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We investigate the competition between magnetic depairing interactions, due to spin-exchange mechanism
and/or to spin-dependent asymmetric bandwidths, and pairing coupling in metallic grains. We present a de-
tailed analysis of the quantum ground state in different regimes arising from the interplay between ferromag-
netic and pairing correlations for different fillings. We find out that the occurrence of a ground state with
coexisting spin-polarization and pairing correlations is enhanced when the asymmetric spin-dependent distri-
bution of the single-particle energies is considered. The mechanisms leading to such a stable quantum state are
finally clarified.
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The coexistence of ferromagnetic �FM� and superconduct-
ing �SC� ordering is a central problem in condensed-matter
physics since these two cooperative phenomena are usually
antagonists. The relevant investigation originated from the
analysis of the detrimental effect of dilute magnetic impuri-
ties on superconductivity,1 and the discovery of ternary FM
superconductors stimulated further studies.2 The coexistence
phase in the latter case emerges via either a modulated spin
structure, the so-called cryptoferromagnetism,3 or a ferro-
magnetic spiral phase.4 Recently, the coexistence of FM and
SC phases has attracted renewed interest due to the unprec-
edented occurrence of the magnetic order with substantial
FM component in high-temperature superconductors5 and to
the observation of superconductivity inside the FM region in
heavy-fermion metals.6 Although the pairing in the triplet
channel does not impose strong limitations to the formation
of a SC phase with FM correlations,7,8 a singlet SC pairing
requires special conditions to be fulfilled. In this context, it
has been shown that the coexistence of an s-wave SC state
with a Stoner ferromagnetism can be achieved,9 although
such a phase is not energetically stable.10 The conditions for
the coexistence become less severe if the itinerant ferromag-
netism is due to a change in the bandwidth of electrons with
opposite spins.11 Thus, a stable FM-SC state is realized when
the unpaired electrons, from which the spin polarization
arises, have a feedback with kinetic gain on the carriers in-
volved in the pairing.12

The aim of this paper is to consider the coexistence of FM
and SC ordering in metallic grains, whose size is such that
the average level spacing is comparable to the energy scale
�i.e., the SC gap� for the onset of the macroscopic order. The
starting point to address this issue is the analysis of an iso-
lated grain where the interactions between electrons are re-
duced to the mesoscopic Stoner exchange and the pairing
term.13 Nevertheless, it is unlikely to have a ground state
with a nonzero total spin, if one does not allow for meso-
scopic fluctuations that include an ensemble of grains.14 We
attempt to explore a different mechanism that may enhance
the probability for the occurrence of a ground state with a
spin polarization and pairing correlations. To this end, we
investigate the role of an asymmetric, and spin-dependent,
distribution of the single-particle energies. As a general out-

come, it turns out that a coexistence of FM and SC correla-
tions is allowed for the cases of small or ultrasmall grains,
depending on the asymmetric bandwidth ratio. In this meso-
scopic regime, it is the occurrence of a nonuniform renormal-
ization of the energy separation between different unpaired
configurations that makes possible the formation of a FM-SC
ground state. As for the reduced BCS model,15 our problem
can be exactly solved in the canonical ensemble. This possi-
bility permits to assess different ground state �GS� configu-
rations for the entire range of the pairing and magnetic inter-
action strengths and to clarify the mechanisms involved in
transitions between different regimes.

The dynamics we refer to in this study is described by the
following Hamiltonian

H = �
j=1

�

�
�=+,−

w�� jcj�
† cj� − g�

j,j�

cj+
† cj−

† cj�−cj�+ − JŜ2,

where cj�
† �cj�� is the creation �annihilation� operator for an

electron on level j, and � j are the single-electron energies.
The first term in the Hamiltonian H describes the spin-
dependent kinetic energy, with w� indicating the factor con-
trolling the bandwidth amplitude for different spin polariza-
tions. The second and third terms of H describe the electron-
electron interaction via pairing g and the FM exchange J,
respectively. Here the pairing strength is g=�d, with d being
the mean level spacing and � a dimensionless coupling con-
stant. We have chosen the FM exchange to be the Casimir of

the Lie algebra SU�2� in the spin sector, with Ŝj
+= �Ŝj

−�†

=cj+
† cj−, and Ŝj

z=1/2�cj+
† cj+−cj−

† cj−�. Our application involves
a uniformly spaced distribution of energy levels, � j =− 1

2 ��
+1−2j�d, spreading symmetrically around �=0 and labeled
by a discrete index j=1, . . . ,�.

Let us briefly discuss the exact solution of the problem.
Introducing another SU�2� Lie algebra in the pairing sector

T, with T̂j
+= �T̂j

−�†=cj+
† cj−

† , and T̂j
z=1/2�cj+

† cj++cj−
† cj−−1�, one

can rearrange the Hamiltonian H into two parts H=HT+HS,
where
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HT = �
j

�w+ + w−�� jT̂j
z −

1

2
g�

j,k
�T̂j

+T̂k
− + T̂k

+T̂j
−� ,

HS = �
j

�w+ − w−�� jŜj
z − JŜ2, �1�

up to an irrelevant constant. Since HT and HS commute with
each other, the singly occupied levels do not participate in
the pair scattering, thus staying “blocked” according to the
Pauli principle. Similarly, the double �empty� states do not
enter the spin dynamics. Another relevant feature in the
structure of H is the correspondence between the spin and
pairing sectors: the effective magnetic field �w+−w−�� j in the
spin channel corresponds to the kinetic energy �w++w−�� j of
a pair, and the transverse part of the magnetic exchange J has
its counterpart in the pairing amplitude g. This is crucial for
the problem to be exactly solvable. Let us denote with �n ,m�
a generic eigenstate of H with N=2�n+m� electrons. In this
state, 2m electrons fill a set B of singly occupied �and thus
blocked� levels, while the remaining n pairs are distributed
among the set U of NU=�−2m unblocked levels. Then, fol-
lowing Richardson16 �see also Ref. 17�, one can show that a
generic eigenstate of H can be expressed as �n ,m�

=��=1
m+Sz

������=1
n ����, where ����=� j�B

Ŝj
+

�w+−w−�� j−Ē�

�−� and

����=� j�U
cj+

+ cj−
+

�w++w−�� j−E�
�0�. Here �−�=�i�Bci−

+ �0�, with �0� being

the vacuum state, and Sz is the z projection of the total spin
of the electrons in the blocked levels. Furthermore, the n

parameters E� and the �m+Sz� terms Ē� are the solutions of
the two sets of the Richardson equations

1

g
+ �

�=1�����

n
2

E� − E�
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j�U

1

�w+ + w−�� j − E�

,

1

J
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2

Ē	 − Ē�

= �
j�B

1
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.

Moreover, the total energy is obtained by summing up the
contributions from both the spin and pairing sectors:

E�n ,m�=��=1
n E�+��=1

m+Sz
Ē�−J�Sz2−Sz�+� j�Bw−� j. For the

GS configurations, the blocked levels in B should be as close
as possible to the effective Fermi energy of the uncorrelated
N-electron Fermi sea. On the other hand, the two polarization
mechanisms due to the asymmetric spin-dependent band-
widths �the w mechanism� and the ferromagnetic exchange
coupling �the J mechanism� tend to align the spins of elec-
trons in the blocked levels. Then, the effective dynamics is
marked by a subtle balance between the spin terms and the
pairing one in the total energy E�n ,m�. This competition
gives rise to different GS configurations, including the FM
state, the SC state, and the coexisting FM-SC state. It is
worth pointing out that, making use of the relation d /

=2 sinh�1/�� /� �
 being the BCS gap value�, one can tune
the value of the coupling � in a way to pass from the ultra-
small grain regime �d�
� to large grain size �d�
� one.
Hereafter, for convenience, the parameter w=w− /w+ is used
for the ratio between the spin-dependent bandwidths, while

the sum w−+w+=2 is kept fixed, and the scale unit is d.
Let us first study the effect of the asymmetric spin-

dependent bandwidths on the spin polarization. The main
features may be summarized as follows: �i� a coexisting
FM-SC state always occurs when the system is away from
half filling �N=��; �ii� there are two different types of tran-
sitions between the FM and SC states driven by the relative
strength of the pairing coupling with respect to the force for
inducing a spin polarization; �iii� a fully polarized FM state
occurs for a large spin-bandwidths asymmetry �i.e., small w�
and low �high� electron densities �due to the electron-hole
symmetry�. At half filling, the FM-SC and FM states have
always higher energy than the SC state, due to the loss of
kinetic energy resulting from the presence of a nonzero po-
larization. Adding holes �electrons� to the half-filling con-
figuration gives rise to different behaviors, depending on the
values of w and �. As plotted in Fig. 1�a�, in the weak-
coupling regime �small ��, the energy of the SC state gets
higher if the ratio w reduces from 1 to 0, so the system
arranges itself in a configuration where the paired levels are
broken into the “blocked” levels, which occurs one by one.

FIG. 1. �a� Representative diagram of the GS configurations in
the w−� plane at zero exchange coupling for a density of N=40
electrons and 100 levels. �b� GS configurations with equal spin-
bandwidths �w=1� and non zero magnetic exchange J. The dotted
lines are the boundaries separating regimes with different numbers
of depaired levels. The insets present the evolution of the GS by
varying the electron densities.
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Hence, there is a discrete sequence of steps that link the SC
state with zero magnetization to the fully polarized one, with
a FM-SC configuration as an intermediate state. It should be
emphasized that this happens only for pairing coupling that
would correspond to the ultrasmall grain size. Indeed, for
larger �, the spin-bandwidth asymmetry induces a transition
associated with a jump in the magnetization from zero to the
intermediate or saturated value before the one-by-one depair-
ing occurs. The strength of �, at which the SC state is not
anymore the lowest energy configuration, grows as w goes to
zero, due to the increasing stiffness in pairing up the blocked
levels. Concerning the evolution of the main boundaries as a
function of the electron density, we notice that the FM-SC
regime shrinks with respect to the w mechanism when the
density changes from half-filling towards the completely
empty �full� configuration, whereas the FM regime gets en-
hanced �see the inset in Fig. 1�a��. Otherwise, with respect to
the nonpolarized SC state, the FM-SC configuration gets
more stabilized as a function of the pairing energy.

Now, we consider the effect of the ferromagnetic ex-
change coupling. The emerging picture reported in Fig. 1�b�
is as follows: a coexisting FM-SC state is confined to a small
portion of the phase diagram, i.e., only in proximity of the
transition from an unpolarized state to a fully polarized one
�J	1�. For relatively strong pairing �, the SC and FM states
are energetically more favorable and their competition leads
to a direct transition from the SC state to the FM one when J
increases. The variation in the density does not significantly
modify the FM-SC regime, but it does influence the bound-
ary between the SC and FM states �see the inset in Fig. 1�b��.
Also in this case, there is a discrete sequence of steps from
the SC state to the FM state, which goes via intermediate
coexisting FM-SC configurations whose magnetization
grows by breaking one pair at each step. The range of cou-
pling where this change occurs is very narrow around the
value J	1. Moreover, the above studies show that it is in-
trinsic for the spin-exchange coupling J to hinder a GS con-
figuration with coexisting polarized and paired electrons.
Then, we simultaneously activate both the depairing mecha-
nisms �with nonzero w and J�. As plotted in Fig. 2, the effect
of w in presence of the direct spin-exchange interaction J is
to drive the system toward a fully polarized configuration.

The J amplitude, below which a GS with coexisting FM-SC
correlations is set in, renormalizes down to zero for small
spin-bandwidth asymmetry �i.e., small w�. Still, the FM con-
figuration is favored by the concomitant action of J and w, as
the values of J at the transition line that separates the FM-SC
region from the FM one are reduced in presence of the spin-
bandwidth asymmetry.

To further clarify the transitions between the different GS
configurations, we compare the main contributions to the to-
tal energy as due to the various mechanisms involved. Our
analysis starts from the limit of strong pairing coupling.18 A
simple argument shows that the lowest-order term for the
condensation energy in a state with m broken pairs reads as
Em

� = �N /2−m���−N /2−m+1�g. The amount of energy re-
quired to decouple m pairs with respect to the SC configura-
tion �m=0� is 
Em

� =m��−m+1�g. Taking this into account,
one finds that, on average, the energy required to get one
depaired state is higher than that required to break m1
pairs, and this amount goes down with increasing m. This
means that, for strong pairing interaction, when it becomes
energetically favorable to depair one level, it is more advan-
tageous to pass directly from the SC state to the FM state
than any intermediate compromise. To understand the char-
acter of the transitions from one to another GS configuration
in the intermediate coupling, one has to take the contribution
from the magnetic gain into account. In this case, we have to
solve the Richardson equation to obtain Em

� . We may distin-
guish three cases. First, we focus on the case with w�1 and
J=0. The energy gain for m pairs to be polarized due to the
spin-bandwidth asymmetry �w�1� is Em

w =−m�Gw−m�d,
with Gw= ��−N��1−w� / �1+w�. Comparing the evolution of
the energy cost to polarize m pairs in a complete paired
background with the magnetic gain in the kinetic energy, it is
possible to extract the value of �c and wc for the transition
between the SC and the FM state �or FM-SC�. A transition
occurs if 
Em

� /m=−Em
w /m. In this circumstance, as plotted in

Fig. 3�a�, 
Em
� /m varies, while −Em

w /m remains constant for
fixed m, with a horizontal intercept that increases if m varies
from N /2 to 1. When w=0.1 and � is large, the first crossing
between the two contributions is due to the m=N /2 line,
indicating that the change in the GS configuration is from the
SC state to the FM state. In the intermediate case �w=0.5�,
the various Em

� are closer in energy for larger m. This is due
to the weakening of the strength for pair-hopping processes
between levels that are separated by the blocked sector.
Thus, the scale that controls the pairing dynamics in pres-
ence of many depaired states gets renormalized down �al-
most unchanged� for large �small� m unpaired levels, respec-
tively. Because of this mismatch, the first crossing between

Em

� /m and −Em
w /m occurs between the SC and a FM-SC

state with a finite number of depaired electrons �1�m0

�N /2�, whose value depends on w.
Next we consider the role of the coupling J. The magnetic

energy gain is Em
J =−Jm�m+1�. As reported in Fig. 3�b�, for

large J, due to the almost linear behavior of Em
� and the

constant behavior of the magnetic gain, the first crossing
occurs for m=N /2, thus indicating a direct transition in the
GS configuration from the SC state to the FM state. This still
happens around J	1. Nevertheless, below this value there is

FIG. 2. Diagram of the GS configurations in the �� ,w ,J� plane.
We consider the case of N=40 electrons and 100 levels.
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a change of curvature in the energy cost for depairing due to
kinetic contribution of the polarized levels. Still, the nonuni-
form depairing cost, due to the blocking in the hopping pro-
cess, has an intermediate first crossing with the uniform Em

J .
This leads to the occurrence of a transition between the SC
and a FM-SC state with a finite number of unpaired elec-
trons. When J is decreased, the magnetic part shrinks down-
ward, there is no intersection, and the GS is SC.

Finally, we study the changeover that occurs inside the
FM-SC regime by varying � �w� and keeping fixed w ���.
There are separated energy scales in the spin and pairing
sectors, related to the process of adding an extra unpaired
state to a configuration with paired electrons and 2m0 polar-
ized spins. In the pairing dynamics, the separation between
levels with different m configurations gets very small due to
the hopping of pairs that connects states beyond the blocked
sector. By varying w, the large ratio between the scales men-
tioned before, allows to depair one level each step from the
FM-SC state to the FM one. Otherwise, the lack of corre-
spondence between the spin and pairing energy scales is re-

sponsible for allowing just one or zero depaired level as �
decreases.

In conclusion, we have investigated the GS configurations
for a quantum problem where depairing processes contribute
to the spin polarization and compete with the pairing corre-
lations. The kinetic-induced polarization due to the asymmet-
ric spin bandwidths is more favorable to get a FM-SC coex-
isting state, while the direct spin exchange is less adaptable
to simultaneously accommodate the FM and SC states. The
occurrence of a coexisting FM-SC state strongly depends on
the size of the system as shown in the ground state diagram.
It is intriguing to see that the enhanced quantum fluctuations,
due to the reduced system size, weaken the competition be-
tween the magnetic and pairing correlations. In this context,
when the pairing coupling and the magnetic energy compete
with each other, the blocking-induced nonuniform renormal-
ization of the energy separation, for different depaired con-
figurations, is crucial for obtaining a GS configuration where
polarized and paired electrons coexist.
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FIG. 3. �Color online� �a� Evolution of the
average energy per depaired configuration vs �
for two values of w at zero exchange coupling.
�b� As in �a� for three representative values of J at
equal spin-bandwidths �w=1�. The competition
between the amount of energy �green area� for
creating unpaired polarized states within a paired
background and that �black lines� due to the mag-
netic mechanism is also shown.
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