A)y = 2[> = [lx = 2)* = [|x = Ax = (1 = A)y]*. (4.14)

Observe that the angle between
Ax+(1—-A)y—2 and Ax+(1—-A)y—x (4.15)
is larger than 7 (see Figure 4.1 for a justification of this claim). This means that
1Ax + (1 =Ry —z]* < [lx —z[* = [|lx = Ax — (1 = A)y]|*. (4.16)
Since ||x — z||? < ||x — £/|?, we see that
[Ax 4+ (1= A)y —z||* < [[Ax+ (1 - A)y — 2|, (4.17)

which is a contradiction to the assumption. This proves the lemma. O

Figure 4.1: The point z represents the closest point in C to both x and y. The shortest
distance from the line connecting x and y to the point Z € C, given by the
line between E and Z, is always larger than the distance from E to z.

The proof of Lemma 4.1.2 is very elementary. An alternative proof is as follows: by
(Bauschke and Combettes, 2011, Example 20.12), the projector onto a nonempty subset
C of H is a monotone operator. By (Kassay et al., 2009, Theorem 3.5), the inverse of a
monotone operator is always convex-valued. The lemma then is a corollary of (Kassay
et al., 2009, Theorem 3.5).
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4.2 There and Back Again: An Alternating Projections’ Tale

The idea of the method of alternating projections is as simple as it can get if one seeks to
find the intersection of two closed sets: start at a given initial point x°, then project onto
the first set, and afterwards compute the projection onto the second set. Keep doing
this procedure until a stopping criterion is fulfilled. Among these stopping criteria, we
normally use the one where consecutive iterates are close to each other.

Researchers usually refer to John von Neumann’s work as the initialization of the
study of alternating projections. The result can, for example, be found in his book on
functional operators (von Neumann, 1951, Theorem 13.7). There, von Neumann shows
convergence of the sequence of projections onto linear subspaces to the projection onto
the intersection of these subsapces!.

Another article which has to be mentioned here is the one by Kaczmarz from 1937
(Kaczmarz, 1937). There, the author proves the convergence of the method of sucessive
projections to the point in the intersection of n affine equations in an n-dimensional
vector space, i.e., he proves convergence to the unique solution to a system of linear
equations.

Research on this simple method was being pushed in the beginning of the 1990’s.
In the works (Combettes and Trussell, 1990), (Bauschke and Borwein, 1993), and in the
article (Bauschke and Borwein, 1996), there has been a development in finding sufficient
and necessary conditions for convergence.

It is remarkable that the first results, including the one by von Neumann, are re-
stricted to finding the nonempty intersection of a family of convex sets. The key in
the development away from convex sets lies in defining regularity conditions on the
sets and on the intersections of the sets. With these conditions, convexity is no longer
necessary (Lewis et al., 2009), (Hesse and Luke, 2013).

Definition 4.2.1 (alternating projections). For two closed sets 31,y C R", the mapping
TApx = Plegzx (4.18)

is called the alternating projections operator. The corresponding alternating projections algo-
rithm is given by the iteration
e Tupak, ke N, (4.19)

with x° given.

Other well-known algorithms, such as steepest descents for minimizing the average
of squared distances between sets, can be formulated as instances of the alternating
projections algorithm (Pierra, 1976), (Pierra, 1984). In Corollary 5.2.10, we show that,
for problems with special linear structure, the alternating projections algorithm corre-
sponds to projected gradients, based on (Hesse et al., 2014). We wish to remark that the
method described in Definition 4.2.1 can be generalized to the case of more than two
sets (see (Bauschke et al., 1997, Fact 1.1.1)).

IThis is actually the central property of Dykstra’s projection algorithm (Boyle and Dykstra, 1986), which
coincides with the alternating projections in the case of linear subspaces.
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4.2.1 Convex Results

The most widely studied case is the case where the sets which we project onto are
closed, convex subsets of some vector space, which is in our case the Euclidean space
R". The reason for that lies in the fact that the projector (2.17) onto a closed and convex
subset is always single-valued. Therefore, let ); and (), be two nonempty, closed,
convex subsets of R". At this point, we remark that in (Bauschke and Borwein, 1993)
the authors give results for nonempty subsets of an arbitrary Hilbert space X. However,
we restrict ourselves to X = R”. Let ()1, C IR” be closed and convex subsets. We
formulate the feasibility problem

find Q1 N Q. (4.20)

In applied mathematics, the sets (2; and (), are normally used to model a problem from
physics, economics, chemistry, etc. Among these, the phase retrieval problem will be
studied in more details in Chapter 9.

A crucial part of the analysis of an iterative method is the knowledge of its fixed
points. The convergence results for projection methods always rely on certain regular-
ity conditions. It is not always clear if these conditions are fulfilled in the settings of,
for example, physical experiments.

If we borrow some notation from the regime of time-discrete dynamical systems,
then we can declare different kinds of fixed points of the operator defined in (4.2.1).
By a stable fixed point of an operator T, we denote a point x such that, for all y in a
neighborhood of x, all iterates T"(y) stay in the same neighborhood of x. Otherwise,
the fixed point will be called unstable. An example for an unstable fixed point is given
in Figure 4.2.

Theorem 4.2.2 ((Cheney and Goldstein, 1959)). Let (31, )y C R” be closed convex subsets.
Then x € )y is a fixed point of the operator Py, Pq, if and only if X is a nearest point to ().

Proof. The following proof can be found in (Cheney and Goldstein, 1959, Theorem 2).
Suppose y = Pn,x and x = P,y and, to avoid trivialities, let x ¢ (), and y ¢ ();. For
arbitrary z; € (), we have (x —z1,x —y) < 0as well as (y — z,y —x) < 0 for an
arbitrary z, € (). From this, we conclude

(z1—z,x—y) > (x—y,x—y). (4.21)
Using the Cauchy-Schwarz inequality, we obtain
lz1 =22 = [lx —y]- (4.22)

To prove the converse, we suppose ||Po,x — x|| < ||Po,z—z| forall z € . If z =
Pq, P, x, then we get, by using the definition of the projection operator,

Iz = Pogzll < llz = Poyxl| < lx — Poyxl| < |1z - Poz]|- (423)

By the uniqueness of the projection, since ()1 and (), are convex, we get x = z. i
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Theorem 4.2.3 ((Bauschke and Borwein, 1993, Theorem 3.13)). Let A, B be nonempty,
convex, closed subsets of R", and define ¢ == P4_g0. Let (A, (B — g)) have linearly regular
intersection. Then any sequence generated by the AP-Operator converges at linear rate to a best
approximation pair of A and B (Definition 2.3.7).

4.2.2 Nonconvex Results

Figure 4.2: This example shows an unstable fixed point x of the alternating projections
sequence. If the projection onto C is perturbed arbitrarily, then the sequence
will move to the intersection of C and D. The dashed circle line illustrates
that Pcx is indeeed the projection of x onto C.

Lemma 4.2.4 (nonincreasing distance). For two closed sets (21, )y C R", let T4p be given
as in (4.18). For x° € R" chosen arbitrarily, generate the sequence as in (4.19) and define the
sequence

vk = dq, (x9). (4.24)

Then y* is a monotonically decreasing sequence of nonnegative values.

Proof. Because each y* is a distance, it is a positive real number. For all k, the value of
y* equals ||x¥ — Pn,x*||. Then

Hpgzxk — PQl PszkH < ka — PszkH . (425)

Hence,
Hpgl P, x* — Pay, Po, Po,x* H < Hpgzxk — Po, Po, x|, (4.26)
which is equivalent to y¥*! = dq, (x*+1) < dq, (xF) = . O

Remark 4.2.5. The result of Lemma 4.2.4 solely bounds the distances y* of the iterates x* to
the second set (). It gives no statement on the boundedness or convergence of the sequence
{xk}keN at all. In fact, without additional assumptions on the sets ()1 and )y, there exist
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4.3 Douglas-Rachford

k

examples of closed and convex sets where the sequence x* is unbounded. Consider the case

le{xERz}xzzo} and QZZ{XGRZ

1

x1 >0, xp > } (4.27)
X1

Then the sequence as given in (4.18) is unbounded.

Together with regularity conditions, we get local convergence results of the alternat-
ing projections.

Lemma 4.2.6 (local linear convergence of alternating projections (Hesse and Luke, 2013,
Corollary 3.13) ). Let the collection (1, ()2) be locally linearly regular at ¥ € (3 == (1 N
Oy with modulus of reqularity k on Bs(%). Further, let O and Q) be (e, 6)-subregular at X.
For any x° € Bs/,(%), generate the sequence {x*}rcn C R by alternating projections, that
is, Xkt € Typx*. Then

do (1) < <1 — % + €> da (xF). (4.28)

Consequently, as long as % > ¢, the alternating projections sequence converges at linear rate.

4.3 Douglas-Rachford

The Douglas-Rachford algorithm was proposed by Lions and Mercier in (Lions and
Mercier, 1979) for solving inclusions of the form 0 € A 4 B where A and B are maxi-
mally monotone operators. An operator A : R" =3 R" is monotone (see (Bauschke and
Combettes, 2011, Definition 20.1)) if we have

(z—w,x—y) >0 forall (x,z),(y,w) € gph(A). (4.29)

Citing (Bauschke and Combettes, 2011, Definition 20.20), an operator A : R" =3 R" is
maximally monotone if there exists no monotone operator C : R” = R” such that gph(A)
is a proper subset of gph(C). Let f : R” — Rand ¢ : R" — R be proper, convex, and
lower semicontinuous functions. For the case that A = df and B = dg, i.e,, A and B are
subdifferentials (2.1.9) of f and ¢ we know, by (Moreau, 1965, Proposition 12b), that A
and B are maximally monotone operators. If now, by (Bauschke and Combettes, 2011,
Corollary 16.38 (iv)), ridom f Nridom g # @, then we have a sum rule for subdiffer-
entials, i.e., 0f +0dg = 9(f + g). In that case, by Theorem 2.2.2, the Douglas-Rachford
algorithm can be applied to satisfy necessary and sufficient optimality conditions for
the sum f + g.

We define, for maximally monotone operators A and B, the resolvents of A and B
via [} = (Id—AA) !and J§ := (Id —AB) !, respectively. Then the Douglas-Rachford
iteration in terms of resolvents is given by (Lions and Mercier, 1979, Equation 10)

A = Tpgepat = J) (2 - Id) o+ (Id - ]g) . (4.30)
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Now, let ()1,0); C R" be nonempty and convex sets. Then 1, and iq, are lower
semicontinuous, convex, and proper functions. The subdifferentials of the indicator
functions are given by (cf. (Bauschke and Combettes, 2011, Example 16.12))

8101 = NQl, 8102 = NQZ. (431)

Inserting this into the resolvent ]} = (Id —AA)~! gives us ]ﬁb = (Id —ANgq,)~!. Be-
1
cause N, is a cone, we have | ﬁ}n = ]11\10 for all A > 0. By (Bauschke and Combettes,
1 1

2011, Example 23.4), we know that ]11\,Q = Pq,. The same applies for (). Now, consider
1
the iteration given in (4.30) with the resolvents of N, and of Nq,. Then, we obtain

A1 =J (2]§ - Id) X+ (Id - ]g) X
_11 1 k 1 k
o, (2T, — 1) 5+ (1d =]}, ) x
=Pq, (2Pq, —1d) x* 4 (Id —Pq,) x*
1

== <2P01 (2Pq, — Id) x* — (2Pq, — Id) x* + xk)

:% ((ZPQ1 —1d) (2P, —1d) x* + xk>

1
=5 ((Ra,Rq, +1d) x*.

With this reformulation, we can define a Douglas-Rachford algorithm for feasibility
problems.

Definition 4.3.1 (Douglas-Rachford). For two closed sets ()1, )y C R", the mapping

1
= RQl Rsz + x) , (4.32)

T =
DRY = 5 (

where Rq, is given by (2.19), is called the Douglas-Rachford operator. The corresponding
Douglas-Rachford algorithm for feasibility problems is the fixed point iteration x**1 € Tprx*,
k € N, with x° given.

In the past decades, there has been a broad research on applications of the Douglas-
Rachford algorithm to different kinds of problems. For example, it can be applied to
the determination of the shape of proteins (Aragén Artacho et al., 2013), road design
(Bauschke and Koch, 2015), quantum channel construction (Drusvyatskiy et al., 2015),
Cadzow denoising (Condat and Hirabayashi, 2015), and solutions to the phase retrieval
(Bauschke et al., 2002).
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4.3 Douglas-Rachford

4.3.1 General Convergence Results

In (Lions and Mercier, 1979, Proposition 2), it is shown that, for a firmly nonexpansive
Tprop as in (4.30), there is a weak convergence of the iteration. This includes also the
case where ()1, (), are closed, convex sets. Further, in case that B is both coercive and
Lipschitz, Douglas-Rachford was shown to converge linearly (Lions and Mercier, 1979,
Proposition 4). Let B = Nq, for (), closed and convex. In the following, we will show
that the normal cone mapping is not necessarily Lipschitz continuous. Lipschitz con-
tinuity for set-valued mappings can be defined as follows (Dontchev and Rockafellar,
2014, Chapter 3.3): a mapping S : R" =3 R" is said to be Lipschitz continuous relative
to a nonempty set D in R™ if D C dom(S), if S is closed-valued on D, and if there exists
x > 0 such that

S()CS(y)+x«|y —y|B forally',y € D. (4.33)

As a counterexample, let Q be the set {x € R? | x, > 0}. Then, for all points x € int(Q),
we have Nox = {0}, while at the boundary, for example at 0, we have

NaO = {(0,-A) e R* | A > 0}.
Hence, there is no ¥ > 0 such that
{(0,=A) [ A = 0} € {0} +xx - (0,0)] B.

Hence, the result in (Lions and Mercier, 1979, Proposition 4) does not apply for Doug-
las-Rachford for feasibility. Convergence of the latter with rates has been, except for
specific examples (Borwein and Sims, 2011), unknown until 2013. We cite the result in
the following lemma.

Lemma 4.3.2 (local linear convergence of Douglas-Rachford (Hesse and Luke, 2013,
Corollary 3.20)). Let 1, be two affine subspaces with (3 Ny # @. The Douglas-
Rachford algorithm converges to Q1 N (), for all x° € R™ if and only if the collection (1, ()
is strongly reqular (2.33), in which case, convergence is linear.

In (Phan, 2015, Theorem 4.7) it was shown, that the Douglas-Rachford for feasibility
problems converges locally at a linear rate for super-regular closed sets ()1, (), (Defini-
tion 2.4.1(4)). The sets in (Phan, 2015) have to satisfy a weaker regularity condition than
strong regularity: for (1,0, C R", let L = aff(Q; U )). We say that {Q, ()} is affine
hull regular at x € (0 Ny if

Noy, (x) N (L = x) N (= (Na,(x) N (L - x))) = {0}, (4.34)

4.3.2 Convex Convergence Results

A remarkable fact about the Douglas-Rachford for feasibility problem operator is its
behavior in the case of infeasibility. When ()4, (), are not convex, then the question of
convergence is open. For ()1, (), closed and convex, we cite the following result:
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Theorem 4.3.3 ((Bauschke et al., 2004, Theorem 3.13)). Let ()q, )y be closed and convex
subsets with § = Py—q,0. Let x0 € R" and let the sequence {x*}rcn be generated by Tpg.
Then the following hold.

1. xF— x5 g

2. If Oy Ny # @, then the sequence of x* converges to a fixed point of Tpg. Otherwise,
"]
x*|| — oo.

Definition 4.3.4 (shadows of Douglas-Rachford). For two closed sets (31,0 C R" and
some x° € R", let the sequence {x*} e be generated via

k+1

1 = Tprak (4.35)

as in Definition 4.3.1. The shadow sequence {y*}ren of {x* }ren is defined as
vk = Po,x. (4.36)

In contrast to the alternating projections algorithm, the iterates of the Douglas-Rach-
ford algorithm are not actually the points of interest — it is rather the shadows of the
iterates that are relevant. This results in an occasional incongruence between the fixed
points of Douglas-Rachford and the intersection that we seek.

Lemma 4.3.5 (fixed points of Douglas-Rachford (Bauschke et al., 2004, Corollary 3.9)).
Suppose that ()1, ) C R" are closed, convex, and such that (1 Ny # @. Then

FiX(TDR) = (Ql N Qz) + ND(O)
where D = Qz Ql

Remark 4.3.6. Lemma 4.3.5 can be generalized to closed, convex neighborhoods in () and ();.
Suppose there exist x € O N O and & > 0 such that O N B, (x) and Oy N B,(x) are convex
sets. Define

= (Q NBe(x)) — (Q1 NB(x)).
Then the inclusion x + Np,(0) C Fix(Tpr) holds.

4.3.3 The Linear Case

We give an auxiliary result that the Douglas-Rachford iteration applied to linear sub-
spaces converges to its set of fixed points with linear rate. As the sparse feasibility
problem locally reduces to finding the intersection of (affine) subspaces, by a transla-
tion to the origin, results for the case of subspaces will yield local linear convergence of
Douglas-Rachford to fixed points associated with points ¥ € A; N B such that £o(%) = s.

The idea of our proof is to show that the set of fixed points of the Douglas-Rachford
algorithm applied to the subspaces A and B can always be written as the intersection of
different subspaces A and B, the collection of which is strongly regular. We then show
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4.3 Douglas-Rachford

that the iterates of the Douglas-Rachford algorithm applied to the subspaces A and B
are identical to those of the Douglas-Rachford algorithm applied to the subspaces A
and B. Linear convergence of Douglas-Rachford then follows directly from Lemma
4.3.2.

We recall that the set of fixed points of Douglas-Rachford in the case of two linear
subspaces A C R" and B C IR" is, by (Bauschke et al., 2004, Corollary 3.9) and (5.41),
equal to

Fix Tpr = (A N B) + (AL N Bl)

for Tpr = %(R ARp +1d). For two linear subspaces A C R" and B C R”, define
the enlargements A := A + (AL NB") and B := B + (A' N BL). By definition of the
Minkowski sum in Equation (2.15), these enlargements are given by

A = {a+n‘a€A,neAiﬂBL} (4.37a)

and B = {b+n]beB,neALmBl}. (4.37b)

The enlargements A and B are themselves subspaces of R" as the Minkowski sum of
subspaces.

Lemma 4.3.7 (Hesse et al., 2014, Lemma IV.3)). The equation
C:=(A+(atn Bi))L n(B+(a*n BL>)L = {0}

holds for any linear subspaces A and B of R", and hence the collection (A, B) is strongly reqular
for any linear subspaces A and B.

Proof. Let v be an element of C. Because C = Atn EL, we know that

(v,d) = (v,b) =0 foralld e A,b e B. (4.38)
Further, since A C A and B C B, we have

(v,a) = (v,b) =0 forallaec A,be B. (4.39)

In other words, v € At and v € B+, sov € AL N BL. On the other hand, AL NBL Cc A
and A N B+ C B, sowe similarly have

(v,n) =0 foralln € A*NB~* (4.40)
because A and B are subspaces and v € C. Hence, v is also an element of (AL N BL) .
We conclude that v can only be zero. |

Lemma 4.3.8 ((Hesse et al., 2014, Lemma 1V.4)). Let A and B be linear subspaces, and let
A and B be their corresponding enlargements defined by (4.37). Then the following statements
hold.
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(i) Rad = —dforalld € A*.

(i) Rax = Rix forall x € A+ B.

(iii) Rzga € A+ Bforalla € A.

(iv) R3Rzx = RaRpx forall x € R".

(v) Forany x € R", the following equality holds:

Proof.

(ii)

(iii)

(iv)

42

(RAR’B“"FId) X = (RARB+Id) X.

N =
N[ =

(i) To prove (i), letd & At be arbitrary. The projection Pad of d onto A is the
orthogonal projection onto A. The orthogonal projection of d € A' is the zero
vector. This means that Rqd = (2P4 —1d)d = —d.

Note that (AL NB*) = (A + B)*. Hence, A = A + (A + B)*. Now, by (Bauschke
et al., 2006, Proposition 2.6), Py, (a4t = Pa + P(ayp).. It follows that, for all
x € A+ B, Pzx = P4x and, consequently, R 7x = Rxx, as claimed.

Leta € A and thusa € A + B. We note that, by (ii) with A replaced by B, we have
Rpa = Rgza. Write a as a sum b + v where b = Pga and v = a — Pga. We note that
v & A+ Bandso —v € A+ B. From (i) we conclude, since A in (i) can be replaced
by Band v € B+, that Rgv = —v. Since b € B, we have Rgb = 2Pgb — b = b and
SO

RELZ:RBtZ:RBb—f-RBU:b—UEA—i—B. (4.41)

To see (iv), let x € R" be arbitrary. Define D := AL N Bt. Then we can write
x=a+b+dwitha € A, b € B,and d € D. This expression does not have to
be unique since A and B may have a nontrivial intersection. In any case, we have
the identity (b,d) = (a,d) = 0. Since A and B are linear subspaces, the Douglas-
Rachford operator is a linear mapping, which, together with parts (i)-(iii) of this
lemma, yields

R4Rpx = R4 (RBa + Rgb + RBd)
l:). RA (R3a+b—d)

= RARBﬂ+RAb+RA(—d)
(®)-

—

RAiRpa+ Rab+d

© RuRza+Rib+d (4.42)
(ﬁ).;(iﬁ). RAREQ + Rgb +d
deA R; (Rga+b+d)

RA (Rgﬂ + Rgb + Rgd)

bdeB
= RgR'B'X.
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This proves (iv).

(v) Statement (v) is an immediate consequence of (iv), which completes the proof.
m|

Proposition 4.3.9 ((Hesse et al., 2014, Proposition IV.5)). Let A and B be linear subspaces,
and let A and B be their corresponding enlargements defined by (4.37). The Douglas-Rachford
iteration applied to the enlargements,

~ 1
M1 = Tprat := - (RzR5 +1d) «F, (4.43)

X 2

converges with linear rate to Fix Tpg for any starting point x° € R".

Proof. By Lemma 4.3.7, we know that the zero vector is the only common element in

(A+ (A*NBY))" and (B+ (AL NBY))". By Lemma 4.3.2 (Hesse and Luke, 2013,
Corollary 3.20), the sequence

X1 = 5 (RzRz +1d) Xy

N[ —

converges linearly to the intersection A N B for any starting point %, € R”. o

Combining these results, we obtain the following theorem confirming linear con-
vergence of the Douglas-Rachford algorithm for subspaces. Convergence of the Dou-
glas-Rachford algorithm for strongly reqular affine subspaces was proved in (Hesse and
Luke, 2013, Corollary 3.20) as a special case of a more general result (Hesse and Luke,
2013, Theorem 3.18) about linear convergence of the Douglas-Rachford algorithm for a
strongly regular collection of a super-reqular set (Lewis et al., 2009, Definition 4.3) and an
affine subspace. Our result below shows that the iterates of the Douglas-Rachford al-
gorithm for linearly regqular affine subspaces (not necessarily strongly regular) converge
linearly to the fixed point set. An analysis focused only on the affine case in (Bauschke
et al., 2014a) also achieves linear convergence of the Douglas-Rachford algorithm.

Theorem 4.3.10 ((Hesse et al., 2014, Theorem 1V.6)). For any two affine subspaces A, B C
R™ with nonempty intersection, the Douglas-Rachford iteration

1
2

k

X1 = Tprak = = (R4Rp +1d) xF (4.44)

converges for any starting point x° to a point in the fixed point set with linear rate. Moreover,
Pgx e AN BfOT’Y = limy_,q xk.

Proof. Without loss of generality, by translation of the sets A and Bby —x for¥ € ANB,
we consider the case of subspaces. By Proposition 4.3.9, Douglas-Rachford applied to
the enlargements A = A + (A*NB*) and B = B+ (A* N B*), namely (4.43), con-

verges to the intersection A N B with linear rate for any starting point x° € R”. By
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(Bauschke et al., 2004, Corollary 3.9) and (2.34), the set of fixed points of the Douglas-
Rachford algorithm (4.44) is

Fixr,, = (ANB)+ (A*NB*) = ANB, (4.45)

where the rightmost equality follows from repeated application of the identity (2 +
M)+ = (Qf NQy), the definition of set addition, and closedness of subspaces under
addition. By Lemma 4.3.8(v) the iterates of (4.43) are the same as the iterates of (4.44).
Thus, the iterates of the Douglas-Rachford algorithm applied to A and B converge to
a point in the set of its fixed points with linear rate. Finally, by (Bauschke et al., 2004,
Corollary 3.9), Pgx € AN B for any ¥ € Fix Tpr. m|
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5 Alternating Projections and Sparsity

This chapter will be at the intersection of Chapter 3 and Chapter 4. On the one hand,
using regularity conditions, we can prove local convergence of projection methods to
solve (3.8). On the other hand, we will give sufficient conditions for global convergence
of the alternating projections method applied to (3.8).

In (Bauschke et al., 2014b), using tools developed in (Bauschke et al., 2013a) and
(Bauschke et al., 2013b), the method of alternating projections applied to (3.8) was
shown to be locally linearly convergent with optimal rates in terms of the Friedrichs
angle1 b etween A and B, and an estimate of the radius of convergence was shown.
Our approach, based on (Hesse and Luke, 2013) and (Hesse et al., 2014), is in line with
(Luke, 2008) but does not rely on local firm nonexpansiveness of the fixed point map-
ping. It has the advantage of being general enough to be applied to any fixed point
mapping, but the price one pays for this generality is in the rate estimates, which may
not be optimal or easy to compute.

5.1 Local Linear Convergence of Alternating Projections

This section is based on (Hesse et al., 2014, Section III). The first result shows the local
linear convergence of alternating projections to a solution of (3.8). This was also shown
in (Bauschke et al., 2014b, Theorem 3.19) using very different techniques. The approach
taken here, based on the modulus of regularity ¥ on Bs(x), is more general, that s, it can
be applied to other nonconvex problems. The correspondence between the modulus of
regularity and the angle of intersection is yet an open problem.

Theorem 5.1.1 (local linear convergence of alternating projections (Hesse et al., 2014,
Theorem II1.8)). Let As and B be defined by (3.5) and (3.6) with nonempty intersection, and
let x € As N B. Choose 0 < 6 < min {|j| | j € I(X)}. For x" € By/»(X), the alternating
projections iterates converge linearly to the intersection As N B with rate (1 — Kl—z) where x is
the modulus of reqularity of (As, B) on Bs(X) (Definition 2.4.6).

Proof. By Lemma 3.2.3(i) and (ii), the projections P and P4, each map By, (%) to itself.
Hence, their composition maps B;/»(X) to itself.

Finally, we show that we may apply Lemma 4.2.6. The set B is (0, +o0)-subregular
at every point in B (i.e., convex), and by Theorem 3.2.5 the sparsity set A; is (0,0)-
subregular at %. Lastly, by Theorem 3.3.2 the pair (As, B) is locally linearly regular at x
on B;(x) for any 6 € (0,min {|%;] | j € I(%)}). The assertion then follows from Lemma
426 withe =0. i

1See Definition 6.1.2.
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5 Alternating Projections and Sparsity

Remark 5.1.2. The above result does not need an exact a priori assumption on the sparsity s.
If there is a solution X € As N B, then {y(X) can be smaller than s. Geometrically speaking, X
is on a crossing of linear subspaces contained in As. It is worth noting that the assumptions are
also not tantamount to local convexity. In the case that B is a subspace, the point 0 is trivially a
solution to (3.8) (and to (3.4)). The set As is not convex on any neighborhood of 0. However, the
assumptions of Theorem 5.1.1 hold, and alternating projections indeed converges locally linearly
to 0, regardless of the size of the parameter s.

Figure 5.1: The set Ay C R3 with an affine subspace (black line) and a neighborhood
where the AP sequence converges to the intersection at a linear rate.

5.2 Global Convergence to Lower Level Sets
We clarify some notation on linear mappings that will be needed throughout this thesis.
Definition 5.2.1. Let M € R™*" be a linear mapping. From now on, assume that

1) m<nand
(.1)
2) M is of full rank.

The nullspace of M is denoted by ker M, and M indicates the Moore-Penrose inverse (Moore,
1920), (Penrose, 1955) of M, which, because of the full rank assumption, becomes

-1
M =MT (MMT> : (5.2)
The following definition is a generalization of the known concept of restricted iso-

metry (Candés and Tao, 2005). Essentially, in the proofs including restricted isometry,
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5.2 Global Convergence to Lower Level Sets

just the properties of lower semicontinuity, subadditivity, and the fact that ¢(x) =
¢(—x) for all x € R" are used.

Definition 5.2.2. Let ¢ : R" — R be a lower semicontinuous (Definition 2.1.7) and subad-
ditive function (Definition 2.1.6) satisfying infyern ¢(x) # —oo. Further, let M : R" — R™
be a linear mapping of full rank. The mapping M is said to satisfy the ¢-RIP of order s if there
exists 0 < 6 < 1 such that

2 ——( 2
(1-6)|x|* < HM MxH <|x|® VYxelevesg. (5.3)
The infimum &5 of all such ¢ is the isometry constant for ¢.

An important proporty of MM is that it is the orthogonal projection matrix onto the
linear subspace ker(M)=. This means that the operator norm of M'M is 1, and so we
have, for all x € R", that

M Mx][2 < [|x[]2. (5.4)

This gives us the upper bound in (5.3) for free.

By Definition 2.1.7 based on (Rockafellar and Wets, 1998, Theorem 1.6), the lower
semicontinuity of a function ¢ is equivalent to the set lev<; ¢ being a closed subset of
R" for any s.

Now we define a minimization problem in a more general framework that can be
specialized at two instances, namely, in Corollary 5.2.4 and Theorem 10.4.4.

minimize f(x) = %dg (x)?. (5.5)

x€leves ¢

We can now prove one of the main results in this thesis.

Theorem 5.2.3 (global convergence of alternating projections to lower level sets). Let
¢ : R" — R be a lower semicontinuous and subadditive function satisfying infycrn ¢(x) #
—oo. Further, let ¢(x) = ¢(—x) for all x € R". For a fixed s > 0, let the matrix M M satisfy
(5.3) of order 2s with 65 € [0, %) for M in the definition of the affine set B given by (3.6).
Then B Nlev<s ¢ is a singleton. Further, for any initial value x° € R", the sequence {x*}ren
generated by alternating projections (4.2.1) converges to B Nlev<s ¢ with dg(x*) — 0 as

k — oo at a linear rate with constant bounded above by 12;25.

Proof. First, we show that B N lev< ¢ is a singleton. Assume there exist x,y € BN
lev<s ¢. Then we have Mx = My = p. Since ¢ is subadditive, we know that x —y €
lev<ys ¢ and M(x —y) = 0. Hence, ||M"M(x —y) H2 = 0, which is a violation of (5.3)
unless x = y. We conclude that B Nlev<; ¢ is a singleton.

To establish convergence, for the iterate x¥, define the mapping

q(x, xF) = f(x*) + <x — x*, M (Mx* - p)> + % Hx - kaE (5.6)
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5 Alternating Projections and Sparsity

where f is the objective function defined in (5.5). By definition of the projector, the
iterate x**1 is a solution to the problem min{g(x, x*) | x € lev<; ¢}. To see this, recall
that, by the definition of the projection, f(x*) = 1||x* — Pg(x¥)||%. This yields

2

) ]
- 2” H <x w2 PB(’C)>+2’C l,

q(x, x%)

2
x — xF 4 xF — Ppx H x—PBkaZ. (5.7)

1 .=

Now, by definition of the alternating projections sequence,

1€ Py, o Po() = Plev, o (¥ = (14 —Pp)x"), (5.8)

which, together with (5.7), yields

xk1 € argmin {Hx — Pgx H } — argmin{g(x, x*)}. (5.9)

x€leves ¢ x€lev<, @
That is, x**1 is a minimizer of q(x, xF) in lev<g ¢. Proceeding, we get

FlkH) 65 1 ’M+ Nt _p)HZ

=5 HM’LM(XH1 — xF) 4+ MY (M — p)Hi

-+ (MM 20 )+ e
0+ (Mt =~ 3
(52)f( ) <MT(MMT)—1M(xk+1 _xk),MT(MMT)—l(Mxk — p)>

+ 1 H xkt1 kaZ

) 2
= F() + (MMT(MMT) MG = 25), (MM 7)™ (M~ p))

#a x"Hi
= FOE) 4+ (MG — ), (MMT) (M = p)) 2 [+ — ]
= F) (3, M (MMT) 7 (Mt = ) ) 41 [ —
R E Y N K|
(o), (5.10)

where the inequality in the middle follows from the fact that MM is an orthogonal
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5.2 Global Convergence to Lower Level Sets

k+1

projection onto a subspace. Hence, f(x**1) < g(x**1,x¥). But since x¥*! minimizes
q(x, xF) over lev<s ¢, we know that, for {x} = BNlev< ¢,
g(xL, x5y < q(x, x5). (5.11)

Moreover, by assumption (5.3) and by ¢(x) = ¢(—x) for all x € R", we have

95 2) =f () + (3 — o, MH (M~ p)) + 5 Hx—x Hz
e + (3=, Mt (M — p)) + m HM* ¥« H
=F(*) + (F = x5, MY (M = p) ) + W HM* p— Mxk) H
¢ <1+ - _1525> F@) + (3= x5, MY (M - p))
62) (1 + 3 _15%) £y + <M+M(Y — xF), Mt (MxF — p)>
65 (1 + 3 _1(525> 2f (%) — 2£(xb)
=z izzzs F(x). (5.12)

When 0 < dp5 < %, as assumed, we have 0 < 5 ‘525 < 1. Inequahtles (5.10)-(5.12) then

imply that dp(x k ) — 0 as k — oo at a linear rate for 0<d <3 1 with constant bounded

(525

above by < 1. Since the iterates x* lie in lev<, ¢, this proves convergence of the

iterates to the 1ntersect10n lev<s ¢ N B, that is, to ¥, as claimed. m]

Next, we consider an application of Theorem 5.2.3. Namely, we apply it to Problem
(3.8). Specifically, we assume that

2
M s of full rank and (1—<525)||x||§§Hz\/m\/{xH2 Vx € As. (5.13)

Corollary 5.2.4 (global convergence of alternating projections in sparse affine feasibility
(Hesse et al., 2014, Theorem II1.15)). For a fixed s > 0, let the matrix MM satisfy (5.13)
with 655 € [0,%) for M in the definition of the affine set B given by (3.6) . Then BN A,
is a singleton. Further, for any initial value x° € R", the sequence {x*}rcn generated by
alternating projections (Definition 4.2.1) converges to B N As with dg(x*) — 0as k — oo at
. . s

a linear rate with constant bounded by /1%

Proof. We note that the ¢y-function is, by Proposition 3.2.7, a lower semicontinuous and
subadditive function. The lower level set of {j is exactly equal to As. This means that
property (5.13) is a specific instance of (5.3). Hence, the result follows from Theorem
5.2.3. O
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5 Alternating Projections and Sparsity

Corollary 5.2.4 shows that the values of the distance function g converge to zero at a
linear rate. Together with the results established in Theorem 5.1.1, this actually shows
linear convergence of the iterates to the intersection.

Theorem 5.2.5 (global linear convergence of alternating projections). Under the assump-
tions of Corollary 5.2.4, for any initial point x° there exists a positive constant p < 1 such that,
for x € BN As, the relation

s <o 519
holds for all k > k € IN with k large enough.

Proof. By Corollary 5.2.4, we know that the squared distance of the iterates to the affine
subspace B decreases at a linear rate to zero. This means that, for all ¢ > 0 and for all
xY € R", there exists k € IN such that ka — PBka < ¢forall k > k. If we write A, as a
finite union of s-dimensional subspaces (see Equation (3.12)), i.e.,

As = U Ay,
JeJ

we can define the set

D:={d (B,A])}IEJ,
where d(B, Aj) is the distance between B and A; (Definition 2.3.5). By Corollary 5.2.4,
the intersection A; N B is equal to {¥}. This means that, for some | € 7, the distance
d (B, AT) is equal to zero if and only if ¥ € AT' Choose

S<%min{/\ED])\¢0}.

Then any point x € A satisfying ||x — Pgx|| < € cannot be an element of some A; with
3\, EtBh, ;_‘\ ]e) XI.& Hence, any point x € A; satisfying ||x — Ppx|| < € is an element of A;

For an arbitrary initial point x° given, choose k € IN such that the iterate x satisfies
fo‘ — PBxEH < &. Because, by Lemma 4.2.4, the distance of all iterates xk k> k, to

B is less or equal to Hx’E — PBx’~< ’ , we conclude that all iterates are elements of linear

subspaces AT with ¥ € AT' In other words, at this instance, we have an alternating
projections sequence between affine subspaces with a unique intersection x. The linear
convergence of the sequence {x},_; to ¥ follows from (Bauschke and Borwein, 1993).

o

After giving restrictions on the matrix MM, we give a result using restricted iso-
metry of the matrix M with respect to lower level sets itself. Following (Beck and
Teboulle, 2011), where the authors consider the problem

minimize 1||Mx — p||3 subject to x € lev<; ¢, (5.15)
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5.2 Global Convergence to Lower Level Sets

we present a sufficient condition for global linear convergence of the alternating projec-
tions algorithm for affine sparse feasibility. Though our presentation is modeled after
(Beck and Teboulle, 2011), this work is predated by the nearly identical approach devel-
oped in (Blumensath and Davies, 2009) and (Blumensath and Davies, 2010) for ¢ = /.
We also note that in light of Theorem 5.2.3, as well as in (Beck and Teboulle, 2011), the
arguments presented do not use any structure that is particular to R". Hence, the re-
sults can be extended to the problem of finding the intersection of the set of matrices
with rank at most s and an affine subspace in the Euclidean space of matrices.

Key to the analysis of (Blumensath and Davies, 2009), (Blumensath and Davies, 2010),
and (Beck and Teboulle, 2011) are the following well-known restrictions on the matrix
M.

Definition 5.2.6. The mapping M : R" — R™ satisfies the restricted isometry property of
order s if there exists 0 < ¢ < 1 such that

(1=0)l|x|3 < M=} < (1+0)[x]3 Vx € leves . (5.16)

The infimum Js of all such ¢ is the restricted isometry constant.
The mapping M : R" — R™ satisfies the scaled /asymmetric restricted isometry property
(SRIP) of order (s, a) for « > 1 if there exist v, pts > 0 with 1 < 5—: < a such that

vsl[ x5 < [ Mx[13 < ps|lx[3 Vx € leves g (5.17)

The restricted isometry property (5.16) was introduced in (Candes and Tao, 2005) for
the function ¢ = {y, while the asymmetric version (5.17) first appeared in (Blumensath
and Davies, 2009, Theorem 4). Clearly, (5.16) implies (5.17) since if a matrix M satisfies
(5.16) of order s with restricted isometry constant Js, then it also satisfies (5.17) of order
(s, B) for p > 115

To motivate the projected gradient algorithm given below, note that any solution to
(3.8) is also a solution to

1
find ¥ € S := argmin = || Mx — p||3. (5.18)

x€lev<s @

Conversely, if lev<s 9 N B # @ and ¥ € S, then x solves (3.8).

The condition (5.13) can be reformulated in terms of the scaled /asymmetric restricted
isometry property (5.17), strong regularity of the range of M ', and the complement of
each of the subspaces comprising Ass. We remind the reader that

Aj:=span{e;)|i € [} for ]e& Jp = {] e 21121t has 25 elements}.
Proposition 5.2.7 (SRIP and strong regularity (Hesse et al., 2014, Proposition III.14)).
Let M € R™ " with m < n be of full rank. Then M satisfies (5.13) with 65 € [0, %) for

some fixed s > 0 and fixed a > 1 if and only if M M satisfies the scaled/asymmetric restricted
isometry property (5.17) of order (2s,a) with pps = 1 and vps = (1 — das). Moreover, for
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5 Alternating Projections and Sparsity

M satisfying (5.13) with 65 € [0,“1) for some fixed s > 0 and fixed o > 1, the collection
(A]L,range(MT)) is strongly reqular (Definition 2.4.7) for all | € Jas, that is,

(V] € Jas)  AjNker(M) = {0}. (5.19)

Proof. The first statement follows directly from the definition of the scaled /asymmetric
restricted isometry property.

For the second statement, note that if M satisfies the inequality (5.13) with J,5 €
[0, "‘T_l) for some fixed s > 0 and fixed & > 1, then the only element in Ay, satisfying
M'Mx = 0is x = 0. Recall that M'M is the projector onto the space orthogonal to the
nullspace of M, that is, the projector onto the range of M. Thus,

Ags N [range(M )]+ = {0}. (5.20)

Here, we have used the fact that the projection of a point x onto a subspace (1 is zero if
and only if x € Q+. Now using the representation for Ay given by (3.12), we have that
(5.20) is equivalent to

Ajnker(M") = {0} forall] € Jas. (5.21)

But, by (2.34), this is equivalent to the strong regularity of (A]l,range(MT)) for all
] € \725~ O

Next, the projected gradient algorithm is defined. The goal is to reformulate the
method of alternating projections in terms of the projected gradient to apply known
results on the projected gradient to AP.

Definition 5.2.8 (projected gradients). Given a closed set A C R", a continuously differen-
tiable function f : R" — R, and a positive real number T, the mapping

Tpg(x;T) = Py (x — in(x)) (5.22)

is called the projected gradient operator. The projected gradients algorithm is the fixed point
iteration

1
X1 e TpG(xk,- T) = Pa (xk - TVf(x")) , ke N,
k
for x° given arbitrarily and a sequence of positive real numbers (T )keN-

In the context of linear least squares with a sparsity constraint, the projected gradient
algorithm is equivalent to what is also known as the iterative hard thresholding algo-
rithm (see, for instance, (Blumensath and Davies, 2009), (Blumensath and Davies, 2010),
and (Kyrillidis and Cevher, 2014)), where the constraint A = A and the projector given
by (3.16) amount to a thresholding operation on the largest elements of the iterate.

With these definitions, we cite a result on convergence of the projected gradient al-
gorithm applied to (5.18).
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Theorem 5.2.9 (global convergence of projected gradients/iterative hard thresholding
(Blumensath and Davies, 2010, Theorem 4) and (Beck and Teboulle, 2011, Theorem 3
and Corollary 1)). Let ¢ : R" — R be a lower semicontinuous and subadditive function
satisfying infyerr @(x) # —oco. Further, let ¢(x) = ¢(—x) for all x € R". Let M satisfy
(5.17) of order (2s,2). Further, for any given initial point x°, let the sequence {x*}icn be
generated by the projected gradient algorithm with A = lev<s ¢, f(x) = 3 ||[Mx — pH%, and
the constant step size T € [pas, 2Vas). Then the iterates converge to the unique global solution

of (5.18), and f(x¥) — 0 linearly as k — oo with rate p = (Vl - 1) < 1, that is,

2s
FOEYY < pf(xF) forallk € N. (5.23)
Next, we specialize this theorem to alternating projections.

Corollary 5.2.10 (alternating projections in terms of projected gradients (Hesse et al.,
2014, Corollary II1.13)). Let ¢ : R" — R be a lower semicontinuous and subadditive function
satisfying infyern ¢(x) # —oo. Further, let ¢(x) = @(—x) for all x € R". Let the matrix M
satisfy (5.17) of order (2s,2) with yss = 1 and MM" = Id. Then lev<; ¢ N B = {x}, ie.,
the intersection is a singleton, and for any initial point x°, the alternating projections sequence
{x*Y ke generated by (4.19) applied to (3.8) converges to lev<s ¢ N B. The values of f(x*) =

LI Mx* — p||3 converge to zero with linear rate p = (% - 1) <1

Proof. For f(x) = 3||Mx — p||3, we have Vf(x) = M"(Mx — p). The projected gradi-
ents iteration with constant step length T = 1 then takes the form

€ Py (xk ~v f(xk)> — Py (xk ~ M (Mxk — p)) . (5.24)
The projection onto the subspace B is given by (see (3.16))
Pgx = (Id —MT(MMT)*M) x+ M (MMT) p. (5.25)
Since MM " = 1d, this simplifies to xk — MT (Mxk — p) = Pgxk. Hence,
€ Py, (xk v f(xk)) — Ploy_. o Ppx". (5.26)

This shows that projected gradients 5.2.8 with unit step length applied to (5.18) with
A=levespand f(x) = 1 |[Mx — pl13 is equivalent to the method of alternating projec-
tions 4.2.1 applied to (3.8).

To show convergence to a unique solution, we apply Theorem 5.2.9, for which we
must show that the step length T = 1 lies in the nonempty interval [p;,2175). By
assumption, M satisfies (5.17) of order (2s,2) with pps = 1. Hence, % < 1y < 1,and
T = 1lies in the nonempty interval [1, 2v5;). The assumptions of Theorem 5.2.9 are thus
satisfied with T = 1, whence global convergence to the unique solution of (5.18), and
consequently (3.8), immediately follows. i
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Remark 5.2.11. Similarly to Corollary 5.2.4, the result in Corollary 5.2.10 can be adapted
to sparse affine feasibility since the {o-function is lower semicontinuous, subadditive, and it
satisfies {o(x) = lo(—x) for all x € R™.

5.3 Restricted Isometry Constants and Dimensions
The next proposition will show the limits of Corollary 5.2.4. Namely, the restricted

isometry property on MM in (5.13) gives explicit bounds for the dimension m in terms
of n.

Proposition 5.3.1 ((Krahmer, 2014)). Let M : R" — R"™ be a linear mapping of full rank
satisfying the inequalities

(1-6) ||x|? < HMT (MMT) 1MxH < x> Vxe A (5.27)

for some 6 < %. Then m > L.

Proof. If we look at the squared Frobenius norm of M (MM ")~ M, then we obtain
2
HMT(MMT)—lMHF —Tr (MT(MMT)—lMMT(MMT)—lM) , (5.28)

which is, by shifting the rightmost M to the left side, equal to Tr(Id,,) = m. Further, if
we denote the jth column of M (MM ")~'M by M*M;, we have

n + 2 n + 2
- Mt = )y M Me | (5.29)
=1 =1
With (5.27), we have, since ¢; € A; for all j,

n + n
y ‘M MejH Y (1=0) [les])? = (1= d)n. (5.30)

j=1 =1
The result follows from 6 < 3, which implies m > 2. i

Remark 5.3.2. Speaking in terms of applications, the result in Proposition 5.3.1 states that,
without any further assumptions on M and in order to achieve convergence in Corollary 5.2.4,
we need at least more than 5 measurements. This is not in line with the idea of compressed
sensing, where the number ratio ! can be viewed as a compression level of data.

The remaining part of this section will establish, with additional assumptions on
M, a link between (5.13) and (5.17). Suppose that we have a matrix M € R™*" with
orthonormal rows, i.e., MM " = Id,,. Let M satisfy a scaled restricted isometry property
of order (s,«), as in (5.17) with ¢ = {y. Then, we have positive constants vs, s > 0
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satisfying 1 < ’;—: < «. Now, let ¢ > 0 and é; > 0 be such that v; = % and ps = 1;‘55.
Then (5.17) can be written as
1-9¢ 1+9
—% | < 1M < TH% 10?2 forallx € 4. (5.31)

We present two lemmata whose proofs are an immediate generalization of results in
(Needell and Tropp, 2009).

Definition 5.3.3. Let | C {1,...,n} be an index set. Denote by M the matrix M restricted
to the columns indexed by |.

Lemma 5.3.4 (Needell and Tropp, 2009, Proposition 3.1)). Suppose M has scaled restricted
isometry constants 1%55, # Let I € J; (see (3.11)) for t < s. Then the following inequalities
hold for all x € R'.

1.
1—

c

1-9 149
Vil < Ml x|, < /= Dl (533)

Proof. This proof is adapted from (Needell and Tropp, 2009, Proposition 3.1). Because
of the equation (5.31), we know that the singular values of M are between \/1_—‘55

c

and 4/ %. Then the singular values of MIT are the same as those of M;. Further, the
singular values of M; M are the squares of those of M;. This completes the proof. O

1"‘55
c

1)
*lxlly < || M7 Mix||| < == |l (5.32)

Lemma 5.3.5 ((Needell and Tropp, 2009, Proposition 3.2)). Suppose M has scaled restricted

isometry constants 1;‘55 , 1Jg‘55 . Let S and T be disjoint sets of indices whose combined cardinality

does not exceed s. Then we have

HMSTMTH < %. (5.34)

Proof. The proof is similar to the one in (Needell and Tropp, 2009). Write R = SUT. The
matrix MST M is a submatrix of MEM R — % Id. Since the spectral norm of a submatrix
is bounded from above by the spectral norm of the matrix, and since the eigenvalues of

M;MR lie between 1;55 and 1t55’ we obtain

HMSTMTH < HMIIMR— %IdH < max{1+‘5s . —55}

6
. o c = (5.35)

O

Let us combine Lemma 5.3.4 and Lemma 5.3.5. They allow us to give bounds of the
RIP-constants of M " M depending on those of M.
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Proposition 5.3.6. If a matrix M with MM' = 1d,, satisfies (5.31) of order 2s, then the
matrix M M satisfies
1+ 2525

. (5.36)

|7 e], <
for all s-sparse vectors x of unit length.

Proof. Let x € Ag and let I := I(x) as in (3.10). Choose a partition {I, Ty,..., Ty} of
{1,...,n}, where k < % — 1, and where each of the T; satisfies |T;| < s. With this
notation we get

HMTMXHZ = MTMIXHZ
= M Mx+ Y5, Mngtz
< |IMMix], + 2 [ M M|
Prop. 5.3.5 T P
< M M|, + o, 2 (5.37)
Prop. 5.3.4
< L2y

n C
1+§1)25
¢ .

5.4 Examples

In this short section, we give an example of a matrix satisfying the assumptions of
Corollary 5.2.10, on the one hand. On the other hand, we name a lowdimensional
example for a matrix M and a vector p such that there exist initial points for which
alternating projections and Douglas-Rachford do not converge to the intersection As N
B. This section can, with slight alterations, also be found in (Hesse et al., 2014, Section
V.B).

5.4.1 Example of a matrix satisfying assumptions of Corollary 5.2.10

This example is first and foremost a confirmation that the assumptions on the restricted
isometry property are accomplishable.

We take the matrix
1 1 1 1 1 1 1
1 1 1 -1 -1 -1 -1
1 1 -1 -1 1 1 -1 -1
M= — 1 -1 1 -1 1 -1]. 5.38
NG (5.38)

1 -1 -1 -1 -1 1 1
-1 -1 1 1 -1 -1 1
-1 1 -1 -1 1 -1 1

[ U W G
|
—_

56



5.4 Examples

The rows of M are pairwise orthogonal, which yields MM ' = Id;. We compute the
constant ¢ in (5.16) for s = 2 to get a result for the recovery of 1-sparse vectors with
alternating projections. Recall that s can be larger than the sparsest feasible solution
(see Remark 5.1.2). In general, a normalized 2-sparse vector in IR® has the form

x = (cos(a),sin(x),0,0,0,0,0,0),

where the position of the sine and of the cosine in x are of course arbitrary. The squared
norm of the product Mx is equal to

1Y :
| Mx||5 = 3 Z; | cos(a) + z; sin(a)[?,
j=
where z; € {—1,1}. We get
17 2 _1¢ 2 2
3 ]—21 | cos(a) + zjsin(a)|” = 8}; cos(«)” + 2z;jsin(a) cos(a) + sin(a)

_ %(7i sin(20)) € [21} .

This means that 3
21wl < M]3 < x]3 Vx € s,

where Aj; is the set of 2-sparse vectors in R8. In other words, we can recover any 1-
sparse vector with the method of alternating projections. We refer to Chapter 11 to show
the performance of different algorithms applied to (3.8) within the setup presented here.

5.4.2 Counterexamples

The following example, discovered with help from MATLAB®©’s Symbolic Math Tool-
box™  shows some of the more interesting pathologies that one can see with these
algorithms when not starting sufficiently close to a solution.

Letn =3,m=2,5s=1,and

M= <é —; _01>, p— <_55> (5.39)

The point (0,10,0) " is the sparsest solution to the equation Mx = p, and the affine
space B is

0 1
B=110| +A |2 with A € R.
0 1
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If we take the initial point

38894857328700073 0
237684487542793012780631851008
XO _ —297105609428507214758454580565 ~ _5
- 118842243771396506390315925504 ~ 2 ’
—1188422437713940163629828887893 -5

237684487542793012780631851008

then Tprx? = x% + (—5,0,5) " and TAzx? = 0.

Note that this example is different from the case in Theorem 5.5.1: in Theorem 5.5.1,
we establish thatif s < rank(M), then the fixed point set of Tpg is strictly larger than the
solution set to problem (3.8). The specific case detailed here also satisfies s < rank(M).
However, with the given xY, we are not near the set of fixed points but in a cycle of Tpr.

If, on the other hand, we take the point £0 = (—4, O,O)T, then Pgx® = (—4,2, —4)T,
and the set P4, P3£° is equal to {(—4,0,0)",(0,0,—4)"}. By projecting back onto the
affine subspace, P (0,0, —4) ' is again equal to (—4,2, —4) '. This shows that the alter-
nating projection iteration (4.18) is stuck at the points (—4,0,0) T and (0,0, —4) T which
are clearly not elements in the intersection A; N B = {(0,10,0) " }. This also highlights
a manifestation of the multivaluedness of the projector P4,. In Figure 5.2, we show a
visualization of this counterexample.

'/ VS

Figure 5.2: A visualization of the counterexample in (5.39): the black line represents the
affine subspace B with an intersection with the set of sparse vectors, given
by the blue lines. The red lines are connecting best approximation pairs
between B and Aj;.

5.5 Douglas-Rachford in Sparse-Affine Feasibility

To close this chapter projection methods and sparsity, we give two local results on
Douglas-Rachford applied to sparse-affine feasibility. This section is based on (Hesse
et al., 2014, Chapter IV).

Theorem 5.5.1 ((Hesse et al., 2014, Theorem 1V.1)). Let A and B be defined by (3.5) and
(3.6), respectively, and suppose there exists a point ¥ € As N B with {p(X) = s. Ifs <
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rank(M). Then, on all open neighborhoods N of X € As N B, there exist fixed points z €
Fix Tpgr with z ¢ A; N B.

Proof. Let ¥ € AsN B with /p(X) = s, and set § < min{|%;| | %; # 0}. By Lemma 3.2.4,
we have A; N BN Bg/n(%) = AjN BN Bg/p(%) for a unique | := I(%) € Js. Thus, on the
neighborhood B, (%), the feasibility problems

findx € AynNB and findx € A;NB

have the same set of solutions. We consider the Douglas-Rachford operators applied to
these two feasibility problems, for which we introduce the following notation:

Tj:=5 (RaRp+1d) and T.:=3(RaRp+1d).

Our proof strategy is to show first that the operators Tj and T; restricted to B, (%) are
identical. Hence, their fixed point sets intersected with Bs,, (%) are identical. We then
show that under the assumption s < rank (M) the set Fix T} is strictly larger than the
intersection Aj N B, hence completing the proof.

To show that the operators Tj and T applied to points x € B, (%) are identical, note
that, by Lemma 3.2.3 (ii) and (iv), we have P4 (x) C By/»(%) and R, (x) C Bs/p(%)
for all x € Bs/,(X). Moreover, by Lemma 3.2.4, we have A; N B;(X) = A; N Bs(X)
since {o(X) = s. Thus, for all x € Bs/,(%), we have Py (x) = Py, (x) € B;/»(%) and
Ry, (x) = Ra,(x) € Bs/a(%). Also by Lemma 3.2.3, Rgx € By (%) for x € Bs/o(%).
Altogether, this yields

Tox = 5 (Ra,Rp+1d) x = } (Ry,Rp +1d) x = Tjx € By o(%) (5.40)

for all x € B;/,(%). Hence, the operators Ts and T} and their fixed point sets coincide
on B;,» (.’f ) .

Next, we derive an explicit characterization of Fix T;. By (Bauschke et al., 2004, Corol-
lary 3.9) and (2.34), we have:

FixT; = (A]ﬁB) +NA]—B(O)
= (AjN B) + (Na,(x) N —Ng(x)) (5.41)
= (4N B) + (A} NBY).

The following equivalences show that A]L N B is nontrivial if s < rank (M). Indeed,

rank(M) > s

dim(ker(M)") > s

n—s+dim(ker(M)t) >n

dim(A;j) + dim(ker(M)*+) >n
Aj NB* # {0}. (5.42)

T e
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In other words, Fix T} contains elements from the intersection Aj N B and the nontrivial
subspace Af N B*. This completes the proof. |

Remark 5.5.2 (Hesse et al., 2014, Remark IV.2)). Inequality (5.42) shows that if rank(M) >
s, then the intersection A} N B is not strongly regular, or in other words, if Aj N B is strongly
regular, then rank(M) < s. This was also observed in (Bauschke et al., 2014b, Remark 3.17)
using tangent cones and transversality. The simple meaning of these results is that if the spar-
sity of a feasible point is less than the rank of the measurement matrix (the only interesting case
in sparse signal recovery), then, since locally the affine feasibility problem is indistinguishable
from simple linear feasibility at points ¥ € As with £y(%) = s, by Lemma 4.3.2, the Douglas-
Rachford algorithm may fail to converge to the intersection on all balls around a feasible point.
As we noted in the introduction of the Douglas-Rachford algorithm, however, it is not the fixed
points of Douglas-Rachford themselves but rather their shadows that are of interest. This leads
to positive convergence results, as shown in the next theorem.

Theorem 5.5.3 ((Hesse et al., 2014, Theorem IV.7)). Let As; and B be defined by (3.5)
and (3.6) with nonempty intersection and let X € As N B with ||%]jo = s. Choose 0 <
6 < min{|%j| | j € I(x)}. For x® € Bso(%), the corresponding Douglas-Rachford iter-
ates converge with linear rate to Fix Tpr. Moreover, for any £ € Fix Tpgr N Bs,5(X), we have
Ppx € A; N B.

Proof. By Lemma 3.2.4, we have A; N BN B;(%) = A;jN BN Bs(%) for a unique | € Js.
Thus, by (5.40), at all points in Bs,,(X), the Douglas-Rachford operator corresponding
to As and B is equivalent to the Douglas-Rachford operator corresponding to A; and
B, whose intersection includes ¥. Applying Theorem 4.3.10, shifting the subspaces ap-
propriately, we see that the iterates converge to some point £ € Fix Tpr with linear rate
for all initial points x° € B;/,(%). The last statement follows from (5.40) and Theorem
4.3.10. o
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As an interlude between the two main parts of this thesis, we discuss the connection of
angles to the sparse-affine feasibility problem (3.8). The relation between convergence
of the alternating projections and the angle between two subspaces can, for example,
be found in (Deutsch, 2001, Theorem 9.8).

First, we name the different notions of angles between subspaces. Each of these no-
tions has advantages and disadvantages regarding the description of geometric proper-
ties of the given sets, as will be pointed out. Then we study the behavior of alternating
projections between the set of sparse vectors A (3.5) and a polyhedral set. Finally, we
will give a necessary condition for alternating projections applied to (3.8) to converge
for an arbitrary initial point.

6.1 Angles

Let U, V be two linear subspaces of R” of dimensions my < my < n.

Definition 6.1.1 (Dixmier angle (Dixmier, 1949, Section 4)). The Dixmier angle between U
and V is the number in [0, 5] whose cosine is given by

co(U, V) =sup{(u,v) |luel,veV,|ul|=|v]|=1}. (6.1)

Definition 6.1.2 (Friedrichs angle (Friedrichs, 1937, Equation 1.1)). The Friedrichs angle
between U and V is the number in [0, 5] whose cosine is given by

ueldnUnv)t, }

v e VAUNV)L ul = [0 =1 (6.2)

c(U,V) :=sup {(u,v>

The Friedrichs angle has a crucial weakness: it cannot detect if subspaces may be
subsets of each other. For example, consider for U the x-axis in R® and for V the x-y-
plane as a subset of R?. A well-defined angle between these sets would be of course
zero, while the value of c(U, V) will be zero due to the orthogonality conditions. This

yields an angle of 7. This fact will also be formalized in Lemma 6.2.6. Note that by
the notation (-, -) we always mean the Euclidean inner product.

Definition 6.1.3 (Principal angles (Jordan, 1875, Chapter IV, Eq. 60, pp. 122-130)). For
k=1,...,my, let uy and vy be the maximizing arquments of

max u'v (6.3)

ucl,veV
[lul=[lv]=1
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satisfying the equations u].Tu =vlv=0forall1 <j<k—1andforall k < my, if uj exists.
Let the tuple (61, .. .,0m,) € [0, 5]™U be such that

cos(0y) = cx = u] vg (6.4)

for all k. Then the tuple (61, ..., 0m, ) will be called Jordan’s principal angles.
We give a relation between these three kinds of angles in the following proposition.

Proposition 6.1.4. Let U,V C IR" be linear subspaces of dimensions my < my < n. Let
61, ...,0m, be the principal angles between U and V. Let v = dim(U N V). Then the following
equations hold.

i) co(U, V) = cos(6r);
ii) ¢(U,V) = cos(0y+1).

Proof. The first principal angle 6 is, by definition, the number such that its cosine is the
maximizing argument of

max MT'()

uel,eV
[[ul|=]lol|=1

without any further restrictions. This is equivalent to the definition of the Dixmier
angle and, thus, shows claim (i).

For claim (ii), we observe that the first v principal angles can be obtained via taking
an orthonormal basis v1,...,v, of UN V. Then, for 1 < j < v, we get cj = vaU]- =1.
Having Equation (6.3) in mind, the maximizing arguments u, 1, vy41 in (6.4) for k = v
satisfy

U EUNUNV)Y and 0,4 € VN (UNV)L

Hence, uVTHv],H =c(U,V). O

Remark 6.1.5. We do not claim any novelty in Proposition 6.1.4. However, we think that it
is important to point out that there are three different definitions of angles between subspaces
that can be expressed in terms of the most general and earliest one, namely, Jordan’s principle
angles. Still, for convenience, we remain at the notion of the Friedrichs angle instead of writing
“the (v + 1)st principle angle where v = dim(U N V)”.

6.2 The Geometry of Polyhedral Sets

We turn our attention to the case where one seeks a sparsest vector not necessarily
in an affine subspace B of IR” but more generally in a polyhedral set C C R". The
main question in the beginning is the question of the fixed points of the alternating
projections algorithm in this setting.

Given a matrix M € R™*" and an arbitrary vector p € R", we define the set

C:={x € R" | Mx > p}. (6.5)
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The notation “ >" is to be read entrywise, i.e., if we denote by mj,j € {1,...,m}, the
lines of M, then Mx > p means m;x > p; forallj € {1,...,m}.
It is well known that polyhedral sets as defined in (6.5) are convex and closed.

Lemma 6.2.1. Let C be defined as in (6.5). Then C is convex and closed.
Proof. Letx,y € C,and let A € [0, 1] be arbitrary. Then
MAx+(1—-A)y) =AMx+(1—-A)My > Ap+(1—A)p =p. (6.6)

This proves convexity of C. The set C is closed because it is an intersection of m lower
level sets of the shape {x € R" | (—Mj, x) < —p}. Because linear mappings are contin-
uous, they are especially lower semicontinuous. This means that the lower level sets
are closed sets. o

The following definition formalizes what has been written in the introductory text of
this chapter.

Definition 6.2.2. Given a sparsity parameter s that satisfies 1 < s < min {m, n}, we define
the sparse-polyhedral feasibility problem

findx € AsNC, (6.7)
where C is defined via (6.5), and where A is defined via (3.5).

Lemma 6.2.3 ((Bauschke and Borwein, 1993)). Let Vi, V, C IR" be affine subspaces. Let
g = Py,_v,0 be the gap-vector between Vi and V,. Then the intersection Vi N (Vo — g) is
linearly regular.

Lemma 6.2.4 (alternating projections between parallel subspaces). Let V; and V, be affine
subspaces with gap vector g and such that (Vi — g) C Va. Then any alternating projections
sequence {x*}2  with x° € R" arbitrary satisfies x* = x**1 for all k > 1.

Proof. Let x° € R" be arbitrary. Without loss of generality, assume that the alternatings
projection sequence reads as x*1 = Py, Py xk. Then Py, x° € V;, and we know that
Py,x° — ¢ € V5. Since the gap vector g is the shortest connection between V; and V3, we
have

Py, Py, x° = Py’ — g (6.8)

By the same argument, i.e., the gap vector is the shortest conection between V; and V5,
we know that Py, x! = x! + ¢ = Py, x. But then we are at a fixed point of the alternating
projections operator by Theorem 4.2.2. ]

Corollary 6.2.5 (alternating projections between a subspace and a parallel face). Let C
be defined as in (6.5). Let F be a face of C, and let V be an affine subspace of R". Denote by g
the gap vector between C and V. If F is such that (F — g) C V, then every point x € F is a
fixed point of the operator Pz Py.
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Proof. Take any x° € F. Because (F — g) C V, we know that (aff(F) — ¢) C V. The
point x° is also contained in aff(F). By Lemma 6.2.4, the point x° is a fixed point of
alternating projections between F and V. Because C is convex, the projection onto C is
single-valued, and because g is the gap, Pyx® = x0 — gand PePyx® = «Y. O
Lemma 6.2.6. Let C be defined as in (6.5) and let V be an affine subspace. Let g denote the gap
vector between C and V, and choose p € C and v € V such that p —v = g. Let F C C be a
face with p € F. Define B = aff(F). Then the cosine of the Friedrichs angle between F and V is
0 if and only if one the following cases occurs.

1. VC (B—g);
2. (B—g)CV;
3 (B=g)n(Vn(B=g))*) L (VN(VN(B-g))")

Proof. Recall the definition of the Friedrichs angle in 6.1.2 between the two sets V and
B—gie,

ue(B-g)N((B-g)NVv)*, } (6.9)

C(V/ (B _g)) = sup {(u,v> veVnN ((B —g) mv)L, ||MH = HUH =1

The claim now follows immediately from the definition. Suppose one of the sets is
contained in the other one. Without loss of generality, let (B —g) C V. Then (B —
¢)N((B—g)NV)t = {0}, and the supremum over all u,v, giving us the value of
c(V,(B —g)), is zero. If we have

(B-g)n(vnB-g))L(vnvnB-g)'),
then naturally the value of ¢(V, (B — g)) is zero. i

Remark 6.2.7. Lemma 6.2.6 characterizes the capability of the Friedrichs angle to detect or-
thogonality between subspaces. For the method of alternating projections and in fact for the
Douglas-Rachford, it doesn’t matter which of the three cases in Lemma 6.2.6 is at hand if we
have a nonempty intersection C N V. Since the Friedrichs angle is assumed to be 7t, both meth-
ods find the intersection after one step. If we have an empty intersection, i.e., FNV = @ with
F and V as in Lemma 6.2.6, then the method of alternating projections still finds the correct
point which is closest to the other set immediately. For Douglas-Rachford, on the other hand,
the iteration will eventually diverge since we have an infeasible case of two closed and convex
sets (see Theorem 4.3.3).

Proposition 6.2.8. Let C be defined as in (6.5), and let As be defined via (3.5). Write Ag as a
union of linear subspaces as in Equation 3.12, i.e.,

As = U A]. (6.10)
Jeg
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Define for every | € J the gap vector
g7 = Pe_4,(0). (6.11)

Then, for every | € J, the intersection (C — gy) N Ay is linearly regular. Further, for every
] € J, the intersection (C — gj) N As is locally linearly regular.

Proof. Choose an arbitrary | € J and an arbitrary x € R". Then, at the intersection
(C — gj) N A5, we have the intersection of finitely many faces of a convex polyhedron.
Each of these faces is locally an affine subspace. Hence, their intersection with a linear
subspace is linearly regular. Further, the intersection with a union of finitely many
linear subspaces is locally linearly regular. |

6.3 Alternating Projections and Sparse-Polyhedral Feasibility

We want to give a complete anaysis of the behavior of alternating projections applied
to problem (6.7), starting with preparatory lemmata.

Lemma 6.3.1. Let )y, )y C R" be closed subsets. If there exists x € () such that dq, (x) =
dQl (PQZX), then x € FiX(P()lPQZ).

Proof. This follows from the definitions of the projector (2.17) and fixed points (Defini-
tion 2.1.4). O

Lemma 6.3.2. Let (x,y) € C x A; be a local best approximation pair (Definition 2.3.7). Then
y € StFix(Pa,P¢). Further, for all x € Fix(Pa Pc), the point x is a local best approximation
point to C in As. Not every local best approximation point to C in As is contained in Fix(Pa P¢).

Proof. Let (x,y) € C x As be a local best approximation pair. Then y € P4 x and
x € Pcy, and we have neighborhoods around x and y such that no point in these neigh-
borhoods is closer to the other set than x and y, respectively. Hence, y is a stable fixed
point. Now, let x € Fix(Ps,P¢). Then, for all y € A, and since x € P4 Prx, we know
that ||y — Pex|| > ||x — Pcx||. We consider two cases:

1. If x € AsNC, then x is by definition a local best approximation point.

2. If x ¢ AsNC, then x has sparsity exactly equal to s since it is in the image of
the projection onto A;. Hence, there exists some § > 0 such that A; N Bs(x) =
A; N Bs(x) where ] = I(x) (see (3.10)). In other words, the set A; N Bs(x) is
convex. The vector x — Pex is, since x € Fix(Pa_ P¢), normal to A;. Since the sets
Aj and C are convex, there exists a separating hyperplane H between Aj and C,
which is normal to x — Pcx. This hyperplane can be shifted such that Pcx € H.
Because x — Pcx is also normal to Aj, we know that Pex + A; C H, ie., Ajis
parallel to H, and x — P¢x is the gap between H and A;. From this we conclude
that any point z € B;(x) N Aj must satisfy d¢ (z) > d¢ (x). Hence, x is a local best
approximation point.
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We give an example that shows that not every local best approximation point to C in A
is a fixed point of Py _P¢. Let A; be the union of the x-axis and the y—axis in R?, and let
C ={(2,1)}. Then the point (0,1) is a local best approximation point to C in A; but

P4, Pc(0,1) = (2,0) # (0,1).
This completes the proof. |

The following theorem gives an overview of the possibilities that can occur when
dealing with alternating projections and the set of sparse vectors. A note on the alter-
nating projections sequence in the following theorem: it may happen that the projection
P, x of a point x onto the set A is not single-valued. Then it is important to have a look
at every point in P4_x because at one of them the sequence may continue in a good way.
See Figure 6.1 for an example that illustrates this issue.

Figure 6.1: If we start at the point x in the graphic and project onto the set of 1-sparse
vectors, then we can choose between the points y and z. If we choose z, then
projecting back onto the polyhedron C results in x again, while choosing
y would lead to an alternating projections sequence that converges to the
intersection C N A;. This example shows the necessity of different kinds of
tixed points in Definition 2.1.4.

Theorem 6.3.3. Let C be a polyhedral set as defined in (6.5), and let s € IN be such that
0 < s < min{m,n}. Let {x"},en be a sequence generated by the alternating projections
operator Pa_Pe, with x° arbitrary. Then the sequence {x"},ciN has finitely many cluster points
X1,..., %y satisfying PcXy = - - - = PeXy.

Proof. First, we remind the reader of the result in Theorem 4.2.3 and that the set A; can
be written as a union of finitely many linear subspaces, i.e.,

A, = U Ay, (6.12)
Jc{1,...n} #]=s
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where Aj is the span of vectors of the standard basis of R" indexed by ]. Proceeding,
we note that the polyhedron C has finitely many faces. These faces will be denoted by
F; with [ € 211} where I is an index set corresponding to lines of the matrix M, i.e.,

Fir=CnBr=Cn{xeR"| Mjx =p;}. (6.13)
Further, define the sets
B; = affF, forall I € 21}, (6.14)

The dimension of F; will be defined as the dimension of its affine hull B;. For every
index set I € 2{1--"} and for every index set | as in (6.12), there exist, by Lemma 2.3.11,
nearest points of the affine hull B; to the subspace Aj. We observe that we have finitely
many affine hulls of faces B; of C and finitely many linear subspaces A;. This gives us
finitely many gap vectors gj; between the By and A; as well as finitely many Friedrichs
angles between the B; and Aj, whose cosines are given by c;; = ¢(By, Aj).

We analyze the sequence {x" },ciy step by step. Let x’ € IR” be arbitrary and consider
the kth iterate x*.

1. Suppose now that, for some k > 1, xk=1 ¢ Fix Py Pc. Then ¥k is exactly in one of
the Aj in (6.12). This subspace A; will be denoted by Aj,. If x* ¢ A; N C, then
we have Ppxk ¢ int(C) for k # 0. In other words, Pex* satisfies at least one of the

by Ii the index set of the face of lowest dimension F;, such that P¢ xkeF I,- In each
step of the alternating projections sequence, we have

Pex* = Pg, x*. (6.15)

In case of (6.15), define the gap vector g, := P4, —p, 0. Assume that the cosine of
the Friedrichs angle of B;, — g;,j, and A}, is not zero. Then we know that

da, (chk> < de (xk) : (6.16)
If we had equality, then, by Theorem 4.2.2, we would have a fixed point of alter-
nating projections between Bj, — ¢y, and A, and, hence, a best approximation
point to Bj, in Aj,. The only possiblity for the point x* not to be a best approxima-

tion point between C and A; is that there exists x € A; with
Hx—PkaH < HPA]chxk—chkH. (6.17)

Therefore, suppose that (6.16) holds. Further,

d, (chk) <dg, (chk) : (6.18)

By Proposition 6.2.8, we have a linearly regular intersection of C — g;,;, with Aj,.
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Further, we know by Theorem 4.2.3 that

dc (PA,chxk) —lgnall < o (de (x*) = llgnsll)

(6.19)
& de (PayPex) < pr(de (x%) = ligusl) + ligu
with p < 1. In other words, in step k, the sequence approaches a local best
approximation point to Bj, in Aj. The constant p depends on the Friedrichs
angle between A, and Bj,. Since there are only finitely many different Friedrichs
angles between the affine hulls B; of faces F; and linear subspaces Aj, there are
only finitely many different constants pj. For simplicity, we define

p=max{px | px <1, k€ N}. (6.20)

If the cosine of the Friedrichs angle of B;, — g and Ay, is zero, then, by Lemma
6.2.6, either one of the spaces is contained in the other one or the spaces fulfill an
orthogonality condition. In both cases, the sequence would attain a fixed point
after one more step.

2. Let x* be a fixed point of P, Pe. If Py Pex* C Fix P4 Pe, then, for every AP step,
we can choose the next iterate among the points in P4, Pex* and, hence, obtain the
subsequences {x" }i en, ..., {x™ }r, en C {¥" }nen, where v is the cardinality of
Py, Pex*. Because Py P x* C Fix P, Pc and since C is convex, we have Pex = Pex*
forall x € PAschk.

If PASPka contains some y which is not a fixed point of P4 P¢, then, as soon as
y = xf*1is chosen as the next iterate, we have the case which is similar to the

previous one.

What remains to be shown is that, by this procedure, the sequence actually converges.
We know that the sequence {¢" },en with

oF = de (x™) (6.21)

is nonnegative and monotonically decreasing (Lemma 4.2.4). This is already sufficient
for the sequence (6"), . to converge. We denote the limit by

5 = lim &". (6.22)

n—00

Hence, there exists a sequence {¢"},cn C R such that for all n € N, the term d¢ (x")*
can be written as 6% + ¢" with ¢ > 0 and lim,,_, €* = 0. Now, let n € IN be such that "
is sufficiently small. By monotonicity of the distance of the iterates x" to the set C, there
exists e" ! satisfying 0 < &"*1 < ¢” such that

2
de (X" =2 +¢" de (x”“) = 2 4 &L,
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We note that

+1 2 +1 Z_ 9
X" — Pex|| < ’ X" — Pex|| =67+ €
2 2

Together with convexity (see (2.31)) of the set C, we can give a bound for the squared
distance between Pox" and Pox"*1:

O A ey e RN
_|_2 <x11+1 _ Pan+1/Pan+1 _ chn>

<0 by Equation (2.31)

= 52+€n 2 52+€n+1 + Hpcxn—i-l _chnHE
o= g —gntl > HPCX”H_PanH;
= Ve > |[Poxntt = pext|

Since lim,,_, €" = 0, we conclude that lim,; HPCx”Jrl — Pex" Hi =0.
As already noted, there exist finitely many rates p;; in Equation (6.19), together with
a smallest positive p, defined in Equation (6.20). We distinguish between two cases:

1. If the number of iterates is such that d¢ (x"*!) = dc¢ (x") is infinite, then this
distance d¢ (x") has to be equal to §, and we have Pex" = Pex"t1. If Pox*2 #
Pex"1, then de (x"2) < de (x"*1), which cannot be true since d¢ (x"*1) = 4.
Hence, Pex™ = Pex™t™ for all m > n. Further, since Py Pcx" is of finite cardinality,
there can only be finitely many cluster points of the sequence {x"},en. Their
projection onto C, however, is identical, which was claimed.

2. If the number of iterates is such that d¢ (x"™) = d¢ (x") is finite, then we can
choose 7 large enough such that d¢ (x"*!) < d¢ (x") for all n > 7. If we write
de (x™) = 6 + 1", then, by Equation (6.20), we know that Tl < pt" foralln > 7.
To adapt our notation to (6.3), we can write

de (x")? = 6%+ " = 2+ 1"(26+ ") e, & = T (26 +T").
We obtain the relation
2
de <xn+1> = 2 4 et = 52 4 (25 4 7Y

<&+ p1"(20 + pT") < 8%+ pT" (20 + )
=6% + pe.

We conclude that ¢! < pe” for all n > 7.

o
Z Hpcxn+1 _ chn
n=n 2

sw\/?ng\/?niﬁ"

n=n

3|
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6 Angles, Polyhedral Sets, and Sparsity

1
Ve

From this, we deduce that the sequence {Pcx"},cN is bounded. Hence, it is a
subset of a compact subset of IR”, and there exists a cluster point y € C of the
sequence {Pcx" },en. Further, this cluster point must satisfy d4, (y) = ¢. Finally,
we show by contradiction that the cluster point y is unique. Assume there is
another cluster point ' # y € C of the sequence {P¢x"},cN. Then the distance
between these pointsis d = ||y — y|, > 0. Since the sequence {€" },cy converges

monotonically to zero, we can find some 77 € IN such that Vel 1_1 7 < % and such
that Pex —y < %. Hence, there cannot be an infinite subsequence {chk} kel C
{Pcx"}nen having vy’ as a cluster point because there exist neighborhoods of ¥/
such that there exists no k such that Pex* is contained in these neighborhoods.
This contradicts the fact that i’ is a cluster point. We conclude that y € C is the
only cluster point of {P¢x"},cN. As before, since P4 Pcx™ is of finite cardinality,

there can only be finitely many cluster points of the sequence {x" },,cN.

This completes the proof. o

Remark 6.3.4. The novelty in Theorem 6.3.3 is that we have shown convergence of the alternat-
ing projections in sparse polyhedral feasibility without any further restriction. In particular, if
C is a compact set then classical convergence theory applies. In Theorem 6.3.3 we do not require
any compactnes of the polyhedral set.

We present examples for different cases in Theorem 6.3.3. A good example is the
objective of finding the nearest point of a line L in three dimensions to the set of 1-
sparse vectors A; C RR®. Suppose that L has no common point with A;. Then there
exists a best approximation pair between L and A;.

2

i\v( (7)

Figure 6.2: An example of an alternating projections sequence that finds a best approx-
imation pair between the set of 1-sparse vectors in R? and the polyhedron C
in finitely many steps. The proximal normal cone at X is shown in green.

The following can occur when the nearest point x in a polyhedron to the set of sparse
vectors is a corner of the polyhedron. The alternating projection sequence behaves as if
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6.3 Alternating Projections and Sparse-Polyhedral Feasibility

it is finding the best approximation pair relative to one of the faces of the polyhedron.
Then it may happen that the sequence contains points which are normal to another
face of the polyhedron. The following projection onto the polyhedron will be in the
intersection of these two faces. Figure 6.2 shows an example of this case.

Another example is as follows: take C = {(1,1)} and find the nearest point in the
set of 1-sparse vectors. Generate the alternating projections sequence with an arbi-
trary initial point in R?. The projection P is always the point (1,1), while P4, (1,1) =
{(1,0),(0,1)}. Hence, we can choose a point in P4, (1,1). So the AP-sequence can be
any randomly chosen sequence of the points (1,0) and (0,1), which is not a best ap-
proximation pair (see Figure 6.3).

L

Pyx

1

Figure 6.3: An example of a best approximation pair between the set of 1-sparse vectors
in R? and the polyhedron C where the pair is not unique.

Now we can formulate a necessary condition for the method of alternating projec-
tions to converge globally.

Theorem 6.3.5. Let B and A; be given as in (3.6) and (3.5) respectively. Suppose As N B # @.
Let
As=J 4y, (6.23)
JeJ:
where Js is given by (3.11). Denote by (xj,x7) € B x As the best approximation pairs between
B and Aj for every | € J;. Then, for an arbitrary x° € R", the sequence generated by

M = Tapx* = Py_Ppak (6.24)
converges to a point X € As N B if and only if, for all x; ¢ B N As, we have
da, (x7) <da, (xg) forall ] € Js. (6.25)

Proof. First, we note that the set B is by definition a polyhedral set. By Theorem 6.3.3,
the method of alternating projections converges at a linear rate to a best approximation

pair. Now define

§ = mind (A}, B). 6.26
mind(4), B) (6.26)
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6 Angles, Polyhedral Sets, and Sparsity

Suppose now that, for every best approximation pair (xj,xj), the property (6.25) is
fulfilled. Then, after finitely many steps, say k, we have dg(x*) < . From then on the
sequence must converge to A; N B at a linear rate.

On the other hand, suppose property (6.25) is not fulfilled for some I € J;. Then
we can just consider the alternating projections sequence initiated at x° = x;. Since
da, (x1) = da, (x1), we can choose P4 x* = x5. Then x**1 = x; = x¥, and the sequence
will not converge at all to a solution of (3.8). This completes the proof. i

As seen before, there are strong sufficient conditions for alternating projections to
converge globally in the sparse affine feasibility problem. The condition (5.13) can also
be formulated in terms of angles.

Lemma 6.3.6. Property (5.13) holds true if and only if we have

c (A, ker(M)) < \/1—6y forall ] € J.. (6.27)
Proof. By (5.13), we have

(1—62)||x]l5 < IMTMx|3 forall x € Aps. (6.28)
In other words, cos(a) < /1 — 8y forall | € . o

To close this chapter, we consider an example for a setup where an alternating pro-
jections sequence will converge to the intersection of the set of sparse vectors.

Example 6.3.7. Consider the alternating projections algorithm applied to the set of 2-sparse
vectors in R" and the one-dimensional affine space defined by

A 1
0 1

B(A) = |l peR,. (6.29)
0 1

Apparently, the only solution to (3.8) is the point with its first entry equal to y and all other
entries equal to zero. For a thought experiment, we determine all best approximation pairs
between B and the subspaces gained by the decomposition of A (see Equation (3.12)).

First, we consider
n—1

A= |J span{e; e}, (6.30)

i=1,i<j

where e; are the standard unit vectors in R™. Let us determine the best approximation pairs
between B and span {e;,ej} for i,j # 1. The case where i = 1 is trivial due to the existing
intersection. Without loss of generality, let i = 2,j = 3. A best approximation pair between
B and span {e;,ej} will be of the shape (A +x,x,...,x),(0,x,x,0,...,0)). The projection
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6.3 Alternating Projections and Sparse-Polyhedral Feasibility

Pp(0,x,x,0,...,0) can be computed via minimizing
n
f@W) =@+ + -2+ -2 +) v (6.31)
i=4
which represents the squared Euclidean distance of (0,x,x,0,...,0) to a point in B. The first-
order necessary condition for optimality yields

L= 2242y —4x=0

6.32
o Y= anf)\. ( )
Now, in order to have a best approximation pair, the equality
2x — A
= 6.33
x= " (6:33)

must hold. But (6.33) is equivalent to x = —%. The best approximation pair is thus

A=A AN\ A=A T
((A_n—z’n—z"“’n—z) <0n—2n—200> ) (6.34)

Forall A € R~ and for n > 5, we have

(6.35)

n—2\

A
-0

_A‘

In other words, the projection of

A=A AN\
<A—n_2,n_2,...,n_2> (6.36)

onto Aj is the point (/\ — ﬁ, n;_Az, o,.. .,O)T. From now on, the alternating projections se-
quence will converge to the solution of (3.8). Using Theorem 6.3.3, we know that any sequence
of alternating projections between Ay and a convex polyhedral set converges to best approxima-
tion pairs. But initiated at a best approximation pair, the sequence approaches the intersection
Ay N B. This shows that the affine subspace B is a prototype for an affine subspace where,

independent of how it is shifted from the origin, alternating projections converges globally.
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7 Spectral Sets

With this chapter, we introduce a link between the analysis of sparsity optimization
and the forthcoming analysis of matrices of a fixed rank. This chapter relies heavily
on the fundamental work of Lewis and Sendov in (Lewis and Sendov, 2005). There the
authors give relations between sets of vectors satisfying a symmetry condition and sets
of matrices having these vectors as singular values. First, we introduce the so-called
transfer principle, which has been analyzed in (Daniilidis et al., 2008) in case of prox-
regularity. We extend one part of their analysis to weaker types of regularities.

7.1 Preparations

Definition 7.1.1. Let G be a group, together with an action of G on a set C. The action may be
both from the left and from the right. For some x € C, we define the orbit of x under the group
action of G,

G-x={g¢g-x|geG}. (7.1)

The two-sided orbit of G on C will be denoted by
G- C:={g-x-h|gheGxeC}. (7.2)

The two-sided action can also be seen as an orbit of the group G* on the set C, which is why we
chose the notation. For x € C, we define furthermore the stabilizer of x in G by

Stabg(x) ={ge€G|g-x=x}. (7.3)

Theorem 7.1.2 (singular value decomposition (SVD) (Horn and Johnson, 1985, Theorem
7.3.5)). If X € C"*" has rank s, then it may be written in the form X = UXV™* where U €
U(n) and V € U(n) are unitary. The entries oji of the matrix ¥. satisfy oj = 0 forall j # k
and

o= ZUSS>US+1,S+1:"':Unn:O~

The numbers oj; are the nonnegative square roots of eigenvalues of XX*, and hence are uniquely
determined. The columns of U are the eigenvectors of XX*, and the columns of V are the
eigenvectors of X* X (arranged in the same order as the corresponding eigenvalues ‘szj)' If XX*
has distinct eigenvalues, then U is determined up to a diagonal factor D = diag (e, ..., el%)
withall 0; € R; that is, if X = U1 X4 V] = WX, VS, then Uy = Uy D. If U is given, then V is
uniquely determined. If X is real, then U, X, and V may all be taken to be real.
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7 Spectral Sets

Definition 7.1.3. Denote by S(n, —) the finite group of signed permutation matrices on R".
That is, for any P € S(n, —), every row and every column of P contains exactly one nonzero
element. This nonzero element is +1.

Definition 7.1.4 (singular value mapping). For X € C"*", the decomposition X = UXLV*
in Theorem 7.1.2 is called a singular value decomposition of X. Define the singular value
mapping by

c(X) = ((X),...,00(X)), (7.4)
where, with O'J'(X) = 0jj as in Theorem 7.1.2, we have o1(X) > -+ > 0,(X). Further, for
some x € R", define

o l(x) = {X eCm" | 0(X) = Px for some P € S(n,—)} . (7.5)

7.2 The Transfer Principle

The transfer principle is a loose phrase for properties of functions and sets of matrices
almost entirely relying on their action on its singular values. A set A of vectors is trans-
lated into a set of singular values by considering the set of diagonal matrices diag (A)
and then letting the orthogonal group act from left and right on diag (A). This couples
an orbit of the Lie group O(n) to every matrix Y € diag (A), a set usually having more
structure than diag (A). This additional structure can be used to show properties of
O(n)? - diag (A). We introduce all necessary notation to give our main result of this
chapter.

Definition 7.2.1 (Lie group, (tom Dieck and Brocker, 2003, Definition 1.1)). A Lie group
is a differentiable manifold G which is also a group such that the group multiplication is a
differentiable map.

Definition 7.2.2 (absolutely symmetric function and orthogonally invariant function,
(Lewis and Sendov, 2005), (Daniilidis et al., 2008)).

e A function f : R" — [—oo,c0] will be called absolutely symmetric if for all vectors
x € R" and for all signed permutation matrices P, that is, every row and column of P
contains exactly one nonzero entry of the form £1, we have

f(x) = f(Px). (7.6)

o Aset C C R" will be called absolutely symmetric, if its indicator function is an abso-
lutely symmetric function.

e A function F : R"*" — [—o00, 0] will be called orthogonally invariant if we have

FUXVT)=F(X) forall X €R™™ andforall U,V € O(n).

o A subset S C R™" will be denoted as a spectral set if there exists an orthogonally
invariant function F such that S = dom(F).
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7.2 The Transfer Principle

In (Daniilidis et al., 2008) an orthogonally invariant function is also denoted as a
spectral function. Note that a subset S C IR"*" is a spectral subset if and only if we have
UXV' € SforallU,V € O(n) and forall X € S.

Definition 7.2.3 (singular value function, (Lewis and Sendov, 2005), Definition 5.2).
Given the singular value mapping o (Definition 7.1.4), a singular value function is an exten-
ded-real-valued function defined on R"*" of the form f o o for an absolutely symmetric function
f:R" — [—o0,00].

Proposition 7.2.4 ((Lewis and Sendov, 2005), Proposition 5.1). Given ¢ as in Definition
7.1.4, a function F : R"*" is orthogonally invariant if and only if F is a singular value function
(Definition 7.2.3).

Theorem 7.2.5 ((Lewis and Sendov, 2005), Theorem 3.4). The orbit
O(n)* - X={Uxv|Uu,veon)} (7.7)
is a submanifold of the space R"*" with tangent space
Tompe.x(X) = {XU" = VX | U", V* skew-symmetric} (7.8)
and normal space

NO(TI)Z-X(X) — {Y E ]Rnxn

XY and XY symmetric} . (7.9)

Theorem 7.2.6 ((Lewis and Sendov, 2005), Theorem 7.1). The limiting subdifferential of a
singular value function f o o at a matrix X € R"*" is given by the formula

3(f 0 0)(X) = Stabgy,2(X)* - diag (3f (¢(X))), (7.10)

where
Staboy2(X) = {(u, V)eom)? | uxv’ = X} . (7.11)

The sets of regular and horizon subgradients satisfy corresponding formulae’.

Proposition 7.2.7. Let A be an absolutely symmetric subset of R" with (proximal or limiting)
normal cone Na(x) at a point x € A. Further, for X € o 1(A), let U,W € O(n) such that
U diag (0(X)) W' = X. Then the (proximal or limiting) normal cone at X is given by

Ny1(4)(X) = Stabo (X) - (u diag (N4(c(X))) WT) . (7.12)
Proof. If the set A is absolutely symmetric, then the indicator function of c~1(A) is a

singular value function as in Definition 7.2.3. Hence, we can apply Theorem 7.2.6 to the
indicator function of A and the result follows. O

IFor a definition of a regular and a horizon subgradient, see (Rockafellar and Wets, 1998, Definition 8.3)
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As a last statement in this chapter, we give the example of the transfer principle in
prox-regularity. Note that prox-regularity is a local property. The following theorem
does not indicate how the neighborhoods of the spectral set and the neighborhoods of
the set of singular values are related to each other.

Theorem 7.2.8 ((Daniilidis et al., 2008), Theorem 9). An absolutely symmetric set A C R"
is prox-regular if and only if S := O(n)? - diag (A) C R"™ " is prox-regular.

7.3 Weaker Regularities

Theorem 7.3.1 (transfer principle for subregularity). Let A C R" be an absolutely sym-
metric, closed set and let S .= c—1(A) be as in Definition 7.1.4.

1. If S is (g,6)-subregular at X € S with 6 > 0,e < 1, then A is (e, 6)-subregular at
o(X) € A.

2. If Sis (¢,0)-regqular at X € Swith § > 0,e < 1, then A is (¢,6)-reqular at 0(X) € A.
3. If S is Clarke reqular at X € S, then A is Clarke regular at 0(X) € A.
4. If S is super-reqular at X € S, then A is super-reqular at o(X) € A.

Proof. As a preparation, choose

(7.13)

¥ € By(X) N {z cs ’ X = Udiag (0(X)) VT < Z = Udiag (z) V7 }

forsomez € R", U,V € O(n)

Now, let U,V € O(n) be such that X = U diag (¢(X)) V' andY = U diag (v) V' fora
vector y € R".

If we have UYV ' = diag (y) then, by Proposition 7.2.7, we also have UQVT =
diag (7) for some 7 € N () forall Q € N (Y). We conclude

(3,0(X) —7) = tr (diag (7) " (diag (¢(X)) — diag (7)))
= <UT diag (q)V, U ' diag (¢(X))V — U diag (7) V>
=(Q,X-Y) (7.14)
Because the Frobenius norm is orthogonally invariant, we have
1 11X = V] = || T ding () V7| ||t diag (X)) VT — U ding (7) V7|,

= ||diag (7) | [|diag (c(X)) — diag (¥)]|¢ (7.15)
= [qllz lo(X) = ;- (7.16)
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Now, to show (1), let S be (g, §)-subregular at X € S with é > 0. Then, forall Y €
Bs(X) N S and for all Q € NE(Y), we have

(QX=Y) <ellQllp IX =Yg (7.17)

Let j € Bs(c(X)) N Aand § € Na(y). Then there exists a matrix Y as in (7.13) such
that o(Y) = ¥, together with a matrix Q € Ns(Y) such that 0(Q) = 7. This matrix Y
satisfies (7.17). Using Equations (7.14) and (7.16), we obtain

G o(X)-y) =(Q,X-Y)
<e|lQll; X =Y =c¢ldll, llc(X) =7,

Because Y is an arbitrary element of the intersection in (7.13), the above inequality
yields the (g, §)-subregularity of A at o(X). This shows claim number (1).

To show (2), let S be (g, 0)-regular at X € S with d > 0,e < 1. Then, forall Y,Z €
Bs(X) N S and for all Q € NE(Y), we have

(QZ-Y) <e|QllglZ=Yllg- (7.18)

Let %,z € Bs(0(X)) N Aand 7 € Na(). Then there exist matrices Y, Z as in (7.13) such
that o(Y) = ,0(Z) = z, together with a matrix Q € Ns(Y) such that ¢(Q) = 7. As in
the proof of (1), these matrices Y, Z satisfy (7.18). Using Equations (7.14) and (7.16), we

obtain

@z-y=QZ2-Y)
<e HQHF 1Z - YHF =e|qll,[1Z—Yll,-

Because Y and Z are arbitrary elements of the intersection in (7.13), the above inequality
yields the (g, §)-regularity of A at o(X). This shows claim number (2).
Using Definition 2.4.1, the proofs of (3) and (4) are similar to the one of (2), which is
why we omit them at this point.
|
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8 The Set of Low Rank Matrices

This chapter puts the focus on the set of matrices of a fixed rank. First, we introduce
the rank function together with some of its properties. Afterwards, the set of rank-
constrained matrices will be defined.

Figure 8.1: The set of 2-by-2 Hermitian matrices of rank one together with an affine
subspace of matrices.

8.1 The Rank Function

As known from linear algebra, the rank of a matrix X is the largest number r of linearly
independent columns of X. In order to give a proof of global convergence of the al-
ternating projections in the matrix regime, similar to Corollary 5.2.4, we show that the
rank function is lower semicontinuous and subadditive.

Lemma 8.1.1. The rank function is subadditive.

Proof. Take any two matrices X,Y € R"™*" with rank (X) = rx and rank (Y) = ry. If
m < n, then there exist exactly rx linearly independent columns of X and exactly ry
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linearly independent columns of Y. This means that there exist at most rx + ry linearly
independent columns of X + Y. If m > n, then the same argument applies for rows
of X, Y, and X + Y. Altogether, we get rank (X +Y) < rank (X) + rank (Y). Since the
matrices X and Y were chosen arbitrarily, the proof is complete. ]

Lemma 8.1.2. The rank function is lower semicontinuous.

Proof. We refer to Theorem 8.2.2, which says that between every matrix X of rank higher
than » < min{m, n}, there is a nonzero distance to the set of matrices of rank lower or
equal to . Hence, for every matrix X of rank > r there is a neighborhood B, (X) having
an empty intersection with the set of matrices of rank lower or equal to r. This makes
the set of matrices of rank > r an open subset of R"*". Hence, the lower levelsets of
the rank function are closed sets, which is sufficient for the rank function to be lower
semicontinuous by Definition 2.1.7. |

8.2 Rank-Constrained Matrices

We formalize the arguments used in Lemma 8.1.2 by giving the proper definitions.

Figure 8.2: A section of the set of 3-by-3 matrices of rank 2. In particular, the figure
Xy z
shows the zeros of 3xyz — 22y —y?z —x® =det [y y «x
z X z
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Definition 8.2.1 (Set of rank-constrained matrices). Let ¥ < m < n, and define the set of
matrices of rank at most r by

S<p={X € R"™" | rank (X) <r}. (8.1)

Further, define the set
S:r = Sgr \ Sgr,1 (82)

as the set of matrices of rank exact r.

In contrast to S<, the set S—, is an embedded, smooth submanifold of the Euclidean
space R™", as will be shown in Theorem 8.2.6. By this, the set S—_, satisfies useful reg-
ularity conditions, such as prox-regularity. We note that the set S<, can be defined for
complex matrices equivalently.

Since for X € C"*" and for all A € C \ {0} the equivalence

rank (X) =r <« rank(AX)=r (8.3)

holds, we conclude that S<, is a cone.
The following theorem is known as the Eckart-Young theorem. We also refer to (Horn
and Johnson, 1985, Example 7.4.1).

Theorem 8.2.2 (Eckart-Young theorem (Eckart and Young, 1936, Equation 17)). Denote
by U(n) the group of unitary matrices in C"*". Let A € C"™*" be an arbitrary matrix and
let A=UXV'" withU € U(m),V € U(n), L € R™" be its singular value decomposition.
Then the matrix X can be written as *. = diag(oq,...,0y), where r = min{m, n} and oq >
-+ + > 0y. Then the projection of A onto the set of rank constrained matrices S<, is given by

Ps_ A = Udiag(on,...,0,,0,...,00V". (8.4)
< g

A useful issue of the set S_, is the fact that whenever we project a matrix X € R"*"
with rank greater or equal to 7 onto S<,, then we actually project onto the set S—,, as
was shown in Theorem 8.2.2.

Proposition 8.2.3 (projection of Hermitian matrices). Let Z € C"*" be Hermitian, i.e.,
Z* = Z. Then there exists a matrix Z, € Ps_ Z such that Z, = Z}. The problem of finding
the matrix Z, is equivalent to that of finding r eigenvectors of Z corresponding to r largest
eigenvalues of Z.

Proof. Let Z = UXV* be a singular value decomposition of Z. Then, by Theorem 7.1.2,
the columns of U are the eigenvectors of ZZ* = 72, and the columns of V are the
eigenvectors of Z*Z = Z2. The eigenvectors of Z? are identical to those of Z. Further,
the eigenvalues of a Hermitian matrix are real. Hence, the eigenvalues of Z differ from
its singular values only by a factor &=1. We conclude that the columns of U and the
columns of V are the eigenvectors of Z, which means that we can choose U = V. Hence,
Z = UXU*. Let uy,...,u, be the columns of U. Let ¥, = diag(cy,...,0+,0,...,0) be
as in Theorem 8.4. The columns of U are ordered in such a way that u; corresponds to

83



8 The Set of Low Rank Matrices

the largest absolute eigenvalue, 15 to the second largest absolute eigenvalue and so on.
Then UX,U* € Ps_ Z. Choose Z, = U, U*. Since Z; = (UL, U*)* = UL, U* = Z,, we
see that Z, is Hermitian.

We observe that, for the matrix D := diag(cy, . ..,0;) € C"*", we have

Zy = (u1,...,up)D(uq,...,u,)"

In other words, to obtain Z,, it is necessary and sufficient to find the vectors uy, ..., u,.
O

The set S<, is not convex since there are matrices whose projections onto S<, are
not single-valued. The multivaluedness of the projector can be clarified here in the
case of Hermitian matrices. If there is an eigenvalue A with eigenspace of dimension
larger than one, and if this eigenvalue is the largest absolute one, then we can choose
eigenvectors v, w in that eigenspace. Consequently, the matrix Avw* is contained in the
rank one projection of the matrix. In order to stay in the space of Hermitian matrices,
we have to choose the eigenvectors to be equal up to a complex scalar of modulus one.

Example 8.2.4 (multi-valuedness of the projection). Note that the projection in (8.4) is
not necessarily single-valued since the rth largest singular value need not to be unique. The
identity matrix in R"*" is the most trivial example for a matrix whose projection onto S<, is
not unique. In fact, for matrices in R"*", the set Ps_, 1d,, may be homeomorphic to cubes. For
example, consider the case of Id, € R?>*2. Then we obtain

Ps_, 1d; = { ( cos’(a)  cos(w) sin(oc))

cos(a) sin(a) sin?(«)

w e [0,2n)}. (8.5)

To see this, we note that, because the singular values of 1d, are both equal to 1, the Frobenius
distance of Idy to S<q has to be 1. Let X be an arbitrary matrix in the set proposed in Equation
(8.5). We compute the distance of Id to X.

|1d, — X = H ((1) (1)> _ ( cos?(a) cos(a Z?in(zx)>

cos(a) sin(a) sin” («

F

= \/(1 — cos?(a))2 + 2 cos?(a) sin?(a) + (1 — sin?(a))2

= \/1 —2cos?(a) + cos*(a) + 2 cos?(a) sin®(a) + 1 — 2sin®(«) + sin*(«)

= \/cos4(zx) + 2 cos?(a) sin?(a) + sin® (&)

— \/(cosz(uc) +sin2(zx))2
=Vi=1

In other words, the set in Equation (8.5) is the projection of Id, onto S<1.
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8.2 Rank-Constrained Matrices

Lemma 8.2.5. For any A € C"*" we have
15 Al < 1Al
We give two different proofs.

1. Proof. The squared Frobenius norm of a matrix is equal to the sum of its squared
singular values. This gives us

r n
1Ps All; =Y 02 <) o? = ||All}.
=1 =1

O

2. Proof. The set of rank constrained matrices is a closed cone (by Equation (8.3)).
In other words, for every matrix of rank r, we know that scalar multiples of this
matrix are of rank at most r as well. In general, for any x in some Euclidean space
and for any closed cone K in that space, we know that the points x, Pxx and 0 give
a right triangle such that

lx = O* = [l — Prx||” + || Pxx — 0]
This gives us ||x|| > ||Pxx||, and this finishes the proof. o

We consider now the local regularity conditions on the set S<,. The set S<; is at all
points X with rank (X) = r a smooth manifold.

Theorem 8.2.6 ((Lee, 2003, Example 8.14)). The set S—, is an embedded submanifold of
dimension (m + n)r — r? in the space R™*".

Since we will analyze the alternating projections algorithm applied to the rank-con-
strained regime in the next chapter, we need the explicit form of the normal cone to S<;.
On the one hand, we can obtain the expression by application of Proposition 7.2.7. On
the other hand, an alternative description has been given in (Luke, 2013).

Proposition 8.2.7 ((Luke, 2013, Proposition 3.6)). Suppose r < n. Then the (Mordukhovich)
normal cone to the set of matrices of rank less or equal to r at a point X is the set

Ns_, (X) = {V | range(X) L range(V), rank (V) <n —r}. (8.6)

Remark 8.2.8. We have to clarify the notation in Proposition 8.2.7. The original (Luke, 2013,
Proposition 3.6) states that

Ns_, (X) = {V | range(X) Nrange(V) = {0}, rank (V) < n —r}.
In the proof of (Luke, 2013, Proposition 3.6), it is actually shown that instead of range(X) N

range(V) = {0}, we have
range(X) L range(V).
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8 The Set of Low Rank Matrices

This is slightly stronger than the previous formulation.

Further, we remind the reader that the normal cone at the set of sparse vectors is
given by (3.15). With the help of Proposition 7.2.7, we can give an alternative formula-
tion.

Lemma 8.2.9. Let rank (X) = r and let Ns_ (X) be defined via Proposition 8.2.7. Further, let
U, W € O(n) such that U diag (c(X)) W' = X. Then we have

Nis_, (X) = Stabo( (X)? - (u diag (N4, (¢(X))) wT) . (8.7)

Proof. Let X € S<, with rank (X) = r. Let x := 0(X) be the vector of singular values of
X. Then, by (3.15), we know that N4, (x) = supp(x)*. The claim can then be rewritten
as

Ns..,(X) = Stabo( (X)* - (U diag (supp((X)))" W).

Now let V € Ns_, (X). We reformulate the condition in (8.6) as
range(X) C ker(V) and range(V) C ker(X).

We show that there exists (O1,02) € Stabp(,)(X) such that V = O; diag (v) O, for
some v € Ny, (x).

Let y € range(X) so that Vx = 0. Let O;Zy0O, = V be an SVD of V. We know that y
is in the span of those right singular vectors in O, and those left singular vectors in Oy
belonging to zero singular values of V. A similar relation holds for v € range(V) being
in the span of the left singular vectors and right singular vectors of X belonging to the
zero singular values of X. Hence, we can choose O; and O, such that we have

O, diag (0(X)) O, = X and O, diag (Po(V)) O, (8.8)

where P is a permutation matrix moving the nonzero entries of ¢(V) into supp(x)*.
This is possible because of the rank assumption on V, i.e., rank (V) < n — r. This gives

us Ns_, (X) C (U diag (Na, (0(X))) WT)*Po0

Now let V € Stabo(n)(X)2 - (U diag (Na,(0(X))) W"). Then there exist O1,0, €
O(n) such that

O diag (¢(X))O, = X and O;diag(v)0, =V
where v is a vector containing the singular values of V. In other words,

tr(X' V) =tr(0, diag (¢(X)) O; O; diag (v) O, )
= tr(O, diag (¢(X)) diag (v) O, ) = 0.

Hence, the range of V is a subset of the kernel of X and vice versa. The condition
rank (V) < n — s follows from the condition v € Ny, (¢(X)). o
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Proposition 8.2.10 (tangent space, (Vandereycken, 2013, Proposition 2.1)). Let S<, be the
set of matrices in R™*" with rank at most r, let X € S<, with rank (X) = r, and let ULV " be
an SVD of X. Then the tangent space Ts_ (X) has the form {UAT + BV | A,B € R™*"}.
This is equivalent to

- R *r R (n=r) T
Ts x = {(u ui) <]R(m—r)><r 0(mr)><(nr)> (V Vi) } (8.9)

where the matrices U and V| are such that (U U, ) € O(m)and (V V,) € O(n).

Remark 8.2.11. (Vandereycken, 2013) uses the notation ULV = x with U € R™7,% €
R™",V € R™" and U, V with orthonormal columns.

Example 8.2.12. Now we consider a simple example with the assumption that n > m > 2r:
Take © — <Id’ O) ,(U Uy) = Idy, and (V V) = Id,. Now we take the (affine)

0 0
subspace
Or xr Id, Or><(n72r)
C=x+A ( Id, Orxr 0y (n—2r) ) ,A€eR. (8.10)
0(m727)><r O(mer)Xr O(mer)X(anr)

This set is clearly a subset of the affine space X + Ts_ X. Further, any matrix y € C is of rank
at most 2r while the only matrix in C with rank less than 2r is % itself. This is an example
of an affine subspace that intersects S<, at only one point and which is tangential to S<,. By
(Hesse, 2014, Theorem 5.19 c)), since max { (u,v) | u € Ts_ (X) NB,v € Tc(¥) NB} =1,

we cannot have a locally linearly regular intersection C N S<,. See Figure 8.3 for an example of
the resulting slow convergence of alternating projections between C and S<,.

8.3 Lifted Sets: A Dictionary

In Chapter 10, we will study the behavior of the method of alternating projections
where one of the sets is the set of matrices of rank one. As a preparation of this, we
establish a link between constraint sets in C" and constraint sets of matrices in C"*".
The motivation in our case is the fact that we can reformulate the physical problem of
phase retrieval in C" in terms of minimizing the rank of a matrix over an affine subspace
of matrices in C"*".

Definition 8.3.1. Given a finite collection of real-valued functions f1,..., f on C", define a
set of constraints

C={xeC"| fi(x)="---= fu(x) =0}. (8.11)
Secondly, let Fy, ..., Fap be a collection of real-valued functions over C"*", and let
C={XeC™"|F(x)="-=Fu(x)=0}. (8.12)
The set C is a lift of C if
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““““““““““““““““

Figure 8.3: Convergence of alternating projections between the tangent space of S<, and
S<y itself.

1. for all Hermitian X € C N S<y there exists x € C such that xx* = X;
2. xx* € Cforallx € C.

Remark 8.3.2. For a given set C C C", Definition 8.3.1 does not determine the lift of C
uniquely. The idea is more to translate constraints, formulated in C", into well-described con-
straints in the matrix space. Then an analysis of the intersection of the lift with the set of rank
one matrices also gives further insight on C. In particular, for a subset C C C", it would be fully
sufficient to take C = {xx* | x € C}. However, in order to benefit from additional structure of
lifts of C, we can also take for example an affine hull of {xx* | x € C}.

Proposition 8.3.3 (uniqueness up to a global phase). For all Hermitian X € C N S<q, the
vector x € C such that xx* = X is determined up to global phase.

Proof. If X € C N S<; is Hermitian, then X = xx* for some x € C". Note that, for all
6 € [0,271], also e'? x satisfies

eié)x<eiex>>k =xelfxe 10y = yx* = X. (8.13)

This means that from some rank one matrix xx* the vector x is unique at least up to a
global phase 6. Assume now that there exists y € C" such that yy* = xx* and y # el x
for all 6 € [0,27]. Because yy* = xx*, we know that x;x; = y;¥; for all j. Hence, there
exist 01, ...,0, such that y; = elfi xj forall j. Ify # el? x for all § € [0,27], then there
exists at least one k such that 6 # 0; for all j # k. We look at one of those entries of yy*
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indexed by k and j with 6; # 6;:

Yy = yive = % xje 1w = 00wy # xx (8.14)

This is a contradiction. Hence, there exists some 6 € [0,27] such that y = et? x. O

8.3.1 Lifts of Linear Spaces and Cones

We focus now on affine subspaces and cones of C". The first and easiest example would
be the lift of an affine subspace of C". Additionally, we consider two examples moti-
vated by the physical application of phase retrieval that will be revisited in Definition
9.2.2.

Proposition 8.3.4 (lifts of affine spaces). Let A : C™ — C" be a linear mapping and let
b € C™. Define the affine subspace

B={xeC"|Ax =b}. (8.15)
Then the set
B:={XeC"" | AXA" = bb*} (8.16)
is an affine subspace, and it is a lift of B.

Proof. If there is some x € B, then the rank one matrix xx* satisfies the equation
Axx*A* = bb*.

The set B is an affine subspace of C"*" if for every A € Cwehave Ax+ (1 —A)y € B
for all x,y € B. Choose some arbitrary A and some X,Y € B. Then

AMX + (1= A)Y)A* = AAXA* + A(1 — A)YA*
= AAXA* + (1 — A)AYA* = bb*.

Lemma 8.3.5 (support constraints). Let I be an index set in {1, ...,n} and define
Co={xeC"|x;=0ifjel}. (8.17)

Then the set

Cs={XeC"" | Xy=0ifjelorifkel}
is a lift of Cs.
Proof. Let X € C and rank(X) = 1. Then X is Hermitian, and it can be written as some
xx* for x € C". Suppose there exists j ¢ I. Then Xj = 0 forall 1 < k < n. If there exists
k such that Xy # 0, then this means that x; = 0, and thus x € Cs.

On the other hand, if x € C;, then, for all j ¢ I, we have x; = 0. This gives us xx;fk =0
forall 1 < k < n, which is all that is required to show that xx* € C;. o
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8 The Set of Low Rank Matrices

Proposition 8.3.6 (lift of a convex cone). Let A : C™ — C" be a linear mapping. Define the
convex cone
K={xeC"| Ax > 0}. (8.18)

The set
K:={XeC""|AXA* >0} (8.19)

is a lift of K, and it is a convex cone.

Proof. Note that for every convex cone K we have 0 € K. This means that for every x €
K we have Axx*A* > 0. On the other hand, if a positive semidefinite rank one matrix
xx* satisfies Axx*A* > 0, then either x € Kor —x € K. Let X € K, then AXA* > 0,
and naturally, for all A > 0, we have AAXA* = AAXA* > 0. On the other hand, let
A€f0,1]and X, Y. Then A(AX + (1 —A)Y)A* = AAXA* 4+ (1 - A)AYA* > 0. o

Lemma 8.3.7 (positive real cone). For

C=RY={xeC"|xeR"x;>0foralj}, (8.20)

the set C = {X e C™" | X e RLY", X* = X} is a lift of C.

Proof. Let X € C; and rank(X) = 1. Then X is Hermitian, and it can be written as some
xx* for x € C". Let j be such that X;; # 0. If such a j does not exist, then X is the
zero matrix. Choose x; = /X;; > 0. Because x;X; € R> for all k, we conclude that
X € ]Rzo. O
8.3.2 Quadratic Constraints

The examples so far gave subspaces as lifts of subspaces. An interesting example of
the benefits of lifted sets is the following: suppose we are given an unitary mapping
A:C" = C" and, for some b € RY, the set

M = {x ’ \(ak,xﬂzzbk forall 1 Skgn}, (8.21)

where g; are the complex conjugates of the rows of A. This is due to the fact that
(ax, x) = ajx. We reformulate this problem. We define for a vector x € C" the matrix
X = xx*, which is of rank one and positive semidefinite. Similarly, define for every
k=1,...,mthe matrix Ay = araj.

Proposition 8.3.8. Define the mapping Ay via Ay(X) = Tr (A} X). The set
B:={XeC"" | A(X)=bforall1 <k <n} (8.22)

is an affine subspace of C"*"*, and B is a lift of M.

Proof. The restrictions can be written as

[{ag, x)[* = Tr (x*agagx) = Tr (aragxx™) = Tr (A X) = Ax(X). (8.23)
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In other words, for every x € M there exists X = xx* € B, and for every X € BN S<;
there exists x € C" such that xx* = X. o

If A is the discrete Fourier transform, then the above model can be applied to the
phase retrieval problem (Chapter 9). The idea of reformulating quadratic constraints as
linear equations in the matrix space comes from semidefinite programming. Its appli-
cation to phase retrieval goes back to the article by Candeés et. al in (Candeés et al., 2011,
Section 2.2). We discuss this matter in Section 10.1.

8.4 Second-Order Subdifferentials at the Set of
Rank-Constrained Matrices

Figure 8.4: A section of the set of 5-by-5 matrices of rank 4. Displayed above is the zero
X Yy z X z

setof (x —z)(y — z)%(x%> — (y + 2)* + x(y +2z)) = det

N R N

Yy
z
z
x

N R < R

X z
z Yy
y z
Xy

In light of Section 3.4, we study the second-order subdifferential of the rank function
in terms of coderivatives. This case is similar to the {y-function. In this section, we

restrict ourselves to real-valued matrices.
We know that, by (Le, 2013, Proposition 2), based on (Lewis and Sendov, 2005), the
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8 The Set of Low Rank Matrices

subdifferential of the rank function is given by
drank (A) = ker(A) ® ker(A™). (8.24)
In terms of graphs of functions, we obtain
gph(drank (-)) = {(A,Y) € R*"*" | Y € ker(A) @ ker(A*)} . (8.25)

If rank (A) = k, then the set ker(A) ® ker(A*) is an (n — k)(m — k)-dimensional
subspace of R” ® R™. The latter is canonically isomorphic to R”*", which means we
can identify elements of ker(A) @ ker(A*) with m x n-matrices over R.

With the canonical isomorphism R"” ® R” — R"™*", we conclude that ker(A) ®
ker(A*) consists of linear combinations of matrices of the form

aq bl a1b1 e anbl
2| :|= : : =M, (8.26)
an b arby, ... a,by
where
aq bl
€ ker(A)and | : | € ker(A"). (8.27)
an bm
Then we have
A*M =0, MA*=0, AM*=0 forall M € ker(A) ® ker(A*) (8.28)

since a € ker(A),b € ker(A*). But the span of the columns of A* is in the kernel of M,
which means that the rank of M is less or equal to m — k. By that result, we can see that
elements of gph(drank (-)) can be identified with matrices of R>"*" with rank less or
equal to m.

To get the coderivative of the subdifferential of the rank function, by Definition 3.27,
it remains to formulate the normal cone to the graph of the subdifferential of the rank
function. Let (A, M) € S<, C R*"*" be such that rank (A) = k,rank (M) = m —k,
and the rows of M are in the kernel of A. Then, for some matrix X € R™*", we have
the second-order subdifferential of the rank function given as

Prank (-) (A, M)(X) = {Y € R"™" | (X,~Y) € Ns., (A, M) C R¥*n)
)Y ESqrankx) HXE range(M), (8.29)
2 else.

Remark 8.4.1. Because (X, —Y) € Ns_, (A, M) C R*"*", the range of the matrix (X*Y*)
has trivial intersection with the range of (A*M*). If we formulate a Newton-type method for
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the rank function as in Section 3.4.3, we would again see that every point is a fixed point of this
Newton-type method. As with the {y-function, every matrix X € R™*" is a local minimizer of
the rank function.
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9 Phase Retrieval

This short chapter briefly introduces the phase retrieval problem. We will establish
its connections to projection methods and regularity conditions arising in feasibility
problems. We refer the reader to (Luke et al., 2002) for a more detailed survey on phase
retrieval and diffraction imaging. As it is stated in (Luke et al., 2002), abstractly, the
phase retrieval problem reads as follows: Let F be the Fourier transform. Suppose we
are given functions 4,b : R> — R, find the function x : R? — C satisfying |Fx| = b
and |x| = a.

This problem arises for example in microscopy (Drenth et al., 1975), (Miao et al.,
1999), optical design (Farn, 1991), astronomy (Luke et al., 2002), holography (Fienup,
1980), (Bartels et al., 2015), and crystallography (Millane, 1990). Note that phase re-
trieval is an ill-posed inverse problem. To solve it, we usually incorporate a priori as-
sumptions on the setup. One of these assumptions is the already mentioned amplitude
a. We will name the most prominent examples of these assumptions in this chapter.

9.1 Problem Formulation

We first state the continuous problem of phase retrieval for the sake of completeness. At
this point, we cite (Fienup and Wackerman, 1986) for the abstract problem formulation.
“Given the modulus |F(u, v)| of the Fourier transform

F(u,v) = |F(u,v)| e #(?)
= F(f(u,0))
— //jo f(u, ?J) e27ri(ux+vy) dxdy

of an object f(x,y),
reconstruct the object  f(x,y) (9.1)

or, equivalently, reconstruct the Fourier phase (1, v).”! Note that, from now on, we

just consider the discretized version of phase retrieval. The Fourier transform F be-
comes the discrete Fourier transform F € C"*", x is a vector in C", and 4,b € RZ,,.
One question arising in this context is the one for uniqueness of this inverse problem.
If |Fx| = b, then we can multiply x by a factor !¢ for some ¢ € R since F is linear. The
implication is |[F(e!? x)| = | e!? Fx| = |Fx| = b. This ambiguity is called shift by a global
phase. We refer to (Hayes, 1982) for additional issues concerning uniqueness.

1(Fienup and Wackerman, 1986), p. 1897, Section 1, 1.3-8
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9.2 Phase Retrieval in Terms of Feasibility

In order to apply the theory shown and developed in this thesis to Problem (9.1), we
formulate it as a feasibility problem. As a preparation, we introduce the sets involved
in the upcoming formulation (9.4).

Definition 9.2.1 (magnitude constraint). The measured data is by (9.1) given by |Fx|*> = b.
We define the set of all complex vectors x satisfying (9.1),

M:={xeC"||Fx|*=b}. 9.2)

We refer to the set M as the magnitude constraint set.

Definition 9.2.2 (constraint sets). Let I C {1,...,n} be aset of indices and let a € RZ,. We
define the following subsets of C":

Support constraint: S = {xeC"|x;=0ifjel}.
Support and real-valued constraint: S, = {xeR"|x;=0ifj¢I}.

(9.3)
Support and positive constraint: S, = {xeRy, |xj=0ifjel}.
Amplitude constraint: A = {xeC"||x|=a}.

The phase retrieval problem can now be written as a feasibility problem. Let C be one
of the constraint sets in (9.3), representing the a priori assumptions. Then we formulate

Findx € MNC. (9.4)

It is self-evident that it is possible to use projection methods to solve (9.4). In order
to apply these, we give the formulae of the projections onto the sets in (9.2) and (9.3).

Lemma 9.2.3 (magnitude projection, (Luke et al., 2002, Example 3.6)). Let F be the discrete
Fourier transform. For x € C", the projection onto the set M is given by

Pyx = F! (b OFx® ﬁ) (9.5)

where © denotes the entrywise product, and where |;T| is the vector with entries ﬁ
]

Lemma 9.2.4 (projections onto constraints (Luke et al., 2002, Example 3.14), (Burke and
Luke, 2003, Equation 9)). The projections onto the constraint sets in (9.3) are given by

(Psx); = {xj yiel (9.6)

0, otherwise,

Re(xj) ifjel,
Ps x); = J 9.7
(Ps.x); {O, otherwise, ©.7)
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 Jmax{Re(x;),0} ifjel,
(Ps.x); = {0, otherwise, 08)
Pax)j = ol 4320 9.9
(Pax); {{eisaaj\cpe[o,zn]} if xj = 0. 9.9)

Further, the sets S, S, and S are convex. The constraints S and S, are linear subspaces of C".

Lemma 9.2.5. Let x — Ppyx be the magnitude projection. Then, for all x € C", we have
x*Pyx € R.

Proof. Let F € C"*" be the unitary discrete Fourier transform and let b € R"| be the
vector of magnitude measurements. Define D := diag (b). The operator Py is given by

Pyx = F*z, where z is such that z; = | (Fx),] J (9.10)
b; otherwise.
For a fixed x € C", we can write the projection onto the magnitude set M as
Pyx = F*DFx, (9.11)

which is just the matrix mapping x to Py;x. Because b consists of positive entries, the
matrix D is positive definite, and hence the matrix F*DF is Hermitian and positive
definite. This means that x*F*DFx > 0 with equality if and only if x = 0. This proves
the claim. ]

9.3 Algorithms

We present a selection of methods to solve Problem (9.1).

Algorithm 9.3.1 (Gerchberg-Saxton (Gerchberg and Saxton, 1972, Figure 1)). Let A be as
defined in (9.3) and let M be the magnitude constraint (9.2). For a given initial point u°, define
the Gerchberg-Saxton algorithm by

1 e pyPyulk. 9.12)

Algorithm 9.3.2 (Error Reduction (Fienup, 1982, Section I1.)). Let S be as defined in (9.3)
and let M be the magnitude constraint (9.2). For a given initial point u°, define the Error
Reduction algorithm by

uk+t e PsPyuk. (9.13)

Remark 9.3.3. Note that Gerchberg-Saxton and Error Reduction are nothing but alternating
projections between different constraint sets. The formulation of the Gerchberg-Saxton algo-
rithm as a projection algorithm has been pointed out in (Levi and Stark, 1984).
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Algorithm 9.3.4 (HIO (Fienup, 1982, Section V.)). Let I be an index set as in Definition
9.2.2, let u® be a given initial point, and let B € (0,1]. The Hybrid Input-Output (HIO)
algorithm is given by

e\ (Pau®); ifjel,
<”+)f_{u§‘—ﬁ<PMuk>j el 19

Algorithm 9.3.5 (DR-A (Luke, 2005, Section 2.3)). Let S be as defined in (9.3), let M be
the magnitude constraint (9.2), and let A € (0,1]. For a given initial point u°, define the DR-A
algorithm via

ukt ¢ % (Rs, Rpg +1d) uF 4 (1 — A) Pyguit. (9.15)
Remark 9.3.6. In (Bauschke et al., 2002, Observation 5.10) it was shown that, for B = 1, the
HIO is equivalent to the Douglas-Rachford algorithm (Definition 4.3.1).

The DR-A algorithm was introduced in (Luke, 2005) as Relaxed Averaged Alternating Re-
flections algorithm (RAAR). 1t is a relaxation of the Douglas-Rachford. The purpose of this re-
laxation lies in the behavior of Douglas-Rachford in case of infeasibility with convex sets: while
the Douglas-Rachford iteration diverges in gap direction, the DR-A has a dampening term to
avoid this divergence.
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A generalization of the problem of finding a sparsest vector satisfying an underde-
termined system of linear equations is that of finding a matrix of least possible rank
satisfying an underdetermined system of linear equations. Let m,n € IN be arbitrary
and let € N be such that 0 < r < min{m, n}. Without loss of generality, we assume
that m < n.

We define the main problem for this chapter,
findx € S<,NB (10.1)

where S<, is as defined in (8.1), and B is an affine subspace of matrices. The problem
will be denoted by affine-rank-constrained feasibility.

10.1 Motivation: Phase Lift

As a motivation for studying projection methods in a space of matrices, we consider a
reformulation of the phase retrieval problem (Problem (9.1)) in terms of minimizing the
rank of matrices with respect to a set of linear equations. The reformulation involves
lifts of constraint sets as in Definition 8.3.1. We refer to this technique by the term phase
lift. The idea is to go from the feasibility problem with quadratic constraints in a vector
space to a feasibility problem with the set of matrices of rank one and with a linear
contraint as in Equation (8.22). This approach goes back to (Candes et al., 2011, Section
2.2). We assume that there exists a signal X € M where

M:={xEC"

|<ak,x>|2:bk,k:1,...,n} (10.2)

is the set of magnitude constraints in (9.2). The vectors a; are complex conjugate rows
of the discrete Fourier transform, i.e., the entries ay(t) are proportional to terms of the
form w(t)eizn(wk't>. Following (Candes et al., 2011, Section 2.2), we define for a vector
x € C" the matrix X := xx*, which is of rank one and positive semidefinite. Similarly,
define for every k = 1,...,m the matrix Ay := aia;. Define, similarly to Proposition
8.3.8, the mapping A via A¢(X) = Tr (A;X). Then, with X = xx*, the restrictions in
M can be written as

[{ag, x)[* = Tr (x*agagx) = Tr (aragxx™) = Tr (A X) = Ap(X). (10.3)
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10 Rank Minimization

This results in a lift of the magnitude constraints as in (8.22):
B:={XeC""| A(X)=0bforalll <k <n}. (10.4)

The goal is now to find a positive semidefinite Hermitian matrix xx* of rank one
in the affine subspace B. Then, by Proposition 8.3.3, the vector x can be determined
uniquely up to a global factor e*”1.

10.2 Projectors and their Compositions in Matrix Spaces

In Section 10.3, we will analyze a sequence of matrices generated by an alternating pro-
jections operator in the space C"*". As a preparation, we derive a collection of prop-
erties of the projectors involved, namely, the operators Pg, Ps_,, and their composition
Ps_, Pg. We restrict ourselves to Hermitian matrices. At points where it is necessary, we
mention why this restriction is still justified.

Especially when projecting onto the set S<1, we have to solve eigenvalue-eigenvector
problems motivated by Proposition 8.2.3. Because of that, we recall several results from
matrix analysis involving eigenvalues of matrices.

10.2.1 Projecting onto Lifts of Quadratic Constraints

First, we give an explicit formula for the projection onto 5 in terms of the unitary matrix
A that we used to define B. In the following, we assume that

ay are the complex conjugated and transposed rows of A. (10.5)

We choose this way of writing the rows of A because with this notation the entries of
the matrix vector product Ax have the shape (Ax); = a;x. As in (8.22), we define the
rank one matrix Ay = ara; and remember that

B={XeC""| A(X)=bforalll <k <n}. (10.6)
Because B is an affine subspace, there exists a linear mapping A : C"*" — IR" such that
B={XeC""| AX)=0b}. (10.7)
To compute the projection PX for arbitrary X € C"*", we can use (3.16) and obtain
PsX = X — A*(AA*) H(A(X) —b). (10.8)

The aim is to give explicit formulae for the expressions A, A*, and (AA*)~L.

Proposition 10.2.1 (linear mapping in the lifted space). For the affine subspace B as in
(10.7), the following holds for the linear mapping A and B:
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10.2 Projectors and their Compositions in Matrix Spaces

¢41()() TT([ql)()
LA = | =|
Au(X) Tr(AuX)

2. A*(x) = A* diag (x) A.
3. (AA*)"1 =1d,.
Proof.

1. This follows immediately from the fact that the space B is defined as all X sat-
isfying Tr(A;X) = bj for all j. The composition of linear mappings, in this case
the trace and multiplication with A;, is again a linear mapping. This proves the
claim.

2. The linear map A* can be defined via the inner product: it is the linear map
satisfying

w A(X) = (w, A(X)) = (A*(w), X) = Tr (A" (w))" X) (10.9)

for all w € C" and for all X € C"*".

We use for some arbitrary w € C" the identity (10.9) to determine the action of A*
onto w. First, we note

Tf(a1<ﬂl)*)()
A(X) = .. , (10.10)
Tr(a,(a,)*X)
and further we have o o
apay apay
a(ag)" = + . 1 |, (10.11)
u,’f% .. apal
Then
w AX) = ) W Tr(ax(ar)"X) = ) @ Y (a(a) X)) (10.12)
k=1 k=1 j=1
=) W) ) (ax(a)); Xij (10.13)
k=1 j=1i=1
=Y W) ) aaX;; (10.14)
k=1 j=1i=1
=YY Y @palai X;; = Tr ((A*(w))" X) (10.15)
j=1li=1k=1
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The last term shows that (A*(w))" is of the shape

Yi—1 wk”ig EZ:@W@
(A*(w))* = : : , (10.16)

n o= n.l n == N
Yk Wragay, ... Yop—q Wragay

which gives us (the u{( are just complex numbers!)

n 1,1 n 17
Y1 Wkl .. Y q WAy
A (w) = : ; : (10.17)
n 1 n )
Y1 wragay ... Y wiagap
The above is equal to
al ... a} wal ... wal
Af(w) = |
ay ay) \wpal ... wyal
al al\ [w 0 al all
ay all 0 Wy, al a
= A*diag(w)A

3. First, we look for some w € C" at

Tr(aq(a1)* A*(w)) j=1 X1 ”JiE Yi-1 wwfﬁ
AA (w) = = : . (10.18)
Tr(a, (a)" A" ()

Z] 1 21 1 anal Zk 1 wka}(a;{

Now we look at the first entry of the resulting vector. The expression

n o n n —
Z):ai Z, k’lk”k

j=1li=1

(remember, (a;)*a, = Y14 a;{aif = {y) turns to

n n . n n
Z Z” @ Z k”k”k Z Wi Z a ”k Z”k“l Z Wby, = W1,
k=1 k=1

j=1li=1

102



10.2 Projectors and their Compositions in Matrix Spaces

This means that
w1

AA(w)=1 ' | =w (10.19)
Wy,

for all w € C", and hence AA* = I,,.

i
Let us compute the expression X — A* (AA*) "' (A(X) — b) explicitly.
Proposition 10.2.2 (projection onto the affine subspace). We have
(ﬂl)*X{h—bl 0
PgX = X — A* : : A (10.20)
0 oo (an)*Xa, — by
forall X € C"*",
Proof. The projection is given by
PsX = X — A*(AA") L (A(X) - b). (10.21)

From Proposition 10.2.1, 3., we know that we just have to compute A* (A(X) —b),
which is, again by Proposition 10.2.1, given by

A*(A(X) —b) = A" diag (A(X) —Db) A (10.22)

Tr(ay(a1)*X) — b1 ... 0
— A* : : A (10.23)

0 oo Tr(ay(an)*X) — by
(a1)*Xay — by ... 0

— A* : : A. (10.24)

0 oo (ap)*Xa, — by,
o

Proposition 10.2.3. Given a Hermitian matrix X € C"*", there exists a rank-one matrix
Xy € Ps_, PgX such that Xy is Hermitian.

Proof. By Proposition 10.2.2, the matrix PgX is given by
X — A (AA) T (A(X) — b) = X — A* diag (v) A

where v = (Tr(ay(a1)*X) — by, ..., Tr(a,(a,)*X) — b,) . Since the sum of Hermitian
matrices is Hermitian again, we conclude that Pz X is Hermitian.

By Proposition 8.2.3, the projection Ps_, PsX can be chosen as a Hermitian matrix
again. This finishes the proof. ) o
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10.2.2 Rotating the Space of Complex Matrices

For our further analysis, we simplify the notation by applying a global change of basis
to the space C"*". Instead of finding an element x € C" satisfying a;xx"a; = bj, as in
Equation (10.4), we rotate the space of n x n complex matrices such that the problem
formulation becomes

find x € {x e C"

efxx'ej=b, 1<j<n}, (10.25)
where ¢ is the jth standard unit vector. This is equivalent to
find ¥ € {x e C" | x;xj = bj, 1 <j <n}. (10.26)

In other words, we have the restriction that the diagonal elements of xx* have to be
fixed. Define the affine subspace

Brot = {X e ‘ X]] = b], 1< ] < TZ} . (10.27)

We verify the above statement by a proposition.

Proposition 10.2.4. The linear mapping Y rotating the space such that ‘I’(aka;‘) = ee; for all
k, j, satisfies

¥ {X e ¢

@ Xaj=bj, 1<j<nf={XeC™|X;=b,1<j<n},

and it leaves the set of positive semidefinite rank one matrices invariant. The mapping ¥ is
unitary.

Proof. We show that for all X,Y € C"*" we have (¥(X),¥(Y)) = (X,Y). First, note
that the a i form an orthonormal system of vectors as well as the e;. Then, we have

Tr(aia;axa;) = aja;a

. 1 ifk=jandi=],
] 0 otherwise.

The same applies for the matrices exe;. Hence, the matrices {aka]’f},’j j—1 are an or-

thonormal system of matrices. If ¥ maps the matrix exe; onto aa;, then ¥ maps an

orthonormal set of matrices onto an orthonormal set of matrices. We can write the ma-

trices X and Y as linear combinations of the matrices aka]’-‘, ie, X = Z'kl,]':l xkjaka;‘,Y =
n *

Zk,jzl Yjaka; - Then we get

Tr (X*Y) =Tr (( Z xk,jaka;f> ( Z yk]'aka;-‘>> = Z XjYij- (10.28)
kj=1

kj=1 kj=1
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10.2 Projectors and their Compositions in Matrix Spaces

On the other hand,

Tr (P(X)*Y(Y) (( Y x¥(axa; ) ( Y v ¥ (aal ))
k,j=1 k,j=1
=Tr (( ) xkj€k€f> ( ) yijekfff)) = ) Ty
k=1 k=1 kj=1

This shows that ¥ is unitary. Now we have to show that the set of positive semidefinite
rank one matrices is invariant under the action of ¥. Given some vector x € C", we
can write x as a linear combination of the basis vectors, namely x = Y} 4 xke, and
x = Y!_, #a;. Then we obtain

*
xx* = (i fkak> (i fkak> = i J?ka?faka;‘.
Z J?J‘I’ aka Z X xfeke

kj=1 k,j=1

(D ) (£).

which is again a positive semidefinite rank one matrix. Finally, we have to show that

¥ {X c Cnxn

T Zaj= b =1,..,n}p = {X€C™" | X =b;Vj=1,...n}.

IfX e {X € Cnxn ’ a]’.‘Xa]- = b Vj = 1,...,n}, then X = Zk,j xkjaka]’f so that (remember
that the set {a3,...,a,} is an orthonormal system of vectors.)

apXag = Zxk]-a;:aja;kak = X = by.
k,j

Then, for ¥(Z), we have

Zxk]el aka Zxk]el eke e = Xj.
k;j

So¥(X) € {XeC"™"|Zj=0b;Vj=1,...,n}. This shows the claim because ¥ is a
umtary, and hence bijective, hnear mapping. |

Remark 10.2.5. The above proposition is not only valid for the columns of the unitary discrete
Fourier transform but also for columns of any unitary matrix U. This means that we are able to
analyze the alternating projections algorithm for multiple measurements. Note that we do not
assume the matrices in B to be Hermitian or positive semidefinite. We will see that this will be
granted for free.
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10.2.3 Analysis of One Iteration of Alternating Projections

We make an initial guess x0 € C" and start the iteration
X1 = Ps_ Pg, X" (10.29)

with X0 := x0 (x0) *. The following lemmata investigate the behavior of the sequence
of rank one matrices generated via this construction.

Lemma 10.2.6. The set B,y is an affine subspace of matrices. The projection of an arbitrary
matrix X € C"*" onto By is given by

Pg, X = X+ diag (b1 = Xa1,. ., by = Xour) ). (10.30)

Proof. Let A € C be an arbitrary number and let X,Y € Bir. Then X113 = Yi1 =
bl/- . -/Xnn = Yyn = bn. This means that /\Xll + (1 - )\)Yll == )Lbl + (1 - )L)bl =
by, ..., AXun + (1 — A)Yyy = Aby + (1 — A)b, = b,. This shows that B, is an affine
subspace. To show the projection, we use the best approximation property of convex
sets. Let X € C"*" and Y € B, be arbitrary. Define

D := diag ((b1 — X1, by — XHH)T) .

Then

(Y -X—D,X - X—-D)
= (Y-X-D,-D)
— —Tr((Y-X-D)'D)

by —Xun—b+Xnn ... Y1, — Xun ' (10.31)
= —Tr : : D
Ynl_an bn_Xnn_bn+Xnn

= =X (b= X = bj + Xj) (b — Xj) = 0.

This shows that that the formula (10.30) indeed gives us the projection onto Biot. i

As explained, the affine subspace B is a lift (in the sense of Definition 8.3.1) of the set
M. The amplitude set, defined in (9.3), is the analog for the affine space Biot.

Lemma 10.2.7. The affine space By, is a lift (in the sense of Definition 8.3.1) of A, defined in
(9.3), with the vector a in (9.3) replaced by the vector whose entries are the positive square roots
of the entries of b.

Proof. The restrictions in Bt can be written as

2 _
|{ex, x)|” = xiX¢ = by

In other words, for every x € A there exists X = xx* € B, and for every X €
Brot N S<1 there exists x € C" such that xx* = X. O
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10.2 Projectors and their Compositions in Matrix Spaces

Theorem 10.2.8 (Weyl’s inequalities (Horn and Johnson, 1985, Theorem 4.3.7)). Let
A, B € C"*"" be Hermitian matrices, and let the eigenvalues of A, B, and A + B be arranged in
decreasing order. Then, for every pair of integers j, k such that 1 < jk <nandj+k <n+1,
we have

Ajyk—1(A+ B) < A;(A) + Ax(B). (10.32)

Further, for every pair of integers j, k such that 1 < j,k < nand j+k > n+ 1, we have
Ajtk—n(A+ B) > Aj(A) + Ak(B). (10.33)

Lemma 10.2.9 ((Horn and Johnson, 1985, Corollary 4.3.3)). Let A, B € C"*"* be Hermitian.
Assume that B is positive semidefinite, and that the eigenvalues of A and A + B are arranged
in decreasing order. Then

A(A) < A(A+B) forallk =1,...,n. (10.34)

We note that for the eigenvalues of Pg xx* we have the trace condition, in other
words, the sum of eigenvalues equals the sum of diagonal entries.

n
bj=) Aj= IIXI|2+Z — X/T;). (10.35)
j=1

M:

Il
—

j

Lemma 10.2.10 ((Horn and Johnson, 1985, Theorem 4.3.4)). Let A be Hermitian and let
z € C" be a given vector. If the eigenvalues of A and A + zz* are arranged in decreasing order,
we have

AM(A) = A1 (A+227) 2 Meya(A) 1<k <n -2

and
M(A+2z%) > M1(A) > Mo (A4+22) 1 <k<n-2.

Corollary 10.2.11. Let 0 # x € C" be an arbitrary vector. Then the matrix

Xp := xx* 4 diag ((—xle, .., —an)T>
has exactly one positive eigenvalue A1, and this eigenvalue is also the largest absolute eigenvalue.
Proof. Because xx* and X, are Hermitian matrices, all eigenvalues are real. Further,
we note that the matrix Xy has trace 0, and, hence the sum of eigenvalues of Xj is
zero. The eigenvalues of diag <(—x171, eeey —ann)T) are all less or equal to zero.
Let Ay > --- > A, be the eigenvalues of Xy. With Lemma 10.2.10 we know that

A (diag ((—xp?l, e, —an)T>) > Ao, in other words, A, < 0. Because of 2;7:1 Aj =

0, we see that Ay = — Z;’:Z /\j. Hence, A1 has to be the largest absolute eigenvalue.
If more than one x; is different from zero, then it is also the unique largest absolute
eigenvalue. |

Now, because a diagonal matrix with real entries is Hermitian, and because the sum
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of Hermitian matrices is Hermitian again, we see that Pg_,xx* is Hermitian. Because
of the previous note, it follows that all iterates are Hermitian matrices. From Weyl’s
inequalities, Theorem 10.2.8, we can deduce a relation for the eigenvalues of the projec-

tion onto the affine subspace.

Lemma 10.2.12. Let x € C" be arbitrary and let b € R, be a vector with strictly positive
entries. Let Pp_xx* be the projection given by (10.30). Let Ay,..., A, be the eigenvalues of
Pg . xx* in decreasing order. Then we have

bj — x;%) < Ay < bj — x%) + || x| 10.36
iy 07 S S g, Gy I 029
and
. _ . _ 2
emin (b — ) < Aw < min (b —x5) + 2]l (10.37)

Proof. We know that the eigenvalues of diag ((b1 —x1X1,..., by — xnﬁ)T> are just the

quantities b; — x;x;, while the eigenvalues of xx* are just one positive eigenvalue | x|3
and 0 for all other eigenvalues. From (10.32) we get

Mi1-1 (xx* + diag ((bl —x1X1,...,bn — xnﬁ)T>>

< A (xx™) + Aq (diag ((bl —X1X1,..., by — ann)T)) ,

which is equal to

max (b — %) +[|x]l;

From (10.33) we get
Aia1—n (xx* + diag ((bl — X1X1,. .., by — xnxTz)T))

2 An(xx*) + )\1 (diag ((bl — xlxﬁ, .. .,bn — XHE)T)> ,
which is equal to

0+ jelj{rllfl..),(n} (b]' — x]'x]') .

The second claim follows analogously:

Min—1 <M (xx*) + Ay (diag ((b1 —X1z1,..., by — ann)))

and
Ant1—n = An(xx™) + Ay (diag (b1 — x1%71, ..., by — X0 X3)))

=0+ min (b —xj%]).
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O

Definition 10.2.13 ((Horn and Johnson, 1985, Definition 4.3.24)). Let &« = [;] € R" and
B = [Bi] € R" be given. The vector B is said to majorize the vector « if

k k
min{zﬁij:1§i1<...<ik§n}Zmin{Zaij:1§i1<...<ik§n} (10.38)

j=i j=i

forallk =1,...,n with equality for k = n. If we arrange the entries of « and B in increasing

order, aj > -+ > &j, Buy = -+ = Bum,, the defining inequalities can be restated in the
equivalent form
k k
Y Buw =) i forallk=1,...,n (10.39)
i=1 i=1

with equality for k = n.

Theorem 10.2.14 ((Horn and Johnson, 1985, Theorem 4.3.26)). Let A € C"*" be Hermi-
tian. The vector of diagonal entries of A majorizes the vector of eigenvalues of A.

Definition 10.2.15. For a given vector w € R", denote by w= the vector whose entries are
those of w in decreasing order. For example, for w = (—2,3,—-5,0,1) we would have w =
(3,1,0,—2,-5).

The next theorem describes the behavior of one step of alternating projections be-
tween B and S<;. We assume that the initial point of the sequence of rank one matrices
contains no zero entries. In Lemma 10.2.20, the case of rank one matrices with zero
entries will be studied.

Theorem 10.2.16. Let xx* € C"*" and b = (by,...,b,) € R, with x; # 0 for all j. Then
there exists a vector (p1,...,un) € RZ such that v := (u1x1,..., UnXy) is an eigenvec-

tor of xx* + diag ((bl —x1%1,...,by — an)T). The largest absolute eigenvalue of xx* +

diag ((b1 —x1x1,...,by — xnle)T> corresponds to v.

Proof. Note that, if xx* is given, the vector x € C"*" is determined up to global phase.
Hence, without loss of generality, we can choose x such that x; > 0. By (10.30), we have

xx* + diag ((bl —x1X1,..., by — ann)T) = Pp,xx".
Let v be an eigenvector of Pg_xx*. If v is an eigenvector of Pz xx*, then for all ¢ €
[0,277] the vector €'? v is an eigenvector of Pg_ xx* with the same eigenvalue. Hence,

we can assume that v; € R>
Then, since Pg_xx* is Hermitian, the corresponding eigenvalue is real and there ex-
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ists A € R such that Av = Pg_, (xx*)v, which is equivalent to

Avy =v*x-x1 4 (b — x1%7) - 01
: (10.40)
Avy = 0*x Xy + (by — XpX3) - Op.

Because A,v1,x1,b1 — x1X1 € R, we conclude that v*x € R. The eigenvectors of
xx* 4 diag ((bl —X1X1, ..., by — xnﬁ)T) form an orthonormal system (since the ma-
trix is Hermitian), so there has to exist at least one v such that v*x # 0.

Now we show by contradiction that the eigenvector which belongs to the largest
eigenvalue has to satisfy v*x # 0. Denote by b= and (b — x¥)= the ordered vectors as in
Definition 10.2.15. Assume the eigenvector v corresponding to the largest eigenvalue
satisfies v*x = 0. Then we have

(xx* + diag <(b1 — X1X1, -+, by — XnXn) T)) v (10.41)
v

= xx*v+diag ((bl—xlxﬁ,.. b, —xnxn)T) ,

which is, due to the orthogonality of x and v, equal to (b; — x;x;)v for some (b; —
XjX;) < maXje(1, n} (bj — xjXj). Denote by jmax the index such that

(bjmax - xjmaxxjmax) = ]G?]I,a),(n} (b] - x]f]) .

Further, denote by j* the index such that bj, = max{b;}. The vector of diagonal entries
majorizes the vector of eigenvalues. Write the vector with entries (b; — x1¥7,...,b, —
XyXy) as (b — xx). The sum of eigenvalues is equal to the sum of diagonal entries of
xx* 4 diag ((bl —x1X1,...,b, — xnxj)T>, which is just Z};l bj. The largest eigenvalue
is assumed to be equal to b; . — ¥j,.. ¥j...- Hence, we can use the majorization and the
ordered vectors of eigenvalues and diagonal entries:

2 _
Z?:z(bj)2 2 Hx||2—|—2}1:2(b—xx)i2
_ — —\ >
& Thab)” - 4% =% + L, (b —a%)7 (10.42)
~ bjmax - xjmax xjmax 2 b]*'

But the last inequality cannot be true because bj, is the largest entry of b and must be
strictly larger than b; . — xj,... Hence, the eigenvector v of Pg, xx* corresponding to
the largest eigenvalue has to satisfty v*x # 0.

rot

In case v*x # 0, we see that

v*x v*x

=X, V=
A=bi+xx7 T A= by + XX

Xy.

Using Equation (10.40), we see that if we have A — b; + x;x; = 0 for some j € {1,...,n}
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then x; has to be zero, which is not possible by assumption.

We show now that the largest absolute eigenvalue is a positive one. Because of Corol-
lary 10.2.11, we know that the largest absolute eigenvalue of the matrix Pg_,xx* is pos-
itive. With b € RY ; and Lemma 10.2.9, we see that the eigenvalues of

rot

Pg xx* = xx* +diag ( (—x1X7,..., =X, X, ") + diag (by, ..., by,
ot g g

are larger than the ones of xx* + diag ((—xle, cen, —an)T> . Hence, the largest eigen-

value of P ,xx* is positive and its absolute value is strictly larger than the absolute
value of its smallest eigenvalue.

Due to Equation (10.36), if A is the largest eigenvalue of Pz xx* then A is greater
or equal to max;c {1} (bj — x,xﬁ). This means that % > (. Further, because
A > bj — x;x; for all j, we conclude that v*x > 0. This gives us the existence of a vector
p € RYy with pj = 3= =
Lemma 10.2.17. Let the assumptions of Theorem 10.2.16 hold. Then the eigenspace of the
eigenvectors of Pg, ,xx* corresponding to the largest eigenvalue Ay is of dimension 1.

Proof. We give a proof by contradiction. Assume the eigenspace of P, xx* correspond-
ing to the largest eigenvalue Aq is of dimension 2 or higher. By Theorem 10.2.16, the
eigenvectors and hence all elements v of the eigenspace satisfy v; = p;x; for some
strictly positive scalar y; for all j = 1,...,n. Because there have to be two orthonormal
vectors v, w in the eigenspace, there exist real vectors u® and u® of positive scalars. We

compute
n

n
2 Z ‘uixixg > 0,

which is a contradiction. m]

The consequence of Lemma 10.2.17 is that, if the assumptions of Theorem 10.2.16 are
satisfied, then the projection of Pg_,xx* onto S<; is always single-valued.

rot

Proposition 10.2.18. Given a Hermitian matrix X € C"*", there exists a matrix X, €
Ps_, P, X such that Xy is Hermitian. Consequently, the restriction of Ps_, Pp,, to the space
of Hermitian matrices has the same form as Ps_ Pg,, in the space C"*".

Proof. By Lemma 10.2.6, the matrix Pz , X is given by

X + diag ((b1 — Xi1,..., by — X,m)T> .
Since the sum of Hermitian matrices is Hermitian again, we conclude that Pg_ X is
Hermitian.

By Proposition 8.2.3, the projection Ps_, P, X can be chosen Hermitian again. This
finishes the proof. ]
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10.2.4 Fixed Points of Alternating Projections in the Matrix Space

Lemma 10.2.19. Let C C C"*" be a closed such that there exists a positive semidefinite, rank-
one matrix vo* that is a fixed point of Ps_ Pc. Then |[v||3 is the largest absolute eigenvalue of
the matrix Peov*.

Proof. By Theorem 7.1.2, for a positive semidefinite Hermitian matrix X € C"*", find-
ing the projection onto S<; is equivalent to finding the normalized eigenvector v/ ||v||2
of X corresponding to the largest eigenvalue A1 (X). Then the matrix Ps_, X is given by

*

(4

A (X)——.
L

(10.43)

If vo* is a fixed point of Ps_, P¢, then necessarily v has to be an eigenvector of Pcvv*. By
(10.43), we get the eigenvalue equation

*
O Al(Pcvv*)ﬂz.
lol12

This finishes the proof. |

Lemma 10.2.20. Let b € R” , and define the set

7= {IC {1,...,n}

Ebl>b]V]¢I}
iel

Denote for I € T by /by the vector with entries & /b;, for i € I, and zero otherwise. Define
the set Bt = {Z ER™™ | Z = Vb \/E; forl e I}. Then Bz is the set of fixed points of the
operator Ps_, P, .

Proof. Let v be a vector such that vv* is a fixed point of the operator Ps_ Pg, . This
means that v is an eigenvector of the matrix Pg_,vv* with, by Lemma 10.2.19, eigenvalue
|0||3. Further, ||v||3 is also the largest absolute eigenvalue. In other words, we have

[oll501 = |[o|501 + (b1 — 0) - o
0 22),1 = (|0 27];1 n—vn *On,
[oll5 [0/500 + (b — v3)

which is equivalent to

O:(bl—v%)ml

0= (b, —v%) - v,
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10.2 Projectors and their Compositions in Matrix Spaces

This can only hold if there is an index set ] C {1,...,n} such that v; = 0 for all j € J,
and if
b;=v? forall iel:={1,...,n}\]J.

Hence, ||v|)3 is equal to Y;c; b;, and we see that this has to be the largest eigenvalue of
Pg,,vv* (by Lemma 10.2.19). Now, choose eigenvectors {w;};—, ., of Pg_vv*. In fact,
every w; can be chosen to be orthogonal to v because v is by assumption an eigenvector
of the Hermitian matrix Pg_,vv*. Remember that, by (10.27), we have

rot
) T
Pgmtvv* = oot + diag ((bl — v%, o, by — vfl) > .

If wjo = 0foralll = 2,...,n, we conclude that w; must be an eigenvector of the
matrix diag ((b1 —0%,.. by — v%)T). If Y ;c; b; is the largest eigenvalue, then this is

equivalent to ) ;c; b; > b; — ’0]2 = b; for all j € | (because the v; are equal to zero). This
shows that Fix(Ps_, Pg,,,) C Bz.

Now, let Z € Bz. Then there exists a vector z € C" such that Z = zz* and we can
choose z = v/b; for an index set [ € 7 since zz* € By. Letb ;¢ be the vector with entries

b; ifjel,
b[C: / ]
0 ifjel,

where IC is the complement of I in {1,...,n},ie., IC = {1,...,n} \ I. The projection of
zz* onto B,ot can then be written as

Py, zz" = zz* + diag ((b1 — 2., by — zfl)T> = Vb, <\/BI>* + diag (byc) . (10.44)

rot

To find the eigenvector v and the corresponding largest eigenvalue Aq of Pg_,zz*, we
get again an eigenvector equation

Moy = z"voy + (be,) - 01

Moy = 200, + (byc,) * On-

Forallj € I C, the equation is reduced to A1v; = (z*v + bj)v;, which implies Ay =
v*z+bjorv; = 0. Forall i € I, we get Ayv; = z*vv;, which implies A; = v*z of v; = 0.
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The relation b € R”; implies

v;#0 forsome i€l = v;#0 forall je€ 1€
and (10.45)
vj #0 forsome je& I = 0,20 forall iel

We study both cases.

1. Ifv; # O forsome j € I C then we have v*z = 0, by (10.45). Hence, the eigenvalue
corresponding to this vector is b;.

2. If v; # 0 for some i € I, then we have, by (10.45), v*z # 0. Hence, the eigenvalue
corresponding to this vector is v*z. In this case, since v; = O forall j € I C, the
vector v has to be an eigenvector of the matrix zz*. But the only eigenvector of zz*
is z itself. Hence, v*z = ) ;; b;. Because I € Z, the quantity v*z is larger than all
other b; for j € iC.

We conclude that the largest eigenvalue of P zz* is Ay = z*z = } ;<  b;. Hence, z =
v € Fix(Ps_, Pg,, ). This finishes the proof. O

Theorem 10.2.21. The alternating projections sequence generated by the operator Ps_, Pg,,,
starting at some xx* € C"*", is bounded.

. Further, we have

* *
Proof. Start at some xx*. Then xx* & IBllxx*HerH JhVE )

(VbVb') C B

o

BV e

x| VEVE
The projection onto B, is nonexpansive, which gives us

(VbVD),

F

Pgmtxx* S ]BH\/E\/E*—xx*

. Because the projection onto S<1 satis-

and consequently, Pg_ xx* € ]BHXX*HFJF‘ VEVE]),
fies HP5§1ZHF < ||Z||g for all Z € C"*", we have Ps_, Pg_xx* € IBHXX*HFJFH JbVE ; This
shows that the sequence is bounded. |
Lemma 10.2.22. Let x € C" with x; # 0 for all j and let b € RY ). Then

Ps_ B, xx" = Pax(Pax)", (10.46)

where Py is given by (9.9).

Proof. The elements of the set of rank one matrices in By, have the common restriction
that the diagonal entries are the entries of b. For all v € C", the jth diagonal entry
of the rank one positive semidefinite Hermitian matrix vv* is given by ;0;. Since for
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all j, vjv; = b]- for all positive semidefinite rank one Hermitian matrices in By, we
have v; = b]- e? ' for all positive semidefinite rank one matrices in Bot. Hence, we
can write any Hermitian rank one matrix matrix in Byt as outer product of the vector
(bre?l, ... b, e? i)T with itself. Write x = (|x1|e'¥1,..., |x,| eilP")T. Then, by project-
ing onto the intersection of these sets, we seek

argmin

2
xx* — (b1 e?',..., bye??) (bye™’, ..., bye??) H
p<[0,27)" F

n . .
:argmin Z ‘ijk|2 + bjzb% — |xjxk]bjbk <el(¢j_¢k_¢j+(’0k) +e_l(¢j_¢k_(pj+qpk))

pel02m]" jk=1
n
—argmin Y —|xjxg|bjby (ei(wf_¢k_¢7+¢k) +e_i(¢f_¢"_¢/+¢"))
pel027) jk=1
n . .
—argmax Z ol (W0 +ox) +e—1(¢/—¢k—¢j+q)k)
pelo2m] jk=1

Each term el(¥~¥—9i+9x) 4 o= 1(¥j=h=0it91) takes its value in [—2,2] because it is the
sum of a complex number of modulus one with its complex conjugate. If we have
VY — Y — ¢j + ¢ = 0 for all j, k, then the maximum is attained. In other words, ¥; —
Yr = @j — @r, which is equivalent to ¢; = 1; + ¢ for some real constant c, is a sufficient
condition for ¢ to be a maximizing argument. The constant ¢ corresponds to the global
phase shift. Hence, the matrix

Xproj = (bl e~ (§1+c) i, ..., by e—(¢n+0)i) T (bl elPr+c) i, ...b, e(l/’”JrC)i)

is the projection of xx* onto S<1 N Byet. We note that the vector (bl eWi . b, eltn) i)

satisfies -
(b1 e (¥110) L by, e*(‘p"”)i) (b1 el .. b, e‘/’”i) = Xproj

and since (by e¥'%,...,b, e¥"!) € Pyx, this proves the claim. o

10.3 Alternating Projections in Affine-Rank-Constrained
Feasibility

Now, we would like to study the behavior of the method of alternating projections
between the affine space B (10.4) and the set S<1. We use the results derived in Section
10.2 to obtain a local convergence result in Subsection 10.3.1. In Subsection 10.3.2 we
show how existing results can be used to solve (10.1).

115



10 Rank Minimization

10.3.1 Local Linear Convergence of Alternating Projections to 51 S«

We use the result on local linear convergence of alternating projections to the intersec-
tion in the case of two transversally intersecting smooth manifolds in IR” to show local
linear convergence of the AP sequence in the phase lift case. The first and most im-
portant fact is that in phase lift we are working in the complex setting, while theory of
smooth manifolds is just defined on real spaces.

Definition 10.3.1. Define for a vector ¢ € [0,27t]" of angles the rotator

Ry:C" = C", (x1,...,%) — (ei‘”1 x1,...,e % Xn). (10.47)

The map R, can also be written as diag ((ei P1,... el %) T).

We use this mapping to rotate our current iterates from C” into R".

Proposition 10.3.2. Let x € C" be such that x; # O for all j and let v € C" be such that
vv* € Ps_, Pg,,xx*. Define the vector ¢ via x = (€' |x1|,...,e"" [x,|). Then

Proof. The mapping R, is unitary. Hence, we have for any eigenvector w with eigen-
value A of a Hermitian matrix A

R_pARZ ,(R-pw) = R_pAw = R_pAw = AR_,w.
Now we note that

Pg

rot

R_yxR_yx* = R_,xR_px* + diag ((b1 —x1X1,..., by — ann)T)
= R_yxR_4,x" +R_, diag ((b1 —x1X1,...,by — an)T) R*_(P
= R_¢(Pp, Xx")RZ,,.

rot
If v is an eigenvector of Py  xx* with largest eigenvalue A, then R_,v is an eigen-
vector with largest eigenvalue A of Ps R_yxR_,x*. But the latter is equivalent to

R_yvR_yv* € Ps_, Pg,R_pxR_px*. This shows the claim. o

Remark 10.3.3. We have seen in Theorem 10.2.16 that the phases of the entries in the eigen-
vectors corresponding to the largest eigenvalues do not change after an iteration of alternating
projections. So we actually only have to focus on the changes of the absolute values of the entries
of the vectors. The consequence of Proposition 10.3.2 is that we can analyze the convergence
behavior of the AP sequence initiated at any x € C" with x; # 0 for all j entirely in the real
setting just by rotating it into R". This means that we can apply convergence results for AP in
real Euclidean spaces.

Definition 10.3.4 (transversality (Lewis and Malick, 2008, Definiton 2.1)). Suppose ()1
and Qy are two Ck manifolds around a point x € Oy N Q. We say that () and Q) are
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transverse at x if
TQl +Ta, = R". (10.49)

Lemma 10.3.5. Let b € R, and let \/b be the vector with entries + Vbjforalll <j<n.
Then the sets Byt NR™ "™ and S<q1 NIR™™", defined via (10.27) and (8.1), respectively, intersect
transversally at \/b/b*.

Proof. The sets Brot N R"*" and S<; N R"*" intersect transversally if their tangent spa-
ces span the space R"*". The set Bt N IR"*" is an affine subspace defined by # linearly
independent equations. Hence, it is of real dimension n? — n. The tangent space of
Brot NIR™*™ at any point is the space Brot — v/b V/b*, which is the linear subspace par-
allel to Byot. The space Brot — Vb /b* can be written as the set of matrices with zero
diagonals. Denote by vb+/b* = UXU* a singular value decomposition of /b v/b*.
The set S<; N IR"*" is a smooth manifold of dimension 21 — 1. Its tangent space at the
matrix v/b+/b* is given by (see (Vandereycken, 2013, Proposition 2.1))

1x(n—1)
Ts., VbVb* =U <]R(fl)xl ]ROW ) u-. (10.50)

Now we show that this space contains # linearly indpendent elements that are not
contained in Bt — Vb Vb*. The columns of the matrix U are the normalized vector
with direction b and n — 1 normalized vectors uy, .. ., u, orthogonal to b. Denote by w;
the conjugate transpose of the jth row of U and by ¢; the jth standard unit vector in R".
Construct, for every 1 < j < n, the matrix

00 ..0 0 ... 0
Uw;e;U* = 1 0 o|lu=_1 f = W/.

: 1VEll2 _

00 ..0 0 ... 0

Since b € RY,, we observe that forevery 1 < j < n, the element W]]] is the only nonzero
entry on the diagonal of W/. Hence, the matrices W/ are linearly independent and
Wi ¢ Brot — Vb /b* for all j. Further, any linear combination of the W/ cannot be an
element of B, — Vb V/b* as well. This means that there is an n-dimensional subspace,
namely, the span of the matrices W/, contained in Ts_, Vb /b*, which has only a trivial

intersection with Brot — Vb v/b*. This is sufficient for transversality. O

The next theorem gives us the key to show local linear convergence of a sequence of
points generated by the alternating projections algorithm. We show afterwards that in
our case the assumptions of this result of Lewis and Malick are satisfied.

Theorem 10.3.6 ((Lewis and Malick, 2008, Theorem 4.3)). In the space R", let (1 and ()
be two transverse manifolds around a point x € QO N Q. If the initial point x° € R" is close

117



10 Rank Minimization

to X, then the method of alternating projections,
= Po Po,x* (k=0,1,2,...),

is well defined, and the distance do,nq, (xk) from the iterate x* to the intersection O N O
decreases Q-linearly to zero. More precisely, given any constant c strictly larger than the cosine
of the angle of intersection between the manifolds, if x° is close to X, then the iterates satisfy

doyn, (¥7) < edoyoo, (¥) (K=0,1,2,...).

k

Furthermore, x* converges linearly to some point x* € (01 N Qy: for some constant a > 0,

ka—x* < ack (k=0,1,2,...).

Now we can proof one of our main results.

Theorem 10.3.7. Given an arbitrary vector x with x; # 0 for all j such that xx* is sufficiently
close to the intersection S<1 M By, then the AP sequence in phase lift initiated at xx* converges
locally linearly to the matrix PyxPax™ where P, is given by (9.9).

Proof. By Theorem 10.2.16 and Proposition 10.3.2, we know that the iteration starting
at xx* converges to P4xPsx* if and only if the iteration starting at R_,xR_,x* con-
verges to R_,PsxR_,P4x*. The latter lives entirely in a real vector space, and it is an
alternating projections iteration between two smooth manifolds. By Lemma 10.3.5, we
know that these manifolds intersect transversally. Hence, Theorem 10.3.6 applies, and
we conlude that we have local linear convergence of the AP iteration. ]

10.3.2 Local Linear Convergence of Alternating Projections to 5N S<,

Now, we give sufficient conditions for local convergence of the alternating projections
sequence when applied to the sets S<, and an affine subspace B C C"*". Here we use
results from (Hesse, 2014). We bring these collections together to prove our main result
of this section, Proposition10.3.13.

Assumption 10.3.8. Assume at this point, that there exists a solution X of A(X) = b with
rank (X) = r. Further, let the linear map A : R"*" — R" be such that

ker AN S<y = {0}.

Lemma 10.3.9. If Assumption 10.3.8 holds, then the solution X to the linear system A(X) = b
is unique.

Proof. Assume that there exists a rank-r matrix X satisfying A(X) = band X # X.
Then the matrix Z := X — X is a matrix of rank 2r satisfying A(Z) = 0, which is a
contradiction to Assumption 10.3.8. o
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10.3 Alternating Projections in Affine-Rank-Constrained Feasibility

Theorem 10.3.10 ((Hesse, 2014), Theorem 5.19 c)). Let (), ..., )y, be nonempty and closed
subsets of a finite dimensional Hilbert space. Then the collection {(), ..., Qy} is locally lin-
early regular and (/4 Q; = {X} if and only if

m

() To,(X) = {0} (10.51)

j=1

Theorem 10.3.11 ((Hesse, 2014), Corollary 6.8). Let (21, (2 be closed, nonempty, and super-
regular. Let {Qq, Ny} be locally linearly reqular at X € Oy N Q. Then there is a 6 > 0 such
that for all x° € B, (%) N A any alternating projections sequence initiated at X converges with
linear rate to (31 N .

Lemma 10.3.12. Let Assumption 10.3.8 hold. Then the tangent space Ts_, (X) at S<, N B =
{X} satisfies Ts_, (X) Nker(A) = 0.

Proof. Assume there exists Y € ker(A) C R"*" with y # 0 and

Y €Ts (X) = {UAT +BVT | A B¢ IR”XT}, (10.52)

where X = UZVT is the singular value decomposition of X. The elements of Ts_, (X)
are of rank at most 2r due to the subadditivity of the rank function. Because of Assump-
tion 10.3.8, there cannot be any matrix of rank 2r in the nullspace of A so that Y # Ois a
contradiction. |

The previous lemma states that there is no common line in the nullspace of A and
in the tangent space of the set of matrices of rank r. This means that there is an angle

different from zero between the nullspace of A and Ts_, (X).

Proposition 10.3.13 (local linear convergence of alternating projections). Let Assumption
10.3.8 hold. Then S<, N B = {X}, and there exists ¢ > 0 such that the alternating projections
sequence XK1 € Ps S,PBXk initiated at an arbitrary point X° with HXO - YH converges to X
at a linear rate.

Proof. This follows from combining the results in Theorem 10.3.10, Theorem 10.3.11,
and Lemma 10.3.12: Both sets B and S<, are closed and nonempty. With 10.3.12 we get
a trivial intersection of the tangent spaces, which gives us local linear regularity at the
intersection. Further, we know that both sets are by prox-regularity also super-regular.
Then 10.3.11 gives the local linear convergence. |

We bring our results into a context with existing conditions which are related to As-
sumption 10.3.8. It is not only possible to formulate a restricted isometry property for
matrices in the case of sparse vectors, as done in Definition 5.2.6. This concept can be
adapted to the case of rank constrained matrices.
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Definition 10.3.14 ((Recht et al., 2010, Definition 3.1)). Let A : R"™*" — R? be a linear
map. Without loss of generality, assume m < n. For every integer r with 1 < r < m, define the
r-restricted isometry constant to be the smallest number 6,(A) such that

(1=6:(A) IXIF < A3 < (146 (A) X7 (10.53)
holds for all matrices X of rank at most r.

Lemma 10.3.15 ((Recht et al., 2010, Theorem 3.2)). Let A : R™*" — R? be a linear map
satifying (10.53). Assume now that there exists a solution X of A(X) = b with rank (X) = r.
Suppose that 62,(A) < 1 for some integer r > 1. Then X is the only matrix of rank at most r

satisfying A(X) = b.

Remark 10.3.16. We observe that Definition 10.3.14, together with Lemma 10.3.15, delivers
Assumption 10.3.8. Since the latter is, due the lack of an upper bound, weaker than the condi-
tion (10.53), we chose to define Assumption 10.3.8 instead of referring to a restricted isometry
property for rank constrained matrices.

10.4 Global Convergence Revisited

Assume that we have several measurements b’,i = 1,...,m, to build the spaces

B; = {Z e

() Za} = b1 ¥ =1,...,n}.

Define the sets

B =By x--x B, cCminmxn,
D =1{(X1,...,Xn) € C"M | X; € CVN, X; = Xi Vi, k = 1m} (10.54)
S = {(X,..., Xp) € CN) | rank(X;) = 1), k = 1m} .

Consider now the operator
Ppns_,m Pp. (10.55)

First, we need an explicit formula for the projector Ppng_,», which will be given by the
following two lemmata. B

Lemma 10.4.1. Forall X = (Xy,...,Xy) € Cmnxn) yith X; € C™" forall 1 <j < m,we
have Ps_nPpX € D N S

Proof. The projection onto D is given by
1
o i1 Xj
PpX =
1
i1 X
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To get the projection onto S<1™, we compute the left singular vectors and right singular
vectors, i.e., the eigenvectors of Pp X (PpX)* and (PpX)*PpX. Define

1 1)
A.zﬁzxj (m];X]) :

j=1
The matrix PpX(PpX)* can be written as
A ... A
A oA
and
(PoX)"PoX = (L5, X; (D1 X)) -

Observe that (PpX)*PpX is just a scalar multiple of one of the n x n blocks of the matrix
PpX(PpX)*. If v is an eigenvector of (PpX)*PpX, then it is also an eigenvector of an
n x n block of the matrix PpX(PpX)*. In other words, if v € C”" is a right singular
vector of PpX, then (v, .. .,v)T € C"" is a left singular vector of PpX with the same
singular value. If now o7 is the largest singular value of PpX with left singular vector
(v,...,v) " and right singular vector v, then we have

000"
€ Ps <™ PpX.
000"
Note, that the left hand side is also contained in D. This shows the claim. O

Lemma 10.4.2. Forall X € C""™") we have Ps_nPpX € Ppns_mX.

Proof. Note that, by Lemma 10.4.1, we have PSS’”PDX € DN S<;™. We show that
X —Ps_nPpX ? X—-P X ?
b = =
Because Psgl’" PpX € D, and because D is an affine subspace, we have
<X — PpX,PpX — Psglmpr> —0,
As a consequence, we obtain

2 2
HX - PsélmPDXHF = |X — PpX|?+ HPDX - PsglmPDXHF.
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Further, we have, because Ppns_mX € D as well,

2 2
% = Pors.mX|[| = 1X = PoX|1} +]|PoX = Pors_nX|[ -

Because of the definition of the projection operator, we have

2 2
o - o = o~ e
and hence X ,
ool < v o
Because Ps_nPpX € DN S<1", we get equality and so Ps_»PpX € Ppns_»X. o

Proposition 10.4.3. Let X = (Xy,...,Xy) € Cmnxn) po arbitrary with X; € C"*" for all
1 < j < m. Then the relation

Ppns_mPpX = Ps_nPpPpX (10.56)

holds. Further, for (Z1,...,2Zy) € Ppns_mPpX with Z; € C**" for all 1 < j < m, all blocks
Z; are Hermitian whenever X; is Hermitian for all j.

Proof. The first claim follows immediately from Lemma 10.4.2. The projector Ps_»Pp
is composed by taking sums and scalar multiples of n x n blocks, which preserves her-
miticity, together with rank one projections of n x n blocks, which preserves hermiticity
as well. This proves the proposition. ]

In the following, we will apply Theorem 5.2.3 to the problem of rank minimization.
We note that Theorem 5.2.3 is only formulated for real vector spaces. Hence, we restrict
ourselves to the space R”("*").

Let A : R™("*%) — R™ be the linear mapping such that

B= {X e R | A(X) = b} .
Assume now for our case that
(1-6) |X|2 < [JATAX)|[Z VX € 5™ (10.57)
We introduce the function
£(X) = % 1X — PX]|?. (10.58)

We are now ready to prove a main result of this chapter.

Theorem 10.4.4 (global convergence of alternating projections in rank-affine feasibility).
Let A satisfy (10.57) with 6 € [0, %) Then BN S<1™ N D is a singleton and, for any initial
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value X° = (X9,...X%) € S<1™ N D with positive semidefinite and Hermitian n x n blocks
X]Q, the sequence (Xk)k o Senerated by alternating projections with Xk ¢ Pg_,m PpPsX*

converges to BN S<1™ N D. Moreover, dg (Xk) — 0 as k — oo at a linear rate with the
constant bounded by 1/ %5.

Proof. The proof is similar to the one of Corollary 5.2.4. We check if the assumptions of
Theorem 5.2.3 are satisfied. As in the formulation of this theorem, we write a matrix
X € Rmnxn) a5 X = (X1,..., Xm), where X; € R"" for all 1 < j < m. We define the
function

mrank : R""™") 5 R, X = (Xy,...,Xpu) — max } {rank (X;)}. (10.59)

jef{1,...m

Since the function rank is, by Lemma 8.1.2, lower semicontinuous, then so is the func-
tion mrank as the maximum of lower semicontinuous functions. To see this directly,
note that the lower levelsets of mrank are given by

leve, mrank = {(Xy,..., Xyy) | rank (X;) <r foralll <j<m}.

We observe that

m
lev<, mrank = U lev<, rank.

j=1
Hence, the set lev<, mrank is the m-fold direct product of the closed sets lev<, rank,
which is equivalent to lev<, mrank being a closed set. Then, by Definition 2.1.7, the
function mrank is lower semicontinuous. Additionally, mrank satisfies mrank(X) =
mrank(—X) for all X € R™("*")_ Further, observe that mrank is also subadditive since
the rank function is subadditive (Lemma 8.1.1). Finally, note that lev<, mrank = S<;".

Futher, define the function

@ : R"™M 5 R, X s mrank(X) + ip(X).

Since D is a closed subspace, the indicator function /p is lower semicontinuous as well,
and it satisfies tp(X) = 1p(—X) forall X € R"™("*")_ Observe also that ip is subadditive.
Altogether, we obtain the conclusion that ¢ satisfies the assumptions of Theorem
5.2.3. Since the condition (10.57) is sufficient for ¢ to satisfy the assumption in (5.3), we

can apply Theorem 5.2.3 to get a single pointin S<;" N D N B.
o
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11 Numerical Examples

11.1 Sparsity Optimization

We demonstrate the results in Chapter 5 on the following synthetic numerical examples.
Their construction is similar to (Hesse et al., 2014, Chapter V.A). We construct a sparse
object with 1311 uniform random positive and negative point-like sources in a 512-by-
512 pixel field and randomly sample the Fourier transform of this object at a ratio of
1-to-8. This yields 32768 affine constraints. Local convergence results are illustrated
in Figures 11.1 and 11.2. In these experiments, the initial points x° are selected by
uniform random (—0/2,6/2) perturbations of the true solution in order to satisfy the
assumptions of Theorems 5.1.1 and 5.5.3. The alternating projections and Douglas-
Rachford algorithms are shown in panels (a)-(b) of Figure 11.1 and (c)-(d) of Figure
11.2, respectively. We show both the step lengths per iteration as well as the gap distance
at each iteration defined as

(gap distance)* = || P4, x* — Ppa¥|. (11.1)

Monitoring the gap allows one to ensure that the algorithm is indeed converging to
a point of intersection instead of just a best approximation pair. We use the sparsity
parameters s € {1311,1450}. We demonstrate the effect of overestimating the sparsity
parameter, s = 1450.

The second collection of synthetic examples, shown in Figures 11.7 and 11.8, demon-
strates global performance of the algorithms and illustrates the results in Theorem 5.1.1,
Theorem 5.5.3, and Corollary 5.2.10. The solution is the vector

% := (10,0,0,0,0,0,0,0)7,

and the affine subspace is the one generated by the matrix in (5.38). This matrix fulfills
the assumptions of Corollary 5.2.10, as shown in Section 5.4.1. For the cases Figure 11.7
(a) and Figure 11.8 (a), the initial point x can be written as x° = & + u where u is a
vector with uniform random values from the interval (—1,1). The initial values hence
fulfill the assumptions of Theorems 5.1.1 and 5.5.3. For Figure 11.7 (b) and Figure 11.8
(b), the initial point x° can again be written as xY = % + u while u is now a vector with
uniform random values from the interval (—100,100). As expected, the sequence of
alternating projections converges to the true solution in Figure 11.8 (a). The case for
Douglas-Rachford however, shown in Figure 11.8 (b), is not covered by our theory.
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Algorithm: Alternating Projections
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Figure 11.1: The plot shows the convergence of alternating projections in the case where
the sparsity is underestimated, s = 1300.
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Figure 11.2: The plot shows the convergence of alternating projections in the case where
the sparsity is exact, s = 1311.
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Figure 11.3: The plot shows the convergence of alternating projections in the case where
the sparsity is overestimated, s = 1450. As expected, the convergence is
robust to this uncertainty.
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Figure 11.4: The plot shows the convergence of alternating projections in the case where
the sparsity is overestimated, s = 4000. The speed of convergence is signif-
icantly slower than in Figure 11.3.
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11.1 Sparsity Optimization
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Figure 11.5: The plot shows the convergence of Douglas-Rachford in the case where the
sparsity is exact, s = 1311.
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Figure 11.6: The plot shows the convergence of Douglas-Rachford in the case where the
sparsity is overestimated, s = 1450. Note that, though the theory is not
developed, there is a yet very slow convergence to the true solution.
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Pistance of x0 to true solution: 1.7446; 2—-norm of approx. to true solution: 2.172e-11
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Figure 11.7: Example with an affine subspace generated by the matrix from Section
5.4.1: (a) shows the local convergence as shown in Theorem 5.1.1, (b) is
an example of global convergence of alternating projections as stated in
Corollary 5.2.10.
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Figure 11.8: Example with an affine subspace generated by the matrix from Section
5.4.1: (a) is an example of local convergence of Douglas-Rachford to its
fixed point set while the shadows converge to the intersection, as proven
in Theorem 5.5.3. This example also shows that the iterates converge to a
fixed point that is not in the intersection, as proven in Theorem 5.5.1. Plot
(b) is an example where Douglas-Rachford appears to converge globally.
This behavior is not covered by our theory.
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11 Numerical Examples

11.2 Rank Minimization and Phase Retrieval

We turn our attention to the problem of phase retrieval. We demonstrate, why an im-
plementation of rank minimization is not to be favored over the classical approaches.
Evidently, computing a projection in the lifted space C"*" instead of C" requires more
computation time. This time increases by going into the space C"("*") by taking several
measurements as in Theorem 10.4.4. Because of that, we compare the classical Error Re-
duction algorithm as in Definition 9.3.2 with a lifted version of Error Reduction. First,
we show a technical lemma.

Lemma 11.2.1. Let C; be the lift of the support set in Lemma 8.3.5. Define now
Ci =Cs NR™™, (11.2)
Then, for all X € C"*", we have Ps_,nc, X = Ps_, Pc, X.

Proof. We note that C; is a linear subspace of C"*"". We show that, if Y € Cj, then
Ps_ Y € C;. By Theorem 8.2.2, we can choose Ps_ Y € R"*". Let I be the index set
corresponding to the support, as in Lemma 8.3.5. If Y € C; and if j ¢ I, then both
the jth row and the jth column are zero. Without loss of generality, we assume that
I ={1,...,m} with m < n. Hence, only the top left m x m block of Y is different from
zero. Let ULV " be a singular value decomposition of Y. Because only the top left block
of Y is different from zero, only the first m entries in the left singular vectors uy, ..., uy
of Y, and the right singular vectors v, ..., v, respectively, can be different from zero.
Only the top left m x m block of Ps_, = 01(Y) - uyv; is different from zero. Hence, we
have Ps_,Y € Cs. We conclude that, if Y € C;, then Ps -, Y € Cq. Further, forall Y € Cy,
wehave Y — Ps_ Y € C;. ;

Now, since C; is a linear subspace of C"*", the operator P, is an orthogonal projec-
tion. Let X € C"*"". We get

HX— PS§10C1XH12:' =X - PClelZf + HPC1X_ P5§10C1XH§
> ||X_PC1x||123+ HPQX_PSQPQXH?
= HX_PSQPQXHi'

But since Ps_, Pc, X € S<1 N Cy, we conclude that
2 2
HX - PSSlﬂCIXHF = HX - P5§1PC1XHF'
In other words, Ps_ ¢, X = Ps_, Pc, X. This finishes the proof. O

With Lemma 11.2.1, we can formulate a sequential projection iteration between the
sets C1, S<1, and B as an alternating projections iteration between C; N S<; and B,
namely, for X° given, we generate the sequence {Xk} keN Via

X = Ps_ P, PgX*.
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11.2 Rank Minimization and Phase Retrieval

We remind the reader that by going into the lifted space C"*", we are acting in a vector
space of squared dimension. As a setup, we take a shrunken version of the Siemens
star, a 32 by 32 pixel image with just 0,1 entries. In the lifted space, we obtain a 1024
by 1024 matrix. As inintial point, we generate a random 32 by 32 pixel image satisfying
the magnitude constraint, defined as in Equation (9.2).

Original image

Reconstructed image, physical domain N
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4 108
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Figure 11.9: Alternating projections in phase lift with the Siemens Star using support
and real constraints. The phases of the reconstructed image are all zero
since we always project onto the real parts of the image. Also the phases
of the projections onto the magnitude constraints in C32*32 turn out to be
zero.
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Reconstructed image, physical domain

Original image

Difference between original and reconstruction Time = 40.6641

10°
0.14
0.12
01 10°
0.08
0.06
1010
0.04
0.02
10 15
10 20 30

Figure 11.10: The alternating projections algorithm, also known as Error Reduction, in
phase retrieval with the Siemens Star using support and real constraints.
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12 Conclusion and Outlook

We split this review according to the two parts of this thesis into one for sparsity opti-
mization and into one for rank minimization.

12.1 Sparsity Optimization

For the method of alternating projections in sparse affine feasibility, we have three kinds
of results: first, there is Theorem 5.1.1 showing local linear convergence only with the
restriction that the intersection As N B is not empty. Secondly, there is Theorem 5.2.3
as the foundation for convergence results which requires strong conditions, namely a
restricted isometry property, to be applied. Lastly, there is Theorem 6.3.5 giving nec-
essary and sufficient conditions for global convergence of alternating projections. The
question is now how to bring all these results together. We think that there exists a
formulation of the conditions in Theorem 6.3.5 that are in the sense of Theorem 5.2.3.
Further, encouraged by our numercial observations, we think that the assumptions in
the latter can be weakened.

Conjecture 12.1.1. If there is a condition on the linear mapping M such that the solution
to the {1-relaxation of the compressed sensing problem (3.4) is also a solution to (3.1.3) then
there exists a sparsity parameter s such that the method of alternating projections finds the true
solution in As N B for all initial points x°.

Also the behavior of the Douglas-Rachford algorithm in the sparse affine feasibility
problem can be studied in a deeper way. In particular, we have seen in Theorem 5.5.3
that in the case of an exact a priori assumption on the sparsity parameter s, we have a
local linear convergence of the iterates generated by the Douglas-Rachford algorithm to
the true solution. In applications, we cannot expect that this assumption on s is always
accurate. The experiment run to generate Figure 11.6 shows that Douglas-Rachford is
very sensitive to the accuracy on s.

Also, we have an analysis on the outcome of the application of alternating projections
to the sparse polyhedral feasibility problem. Without any further assumptions, we have
shown that this sequence always converges to a fixed point. There are two possible
ways for additional research:

1. Find sufficient conditions on the polyhedral set such that the sequence generated

by alternating projections converges to the intersection or, if the latter is empty, to
a best approximation pair attaining the minimal distance between C and As.
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12 Conclusion and Outlook

2. Is there a way to predict the outcome of the Douglas-Rachford algorithm if ap-
plied to the sparse polyhedral feasibility problem? If the intersection C N A; is
empty, then, as soon as the sequence generated by Douglas-Rachford approaches
a best approximation pair, the sequence diverges in direction of the gap vector.
But since A; is not convex, this controlled divergence has to stop at some point.

12.2 Rank Minimization and Spectral Sets

We start by giving remarks on Chapter 7. In the spirit of (Daniilidis et al., 2008), we
think that the transfer principle also applies for regularities that are weaker than prox-
regularity.

Conjecture 12.2.1. The transfer principle applies also to (e, )-subregularity.

As a point to start this analysis, we propose the investigation of (¢, §)-subregularity of
spectral sets. This would especially give rise to local regularity conditions of the set S<;.
This would give us formulations in the sense of Theorem 3.2.5. With the application of
this formulation to Theorem 7.3.1, we would be able to prove the converse direction.
We believe that it is necessary to apply differential geometric arguments to obtain this
converse direction.

In the field of rank minimization, a possible point for further research would be a
deeper analysis of fixed points of projection operators. This allows the derivation of suf-
ficient conditions for global convergence of alternating projections and possible bridges
between the lifted version and the classical alternating projections in the phase retrieval
problem.

So far, Theorem 10.3.7 has shown that, eventually, the sequence of alternating pro-
jections just between the lifted magnitude set (in the proof it is the lifted amplitude
set, but with respect to convergence, this is equivalent) and the set of rank one matri-
ces converges to the lift of the magnitude projection given in Lemma 9.2.3. In terms
of applications, it is important to expand this analysis to a more general setting. This
requires a deeper knowledge of the regularities of S<; and of the intersections.

134



Bibliography

Aragoén Artacho, F., Borwein, J., and Tam, M. (2013). Douglas-rachford Feasibility Meth-
ods for Matrix Completion Problems. Australian and New Zealand Industrial and
Applied Mathematics Journal, 55:299-326.

Bartels, M., Krenkel, M., Haber, J., Wilke, R. N., and Salditt, T. (2015). X-ray Holographic
Imaging of Hydrated Biological Cells in Solution. Physical Review Letters, 114.

Bauschke, H. H., Bello Cruz, J. Y., Nghia, T. T. A., Phan, H. M., and Wang, X. (2014a).
The rate of linear convergence of the Douglas-Rachford algorithm for subspaces is
the cosine of the Friedrichs angle. Journal of Approximation Theory, 185:63-79.

Bauschke, H. H., Borwein, J., and Lewis, A. S. (1997). The method of cyclic projections
for closed convex sets in hilbert space. Contemporary Mathematics, 204:1-38.

Bauschke, H. H. and Borwein, J. M. (1993). On the Convergence of von Neumann’s
Alternating Projection Algorithm for Two Sets. Set-Valued Analysis, 1(2):185-212.

Bauschke, H. H. and Borwein, J. M. (1996). On Projection Algorithms for Solving Con-
vex Feasibility Problems. SIAM Review, 38(3):367—-426.

Bauschke, H. H. and Combettes, P. L. (2011). Convex Analysis and Monotone Operator
Theory in Hilbert Spaces. CMS Books in Mathematics. Springer-Verlag, New York.

Bauschke, H. H., Combettes, P. L., and Luke, D. R. (2002). Phase retrieval, error reduc-
tion algorithm, and Fienup variants: A view from convex optimization. Journal of
the Optical Society of America A, 19(7):1334-1345.

Bauschke, H. H., Combettes, P. L., and Luke, D. R. (2004). Finding best approximation
pairs relative to two closed convex sets in Hilbert spaces. Journal of Approximation
Theory, 127(2):178-314.

Bauschke, H. H., Combettes, P. L., and Luke, D. R. (2006). A strongly convergent reflec-
tion method for finding the projection onto the intersection of two closed convex
sets in a Hilbert space. Journal of Approximation Theory, 141(1):63-69.

Bauschke, H. H. and Koch, V. (2015). Projection methods: Swiss Army knives for solv-
ing feasibility and best approximation problems with halfspaces. In Reich, S. and
Zaslavski, A.]., editors, Infinite Products and Their Applications, volume 636 of Con-
temporary Mathematics. American Mathematical Society.

135



BIBLIOGRAPHY

Bauschke, H. H., Luke, D. R., Phan, H. M., and Wang, X. (2013a). Restricted Normal
Cones and the Method of Alternating Projections: Applications. Set-Valued and
Variational Analysis, 21(3):475-501.

Bauschke, H. H., Luke, D. R., Phan, H. M., and Wang, X. (2013b). Restricted Normal
Cones and the Method of Alternating Projections: Theory. Set-Valued and Varia-
tional Analysis, 21(3):431-473.

Bauschke, H. H., Luke, D. R,, Phan, H. M., and Wang, X. (2014b). Restricted Normal
Cones and Sparsity Optimization with Affine Constraints. Foundations of Computa-
tional Mathematics, 14(1):63-83.

Beck, A. and Teboulle, M. (2011). A Linearly Convergent Algorithm for Solving a Class
of Nonconvex/Affine Feasibility Problems. In Bauschke, H. H., Burachik, R. S.,
Combettes, P. L., Elser, V., Luke, D. R., and Wolkowicz, H., editors, Fixed-Point
Algorithms for Inverse Problems in Science and Engineering, volume 49 of Springer
Optimization and Its Applications, pages 33-48. Springer, New York.

Blumensath, T. and Davies, M. (2009). Iterative hard thresholding for compressed sens-
ing. Applied and Computational Harmonic Analysis, 27(3):265-274.

Blumensath, T. and Davies, M. (2010). Normalised iterative hard thresholding; guaran-
teed stability and performance. IEEE Journal of Selected Topics in Signal Processing,
4(2):298-309.

Bonnesen, T. and Fenchel, W. (1934). Theorie der konvexen Korper. Springer-Verlag, Berlin
Heidelberg New York.

Borwein, J. M. and Sims, B. (2011). The Douglas-Rachford Algorithm in the Absence
of Convexity. In Bauschke, H. H., Burachik, R. S., Combettes, P. L., Elser, V., Luke,
D. R., and Wolkowicz, H., editors, Fixed-Point Algorithms for Inverse Problems in Sci-
ence and Engineering, volume 49 of Springer Optimization and Its Applications, pages
93-109. Springer, New York.

Boyle, J. and Dykstra, R. (1986). A Method for Finding Projections onto the Intersection
of Convex Sets in Hilbert Spaces. Advances in Order Restricted Statistical Inference,
Lecture Notes in Statistics, 37:28—47.

Burke, J. and Luke, D. R. (2003). Variational analysis applied to the problem of optical
phase retrieval. SIAM Journal on Control and Optimization, 42(2):576-595.

Candes, E. J., Eldar, Y., Strohmer, T., and Voroninski, V. (2011). Phase Retrieval via
Matrix Completion. SIAM Journal on Imaging Sciences, 6(1):199-225.

Candes, E. J. and Tao, T. (2005). Decoding by Linear Programming. IEEE Transactions
on Information Theory, 51(12):4203-4215.

Cheney, E. W. and Goldstein, A. A. (1959). Proximity Maps for Convex Sets. Proceedings
of the American Mathematical Society, 10(3):448—-450.

136



BIBLIOGRAPHY

Combettes, P. L. and Trussell, H. J. (1990). Method of Successive Projections for Find-
ing a Common Point of Sets in Metric Spaces. Journal of Optimization Theory and
Applications, 67(3):487-507.

Condat, L. and Hirabayashi, A. (2015). Cadzow Denoising Upgraded: A New Projec-
tion Method for the Recovery of Dirac Pulses from Noisy Linear Measurements.
Sampling Theory in Signal and Image Processing, 14:17-47.

Daniilidis, A., Lewis, A. S., Malick, J., and Sendov, H. (2008). Prox-Regularity of Spectral
Functions and Spectral Sets. Journal of Convex Analysis, 15(3):547-560.

Demanet, L. and Zhang, X. (2013). Eventual linear convergence of the Douglas Rachford
iteration for basis pursuit. arXiv:1301.0542.

Deutsch, F. (2001). Best Approximation in Inner Product Spaces. Springer-Verlag, New
York.

Deutsch, F. and Hundal, H. (2006a). The rate of convergence for the cyclic projections
algorithm I: Angles between convex sets. Journal of Approximation Theory, 142(1):36
- 55.

Deutsch, F. and Hundal, H. (2006b). The rate of convergence for the cyclic projections al-
gorithm II: Norms of nonlinear operators . Journal of Approximation Theory, 142(1):56
- 82.

Deutsch, F. and Hundal, H. (2008). The rate of convergence for the cyclic projections
algorithm III: Regularity of convex sets. Journal of Approximation Theory, 155(1):155—
184.

Dixmier, J. (1949). Etude sur les variétés et les opérateurs de Julia, avec quelques appli-
cations. Bulletin de la Société Mathématique de France, 77:11-101.

Donoho, D. (2006). Compressed sensing. IEEE Transactions on Information Theory,
52(4):1289-1306.

Dontchev, A. and Rockafellar, R. T. (2014). Implicit Functions and Solution Mappings, 2nd
ed. Springer Series in Operations Research and Financial Engineering. Springer-
Verlag New York.

Douglas, J. and Rachford, H. H. (1956). On the numerical solution of heat conduction
problems in two or three space variables. Transactions of the American Mathematical
Society, 82:421-439.

Drenth, A., Huiser, A., and Ferwerda, H. (1975). The Problem of Phase Retrieval in
Light and Electron Microscopy of Strong Objects. Optica Acta, 22(7):615-628.

Drusvyatskiy, D., Li, C.-K., Pelejo, D., Voronin, Y.-L., and Wolkowicz, H. (2015). Projec-
tion methods for quantum channel construction. Quantum Information Processing,
to appear.

137



BIBLIOGRAPHY

Eckart, C. and Young, G. (1936). The Approximation of one Matrix by Another of Lower
Rank. Psychometrika, 1(3):211-218.

Farn, M. W. (1991). New iterative algorithm for the design of phase-only gratings.
Proceedings SPIE 1555, 34:34-42.

Fenchel, W. (1951). Convex Cones, Sets and Functions. Lecture Notes, Princeton Uni-
versity.

Fienup, J. (1980). Iterative method applied to image reconstruction and to computer-
generated holograms. Optical Engineering, 19:297-305.

Fienup, J. (1982). Phase retrieval algorithms: a comparison. Applied Optics, 21(15):2758—
2769.

Fienup, J. and Wackerman, C. (1986). Phase-retrieval stagnation problems and solu-
tions. Journal of the Optical Society of America A, 3(11):1897-1907.

Foucart, S. and Rauhut, H. (2013). A Mathematical Introduction to Compressive Sensing.
Birkhduser Basel.

Friedrichs, K. (1937). On Certain Inequalities and Characteristic Value Problems for
Analytic Functions and For Functions of Two Variables. Transactions of the American
Mathematical Society, 41(3):pp. 321-364.

Garey, M. R. and Johnson, D. S. (1979). Computers and Intractability: A Guide to the Theory
of NP-Completeness. Wh. H. Freeman & Co., New York.

Gerchberg, R. W. and Saxton, W. O. (1972). A Practical Algorithm for the Determination
of the Phase from Image and Diffraction Plane Pictures. Optik, 35(2):237-246.

Gubin, L. G,, Polyak, B. T., and Raik, E. (1967). The method of projections for finding the
common point of convex sets. Computational Mathematics and Mathematical Physics,
7(6):1-24.

Hayes, M. (1982). The Reconstruction of a Multidimensional Sequence from the Phase
or Magnitude of Its Fourier Transform. IEEE Transactions on Acoustics, Speech and
Signal Processing, 30(2):140-154.

Hesse, R. (2014). Fixed point algorithms for nonconvex feasibility with applications.
Niedersédchsische Staats- und Universitdtsbibliothek Gottingen.

Hesse, R., Luke, D., and Neumann, P. (2014). Alternating Projections and Douglas-
Rachford for Sparse Affine Feasibility. IEEE Transactions on Signal Processing,
62(18):4868-4881.

Hesse, R. and Luke, D. R. (2013). Nonconvex Notions of Rregularity and Convergence
of Fundamental Algorithms for Feasibility Problems. SIAM Journal on Optimization,
23(4):2397-2419.

138



BIBLIOGRAPHY

Hiriart-Urruty, J.-B. (2013). When only global optimization matters. Journal of Global
Optimization, 56(3):761-763.

Horn, R. and Johnson, C. (1985). Matrix Analysis. Cambridge University Press.
Ioffe, A. D. (2000). Metric regularity and subdifferential calculus. Russian Mathematical
Surveys, 55(3):501.

N

Jordan, C. (1875). Essai sur la géométrie a n dimensions. Bulletin de la Société
Mathématique de France, 3:103-174.

Kaczmarz, S. (1937). Angendherte Auflésung von Systemen Linearer Gleichungen. Bul-
letin de I’ Académie des Sciences de Pologne, 35:335-357.

Kassay, G., Pintea, C., and Szenkovits, F. (2009). On Convexity of Preimages of Mono-
tone Operators. Taiwanese Journal of Mathematics, 13(2B):675-686.

Krahmer, F. (2014). Personal Communication.

Kruger, A. Y. (2006). About Regularity of Collections of Sets. Set-Valued Analysis, 14:187—
206.

Kyrillidis, A. and Cevher, V. (2014). Matrix Recipes for Hard Thresholding Methods.
Journal of Mathematical Imaging and Vision, 28(2):235-265.

Le, H. (2013). Generalized subdifferentials of the rank function. Optimization Letters,
7(4):731-743.

Lee, J. M. (2003). Introduction to Smooth Manifolds. Graduate Texts in Mathematics.
Springer New York.

Levi, A. and Stark, H. (1984). Image restoration by the method of generalized projec-
tions with application to restoration from magnitude. Journal of the Optical Society
of America A, 1(9):932-943.

Lewis, A. S., Luke, D. R., and Malick, J. (2009). Local Linear Convergence for Alternat-
ing and Averaged Nonconvex Projections. Foundations of Computational Mathemat-
ics, 9(4):485-513.

Lewis, A. S. and Malick, J. (2008). Alternating Projections on Manifolds. Mathematics of
Operations Research, 33(1):216-234.

Lewis, A. S. and Sendov, H. (2005). Nonsmooth Analysis of Singular Values, Part I:
Theory. Set-Valued Analysis, 13:213-241.

Lions, P. L. and Mercier, B. (1979). Splitting Algorithms for the Sum of Two Nonlinear
Operators. SIAM Journal on Numerical Analysis, 16(6):964-979.

Luke, D. R. (2005). Relaxed averaged alternating reflections for diffraction imaging.
Inverse Problems, 21(1):37-50.

139



BIBLIOGRAPHY

Luke, D. R. (2008). Finding Best Approximation Pairs Relative to a Convex and Prox-
Regular Set in a Hilbert Space. SIAM Journal on Optimization, 19(2):714-739.

Luke, D. R. (2013). Prox-Regularity of Rank Constraint Sets and Implications for Algo-
rithms. Journal of Mathematical Imaging and Vision, 47(3):231-238.

Luke, D. R. (2015). Personal Communication.

Luke, D. R., Borwein, J., and Lyons, R. (2002). Optical Wavefront Reconstruction: The-
ory and Numerical Methods. SIAM Review, 44(2):169-224.

Miao, J., Charalambous, P, Kirz, J., and Sayre, D. (1999). Extending the methodology of
x-ray crystallography to allow imaging of micrometre-sized non-crystalline speci-
mens. Nature, 400:342-344.

Millane, R. (1990). Phase retrieval in crystallography and optics. Journal of the Optical
Society of America A, 7(3):394—411.

Moore, E. (1920). On the reciprocal of the general algebraic matrix. Bulletin of the Amer-
ican Mathematical Society, 26:394-395.

Mordukhovich, B. (2006). Variational Analysis and Generalized Differentiation, I: Basic The-
ory; 1I: Applications. Grundlehren der mathematischen Wissenschaften. Springer-
Verlag, New York.

Mordukhovich, B. and Rockafellar, R. T. (2012). Second-order subdifferential calculus
with applications to tilt stability in optimization. SIAM Journal on Optimization,
22(3):953-986.

Moreau, J.-J. (1965). Proximité et dualité dans un espace hilbertien. Bulletin de la Société
Mathématique de France, 93:273-299.

Natarajan, B. (1995). Sparse Approximate Solutions to Linear Systems. SIAM Journal on
Computing, 24(2):227-234.

Needell, D. and Tropp, J. (2009). Cosamp: Iterative signal recovery from incomplete and
inaccurate samples. Applied and Computational Harmonic Analysis, 26(3):301-321.

Ngai, H. V. and Théra, M. (2001). Metric Inequality, Subdifferential Calculus and Ap-
plications. Set-Valued Analysis, 9:187-216.

Penrose, R. (1955). A generalized inverse for matrices. Proceedings of the Cambridge
Philosophical Society, 51:406—413.

Phan, H. M. (2015). Linear convergence of the douglas-rachford method for two closed
sets.

Pierra, G. (1976). Eclatement de contraintes en paralléle pour la minimisation d"une
forme quadratique. Lecture Notes in Computer Science, 41:200-218.

140



BIBLIOGRAPHY

Pierra, G. (1984). Decomposition through formalization in a product space. Mathemati-
cal Programming, 28(1):96-115.

Poliquin, R. A., Rockafellar, R. T., and Thibault, L. (2000). Local differentiability of
distance functions. Transactions of the American Mathematical Society, 352(11):5231—
5249.

Recht, B., Fazel, M., and Parrilo, P. A. (2010). Guaranteed minimum-rank solutions of
linear matrix equations via nuclear norm minimization. SIAM Review, 52(3):471-
501.

Rockafellar, R. T. (1997). Convex Analysis. Princeton University Press.

Rockafellar, R. T. and Wets, R. J. (1998). Variational Analysis. Grundlehren der mathe-
matischen Wissenschaften. Springer-Verlag, Berlin.

tom Dieck, T. and Brocker, T. (2003). Representations of Compact Lie Groups. Springer-
Verlag, Berlin Heidelberg New York.

Vandereycken, B. (2013). Low-Rank Matrix Completion by Riemannian Optimization.
SIAM Journal on Optimization, 23(2):1214-1235.

von Neumann, J. (1951). Functional Operators, Volume 2: The Geometry of Orthogonal
Spaces. Princeton University Press.

Zarantonello, E. H. (1971). Projections on Convex Sets in Hilbert Space and Spectral
Theory. In Zarantonello, E. H., editor, Contributions to Nonlinear Functional Analysis,
pages 237-424. Academic Press, New York.

141






Curriculum Vitae

Patrick Neumann, M.Sc.

Address

Telephone
Email

Homepage

Institut fiir Numerische und Angewandte Mathematik
Georg-August-Universitdat Gottingen

Lotzestrafse 16-18

37083 Gottingen, Germany

+49551394516
Patrick.Neumann@mathematik.uni-goettingen.de

http:/ /www.uni-goettingen.de/de
/ patrick-neumann-msc/413677 html

Personal Details
Date of birth
Place of birth

Nationality

March 27, 1987
Neuwied, Germany

German

Academic Education

11/2011-06/2015

10/2009-10/2011

10/2006-09 /2009

Doctoral student of mathematics at Gottingen University.
Advisor: Prof. Dr. Russell Luke.

Master student of mathematics at Gottingen University, with phy-
sics as minor subject.

Title of the thesis: Zeta Functions of Self-Similar Groups.

Advisor: Prof. Dr. Laurent Bartholdi.

Bachelor student of mathematics at Gottingen University, with the-
oretical physics as minor subject.

Title of the thesis: Durchmesser und Wachstum endlicher
Heisenberg-Gruppen.

Advisor: Prof. Dr. Andreas Thom.

143



CURRICLUM VITAE

Internship

08/2009-09/2009

Internship in the area of component optimization of machine
parts at Hauni Maschinenbau AG in Hamburg, Germany.

Education
08/1997-03 /2006

Secondary School “Werner-Heisenberg-Gymnasium”, Neuwied.

Research Experience

11/2011-05/2015

08/2014-05/2015

11/2011-06/2014

Publications

Doctoral student at the Institute for Numerical and Applied
Mathematics, Gottingen University.

Member of “Project C2 — Inverse scattering problems without
phase” as part of the DFG Sonderforschungsbereich 755.

Member of the “DFG Research Training Group 1023: Identification
in Mathematical Models” at the Institute for Numerical and Ap-
plied Mathematics, Gottingen University.

Robert Hesse, D. Russell Luke, and Patrick Neumann. 2014 Alter-
nating Projections and Douglas-Rachford for Sparse Affine Feasi-
bility, IEEE Transactions on Signal Processing, 62(18): 4868—4881.

Participation in Workshops and Conferences

2015

2014

2013

144

“SFB 755 Winter School 2015 Nanoscale Photonic Imaging” in Teis-
tungen, Germany, January 15-16, 2015.

Workshop “Mathematical Signal Processing and Phase Retrieval”
at Akademie Waldschldsschen, Gleichen-Reinhausen, Germany,
September 01-03, 2014.

“SIAM Conference on Imaging Science 2014” at Hong Kong Baptist
University, China, May 09-12, 2014.

“Final Colloquium of the Research Training Group 1023” at Géttin-
gen University, Germany, November 29-30, 2013.

“Statistical Issues in Compressive Sensing” at Gottingen University,
Germany, November 11-13, 2013.

“Gene Golub SIAM Summer School 2013 on Matrix Functions and
Matrix Equations” at Fudan University, Shanghai, China, July 22 -
August 09, 2013.



2012

2010

2008

Workshop “Signal Processing with Adaptive Sparse Structured
Representations” at Ecole Polytechnique Fédérale de Lausanne,
Switzerland, July 08-11, 2013

“International Symposium Nanoscale Photonic Imaging” at Max
Planck Institute for Biophysical Chemistry, Gottingen, Germany,
April 04-05, 2013.

Annual Goslar Workshop of the Research Training Group 1023 in
Goslar, Germany, October 17-19, 2012.

Workshop “Advances in Image Processing” at Akademie Wald-
schlosschen Gleichen-Reinhausen, Germany,
September 04-06, 2012.

“Spring School on Analysis 2012: Variational Analysis and its Ap-
plications” in Paseky nad Jizerou, Czech Republic,
April 22-28, 2012.

Workshop “Espaces métriques singuliers et théorie des groupes” at
Centre international de rencontres mathématiques, Marseille,
France, May 26-28, 2010.

Workshop “Groups and Infinite Graphs geometric group theory,
group actions on graphs, infinite graph theory”

at Erwin Schrodinger International Institute, Vienna, Austria, Au-
gust 25-27, 2008.

Teaching Experience

2014
2013
2012/2013

2012
2011/2012
2011
2010/2011
2010
2009/2010
2009

“Introduction to Optimization”, tutorial.
“Introduction to Optimization”, teaching assistant.

“Seminar on Industrial Mathematics”, “Numerical mathematics I”,
tutorial.

“Mathematics for Computer scientists 11”7, tutorial.
“Mathematics for Computer scientists 1”7, tutorial.
“Numbers and Number Theory”, tutorial.

“Discrete Mathematics”, tutorial.

“Analytic Geometry and Linear Algebra II”, tutorial.
“Analysis I”, tutorial.

“Analytic Geometry and Linear Algebra II”, tutorial.

145



	Contents
	List of Figures
	Introduction
	Preliminaries
	Functions
	Optimization
	Geometry
	Regularity
	Regularity of Sets
	Regularity of Collections of Sets


	Sparsity Optimization
	Definitions
	Regularity of Sparsity Sets
	Regularity of the Intersection
	Second-Order Subdifferentials
	The Second-Order Subdifferential of the Counting Function
	The Inverse Second-Order Subdifferential
	Set-Valued Newton's Method


	Projection Methods
	Properties of the Projector
	There and Back Again: An Alternating Projections' Tale
	Convex Results
	Nonconvex Results

	Douglas-Rachford
	General Convergence Results
	Convex Convergence Results
	The Linear Case


	Alternating Projections and Sparsity
	Local Linear Convergence of Alternating Projections
	Global Convergence to Lower Level Sets
	Restricted Isometry Constants and Dimensions
	Examples
	Example of a matrix satisfying assumptions of Corollary 5.2.10
	Counterexamples

	Douglas-Rachford in Sparse-Affine Feasibility

	Angles, Polyhedral Sets, and Sparsity
	Angles
	The Geometry of Polyhedral Sets
	Alternating Projections and Sparse-Polyhedral Feasibility

	Spectral Sets
	Preparations
	The Transfer Principle
	Weaker Regularities

	The Set of Low Rank Matrices
	The Rank Function
	Rank-Constrained Matrices
	Lifted Sets: A Dictionary
	Lifts of Linear Spaces and Cones
	Quadratic Constraints

	Second-Order Subdifferentials at the Set of Rank-Constrained Matrices

	Phase Retrieval
	Problem Formulation
	Phase Retrieval in Terms of Feasibility
	Algorithms

	Rank Minimization
	Motivation: Phase Lift
	Projectors and their Compositions in Matrix Spaces
	Projecting onto Lifts of Quadratic Constraints
	Rotating the Space of Complex Matrices
	Analysis of One Iteration of Alternating Projections
	Fixed Points of Alternating Projections in the Matrix Space

	Alternating Projections in Affine-Rank-Constrained Feasibility
	Local Linear Convergence of Alternating Projections to the Intersection
	Local Linear Convergence of Alternating Projections to the General Intersection

	Global Convergence Revisited

	Numerical Examples
	Sparsity Optimization
	Rank Minimization and Phase Retrieval

	Conclusion and Outlook
	Sparsity Optimization
	Rank Minimization and Spectral Sets

	Bibliography
	Curriculum Vitae

