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int getRandamNumber ()

return 4,/ chosen by fair dice roll.
H quaranteed to be random.
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Not that the story need be long,
but it will take a long while to make it short.

(Henry David Thoreau)

Introduction

Maz-stable processes arise as limits of normalized maxima of independent copies of
stochastic processes and they provide a natural framework to model spatial extremal
scenarios. Over the last decade, they have gained an increasing attention in appli-
cations such as hydrology and meteorology — see [7, 8, [69] for some recent examples.
While the theory and inference of max-stable distributions is well-developed in the
univariate case [4, [16], 23] [79], appropriate modelling of the multivariate and spatial
dependence structure is still a difficult question. Although convenient structural re-
sults and dependency descriptors are available in terms of exponent measure, spectral
measure, stable tail dependence function, dependency set or Pickands’ dependence
function in the multivariate case [4, [15] [66] [75) [79] and spectral representations in-
volving Poisson point processes or extremal stochastic integrals in the spatial case
[15, [35), 96], all of these quantities are rather complex. This makes them hard to be
estimated from data, see [19, 21], 22] and the references therein for some approaches
in a multivariate setting, and contrasts in particular Gaussian processes, where the
dependence structure of a finite sample is finite-dimensionally parametrized by its
covariance. Therefore, it is often necessary to consider simpler extremal dependence
measures as well as parametrized subclasses of max-stable laws.

Dating back to [32] 89l 05], simpler summary statistics include the extremal co-
efficients [85, 90] and the (upper) tail dependence coefficients |4, 10, 14, 28, [86],
the latter being a special case of the extremogram [14] and often considered as an
analogue to the correlation function for extreme values. In this thesis, we capture
the full set of extremal coefficients of a max-stable process X = {X;}icr on some
space T' in the so-called extremal coefficient function (ECF) 0, and the full set of
upper tail dependence coefficients in what we will call here tail correlation func-
tion (TCF) x. Other names for the TCF x include x-measure [4, [10] or extremal
coefficient function [29] (not to be confused with the ECF above).
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Roughly speaking, the ECF 0 assigns to each finite subset A of T the effective
number of independent variables among the collection {X;}c4 (with respect to ex-
tremal dependence), whereas the TCF y assigns to each pair (s,t) € T x T the
probability of observing a large value at the location s conditioned on the event that
a large value has been observed at the location . Both quantities are intimately

connected and we will benefit from this connection particularly in Chapter [3]

In [85] the set of multivariate ECFs is shown to be in a 1-1 correspondence with
a set of multivariate max-linear distributions and thereby characterized in terms of
a set of inequalities. An alternative proof for these inequalities is given in [66] and
it is noticed therein that they in fact express a property called complete alternation.
In this thesis, these ideas are generalized to a spatial setting in Chapter 2] which
contains a complete characterization of the set of ECFs and the construction of a
corresponding max-stable process. Thus, analogies to Gaussian processes and posi-
tive definite functions are revealed as follows: Among (zero mean) square integrable
processes, the subclass of Gaussian processes takes a unique role, since it is in a 1-1
correspondence with the set of covariance functions, which are precisely the positive

definite functions.

Zero mean, square inte- Covariance C(Z) _| Positive definite functions

grable processes Z on T ConT xT
~-_ —

Gaussian process Z*(C)

In case T is a metric space, the Gaussian process Z*(C') is continuous in the mean
square sense (and then also stochastically continuous) if and only if C' is continuous
(on the diagonal) (cf. [81]). Well-known operations on the set of positive definite
functions C, and hence on the corresponding Gaussian processes Z*(C), include
convex combinations and pointwise limits. Moreover, Bernstein functions play an

important role for the construction of Gaussian processes.

In our case, the role of (zero mean) square-integrable processes is taken by the
simple max-stable processes and the crucial role of Gaussian processes is taken by
a subclass of max-stable processes X*, which is in fact the spatial generalization of
the multivariate maz-linear model of [85]. Alongside, generalizing the multivariate
result [66, Corollary 1] to the spatial setting, we prove a characterization of the set

of ECFs that can be illustrated in analogy to the above sketch.
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Simple max-stable ECF 0(X) | Negative definite functions § on F(T')
processes X on T | with 00)=0and O({t}) =1forteT

Here, F(T) denotes the set of finite subsets of T'. Further, we derive a spectral rep-
resentation for the corresponding process X*(#) and operations on ECFs that allow
to build new ECFs from given ones, including convex combinations and pointwise
limits. Certain “triangle inequalities” for § from [I1], Proposition 4] involving Bern-
stein functions are recovered and generalized. For T being a metric space we discuss
continuity of § and its corresponding process X*(6). The dependency set K*(6) of
the process X*(#) is identified as intersection of halfspaces that are directly given
by the ECF 6, which leads to sharp inequalities for the finite dimensional distribu-
tions of arbitrary max-stable processes in terms of its ECF . Finally, most of these
results can be directly transferred to the more general directional ECF, which is not
bound to diagonal data like the ECF.

Chapters[3|and [4] are concerned with the class of TCFs. A first structural result on
TCFs was given by [20] showing that compactly supported TCFs of stationary dis-
sipative max-stable processes on Z are in fact set correlation functions. Here, Chap-
ter [3] exhibits the set of TCFs as an infinite-dimensional compact convex polytope
and compares it to the set of non-negative correlation functions. It is well-known
that TCFs are non-negative correlation functions, but not all non-negative corre-
lation functions are TCFs. Nonetheless, both classes have desirable properties in
common: (i) TCFs can be completely characterized by finite-dimensional inequal-
ities and (ii) convex combinations, products and pointwise limits are admissable
operations on TCFs (Chapter . Moreover, a well-known operator on correlation
functions, the turning bands operator, is also applicable to TCFs (Chapter .

Up to the fourvariate case we compute the vertices and bounding hyperplanes
of the polytope of TCFs explicitly. At least theoretically, there is an algorithm
that provides vertices and inequalities of any order. As a byproduct, we may also
formulate an algorithm that solves the inverse problem of finding a multivariate max-
stable distribution realizing a prescribed TCF, even though we expect computations
to be tedious and unfeasible already for low-dimensional cases. First attempts to
tackle this inverse problem can be found in [28, [30].

TCFs can be defined also for processes that are not max-stable. We show that

the set of all TCFs (of not necessarily max-stable processes) coincides with the class
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of TCFs stemming from max-stable processes. This is of particular importance for
applications, as it ensures that the tail correlation of data, which are commonly
assumed to be in the max-domain of attraction of some max-stable law, can be

modelled appropriately by the tail correlation of some max-stable process.

Widely used flexible subclasses of stationary max-stable processes on R? include
(Mized) Moving Maxima processes (cf. [70), 90, 91, [92]) parametrized by a (random)
shape function, extremal Gaussian processes [83] parametrized by a correlation func-
tion and Brown-Resnick processes [52] parametrized by a variogram, the last two
classes offering a link to Gaussian processes. In particular, the class of Brown-
Resnick processes seems to be very promising for spatial applications due to its
wide flexiblility while being conveniently parametrized by a bivariate quantity (cf.
[18, 26]).

In Chapter [4 the TCFs of these processes are compared to each other. More pre-
cisely, the TCFs of Brown-Resnick processes with bounded variogram are compared
to the TCFs of extremal Gaussian processes, whereas the TCFs of Brown-Resnick
processes with unbounded variogram are compared to the TCFs stemming from
Mixed Moving Maxima constructions. This case distinction is necessary due to the
different ergodic properties of these processes, which is reflected in the tail behaviour
of the respective TCFs. In the second case we focus on stationary isotropic processes
and consider TCFs that decrease monotonously to zero. In fact, we observe several
systematic coincidences of classes of TCFs, which shows that the TCF cannot dis-
tinguish between the respective processes. With regard to results from Chapter [3] we
also find sharp bounds for the parameters of some well-known parametric families of
correlation functions to be a TCF, including the Whittle-Matérn model. Addition-

ally, we provide counterexamples to some naturally arising questions in this context.

In [52] it is shown that a rich class of Brown-Resnick processes can be represented
as a Mixed Moving Maxima process, which is particularly relevant for simulation
techniques [70, [7I]. In this thesis, Chapter |5 deals with Brown-Resnick processes
that are considered as group invariant processes on some space 1" (instead of sta-
tionary processes on R%). Two representations of these processes are addressed —
a Mixed Moving Maxima representation that complements a result in [52] and an
extremal log-Gaussian representation on the sphere. The Mixed Moving Maxima
representation is derived when a suitable group action of some compact group is

considered. The difficulty here does not lie in transferring the proof of [52] to the
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new situation, but in establishing a measurability result that might be of indepen-
dent interest. In fact, this measurability problem does not occur in the previous
case, since the question of a unique measurable argmax can be avoided by tak-
ing the (lexicographic) infimum which commutes with the translation action of R%
on R?. Finally, the extremal log-Gaussian representation on the sphere will facilitate

simulations of Brown-Resnick processes on the sphere.

Notation and conventions concerning max-stable processes are introduced in Chap-
ter (1, which also revises structural results as well as some important examples of
stationary max-stable processes that will figure throughout the text. While Chap-
ter 1| and this very introduction are partially based on the manuscript [94] that has
been submitted to the Bernoulli Journal and its precursory arXiv-version [93], Chap-
ter [2 is mainly based on the manuscript [94]. Further, the arXiv-manuscript [93] has
partially entered the considerations of Chapter [3] Chapter [4]is based on joint work

with Felix Ballani, where I am responsible for the main contributions.






[...] it is necessary to march along paths opened by previous
workers; acting otherwise, one runs too great a risk of creating

a science without links with the rest of mathematics.

(Henri Lebesgue)

1. Preliminaries

We introduce our basic notions concerning max-stable processes and list the exam-
ples of max-stable processes that will be considered in this text. The material of this
chapter is partially based on the manuscript [94] and its precursory arXiv-version
[93].

1.1. Max-stable processes

A stochastic process X = {X;}ier on an arbitrary index set T is said to be max-
stable if for each n € N and independent copies XM, ..., X of X the process of
the maxima {V"_; X };cr has the same law as {a,(t)X; + bn(t) }ter for suitable
norming functions ay(t) > 0 and b, (t) € R on T

Marginal distributions In particular, the univariate marginal distributions of X
are max-stable. It is well-known that up to an affine transformation of the form
x +— ax+0b with ¢ > 0 and b € R the non-degenerate univariate max-stable distribu-
tions are classified by belonging to one of the following three types (Fisher-Tippett

theorem/Gnedenko’s theorem):

<
D, () = 0 r=0 a>0 (Fréchet)
exp(—z~%) >0
(=) 0
U, (x) = { exp(=(-2)%) @< a>0 (Weibull)
1 x>0

A(z) = exp (—e™7) (Gumbel)
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(cf. [31, 36]; see also [79, Proposition 0.3] or [16, Theorem 1.1.3] for the one-
parameter representation due to von Mises and Jenkinson). Moreover, these marginal
distributions can be transformed into each other by non-decreasing continuous trans-
formations (cf. 23 p. 123]). Therefore and since we are interested in the dependence
structure of max-stable processes, we shall primarily deal with max-stable processes

X that have standard Fréchet marginals as it is commonly done, i.e. X satisfies

0 <0
e 1/z 2 >0

for t € T. Here the sequence of normalizing functions will be a,(¢) = n and b,(¢) =0
(cf. [23, p. 124]). Such standardized max-stable processes X will be called simple

max-stable processes.

Finite-dimensional distributions In order to describe the finite-dimensional distri-
butions (f.d.d.) of a simple max-stable process X on T, we shall fix some convenient
notation: Let M C T be some non-empty finite subset of 7. By RM (resp. [0, oc]™)
we denote the space of real-valued (resp. [0, oo]-valued) functions on M. Elements
of these spaces are denoted by x = (x¢)icps where z; = x(t). The standard scalar
product is given through (x,y) = > ,cpsze . For a subset L C M we write 1,
for the indicator function of L in RM (resp. [0,00]™), such that {1y }eens forms
an orthonormal basis of RM. In this sense, the origin of RM equals 1y being zero
everywhere on M. Using this notation, we emphasize the fact that a multivariate
distribution of a stochastic process is not any |M|-variate distribution, but it is
bound to certain points (forming the set M) in the space T. Finally, we consider
some reference norm ||-|| on RM (not necessarily the one from the scalar product)
and denote the positive unit sphere Sys := {a € [0,00)™ : ||a|| = 1}.

The f.d.d. of a finite sample {X;};cps of a simple max-stable process X may be
described by means of one of the following three quantities that are all equivalent

to the knowledge of the respective |M|-variate simple max-stable distribution of
{Xi}eem:

e the (finite-dimensional) spectral measure Hpy; (cf. [17] or [79, Proposition
5.11.]), i.e. the finite Radon measure on Sy such that for = € [0, 00)™ \ {1y}

—logP(Xy < ay, t € M) :/
Sm

( \/ at) Ha(da), (1.1)

tem Tt

o the stable tail dependence function ¢y (cf. [4, p. 257]), i.e. the function on
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[0,00)M defined through
ly(z) = —logP(Xy < 1/xy, t € M) = / <\/ a - xt) Hy(da), (1.2)
Sm \tem

e the (finite-dimensional) dependency set Kps (cf. [66]), i.e. the largest compact

convex set Ky C [0,00)M satisfying

Oy(x) =sup{{z,y) : y e Kyy  Vae[0,00)M. (1.3)

In order to be a valid finite-dimensional spectral measure of a simple max-stable
random vector { X }eas, the only constraint that a finite Radon measure Hjs on Syy
has to satisfy is that [g a; Hy(da) = 1forallt € M. This ensures standard Fréchet
marginals. Moreover, up to this normalization to standard Fréchet marginals, it
follows from [66] that stable tail dependence functions of multivariate simple max-
stable distributions can be characterized as being sublinear, homogeneous and mazx-
completely alternating, whereas dependency sets are maz-zonoids. We address this
matter in more detail in Proposition m Equation expresses that £y is the
support function of KCps (cf. [87]).

Spectral representation Max-stable processes have a close connection to Poisson
point processes. For theoretical background on Poisson point processes we refer to
[13, B4, [79]. In [15] de Haan shows that all (simple) max-stable processes X =
{Xi}ter that are either defined on a countable index set T' or defined on T' = R
and that are stochastically continuous may be represented as follows: There exists a
finite measure v on the Borel o-algebra B([0, 1]) of [0, 1] and non-negative measurable
functions {V;}ter on [0,1] (with [; Vi(w)r(dw) = 1 for each t € T), such that

{Xt}tGT fd:d { <7 Un‘/t(wn)} (14)
teT

n=1

in the sense of finite-dimensional distributions (f.d.d.), where {(Uy,, wy)}52; denotes
an (enumerated) Poisson point process on R x [0, 1] with intensity v~ 2du x v(dw).
The normalization fol Vi(w)r(dw) = 1 is due to our choice of standard Fréchet
marginals. For arbitrary unit Fréchet marginals with a different scale it is suffi-
cient to require fol Vi(w)r(dw) < oo instead.

In [92] Stoev and Taqqu introduce the slightly more general notion of an extremal
stochastic integral by means of a random sup-measure M, with control measure v,

which allows to involve arbitrary control measure spaces (2, .4, v) instead of consid-
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ering ([0,1], B([0,1]),v) as above. Indeed, the r.h.s. of (1.4)) may be read as extremal

stochastic integral

d.

e

f.
{Xt}tET

{/Q V}(w)My(dw)}tET (1.5)

with = [0, 1] and where M, denotes a random sup-measure with control measure
v. We refer to [92] for a detailed explanation and to [96] p. 857] for an exploratory

summary. For our purposes it will suffice to know that the f.d.d. of the process X

from (|1.5]) are given by

—logP(X; < 2y, t € M) = /Q ( \/ Vt(‘”) y(dw) (1.6)

tem Lt

for z € [0,00)™ \ {1y} and any non-empty finite subset M C T.

Definition 1.1.1 (cf. [48,96]). Let (€2, .A,v) be a measure space and V = {V; her
non-negative measurable functions (with [, Vi(w)r(dw) = 1 for each t € T). We
call (Q,A,v,V) a spectral representation of the (simple) max-stable process X =
{Xiher, if holds (or, equivalently, holds for all non-empty subsets M C
T). The functions {V;};er and the measure v will be called spectral functions and
spectral measure, respectively. In case (£2,.A, v) is a probability space, the collection
of spectral functions V' = {V; };er themselves form a stochastic process that will be

addressed as spectral process.

Of course, any stochastic process X with a spectral representation is (simple)
max-stable. Conversely, it has been shown in [48, Theorem 1] that all (simple) max-
stable processes allow for a spectral representation on some sufficiently rich measure
space (€2, A, v). Moreover, given a (simple) max-stable process X on a separable met-
ric space T', the existence of a spectral representation (€2, A, v, V), where (2, 4,v) is
a Lebesgue probability space (and the joint measurability of (¢,w) — V;(w) in both
variables ¢ and w) is guaranteed under mild conditions. This includes processes X
that have a measurable modification and especially stochastically continuous pro-
cesses X (cf. [48, Theorem 2], [96], Proposition 4.1.], [34], chapt. 3 sect. 3 Theorem 1]).
Such max-stable processes X are again representable in the form ((1.4) (and not only
(1.5)) with a spectral process V' = {V;}ier. It is convenient in this case to interpret
the expression V (wy,) in as a sequence V(" of independent copies of a process
V = {Vihier on T that are independent of the Poisson point process {U,}52; on
Ry. However, we shall use other choices of (£2,.4,r) when more appropriate for
interpretations (as in the case of M3 processes, see Example .
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1.2. Examples of max-stable processes

The following processes X = {X;};cpa on R? are all max-stable and stationary,
which means that the law of {X; j},;cge does not depend on h € RY We call a
process X = {X;},cpa on R? stationary isotropic if the law of {X a¢44}iepe does not
depend on rigid motions (A, k) € SO(d) x R?. The subsequent examples have either
been proposed already in previous literature or they constitute slight modifications
of them. Here, they are all standardized to standard Fréchet marginals. Note that
the stationarity of a spectral process V' is a sufficient, but not a necessary condition
for X being stationary (cf. [52} 67] and Proposition [A.3.1)).

Example 1.2.1. (Mixed Moving Maxima processes (M3)) Slightly different
notions are used in the literature (cf. [51), [83], 90, 91, [92]). We consider the following
normalized version: A Mized Moving Mazima process (M3 process) is a simple

max-stable process X on R? with the following spectral representation (Q, A, v, V):

e (Q,Av) = (FxRYLF®BRY, u® dz), where (R?, B(RY),dz) denotes the
Lebesgue measure on the Borel g-algebra of R? and where (F, F, 1) denotes
a measure space of [0, oco]-valued measurable functions on R?, such that the

assignment F x R? > (f, z) = f(z) is measurable and such that

L ([ reas) utan =1 (1.7

e Vi((f,2)) = f(t—z) for t € R%.

It can be easily checked that the process X is stationary. In case the measure u
is a point mass (and f with ||f||;1 = 1 is deterministic), the process X is called a
Moving Maxima process. If the measure p is a probability measure, with in
mind the M3 process X is sometimes interpreted as a process of random storms f of
a certain severity U centered around z. As in [27], [70] we will address the involved

functions f € F as (random) shape functions.

Example 1.2.2. (Extremal Gaussian processes and extremal binary Gaus-
sian processes (EG and EBG)) Here we relate to [83, Theorem 2]. Let
Z = {Z;},era be a stationary Gaussian process whose marginals follow a standard
normal distribution. The correlation function of Z will be denoted by p(t) and is
simply p(t) = E(Z:Z,) due to the standard normal marginals. Based on Z, we call
the process X defined through the spectral process

Vi=V2r-(Z), teR?
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extremal Gaussian process (EG process) (where z4 = max(z,0)). Secondly, we call

the process X with spectral process
Vi=21{z50 teR?

extremal binary Gaussian process (EBG process). Again it is easy to check that EG
processes and EBG processes are stationary and simple max-stable. An advantage
of such processes is that they can be simulated directly from Gaussian processes,
using only a correlation function as parameter. Of course, in both cases the law of

X depends on the correlation function p only.

Example 1.2.3. (Brown-Resnick processes (BR)) In [52] Brown-Resnick
processes 11 = {n(t)},cpe are introduced with standard Gumbel marginals. Here,
we shall primarily consider X; = exp(n(t)), which amounts to standard Fréchet
marginals instead: Let {W;},cra be a Gaussian process with stationary increments
(meaning that the law of {W; s, — W };cga does not depend on h € R?) and variance
o2(t) = Var(W;). Then we call the process X defined through the spectral process

2
Vt:exp<Wt—02(t)> t € RY

Brown-Resnick process (BR process). The law of X is stationary, simple max-stable
and depends on the variogram ~(t) = E(W; — W,)? only. It is neither obvious that
X will be stationary nor that the law of X depends only on the variogram. We
refer to [52, Theorem 2] (rephrased in Theorem for both statements. These
processes are particularly attractive for modelling as they occur as natural limits for
maxima of Gaussian processes ([52, Theorem 20]) and allow for a wide flexibility in

their dependence structure using only the variogram as parameter.

Remark 1.2.4. The processes above exhibit different behaviour towards long-range
dependence. While M3 processes are shown to be mizing (on R [91]; or generated
by a dissipative flow [51]), EG and EBG processes feature long-range dependence
(generated by a positive recurrent flow, cf. [51, p. 419]). Brown-Resnick processes
entail both behaviours depending on the variogram. If the variogram tends to oo
fast enough, Brown-Resnick processes may even be representable as an M3 process
(cf. [52, Theorem 14]). See also [97] for ergodic properties of max-stable processes
defined on R,

Additionally, we shall consider a special subclass of M3 processes based on indi-
cator functions of Poisson polytopes, which is a mixed and slightly modified version
of a max-stable process introduced in [55] and, secondly, a “variance-mixed” version

of Brown-Resnick processes:
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Example 1.2.5. (Mixed Poisson storm processes (MPS)) Here, we consider
a mixed version of the Poisson storm process introduced in [55]. Before we define
the process, let us make some preliminary considerations (with terminology from
stochastic geometry based on [8§]).

We denote #g := v4(B{(0)) = n%?/T'(1 4 d/2) the volume of the d-dimensional
unit ball. If C' is the typical cell of a stationary isotropic Poisson hyperplane mosaic
of intensity 1 (cf. [88, pp. 497 and p. 126] for the intensity) and S > 0, then 1/5-C
is distributed like the typical cell corresponding to the intensity  and has expected

volume

E(yd(;.c)):dd“g_l SR (1.8)

/icdl_l ' @ B Md(ﬁ)

(cf. [88, (10.4) and (10.4.6)]). Note that our notion of intensity 5 is based on [88] p.
126] and corresponds to the choice A = Brq_1/(dkq) with X as in [55, p. 420].

Now, let 8 € (0,00) be a random variable distributed according to a distribution
function F' on (0,00) (with F(0+) = 0). Let C be the typical cell of a stationary

isotropic Poisson hyperplane mosaic of intensity 1 that is independent of 5 and set
1) = paD) 1y olt)  tER (1.9)

where 1 e denotes the indicator function of %C’. Conditioning on [, one sees
that, indeed, f satisfies and thus, defines an M3 process with standard Fréchet
marginals, which is stationary isotropic. We call this process Mized Poisson storm
process with intensity mixing distribution F'. We shall see that the considered char-
acteristics of these processes admit nice expressions in view of a geometric interpre-

tation.

Example 1.2.6. (Variance-mixed Brown-Resnick processes (VBR)) Fi-
nally, let us consider a mixture of Brown-Resnick processes with respect to the
variance of the involved Gaussian process. As in the construction of Brown-Resnick
processes let {W;},cpa be a Gaussian process with stationary increments and vari-
ance o2(t). Additionally, let S be an independent random variable on (0, 00) with
distribution function G' (with G(0+) = 0). Then we call the process X with spectral
process
52

Vi = exp <SWt — 202(t)> teR?

variance-mized Brown-Resnick process with variance mizing distribution G.
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The law of X is stationary, simple max-stable and depends on the variogram (t) =
E(W; — W,)? and the distribution function G only (cf. Corollary . A similar
construction can be found in [25], where the Brown-Resnick process is mixed in its
scale instead. This yields in fact the same class of processes in the most prominent

example when W; is a fractal Brownian motion and thus, self-similar.



Our minds are finite, and yet even in these circumstances of
finitude we are surrounded by possibilities that are infinite,
and the purpose of life is to grasp as much as we can out of
that infinitude.

(Alfred North Whitehead)

2. Max-stable processes parametrized by
their extremal coefficients

This chapter is primarily based on the manuscript [94] and its precursory arXiv-

version [93].

2.1. Extremal coefficient functions

Given a simple max-stable process X = {X;}ier on an arbitrary index set T', we
may assign to each non-empty finite subset A C T the extremal coefficient 6(A) (cf.
[85, 90]), that is

0(4) = tim 08E VieaXi =) =/S <\/ at> Hy(da) =ty (La),  (2.1)

w5 TogP(X; < 7) Y

for A € M, where Hp; and ¢j; denote the (finite-dimensional) spectral measure
and the stable tail dependence function , respectively.

Indeed, the expression logP(\/,c4 Xt < x)/logP(X; < x) does not depend on x
and equals the r.h.s. Observe that §(A) takes values in the interval [1,|A[], where
the value 1 corresponds to full dependence of the random variables {X;}ic4 and
the value |A| (number of elements in A) corresponds to independence. Roughly
speaking, the extremal coefficient §(A) detects the effective number of independent
variables among the random variables {X;}:;c4. It is coherent to set () := 0 to
obtain a function 6 on F(T'), the set of finite subsets of T . We call the function

0: F(T) — [0, 0)

extremal coefficient function (ECF) of the process X.



16 2. Max-stable processes parametrized by their extremal coefficients

The set of all ECFs of simple max-stable processes on a set T will be denoted by

(2.2)

O(T) := {0 . F(T) — [0, 00) : 0 is an ECF of a simple } .

max-stable process on T.

Example 2.1.1. The simplest ECFs are the functions §(A) = |A| corresponding to
a process of independent random variables, and the indicator function #(A) = 1 A£D

corresponding to a process of identical random variables.

Rather sophisticated examples of ECFs can be obtained using the spectral repre-
sentations (92,4, v, V) of processes X (cf. (1.6])). In these terms the ECF 6 of X is
given by

o) = | (\/ mm) v(dw) (2.3)

teA

for A e F(T)\ {0} and 6(0) = 0.

Example 2.1.2 (Mixed Moving Maxima processes (M3)). Because of (2.3) the
ECF 0 of an M3 process X as in Example can be computed as

o= [ [ (\/ it - z)) dz (df)

teA

for A € F(RY)\{0} and () = 0. In case u is a point mass at an indicator function f,
the bivariate coefficient 6({s,¢}) will be given by 0({s,t}) = 2 — f * f(s — t), where
f  f means the convolution of f with f and f(t) = f(—t).

Example 2.1.3 (Brown-Resnick processes). Because of ([2.3)) the ECF 6 of a Brown-
Resnick process X as in Example is

0(A) = Ew exp (\/ Wy — 02(t)/2>
teA
for A € F(R)\ {0} and 6(()) = 0. Since the f.d.d. of X only depend on the variogram
7, the extremal coefficient #(A) will also depend only on the values {7(s —t)}stca.
In particular, we have 0({s,t}) = 1 + erf(\/v(s — t)/8) for the bivariate coefficient
0({s,t}), where erf(x) =2//7 [y e~ dt denotes the error function (cf. [52, Remark
25]). In case the variogram equals v(z) = A||z||3 for some A > 0, explicit formulas

for multivariate coefficients of higher orders up to d + 1 can be found in [33].
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Example 2.1.4 (Mixed Poisson storm process). In this example it can be seen ex-
plicitly, how € depends on the geometry of A. We consider the Mixed Poisson storm
process X with intensity mixing distribution F' as in Example Conditioning
on the intensity §, we see that 0(A) = [63(A)dF(B). Following [55, Proposition 4]
we compute in our parametrization (with K = A C RY, u = pg(B), wg = Kq and
X = Bra—1/(drq)) that 05(A) = g pca(—DHxs(L) with

| el 5-)
Eou(5)]

c
=P — +t 0| =exp(—=pB-b(conv(L))),
CLQ(B+)¢] p(—4 b (conv(L)))

xs(L) = Ec

pa@)- [ L 1y.0(:—t)dz

teL

where b(conv(L)) denotes the mean width of the conver hull of L (cf. [88, p. 601

(14.7)]). Summarizing, we obtain

0(A) = > (=)ETIL(F) (b(conv(L))) (2.4)

0£ALCA

for the ECF of the Mixed Poisson storm process with mixing distribution F. Here
L(F)(z) = f(o s0) €xp(—at)dF () denotes the Laplace transform of F, which is eval-
uated at the mean width b(conv(L)) of the convex hull of L.

2.2. A consistent max-linear model

A multivariate simple max-stable distribution is called maz-linear (or spectrally

discrete) if it arises as the distribution of a random vector X of the following form
q
Xi:\/aiij izl,...,p,
j=1

where Z = {Zj}?zl is a vector of i.i.d. unit Fréchet random variables and where
{aij}pxq is a matrix of non-negative entries with Z?Zl a;j = 1 for each row i =
1,...,p. This is equivalent to requiring the spectral measure H,; from for
M ={1,...,i,...,p} to be the following discrete measure on Syy

q
Hyr = llajll 8o, a1
j=1
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where a; denote the column vectors of the matrix {a;;}pxq. Conversely, any discrete
spectral measure of a simple max-stable random vector gives rise to such a matrix.
Surely, the ECF of such a random vector X = {X;}ienr is

H(A) = Z \/ aij (2.5)

j=licA

for 0 # A C M and 6(0) = 0 (cf. (2.1)).

In [85] Schlather and Tawn introduce a max-linear model for X* = {X/}icns
where the column index j ranges over all non-empty subsets L of M and where

non-negative coefficients 77, are given for each column () # L C M, more precisely

XZ* — \/ a/i,LZL 1eM with Qi 1, = TL]liE[n
0ALCM

which is equivalent to

X;=\ mZ, ieM. (2.6)
1€eLCM

The model ([2.6) is simple if and only if > g.;-ps @i = > pcpr.ier 7o = 1 for each
i€ M. It follows from (2.5 that the ECF of model (2.6 is

0(A) = Z TL
LCM : ANL#(D
for ) # A € M and 6(0) = 0. Now, the interesting aspect of this model
with given coefficients 77, is that such models are in 1-1 correspondence with ECFs
6 on the finite set M (cf. [85, Theorem 3 and 4]). Alongside, this leads to a set of
inequalities which fully characterizes the set of ECFs ©(M) for finite sets M (cf.
[85, Corollary 5]). In [66, Corollary 1] Molchanov offers an alternative proof for
these inequalities and notices that they are equivalent to a property called complete

alternation (see below).

As we seek a spatial generalization of these results, let us consider a max-stable
process X* = {X/}ier on an arbitrary index set T, whose f.d.d. for a finite set
M are precisely of the above form ([2.6)), where the coefficients 77, now additionally

depend on M. That means we set the spectral measure Hj, of the random vector
{X{ em

Hypo= > 7' 1L) 61, pagys (2.7)
0ALCM
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Figure 2.1.: Spectral measure representation of { X/ };cas for M = {1, 2, 3} if we choose the
reference norm on RM to be the maximum norm ||-||. In this case the spectral measure sim-
plifies to a sum of weighted point masses on the vertices of a cube: H}, = Z@#LCM MGy, .

such that the f.d.d. of the process X* are given by (cf. (1.1])

1
—logP(X; <ay,teM)= > m'\/—. (2.8)
0£LCM ter, Tt

Here M ranges over all non-empty finite subsets of T, which we express as M €

F(T)\ {0}. Figure 2.1] illustrates this spectral measure for a trivariate distribution

where M = {1,2,3} in case the reference norm is the maximum norm.

Lemma 2.2.1. Let T be an arbitrary set and let coefficients 71 be given for M €
F(T)\ {0} and L € F(M)\ {0}, such that

(i) ™™ >0 for all M € F(T)\ {0} and L € F(M)\ {0},

(ii) 7} = O 1 A for all M€ F(T)\ {0} and L € F(M)\ {0} and
teT\ M,

(iii) Tgff =1forallteT.

Then the spectral measures {Hy;}vre F(ry\qoy from define a simple maz-stable
process X* = {X} her on T with f.d.d. as in (2.5).

Proof. Condition ensures that each spectral measure Hj, defines a max-stable
distribution with Fréchet marginals. Subsequently, condition ensures consistency
of these distributions (i.e. the conditions for Kolmogorov’s extension theorem are
satisfied). Hence the spectral measures H}; define a max-stable process X* on 7.

Finally, condition ensures that the process X* has unit Fréchet marginals. [
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Remark 2.2.2. Note that condition is equivalent to

=Y TR VM e F(T)\{0},0#K Cc AcC M. (2.9)
JCM\A

2.3. Negative definiteness of ECFs

For the following characterization of the set of ECFs ©(T) we use the fact that
F(T), the set of finite subsets of T, forms an abelian semigroup with respect to
the union operation U and with neutral element the empty set (). The semigroup
(F(T),U,0) is idempotent (meaning AUA = A for A € F(T')), partially ordered by
inclusion of sets and generated by the singletons {{t}},.. Section summarizes
several facts from harmonic analysis for such semigroups based on [5] and [65]. The
following notation is adopted from there. For a function f : 7(T') — R and elements
K,L e F(T) we set

(Agf)(L) = f(L) = f(LUK).

Note that the operators A, and Ak, commute with each other and that AxAx =
Ak (since F(T) is idempotent).

Definition 2.3.1 (negative definiteness, complete alternation).
A function ¢ : F(T) — R is called negative definite (in the semigroup sense) on
F(T)if foralln > 2, {Ky,..., Ky} C F(T) and {a1,...,a,} CRwith 377, a; =0

Z Z ajakw(Kj U Kk) <0.
J=1k=1

A function ¢ : F(T) — R is called completely alternating on F(T') if for all n > 1,
{Ki,...,Kp} C F(T) and K € F(T)

(A, Ay A ) (K) = > (=)lily <K ulJ K) <0. (2.10)

Ic{1,...n} i€l

Because the semigroup (F(T),U, 0) is idempotent, these two terms coincide. That
means ¢ : F(T) — R is completely alternating if and only if ¢ is negative definite
(in the semigroup sense), cf. [B, 4.4.16] or (A.2). In fact, the condition can
be slightly weakened.
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Lemma 2.3.2. A function ¢ : F(T) — R is negative definite (completely alternat-
ing) on F(T) if and only if for all® # L € F(T) and K € F(T) with KNL =1

Y (=n)lHy (U >o. (2.11)

ICL

Proof. Because the semigroup F(T') is generated by the singletons {t} for t € T,
it suffices already to require only for K; = {t;} for t; € T (i =1,...,n), cf.
[5, 4.6.6.] or Lemma Since Ay3Agyy = Agyy it suffices to choose pairwise
different ¢; (¢ = 1,...,n). Hence v is completely alternating on F(7') if and only
if for all ) # L € F(T) and K € F(T) the inequality holds. Finally, the
expression on the Lh.s. of equals automatically 0 if K N L # (). O

For finite sets M (instead of arbitrary T'), negative definiteness (complete alter-
nation) can be formulated by bounding the value (M) by lower order values (L)
for L C M. The following lemma shows the connection to [85, (12)].

Lemma 2.3.3. Let M be a non-empty finite set. Then 1 : F(M) — R is negative
definite (completely alternating) on F(M) if and only if

STy (ML) UI) >0  Y0#£LCM, (2.12)

ICL

which is equivalent to

V Yoy \pun <o)< A S () Lyur.
LcM ICL 0#ALCM ICL
|L| odd I#L |L| even I#L

(2.13)

Proof. Because of

Y()IF(K U = Y < > (—1)']+11/1((M\(LUJ))UI)>

ICL JCM\(KUL) \ICLUJ

for K,L ¢ M with KN L = (cf. Lemma [A.5.3), it suffices to check (2.11]) for
K = M\ L. Summarizing the cases where |L| is odd and where |L| is even yields

the second equivalence. ]

Example 2.3.4 ([65], p. 52). Let Y = {Y;}1er be a stochastic process with values
in {0,1} and let the function C' : F(T') — R be given by C(0)) = 0 and

C(A) =P(3t € Asuch that V; = 1) = <\/Yt_1>
te A
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Then C' is negative definite (completely alternating) on F(7T'). The function C is
called the capacity functional of Y. Conversely, if C' : F(T) — [0,1] is completely
alternating with C() = 0, then C determines the f.d.d. of a stochastic process
Y = {Y; her with values in {0, 1}, whose capacity functional equals C.

Now, we can characterize the set ©(T") of possible ECFs on F(7') and define a

corresponding max-linear process X* as follows.
Theorem 2.3.5. a) The function 0 : F(T) — R is the ECF of a simple maz-stable
process on T if and only if the following conditions are satisfied:
(i) 0 is negative definite (completely alternating) on F(T),
(ii) 6(0) =0,
(iii) 0({t}) =1 forallt € T.

b) If these conditions are satisfied, the following choice of coefficients

= Ay Ay 0(M N\ L) = > (-)Fe((M\ L)u )
ICL

VMG.F(T)\{@},@#L:{tl,...,tl}CM

for model defines a simple max-stable process X* on T which realizes 0 as
its own ECF 0*.

Proof. If 6 is an ECF of a simple max-stable process X on T, then necessarily
6(0) = 0 and 6({t}) = 1 for all t € T (cf. (2.1)). Further, it is an application of
I'Hopitals rule (apply Lemma to the choice p(z) :=P(X; < z) and a = 6(A))
that for A C F(T) \ {0}

—logP (Vyea Xe <) _ 1i 1—P(Viea Xi < )

0(A) =1 =
(4) Eatt —logP(X; < ) w500 1P (Xt < x)
P (3t € A such that X; > @A
T (3t € A such that X; > ) ~ lim ) )7 (2.14)

where C®) denotes the capacity functional for the binary process ¥; = 1x,>, and
p@ = EY; = 1 — e /%, Since negative definiteness respects scaling and point-
wise limits, negative definiteness of 6 follows from Example [2.3.4] This shows the
necessity of (i),(ii),(iii).

Conversely, let 0 : F(T) — R be a function satisfying conditions (i),(ii),(iii) and
let the coefficients Ty be given as above. We need to check that they fulfill the
(in)equalities from Lemma Indeed we have:
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e The inequalities 77 = —Aygy ... Ay y0(M \ L) > 0 follow directly from the

complete alternation of 6.

e From the definition of Ay we observe

Tgﬂgj}} = A Ay Ay 0(M U )\ (LU {t}))

= _A{tl} e A{tl}H(M \ L) + A{tl} RN A{tl}Q(M U{t}\ L)
M Mu{t}
=T, — TL .

e For t € T we have {{t}} = 0({t}) = 1 because of (iii).

Thus, the coefficients TL define a simple max-stable process X™* on T as given by
model (2.7} . Finally, we compute the ECF 6* of X* and see that it coincides with 6:
For the empty set we have 6*()) = 0 = 6(0) because of (ii); otherwise we compute
for A C F(T)\ {0} that

or(4) BLED 5~ oA S~ S (C)lgan Ly U T

PALCA 0#ALCA ICL
Z Z \KnL|+19 Z (K Z (_1)|K0L\+1
0£ALCA 0£AKCA P£AKCA PALCA
A\LCK A\LCK
= > O0(K)(—(~1x=a)) =0(A).
0AKCA
This shows sufficiency of (i), (ii),(iii) and part [b]). O

Theorem [2.3.5]is in complete analogy to the following standard result for Gaussian

processes (as illustrated in the sketches in the introduction):

a) A function C' : T x T" — R is a covariance function if and only if it is positive
definite.

b) If C : T x T — R is positive definite, we may choose a (zero mean) Gaussian

process which realizes C' as its own covariance function.

Both statements are intrinsically tied together. When proving them by means of
Kolmogorov’s extension theorem, one proceeds in the same manner as we did for
Theorem The necessity of positive definiteness of covariance functions is easily
derived even for the bigger class of square-integrable processes, whilst sufficiency can
be established by showing that Gaussian processes can realize any positive definite

function as covariance function.
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Remark 2.3.6. In order to incorporate stationarity w.r.t. some group G acting (e.g.
from the left) on T (for example R? acting on R? by translation), we just have to
add the following condition (iv) 0(gA) = 6(A) for all A € F(T) \ {0} and for all
g € G. Then the process X* will be stationary w.r.t. this group action.

Remark 2.3.7. Instead of requiring the max-stable processes in Theorem [2.3.5]to have
standard Fréchet marginals everywhere, we can admit a different scale at different
locations, i.e. P(X; < ) = exp(—s;/x) for a positive scaling parameter s, for t € T.
In this case Theorem holds true without condition (iii) and the word “simple”.
To make sense of the ECF as in in this case, either use a reference point t € T'
or set logP(X; < z) = —1/x in the denominator. Beware of that the ECF 6 cannot
be interpreted as the number of independent variables anymore in this case.
Remark 2.3.8. In [85] the last issue of the proof is derived for finite sets 7' by a
Moebius inversion. The relation to the proof therein becomes more transparent
if we compute 0*(A) for A C M from the coefficients {T[]’W}Q#LCM for arbitrary
M D A instead of M = A:

% ©.1),(.7) 2.9
() BRED s~ A BD s~ s o s o (g

0£KCA 0£AKCA JCM\A LCM : LNA#D

2.4. Consequences of negative definiteness

Here, we collect some immediate consequences of the above Theorem There-
fore, note that the first part of Theorem can also be expressed as (cf. (2.2]))

oT) = { 0 F(T) SR - 0 is negative definite (completely alternating) } ‘

on F(T),0(0)=0, 6{t}) =1forteT.
(2.16)

2.4.1. Convexity and compactness

Corollary 2.4.1. The set of ECFs ©(T) is convez.
Proof. This can be seen readily from ([2.16)) since all involved properties are com-

patible with convex combinations. As a constructive argument use the fact that the
ECF of the max-combination aX V (1 — a)Y of two independent simple max-stable

processes X and Y on T is the convex combination of their ECFs for a € (0,1). O

Corollary 2.4.2. The set of ECFs O(T) is compact w.r.t. the topology of pointwise

convergernce.
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Proof. The topology of pointwise convergence on R¥(T) is the product topology.
Since 0(0) = 0 and #(A) € [1, |A[] for § € ©(T) and A € F(T) \ {0}, the set O(T) is

a subset of the product space

o) c{oyx [ [LAlL

AeF(T)\{0}

which is compact by Tychonoff’s theorem. Moreover, since elements of ©(T') are
completely characterized by finite-dimensional equalities and inequalities involving
< only (stemming from (2.16))), the set ©(T) is closed. Hence O(T) is compact. [J

Remark 2.4.3. Note that even though we say “the topology of pointwise conver-
gence”, the “points” meant here are indeed elements of F(7T'), i.e. finite subsets of
T. In particular it follows from the compactness of O(T) that ©(T") is sequentially
closed. That means if (6,)nen is a sequence of ECFs such that 6,(A) converges to
some value f(A) for each A € F(T), then f is an ECF.

2.4.2. Spectral representations

Another consequence of Theorem is that ECFs allow for an integral representa-
tion as a mixture of functions A — 1 4ng-p, where @ is from the power set of T'. To
be more precise, let us denote the power set of 7' by P(7T') and consider the topology
on P(T) that is generated by the maps Q + 1 4ngp for A € F(T') or equivalently
(since F(T') is generated by the singletons {{t}};c7) the topology on P(T) that is
generated by the maps @ ~— lyeq for t € T. Identifying P(T) with {0,1}T, this
space is also known as Cantor cube. As in [5], Definition 2.1.1.] a measure p on the
Borel o-algebra of P(T') w.r.t. this topology will be called Radon measure if u is

finite on compact sets and g is inner regular.

Corollary 2.4.4. Let § € ©(T) be an ECF. Then 0 uniquely determines a positive
Radon measure p on P(T) \ {0} such that

0A) = pQ €PN} - ANQ A = [ Lungso 4(dQ)

where §({t}) = 1 for t € T. Moreover, the function 0 is bounded if and only if
u(P(T)\{0}) < oo.
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Proof. Since 0 is negative definite (Theorem [2.3.5)) and F(7') is idempotent, we may
apply Theorem which says that 6 uniquely determines a positive Radon

—

measure 1 on F(T) \ {1}, where .7-{(?) denotes the dual semigroup of F(T') (cf.
Definition [A.1.4), such that 8(A) = i({p € F(T)\ {1} | p(A) = 0}). The function @

—

is bounded if and only if f(F(T) \ {1}) < oc.
Now, it can be easily seen (using p(A) = [I,c4 p({t}) = Avca p({t})) that semichar-

acters on F(T') are in a 1-1 correspondence with subsets of T' via

F(T) X% p1)
p—s {teT : p({t}) =0}

L)ng=0 +— @

Here the constant function 1 corresponds to the empty set. Moreover, the topology
considered on F(T') is the topology of pointwise convergence. Transported to P(T)
this is the topology generated by the maps Q — 1 gng-p for A € F(T'). Let p denote

the Radon measure i transported to P(T') \ {#}. Then the corollary follows. O

Remark 2.4.5. In case T = M is finite, we have that P(M) = F(M) carries the
discrete topology and

0(4) = n({Q € F(M)\{0} : ANQ #0}) = p QN1 ang10-
QeF(M)\{0}

A comparison with reveals that u({Q}) = Tgf . In this sense, the coefficients
Tg of the max-linear model can be interpreted as finite-dimensional “Fourier
coefficients” of the negative definite function 6. Moreover, denoting .% (M) the set of
sub-semigroups of F (M) that are hereditary on the left (see before Theorem[A.1.10)),
we have the following (topological) isomorphisms of idempotent abelian (discrete)

semigroups
(’F(M>7'71) = (ﬂ\(M),ﬂ,f(M)) = (.F(M),Q,M) = (.F(M),U,@),

where the respective maps are given by p — p~({1}), I = Uyes A, C — C¢ (for-
ward) and @ — Q°, C — F(C), I — 1; (backward). In particular the semigroup

—

(F(M),U, D) is isomorphic to its dual semigroup (F(M),, 1) in this case.

The integral representation of the ECF 6 also yields a spectral representation
(Q, A, v, V) for the corresponding process X* (cf. Definition (1.1.1})).
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Theorem 2.4.6. Let X* = { X} },cr be the simple maz-stable process from Theorem
@ with ECF 0. Then X* has the following spectral representation (2, A,v,V):

o (2, A,v) is the measure space (P(T), B(P(T)), ) from Corollary[2.4.4,

o Vi(Q) = lieq-

Proof. We need to check that the f.d.d. of X* satisfy (1.6). The f.d.d. of X* are

given by (2.8)

—logP(X} <ay,teM)= > 7 \/7
0ALCM ter ©

where the coefficients 7 can be computed from the ECF ¢ as in Theorem
and 6 satisfies the integral representation from Corollary ie.

= DU = S0 Lansunnase #dQ).
ICL ICL P(T)\{0}
Using the identity

> DL nunnez

ICL

= > (=i ( (M\L)NQ#0 + Lingz0 — ﬂ(M\LWQ#@ﬂmQ#@)
ICL

=0 Lannnez + (1~ Lansnes) IZL(—l)” s Yo
C
= Lonp)no=0lrcq = lo=mnq;
we obtain that
M :/ Lr=mnq #(dQ).
P(T)\{0}

It follows that the f.d.d. of X* satisfy

—logP(X] <y, t € M) = /() > L= MnQ\/*MdQ

TH\0} 0ALCM ter ¥
1 Vi(w
P(TO\{0} 4y Tt Q \tem ot

as desired. This finishes the proof. O
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2.4.3. Triangle inequalities and the operation of Bernstein functions

In [I1, Proposition 4] it is shown that an ECF 6 on F(T') satisfies the following

bivariate inequalities for r,s,t € T"

0({s,t}) < 0({s,rHO({r;}),
0({s,tH)™ < 0({s,r})* +0({r, t})" - O<a<l,
0({s,tH)" = 0({s,r})* +0({r, 1})* - a<0.

These inequalities have in common, that they are in fact triangle inequalities of the

form

gon({s,t}) <gon({s,7}) +gon({rt}),

if we rewrite them in terms of n:= 60 — 1 and

g(x) =log(1 + ),
glx)=(1+z)* -1, 0<a<l,
glx) =1-(1+2)%  a<0.

These functions g have in common that they are in fact Bernstein functions.

Theorem/Definition 2.4.7 (Bernstein function).
A function g : [0,00) — [0,00) is called a Bernstein function if one of the following

equivalent conditions is satisfied (cf. [5 4.4.3 and p. 141]):

(i) The function g is of the form
g(r) —c—l—br—l—/ ™) (),

where ¢, b > 0 and v is a positive Radon measure on (0, 00) with [;* %I/(d)\) <

T
oo (or equivalently [;° min(X, 1)r(dA) < 00).

(ii) The function g is continuous and g € C*°((0, 00)) with g > 0 and (—1)"g*+1) >
0 for all n > 0. (Here, g™ denotes the n-th derivative of g.)

(iii) The function g is continuous, g > 0 and g is negative definite as a function on

the semigroup ([0, 00), +,0) (cf. Definition |A.1.1)).

(iv) The function ¢og is completely monotone on [0, co) for all completely monotone

functions ¢, where “completely monotone” is to be understood in the sense of

Definition [A.2.3]
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For a comprehensive treatise on Bernstein functions including a table of examples
see [82]. Bernstein functions play already an important role in the construction of
advanced Gaussian processes by generating novel covariance functions from given
ones, cf. [I02] and [78]. Here we see that they are equally useful for generating new
ECFs from given ECFs and correspondingly new max-stable processes from given

ones.

Corollary 2.4.8. Let T be a set and § € O(T) an ECF. Let g be a Bernstein

function which is not constant. Then the function on F(T')

4(6(4)) — 9(0)
A0 —0)

is again an ECF in O(T).

Proof. The result is immediate from Theorem since Bernstein functions oper-
ate on negative definite kernels (cf. [5, 3.2.9 and 4.4.3]). O

For instance, if 6 is an ECF, then also log(1 + 6)/log(2) or ((6 + a)? —a?)/((1 +
a)? — a?) are ECFs for 0 < ¢ < 1 and a > 0. Finally, the result of [I1, Proposition
4] can be generalized to the following extent as a corollary to Theorem m

Corollary 2.4.9. Let 0 € O(T') be an ECF. Setn:= 6 —1 and let g be a Bernstein
function. Then we have for A, B,C € F(T)\ {0} that

gon(AUB) <gon(C)+gon(AUuB) <gon(AUC)+gon(CUB).

Proof. Since 6 is an ECF, it is negative definite (cf. Theorem [2.3.5)). Subtracting 1
does not change this property. Notice further that 6 takes values in {0} U [1, c0),
where the value 0 is only attained for the empty set () (the neutral element of F(T)).
Thus,n =0—1: F(T)\ {0} — R is negative definite and takes values only in [0, c0).
Applying a Bernstein function g does not change this property (cf. [3, 3.2.9. and
4.4.3.]). By [} 8.2.7.], this also means that f := gon: F(T)\ {0} — R is completely
alternating on F(T) \ {0}. Since we have also f > 0 on F(T) \ {0}, we may derive
for A,B,C € F(T)\ {0}

F(C)+ f(AUB) = f(AUC) = f(CUB)
= (f(C) - f(AUC) = f(CUB) + f(AUBUCQC)) + (f(AUB) - f(AUBUC))
=A4AR[f(C) +Acf(AUB) <0

as desired. This finishes the proof. O
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2.5. Continuity

In this section we require T' to be a metric space. We need to define the notion of
continuity that we will use in connection with ECFs 6 : F(T') — [0, 00). Therefore
let f: F(T) — R be a function on the finite subsets of 7. Then f induces a familiy
of functions {f(™},,>0 where f0™ : T™ — R is given by

FO (b)) = f{t, ).
Definition 2.5.1. Let f : F(T) — R be a function on the finite subsets of a metric

space T. We say that f is continuous if all induced functions f(™ : T™ — R are

continuous for all m > 0, where T™ is endowed with the product topology.

Lemma 2.5.2. Let X = { X, }ier be a simple maz-stable process with ECF 0. Then
the following implication holds:

X s stochastically continuous. = 6@ is continuous.

Proof. Stochastic continuity of X means that for any ¢ > 0, for any ¢t € T and

sequence t" — ¢ we have P(| X, — X;| > ¢) — 0. From this, we can easily

derive that for any ¢ > 0, any m € N, any (t1,...,t,) € T™ and a sequence
(tg"), . .,tSJ;‘)) — (t1,...,tm), also ]P’(H(th(_m — X4,) ]| > ) — 0 for any reference
norm ||| on R™. The latter implies the corresponding convergence in distribution:
F(ti”),...,ti,’})) = Fl4y,.tm)- Since log Fiy, 4y 1 [0,00)™ — R is monotone and homo-
geneous, we have that for x > 0 the point (z,...,z) € (0,00)™ is a continuity point
of Fiy, .. tm) (cf. [T9 p. 277]). Thus, the induced function 6(™) on T™ is continuous,
since 0™ (ty,. .., t,) = —xlog Fy,otm) (@, -y 2). Hence 6 is continuous. O

Secondly, we prove the following upper bound that shows that stochastic conti-

nuity of the process X* is indeed controlled by the bivariate extremal coefficients:

Lemma 2.5.3. Let X* = { X[ }ier be the simple maz-stable process from Theorem
[2.3.5[0}) with ECF 6. Set n:=6— 1. Then we have for any & > 0

POXE - X1 > 0) < 2 (1— e (-T2 ) < 2y,
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Proof. Let ¢ > 0. We will prove the statement for 2¢ instead of €. Therefore,
consider the following disjoint events on a corresponding probability space (€2, .4, P)
for k=0,1,2,...

Ay = {w €0 (X (w), X/ (W) € (ke, (k+2)e)*\ ((k+ e, (k + 2)5]2} )

The disjoint union (Ji—y Ak is a subset of {w € Q : | X (w) — X{(w)| < 2¢} and so

P X - X[|<2)>P (U Ak) =Y P(Ay) = ALngOZP(Ak).
k=0 k=0 k=0

From (2.8) and Theorem we see that the bivariate distribution of the process
X* is given by
n({sty) 1

~logB(X} <, Xj <y) =T+

(2.17)

For further calculations we abbreviate for p,q € NU {0}
B(p,q) =P(X; <p-e,X{ <qe)

Note that B(p,q) = B(q,p) and B(p,0) = 0. With this notation we rearrange

n

> P(Ay) = —B(n+1,n+1)+2§n: [B(k+2,k+1)— B(k+2,k)].
k=0 k=0

For the second summand we have (cf. (2.17))

Zn:[B(k:—i-Q,k—i-l)—B(k—i—Zk)]

- kz: [eXp (_i [n(k{itz}) iy 1D - (_i [n(k{it;) ' ’1m
Eer (L o) - (-2)
S () ) -emL)]

N
|
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Finally,

n
P(X: — X{| > 2) =1 - P(X] - X <22) <1- lim Y P(4y)
k=0
n

:1+T}L1203(n+1,n+1)—27}L1202[B(k+2,k+1)—B(k+2,k:)]

1o (D) (D) (1)

=2 2exp (—77({'29;})) < 2%_77({8775})-

This finishes the proof. ]

Theorem 2.5.4. Let X* = { X} },cr be the simple maz-stable process from Theorem
@ with ECF 0. Then the following statements are equivalent:

(i) X* is stochastically continuous.
(ii) 6 is continuous.
(iii) The bivariate map (s,t) — 0({s,t}) is continuous.
(iv) The bivariate map (s,t) — 0({s,t}) is continuous on the diagonal.

Proof. The implication (i) = (ii) follows from Lemma [2.5.2] Clearly, continuity
of # implies continuity of the induced function 8 (s,t) := 6({s,t}), which implies
continuity of #) on the diagonal. This shows the implications (ii) = (iii) and
(i) = (iv). Finally, the implication (iv) = (i) follows from Lemma [2.5.3] since
a({t. 1)) = 0({th) — 1= 0. m

2.6. Dependency sets

In this section we show that the max-stable process X* is exceptional among all max-
stable processes sharing the same ECF 6 as X* in the sense that its dependency set
K* (to be introduced below) is maximal w.r.t. inclusion.

Therefore, recall that for a finite non-empty subset M C T the dependency set
Kar of {Xi}ienr is the largest compact convex set Ky C [0,00)M satisfying (cf.

(1.3))

Oy(x) =sup{(z,y) : y € Kyy Ve [0,00)M.
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The closed convex set Ky; may also be described as the following intersection of half
spaces (cf. [87), Section 1.7.]):

Ku= () {vel0o,00M : (z,y) < ty(a)}. (2.18)

€Sy

Example 2.6.1 ([66], Example 1 and Proposition 2). The simplest examples for
dependency sets Kj; are the unit cube [0, 1]" corresponding to a collection of inde-
pendent random variables {X;}scas and the cross-polytope DM := {x € [0,00)" :
> tem ©t < 1} corresponding to identical random variables {X;}icas. Any depen-

dency set Kjs of a simple max-stable distribution satisfies
DM c Ky [0, 1)M.

Example 2.6.2 (Brown-Resnick process, Hiisler-Reiss distribution). The f.d.d. of
a Brown-Resnick process (cf. Example are the multivariate Hiisler-Reiss dis-
tributions (cf. [44]). In the bivariate case, when M = {1,2} consists of two points
only, the distribution function of a Hiisler-Reiss distributed random vector (X1, X»),

standardized to unit Fréchet marginals, is

—logP, (X1 <21, X0 < 22) = :):11(1) (‘? + W) + xl2q> (? + 10‘3(:”\/%/‘7”2)>

for 1,29 > 0. Here ® denotes the distribution function of the standard normal
distribution and the parameter ~ is the value of the variogram between the two
points (cf. Example[2.1.3)). Figure[2.2]illustrates, how the corresponding dependency

sets range between full dependence (7 = 0) and independence (y = c0).

In order to define a single dependency set for a simple max-stable process com-

prising all multivariate dependency sets, we write

pry < [0,00)" = [0,00)" (w¢)ter = (T)tem

for the natural projection.

Definition 2.6.3. Let X be a simple max-stable process X = {X;};cr and denote
for finite M € F(T) \ {0} the multivariate dependency set of the random vectors
{X:Ysenr by Kar. Then we define the dependency set K C [0,00)7 of X as

K= ﬂ pry; (Kar) .
MeF(T)\{0}
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0.0 0.2 0.4 0.6 0.8 1.0

(v
M

Figure 2.2.: Nested dependency sets K} of the bivariate Brown-Resnick (resp. Hiisler-
Reiss) distribution where M = {1,2} (cf. Example 2.6.2)). The dependency sets grow as
the parameter 7 increases. They range between full dependence (v = 0) and independence

(v = 00).
Analogously to ([1.3)), the dependency set K may be characterized as follows.

Lemma 2.6.4. The dependency set K of a simple maz-stable process X = { Xy }er

is the largest compact conver set K C [0,00)T satisfying

EM(m):sup{thyt : yEIC} Vae[0,00)M V) #MeF(T), (219)
teM

where Ly is the stable tail dependence function of {Xi}iens-

Proof. Convexity of IC follows from the convexity of each Kp; and from the linearity
of the projections pry, for M € F(T)\ {0}. Since Ky = [0,1] is the unit interval
for each t € T, the set K is contained in the compact space [0, 1]T. Moreover, K is

closed as the intersection of closed sets, hence K is compact.

Next, we prove that Cpr = pry,(K). By definition of K it is clear that pr,,(K) C
Kar for M € F(T) \ {0}. To prove the reverse inclusion, let yp; be an element of
Kar and set V (yar) := pryf {yar ) NK = pry; {yar}) NEN[0, 1]7. We need to show
that V(yy) # 0. Denoting V(yar, A) := pry; ({yam}) Npry’ (Ka) N[0,1]7, we see
that

Vi) =[] Vi, A).
AcF(T)\{0}

Note that each V(yar, A) is a closed subset of the compact Hausdorff space [0, 1]
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Therefore, it suffices to verify the finite intersection property for the system of sets

WVym, A)} aermy oy

in order to show V(ypas) # 0 (cf. e.g. [3 Theorem 2.31]). But this follows from the
consistency of the finite-dimensional dependency sets {4} ac 7(7)\ (g} as follows: As
[66, Section 7 (Projection)] essentially says, we have that if A and B are non-empty
finite subsets of T" with A C B, then K 4 is the projection of g onto the respective
coordinate space. In particular prz'(Kp) C pry'(Ka) and pry'({ya}) nprz'(Kp)N
[0,1]7 # 0 for y4 € K4. Now, let Ay, ..., Ay be non-empty finite subsets of 7. Then

0 # pryf {ym}) N pr;juu,_c_ A (lCMqu_1 Ai) no,1)"

k

k
< pryy ({yad) N (o, (Ka) N[0, 11" = () Vg, 49),
=1 =1

as desired and we have shown that Kp; C pry,(K). Both inclusions give Ky =
pry; (K).

By definition, we have £y/(x) = sup {(z,y) : y € Kps} for x € [0,00)™. Thus,
follows from KCps = prj,(K).

Finally, let £ C [0,00)7 be also convex compact and satisfying with K
replaced by £. Then it follows immediately that pr,;(£) = KCps for any non-empty
finite subset M C T'. We conclude that £ C K by definition of K. This finishes the
proof. ]

In particular, the ECF 6 of a simple max-stable process X = {X;}ier can be

expressed in terms of the dependency set K of X as
0(A) = sup {Z xp X € IC} . (2.20)
te A

In order to make statements about the dependency sets K of processes X = { X} }ier
in terms of the ECF 6, we introduce the following notation: For any non-empty finite
subsets A of T' we set the halfspace

HA(Q) = {l’ S [O,OO)T : Z$t < (9(A)}
tcA
that is bounded by the hyperplane

Ea0) = {x €[0,00)" Y @y = Q(A)}.

tecA
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Lemma 2.6.5. Let K be the dependency set of a simple maz-stable process X =
{Xi}ter with ECF 0. Then the following inclusion holds

Kc () Hal0).
AeF(T)\{0}

On the other hand for each A € F(T)\ {0} there is at least one point x® in the

intersection
xA e KNEA®D).

Proof. Let A € F(T) \ {0} and 2 € K. Then the assumption > ,c4z¢ > 6(A)
contradicts 0(A) = sup{d jca 2zt : © € K} > 0(A) (cf. (2.20)). So >,cx 2 < 0(A).

This proves the inclusion. Secondly, since K is compact and the map [0, ) sz —

> tcA Tt is continuous, we know that it attains its supremum at some xAeKk. O

Example 2.6.6. We give a simple multivariate example for Lemma (illustrated
in Figure in the trivariate case): The Euclidean norm ¢,/(z) = ||z||2 is a stable

tail dependence function on [0, 00)™ (cf. [66, Example 2]) and defines a simple max-

stable distribution (cf. ) with ECF 6(A) = \/[A] for A C M, such that
Ha0) = {2 € 0,50+ (z,14) < 14}
£4(0) = {336 0,00)M : (2,1,4) = |A|}

for ) # A C M. Tt can be easily seen that for x € [0,00)M \ {15}

U (2) = |[zll2 = (2, 2/||2[l2) = sup{(z,y) : y € B},

where BT := {y € [0,00)™ : |jy|l2 < 1} denotes the positive part of the (Euclidean)
unit ball. So, the dependency set K is clearly BT in this case. Now, the planes
£4(0) are tangent to the boundary of Bt with common points x* = 1,4/+/[A] for
() # A C M, which makes it easy to see that Lemma holds true in this example.

The following theorem shows that the inclusion from Lemma [2.6.5] is sharp and
attained by the process from Theorem ). Figure illustrates a trivariate

dependency set of this process.
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X2

1
X
Il/ 1'1/‘

Figure 2.3.: The positive part of the Euclidean unit ball is the dependency set I of the
simple max-stable distribution with stable tail dependence function the Euclidean norm
l(x) = ||z||2 as illustrated here in the trivariate case. Indeed, K is contained in the inter-
section of halfspaces given by >, 4 #; < \/|A| = 6(A). For each non-empty A C {1,2,3}
we have precisely one point 2 = 1,4/+/]A| in the intersection XN E4(0) (cf. Example m
and Lemma .

Theorem 2.6.7. Let K* be the dependency set of the simple maz-stable process
X* ={X} her from Theorem[2.3.5[}) with ECF 6. Then

K= [ Ha0).
AeF(T)\{0}

Proof. First, we prove the theorem in the case, when T' = M is finite and K£* = Kj;:

Therefore, write

L= (] Ha(0) ={z€[0,00)™ : (z,14) <O(A) forall ) # A C M}.
0AACM

The inclusion K3, C Ly is proven in Lemma So, it remains to show the other
inclusion £y C K3,. Due to (2.18)) we have that

Kir= [ {y €[0,00)" : (z,y) < ()},

TESN

where

Gulx)= Y '\ m

0£ALCM  teL

is the stable tail dependence function of { X} }icar, here expressed in terms of the

coefficients 7 from Theorem E[) (cf. )
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Thus, it suffices to show the following implication in order to prove Ly C Kj;:
ze€Syandye Ly = (z,y) <ly(z).

We now prove this implication: Without loss of generality, we may label the elements
of M = {ty,...,tp,} such that z;;, > x4, > -+ > . Then we may write z =
(z¢)tem € Sy C [0,00)M as

T = T, Iar + (Tt — Tt,) Lan\gty T+ (Tt — Ttg) Ly 10y + (T, — 245) L)
— —— —_——— —_——
>0 >0 >0 >0

Taking the scalar product with y € L7, we conclude

(,y) < 24, 0(M) + (21, — 21, )0(M \ {t}) +
(@, — 24)0({t1, t2}) + (21, — 24,)0({t1})

= @4, (O(M) = (M \ {tm})) + -+ + 26, (0({t1, t2}) — O({t1})) + ¢, 0({t1}).
(2.21)

On the other hand the stable tail dependence function ¢}, is by this ordering of the

components of x given as

Oy (@) = Z Tiw\/l’tzzl’ti( Z T%)
i=1

PALCM telL LCM :t1,...ti_1¢Lti€L

From we see that this expression coincides with the r.h.s. of . Thus, we
have our desired inequality (z,y) < ¢},(z). This finishes the proof in the case, when
T = M is finite.

Otherwise, the definition of the dependency set K* and the result for finite M

give

K= N ey &)= ) N o (Y 0),

MeF(T)\{0} MeF(T)\{0} 0#ACM

where

HA(0) = {a;eOoo : > w <0(A }

teA

Since pry; (H%(G)) =Ha(0) for ) # A C M, the claim follows. O
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Figure 2.4.: Dependency set K* of the random vector {X; };eps for M = {1,2,3}. The
dependency set K* is bounded by the hyperplanes £4(6) that are given by the equations
> iea @t = 0(A), where 0 denotes the ECF of X*. The coefficients 7, for L € F(M)\ {0}

{t
and ¢t € L turn up as lengths of the resulting polytope K* (cf. Theorem [2.3 E[) and Theorem

257,

So, if we fix the ECF 0 of a simple max-stable process on T, then the process from
Theorem [2.3.5|[b]) yields a maximal dependency set K* w.r.t. inclusion, that is

K* = U K. (2.22)

K dependency set
with the same ECF as K*

Now, inclusion of dependency sets corresponds to stochastic ordering in the following
sense (cf. [66, p. 242]): If K" and K" denote the dependency sets of the simple max-
stable processes X’ and X" respectively, then K’ C K" implies

P(X! <z, te M)>P(X/ <z, te M) VYazel0,00)V

for all M € F(T) \ {0}. This leads to the following sharp inequality:

Corollary 2.6.8. Let X = { X }hier be a simple maz-stable process with ECF 6. Let
M be a non-empty finite subset of T'. Then

P(Xy<ay,teM)>exp|— > 7 \/ Vzel0,00)M,  (2.23)
0£LCM terL

where the coefficients TL depend only on 6 and can be computed as in Theorem-@
Equality holds for the process X* from Theorem |2.5.5 m@)
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Example 2.6.9. Let us abbreviate 74 := 0(A) — 1. In the bivariate case the

inequality (2.23)) reads as

Nst 1
P(X, < X < > —
(Ko < s, t_xt)_eXp< Lfs\/xt+xs/\xt]>
11

_ ( nst+1) (
=CXp| = |eXP(Nst |7 — —
Ts N\ Tt

s Tt
Indeed this inequality is much better then the trivial inequality

).

P(Xs < zg, X < xt) > ]:P)(Xs < zs Ay, X <z A l‘t),
which can be written in the above terms as

1
P(Xs <z, Xy <) > exp (—w> .

Ts N\ Ty
Further note that ns = 6({s,t}) — 1 can be interpreted as a normalized madogram:

e1D . P(Xs>xor Xy > ) 11— lim Ellx,>z — ﬂXtZz|‘

st = T—00 P(Xt > SL’) z—00 2E]]-Xt2m

If we additionally take into account that (cf. [85] (13)])

Mrs V Nst V Npt V (777"5 + Nst + Nt — 1) < Nrst < (777"3 + 775t) A (nst + nrt) A (77rt + 777‘8)7

we obtain from (2.23)) the following (sharp) inequality for the trivariate distribution
of a simple max-stable random vector (X, Xs, X;) from bivariate extremal coeffi-

cients:

P(Xr < zp, Xs <, Xy < ‘Tt)

l_nrs\/nstvnrt ( 1 1 1 )
>e — Arst N 1
- xp( { Ty NTg N\ Tt +(mt ) xTAa:s+msAa:t+mTAxt

1 1 1
_( Thrs + T)st + Tirt >+ar5t(++>_(%+w+%>:|>7
Ty N\ Tg Ts NIy Ty NIy Ty Ty Tt Ty Tg Tt

where Apst ~= (777‘5 + nst) A (777‘5 + nrt) A (77875 + 777"t)-

Remark 2.6.10. It is an open problem and it would be interesting to know whether
there exist also minimal dependency sets in the sense of and if they would
help to better understand the classification of all dependency structures. In view of
Lemma [2.6.5] and Theorem [2.6.7 a very naive idea would be to take one point from
each of the sets K*NE4 where A € F(T)\ {0} and then to take the convex hull with
0 included. However this fails to be a dependency set in dimensions |T'| > 3, since

it is not even a zonoid, which would be necessary (cf. [66]).
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2.7. Directional ECFs

By definition the ECF of a simple max-stable process X on T is bound to data on
the diagonals in [0, 00)4 for finite subsets A C T. Inspired by [74], we now involve
an additional direction u that may vary in (0,00)” into the previous setup. We
shall see that most results for standard ECFs as considered before (where u = 1)
immediately transfer to directional ECFs as introduced below.

By slight abuse of notation we simply write £js(u) instead of ¢y (prs(u)) for
u € [0,00)T omitting the projection onto [0,00) which is already clear from the
subindex of the stable tail dependence function £;;. Secondly, we abbreviate w4 :=
u - 14 where 14 denotes the indicator function of a set A C T and the product is
meant componentwise. With this notation in mind we define the directional extremal
coefficient function (directional ECF) 6™ of a simple max-stable process X on T

for u € (0,00) as follows:

0™ . F(T) — [0, )

0 (A) = { Jsy, Veea urar) Hy(da) = £ar (ua) 4 1; cM

0
. W . (2.24)

where Hjy; and £); are again the spectral measure and the stable tail dependence
function of {X;}icnr, respectively.
Since £j; is homogeneous (of degree 1), the directional ECF () is also homoge-

neous in the variable w. Apriori it is clear that

\ ow <0™(A4) <> (2.25)

teA tecA

if A # (. The set of all directional ECFs w.r.t. u € (0,00)” will be denoted by

0 (T) := 00 . F(T) = [0, 00) : 6 is a directional ECF w.r.t. u |
of a simple max-stable process on T.

(2.26)

Following the steps taken for standard ECFs (cf. (2.7)), we consider the following

ansatz for a collection of spectral measures {Hl(‘z)}(z);éMeF )

Hp = 3 @I/l Sy 1w (2.27)
0£LCM

The vector (1/u)r, € [0,00)™ is meant in the sense of (1/u)p(t) = 1/u for t € L and
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(1/u)r(t) =0 for t € M \ L. If this collection is consistent, these spectral measures

form the max-linear f.d.d. of a max-stable process X that are given by
1

Ut Tt '

—logP(X\" < teM)= 3 M)\
0£LCM teL

(2.28)

In matrix notation, i.e. Xt(u) = Votrcm a%:(u)ZL for t € M with standard Fréchet
variables Z7, and a matrix {ai\i (u) }+,r, where t ranges through M and L through all

non-empty subsets of M, this distribution corresponds to the columns

a¥(u) = 7Mu)(1/u)r. (2.29)

Indeed, Lemma [2.2.T] generalizes as follows, where the proof transfers verbatim to

the new situation.

Lemma 2.7.1. Let T be an arbitrary set and u € (0,00)T. Let coefficients T (u)
be given for M € F(T)\ {0} and L € F(M) \ {0}, such that

(i) ™M (u) >0 for all M € F(T)\ {0} and L € F(M)\ {0},

(ii) ! (u) = 72" () + 7 () for all M € F(T)\ {0} and L € F(M)\ {0}
andt e T\ M,

(i) Tg}}(u) =u forallteT.

Then the spectral measures {H](\}L)}MEJ:(T)\{@} from (2.27) define a simple maz-stable

process X = {X’EU)}teT on T with f.d.d. as in (2.28).

Correspondingly, we may characterize the set ©®) (T') of directional ECFs and
define for each directional ECF a realizing max-linear process X as in Theorem
2.7.3l This time, we give an alternative proof for the negative definiteness (com-
plete alternation) of directional ECFs as an immediate consequence of the following
Proposition We say that a function on [0,00)™ is maz-completely alternat-
ing, if it is completely alternating on the semigroup ([0, 00)™,V, 1) (cf. Definition
. Recall that if v € [0,00)M™ and A € M, we denote uy := u - 14, where the

product is meant componentwise.

Proposition 2.7.2. Let M be a non-empty finite set and £ : [0,00)™ — R. For
u,x € [0,00)M define O(u,x) : F(M) — R by O(u,z)(A) := €(x 4+ ua). Then ¢
is mazx-completely alternating if and only if O(u,z) is negative definite (completely
alternating) on F(M) for all u,z € [0,00)™.
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Proof. Let ¢ be max-completely alternating. We need to establish (2.12]) for ¢ =
O(u,x). Indeed we have for ) # L = {t1,t2,...,t;} C M that

> ()M 2) (ML) UT) = (=) (2 + ugan o)

ICL ICcL

=Y (- ‘I|€<:c+uM\L)\/(x+u)1>§0
ICL

due to Lemma[A.5.2for y = x + upp g and v =z + .
Reversely, let 6(u,x) be completely alternating on F(7T') for all v,z € [0,00). We
need to establish (A.5) for v,y € RM with v > y and () # L € M. Indeed, we have

ST=leyvor) =3 (—)Mey+ v —y)r)

ICL ICL
= > (=DMo((w = y)r.y) (M\L)u ) <0,
ICL
since 6((v — y)1,y) is completely alternating on F(7T'). O

Theorem 2.7.3. a) The function 8 : F(T) — R is the directional ECF of a
simple mazx-stable process on T w.r.t. u € (0,00)T if and only if the following

conditions are satisfied:
(i) 0™ is negative definite (completely alternating) on F(T),

(i) 6 (0) =0,
(iii) 0 ({t}) = us for allt € T.

b) If these conditions are satisfied, the following choice of coefficients

71 (u) == =Agyy - A0 (ML) = Y (=) (M A\ Lyu )
IcL

VM e F(\{B}, 0£L=1{t,....t}) C M

for model defines a simple maz-stable process X on T which realizes
0™ as its own ECF.

Proof. The necessity of (ii) and (iii) is again immediate. In order to establish neg-
ative definiteness of 8(*) note that this property is given by finite-dimensional in-
equalities such that it suffices to consider the case where T' = M is finite. But then
it follows directly from the previous Proposition [2.7.2] when applied to the stable
tail dependence function ¢j; in the role of ¢ and con81der1ng 0 = 0(u,1p) (cf.
Proposition for the max-complete alternation of ;7).
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Sufficiency of (i),(ii),(iii) by the construction of a realizing process X () can be
achieved as before in the proof of Theorem if 0 is replaced by () and Té\/[ by

7M(u) when Lemma is applied. O

2.7.1. Consequences of negative definiteness

We collect some immediate consequences from Theorem [2.7.3] now for directional
ECFs analogously to Section [2.4] First, note that the set of all directional ECFs
w.r.t. u € (0,00)7 (cf. ) coincides with the set of standard ECFs in case we
admit a different (fixed) scale at each location (cf. Remark

N0 (T) = {9 F(T) >R : 0 is negative definite (completely alternating) } ‘

on F(T),0(0)=0, 0({t}) =wu fort € T.
(2.30)

Corollary 2.7.4. The set of directional ECFs ©) (T') is convex and compact w.r.t.

the topology of pointwise convergence.

Proof. Convexity is readily seen from (2.30]), whereas compactness can be derived
as in Corollary if we consider the bound (2.25)) instead of #(A) € [1,|A]]. O

The operation of Bernstein functions from Corollary transfers immediately

as follows.

Corollary 2.7.5. Let T be a set and g be a Bernstein function which is not constant
and satisfies g(0) = 0. Then

0™ € ©(T) = go o™ e ©l°w)(T),

An integral representation for directional ECFs 6() on the Cantor cube and a
spectral representation of the corresponding process X () may be formulated in
analogy to Corollary [2.4.4) and Theorem [2.4.6]

Corollary 2.7.6. Let 0 € ©W(T) be a directional ECF w.r.t. u € (0,00)T. Then

0™ uniquely determines a positive Radon measure (™ on P(T)\ {0} such that

0(A) =i (QE PN} + ANQAM) = [ ingra n(aQ),

where 0 ({t}) = u; for t € T. Moreover, the function 8 is bounded if and only if
p (P(T)\ {0}) < oo.



2.7. Directional ECFs 45

Theorem 2.7.7. Let X = { t(u)}teT be the simple max-stable process from The-

orem@ with directional ECF 0. Then X has the following spectral rep-
resentation (2, A,v,V):

e (Q,A,v) is the measure space (P(T), B(P(T)), n(™) from Corollary|2.7.6
o Vi(Q) = & - Licq-
The respective proofs are almost verbatim repetitions of the proofs of the previous

results involving Theorem instead of Theorem [2.3.5/and (22.28) instead of ([2.8])

and are therefore omitted.

2.7.2. Dependency sets

Also in the generalized situation the dependency sets K@ of processes X ) take an
exceptional role among dependency sets of processes sharing the same directional
ECF w.r.t. u € (0,00)” as we shall see next. Because of (2.19) the directional ECF
6 of a simple max-stable process X can be expressed in terms of the dependency
set K of X as

0™ (A) = sup {Z wxy 2 x € IC} . (2.31)
te A

We define the following halfspaces and hyperplanes for non-empty finite subsets A

of T and u € (0,00)”

Ha (0(“)) = {z € [0,00)T : Zutl‘t < 9(“)(A)} ,

teA

Ea (0(")) = {z € [0,00)7 : Zutmt = 9(“)(A)} :

teA

Note that Ha <9(“)> and €4 (9(“)) indeed only depend on ™) since u; = 00 ({t}).
With these definitions we may adapt Lemma [2.6.5] and Theorem [2.6.7] as below to
Lemma 2.7.8 and Theorem 2710

Exemplarily, we carry out the proof of Theorem[2.7.10]explicitly, whereas it suffices
to replace Y ;e 4zt by Y ica wexe, 0(A) by 6 (A) and by in the proof
of Lemma [2.6.5 in order to obtain Lemma 2.7.8]
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Lemma 2.7.8. Let K be the dependency set of a simple maz-stable process X =
{ X }ter with directional ECF 0™ for u € (0,00)”. Then the following inclusion
holds

Kc () Ha(o").
AeF(T)\{0}

On the other hand for each A € F(T)\ {0} there is at least one point x(%A) in the

intersection

meeKm&%Wﬂ.

Example 2.7.9. As a simple example for Lemma we explore Example [2.6.0]
involving an additional direction u € (0,00)”. The example is illustrated in Figure
[2.5] for the trivariate case. We have seen previously that the dependency set of the
max-stable distribution with stable tail dependence function the Euclidean norm
(ar(z) = ||z||2 is the positive part of the (Euclidean) unit ball BY := {y € [0,00)™ :
llyll2 < 1}. The directional ECF of the corresponding max-stable distribution w.r.t.
the direction u € (0,00)™ is thus given by 0(*)(A) = |uallz = /> yeq u? for A C M,
such that

Ha (00) = {z € 0,00 : (2, 04) < [Juallz)
EA(0) = {z €[0.00)" : (w.4) = [Juall2}

for ) # A C M. Now, the planes 4 (9(“)) are tangent to the boundary of BT with
common points x(WA) = 44 /||ua|ls for ) # A C M, which makes it easy to see that
Lemma [2.7.8 holds true in the example.

The following theorem shows that the inclusion from Lemma is sharp and
attained by the process from Theorem ). Figure illustrates a trivariate

dependency set of this process.

Theorem 2.7.10. Let K™ be the dependency set of the simple maz-stable process
X = {Xt(U)}teT from Theorem 2. 7.3@) with directional ECF 6 foru € (0,00)7.
Then

e — ﬂ Ha (g(u)) ‘
AeF(T)\{0}
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Figure 2.5.: The positive part of the Euclidean unit ball is the dependency set I of the
simple max-stable distribution with stable tail dependence function the Euclidean norm
l(x) = ||z||2 as illustrated here in the trivariate case. Indeed, K is contained in the inter-
section of halfspaces given by >, 4y wiz; < (3,04 wi)'/? = 0(W(A). For each non-empty
A € {1,2, 3} we have precisely one point z(*4) = 4, /§(*)(A) in the intersection KNE4(H™)
(cf. Example and Lemma [2.7.8).

Proof. Following the proof of Theorem [2.6.7| we start with the case where T'= M is
finite and KX = ng\Z) and abbreviate the r.h.s. by

L= ﬂ Ha (9(“)) ={z e 0,00)M : (z,u4) <OW(A) forall D £ AC M}.
0£ACM

The inclusion KE\Z) C Ly is proven in Lemma m In order to show the reverse

inclusion Ly C IC%), we need to establish the following implication

reSyandye Ly = (z,y)< Eg:})(x),

where Eg\? denotes the stable tail dependence function of {Xt(U)}teM given by

6@ =3 eV

0£LCM ter Ut

in terms of the coefficients Ti\/f (u) from Theorem E[), cf. (2.28)). We now prove
this implication: Labelling the elements of M = {t1,...,t;} such that 1 > Z2 >

Utl - th -

-2 Z—: we may write © = (z4)iep € Sy C [0, oo)M as
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N
—
3
=
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Zw Z2
Q f———>
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x1 x1

Figure 2.6.: Dependency set (") of the random vector {Xt(u)}teM for M ={1,2,3}. The
dependency set K is bounded by the hyperplanes £4(#(*) that are given by the equations
Dotea UtTt = 0 (A), where ) denotes the directional ECF of X (. The coefficients

ck(u) = (a{Lt}(u))t = T{I;}(u)/ut for L € F(M)\ {0} and ¢t € L (cf. 1' turn up as
719

lengths of the resulting polytope K (cf. Theorem EI) and Theorem

Taking the scalar product with y € L7, we conclude

(z,y) < Zm @ (pr) + (“”m— — ‘””tm) O (M {tm}) + ...

Ut utm—l utm

(B 2 )0, ta) + (22 - 22 ) 60 (1))

m

_ ZJ (g(u)(M) — 9 (M \ {tm})> 4+ %2 (Q(U)({tla ta}) — 9(“)({t1}))
+ 200 g1,)) 252

On the other hand the stable tail dependence function ES\Z) is by this ordering of the

T
components of ¥ given as

G =3 ' fzzj“( > T%)),

0ALLCM teL °t i=1 "t \LcM:ty,..ti1¢Lt;€L

which coincides with the r.h.s. of 1) and the desired inequality (z,y) < Eg? (z)
is shown. This finishes the proof for the case that T' = M is finite. If T is infinite,

apply the following replacements to the remaining proof of Theorem K* by
K@, Kt by K30 by 000, 57,4y by e n . O
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So, if we fix the directional ECF () of a simple max-stable process on T for
u € (0,00)T, then the process from Theorem |E[) yields a maximal dependency

set K w.r.t. inclusion, that is

KW = U K. (2.33)

K dependency set
with the same directional
ECF w.r.t. u as K

As before, this implies the following sharp inequality.

Corollary 2.7.11. Let X = { X, }ier be a simple maz-stable process with directional
ECF 0™ for some u € (0,00)T. Let M be a non-empty finite subset of T. Then

1

M M

P(Xy <y, t € M) > exp ( > T(u) utfﬂt) Vo €[0,00)™, (2.34)
0ALCM teL

where the coefficients T% (u) depend only on 0 and can be computed as in Theo-

rem @) Equality holds for the process X from Theorem@.

Example 2.7.12. We abbreviate ng) = 0®W({s,t}) for the bivariate case, such
that the inequality (2.34]) reads as

ol _ 11
P(Xs < zg, Xy <) > exp (—l st (us+ut)+—+—
UsTs V Ut Ty T Tt

1 1

).

UsX g UtTt

0(“)
= €Xp (‘W €eXp <[9£?) — (UsLugzy<usay + ut]lusxs>mxt)]

Indeed this inequality is much better then the trivial inequality
P(Xs <xg, Xy < «Tt) > ]P(Xs <xs Awg, Xy <z A .’L’t),

which can be written in the above terms as

LY. < 0 X <) 2 esp ().

UsTg N\ Ut Tt






If only | had the theorems!
Then | should find the proofs easily enough.

(Bernhard Riemann)

3. A characterization of tail correlation
functions

This chapter is partially based on the arXiv-manuscript [93].

3.1. Tail correlation functions

Let X = {X;}ter be a (not necessarily max-stable) stochastic process on a set T,
such that X has identical non-degenerate one-dimensional marginal distributions

with upper endpoint x*. Assuming that the limits of conditional probabilities
XX (s,) := lim P(X, > 2| X, > ),
r—x*

exist, the function x(X) : T'x T — [0, 1] will be called the tail correlation function
(TCF) of the process X. Roughly speaking, x(*) (s, t) expresses the probability of an
extremal event at location s given an extremal event at location . The value 1 can
be interpreted as total dependence in the tail and the value 0 as tail independence
of X, and X;.

Dating back to [32] 89, [95] the TCF is one of the most popular bivariate extremal
dependence measures that has entered the literature under various names, most
prominently (upper) tail dependence coefficient [4, 14, 28], x-measure [4, [10] or ex-
tremal coefficient function [29] (not to be confused with the ECF from the previous
Chapter [2, Section . We prefer the name “tail correlation function”, since y(X)
measures tail dependence and yX) is indeed a correlation function, i.e. a symmetric
positive definite kernel on T x T with x(*)(¢,t) = 1 for t € T. This has been already
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observed in [I4} 29 86] and can be easily seen by writing

. E(]le>z]1Xt>:c> — lim COV(]IXS>x>]1Xt>z)
oo E(lxsg)  wow B(X; > )

+ lim P(X, > 2),
r—x*
(3.1)

where the constant term lim,_,,« P(X; > z) vanishes if X has no mass at its upper
endpoint x*. Even though TCFs are non-negative correlation functions, beware that

not all non-negative correlation functions are TCFs. For instance, n := 1 — xX) has
to satisfy the triangle inequality (cf. (3.14))

n(s,t) <n(s,r)+n(rt) rstel.

In the context of {0, 1}-valued stochastic processes (or two-phase random media), it
is well-known that the respective covariance functions obey this triangle inequality
and implications are addressed e.g. in [45] [68|, [60], see also [86] in the context of max-
stable processes. We will compare the classes of TCFs and non-negative correlation
functions in more detail in Section 3.6l

Further, note that TCFs are invariant under non-decreasing, eventually continuous

marginal transformations, i.e.
X(X)(s,t) - X(fOX)(S,t)

if f is such an allowed transformation. In particular, it is not important to which
marginal distribution we standardize. If X is stationary max-stable, the TCF y(X)
contains also mixing information (cf. [50]). Estimators can be found in [90] (raw
estimates), [86] (respecting positive definiteness) and [IT], [69] (using a madogram

approach).

Example 3.1.1. The simplest TCFs are the functions x(s,t) = ds := Lls—; corre-
sponding to a process of independent random variables, and the constant function
X(s,t) = 1 corresponding to a process of identical random variables. If X is a Gaus-
sian process on 1T, whose correlation function p on T' x T attains the value 1 only
on the diagonal {(t,t) : t € T}, then its TCF will also be x(*)(s,t) = &, cf. [89,
Theorem 3].

While Gaussian processes do not exhibit tail dependence, the class of max-stable
processes naturally forms a class of processes for which the TCF is well-defined and

yields rich classes of non-trivial examples as we shall see next and subsequently in
Chapter
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3.2. TCFs are realized by max-stable processes

Lemma 3.2.1. The TCF X(X) of a simple maz-stable process X on T with spectral
representation (2, A,v, V') is well-defined and given by

((s,6) = [ Vi) AVi(w) v(de). (32)
Q

Proof. The upper endpoint of the Fréchet distribution is * = co. An application of
I'Hopitals rule (cf. Lemma [A.5.5)) yields

(1-PX;<2)+(1-PX;<z) - (1-PX; <z, X; <z))

X(X)(s,t) = lim

200 1—P(X, <)

I —logP(X; <z) —logP(X; <z)+1logP(Xs <z, X; <x)
= lim

Ao, “logP(X, < 2)

= [ Vaw) + Vi) = Valw) V Vi) (o) = [ Vi) AVi)(dw). D

So simple max-stable processes form a class of processes, where TCFs always
exist. Some non-trivial examples of TCFs are given below. Additionally, we refer
to Chapter [] for various concrete examples of TCFs stemming from max-stable

processes.

Example 3.2.2 (Mixed Moving Maxima processes (M3)). Because of (3.2) the TCF
xX) of a general M3 process X as in Example can be computed as

sty = [ [ FE)A G (s =) dsu(ar).

In case u is a weighted point mass at an indicator function f = 14, the TCF will be
given by xX)({s,t}) =14 %1 ;(s —t)/va(A), where 14 * 1 ; means the convolution
of 14 and 1 (with A={-a:ae A}) and vg(A) is the d-dimensional volume of A.

Example 3.2.3 (Brown-Resnick processes). In [52, Remark 25] the TCF x(X) of a
Brown-Resnick process X as in Example has been identified as

_ V(s —1)
X(X)(s,t) = erfc ( 8) ,

where erfc(z) = 2//m [° e~ dt denotes the complementary error function and v

the variogram of X.

It is natural to ask whether even further TCFs will arise if we do not restrict

ourselves to the max-stable class, i.e. whether the set of TCFs stemming from max-
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stable processes is properly contained in the set of all TCFs or if these sets are equal.

Therefore, let us denote the set of all TCFs and certain subclasses as follows:

TCF(T) := {X(X) . X astochastic process on T' with identical }

one-dimensional marginals such that yX) exists
TCFo(T) := {X(X) € TCF(T) : X with essential supremum oo} ,
MAX(T) := {X(X) € TCF(T) : X simple max—stable}.

Here, TCF(T") represents the TCFs of processes whose marginals have no jump at

the upper endpoint. Apriori it is clear that
MAX(T) C TCF(T) C TCF(T). (3.3)

Further, let us introduce the class of uncentered and normalized covariance functions

of binary processes

Y a stochastic process on 1" with

BIN(T) := < (s,t) = P(Ys =1|Y; = 1) : identical one-dimensional marginals  ,
with values in {0,1} and EY; # 0

(3.4)

which is closely related to the above classes. By definition of TCF(T') and considering

the processes Y; = 1z,~, indexed by x > 0, we observe
TCF(T) C sequential closure of BIN(T), (3.5)

where the sequential closure is meant w.r.t. pointwise convergence. In the sequel, we
will prove the following theorem, which gives an affirmative answer to the question
whether TCF(T") and MAX(T') coincide and which involves also the connection to
TCFo(T) and BIN(T).

Theorem 3.2.4. a) For arbitrary sets T we have the following coincidence

TCF(T) = TCF o (T) = MAX(T)
= sequential closure of BIN(T') = closure of BIN(T),

where the (sequential) closure is meant w.r.t. pointwise convergence.
b) For infinite sets T the inclusion BIN(T) C TCF(T') is proper.

¢) For finite sets M, the equality BIN(M) = TCF(M) holds.
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Remark 3.2.5. The class described in part [a)) of Theorem also comprises the
extremogram paa from [I4] where RF-valued processes are considered (and not only

real valued processes).

3.2.1. Proof of Theorem using ECFs

In view of (3.3) and (3.5) the gaps that need to be filled in for proving Theorem

3.2.4] are the following two propositions:

Proposition 3.2.6. a) For arbitrary sets T we have BIN(T) ¢ MAX(T).

b) For infinite sets T the inclusion BIN(T) C MAX(T) is proper.

¢) For finite sets M the equality BIN(M) = MAX(M) holds.

Proposition 3.2.7. MAX(T) is compact w.r.t. the toplogy of pointwise convergence.

The crucial point in establishing Propositions [3.2.6] and [3:2.7] is the close con-
nection of the tail correlation function (TCF) xX) of a simple max-stable process
X = {X;}ter to the extremal coefficient function (ECF) 6(X) of the respective pro-

cess X. It follows easily from (3.2)) and (2.3) that

YK (s,t) =2 — 0 ({s, ). (3.6)

if X is a simple max-stable process. Therefore, it will be convenient to introduce

the following map
U [0,00)7 M) = [0,00) 7T, W(F)(s,t) :=2— F({s,t}), (3.7)
such that reads as x(*) = U(AX)). The set MAX(T') may thus be written as
MAX(T) = ¥(O(1)), (3.8)

where ©(T) C [0,00)” () denotes the set of all ECFs on F(T) (cf. (2.2)). Similarly,
BIN(T') is the image of bounded elements of ©(T') that will be denoted by

O0,(T)={60 € O(T) : 0 is bounded. }. (3.9)

Lemma 3.2.8. BIN(T') = ¥ (6,(T)) .
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Proof. Let f € BIN(T') and let Y be a corresponding process with values in {0,1}
as in the definition of BIN(T') (cf. (3.4)). Let C denote the capacity functional of Y/
as in Example[2.3.4] Then C({t}) = EY; lies in the interval (0, 1] and is independent
of t € T due to identical one-dimensional marginals. Further, note that the function
fis given by f(s,t) =P(Y;=1|Y: =1) =2—-C({s,t})/C({t}). Now, set O(A) :=
C(A)/C({t}) for A€ F(T). Then 6 satisfies ¥(0)(s,t) =2 —0({s,t}) = f(s,t) and
0 is clearly bounded by 1/C({t}). It follows from Example and Theorem [2.3.5]
that 6 lies in ©(T"). Hence, f € ¥(0y(T)).

Conversely, let 8 € O,(T) be bounded, say by K. Clearly, K > 0({t}) = 1. Set
C(A) := 0(A)/K. Then C satisfies all requirements of Example to define a
binary process Y with values in {0,1}, whose capacity functional equals C. The
process Y has identical one-dimensional marginals since 0({t}) = 1 for ¢ € T, and
EY; = 1/K > 0. So Y fulfills the requirements of a process in the definition of
BIN(T) (cf. (3.4)). Finally, note that the corresponding function in BIN(T') is given
by P(Y;=1|Yi=1)=2—-C({s,t})/C({t}) = ¥(0)(s,t) as desired. O

Now we can prove Propositions and and finally Theorem

Proof of Proposition[3.2.6, a) For arbitrary sets T" the assertion BIN(T') ¢ MAX(T)
follows directly from ({3.8) and Lemma

b) Let T be an infinite set and let x(s,t) := dg as in Example Indeed y is
an element of MAX(T') realized by the simple max-stable process X on 7', where
the variables { X} };c7 are i.i.d. standard Fréchet random variables. Moreover, the
only (!) preimage of x under the map ¥ (cf. (3.8)) is the ECF 6(A) = |A|. This
can be seen as follows: Either an induction on the number of elements |A| yields
this result from the inequalities . Or we can use the fact that pairwise
independence of the components of a simple max-stable random vector implies
their joint independence (cf. [4, p. 266] or [66, Proposition 7]). Either way, the
ECF 6(A) = |A| is unbounded in case T is an infinite set. Because of Lemma
the inclusion BIN(T') € MAX(T') must be proper.

c) If M is finite, take additionally into account that elements § € ©(M) are auto-
matically bounded by |M| and thus O(M) = ©,(M). O

Proof of Proposition[3.2.7. We use the description of MAX(T). Note that the
involved map ¥ is continuous if we equip both spaces [0, c0)” (") and [0, 00)"*T with
the topology of pointwise convergence. So, MAX(T') is the continuous image of the
compact space O(T) (cf. Corollary , and hence compact. O
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Proof of Theorem from Propositions[3.2.6 and[3.2.7]. a) The assertion follows

from
(3.5)
TCF(T) P sequential closure of BIN(7") C closure of BIN(T)
Prop. B Prop. BT

)
C closure of MAX(T) C MAX(T) T TCF»(T) T TCF(T).

b) If |T| is infinite, the inclusion BIN(T"') € MAX(T) is proper, cf. Proposition
c¢) For finite sets M use that BIN(M) = MAX(M) as shown in Proposition O

Remark 3.2.9. The proof of Theorem [3.2.4] given here turns out to be surprisingly
simple. First attempts in [93] (where TCF(T) is called LIM(T")) have been consid-

erably different, not as simple and only applicable to continuous TCFs.

Remark 3.2.10. In view of TCF(T) = ¥(O(T)) (cf. Theorem and (3.8))) positive
definiteness of elements of TCF(T') may also be derived from Theorem and
Lemma

3.3. Operations on TCFs

Well-known operations on non-negative correlation functions include convex combi-
nations, products and pointwise limits. Interestingly, the same operations are still
admissable for TCF(T'). Further operations on TCFs of stationary processes on R?
will be addressed in Chapter [ Section [£.4]

Proposition 3.3.1. a) TCF(T') is convex.
b) TCF(T) is compact w.r.t. pointwise convergence.

¢) TCF(T) is closed under pointwise multiplication.

Proof. Convexity of TCF(T') = MAX(T') (cf. Theorem [3.2.4) follows from Corollary
and (3.8). Compactness of TCF(T') follows from its closedness (cf. Theorem
, since TCF(T) is a subset of the compact space [0,1]7>*7. Finally, let x; and
x2 be in TCF(T) = TCF(T) with corresponding processes X() and X® with
upper endpoint 2* = co. We choose the processes XM and X@ to be independent.
Then the process X @) := X A X@ has upper endpoint oo and satisfies

P(X®) > x\Xt(g) >z) =P(XV > :U]Xt(l) >z) P(X® > x\Xt@) > ).

Consequently, the TCF x3 of X®) is the product y3 = x1 - X2. O



58 3. A characterization of tail correlation functions

Remark 3.3.2. If a set of functions is closed under convex combinations, products and
pointwise limits, this allows for further operations built from these. For instance, we
may apply convergent power series with positive and suitably normalized coefficients,
e.g. if x € TCF(T), then also 1 — (1 — x)? € TCF(T) for ¢q € (0,1).

Remark 3.3.3. In Proposition we easily derived the product operation for
TCF(T') and thus also for MAX(T"). Using only the description of MAX(T') de-
riving the product operation is a subtle matter. In Section we take advantage
from the connection TCF(T') = MAX(T') the other way around in order to derive
that TCF(T') is bounded by finite-dimensional inequalities.

3.4. Characterization by finite-dimensional inequalities

In this section we show that the set TCF(T') is completely characterized by finite-
dimensional inequalities. This is not evident since elements of TCF(T) are defined

by a limiting procedure. We benefit from the connection
TCF(T) = MAX(T) = ¥(O(T)) (3.10)

(cf. Theorem and (3.8)) in the first place. For a finite set M the set TCF(M)
is in fact a convex polytope. Up to the fourvariate case we compute the vertices
and bounding hyperplanes (i.e. defining inequalities) of TCF (M) explicitly. At least
theoretically, there is an algorithm that provides vertices and inequalities of any
order. As a byproduct, we may also formulate an algorithm that solves the inverse
problem of finding a multivariate max-stable distribution realizing a prescribed TCF,
even though we expect computations to be tedious and unfeasible already for low-

dimensional cases.

Restrictions and extensions It follows from Theorem that the set O(T) of
ECFs of simple max-stable processes is completely characterized by finite-dimensional
inequalities. In order to draw an analogy to T'CFs later on, we formulate the follow-

ing simple fact:

Corollary 3.4.1. Let 0 : F(T) — R be a function on the finite subsets of T. Then
0 €0O(T) — Olr(y € O(M) VO # M e F(T),

where 0| F(nr) denotes the restriction of 6 to F(M).

For an arbitrary subset S C T, there are various ways to extend an ECF 6 € ©(S)

to an ECF in ©(T'). Exemplarily we state the following two trivial extensions.
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Lemma 3.4.2. Let S C T be a subset of T. If 0 : F(S) — R is an ECF in ©(S),
then the following two functions 61 and 0y extend 6 to an ECF in ©(T):

91 : JT(T) — ]R, 91 (A)
92 : ./_"(T) — ]R, 92(./4)

(ANS) + Lgnr\5)£05
(ANS)+|AN(T\ S)|.

0
0

Proof. Let X = {Xs}scs be a simple max-stable process on S with ECF 6. Choose
independently from X i.i.d. standard Fréchet random variables Y and {Y;}iep\ s-
Then 6, is the ECF of the simple max-stable process Z; = Xy - lyes + Y - Lier\s
and 0 is the ECF of the simple max-stable process Zy = X - lies + Vi - Lier\ 5. U

Analogously to Lemma any x € TCF(S) extends (trivially) to an element
in TCF(T) if S is a subset of T'.

Lemma 3.4.3. Let S C T be a subset of T. If x : S xS — R is a TCF in TCF(S),
then the following two functions x1 and x2 extend x to a TCF in TCF(T):

x1: T xT —R, Xl(svt) = X(87t) ) ]l{s,t}CS + ]l{s,t}CT\Sa
xe: T xT =R, x2(s,t)

X(8,t) - Ly ycs + 0st - Lisycm\s-

It follows that the set TCF(T) is also fully characterized by finite-dimensional

projections:

Proposition 3.4.4. Let x : T xT — R. Then
x € TCF(T) = X|lmxm € TCFR(M) V0 # M e F(T),

where X|nmrxar denotes the restriction of x to M x M.

Proof. If x € TCF(T), then necessarily x|sxs € TCF(S) for any subset S C T.
To show the reverse implication, let x : T'x T" — R such that x|yxy € TCF(M)
for all ) # M € F(T'). We need to show that y € TCF(T'), which is equivalent to
{x} N TCF(T) # (. Further, we write pr,,, ,, for the natural projection pry,, s :
[0, 00)T*T — [0, 00)M*M for ) £ M € F(T). Then x € TCF(T) is equivalent to

0# () prasar xXlux D NTCE(T) = () V(M),
0#AMeF(T) 0#AMeF(T)

where

V(M) := pry s ({XIarxar}) N TCF(T).
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Since TCF(T) is compact (cf. Theorem and Proposition and V(M) C
TCF(T) are closed for any () # M € F(T), it suffices to verify the finite intersection
property for the system of sets {V (M) }g2rre () in order to show that xy € TCF(T')
(cf. e.g. [3l Theorem 2.31]). To this end, let My, ..., M} be non-empty finite subsets
of T. By definition of V(M), we have

k k
V< MZ-) cV(M).
i=1 i=1
Therefore, it suffices to show that V(M) # 0 for §) # M € F(T). Finally, this
follows from the initial assumption x|arxa € TCF(M) together with Lemma [3.4.3]
since both imply the existence of some Y € TCF(T') with X|arxar = X|amrxar, which
is again equivalent to V(M) # (. This finishes the proof. O

3.4.1. The convex polytopes O(M) and TCF(M)

Definition 3.4.5. A subset P C R" is a convex polytope if P is bounded and P can
be represented as P = {z € R" : Az < a} for an m X n-matrix A and an m-vector a

for some m € N (where < is meant componentwise). A vertexr of P is an extremal

point of P (cf. Definition |A.4.1)).

For a non-empty finite set M the set of ECFs O(M) ¢ R7M) is defined by
0(0) = 0, ({t}) = 1 for t € M and the 2!M| — 1 inequalities stemming from
complete alternation (cf. Theorem [2.3.5). By these properties, ©(M) is automati-
cally bounded by | M| and thus, we may regard ©(M) as a convex polytope in R™M)
where n(M) = 2IMl — |M| — 1. Since

TCF(M) = U(6(M))

(cf. (3.10) and (3.7)), it follows that the set TCF(M) C [0,1]M*M is also a convex
polytope. Moreover, x € TCF(M) is symmetric and takes the value 1 on the
diagonal. Therefore, we may regard TCF(M) as a convex polytope in RFM) where
k(M) = (\1\2/[ ‘) = % So finally, Proposition gives the following theorem.

Theorem 3.4.6. The set TCF(T) C [0,1]7*T can be defined by finite-dimensional

inequalities.

Let us take a closer look at how to obtain these inequalities that define the set
TCF(M) for a non-empty finite set M. At least theoretically, all of the defining

inequalities (or equivalently bounding hyperplanes) and the vertices of the convex
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The set ©(M) is a convex polytope in REM=IMI-1) wity bounding
hyperplanes as given by the 2/M| — 1 inequalities where 0(0) =0
and 6({t}) =1 for t € T has to be taken into account. From these in-
equalities compute the vertices {U1, ..., U,r)} of the polytope ©(M).

Apply the map ¥ (from (3.7) for T = M) to these vertices
{U,...,Uyar)} and obtain the set of potential vertices

Vi, . Voan} = {¥(T), ..., ¥(Uyar)} of TCF(M) c RIMIGMI=1D)/2,

!

( N\

Remove all points from {V4, ..., Vy)} that are inner
points of the convex hull of {Vi,..., Vys)} and thus, ob-
tain the actual set of vertices {W1,..., Wy} of TCF(M).

!

From these vertices {W1,..., W)} compute
the bounding hyperplanes of TCF(M) and thus,
obtain the defining inequalities of TCF(M).

© ©© 6 O

|

Algorithm 3.1: Ad-hoc strategy to compute the vertices and defining inequalities of the
convex polytope TCF(M) from (2.12).

polytope TCF(M) should be computable by Algorithm which is evident from
the above. Surely, this algorithm describes only the rough steps to be taken and
is a rather naive approach. If one is only interested in the inequalities describing
TCF(M) (and not the vertices), more elaborate approaches are summarized and pre-
sented in [46]. In fact, it seems adequate to use the Fquality Set Projection method
from [46] that has a linear complexity in the number of obtained inequalities. Since
we are also interested in the vertices of TCF(M), we follow Algorithm in the
trivariate case and fourvariate case. Each step can be improved when using symme-
tries and an intelligent exclusion of cases. However, to us it seems a hard problem
to formulate general “short-cuts” for arbitrary dimensions. The fourvariate case re-
quires already a delicate distinction and exclusion of cases. Here we summarize the

results.

The trivariate case For M = {1,2,3}, the convex polytope ©({1,2,3}) C R?* is
bounded by the 22 — 1 = 7 hyperplanes that are given by

\/ (012,013, 023, 012 + 013 + 023 — 3) < 0123 < \ (012 + 013,012 + 023, 013 + Oo3) — 1
(3.11)
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Wa  X12

Figure 3.1.: The convex polytope TCF({1,2,3}) as a subset of the cube [0, 1]> when we
consider elements x € TCF({1,2,3}) as being defined by the three values (x12, x13, X23)- It
has 5 vertices {W7,..., W5} and is clearly bounded by 6 hyperplanes, see also Table

(cf. and [89, (13)]). Table lists the vertices of ©({1,2,3}) C R* and
the vertices of TCF({1,2,3}) C R3. Figure illustrates the convex polytope
TCF({1,2,3}). It can be easily seen that TCF({1, 2, 3}) is bounded by 6 hyperplanes
that yield the following defining inequalities for TCF({1, 2, 3}):

xi2 =0 (3 inequalities)

X12 +Xx13 — x23 <1 (3 triangle inequalities). (3.12)

The last three inequalities will be called triangle inequalities as they involve three
points, where one of them takes a distinguished role. They are in fact triangle

inequalities in the usual sense if we consider 1 := 1 — x instead of x.

The fourvariate case For M = {1,2,3,4}, the convex polytope O({1,2,3,4}) C
R is bounded by 2* —1 = 15 hyperplanes as given by the inequalities . Table
lists the 42 vertices of ©({1,2,3,4}) C R'!. Following Algorithm we obtain
15 actual vertices for TCF({1,2,3,4}) C RS as listed in Table and 22 bounding
hyperplanes. They consist of the following three types and yield the 22 defining
inequalities for TCF({1,2,3,4}):

xi2 =0 (6 inequalities)
(X12 + X13 + x14) — (X23 + X214 + x34) < 1 (4 tetrahedron inequalities) (3.13)
X12 +x13 —X23 < 1 (12 triangle inequalities). (3.14)

Compared to the trivariate case, we obtain one additional type of inequalities (3.13)).
We call them tetrahedron inequalities as they involve four points, where one of them

takes a distinguished role.
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Vertices of ©({1, 2, 3}) Vertices of TCF({1,2,3}) Partitions of {1,2,3}

012 013 O3 0123 X12  X13  X23

Ux 2 2 2 3 Wi 0 0 0 {1}, {2}, {3}}

v, 1 2 2 2 W, 1 0 0 (41,2}, (31}

vs 2 1 2 2 Ws 0 1 0 (11,3}, {21}

vy, 2 2 1 2 Wy 0 0 1 (2,3}, {11}
3 3 3 3

B 3 3 3 3

Ug 1 1 1 1 Wws 1 1 1 {{1,2,3}}

Table 3.1.: (trivariate case) The vertices {Uy, ..., Us} of the convex polytope O({1,2,3}) C
R* and the corresponding vertices {W7, ..., W5} of the convex polytope TCF({1,2,3}) C R?
are listed as obtained through the projecting map ¥ (cf. Algorithm for the notation).
All vertices of TCF({1,2,3}) correspond to a partition of the set {1,2,3}, cf. Lemma W

Vertex types of ©({1,2,3,4})

012 013 014 O3 0G4 0314 0123 0124 01314 0234 0O1234

ix U, 2 2 2 2 2 =2 3 3 3 3 4

6x U, 1 2 2 2 2 2 2 2 3 3 3

33 3 3 5 5 5 5

ix U 22 9 2 9 9 2 2 2 2 2

L N S 2 2 2 2 3 2

3« U, 1 2 2 2 2 1 2 2 2 2 2
3 3 3 3 3 3

12 9 2 2 2 2 2 9 9 2 g 2
X Uis 2 2 2 2 2 2

Ax Uy 1 1 2 1 2 2 1 2 2 2 2

4 4 5 4 5 5 5 5 5 5 5

3 3 3 3 3 3 3 3 3 3 3

3 3 3 3 3 3 3 3 3 3

1 °c 2 222 bl bl bl b 2

6> Uss 2 2 2 2 2 2 2 2 2 2

4 4 4 4 4 1 4 1 1 1 1

Ix Uy = = 2 2 =2 2 2 2 2 =2 Z

3 3 3 3 3 3 3 3 3 3 3

Ix Us 1 1 1 1 1 1 1 1 1 1 1

Table 3.2.: (fourvariate case) The polytope ©({1,2,3,4}) C R has 42 vertices, which can
be devided into 10 types. For each type the table contains one representative and the total
number of representatives due to symmetries. See also Algorithm for the notation.

Vertex types of TCF({1,2,3,4}) Partition types of {1,2,3, 4}

X12  X13  X14  X23  X24 X34

Ix Wi o o0 0 0 0 0 {1} {2} {31, {4}}
6x  Wo 1 0 0 0 0 0 {{1,2}, {3}, {4}}
3x  Ws 1 0 0 0 0 1 {{1,2},{3,4}}
A% Wi 1 1 0 1 0 0 {{1,2,3},{4}}
1x  Wis 1 1 1 1 1 1 {{1,2,3,4}}

Table 3.3.: (fourvariate case) The polytope TCF({1,2,3,4}) C R® has 15 vertices, which
can be devided into 5 types. For each type the table contains one representative and the total
number of representatives due to symmetries. All vertices of TCF({1, 2, 3,4}) correspond to
a partition of the set {1,2, 3,4}, cf. Lemma m
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Higher-order triangle inequalities from a conjecture of Matheron In higher-order
cases, the problem size grows very fast, if we want to determine vertices and/or
bounding hyperplanes of TCF(M) explicitly (cf. also Corollary for a lower
bound on the number of vertices). Still, we can derive certain “triangle inequalities
of higher order” from a connection to Matheron’s analysis [61] of variograms of
processes with values in {0,1}. These inequalities are very likely to be among the

hyperplanes that bound the convex polytope TCF(M).

Proposition 3.4.7. Let x € TCF(T). Then for any finite subset ) # M € F(T)
and any e € {—1,0,1}M with 3,cps e = 1 we have that

Z eser x(s,t) > 1. (3.15)
seMte M

Proof. (cf. [61] and [24]) Let x = x*) € TCF(T) and X a corresponding realizing
process such that x(s,t) = limy_,00 Xz (s, 1) With xz(s,t) = P(Xs > z|X; > ). We
need to show for any x, (z € R). To this end, set Y; := 21x,5, — 1 for
t € T, such that Y; takes values in {—1,1} and Y., e:Y; is always odd. Therefore,
EQ iem e/Y;)? > 1, which entails

Z eset (xz(s,t) — 1)

s,teM

4P(X; > x) [ Z esetXz(8,t) — 1] =4P(X; > z)
s,;teM

=4 Y eseiE(Ix,solx,se — Lxsa) = D, eseE (VoY —1)
s,teM s,teM

= Y eeBYLY, —1>0. H
s,;teM

Remark 3.4.8. In [61] Matheron conjectures that the corresponding inequalities for
1 — x are precisely the inequalities that describe the hyperplanes through the origin
that bound the convex polytope of variograms of processes with values in {0, 1}.
Accordingly, we might suspect that the inequalities describe the bounding
hyperplanes of TCF(M) that have the point (1,1,...,1) in common.

Example 3.4.9. The following example shows that the inequalities (3.15)) give in-
deed new constraints for TCF(M) in addition to the fourvariate inequalities. We

consider the symmetric matrix

1 03 04 06 06
03 1 03 06 0.6
K=104 03 1 06 06
06 06 06 1 04
06 06 06 04 1
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that contains only positive entries. The matrix K satisfies all (g) -3 = 30 triangle
inequalities and all (Z) -4 = 20 tetrahedron inequalities . That means for
any subset M of {1,2,3,4,5} with at most 4 elements the restriction K|y/xas is an
element of TCF(M ). Moreover, the matrix K is even positive definite. Nonetheless

K is not an element of TCF({1,2,3,4,5}) as it violates the “triangle inequality of
higher order” (3.15) for e = (1,1,1, -1, —1).

The inverse problem of a prescribed TCF Based on the previous considerations,
we may also formulate algorithms (Algorithms and that solve the inverse
problem of finding a multivariate distribution realizing a prescribed TCF. The prob-
lem has been addressed before in [28] and [30]. However the approach considered in
[30] does not comprise dependent models whereas [28] does not comprise indepen-
dence. Even though the methods described here cannot be computationally efficient,
we want to emphasize that they cover all multivariate TCFs (and not a particular
subclass). We obtain a whole polytope of solutions to the inverse problem if we

consider all possible # (and not only one) in the second step of Algorithm

Example 3.4.10. As a “toy example” we consider the trivariate case M = {1,2,3}
(which is indeed better understood involving , since the the preimage of a valid
TCF x under the map ¢ is only an interval with bounds given by ) Here the
convex polytope TCF({1,2,3}) can be split into two tetrahedra

TCF(M) = conv(Wy, Wo, W3, W4) U conv (W5, Wa, W3, Wy)

(cf. Figure[3.1). An element y € TCF({1,2,3}) belongs to one or the other tetrahe-
dron depending on whether x12+ x13+ X23 is less or equal to 1 or greater or equal to
1. Therefore, Algorithm can be abbreviated as follows: Let y € TCF({1,2,3}).
If x12 + x13 + Xx23 < 1, set

1—x12 —x13 0 0 xi2 xi3 0 0
A= 0 1 —x12 — Xx23 0 xi2 0 x23 O
0 0 I—x13—x23 0 x13 Xx23 O
Else set
a -1 -1 1 1
a; 0 0 a3 ag 0 b ! o g a2
a _ _
A=10 a 0 a3 0 a b| with |72|= X3
as 1 -1 -1 1 X23

0 OCL306L2 alb
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N

@ (Lot x € TCF(M) c [0,1]7*T be given. Consider the 2™ — 1 inequali-
ties (2.12) for ¢» = 6 and set 0(0) = 0, O({t}) =1, O(s,t) := 2 — x(s,t)

( A

@ Determine (at least one) € R7M) such that these inequalities

J

are satisfied. (That means determine a point in the convex poly-
tope U1 ({x}) N ©(M), which is possible since y € TCF(M).)

!

Simulate i.i.d. standard Fréchet random variables

@ {ZL}Q;ﬁLCM and set Xy = VtELCM T[{VIZL fort € M,
where {Ti\/‘[}%chM depend on 6 as in Theorem |E[)

| J

Algorithm 3.2: Ad-hoc strategy to simulate a random vector X = {X;}+cps realizing a
prescribed x € TCF(M). A preimage 6 of x under the map ¥ (cf. (3.7))) is determined and
the corresponding distribution from Theorem is simulated.

Let x € TCF(M) c [0,1]"*T be given. Determine vertices
@ {Wi}r_, of TCF(M) and {a;}¥_, with ¥ | oy = 1 such that

X is a convex combination y = Zle o; W of these vertices.

<—

@ [ Choose 6; € U=1(W;) fori = 1,...,k and put § = Zle ;0;. ]

Simulate i.i.d. standard Fréchet random variables
@ {ZL}@;éLCM and put X; = \/teLcMTi\/[ZL fort € M,
where {7}y depend on § as in Theorem E[)

Algorithm 3.3: If the vertices of ©(M) and TCF(M) are already known, this approach
can be used to simulate a random vector X = { X} };c s realizing a prescribed x € TCF(M).
As before in Algorithm a preimage 6 of x under the map ¥ (cf. ) is determined
and the corresponding distribution from Theorem is simulated.

Simulate a random vector Z = (Zy, Za, Z3, Z12, Z13, Zos, Z123) with i.i.d. standard
Fréchet entries and obtain X = (X1, X2, X3) by X; = Vozrci2s) AirZr. The

random vector X is simple max-stable and realizes x as its TCF.

3.5. Extremal TCFs

Taking a closer look at the set of vertices of TCF(M) up to the fourvariate case, we
note that in these cases the vertices of TCF(M) are in a 1-1 correspondence with

partitions of the respective set M.
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1101100
1101100

0010000

@ — xm=|[1 10110 0
1101100

0000011

I i 0000011

Figure 3.2.: Let M = {t1,t2,...,t7}. The partition II = {{t1,t2,t4,t5}, {ts}, {ts,t7}}
yields the TCF x11(s,t) = L{s.t}c{t,to,tarts} T L{st3C{ts} T L{s,t}{ts,t-} Which is represented
in matrix form here, see Lemma

Definition 3.5.1. Let T be a non-empty set. Then a subset II of the powerset
P(T) of T is a partition of T, if it consists of disjoint non-empty subsets of T, such
that Ugerr A = T holds. The set of all partitions of T will be denoted by II(T').

Now, any partition of 7" defines an extremal point of TCF(T") as follows, see also
Figure for an example.

Lemma 3.5.2. Let T be a non-empty set. There is an injective map from II(T') to
TCF(T) given by

II+— XTI with XH(S,t) = Z ﬂ{s,t}CA
Acll

Proof. Let {X4}aen be ii.d. standard Fréchet random variables. For ¢t € T set
X=Xy ift € Afor A€lIl. Then X = {X;}er is a stochastic process with TCF
x1- Apparently, different partitions lead to different TCFs. O

Proposition 3.5.3. Any xyp € TCF(T') stemming from a partition I1 € II(T) is an
extremal point of TCF(T')

{xu : Il € II(T)} C ex(TCF(T)). (3.16)
The closure of the convex hull of these elements is a subset of TCF(T)
conv({xm : 1 € I(T)}) C TCFE(T). (3.17)

Proof. Those elements xg € TCF(T') stemming from a partition II € II(T) take
values in {0,1} only (the extremal points of [0,1]). Therefore, they cannot be
decomposed non-trivially as a convex combination of TCFs. The second statement
follows, since TCF(T') is convex and closed (cf. Proposition [3.3.1]). O
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Remark 3.5.4. Equality in (3.16) would immediately imply equality in (3.17)) due to
the Krein-Milman-Theorem (cf. Theorem [A.4.2)).

Up to the fourvariate case, equality in (3.16) is indeed established (cf. Tables
and

ex(TCF(M)) = {xn : M€ II(M)} incase M ={1},{1,2},{1,2,3},{1,2,3,4}.

Let us consider two more observations (Lemma and Observation [3.5.7]) that
might be helpful to understand the general case.

Lemma 3.5.5. a) Let M be a non-empty finite set. Then x € TCF(M) if and only

if x can be represented as

x(s,) = > mlgncr (3.18)
0ALCM

for non-negative coefficients {Tr}p2rca that satisfy

> Tl =1 VteM. (3.19)
0ALCM

b) Let T be an arbitrary non-empty set. Then x € TCF(T) if and only if x can be

represented as

s, t :/ 1. d
x(s,t) S (s.trco 1(dQ)

for a positive Radon measure p on P(T) \ {0} with

/ Leon(dQ) =1  Vie M.
PTI\(0)

Proof. Part [b]) follows from TCF(T) = MAX(T) = ¥(O(T')) (cf. Theorem and
(3-8)) and Corollary and entails part E[), where p decomposes into point masses

p({L}) =: 7 (cf. Remark [2.4.5). O

Remark 3.5.6. Both representations in Lemma are not (!) uniquely determined
by the TCF .

Observation 3.5.7. Assume non-negative coefficients aqr are given for II € TI(M)
such that 3 yepya) an = 1. Or equivalently (via P(II) = o) let P be a probability
measure on IT(M). Set

TL = > an = P(L € 10) (3.20)
MEeTI(M): LeTl
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for ) # L C M. Then (3.19) is automatically satisfied, since

S mler= >, PLel)=PELell:tcL)=1 Vtel.
0ALCM PALCM :teL

The TCFs defined by {7z }gxrcar (cf. (3.18)) and by {an e (cf. Lemma|3.5.2)
coincide by the choice of (3.20))

Z TLﬂ{s,t}CL: Z OéHXH(S,t) V(S,t) e M x M.
0#£ALCM Iell(M)

Naturally, the question arises whether some converse statement can be made in order
to establish the coincidence of {x : Il € II(M)} and ex(TCF(M)). However,
beware that it is possible to choose non-negative coefficients {7z }p2rcas satisfying
the condition (3.19)), such that no probability measure P on II(M) satisfies
for all ) # L € M. This is possible even in the trivariate case M = {1,2,3}. For
instance, set 71 = 79 = 13 = 0.1, T2 = T3 = 793 = 0.2, 703 = 0.5, which fulfills
since 0.14+0.2+0.2+0.5=1, and assume the existence of P with . Then

0.1 =P({1} e Il) = P(IT = {{1},{2}, {3}}) + P(Il = {{1},{2,3}})
= P(IT = {{1}, {2}, {3}}) + P({2,3} € ) = P(IT = {{1}, {2}, {3}}) + 0.2

yields a contradiction. Nonetheless, ex(TCF(M)) = {x : II € II(M)} is true in
the trivariate case. Thus, better ideas to involve the non-uniqueness of coeflicients
71, in the representation (3.18) are needed.

Even though the general case remains an open question to us, it is appealing to
believe that those TCFs stemming from partitions are precisely the extremal TCFs,
since they allow for a convenient interpretation. The value x(s,t) of a TCF x would
simply be the probability of s and ¢t being equivalent under a random equivalence
relation.

Inclusion is useful (also without equality) in that it offers a new method
to generate valid TCFs as a convex combination ) e amxm of partition TCFEs xpp
together with a corresponding simple max-stable distribution /oy anXm, where
X1 is the process described in the proof of Lemma[3.5.2] This also opens up a bridge
to involve models for random partitions. One can be sure to cover a fairly rich class
of TCFs this way (all TCFs up to the fourvariate case). Moreover, we obtain a lower
bound on the number of vertices of TCF(M) since the number of partitions of a set
with n elements is known to be the nth Bell number B,, [1]. The first Bell numbers
are (starting with By) 1,1,2,5,15,52,203,877,4140,21147,115975.
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Corollary 3.5.8. The number of vertices of TCF(M) is greater or equal to the
|M|th Bell number By

We also might try to verify the idea presented in Remark from the knowlege
of , and vice versa, Propostition might help to exclude further potential
vertices of TCF(M) close to (1,1,...,1). Finally, we want to remark that even if
equality in turns out to be true, the problem of identifying the bounding
hyperplanes of TCF (M) will not be an easy one. We refer to [2] for a systematic
study of hyperplanes spanned by vertices of the hypercube (and its limitations).

3.6. TCFs compared to non-negative correlation functions

Non-negative correlation functions A function ¢ : T x T — R is called positive
definite if it is symmetric and for all n > 1, {t1,...,t,} C T and {a1,...,an} CR

n
Z ajakgo(tj,tk) > 0.
j k=1
If ¢ is additionally normalized to the value 1 on the diagonal, the function ¢ is a

correlation function. Denoting the set of non-negative correlation functions by

i itive definit
CF+(T):—{90:T><T—>[O,oo): ¢ 1s positive definite, }7

p(t,t)=1forallt e T.

we have already seen that
TCF(T) Cc CF(T) (3.21)

(cf. (3.1)). If T contains only one or two elements, these sets coincide: TCF({t}) =
CFi({t}) = {1} and

TCF({s,t}) = CF, ({s,1}) = {(; ’;) . pe [0,1}}.
Otherwise for |T'| > 3 the inclusion is always proper regardless of T being
finite or infinite, as we shall see later on (cf. (3.22)).
Both classes, TCF(T') and CF_(T'), allow for convex combinations, products and
pointwise limits (see Proposition and e.g. [0, 3.1.11 and 3.1.12] for the state-
ments for CF, (T)). In Chapter 4} where we consider stationary processes on R?, we
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compare the turning bands operator and the validity of certain well-known paramet-
ric models such as the Whittle-Matérn model (cf. Section and Table [4.4)). Here,

we focus on the finite-dimensional inequalities that characterize both classes.

3.6.1. Finite-dimensional inequalities

By definition, the set of functions CF, (T') is characterized by finite inequalities. In
analogy to Proposition for TCF(T) we formulate the following lemma.

Lemma 3.6.1. Let o : T'xT — R. Then
¢ € CF(T) = ¢@luxm € CFL(M) VO# M e F(T),

where |pr«ar denotes the restriction of ¢ to M x M.

As for TCF(M), we may regard elements of CF (M) as elements of R¥(M)  where
k(M) = (“\24‘) = % However, unlike TCF(M), the compact convex set
CF (M) is not a polytope in R¥(M) if M comprises at least three elements, but
is merely bounded by the algebraic conditions of Sylvester’s criterion, which says
that a symmetric real matrix is positive definite if all its principal minors are non-

negative.
Example 3.6.2. In the trivariate case the set CF; (M) is given by
z,y,z € [0,1],

CF, ({1,2,3)) =
1+ 2xyz — (22 + 9> +2%) >0

< 8 =
N =8

Y
z
1

We plot CF ({1,2,3}) in Figure 3.3|to illustrate how the polytope TCF({1,2,3}) is
contained in CF4({1,2,3}). Choosing (z,y,2) = (0.6,0.6,0) for example, gives an
element from CF4({1,2,3})\ TCF({1,2,3}), which is positive definite, but violates

the triangle inequality (3.14)).
Moreover, the same (trivial) extensions as in Lemma for TCF(T') also hold
for CF(T).

Lemma 3.6.3. Let S C T be a subset of T. If ¢ : S xS — R is a correlation
function in CF(S), then the following two functions @1 and @2 extend ¢ to an
element of CF,(T):

p1: T xT =R, (pl(57t) = 30(5’ t) ’ ]l{s,t}CS + ]l{s,t}CT\Sv
po: T xT — R, (pQ(S,t) = QO(S, t) . ]l{s,t}CS + gt - ]l{s,t}CT\S'
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Figure 3.3.: The convex set CF,({1,2,3}) (on the right) can be viewed as a subset of the
cube [0, 1]® when we consider elements as defined by the variables (z,y, z) from Example
It is shown how TCF({1,2,3}) (on the left) is contained in CF,({1,2,3}) (in the
middle), cf. also Figure

Proof. Let U = {Ug}scs be a Gaussian process on S where each one-dimensional
marginal Us follows a standard normal distribution, such that ¢(s,t) = EUU; ist
the covariance function of U. Choose independently from U i.i.d. standard normally
distributed random variables V' and {V;};c7\g. Then ¢ is the covariance function
of the Gaussian process Wy = Uy - l1es +V - 11\ 5 and ¢ is the covariance function

of the Gaussian process Wy = Uy - Lies + Vi - Lier\s- 0

Now, it follows from Example [3.6.2] and Lemma [3.6.3] that if 7" comprises at least
three elements {1, 2,3}, the function

p:TxT =R, p(s,t) = 0.6 Lis)eq(1,2),2,1),(1,3),3,1)} T Ost (3.22)

belongs to CF4(T), but cannot belong to TCF(T") because it violates the triangle

inequality (3.14)).

The fourvariate case We have already seen that the polytope TCF({1,2,3,4}) is
bounded by 22 hyperplanes in R6. Apart from requiring elements to be non-negative,
the non-trivial constraints for being an element of TCF({1,2,3,4}) consist of two
types of inequalities, the triangle inequalities and the tetrahedron inequalities
(3.13)). We compare these two types of inequalities with positive definiteness in
Table in the presence of non-negativity. For each constellation of fulfillment (V)
or violation (X) of these properties we provide an example whenever possible. Those
elements in the table which are positive definite clearly belong to CF4({1,2,3,4}).
Since we know already that TCF(M) C CF, (M), it is obvious that there cannot
be an example in the second row (triangle and tetrahedron inequalities fulfilled and

positive definiteness not). In fact, the triangle inequalities alone suffice already
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triangle tetrahedron positive example
inequalities inequalities definiteness (¢12, P13, P14, P23, P24, P34)

v v v (0.5,0.5,0.5,0.5,0.5,0.5)

v v X —

v X v (0.5,0.5,0.5,0.1,0.1,0.1)

v X X —

X v v (0.8,0.8,0.8,0.5,0.5,0.5)

X v X (0.805, 0.805, 0.805, 0.427,0.427,0.427)
X X v (0.6,0.6,0.6,0.1,0.1,0.1)

X X X (1.0,1.0,1.0,0.0,0.0,0.0)

Table 3.4.: The triangle inequalities and the tetrahedron inequalities lj describe
the non-trivial bounding hyperplanes of the convex polytope TCF({1,2,3,4}) that is con-
tained in the set of positive definite functions CF ({1,2,3,4}). For each constellation of
fulfillment (v') or violation (X) of these properties we provide an example of a symmetric
4 x 4 matrix with 1 on the diagonal whenever this is possible for non-negative values.

to imply positive definiteness in the fourvariate case (see Proposition below).
In other words, the tetrahedron inequalities are not necessary to enforce positive
definiteness. Therefore it is also not possible to provide an example in the fourth row
(triangle inequalities fulfilled, but tetrahedron inequalities and positive definiteness
not).

Let us denote the set of normalized non-negative symmetric functions that satisfy

the triangle inequality by

90(870 = Qp(ta 5)7
TRI(T) == ¢ : T xT = [0,00) : ©(s,t) +@(t,7) — p(s,7) <1
and p(t,t) =1 for all s,t,r € T.

Note that elements of TRI(T') are automatically bounded by 1. Using this, it is easy
to check that we have (trivial) extensions also for TRI(T") (as before for TCF(T') or

CF.(T)).

Lemma 3.6.4. Let S C T be a subset of T. If p : S xS — R is an element
of TRI(S), then the following two functions 1 and o extend ¢ to an element of
TRI(T):

p1: T xT =R, v1(s,t)

©(s,t)  Lysiyes + Lsnem\ss

p2: T xT =R, pa(s,t) = @(s,1) - Lissycs + 0st - Lisyem\s-
Proposition 3.6.5. TRI(M) C CF_ (M) if and only if | M| < 4.

Proof. Let |M| < 4. It suffices to consider the fourvariate case M = {1,2,3,4}.
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By definition, the set TRI({1,2,3,4}) is a convex polytope in R%. Computing the
vertices of this polytope we find that TRI({1,2,3,4}) has 19 vertices: 15 of these
vertices are precisely the vertices of TCF({1, 2, 3,4}) as listed in Table[3.3]and there-
fore also elements of CF4({1,2,3,4}). The other 4 vertices are up to symmetries

represented by the positive definite matrix

1 05 05 05
05 1 0 O
05 0 1 0
05 0 0 1

Therefore, all vertices of the convex polytope TRI({1,2,3,4}) are contained in the
convex set CF({1,2,3,4}), which entails TRI({1,2,3,4}) C CF;+({1,2,3,4}).
Let |[M| > 5. In view of Lemma it suffices to consider the fivevariate case.

We consider the following matrix

1 03 03 0.6 0.6
03 1 03 06 0.6
K=(03 03 1 06 06
06 06 06 1 0.3
06 06 06 03 1

Although all triangle inequalities (3.14) are satisfied for K, the matrix K is not
positive definite. This yields a counterexample in TRI(M) N (CF(M))¢ for all sets
M with at least five elements. O

Remark 3.6.6. Instead of TRI(M) C CF (M) which is wrong for |M| > 4, it seems
likely that

L|1\/12\71J

(| TRI**™ (M) C CF(M) (3.23)
k=1

if TRI***1(M) denotes the symmetric [0, 1]-valued functions on T x T that satisfy

(3.15) for any e € {—1,0, 1}M with 3,cps 0 = 1 and 3y p/le] = 2k + 1. This would
be in accordance with Remark B.4.8



Different roads sometimes lead to the same castle.

(George R.R. Martin, A Game of Thrones)

4. Max-stable processes sharing
the same tail correlation function

This chapter is based on joint work with Felix Ballani. In the interest of a better

readability we enclose the proofs in a separate section at the end of the chapter.

4.1. Stationary max-stable processes and their TCFs

The tail correlation function (TCF) of a stationary max-stable process X = {X;},cpa
on R? is defined through

XX (h) = lim P(X > o] X, > @),

where o € R? denotes the origin. We refer to Chapter [3| for an introduction of TCFs
as a proper subclass of positive definite kernels on 7" x T. In the literature the
TCF is considered an appropriate summary statistic for max-stable distributions,
cf. [4, 10, 14, 28, 29], B5] among many others. Here, we explore to what extent the
TCF can distinguish between different classes of max-stable processes. In fact, we
identify essentially different stationary max-stable processes on R? sharing the same
TCF. The focus lies on the stationary max-stable processes presented in Section
and particular emphasis is put on radially symmetric TCFs that are monotonously
decreasing as the radius grows. We start our analysis by identifying the TCFs of

these basic models in Table The expressions therein are verified or referenced
in Section (Proof of Table [4.1]).

Remark 4.1.1. From the previous considerations we know already that any TCF
can be realized by a spectrally discrete process as in Theorem (cf. also (3.10))).

However, this model is irrelevant for spatial applications and therefore not considered
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Process model Parameter TCF x(t)
Brown-Resnick (BR) variogram erfe ( ~(t) /8)
Variance-mixed variogram -y, o0 ~(t)
Brown-Resnick (VBR) distribution function G / erfe | s 8 dG(s)
on (0,00) with G(0+) =0 0
extremal Gaussian (EG) correlation p 1— /(1 —=p(t)/2
extremal binary Gaussian correlation p 7L arcsin p(t) 4+ 1/2
(EBG)
Mixed Moving Maxima (M3) random shape f Ef/ f(2)N f(z—t)dz
R4

2Kkq—

Mixed Poisson Storm (MPS)  distribution function ¥ L(F) ( ;d ! |t||2>
Kd

on (0,00) with F(0+) =0

Table 4.1.: Tail correlation functions x(t) for ¢ € R? of stationary max-stable processes
on R? from Section The process models are grouped according to different long-range
dependence. Here erfc denotes the complementary error function and L£(F') the Laplace
transform of the distribution function F'. M3 processes are considered with a random shape
function f.

here. For instance, it contains far too many parameters (2" — 1 parameters for an

m-variate distribution).

Comparable classes of TCFs If we want to compare the TCFs of processes in
Table we need to take into account that Brown-Resnick processes are processes
associated to a variogram, which can be bounded or unbounded. The two situations
— bounded and unbounded variogram — have to be treated separately. Due to their
different behaviour towards long-range dependence (cf. Remark that is re-
flected in the behaviour of the TCF x(t) as t — oo (cf. [50]), it is only meaningful to
compare Brown-Resnick processes with bounded variogram to extremal Gaussian or
extremal binary Gaussian processes and Brown-Resnick processes with unbounded
variogram to Mixed Moving Maxima processes.

Certain monotonicity properties of functions on intervals (absolutely monotone,
completely monotone, a-times monotone) will enter the subsequent considerations

and are therefore summarized in Section [A.2l
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4.2. Brown-Resnick vs. EG and EBG processes

Comparing Brown-Resnick processes with extremal Gaussian and extremal binary
Gaussian processes, we need to consider Brown-Resnick processes associated to

bounded variograms on R?. Such variograms v are always of the form
W) =M1 -p(t)  teR?

where p is a correlation function on R%, and A > 0 (cf. [40, sect. 3.1] or [9, p. 32]).
The respective TCF is erfc(y/A(1 — p)/8) (cf. Table 4.1). On the other hand, the
TCFs of an extremal Gaussian and an extremal binary Gaussian process are also
functions of a correlation function p (cf. Table [4.1)). Thus, the ansatz

XeG(t) = xeBc(t) & 1= /(1= pra(t)/2 = =~ arcsin pepa(t) + 1/2

WO =xect) o ete| AL punl) 8] =1 /(1= prcl0)/2

YW =xesa(t) & erfe {\/)\ (1— per(t)) /8} = 7L aresin pppa () + 1/2,

leads to the question, if (or for which A > 0) the maps

Ri=1,1] = [-1,1], R(z) := cos <7r (1—2) /2) (4.1)
2

Sy (=1, 1] = [~1,1], Sy(z) = 1—2(erf{ A1 —a) /SD (4.2)

Ty :[-1,1] — [-1,1], T)\(x) := cos (7‘&'61‘f|: Al —x) /8}) (4.3)

(or its inverses R~!, S/\_l, Ty 1) transform correlation functions again into correlation
functions. (Here we write erf(x) := 1 — erfc(z) for the error function.) Since convex
combinations, products and (pointwise) limits of correlation functions are again
correlation functions, this requirement will be met if these maps are continuous
on [—1,1] and analytic on (—1,1), such that the respective Taylor series at 0 has
only non-negative coefficients. Such functions are absolutely monotone on [0,1] and
conversely, the Taylor series representation at 0 of an absolutely monotone function
on [0, 1] extends to [—1,1]. So in fact, we ask, whether or for which A\ these maps

are analytic on (—1,1) and absolutely monotone on [0, 1].

Proposition 4.2.1. The functions R, S\ and T\ = R o Sy from , and
are continuous on [—1,1] and analytic on (—1,1) for all X > 0.

a) The function R — R(0) is absolutely monotone on [0, 1].
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extremal
Gaussian Prop. Brown-Resnick
PEG = Sx(pBR) with v bounded
7= A1 - pBr)

Prop.

peBG = T)(pBR)

extremal binary Gaussian

Figure 4.1.: Intersections of sets of tail correlation functions x arising from extremal Gaus-
sian (EG), extremal binary Gaussian (EBG) and Brown-Resnick processes (BR).

Q

b) The function Sy is absolutely monotone on [0,1] for X < 8(erf~1(1//2))?
4.425098.

¢) The function Ty = RoS) is absolutely monotone on [0, 1] for A < 8(erf~1(1/2))?
1.8197.

Q

Thus, we have the following coincidences of classes of TCFs as summarized in
Figure Note that T) = R o Sy and the upper bound in Proposition for T
is smaller than the upper bound for Sy, such that the transformation T gives rise

only to elements in the intersection of all three classes of TCFs.
Example 4.2.2. The Brown-Resnick process on R¢ associated to the variogram
yer(t) = 1.62(1 —exp(—[[t]2)) ¢ € RY,

the extremal Gaussian process on R? associated to the correlation function

prc(t) =1—2 (erf [0.45\/1 - exp(—||t||2)]>2 teRY,

and the extremal binary Gaussian process on R¢ associated to the correlation func-

tion

pEBG(t) = cos (71 erf [0.45\/1 - exp(—||t||2)}> teR?

all share the same TCF

X(t) = erfe [0.45\/1 - exp(—||t||2)} t e R
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Indeed 7gR is a well-known variogram on RY (cf. e.g. [40, sect. 4]) and Proposition
ensures that the functions prg and prpg are correlation functions on R?, such

that the respective processes are well-defined.

4.3. Brown-Resnick vs. Mixed Moving Maxima processes

Here, we restrict ourselves to stationary isotropic processes on R?. When comparing
Brown-Resnick processes to M3 processes, we need to consider Brown-Resnick pro-
cesses associated to unbounded variograms. In fact, we will consider only variograms
that are radially symmetric around the origin o € R? and grow monotonously to oo
as the radius grows. We will also involve variance-mixed BR processes and compare
them to two kinds of M3 processes — M3 processes associated to radially symmetric
non-increasing (random) shapes and Mixed Poisson storm processes. First, we iden-
tify the TCFs of these processes. Because we deal with stationary isotropic processes
here, the involved TCFs will depend on the radius (Euclidean norm in R?) only, and

it is convenient to treat them as functions on [0, c0).

4.3.1. ldentifying the classes

Mixed Poisson storm processes The TCF of a Mixed Poisson storm process on
RY that is associated to the intensity mixing distribution function F on (0, 00) (with
F(04) = 0) as in Example is given by the Laplace transform of F as follows
(cf. Table 4.1

2Kq— 2Kq—
xwrs(®) = £F) (2=t ) = [ e (T ) dF () te e
d/id (0,00) dlid

)

That means in every dimension d the class of TCFs arising from Mixed Poisson storm
processes coincides with the (radial) functions, which are completely monotone on
[0,00), take the value 1 at 0 and vanish at oo (cf. (A.3)). In particular, this class
of functions does not depend on the specific dimension, even though the involved

factor 2k4_1/(dkq) does.

M3 processes of radial non-increasing shapes As we shall see next (Proposition
, the class of TCFs of M3 processes on RY of radial non-increasing (random)
shapes can be identified as the Gneiting class Hy (introduced below), which has

already been studied intensively in [37]. In fact, the class Hy can be realized as
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TCFs already by two special subclasses of M3 processes, namely M3 processes of ball

indicator functions and Moving Maxima processes of a single (deterministic) shape

function. To be more precise, we introduce the following notation: Let Bﬁl(o) =
{h : ||h]]2 < r} C R? denote the d-dimensional ball of radius r centered at the origin

and 1pga(,) its indicator function. We define the following sets of (radial) functions:

Mg -~

the set of TCFs of M3 processes on R? of radial non-increasing shapes,

i.e. My comprises all functions of the form

©l) =& ([ 10l A S =ty dz) @)

where each realization of a random shape f > 0 depends on the radius

only and is non-increasing in the radius, such that E¢ ([pa f(||t|l2)dt) = 1.

the subset of My, where the M3 process is in fact a Moving Maxima

process with a deterministic shape function f.

the subset of My, where the M3 process has as shape functions only

normalized indicator functions of balls B%(o) , i.e.

F(Itllz) = 1/va(Bg(0)) - Ljuy,<r

with a random radius R € (0, 00).

the Gneiting class (cf. [37, (17)]), i.e. the class of functions ¢ on [0, c0)

of the form
o(t) = /( o Ml 4G ), (4.5)

where G is a distribution function on (0, c0) (with G(0+) = 0) and where

1
_ ﬁs(F(Ezdff)/Q) /t (1 —02)( D2y, (4.6)

Here the function hg(t) = hg(t)/hq(0) with hg is the self-convolution
of the ball indicator function 1 Be (o) viewed as a radial function and
sometimes called Euclid’s hat (cf. [37, [80]).

ha(t)

the Mittal-Berman class (for d > 2; cf. [37, (40)] and [64]), i.e. the class

of functions ¢ on [0, 00) of the form

> Sd,u,@(t,u)

t)y=2
SO( ) t/2 Sd,u,ﬂ'

(u) du, (4.7)
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where p is a probability density function on (0, 00), such that p(u)/ud!
is non-increasing, and Sg ¢ is the surface area of the sphere {z : ||z|2 =
u} C R? intersected by the cone of angle (¢, u) = arccos(t/(2u)) (with

apex the origin).

Gneiting [37] showed already that the two classes H; and V; coincide for d > 2.
In fact, all of these classes coincide (see Section for a proof).

Proposition 4.3.1. a) We have Mg = M3 = By = Hy(=Vy) ford>1 (d>2).

b) In the equality Hy = By the distribution function G corresponds to the law of
1/(2R).

c) In the equality Hy = MY the deterministic shape function f from MS and the

distribution function G from Hg can be recovered from each other by

Flu) = bld /0 Y daGs) and Gls) = by /O ’ %d {f (;uﬂ (4.8)

where by = va (Bf5(0)) = (VA/2)/T(1 +d/2).

Thus, we can benefit from Gneitings analysis in [37], which is based on [100]
and characterizes H; by monotonicity properties: The class Hj consists precisely
of the continuous symmetric functions on R (viewed as function on [0, 00)), which
are convex, take the value 1 at 0 and vanish at co. These functions are also known
from Pdlya’s criterion (cf. [76, Theorem 1]), which states that elements in H; are
positive definite. Now we know that these functions are even TCFs on R. For d > 2
a function ¢ : [0,00) — R belongs to the class Hy if and only if ¢(0) = 1, ¢ is
continuous, limy_, ¢(t) = 0 and —¢'(v/*) is (d + 1)/2-times monotone on (0, 00)
(cf. [37, p. 103] and Definition . In case d > 3 is odd, this has a nice geometric
interpretation, which also reveals the connection to completely monotone functions
when d tends to oo (cf. [37, pp. 96]). The precise characterization of Hy for d > 2
in terms of convexity properties is stated in [37, Theorems 3.1 and 3.3].

Moreover, [37, Theorems 3.2. and 3.4.] provide inversion formulas, how to gain
the distribution function G from a given ¢ € Hy. If we want to recover also the
defining quantities f and R of the classes MJ and By respectively, we additionally
need to apply or take into account that G is the law of 1/(2R). The explicit
expressions in case d = 1,2,3 are given in Table and derived in Section
(Proof of Table . This is of special interest to us, when we want to simulate the

corresponding processes for a given TCF y = ¢.
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y 1/
Fl) | —x'(2u) = [ G 1o X" (2u)/ (o)

GEo) | x(1/5) =X /3) s gy [ VEIPT (s/tP 1) an(e) [ g

o(s) | ¥ (1fs) /5" 51 |\ Grmr=T A X, (5)/(35°)

Table 4.2.: Recovery formulas for the monotone Moving Maxima shape function f, the
distribution function G of S = 1/(2R) and its density g (if it exists) in dimensions d = 1,2,3
from a given TCF x. The functions f, G and g are defined on (0,00), where f and g may
have a pole at 0. We abbreviate A, (t) := tx”(1/t). In case d = 2 we assume here that even
X € Hj holds in order to eliminate an additional integral.

The classes H,y are all nested, i.e. Hy D Hgyq for all d € N. Gneiting [37] also

characterizes the class

Ho = () Hq (4.9)
d=1

as scale mixtures of the complementary error function erfc(z) = % e e v dy (cf.
[37, Theorems 3.7 and 3.8]). A function ¢ : [0,00) — R belongs to the class Hy if

and only if it has an integral representation of the form

o(t) == /(0 - erfc(st) dG(s) (4.10)

for some distribution function G on (0,00) (with G(0+) = 0). And this is the
case if and only if p(0) = 1, ¢ is continuous, lim; o p(t) = 0 and —¢' (v/*) is
completely monotone on (0,00). In particular, this requirement of —¢' (1/-) being
completely monotone will be met if ¢ itself is already completely monotone, since

v/ is a Bernstein function.

Variance-mixed Brown-Resnick processes The TCF x of such a process X asso-
ciated to the variogram v and variance-mixing distribution G as in Example

is given by

x(t) :/(0 - erfc (s 7(;)) dG(s).
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Distribution function G(s) or g(s) = G'(s) p(t) = / erfc(st) dG(s)
0
G(s) = e~ 1/(as)? e 2t/ 0<a
ﬁ /S $2V—3e—1/(4w2) 9l—v 1
= d YK, (t O<v< <
A vy e s T M Y3
G(s) = erf(as) 1- 2 arctan (t/a) 0<a
T
2 —1/2
G(s) =1 —e(a®) 1- (1 + (t/a)”) 0<a

Table 4.3.: Members of the Gneiting class Ho, (cf. ) and their corresponding distri-
bution function G(s) or probability density g(s) = G’(s) on (0,00) as scale mixtures of the
complementary error function. As special cases the exponential model, the Whittle-Matérn
family, the arctan model and the Dagum model (cf. [6]) appear. Further explicit examples
of members of the Gneiting class Ho, can be found in Table

Hence the TCFs of variance-mixed Brown-Resnick processes are precisely the func-

tions of the form

x(t) = 1) (4.11)

for some ¢ in the Gneiting class H,, and some variogram on RY (cf. ) The
Tables and give examples of corresponding pairs ¢ and distribution functions
G (or probability densities g = G’) that we need to know when we want to simulate
corresponding processes (see also Section Proof of Table .

4.3.2. Comparing the classes

We summarize our findings of intersections of classes of TCFs from M3 processes and
Brown-Resnick processes in Figure So far, we have seen that the set of TCFs of
M3 processes on R? of radial non-increasing shapes coincides with the Gneiting class
H, and can be realized already by either a deterministic shape function or a suitable
mixture of normalized ball indicator functions (cf. Prop. [.3.1). By definition (cf.
(4.9)) the class Hy, is part of each Hy and Hy, comprises all completely monotone
functions on [0,00) that take the value 1 at 0 and vanish at oo (cf. [37, p. 115]).
These completely monotone functions are in each dimension the TCFs of Mixed
Poisson Storm processes. On the other hand, the class of TCFs of variance-mixed

Brown-Resnick processes surely contains the TCFs of Brown-Resnick processes.
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Let us compare the TCFs from the Brown-Resnick constructions to the TCFs from
the M3 processes. Since the TCFs of variance-mixed Brown-Resnick processes have
the form x(t) = @(1/v(t)/8) for some variogram v on RY and some ¢ € Hy (cf.
(4.11))), the whole class Ho, itself can be realized by such processes when we choose
y(t) = 8]|t||3, which is a valid variogram in each dimension. Finally, we explain why

the enumerated regions in Figure [£.2] are non-empty:

(A) and (B) The variogram ~(t) = 8||||3“ is valid in each dimension for o € (0, 1]
(corresponding to fractal Brownian motion). Hence erfc(t%) is a valid TCF of a
Brown-Resnick process for a € (0, 1]. Moreover, the function erfc(t*) belongs

to Hy for a € (0,1] and it is even completely monotone for oo < 0.5.

(C) Consider the simple erfc-mixture
x(|It]l2) = 0.25 - erfe(]|t]|2) + 0.75 - erfe(5]|t]|2) t € RY.

Surely, x is a member of H.,. Suppose that there is a Brown-Resnick process
on RY corresponding to a variogram # such that its TCF ¥ coincides with y.

We will show now that this cannot be true for any dimension d. Otherwise,
2
F(|Itll2) = 8 |erfe™ (0.25 - exfe(|[¢])) + 0.75 - exfe(5[¢]]2))] teR?

is a variogram for any dimension d. In particular, 4(]|-|[2) is for any dimension
d a continuous negative definite function on R?. By [5] 5.1.8] it follows that

the function
P(r) = {erfc_1 (0.25 - erfe(y/r) +0.75 - erfc(5\/77))}2 r € [0,00)

is a (continuous) negative definite function on [0, 00) in the semigroup sense
and obviously ¢(r) > 0. Hence 9 (r) is a Bernstein function (cf. [5, 4.4.3]).
However, the second derivative of 1(r) has a local minimum. So, the assertion
fails and our assumption must be wrong. That means there is a dimension dy
such that the above x € Hy cannot be realized by a Brown-Resnick process

for any dimension d > dg as a TCF.

(D) The class Hy naturally contains functions with compact support, e.g. the func-
tion hq (cf. (4.5)), whereas the class of TCFs of variance-mixed BR processes
cannot contain such functions. To see this, recall and observe that
members of H, are scale mixtures of erfc that cannot have compact support.
Thus, the involved variogram in would have to take the value co outside

a compact region.
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M3 of radial non-increasing shapes = Hy (D)

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Variance-mixed |
Ho Brown-Resnick
|

with ~ radial, !
|

|

|

|

(C) Mixed Poisson storms

= completely monotone growing to oo

1 (B) Brown-Resnick |
| . . |
| with ~ radial, |
! growing to oo :
| |
| |
| |

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure 4.2.: Intersections of sets of tail correlation functions arising from Mixed Moving
Maxima (M3) of radial non-increasing shapes, Mixed Poisson storms, Brown-Resnick and
variance-mixed BR processes. Here, H; and H, refer to the Gneiting classes in and
. The Gneiting class Hy can be realized as M3 process already by either a deterministic
shape function or a suitable mixture of normalized ball indicator functions (cf. Prop. [4.3.1)).

4.3.3. Sharp bounds for parametric subclasses

The considerations above also lead to sharp bounds for some well-known parametric
families of positive definite functions to be a TCF, see Table

The first three families (powered exponential, Whittle-Matérn, Cauchy) are com-
pletely monotone for the respective parameters (cf. [63, (1.2),(1.6) and (2.32)] for
example), and thus they can be realized by an M3 process of non-increasing shapes,
by a Mixed Poisson storm process or by a variance-mixed BR process (in all cases
in any dimension). The powered error function is not completely monotone, but a
member of the Gneiting class H,,. That means it can be realized by an M3 process
of non-increasing shapes or by a variance-mixed BR process (both in any dimension),
but not by a Mixed Poisson storm process. In all of these cases, we may exclude
bigger parameters v because the (right-hand) derivative at 0 vanishes for bigger v,
but the triangle inequality enforces this derivative to be negative in order to
be a TCF (cf. [58, Corollary 2] or [86, Theorem 3 (ii)]).

The truncated power function is an example of a TCF with compact support.
Because a TCF has to be positive definite, this leads to the situation that the valid
model parameter depends on the dimension. It is chosen such that the function
belongs to Hy (cf. [37, Theorem 6.3]), and thus can be realized by an M3 process of
non-increasing shapes on R%. Because of its compact support the function cannot

belong to any of the other classes presented in Figure (cf. the comment on region
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Parametric family TCF for
powered exponential exp(—r") 0<vr<l
Whittle-Matérn 21T (V)T K, (1) 0<v<0.5
Cauchy 1+7)% B>0 0<rv<l
powered error function erfe(r”) 0<v<l
truncated power function* (1—=r)4 v>|d/2]+1

Table 4.4.: Parametric families of radially symmetric functions on R? and their sharp
parameter bound for being a tail correlation function (TCF), cf. Figure *The bound
for the truncated power function is sharp for odd dimensions.

(D)). The bound is sharp in odd dimensions because the function is not positive
definite otherwise, cf. [41, Theorem 1 and p. 165]. For even dimensions this choice
is valid, but possibly not sharp. Again due to [41], we know at least that v has to
satisfy v > (d + 1)/2 in order to be positive definite.

4.4. Operations and Counterexamples

From the previous considerations one might have the impression that any continuous
radial TCF on R? that is non-increasing and convex on [0, 00) and that vanishes at
00, belongs to Hy or at least appears already in Figure This is true for d = 1,
since Hi comprises all of these functions. The following operations however yield
counterexamples for d > 3.

The turning bands operator has been inspired by [51] and is well-known in the con-
text of isotropic Gaussian processes. Secondly, the multiplication with the Gneiting
class Hg can shorten the range of tail dependence to a compact set. These operations
are derived from construction principles for the corresponding max-stable processes

that can be applied to (almost arbitrary) spectral representations.

4.4.1. Turning bands

The turning bands operator Let k,d € N with 1 < k& < d. The set of ordered
tuples (1, ...,x) of k orthonormal vectors in R? is known as the Stiefel manifold
of orthonormal k-frames in R? (cf. e.g. [68, p. 131]) and denoted Vi (R?). If we
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interpret the vectors x1, ...,z as columns of a matrix, we identify
Vi(RY) = {4 e RF - ATA = 1,40, (4.12)

where AT denotes the transpose of A and 1j, the identity matrix in R¥**. A matrix
A€ Vk(Rd) embeds R* linearly and isometrically into R¢, whereas AT applied to
a vector t € R? is a vector in R¥ whose coordinates can be interpreted as the
coordinates of the projection of ¢ onto A(RF) with respect to the orthonormal frame
defined by the columns of A. For k = 1 the Stiefel manifold is simply the sphere
V1(R%) = S9! and for k = d the orthogonal group Vy(R%) = O(d).

In view of (4.12)) the Stiefel manifold V(R?) is a compact submanifold of R4
The action of the orthogononal group O(d) (from the left) exhibits Vi (R?) as a
locally compact homogeneous space, on which a unique normalized left invariant
Haar measure ag can be defined [68, p. 142 Example 4], which we call uniform
distribution [47) [57].

Definition 4.4.1. For 1 < k < d we define the turning bands operator by
TBY : C(RF) » C(RY)  TBI(f)(t) = / 7 (A7) of(da).
Vi (R9)

Indeed, the turning bands operator is well-defined, since Vj(R%) is compact.
Lemma 4.4.2. Let k1 < ko < k3.

a) The composition map
Vi, (RF2) x Vi, (RF3) — V3, (RF2) (A,B) — Bo A

s continuous.

b) If B ~ al,z;’ is uniformly distributed on Vi,(R¥) and A is an independent (Borel-
measurable) random variable with values in Vi, (R¥2), then the composition Bo A

will also be uniformly distributed B o A ~ sz.

¢) The turning bands operator is compatible with compositions

k k k
TB}? o TB}? = TB. (4.13)

In the context of Gaussian processes and positive definite functions, the turning
bands operator TBCf is a familiar operator, see [38, 39, (9, 84} [103], where explicit

formulas and recurrence relations are provided. Let ®; denote the set of radially
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symmetric continuous correlation functions on R?. Then it is well-known that TBil
yields a bijection between ®; and ®4. In view of this implies that TB% is a
bijection between ®; and ®,;. The operator TB% for arbitrary k,d € N with £ < d
is usually implicitly addressed as TB o (TB})~! in the references above. Because of
these bijections, the turning bands method is an important tool for the simulation
of stationary isotropic Gaussian processes.

In the context of max-stable processes and their TCFs the situation transfers to

the following extent.

The turning bands method for max-stable processes Let X be a stochastically
continuous simple max-stable process on R*. Then the process X has a spectral

representation (|1.4])
o
X, =\ UVi(wn) teRF, (4.14)
n=1

where {(Uy,wn)}22, denotes a Poisson point process on Ry x Q with intensity
u 2duv(dw) and the spectral function V;(w) is jointly measurable in the variables
t € R* and w € Q. Based on this representation we define another simple max-stable
process Y on R? with d > k as follows. Let (Un,wn, Ay,) be a Poisson point process
on R x Q x Vix(R?) of intensity u=2duv(dw) of(dA), where of(dA) is the uniform
distribution on the Stiefel manifold V(RY). Set

V= \/ UVary(wn)  teR™ (4.15)

n=1
Then Y is a simple max-stable process on R¢ with the following properties.

Lemma 4.4.3. Let X and Y be simple mazx-stable processes as given by and
respectively.

a) If X is stationary, then Y is stationary.
b) For any G € O(d) the law of {Yq4) bera and the law of Y coincide.

¢) Let X be stationary. The (radial) TCF xY) of the stationary isotropic process
Y can be expressed in terms of the TCF xX) of X by

X =TBI (™).
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Proposition 4.4.4. If x is a continuous TCF on R*, then TBY(x) is a continuous
TCF on R%.

However, not all radially symmetric continuous TCFs on R? arise as TB%(X) for

some TCF x on RF. As a counterexample consider the identity

exp(—t) = TBi(f)(t)  with  f(t) = % (texp(—t)) = (1 — ) exp(-1)

(cf. [84, (2.22)]). While the completely monotone function exp(—t) is a valid radial
TCF on R3, the function f cannot be a TCF on R since f attains negative values.
Therefore, it is necessary to consider TB{ also for k& > 1 (and not only k = 1) in the
context of radial TCFs.

Remark 4.4.5. The turning bands method is compatible with iterations in the follow-
ing sense: Let ¢ > d and construct a process Z on R? from the spectral representation
of Y on R? by

Zy=\/ UnVBroar () (wn) =

n=1

UnVianoB,)r @) (wn)  tERY,

P<s

where (U, wn, A, By) is a Poisson point process on R x Q x Vj,(R%) x V;(R?) with
intensity u~?duv(dw) o(dA) 0%(dB). Then Lemma implies that Z = {Z; }1cpra

has the same law as

{\/ Unch(Wn)} :
teRY

n=1

where (Up,wn, Cy) is a Poisson point process with intensity u=2duv(dw) o} (dC).
Thus, the process Z can be constructed directly from the spectral representation of

X without involving Y as a step in between.

4.4.2. Multiplication with the Gneiting class H,

Let X be a stochastically continuous max-stable process on R? with spectral rep-
resentation as in with k£ = d and let {B(t)};cres be a measurable process on
R taking values in {0,1}. We denote the probability space corresponding to B by
(Qp, Ap,Pp) and expectation w.r.t. Pg by Ep. Further, we require that

cp ::/ B(t)dt € (0, 50)
Rd
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holds Pg-almost surely. Based on these two processes X and B we define another

simple max-stable process Y on R? by

> B, (t — zp)
Y=\ UnTm(wn) t e RY (4.16)
n=1 n

where (U, wn, 2n, By) is a Poisson point process on R x 2 x R x Qp with intensity
ulduv(dw) dz Pg(dwp).

Lemma 4.4.6. Let X and Y be simple maz-stable processes as given by for
k=d and respectively.

a) If X is stationary, then'Y is stationary.

b) Let X be stationary. The TCF xY) of the stationary process Y can be expressed
in terms of the TCF X&) of X by

Jra B(2)B(z — t)dz
B

W) =E Jra B(2)dz

@) teRrR?

Example 4.4.7. Let X be a stationary stochastically continuous max-stable process
on R% and let R € (0,00) be a random radius. Set B(t) := 1y¢,<r the indicator
function of the ball B(0). Construct the process Y as in (4.16)). Then Lemmam
and Proposition give

X6 = o (tl2) - X)) teRr?,
where the function g belongs to the Gneiting class Hy corresponding to the distri-

bution function G of 1/(2R).

Remark 4.4.8. From Proposition B.3.1] it is already known that multiplication of
TCFs on some space yields again TCFs on the same space. The advantage here is

the explicit construction of a max-stable process from a given spectral representation.

4.4.3. Counterexamples

First, we provide for each d > 3 an example of a radial continuous TCF on R? that
is convex on [0,00) and vanishes at oo (which is to say that it belongs to Hp), but
does not belong to the Gneiting class Hy (cf. (4.5))). Therefore, consider the basic

function of the class Hi, the tent function

ht)=1-1t); t>0.
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Surely, the tent function hy € M; is a radial TCF on R that can be realized by an
M3 process (cf. Prop. [4.3.1). If we apply the turning bands operator we obtain

pa(t) == TB{(m)(t)  t>0, (4.17)

which is a radial TCF on R? (cf. Proposition [4.4.4). By [38, equation (6)] g4 can be

expressed as

ealt) = o 1%(F<£zd121))/2) /01 b (tw) (1 = w?) =) dw. (4.18)

Proposition 4.4.9. Let @4 be the function from .

a) For d > 1 the function ¢g4 is a radial TCF on R? that belongs to Hy.
b) For d > 1 the function pq does not belong to Hy for k > 3.

¢) Ford=1 and d > 6 the function pq does not belong to Ha.

Remark 4.4.10. In the remaining cases d € {2, 3,4, 5} plots of the function ¢(t) from
(4.23]) suggest that ¢4 does not belong to Ha either, since ¢(t) is not convex, see

Figure [£.4] in Section
Remark 4.4.11. The function ¢4 decreases linearly on the interval [0, 1] (cf. (4.22))

_ T/
- VAD((d+1)/2)

Therefore, the radial function x(¢) := 1 — 3 -t is an admissible radial TCF on the
d-dimensional ball of radius r if g € [0,54/r]. This complements results in [3§],

g@d(t) =1- Bd -t 0<t< 1, where ﬁd (4.19)

where it is shown that ¢(t) = 1 — at is positive definite on the d-dimensional ball of
radius r if and only if a € [0,284/r].

Secondly, combing the turning bands operator and the multiplication operation
leads to an example of a radial TCF on R? that is convex on [0,00) and vanishes
at 0o, but that is not contained in any of the classes given in Figure [£.2] for d = 3.

Therefore, consider the function
Xd(t) := @q(2t) - hg(t) t>0, (4.20)

where g4 is from (4.17)).

Proposition 4.4.12. Let x4 be the function from .

a) For d > 1 the function xq is a radial TCF on R? that belongs to Hj.



92 4. Max-stable processes sharing the same tail correlation function

b) Ford > 1 the function x4 does not belong to the class of TCF's of variance-mized
BR processes on RY.

¢) The function x3 does not belong to any of the classes given in Figure for
d=3.

Remark 4.4.13. It seems very likely that part |c)) of Proposition |4.4.12]is also true
for general d > 2.

4.5. Proofs and plots

To deal with the function Sy in Proposition we first prove an auxiliary lemma,

which might be interesting in its own right.

Lemma 4.5.1. The function f(z) = 1 — (erf(\/z))* is completely monotone on
[0, 00).

Proof. The function f is non-negative, continuous on [0, 00) and the first derivative

of f on (0,00) is given by

oy 2 ef/E) |

Now, the functions e~ and erf\/z/\/z are completely monotone on (0,00) (cf. [63]

z > 0.

(1.2) and Corollary to Theorem 5]). Hence, —f’ is completely monotone, which

shows that f is completely monotone on [0, c0). O

Proof of Proposition[{.2.1. (Parts a) and ¢) and a first version of part b) are due to
Felix Ballani.)
It can be seen directly that the functions R, Sy, Ty are continuous on [—1,1] and

analytic on (—1,1) for all A > 0.
a) Using the series expansion of the cosine function, we arrive at

) o, (L —x)"

_ - — " N (n k(_1yn—k
- z:% ! on ;2"(2@!% LA
0 0 2n+2k n—i—k "
2_: Z ntk 2n+2k)< k >(_1)
2n 1

= Z 22kklz 2n)! (2n + 2k — 1)(2n + 2k — 3)...(2n + 1)
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and it suffices to check, whether the coefficients

00 . 7r2n 1
ai= 2 (Y e G+ 2 En 2k =) @+ 1)

are non-negative for k > 1. Since this series representing a; converges absolutely,

we may partition by even (n = 2¢) and odd (n = 2¢ + 1) coefficients:

o gt 1
a = Z 20 ]
= 240! (40 + 2k — 1) (40+1)
o0 7T4€+2 1
_ZZ:(:) 221 (40 + 2)! (40 + 2k + 1) --- (40 + 3)

7&": it 1 1 w2 /2 1
C e (AN (404 2k — 1) - (404 3) [40+1 (M+2)(40+1) 40+ 2k + 1

Now, the expression in the brackets is positive since £k > 1 and ¢ > 0. Thus,

ar > 0 for k > 1. In particular, R(z) — R(0) is absolutely monotone on [0, 1].

b) Lemma tells us that f(z) = 1 — (erf(\/f))2 is completely monotone on
[0,00). Now, Sx(x) =2f (A(1 —z)/8) — 1. Hence, the k-th derivative for k > 1

satisfies
(k) A\* kp(k) (A
sV =2(5) 0@ (a-2) =0
In particular, all but eventually the 0-th Taylor coefficient S (0) are non-negative,
and Sy (0) is non-negative if and only if A < 8(erf~1(1/1/2))2.

¢) Since Ty = Ro Sy and T} = (R' 0 S)) - S}, it follows from the proof of fa]) and
@ that all but eventually the 0-th Taylor coefficient T (0) are non-negative, and
Tx(0) is non-negative if and only if A < 8(erf~1(1/2))2. O

Proof of Proposition [{.3.1. We divide the proof into five steps:

1st step Hy = By for d > 1.

By definition, members of the class By have the form

1
x(|[t]]2) = Egr (I/d(B;i%(O)) /Rd ﬂHszSR A :ﬂ-llz*tHQSR dZ) =Eg (hd <||2t£;)>

for some random radius R € (0,00). The last equality holds, because the
integral with the minimum A is in fact a convolution for indicator functions.
Therefore, the transformation S := 1/(2R) shows that this x and ¢ from (4.5)
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are equal, when G denotes the law of S on (0,00) and vice versa. Hence
Bd:deOrdzl.

2nd step M9 =Vy= H, for d > 2 and (4.8]) holds for d > 2.

Members of M§ depend on a shape function f > 0 with [pa f(||t]|2)dt = 1,
which is non-increasing as the radius grows, whereas members of V; depend
on a probability density function p on (0,00) with p(u)/u%"! non-increasing
in u > 0. Integration along the radius shows that both functions are in 1:1-

corresponcence via

F(t) = 2U)

Sa |t

Moreover, since f is non-increasing, this correspondence is compatible with
the integration in and with deterministic f. Hence MJ = Vg for
d > 2. From [37] we already know that H; = Vj. In particular, f and G can
also be recovered from each other by (44) and (45) in [37] with n > 2 or

with d > 2 here (where our f corresponds to g therein).

3rd step MY = H; and (4.8)) holds for d = 1.

If d = 1, it is straightforward to check that for x € M} depending on a single

shape function f, we have
() = /Rf(z) Af(z—t)ds = 2/;: F(u) du (4.21)

(similarly to the integration along the radius in ) Now, precisely the same
proof as the proof of Theorem 5.2. in [37] applies here, when we set n = 1,
g = f, ¢ = x and omit the term S, ,¢ in (48) and (49) therein, showing
that M{ = H;. In particular, f and G can also be recovered from each other
by (44) and (45) in [37] with n = 1 or with d = 1 here (where our f

corresponds to g therein).

Ath step My C Hg for d > 1.

From the 2nd and 3rd step we know that M$ = H, for d > 1. That means for
each (single deterministic) radially symmetric non-increasing shape function

f >0 on R? with 0 < [fll11rey < 00 we may define a unique distribution
function Gf/HfHLl(Rd) via 1' We set

Alf)s = flLr @y Gofislyaga (s) >0
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such that A(f) is non-decreasing on (0, 00) with A(f)o+ = 0, right-continuous
and A(f) has total variation | f[/j1gay. It is coherent to set A(0) = 0.
Now, consider a member x of M, and its corresponding measurable process
{/f(t)}1epa, which satisfies Ez (|| f[| 1 (ge)) = 1. Then {A(f)s}- defines a non-
decreasing, right-continuous process with E(A(f)o) = 1 and A(f)or = 0.
Moreover, note that (by the correspondence MJ = Hy)

w0 =& ([~ hatsn)aa(s),).

Set G(s) := EfA(f)s. Then G is also non-decreasing, right-continuous with
total variation 1 and with G(0+) = 0 (by dominated convergence). Finally,

we obtain again by dominated convergence that

X() = [ ha(st) ABGA(): = [ 7 ha(st) 4G
as desired. Hence My C Hy.

5th step (Summary) From the previous steps we know that My C Hy = By = M}
for d > 1. Clearly, By C M, by definition, so that Mgy,M3,B4,H,; coincide for
d > 1. The equality V; = Hy for d > 2 is already known from [37]. O

Proof of Lemma[{.4.3. a) The composition of matrices is continuous and here just

restricted to a subspace.

b) Let f be a continuous function on Vj, (R¥3), then (by dominated convergence)
the function g(b) := E4(f(bo A)) will also be continuous on Vi, (R*3). Therefore,
Eg(g(G~'B)) = Eg(g(B)) for all G € O(ks3), since B ~ a’gg’. Thus, we also have
for G € O(k3) that

Ef(G'oBoA) =E(E(f(G ' oBoA)|B)) =E(9(G'B))
=E(g(B)) = E(E(f(Bo A)|B)) =Ef(Bo A).

¢) The assertion follows from part [b). O

Proof of Lemma[{-4.3. Let M be a non-empty finite subset of R? and x € (0, 00)™.
The f.d.d. of Y are determined by

—logP(Y; < 2y, t € M) = /Vk(Rd)/Q ( \ VATt(W)> v(dw) od(dA).

tem Tt
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a) If X is stationary, then

VTt w T4 (W
/Q(\/ A (;h)( )) I/(dw):/ﬂ<\/ VAxt( )) I/(dw),

teM teM

for all h € R? and all A € Vi(R?), since A is linear.
b) This follows since of is O(d)-invariant.

c¢) The assertion follows from ({3.2)). O

Proof of Proposition[{.4.4 In view of Lemma [4.4.3] we need to show that continuous
TCFs on R¥ coincide with the TCFs of stochastically continuous processes on R¥.
Therefore, let x be a continuous TCF on R* and let X be a corresponding stationary
max-stable process. Let 6 be the ECF of X and let X* be the simple max-stable
process associated to 6 as in Theorem Note that x(h) = 2 — 6({h,0}). By
construction, X* is also stationary and has TCF y. Additionally, X* is stochastically
continuous due to Theorem 2.5.41 O

Proof of Lemma[{-4.0. Let M be a non-empty finite subset of R% and z € (0, 00)™
The f.d.d. of Y are determined by

B(t —2)V;
—logP(Y; <2y, t € M) EB/ / w v(dw)dz.
R? teM CBTt

a) If X is stationary, then

B(t — 2)Viyp(w) B B(t — 2)Vi(w) (do
/Q<\/ )y(dw)_/g<\/xt ) (dw)

teM It teM

for all h € R?, all z € R? and all B € {0, 1}Rd. Therefore,

/R/ ( B((t + h) ;tz)vm(w)> () dz

teM
—/ /( / t—zt)\/;( )> v(dw) dz

for all h € R? and all integrable functions B € {0, 1}Rd.

b) The assertion follows from (3.2)) and the fact that byv; V bave = b1ba(v1 V v2) for
real numbers by, be, v1,ve with b; € {0,1} for i = 1, 2. O



4.5. Proofs and plots 97

Lemma 4.5.2. For all 1 < k < d The turning bands operator TB% transfers mem-

bers of the class Hi into members of Hy.

Proof. The class Hj is the class of continuous functions h on [0, 00) that are convex
and satisfy h(0) = 1 and limy,o, h(t) = 0. All properties are preserved under
TB{. For continuity and limy o h(t) = 0 use the dominated convergence theorem.
Preservation of convexity follows from TB¢(h)(r) = E4(h(rc(A))) for 7 > 0 with
A~ o and ¢(A) = [|AT(1,0,...,0)T]2. O

Proof of Proposition[{.4.9. A priori it is clear that @1 = h; does not belong to Hy,
for k > 2 [37].

a) Because of Proposition the function (g is a radial TCF on R?. Lemma
shows that ¢4 = TB¢(h;) belongs to Hj.

b) From (4.18), we compute that for d > 2

, 1 r<1
(Vi) = 5‘[{ - (1—-1/)@D2 s (4.22)

where (3,4 is the constant from 1} Clearly, —go’d(\/i) is not convex. Therefore,
one of the conditions of Theorem 3.1 in [37] (that is necessary to belong to the
class H3) is not fulfilled.

c) We verify that one of the conditions of Theorem 3.3 in [37] (that is necessary to
belong to the class Hg) is not fulfilled: Namely, we show that for all d > 6 the

function

0= [\ e v av= [T (et (1) o) dw

(4.23)

is not convex. From (4.22)) we see that

1—(1—o)d-D/2 v<1
1 v>1

—%ONQZ@{
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Since d > 6 we can compute the second derivative of ¢ at 1:
(—gozl (1/\/tw> -t) dw

= B4(d — 1) /01 w2 (1= w) 21 —w- (d+1)/4)dw
S (p(3 1Y) - ()

- 3/ l(d/2 - 2)
= —ald =) T+ o <O

Here B(z,y) = [y t®~D(1 — t)¥~'dt denotes the Beta function. Since ¢’(1) is

negative, the function ¢ cannot be convex. This finishes the proof. O

Lemma 4.5.3. If f,g € Hy then the product also belongs to this class f-g € Hy.

Proof. This is an immediate consequence of [37, Lemma 4.7] (or [I00, Lemma 2])

which states that if f and g are non-negative, non-increasing and convex on an

interval, then the product f - g is also non-negative, non-increasing and convex
there. O

Proof of Proposition[].4.12. a) From Proposition we know that ¢g4(2t) is a

radial TCF on R? that belongs to Hy. Since hgy(t) belongs to Hy it follows from
Example that the product yq(t) = @q(2t) - ha(t) is a radial TCF on RY,
Moreover hg(t) also belongs to Hy C H; and therefore x; € Hy due to Lemma

453l

The function yg4 does not belong to the class of TCFs of variance-mixed BR

processes on R? because of its compact support (cf. the comment on region (D)
in Figure [4.2)).

It suffices to show that the function
F(t) = =X5(Vt) = =205 (VA ha (V) + 03(Vat) (—h5 (V1))

is not convex, because then one of the conditions of Theorem 3.1 in [37] (that is
necessary to belong to the class Hs) is not fulfilled. From (4.6)), (4.18]) and (4.22))
we see that for ¢ € [0, 1]

hs(Vt) = %(2—3t1/2+t3/2), —Rhy (V1) = g(l—t),

C(1-vi ot L e t<1/4
S03(\/470_{1/(4\/%) t>1/4 2¢3(m)_{1/<4f) t21/4
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Thus, f(t) is a decreasing function on [0, 1] with the following left-hand and
right-hand derivative at 1/4

lim f/'(t) = — d lim f'(t) = —17/4.
tT11n/14f() 3 an tJ,I{I/14f() 7/

Hence, f cannot be convex in a neighborhood of 1/4. O

4.5.1. Derivation of expressions in tables

Proof of Table[{.1 The TCF of a Brown-Resnick process has been computed in [52}
Remark 25]. If X is a variance-mixed BR process and V; = exp (S Wy — %202 (t)) as
in Example then conditioning on S yields the TCF of X

xver(t) =E (Vi A V) =E (B (VA Vo|S))
= Eerfc( 527(15)/8) = /OOO erfc (s ’yét)) dG(s).

For extremal Gaussian processes we refer to [11, (7)] and (3.6). Now, let X be an
extremal binary Gaussian process and let Z be a Gaussian process with correlation
function p as in Example Then [12, Equation (10.8.3)] gives (with v = 0

therein)

xepc(t) = P(Z > 0| Zy > 0) = 2P(Z; > 0, Z, > 0)
1 1 1 1
=2 (277 arcsin(p(t)) + 4) = arcsin(p(t)) + 7
The TCF of an M3 processes has been considered before in (3.2.2). Because of ([2.4))

and (3.6) the TCF of a Mixed Poisson storm process is given by

() = £(F) 0 (o6) = £F) (B2 el )

where b ([o,t]) denotes the mean width of the line segment [o0,#] C R? between the
origin 0 and ¢ € R? (cf. [88, p. 601 (14.7)]). O

Lemma 4.5.4. Let d > 3 be odd and ¢ € Hy = M. Let G be a corresponding
distribution function as in in the definition of the class Hy and let f be a non-
increasing shape function as in the definition of the class MJ. Set k := (n —1)/2
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and define the (right-hand) derivative

A(t) = (—1)’f§; [~ (Vi)] =0

Then G and f can be recovered from y by

G(s) = dI‘\(fl?/Q) /OS tld dA (tQ) and flu) = (\/27?>d_1 A (4u2) .

Proof. The recovery of G is precisely [37, Theorem 3.2]. By (4.8)) we obtain

L e JEuen 1
S =g [ a6 = ks | ()

B <¢27?>1/(2U) (M) = Jim M)

But lim, 00 A(z) necessarily vanishes, since A(t) = —d/(t) for a non-negative (i.e.

bounded from below), non-increasing and convex function a(t) due to [37, (22)]. O

Proof of Table[{.2 In case d = 1 we refer to [37, (18)] for the recovery of G and
g = G’'. The recovery of f follows from . In case d = 3 the previous Lemma
4.5.4| can be applied to d = 3 and ¢ = x, where we abbreviate A, (t) = 2A(1/t?) =
tx"(1/t). In case d = 2 we additionally assume that x € Hs, such that

g [ ()

dtk

exists for k € {0, 1,2} and is non-negative, non-increasing and convex for k € {0,1}
(cf. [37, p. 96]). This requirement ensures that we can apply the monotone conver-
gence theorem iteratively when differentiating within the following integral .
A priori we know from [37, Theorem 3.4] that

G(r)= ;/(O,r) %d,u(sz) with wu(t dt/ \/7 "(1/3/v)]

Now x € Hj ensures that p/(t) exists by

0= g [} v ae = G ([ [casvim] av)
_/ F(dﬂ % 1/F)D (4.24)
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where

i Foverm] = o e () - 7 ()

The substitutions v = wt and v = u? give

, 1 Vi u? . "
J=5m [ Yt with () = w1/,

Hence G has a density g with

) 1 s 1
o(s) =) = 55 [\ o=

Fubini’s theorem and the substitution s = 1/¢ yield

G(r):/org(s)ds:/o?qziél/osws/uz_d)\X(u)ds

2/ (u 34\/7 )ud)\ 2 <;:“W )ud)\x(u)-

Applying [42], p. 96 2.264.4] we arrive at

G- [ (2 ( ) w0
:61743/; <1+2(2>2> ( (2)21) Ay (u).

To compute the shape function f we apply (4.8))

()= [ o3[ o

By Fubini’s theorem and the substitution s = 1/r we have

(2u> / ( ds) tdA (£)
2/ </1i?/tt V1—1r22 dr ) EAA(H).
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Applying [42], p. 96 2.264.2] gives

(2u> 2/ ( u,;tQ) tdA(t) = ;ufou( (?)2—1) dA (1)

Finally, we replace u by 1/(2u) and obtain

u /e 2
f(u):% ; ( (zit) —1) A (t)

as desired. O

Lemma 4.5.5. Let g(s) = /7 f(s%) be a probability density on (0,00) and let
¢ : [0,00) — [0,1] with p(0) = 1 be such that —¢' (\/*) is the Laplace transform

of f in the following sense
—¢ (\/E) :/ e "t f(r)dr.
0
Then
p(t) = / erfc (st) g(s) ds.
0
Proof. (analogously to [37, p. 104]) Replacing ¢ by t? and r by s? yields
o —52t? 2 ~d
:/ 2se f(s%)ds :/ — [—erfe(st)] g(s) ds.
0 o dt
Applying Fubini’s theorem when integrating w.r.t. ¢ gives
P0) = p(t) = [ fexto(0) — exte(st)] g(s)ds.
0

which entails the claim, since g is a density on (0, 00) and ¢(0) = 1. O

Proof of Table[{.3 We apply Lemma and derive this table from known Laplace
transforms in [77] using (in this order) equations [p. 964 5.3 (11)], [p. 964 5.3 (12),
p. 963 5.2 (12) and p. 962 5.1 (26)], [p. 963 5.3 (1)] and [p. 963 5.3. (3) with v = 1.5]
therein. O
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4.5.2. Plots

Powered exponential Whittle-Matérn

1.0
1.0

—_— v<i — v<05
| — v=05

) — =1

— v>05

—_— v>1

00 02 04 06 08
|
00 02 04 06 08

00 05 10 15 20 25 3.0

Cauchy for § =2 Powered error function

B-2
- —_— v<i

— v=1

1.0

—_— v<i
- _—y=1

—_— v>1

. —_— v>1

00 02 04 06 08 1.0

00 02 04 06 08

00 05 10 15 20 25 3.0 00 05 10 15 20 25 3.0

Figure 4.3.: Parametric families of radially symmetric functions on R? for the param-
eters v = 0.2,0.6,1,1.4,1.8 (powered exponential, Cauchy, powered error function) and
v =0.1,0.3,0.5,0.7,0.9 (Whittle-Matérn). The sharp parameter bound for being a tail cor-
relation function (TCF) is marked black, blue functions are TCFs, red functions not, see

Table @
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d=2 d=3

1.4
1

1.2

1.0

0.8
L

0.9 1.0 1.1 12 13 0.9 1.0 1.1 12 13

d=4 d=5

0.9 1.0 1.1 12 13 0.9 1.0 1.1 1.2 13

Figure 4.4.: The function c(t)/B4 with c(t) from (4.23) and B4 as in (4.19) is plotted
for d € {2,3,4,5} (black line). Additionally a straight line (red line) indicates that the
respective functions are not convex (cf. Remark |4.4.10)).



The more | see the less | know for sure.

(John Lennon)

5. Representations of Brown-Resnick
processes for group actions

In [52] Brown-Resnick processes are introduced as stationary processes on RY. More-
over, a condition is derived that guarantees that such a process can be represented
as a Mixed Moving Maxima process (cf. [52, Theorem 14]). Here, instead of sta-
tionarity on R%, we include other types of invariance, when a group action on some

space T is considered. As a convention we will consider left group actions.

Definition 5.0.6. Let G be a group with composition (g,h) +— gh and identity
element e. Let T be a set. Then we call a map G x T' — T which we write as
(g,t) — gt a (left) group action if g(ht) = (gh)t and et = t for all g,h € G and
t € T. In that case we say that G acts on T (from the left). The orbit of an element
t € T is the set

Gt :={gt: g € G}.

The action is said to be transitive if there is only one orbit, i.e. T" = Gt for some
(and then all) ¢ € T'. The stabilizer (subgroup) of an element t € T is

Stab(t) :={g € G : gt =t} C G.

The action is said to be free if Stab(t) = {e} for all ¢t € T. Elements ¢t € T with
Stab(t) = G are called fized points. If G and T are topological spaces, the action is

said to be continuous if the respective map G x T' — T is continuous.

Example 5.0.7. As an example we have in mind the 2-sphere S? (the unit sphere
in R3) and the rotating S!-action on S? around some fixed axis. This group action is

continuous and has two fixed points n and s. The group S! acts freely on S?\ {n, s}.



106 5. Representations of Brown-Resnick processes for group actions

Definition 5.0.8. Let G be a (left) group action on some space 7. We say that a
stochastic process X on T is G-invariant (w.r.t. to this group action) if the law of

{Xgt }ter and the law of X coincide for every g € G.

In the sequel we shall derive a Mixed Moving Maxima representation for G-
invariant Brown-Resnick processes (to be introduced below) when a suitable group
action of some compact group is considered. The difficulty here does not lie in
transferring the proof of [52] to the new situation, but in establishing a measurabil-
ity result. In fact, this measurability problem does not occur in the previous case,
since the question of a unique measurable argmax can be avoided by taking the
(lexicographic) infimum which commutes with the translation action of R? on RY.

In order to stress the parallels to previous work, we consider again Brown-Resnick
processes with standard Gumbel marginals (and not standard Fréchet marginals).
We write n(t) (and not 7;) to emphasize the continuous paths later on. To be more
precise, let (2,.4,v,V) be a spectral representation of a simple max-stable process
X on T such that

oo
Xi =\ UnVi(wn) teT,
n=1
where {(U,,wn)}52; denotes a Poisson point process on Ry x 2 with intensity
u~2duv(dw). Further, assume that (€2, 4, ) is a probability space and
Vi(w) = exp(&,(t)) (w,t) e QxT

for a stochastic process £ on T, which is distributed according to v. Then we will

consider, instead of X as above, the max-stable process n = {n(t) }+er with
\/ Un+&(t)  teT, (5.1)

where U,, denotes a Poisson point process on R with intensity e™ du and (§,)22,
an independent sequence of i.i.d. processes on T distributed according to v. In
what follows we omit the measure v and write P¢ instead or E¢ when referring to

the law and expectation of £ respectively. Because of our standing normalization

£(t / Vi(w

the process 1 has standard Gumbel marginals. Note that the law of the process X

requirement

equals the law of e".
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5.1. Brown-Resnick processes for group actions

The proof of [52], Proposition 6] which is carried out for the translation action of R?
on R transfers verbatim to the following situation (cf. also Proposition [A.3.1)).

Proposition 5.1.1. Letn = {n(t) }rer be a maz-stable process with standard Gumbel
marginals as in (5.1). Then n is G-invariant if and only if

E (exp (u1&e, +u2e, + - + unbt,)) = E (exp (wiége, + u2bge, + - + unge,,))

forallg € G and ty,...,t, € RY and uy,. .., u, € [0,1] with 30 u; = 1.

Moreover, [52, Theorem 2| admits the following version, when the respective proof
is adapted or [49, Theorem 1] is applied (cf. also Theorem [A.3.2)). For convenience,

we will only consider zero mean Gaussian processes.

Theorem 5.1.2. Let {W(t)}ier be a zero mean Gaussian process with variance
o2(t) = Var(W(t)) and variogram ~(s,t) = E(W(s) — W(t))?, such that

~v(gs, gt) = (s, t) Vge G, Vs, teT. (5.2)

Set £(t) := W (t) — o%(t)/2 fort € T. Then Eet(t) = 1 and thus, {£(t)}ier defines
a maz-stable process n = {n(t) }ier with standard Gumbel marginals via (5.1). This

process 1 has the following properties.
a) n is G-invariant.
b) The law of n depends only on the variogram .

As in the case of stationary Brown-Resnick processes on R%, such a process 7 as
in Theorem will be also be referred to as Brown-Resnick process (w.r.t. the

G-action).

Remark 5.1.3. (cf. [52, Remark 12]) It is convenient to fix some ¢, € T' and to consider
the process W (t) = W (t) — W (t,) = 0 instead of W, which is also Gaussian, has the
same variogram and satisfies W (t,) = 0. Its variance is 52(t) = Var(W(t)) = (¢, t,).

Remark 5.1.4. As in Example the TCF of the Brown-Resnick process n from

Theorem is given by x(s,t) = erfc(\/(s,t)/8).

Remark 5.1.5. Let {W(t)}ier be a zero mean Gaussian process with variogram
v(s,t) = E(W(s) — W(t))? and consider additionally to (5.2) the following state-

ments.
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(i) The process {W(s) — W (t)}(s)erxr is G-invariant
for the G-action ¢(s,t) = (gs,gt) on T' x T.

(ii) The process {W (gt) — W (t)}ser is G-invariant for all g € G.
(iii) The expression 7y(gt,t) does not depend on ¢t € T for all g € G.
(iv) The law of the process {W(gt) — W(t)}4eq does not depend on t € T'.

Then the statements (5.2)) and are equivalent and secondly, the statements
and are equivalent. If G is abelian, (i) implies . If additionally G acts
transitively on 7', then all five statements are equivalent. To verify these implications

take into account that
2 COV( W(S) - W(t) ) W(S/) - W(t/)) = 7(57 tl) + ’Y(tv 8/) - 7(57 SI) - ’Y(tv t/)

An example of a transitive action of an abelian group is, of course, the translation
action of G = R% on T = R?. Here, means that W is intrinsically stationary and
means that W has stationary increments. Other cases require more caution.
Consider the rotating S'-action on the 2-sphere S? C R? around some fixed axis,
which has two fixed points. Then implies immediately v(s,t) = 0 if s and ¢
belong to the same orbit, whereas more interesting examples for exist. For
instance, the angular distance between s and t is a valid variogram (cf. [43]) and

clearly invariant w.r.t. rotations.

5.2. Mixed Moving Maxima for group actions

Let us modify the definition of an M3 process as in Example from the transla-
tion action on R? to certain G-actions on a space T. To this end, we use the notion
of Haar measures as treated in [68], for instance. Recall that, in contrast to Example

1.2.1] we work here with standard Gumbel marginals.

Definition 5.2.1. Let G be a locally compact topological group acting continuously
(from the left) on a topological space T'. Denote by u a (left) Haar measure on G.
If G is compact, we make our choice of Haar measure unique by p(G) = 1.

Let k = {k(t) }4+er be a measurable process on T such that

E, </G e“(g_lt)u(dg)) =1 VteT. (5.3)
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Let (kn)22, bei.i.d. copies of k and let (g, U,)52; be an independent Poisson point

process on G x R with intensity e “u(dg)du. We call a process of the form
o)
n(t) == \/ (Un - m(g;lt)) teT.
n=1

Mized Moving Maxima process (M3 process) w.r.t. the G-action.
For a non-empty finite set M C T the f.d.d. of i in Definition [5.2.1] are given by

—logP(n(t) <y, t € M) =E, /Gexp ( \ wlg™'t) - yt> n(dg)
teM

for y € RM. In particular 1 is max-stable with standard Gumbel marginals. To
see the G-invariance of the f.d.d. of 7, fix some y € R™ and locations t1,...,tn,
and note that the function &, 1,.(9) = Exexp (Vien (K(g71) —yi)) on G is

integrable. Since p is a (left) Haar measure, we have for any h € G

[ttt @1dg) = [ R (07 utdg) = [ o (9o,

which shows P(n(ht;) <wy;,i=1,...,m) =P(n(t;)) <y, i=1,...,m) forall h € G.

5.3. M3 representation for actions of compact groups

The following theorem is the main result of this chapter. It can be viewed as an

analogous version of [562, Theorem 14| for compact groups.
Theorem 5.3.1. Let G be a compact metric group acting continuously on a o-
locally-compact metric space T, such that there exists t, with

Stab(t,) C Stab(t) VteT. (5.4)

Let {W (t)}1er be a sample-continuous zero mean Gaussian process with variance
o2(t) = Var(W (t)) and variogram ~(s,t) = E(W (s) — W (t))?, such that

v(gs, gt) = (s, t) Vs, teT, VgeaQG, (5.5)
(s, t) #0 Vs, t €T with s # t. (5.6)

Set £(t) == W(t) — 02(t)/2 and let n be the Brown-Resnick process from Theorem
[5.1.2. Then there exists a Mized Moving Mazima process n* that has the same law

as n.
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Example 5.3.2. The requirement that there exists t, with Stab(t,) C Stab(t) for
all t € T will be met if all stabilizer subgroups Stab(t) C G for ¢ € T coincide.
For instance, there is an S? action on SO(3) with stabilizers {#1}. The following

scenarios are also included in this situation:

(a) G acts freely on T, e.g. St acts freely on R?\ {0} by rotation around the origin.

(a.1) Each group G acts freely on itself by left multiplication. For instance,
the 3-sphere S% C R* admits a group action and acts freely on itself.

(b) G acts transitively on T and the stablilizer subgroup Stab(t,) C G of some t, €
T (hence every t, € T) is a normal subgroup of G' (meaning gStab(t,)g~! =
Stab(t,) for g € G). In this case T' = G/Stab(t,) is necessarily compact (see

Lemma |5.3.4)).

(b.1) This is includes transitive actions of abelian groups, e.g. S* x S1 acts

transitively on the 2-dimensional torus.

On the other hand, it is not necessary, to require that all stabilizer subgroups
coincide. For instance, in addition to the above scenarios fixed points ¢, (with
Stab(t.) = G) can be admitted as in the rotating S'-action on R? or on the 2-sphere
S2. However, does not include the case that the stabilizer subgroups are only

conjugate. The isometric SO(3)-action on S? may not be considered, for example.

Example 5.3.3. Consider again the rotating S'-action on the sphere S?, which has
two fixed points. This example meets (5.4)). Many suitable variograms for Theorem
that depend only on the spherical distance can be found in [43].

The following lemma summarizes some facts concerning the group action involved
in Theorem We refer to [73] and [72]. A detailed study of Haar measures on

locally compact homogeneous spaces can be found in [6§].

Lemma 5.3.4. Let G be a compact metric group acting continuously on a o-locally-
compact metric space T (from the left). Let t, € T and Gt, C T its (compact) orbit
and Stab(t,) C G the stabilizer of t,, which is a closed (hence compact) subgroup of
G. Then the map

G/Stab(t,) — Gt,, [9] — gto

is well-defined and a homeomorphism. In particular H, := G/Stab(t,) = Gt, is
compact and locally compact. The group G acts continuously on H, by left multipli-
cation: g[h] := [gh].
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If additionally Stab(t,) is a mnormal subgroup in G, then H, is also a compact
metric group and the continuous quotient map G — H, where g — [g] is a group
homomorphism. Any finite G-invariant (or equivalently H,-invariant) measure on
the Borel-o-algebra of H, is a constant multiple of the (left) Haar measure i on
H, with i(H,) = 1. The (probability) Haar measure ji on H, is the pushforward
measure of the (probability) Haar measure p on G under the quotient map G — H,.

Before we can prove Theorem [5.3.1] we need to establish a crucial preparatory

result, which is also of independent interest.

Lemma 5.3.5. Let (T,d) be a compact metric space and (C(T),|-||) the Banach
space of real-valued continuous functions on T endowed with the supremum norm
Il Let Camax(T') be the subset of functions f € C(T), such that there ezists a
unique point t € T, at which the mazimum value of f is attained. Then Camax(T)

is measurable w.r.t. the Borel-o-algebra of the supremum norm and the map
argmax : Comax(T) — T,

which assigns to each function f € Camax(T) this unique point, is well-defined and

measurable.

Proof. For f € C(T) we define the set of its maximizers

set- argmax(f) := {t €T : f(t) = max f(t)} )

teT

which is a non-empty compact subset of T, since T" is compact and f is continuous.
Thus, we have a well-defined map set-argmax : C(T') — K(T') into K(T), the set
of non-empty compact subsets of T'. By choosing a countable dense subset S of the

compact metrizable space T', we can express set-argmax(f) as

set-argmax(f) = ({t €T : f(t) > f(s)},
seS
since f is continuous. Now, for each s € S, the set As(f) :={t €T : f(t) > f(s)}is
a non-empty compact subset of T', since 1" is compact and f is continuous. Moreover
the assignment C'(7') — K(T') with f — As(f) is measurable with respect to the
Borel-o-algebra of the Fell topology on K(T'). To see this, e.g. write A (f) =
{t € T : fs(t) > 0} as upper level set of the continuous function fs(t) = f(t) —
f(s), which depends continuously on f € C(T) (cf. [65, Example 1.2]). Hence,
also the countable intersection set-argmax(f) = NyegAs(f) : C(T) — K(T) is
measurable with respect to the Borel-o-algebra of the Fell topology on K(T') (cf.
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[65, Theorem 2.25]). Because T is compact, the Fell topology on K(T') coincides
with the topology of the Hausdorff distance pg with respect to the metric d on T (cf.
[3, Theorem 3.93]). Thus, set-argmax : C(T") — K(T) is measurable with respect to
the Borel-o-algebra of the Hausdorff distance pg. Further, the map

i:T— K(T), i(t)={t}

embeds (T, d) isometrically into K (T") as a closed (hence measurable) subset of K (T)
(cf. [3, Lemma 3.78]). We may conclude that

Coamax(T) = set-argmax 1 (i(T))

is measurable (with respect to the Borel-o-algebra of the supremum norm). More-

over, the map

1

argmax := ¢ - o set-argmax : Comax(T) = T

is well-defined. Let A C T be closed (and hence compact). Then i(A) C K(T') is

also compact, since i is continuous. Therefore,

argmax ' (A) = set-argmax 1 (i(A)) C Camax(T)
is measurable, which shows that the map argmax is measurable. O
Proof of Theorem[5.53.1. We take the proof of Theorem 14 in [52] as a guideline
adding some subtle changes. Let (€2, A, Py ) denote the probability space corre-
sponding to the Gaussian process W : Q@ — C(T'). The process £ : Q@ — C(T) with

£(t) := W(t) —o%(t)/2 is also Gaussian and continuous. A short computation shows
that

Var(§(s) —&£(t)) = (s, t) (5.7)

Because of ([5.4), we have that Stab(t,) C Stab(gt,) = gStab(t,)g~! for all g € G.
Hence, Stab(t,) C G is a normal subgroup of G. By Lemma we have that the
map G/Stab(t,) — Gt, given by [g] — gt, is well-defined and a homeomorphism.

In particular
H, := G/Stab(t,) = Gt,

is a compact metric group and G acts continuously on H, by left multiplication:
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glh] := [gh]. Moreover, the following map is well-defined and continuous

(o : C(T) = C(Ho), [ fo, where fo([g]) == f(gto)- (5.8)

Applying this map (), to £ yields a sample continuous Gaussian process &, : Q —
C(H,). Since H, is compact metric, each sample path of £, attains its maximum
and the set Cymax(H,) of continuous functions on H, with unique maximizer is
measurable, cf. Lemma Further, due to and we have

Var(&([g1]) — €o([92]) = v(g91t0, g2t0) #0  Y[g1] # [g2]-

Thus, [53, Lemma 2.6.] ensures that Py (£, (Camax(H,))) = 1. So, the Gaussian
process W allows for an undistinguishable process W* on 2 by replacing the sample
paths on the complement of &, !(Camax(H,)) in © by some continuous path, such
that the process &([g]) = &*(gto) := W*(gt,) — 0%(gt,)/2 attains its maximum at
only one point. We denote the preimage of Cymax(H,) under the continuous map
by Camax,o(T"). Then, £* takes its values only in Camax,o(T") C C(T).

In what follows, we will show that the corresponding Brown-Resnick process n*
defined through Theorem (which has the same law as 7) has a Mixed Mov-
ing Maxima representation. For notational convenience we will omit the index ()*

henceforth. From now on, we can stick closer to the proof of Theorem 14 in [52].

Firstly, Lemma ensures that the argmax-map argmax : Camax(H,) — H, is

measurable. This is the crucial point when verifying that the following maps are

measurable:
R X Camax,o(T) u H, xR x C(T)
\ /
Camax,o(T)
m(u,&) == ([¢'], 9, ), where [¢'] := argmax(&,),
y' = u+ max(&,),
() =u+€&(g't)
I(f) == ([g"], 4", F"), where [g"] := argmax(f,),

y" »= max(fo),
F1() = flg"t) —y"
p(u, &) ==u+¢
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Note that p is well-defined and that the continuous functions f’ € C(T') and
f" € C(T) are only well-defined since Stab(t,) C Stab(t) for all t € T' (as assumed,
see (5.4)). The above diagram commutes, i.e. 7 = Il o p and

I(g*f) = (g7 g",y". f") VgeGq, (5.9)

where ¢g*f denotes the function on T given by ¢g*f(t) = f(gt), which belongs again
t0 Camax,o(T)-

Now, the process 7 is constructed by (5.1)) from a Poisson point process (U, ,)5 4
on R x C(T') with intensity measure e™"du x dP¢ where P¢ is the law of £ on
Camax,o(T"). This process transforms under 7 to a Poisson point process on H, X

T x C(T') with intensity measure
U(A) = / e~tdu x AP = / e P([¢], o, f) € Al du
m=1(A) R

for sets A in the Borel-o-algebra of H, x T' x C(T), cf. the mapping theorem for

Poisson point processes [64]. By the same computation as in [52] it follows that
Y({([rl,y+2,[) : ([hy. f) € A}) =e7¥(4) VzeR (5.10)

Because v is G-invariant (see (5.2)) and 7 factorizes by the above diagram and II
commutes with the G action in the sense of (5.9), Theorem 1 in [49] implies that

U({(g ' [nl,y, f) : ([hl,y, ) € A}) =V (A)  Vgeg. (5.11)

Further, we have that

W(H, x [0,1] x C(T)) = /

e P(y' € [0,1]) du = / e~ P(u + max(&,) € [0, 1]) du
R

R
< / e’ P(max(&,) > v)dv < / e" P([&oll o,y > v) dv < oo
R R

where the last inequality follows from the asymptotics of Corollary 3.2 in [56].

Following [52] we introduce the measure ¥4 on H, x R for a measurable subset
A C C(T) via Wu(B) = [, 4€d¥([g],y, f). Because of (5.11)) the measure W4
is G-invariant (or equivalently H,-invariant) in the first component H, and due to
it is translation invariant in the second component R. Hence W 4 is a multiple
of the product measure which is built from the (probability) Haar measure i on H,
(see Lemma and the Lebesgue measure on R. Therefore, we write d¥ 4 =
Q(A)f(d[g])dy for some positive constant Q(A), where the assignment A — Q(A)



5.4. Extremal log-Gaussian representation on the sphere 115

also defines a finite measure on C(T'). Setting ¢ := Q(C(T")) and normalizing Q to
a probability measure Q' := Q/c¢, we arrive at d¥ = ce Y[i(d[g])dydQ’.

By construction, we get that

\/ U +€n \/ y///+f/// /”];115) (5.12)
where the triple

(9" Tnsyn > £) = (19'In Y — log (), fr, + log(c))

originates from the Poisson point process ([¢']n, ¥, f1,)522, with intensity measure
dU = ce Y(d[g])dydQ’. As in [52] we may conclude that, ([¢"]n, v, fI")22, is a
Poisson point process on H, x R x C(T) with intensity measure e y,u( [g])dydQ*,
where Q* is the law of /" = f’ +logec. Thus, the representation (5 arises from
the Poisson point process ([¢"],, vl )5, on H, x R with intensity e y,u(d[g])dy and
independently sampled i.i.d. copies f]’ from the probability measure Q* on C(T).

Due to the Gumbel marginals of 7,

/ / D) Q (df) = —logP(n(t) <0) =1  VieT,
C(T) JH,

i.e. the representation (5.12)) satisfies (5.3). Hence, ([5.12)) is a Mixed Moving Maxima

representation of 7 with respect to the group action of H,. Furthermore, the measure
fi on H, is the pushforward measure of the (probability) Haar measure o on G (see
Lemma [5.3.4]). This implies that the representation

\/ y///+f/// "n— lt)

" "

where (g}, y' )22, is a Poisson point process on G x R with intensity e ¥u(dg)dy
and f/"” as above, is also a Mixed Moving Maxima representation of 7, now with

respect to the group action of G. 0

5.4. Extremal log-Gaussian representation on the sphere

We consider the Brown-Resnick process 7 from Theorem on the 2-sphere T' =
S? w.r.t. the action of the (orientation preserving) isometry group G' = SO(3).
Then the involved variogram (s, t) necessarily depends only on the angular distance

a(s,t) between points s and ¢ on the sphere, since v is symmetric and for any fixed
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distance d the group SO(3) acts transitively on {{s,t} : s,t € S? with a(s,t) = d}.
It is known that such variograms can be represented as 7(s,t) = ¢, — C(s,t) for
some covariance function on the sphere [43, Remark 2], where ¢, > [ v(«a) sin(a)da.
Thus, the Gaussian process W in Theorem [5.1.2] with variogram v can always be
chosen to have covariance C(s,t)/2, which depends on the angular distance only.
Likewise, the resulting process £(t) = W (t) — ¢o/4 has the same covariance function
as the process W with a different mean and the process n can be built from £ via
(5.1). Such constructions are considered in the case of T = R?, for instance, in
[83, Theorem 2] for Fréchet marginals. Analogously to the name extremal Gaussian
process and extremal binary Gaussian process as in Example [[.2.2] it is concise to
call this representation of the process n extremal log-Gaussian process, since the
stationary Gaussian process in the construction of extremal Gaussian processes is
simply replaced by an SO(3)-invariant log-Gaussian process.

In particular, the representation with SO(3)-invariant £ (instead of an “in-
trinsically SO(3)-invariant” &) is an important observation if one is interested in
simulating the Brown-Resnick process n on the sphere, as the “intrinsic” version can
always be avoided.

Finally, note that in general, bounded variograms vy do not need to be repre-
sentable as v(s,t) = ¢, — C(s,t) for some constant ¢, and some covariance function
C, as the example in [5, 3.2.5 Remark] indicates, whereas such a representation can
still be obtained, when group invariant variograms on compact homogeneous spaces
are considered (cf. [101, p. 619]).



Ever tried. Ever failed. No matter.
Try again. Fail again. Fail better.

(Samuel Beckett)

Concluding remarks

My original interest of research was in a complete characterization of the class of tail
correlation functions. At the early stages of this project I realized that the link to the
extremal coefficient functions was a promising starting point. Chapter [2] deals now
with this approach and does not only prepare the results in Chapter [3} but contains
many observations that are of independent interest. For instance, the construction
of a process parameterized by its ECF in Theorem and the sharp inequality of
Corollary have been established. The characterization of the set of TCFs as an
infinite-dimensional polytope and the observations on partition TCFs in Chapter
have become the closest answer to the original characterization problem for TCFs.
Note that these results are not restricted to the class of max-stable processes, since
Chapter [3| also takes into account all TCFs of not necessarily max-stable processes
as well as the closure of normalized covariance functions of binary processes.

Moreover, the Gneiting class H, is, in my opinion, a satisfactory analogue in the
context of TCFs to the class @ in the context of correlation functions, where ®,
denotes the radial continuous correlation functions that are admissable on R? for
all dimensions d. Likewise, the class Ho contains radial continuous TCFs that are
admissable on R? for all dimensions d. It is known that functions from ®., take the
form (r?), where ¢ is a completely monotone function on [0, 00) with ¢(0) = 1.
The functions ¢ from Hs, are continuous with ¢(0) = 1 and decreasing to 0, such
that —¢’ (1/+) is completely monotone on (0, 00). Convex combinations of functions
from H,, and the constant function 1 form the richest class of TCFs we know that
does not depend on the specific dimension of the surrounding space (see Chapter [4)).
Therefore, I think that the class of variance-mixed Brown-Resnick processes which
realizes the class Hy, offers a useful flexibility worth studying.

Further, advanced TCFs with desired properties (such as compact support) can

be constructed from the basic construction principles for TCFs from Chapters
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and [4 The variance-mixing in the construction of Brown-Resnick processes can also
be combined with the generalizations of Brown-Resnick processes from Chapter
For instance, there exists a variance-mixed Brown-Resnick process on the 2-sphere
S? with TCF x(s,t) = 1 — 2n~ ' arctan(a(s,t)?/a) for ¢ € (0,0.5] and a > 0, which
depends solely on the angular distance «(s,t) between points s and t.

Finally, we collect some questions that remained unsolved. Three open problems
have already been formulated in Remarks [2.6.10} [3.4.8] and [3.6.6] Further open

questions concerning the characterization of TCFs are as follows.

A complete list of all higher dimensional inequalities describing the class of TCFs
seems hard to achieve. However, the observation that partition TCFs are precisely
the vertices of TCF(M) for |[M| < 4 in Chapter [3|is at first sight promising for a
characterization of the general vertex set. It is unclear if this is a low-dimensional
phenomenon or a deeper structural result.

In Chapter [3] it was shown that two TCFs can be multiplied and the result is
again a TCF. However, it is not clear which products of a TCF and an arbitrary
non-negative correlation function are again a TCF. For instance, it would be nice
to incorporate a damped oscillation. Multiplication with a periodic zigzag function
(which is an admissable TCF on R) is rather unsatisfactory compared to the mul-
tiplication with a cosine that is normalized to a non-negative correlation function
(which is not a TCF).

In Remark it is noted that the function x(¢) := 1 — /5 - t that decreases
linearly in the radius ¢ is an admissible TCF on the d-dimensional ball B%(0) of
radius r if 8 € [0, B4/r] with 5, as in . With regard to results in [38], where it
is shown that ¢(t) = 1 — « - t is positive definite on the d-dimensional ball of radius
r if and only if o € [0,284/7], it seems likely that the bound in Remark is
sharp.



A. Appendix

A.1. Harmonic analysis on abelian semigroups

We revise several notions and results from harmonic analysis on abelian semigroups
referring mostly to [5] and [65] for the notation in Equation (A.I). For our purposes
it suffices to consider only real-valued functions. This section is particularly relevant
for Chapter [2]

Let (S,0,€) be an abelian semigroup (meaning that S is a non-empty set with
an associative and commutative composition o on S and a neutral element e). The

composition of several elements s; for ¢ € I will be abbreviated by Ojer s;.

Definition A.1.1 (positive definite and negative definite functions in the semigroup
sense). A function ¢ : S — R is called positive definite (in the semigroup sense) if
forallm > 1, {s1,...,s,} C S, {a1,...,a,} CR

Za]akgo i osg) > 0.
7,k=1

A function ¢ : S — R is called negative definite (in the semigroup sense) if for all
n>2 {s1,...,8n} CS,{a1,...,a,} CRwith 3°7 ;a; =0

Z ajap(sj o sp) <

7,k=1

Remark A.1.2. More generally, we could define positive and negative definite func-
tions for semigroups S with involution * : S — S (i.e. **> = idg) by replacing the
term ¢(s;j 0 s) by ¢(s; o *(s)) in the definition above. Instead, we work here only

with the identity as involution. If S was an abelian group (where each element s
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has an inverse —s), the choice *(s) = —s would be in accordance with a definition
of positive definite functions on abelian groups that might be more familiar to the

reader.

We write P(S) and N(S) for the set of positive definite and negative definite
functions on S, respectively. Further, P’(S) and N!(S) shall denote the set of
bounded positive definite functions and lower bounded negative definite functions.
Clearly, all these properties (positive and negative definiteness, being bounded or
having a lower bound) respect convex combinations and scaling. So P(S), P(S),
N(S), NY(S) are convex cones.

The cones P(S) and P?(S) are also closed under pointwise multiplication. If ¢y
and 9 are positive definite functions (and additionally bounded), so is ¢7 - 2. The
cones N(S) and N'(S) are closed under adding a constant. If ¢; is negative definite
(and additionally lower bounded), so is ¥ + ¢ for any constant ¢ € R. The following
lemma gives a relation between P(S) and N(S).

Lemma A.1.3 ([5], 3.2.1. and 3.2.2.). For a function ¢ : S — R the following are

equivalent:
(i) ¥ € N(S)
(ii) exp(—ty) € P(S) for allt > 0.

(iii) The function (s,t) — ¥(s) + (t) — (s ot) —P(e) is positive definite as a
kernel on S x S.

The functions from the convex cones P?(S) and N'(S) allow for an integral rep-

resentation in terms of bounded semicharacters.

Definition A.1.4. A bounded semicharacter p : S — [—1,1] is a function that
satisfies p(e) = 1 and p(sot) = p(s)p(t) for s,t € S.

The set of all bounded semicharacters is denoted S. In particular each bounded
semicharacter is a positive definite function. The set S forms itself a semigroup under
pointwise multiplication and neutral element the semicharacter p = 1. We endow
S c -1, 1]5 with the product topology which makes S a topological semigroup.
As a topological space Sis a completely regular compact Hausdorff space. The

following representation theorem holds.

Theorem A.1.5 ([5], 4.2.8. and 4.3.2. Integral representation for functions from
P®(S) and NU(S)). If ¢ € PY(S), the function ¢ uniquely determines a positive

Radon measure . on g, such that

p(s) = /§p<8) p(dp).
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Ify € NY(S), the function 1) uniquely determines an additive function q : S — [0, 00)

and a positive Radon measure u on S\ {1} (called Lévy measure) such that
U(s) = 0O +a()+ [ (1= p(s) nldp).
S\{1}

Here q(s) = limy, 0 @ for s € S. If q is identically zero, then 1 is bounded if
and only if u(S\ {1}) < .

Moreover, if ¢ : S — R is positive definite (and bounded) and ¢ € R a constant,
then trivially, the function ¥ = ¢ — ¢ is negative definite (and bounded). But also
conversely, any bounded negative definite function ¥ : § — R has the form ¢ = c—¢
for some positive definite ¢ and a constant ¢ (cf. [5, 4.3.15.]).

For a function f : S — R and elements s1,s € S we use the notation (cf. [65,
p- 7])

(A5, f) (s) := f(s) = fs0s1). (A1)

Note that the operators A;, and A;, commute with each other.

Definition A.1.6 (completely monotone and completely alternating functions).
A function ¢ : S — R is called completely monotone if for alln > 0, {s1,...,s,} C S
and s € §

(AsiAsy o As ) (8) = Z (_1)‘” ¢ (50 Oiersi) > 0.

Ic{1,...,n}

A function ¥ : S — R is called completely alternating if for all n > 1, {s1,...,s,} C
Sand seS

(BB A 0) (5) = > (=DM (se Ouersi) <0.

Ic{1,..,n}
Lemma A.1.7 ([5], 4.6.6.). Let G be a generator for the semigroup S. Then a func-

tion 1 : S — R is completely alternating if and only if for alln > 1, {s1,...,sn} C G
and s € S

(A Agy . Ag ) ()= Y (=D (50 Orersi) 0.

Ic{1,...n}

We write M(S) and A(S) for the set of completely monotone and completely
alternating functions on .5, respectively. They can be characterized as follows. Let

§+ denote the set of bounded semicharacters which attain values only in [0, 1].
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Theorem A.1.8 ([5], 4.6.5. and 4.6.7.). The set M(S) is an extreme conver sub-
cone of P°(S). A function o € P?(S) is completely monotone if and only if the
corresponding measure [ from Theorem is concentrated on §+.

The set A(S) is an extreme convex sub-cone of NY(S). A function 1 € NY(S) is

completely alternating if and only if the corresponding Lévy measure v from Theorem
m is concentrated on S \ {1}.

In particular, if S is 2-divisible (i.e. every element s € S can be decomposed into
s = s + & for some s’ € S), positive definite functions are automatically positive
(cf. [5, 4.1.6.]) and thus, S = S,. Consequently, M(S) = P(S) and A(S) = NL(S)
if S is 2-divisible.

The cone M (S) is closed under pointwise multiplication. If ¢; and ¢ are com-
pletely monotone functions, so is 1 - 3. The cone A(S) is closed under adding a

constant. If 1)1 is completely alternating, so is ¥ + ¢ for any constant ¢ € R.

Lemma A.1.9 ([5], 4.6.10.). For a function : S — R the following are equivalent:
(i) ¥ € A(S)
(ii) exp(—ty) € M(S) for allt > 0.

Idempotent semigroups (cf. [5, 4.4.16.]) Let S be an idempotent semigroup, i.e.
every element s € S satisfies sos = s. Then S is also 2-divisible and M (S) = P*(S)
and A(S) = N'(S). Further, we can define a partial order on S by saying that
s < tif sot =t. With respect to this partial order positive definite functions ¢
are automatically decreasing satisfying 0 < ¢(s) < ¢(e), whereas negative definite
functions ¢ are always increasing, thus bounded from below by ¥(e) < ¥(s). It
follows that

M(S)=P’(S)=P(S) and A(S)=NYS)=N(S). (A.2)

Consider a semicharacter p € S. We sce directly from the definition that it takes
values in {0, 1} if S is idempotent. Set I := p~1({1}) C S. Then I is a sub-semigroup
of S which is hereditary on the left, that is: whenever s < t and t € I it follows that
s € I. In fact, if we denote .# the set of sub-semigroups of S which are hereditary on
the left, we have an isomorphism of semigroups (§ 5 1) =2 (#,N, S) where the map
and its inverse are given by p — p~1({1}) and I — 1;. This is indeed an isomorphism
of topological semigroups, if .7 is endowed with the topology generated by the maps
(8s)ses where 84(I) = 1;(s). Moreover, if 1 € N(S) = N'(S), the corresponding g
from Theorem is identically zero, since ¢(s) = lim;, o0 @ = lim,, oo wff) =
0. Theorem simplifies to the following version.
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Theorem A.1.10 ([5], 4.4.17.). Let (S,0,€) be an idempotent semigroup.
If o € P(S) = M(S), the function ¢ uniquely determines a positive Radon measure
1 on S = <, such that

p(s)=n{peS:ps)=1})=p({les :sel}).

If ¢ € N(S) = A(S), the function 1 uniquely determines a positive Radon measure
pon S\ {1} = .\ {S} such that

U(s) = (0) + pu({p € S\ {1} : p(s) = 0}) = $(0) + u({I € S\ {S} : s ¢ I}).

The function 1 is bounded if and only if (S \ {1}) = u(# \ {S}) < 0.

A.2. Monotonicity properties of continuous functions

This section is particularly relevant for Chapter We consider continuous func-
tions on intervals of the real line and define certain monotonicity properties. The
definitions made here are in accordance with the previous Section if we con-
sider functions on the interval [0,00) when viewed as a semigroup ([0,00),+,0).
Therefore, we refer to [0, 4.6.13.].

Definition A.2.1 (cf. [62, 100]). Let (a,b) be an open interval of the real line with
a,b € [—oo,00] and n € N. A real-valued function f is called n-times monotone
on (a,b), where n > 2, if it is differentiable up to order n — 2 and (—1)¥f®*) is
non-negative, non-increasing and convex on (a,b) for k = 0,1,...,n—2. If n = 1,

we simply require f to be non-negative and non-increasing on (a, b).

In case n > 2, we could have equivalently demanded that (—1)*f*)(z) > 0 for
z € (a,b) and k = 0,1,...,n — 2 and that (—=1)"=2) f(*=2)(z) is non-negative and
convex in (a,b). Thus, it becomes more apparent that for n — oo we arrive at the

definition of completely monotone functions.

Definition A.2.2 ([99], Chapter IV). ) Let (a,b) be an open interval of the real
line with a,b € [—00, 00]. A real-valued function f is called completely monotone on

(a,b) (resp. absolutely monotone on (a,b) if it has derivatives of all orders and if
(DO >0 (resp. fP() > 0)
for all € (a,b) and k € NU {0}.

Finally, we extend these notions also to closed or half-open intervals.
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Definition A.2.3. Let I be an interval of the real line. We call a real-valued
function f n-times monotone on I (resp. completely monotone on I / absolutely
monotone on I) if f has this property when restricted to the interior [ and if fis

continuous at the boundary points of 1.

Clearly, f(z) is absolutely monotone on [ if and only if f(—=z) is completely
monotone on the reflected interval —I. In the literature, the focus often lies on
the intervals I = (0,00) or I = [0,00), since completely monotone functions on
[0, 00) are precisely the functions f, such that f(||-]|?) is positive definite on R? for
all dimensions d (cf. e.g. [5, 5.1.5 and 5.1.6.]). Such functions are characterized
as Laplace transforms of non-decreasing functions (or positive measures), cf. [99]
Chapter IV Theorem 12].

Theorem A.2.4 (Bernstein). A function f : (0,00) — R is completely monotone

on (0,00) if and only if it has an integral representation of the form
fz) = / exp(—tz) dF (1) (A.3)
[0,00)

for some non-decreasing function F : [0,00) — R, such that the integral converges
for x € (0,00). Furthermore, the function f can be extended continuously to [0, 00)
— and thus, is completely monotone on [0,00) — if and only if F is bounded. In this
case f(0) = F(oc0) — F(0).

An analogous integral representation with Bernstein’s theorem as the limiting
case holds for n-times monotone functions, cf. [I00]. It presents n-times monotone

functions as scale mixtures of Askey’s function (cf. [37]).

Theorem A.2.5 (Williamson). A function f : (0,00) — R is n-times monotone on

(0,00) if and only if it has an integral representation of the form
fa)= | @-taytaE (A1)
[0,00)

for some non-decreasing function F : [0,00) — R bounded from below. (Here y
denotes max(0,y).) This representation is unique in the sense that when F is nor-
malized to F'(0) = 0, the value F(t) is determined at continuity points t > 0 of F.

Finally, this motivates the definition of a-times monotone functions for real o > 1,
which indeed extends the previous Definition For a geometric interpretation

we refer again to [100].
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Definition A.2.6 ([100]). Let a > 1 be a real number. A real-valued function f
on (0,00) is called a-times monotone on (0,00) if it has an integral representation
of the form (|A.4)) with n = « for some non-decreasing function F' : [0,00) — R with
F(0) = 0. Analogously to Definition we say that a real-valued function f on
[0, 00) is a-times monotone on [0,00) if f has this property when restricted to (0, c0)

and if f is continuous at 0.

A.3. Brown-Resnick processes

We rephrase results from [52] in our notation from Chapter (1| in order to deduce
generalized versions in two respects. On the one hand we introduce an additional
mixing in the variance term of Brown-Resnick processes in Example on the

other hand we consider other types of invariance in Chapter

Proposition A.3.1 ([52], Proposition 6). Let X = {X;},cpa be a simple maz-stable
process with spectral process {Vi}iepa = {exp(&) biera. Then X is stationary if and
only if

E (exp (u1&, + u2be, + -+ + unés,)) = E (exp (w1 +n + u2totn + -+ + unt 1))

for all hyty,... t, € R and uy,...,u, € [0,1] with 31 u; = 1.

Theorem A.3.2 ([52], Theorem 2). Let {W;},cra be a Gaussian process with sta-
tionary increments and variance o?(t). Set V, = exp (W; — o%(t)/2) for t € R™
Then EV; = 1 and thus, {Vi},cra is the spectral process of a simple max-stable
process X = {X;},cpa. This process X has the following properties.

a) X is stationary.
b) The law of X depends on the variogram ~(t) = E(W; — W,)? only.

An additional mixing in the variance of the Gaussian process can be involved as

follows.

Corollary A.3.3. Let {W;},cra be a Gaussian process with stationary increments
and variance o%(t). Independently from W, let S be a random variable on (0, 00)
with distribution function G (with G(04) = 0). Set V; = exp (SW; — S?0%(t)/2)
fort € R, Then EV; = 1 and thus, {Vitiera is the spectral process of a simple
maz-stable process X = {X;},;cpa. This process X has the following properties.

a) X is stationary.
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b) The law of X depends on the variogram ~(t) = E(W; — W,)? and the distribution

function G only.

Proof. For fixed S € (0,00) the stochastic process {SW;},cpa is still Gaussian with
stationary increments. Moreover, the variance of SW; is Var(SW;) = S202(t) and
the variogram is E(SW; —SW,)? = S2v(t). Therefore, all statements can be deduced
from the analogous statement in Theorem[A.3.2] by conditioning on the random vari-
able S in the respective expectations that need to be considered, these are EV; (for
EV; = 1), E (exp (u1&y, + -+ + unéy,)) with & = SW; — S?0%(¢)/2 (for stationarity,
cf. Proposition and EV/7_,(V;,/z;) (for the law of X, cf. (L.6]). O

Remark A.3.4. It is also possible to admit a point mass G(0+) at 0 in the law of S
in Corollary However, we avoid adding a trivial component.

A.4. Extremal points and the Krein-Milman-Theorem

The vector space RT*7" (endowed with the topology of pointwise convergence) is
locally convex and Hausdorff for arbitrary sets 1. Therefore, the Krein-Milman
theorem applies to E = RT*T as considered in Section

Definition A.4.1. Let F be a vector space and K C E convex. An element k € K

is called extremal point of K if the following implication holds
kl,kQEK,aE(O,l),k:akl—i-(l—a)kg — k1 =ky=k.

The set of extremal points of K will be denoted by ex(K).

Theorem A.4.2 (Krein-Milman, cf. [5] 2.5.5.). Let E be a locally convex Hausdorff
topological vector space over R. Then every compact, convex, non-empty subset K

in E is the closed convexr hull of its extremal points:

K = conv(ex(K)).

A.5. Auxiliary results

Here, we collect some auxiliary results in order to avoid a diversion from the leading
ideas in the respective Sections and The following proposition shows

how to derive from [66] a characterization of the class of stable tail dependence

functions (1.2)).
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Proposition A.5.1. Let M be a non-empty finite set. The function £ : [0,00)M —
R is a stable tail dependence function if and only if the following conditions are
satisfied:

(i) ¢ is sublinear, i.e. £(x +y) < £(z) + (y) for z,y € [0,00)M,
(ii) ¢ is homogeneous of degree 1,

(iii) ¢ is maz-completely alternating,

i.e. ¢ is completely alternating on the semigroup ([0,00),V,1y),
(iv) £(1gy) =1 for allt € M.

Proof. Let £ be a stable tail dependence function. By definition it is clear that
¢ is sublinear and homogeneous (since ¢ is a mixture of sublinear and homogeneous
functions) and that £(1y,) = 1 for all £ € M (due to standard Fréchet marginals).
Because of [66, Theorem 1] the function ¢ can be expressed as support function
l(x) = sup{(z,y) : y € K} of a convex compact set K, which is a dependency set
and hence a max-zonoid, cf. [66, Definition 1]. Finally, [66, Theorem 7] implies that
¢ is max-completely alternating.

Reversely, let ¢ satisfy the properties (i) to (iv). Because ¢ is sublinear and ho-
mogeneous, ¢ can be expressed as support function £(z) = sup{(z,y) : y € K} of a
convex compact set C C [0,00)M (cf. [87, Theorem 1.7.1]). Then [66, Theorem 7]
implies that K is a max-zonoid since £ was max-completely alternating. Finally, the
normalization /(1) = 1 implies that K is even a dependency set. Hence / is a

stable tail dependence function, cf. [66, Theorem 1]. O

Lemma A.5.2. Let M be a non-empty finite set and £ : [0,00)™ — R. Then ¢ is
maz-completely alternating if and only if for all 0 # L = {t1,ta,...,t;} C M and

v,y € [0,00)M with v >y (componentwise)
Ax{tl}AZ{tQ} T Ax{tl}g(y) = é(—l)”ay V) <0 (A.5)

where v4 :=v - 14 (componentwise).

Proof. The semigroup ([0,00)™,V, 1) is generated by the functions {w{t}} for t €
M and w € [O,OO)M that have only one non-zero component. Therefore, max-

complete-alternation of ¢ is equivalent to AZ}?)}AZJP} ...Algn)}f(y) <0 for w® e
t1 to tn

M L : _
[0,00)" and t; € M (i=1,...,n) and n > 1 (cf. Lemma . Since A‘\l/{t}Al\;{t} =
;/{t}/\b{t}’ it suffices to choose n < |M| and to involve for each t € M at most one

generator wy;. Hence, max-complete alternation of £ is equivalent to (A.5]) for all
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0 # L= {t1,ta,...,1;} C M and v,y € [0,00)™. The values of v on M \ L do not
enter (A.5) and may be chosen arbitrary, whereas the expression is automatically

zero if vy < 4 for some t € L. This finishes the proof. ]

Lemma A.5.3. Let M be a finite set and ¢ : F(M) — R be a function on the
subsets of M. Let K,L C M with K N L =0. Then

Y)IH(K U = Y ( > (—1)'I+11/)((M\(LUJ))UI)>.

IcL JCM\(KUL) \ICLUJ
(A.6)

Proof. (by induction on the number of elements in M) The assertion is true for M =
(. For further considerations, we abbreviate o (1, L, K) := 3, (- D)y (K U T),

such that (A.6) reads as

o, L,K)= > o, LUJ M\ (LUJ)). (A.7)
JCM\(KUL)

Consider now a finite set M and N = M U {a}, where a is not yet contained in M.
Let K,L C N with K N L = (). We need to establish

o, L,K)= > o, LUJN\(LUJ)). (A.8)
JCN\(KUL)

Ist case: a € K. Set 1,(C) :=¢(C U {a}) and K, := K \ {a}. Then (A.8)) follows

from the induction hypothesis (A.7) with K replaced by K, and 1 replaced
by q.

2nd case: a € L. Set ¢,(C) := ¢ (CU{a}) and L, := L\{a}. Then the Lh.s. of
is given by o(1, K, Lq) —0(Ya, K, La) and the r.h.s. by 3 ;o (kur,) (¥, LaU
J, M\ (LgUJ)) —0(tg, LaUJ, M\ (LyUJ)). Both terms coincide due to the
induction hypothesis applied to ¢ and L, and to ¢, and L, (instead of
1 and L therein).

3rd case: a € N\ (K UL). Then the r.h.s. of (A.8) splits according to whether a ¢
J orae€ Jinto

> o, LUJ,N\(LUJ)) = > a(wa,LuJ,M\(LUJ))]

JCN\(KUL) JCM\(KUL)

+ Z o(w,LUJ,M\(LUJ))—a(¢a,LUJ,M\(LUJ))]
JCM\(KUL)

and therefore equals the r.h.s. of the induction hypothesis (A.7)). O
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Lemma A.5.4. Letc € R and p : [c,00) — (0,1) such that p is non-decreasing and
lim, oo p(x) =1. Let « > 1. Then

1 _ (0%
lim 7])(56) =
e T p(a)
Proof. This is an application of I’'Hopitals rule, since lim,_, % = limgpy %

O]

Lemma A.5.5. Letc € R and p: [c,00) — (0,1) such that p is non-decreasing and
lim, oo p(x) = 1. Let f: [c,00) — [1,00) be some function which is bounded from
below by 1. Then

_ f(z
a) If lim,_,o f(x) =: a exists, then limy,_, o % exists and equals o.

b) If lim, oo % =: « ewists, then lim,_,o f(x) exists and equals .

Proof. a) Let € > 0. Because of lim,_, f(z) = a > 1, we may choose z* € [c, o0)
so big that for all > z* we have f(z) € [max(a —¢,1),a + ¢]. We obtain the

following inequality for z > x*

L= playeal) 1= pa) @ 1—pla)
o) T ipa) T 1)

By Lemma the left-hand side converges to max(a —e, 1) whereas the right-

hand side converges to a + € as x — 0o. This shows the claim.

b) Set g(x) = %. Since f(x) > 1 and p(x) € (0,1), also g(x) > 1 for all
x € [¢,00). Let € > 0. Because lim,_,o g(z) = @ > 1, we may choose z* € [c, >0)
so big that for all z > z* we have g(x) € [max(a —&,1),a + €]. We obtain the

following inequality for z > x*

log (1 — max(a —€,1)(1 — p(x)))
log(p(x))

log (1 — (a+¢)(1 —p(x)))
log(p(z))

< f(z) <

If we consider the situation as x tends to oo, I’Hopitals rule applies again, since

—bg(ll;gﬁé}(;)p)(x))) = limy 71%(11;58_”) = B for 8 = max(a — ¢,1) for the

left-hand side and § = « + ¢ for the right-hand side. This shows the claim. [

limg 00
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A.6. Further members of the Gneiting class H,

Table provides further members of the Gneiting class Ho, in addition to Table
In these examples both the probability density function and the corresponding
scale mixture of erfc can be expressed in terms of elementary functions. As for Table
this table can be derived from known Laplace transforms in [77] when Lemma
[1.5.5] is applied to [p. 963 5.2 (2)], [p. 963 5.2 (9)], [p. 967 5.7 (5)], [p. 963 5.3 (2)],
[p. 963 5.3 (3) with v = 2.5], [p. 963 5.3 (3) with v = 3], [p. 963 5.3 (4)], [p. 966 5.6
(7)], [p- 966 5.6 (8)] therein.
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Probability density g(s)

Scale mixture p(t) = / erfc(st) g(s) ds
0

1 1
5o Len(s) — [(\/ﬂ)’1 (6’“2t2 - 6”’%2) 0<a<b
+ berfe(bt) — aerfc(at)}
a?(s% 4 a?)73/? ea’t? erfc(at) 0<a
1 1 1
a+/merfc(as) 1—( 2€2+a2_t> 0<a
4&3 2 —q2s2 1 2 " t + 4 t 0 <
NZ3 ¢ e g 7w a?(a?+t2) “
t (262 + 3a?
2ats3e—0"s” — g 0<a
2 (12 + a2)*/?
8a® , 2. 2 t 2 5adt+3at?
—a%s 1— [Zarctan | - | + — 22200 0
3\/7?8 [ﬁ arctan (a) + 37 (@@ +2) <a
572 (e_“252 — e_b252> 2 2
1 t*+0b
1— —|tl 0< b
J7(b—a) W(b—a)[ Og<t2+a2) sas
t t
+ 2b arctan () — 2q arctan () ]
b a
2 s % sin?(a%s?) 1- 1 arctan i + 1| + arctan -1 0<a
a~\T ™ a
t 4a* 2at
—l—% log (t4 + 1) +arctanh (2 5 +t2) }
5 s 1 sin?(a%s?) 1- 1 arctan E + 1| + arctan -1 0<a
2a3 /7 ™ a

N 3t " 2a? 3 + .
—arctan | —— —
2a t2 8a3

+11 202 — 2at + t2
o [ 24 —2at Tt
2 %\ 202y 2at 1 12

Table A.1.: Members of the Gneiting class H, (cf. (4.9)) and their corresponding proba-
bility density function g(s) on [0, 00) as scale mixtures of the complementary error function,

cf. also Table
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non-negative real numbers R, = [0, c0)

set of finite subsets of T’
cardinality of a finite set M

power set of T' (endowed with the product topology from {0,1}7)

non-empty finite subset of T’

arbitrary (index) set

reference norm on RM

absolute value of a real number
Euclidean norm

maximum norm

Ll norm on a measure space

Operations and operators

()"
)+

transpose of a matrix

max/(0, -)

difference operator w.r.t. union of sets Ax f = f(-) — f(- U K)

difference operator w.r.t. semigroup operation Asf = f(-) — f(- o s)

standard scalar product of x and y

Laplace transform L(F)(z) = [;° exp(—at)dF(t)
of a non-decreasing (distribution) function F

largest previous integer of a real number (floor function)

maximum

Hw
o (=2 [
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A\
TBY
V
A

minimum

turning bands operator from dimension k to d, see Definition

maximum (componentwise where applicable)

minimum (componentwise where applicable)

Constants and special functions

arcsin(x)
arctan(zx)
arctanh(x)
Ba

erf(z)
erfe(x)
I'(z)

Rd
bq

K, ()

Probability
Cov

E

P

Var

iid.

inverse sine function sin™!(x)

inverse tangent function tan~!(z)

inverse hyperbolic tangent function tanh ™! (x)
fa=T(d/2)/T((d+1)/2)/vT

error function erf(z) = % Iy et dt

complementary error function erfe(z) = 1 — erf(z) = % [ et dt

S

gamma function I'(z) = [(~ t*~te~"dt
volume of the d-dimensional unit ball kg = 742 /T(1 + d/2)

volume of the d-dimensional ball of unit diameter,
ba = Kka/2% = (V7/2)¢/T(1 + d/2)
nth Bell number

modified Bessel function of the second kind (cf. [98] p. 52]),
Ky (z) = [ e =h® cosh(vt)dt with cosh(t) = (' +e~")/2

covariance
expectation
probability law
variance

independent and identically distributed

Stochastic processes and characteristics

X
X
X1

(X)

tail correlation function

tail correlation function of the process X

TCF associated to a partition II, see Lemma [3.5.2]
Brown Resnick process with standard Gumbel marginals
variogram of a Gaussian process W with stationary increments
correlation function of a Gaussian process

variance of W;

extremal coefficient function (ECF), see equation (2.1)
directional ECF w.r.t. u, see equation (2.24)

Gaussian process with stationary increments

stochastic process, often simple max-stable

spectrally discrete stochastic process
(associated to coefficients 7 or to an ECF 6)

BE [E]
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X (u)

a spectrally discrete stochastic process
(associated to coefficients 7 (u) or to an ECF §()

Notation related to max-stable distributions

K
ic*
KC(w)
K
5%
o
15Ys

M
L

1 (u)
aj’ (u)
Hy,
aY
Hyy

dependency set, see equation (2.18)
dependency set of the process X*

dependency set of the process X (%)
(finite-dimensional) dependency set

stable tail dependence function of { X} }+cns

stable tail dependence function of {Xt(“)}teM

stable tail dependence function

matrix coefficients of the f.d.d. of a consistent max-linear model
coefficients describing the f.d.d. of a consistent max-linear model
matrix columns describing the f.d.d. of a max-linear model

finite-dimensional spectral measure of the process X*

finite-dimensional spectral measure of the process X (%)

(finite-dimensional) spectral measure

Sets of functions on 7' x T or F(T)

BIN(T)
MAX(T)

CF(T)
TCF(T)
TCF.(T)
o(T)

o) (T)
Oy(T)
TRI(T)

set of uncentered and normalized covariance functions on T' x T'
of binary processes

set of tail correlation functions on T' x T stemming from
simple max-stable processes

set of non-negative correlation functions on 7' x T’
set of tail correlation functions on T' x T'

set of tail correlation functions on T x T stemming from processes
with no jump at the upper endpoint

set of all ECFs on F(T'), see equation (2.2)
set of all directional ECFs on F(T') w.r.t. u, see equation (2.26)
set of bounded ECFs on F(T'), see equation (3.9)

set of normalized symmetric functions on 7" x T
that satisfy a triangle inequality

Classes of radial functions on [0, o)

intersection of all classes ®4

set of continuous correlation functions on R4
depending only on the radius

set of TCFs of M3 processes with ball indicator functions as shapes
intersection of all Gneiting classes Hy

Gneiting class of scale mixtures of hy

basic function of the Gneiting class Hy

set of TCFs of M3 processes with radial non-increasing shapes

set of TCFs of Moving Maxima processes with
a radial non-increasing shape
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e

Va Mittal-Berman class

Miscellaneous

QA V) spectral representation of a max-stable process
(R, B(RY),dz) Lebesgue measure on the Borel o-algebra of R?
B(-) Borel o-algebra of a topological space
conv(-) convex hull
Ost Kronecker delta 04 = 14—
14 indicator function of a set A
1. indicator function of an event &
ex(+) extremal points of a convex set
Ha(0) halfspace in [0, 00)? depending on 6 and A
Ha(0™) halfspace in [0,00)7 depending on #(*) and A
va(+) d-dimensional volume w.r.t. the Lebesgue measure on R?
conv(-) closed convex hull 126
II(T) set of partitions of a set T
I partition of a set
B intensity of a Poisson hyperplane mosaic
EA(0) hyperplane in [0,00)” depending on § and A
EA(O™) hyperplane in [0, 00)” depending on #(*) and A
Py natural projection from R” to R™ for M c T
G map from [0, 00)” (™) to [0, 00)"*T mapping ECFs to TCFs
ol uniform distribution on the Stiefel manifold Vj,(R?)
Stab(-) stabilizer subgroup 105
B4(o) d-dimensional ball of (Euclidean) radius 7 centered at the origin o € R?
C typical cell of a Poisson hyperplane mosaic 3]
c() set of continuous functions on a topological space
Camax(*) set of continuous functions on a topological space

that have a unique argmax
Gt orbit of ¢ under the action of a group G [107]
S n-sphere (unit sphere w.r.t. Euclidean norm in R"*1)
Sy reference sphere in [0, 00)™
uA us = u-1s (componentwise) for u € RT and AC T
Vi (RY) Stiefel manifold of orthonormal k-frames in R?
r* upper endpoint (essential supremum) of a distribution
Abbreviations
BR Brown-Resnick (process)
EBG extremal binary Gaussian (process)
ECF extremal coefficient function 13
EG extremal Gaussian (process)

Lh.s. left hand side
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List of abbreviations and symbols 1

M3 Mixed Moving Maxima (process)
MPS Mixed Poisson storm (process)
r.h.s. right hand side
TCF tail correlation function Bl
VBR variance-mixed Brown-Resnick (process)
w.r.t. with respect to

As a convention we denote the sets of e.g. real-valued, [0, oo]-valued, {0, 1}-valued functions
on a set T by RT, [0,00]7 and {0,1}7, respectively. Elements therein are addressed as
z = (Tt)ter-
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G-invariant, [106]
a-times monotone, [[24]

Xx-measure, [T} [51]

n-times monotone

for intervals,
for open intervals,

absolutely monotone
for intervals, [124]
for open intervals, [123]

Bell number,
Bernstein function,
BR process,
for group actions,
Brown-Resnick process,
for group actions, [I07]

Cantor cube,
capacity functional,
Cauchy family,
completely alternating, [121
in the semigroup sense, [121
on F(T),
completely monotone
for intervals, [124]
for open intervals, [123]
in the semigroup sense,
control measure, [10]
control measure v, [0]
convex hull, [T7]
convex polytope,
correlation function, [70]

dependency set,
finite-dimensional, [9]

directional ECF, [A]]
directional extremal coefficient function,

281

EBG process,

EG process,

Euclid’s hat,

extremal binary Gaussian process, [I1]

extremal coefficient,

extremal coefficient function,
directional,

extremal Gaussian process, [T]]

extremal point, [126]

extremal stochastic integral, [0]

extremogram, b

finite-dimensional distribution,
Fréchet marginals,
Fréchet type, [7]

generalized extreme value distribution, [7]
Gneiting class,
group action, [I0H]

continuous, [I05]

fixpoint, [T05]

free, [I05]

transitive, [I05]
Gumbel type, [7]

Hiisler-Reiss distribution, [33]

idempotent semigroup, [122]
integral representation, [25]
intensity mixing distribution,
intrinsically stationary, |L08

Laplace transform, [I7]
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Index

Lévy measure, [121

M3 process, [1]]
for group actions, [I09]
marginal distribution, [7]
max-completely alternating, [0] 2]
max-linear, [I7]
max-stable, [7]
simple,
max-stable process, [7]
max-zonoid, [9]
mean width,
Mittal-Berman class,
Mixed Moving Maxima process,
for group actions, [I09]
Mixed Poisson storm process,
Moving Maxima process,
MPS process,
multiply monotone
for intervals,
for open intervals,

negative definite
in the semigroup sense, [I19]

on F(T), 20]

norming functions, [7]

orbit, [I05]

partition, [67]
polytope

convex,
positive definite

as a kernel, [70]

in the semigroup sense, [119
powered error function,
powered exponential family,
principal minor,
process

BR,

for group actions,
Brown-Resnick, [[2]

for group actions, [I07]
EBG, [11]
EG, [
extremal binary Gaussian, [T1]
extremal Gaussian, [[1]
M3, [11]
for group actions, [I09]
max-stable, [7]
Mixed Moving Maxima,
for group actions, [109|

Mixed Poisson storm,
Moving Maxima,
MPS, [T3]

spectral, [10]

variance-mixed Brown-Resnick,

VBR,
Pélya’s criterion,

Radon measure,
random sup-measure, [J]
reference norm,

semicharacter
bounded,
semigroup

abelian, [T19]
idempotent, [[22]
shape function,
simple,
simple max-stable,
spectral function, [I0]
spectral measure, [I0]
finite-dimensional,
spectral process,
spectral representation,
spectrally discrete, [17]
stabilizer (subgroup),[105
stable tail dependence function,
standard Fréchet marginals,
stationary, [T]
stationary increments, 12} [I0]
stationary isotropic, [I1]
Stiefel manifold, [36]
support function, [9]
Sylvester’s criterion,

tail correlation function, [51]
tail dependence coefficient,
tent function,
tetrahedron inequality

for TCFs, [62]
three types theorem, [7]
triangle inequality

for TCFs,
truncated power function,
turning bands operator, [87]

uniform distribution

Stiefel manifold,

upper tail dependence coefficient, [51]

variance mixing distribution,

variance-mixed Brown-Resnick process,
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VBR process,
vertex, [60]

Weibull type,
Whittle-Matérn family,
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