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Entanglement sharing and decoherence in the spin-bath
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The monogamous nature of entanglement has been illustrated by the derivation of entanglement-sharing
inequalities—bounds on the amount of entanglement that can be shared among the various parts of a multi-
partite system. Motivated by recent studies of decoherence, we demonstrate an interesting manifestation of this
phenomena that arises in system-environment models where there exists interactions between the modes or
subsystems of the environment. We investigate this phenomenon in the spin-bath environment, constructing an
entanglement-sharing inequality bounding the entanglement between a central spin and the environment in
terms of the pairwise entanglement between individual bath spins. The relation of this result to decoherence
will be illustrated using simplified system-bath models of decoherence.
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While entanglement is argued to be the distinguishing feapgz(t). Initially at t=0 we take the central spifi to be in a
ture of quantum computers, responsible for their po&rit  pure state, uncorrelated with the bath. That is,
is also the source of one of the major obstacles in their con-
struction.Decoherencgthe process by which a quantum su- psp(0) = | (¥ @ pp(0) (2
perposition state decays into a classical, statistical mixture of
states, is caused by entangling interactions between the sy some initial state of the bathz(0). Typically pz(0) is
tem and its environmerii2]. Somewhat paradoxically, the taken to be a thermal state of the Hamiltontdp or, at low
guantum entanglement between a system and its enviroiemperatures, the ground state.
ment induces classicality in the system. While it is still a As the system evolves undef the central spin becomes
contentious topic as to whether quantum computation will becoupled to the bath, and its reduced density maigit) at
possible in the face of decoherence, Zuf8k has demon- later times is no longer pure. The central spin is said to have
strated that decoherence is necessary to facilitate the medecohered, and the amount of decoherence is typically quan-
surement of a quantum system. Understanding decoherentied by the von Neumann entropy of its reduced density
lies at the heart of measurement, quantum information promatrix Sps(t)).
cessing, and, more fundamentally, the transition from the More recently interactions between modes within the bath
guantum to the classical world. itself have been considerd®—8|, which allow for appre-
The road to studying decoherence by explicitly modelingciable correlations, such as entanglement, to arise between
system-environment interactions has led to simple models d¢he modes of the bath.
the quantum environment. Environments can be modeled as In [6], Tessieri and Wilkie introduced coupling terms be-
either baths of harmonic oscillatdré] or spins(with spin %) tween spins in the bath Hamiltonidty and, taking the ini-
argued to represent distinct types of environmental modetal state of the bath as a thermal stateHgf, found that this
[5]. The simplest system-environment models consist of aesulted in a suppression of the decohere8ge(t)). The
central spin(or qubi) coupled to the environment—i.e., the amount of suppression increased as the effective energy scale
spin-boson mode4]—which has applications to the deco- of Hy increased relative to that dfigz, ultimately to the
herence of qubits for quantum information processing. point where decoherence was negligible even after long
Decoherence of a spi%wparticle at low temperatures may times. This is somewhat surprising, as even small couplings
be conveniently modeled by the “central spin” model, whichHz would usually be expected to eventually result in com-
couples a central spié-particles to a spin bath of N spin-  plete decoherence of the central spin. In this article we aim to

% particles. A typical Hamiltonian for this model may be demonstrate that this suppression effect may be understood
written in the form to be a consequence ehtanglement sharingnd that it will

be common to any central spin whose environment maintains
H=Hg+Hgz+Hggz, (1) appreciable internal entanglement while evolving in time.

A simple example of such a system is a single spin in a
ath of spins with antiferromagnetic interactions between
them. In the absence of the spin the ground state of\the
bath spins would be something like a spin singlet which is
highly entangled. If the single spin interacts antiferromag-
netically with the bath spins, all it can do is flip individual
*Electronic address: dawson@physics.uq.edu.au spins in the bath. The total spin has to be conserved and
"Electronic address: hines@physics.uq.edu.au hence will have a value of order 1/2. If the bath is initialized

whereH andHpy are the internal Hamiltonians of the central b
spin and spin bath, respectively, ahtkz is the coupling
term. Denote the state of the system-environment at tinye
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in such a state, it will remain highly entangled throughout itsbe shown to have real non-negative eigenvalues, and we
interaction with the system spin. write their square roots in decreasing ordemas\,,\z,\y.

Entanglement sharing refers to a striking difference beThe tangle betweeB; andB; is then defined as
tween classical and quantum correlations—the latter may not
be shared arbitrarily among several observables. The connec- 7g g, = (MaXON1 =N~ N3 Ag})?. (4)
tion with decoherence is readily seen in a system of three o _ _
spin+ particles, labeledS, By, and B,, respectively. It has This expression is for two spif-particles; however, the
been showri9] that entanglement betwe® andB, limits  tangle between the central spfhand the bat is also well
the individual and collective entanglement they may havedefined for pure states of the combined system. The key
with S. If a state of the system(t) is evolving under a point is that, becaus§ is a spin% particle, only two dimen-
Hamiltonian such as Eq.l) and, moreover, if the “bath” sions of the bath-state space are required to expand the pure
B,B, maintains appreciable entanglement, then it followsstate in its Schmidt decomposition. The bath may therefore
that there is a restriction on the entanglement between thge imagined as a single spﬁwparticle, with the tangle de-
central spinS andB,B,. For pure states this equivalent to a fined as before. Equatiot4) can be further simplified for
restriction on the amount thaf may decohere. For mixed e states so that the system-bath tangle is
states we must also bound the classical correlations between
S and BB, which may be done using a recent result of 753 =4 detpg. (5
Koashi and Winte10]. Entanglement betweeB; and B,
thus suppresses all correlations between the central spin af@r further properties of the tangle, in particular its validity
the bath. as an entanglement measure, we refer the readé, 1d.

The situation becomes far more complicated for spin Since all the pairwise intrabath tangles are the same, we
baths ofN particles. The main difficulty is the plethora of write ms=r1gs for all i,j. Our aim is to show how thisg
different types of entanglement which exist in these bathgonstrains the system-bath tangigs. We will first consider
and the absence of good entanglement measures for them. s simplest case of pure states forNm2 bath, since much

gvrenrr?gt?e itnhltislfl-{lfr%litlzlomznvémaﬁjslﬂme I?r;ﬁteﬁrr]lﬁirgl 'saf’r?meis known about states of three sgjrparticles. Intuition built
y y s SB: in this case will enable us to derive a related inequality for

statepp(t) is taken to be a thermal or eigenstateHy, then . :
) ; pure states of arbitrary sized baths.
the reduced state of the bagix(t) at later times will also For the two-spin bath, it was shown 8] and[12] that

obey this symmetry. For example, the simplest case is tha}h L
. L L ere are two distinct types of entanglement betwS§eand
considered by Tessieri and Wilkie whekes; and Hy are B.B,. S can be entangled with the spiBs andB, individu-

completely symmetric. Here the pairwise entanglement be lly or with the bathB,B, as a whole. The latter type is

tween any two bath spins is the same, allowing us to quantiffi‘ . .
the bath entanglement by a single parameter. quantified by thethree-tanglewhich we denote bWS‘BﬂBZ.
In this paper we will obtain an entanglement-sharing in-The total entanglement betweérand 3 can now be written

equality relating the entanglement between a central spin ar@s
a completely symmetric spin bath to the pairwise entangle-

ment in the bath. This inequality is applicable to both pure Ts|B = Tsig, * TslB, T TsleyB,: ®)
and mixed states, and is sufficient to restrict decoheren
where pgs(t) is pure. We will then illustrate this damping
effect in a simple model of decoherence originally propose
by Zurek[3] and the Tessieri-Wilkie mod¢b]. To conclude

we will discuss possible extensions of this result to the

bounding of classical correlations between the central spin _
and the bath. TS|B,|B, = TB,|SB, ~ TB T TByS- (8

To begin, letS be a central spir%— particle and 5 . . .
=B,B,- --By a completely symmetric spin bath. As indicated tA E'Tep:g ;On(fsei?i::ncueagiitth'fg;g%ﬁg;legrwe'thugi;aft itshat the
above, the symmetry implies that the entanglement betweeli 9 P q y q ’

any pair of bath sping;, B; is the same, allowing us to use a
single parameter as a measure of bath entanglement. This
entanglement will be called théntrabath entanglement, This inequality says that the intrabath entanglement plus the
while the entanglement between the central spin and the batRree-tangle part of the system-bath entanglement is always
will be call_ed the system-bathentanglement. To quantify |ess than 1. On the other hand, the surmgf TS, * Tsje, CaN
these we will make use of a measure known agahgle[9]  pe greater than 1—it can take any value up to and including
whose definition we now briefly recall. For the reduced den-;37[12]. This suggests that intrabath entanglement has a
sity matrix pgp of @ pair of bath sping3;,B; define the  syronger damping effect on the three-tangle component of
spin-flipped density matrix 755 than it does on the pairwise tangle component. We will
therefore assume that, for a fixed intrabath tangle, a maxi-
mum system-bath entanglement is obtained when
The asterisk denotes complex conjugation in the standardsg,s,=0—thatis, when it is composed entirely of the pair-
basis and, is the PauliY matrix. The matriXpBiBjT)BiBj can wise components in Ed6).

“Fhe three-tangle is invariant under permutations of the three
dspins and may be written alternatively as

TS|By|B, = 7SB,B, ~ 7S|B, T TSIB,» )

T8+ Tsjp,l8, =< 1 9)

Peg, = (0y® 0y)pgs (0y ® 7). 3)
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States of theSB;B, system WithTS|Bl‘BZ=O are equivalent the system is only entangled with each of the bath spins
under local unitary operations to so-calldéclass states of individually. We will use a generalization of the staid®)

the form given by
lyy=al)sltDe+blTsl e+ cll)slT1s+d|T)sl T8, Wy =ag| s 1T 1T+ @11 TL g+
(10 +ay Dl 11D+ el DT+ 111)e
where a,b,c,d are real and non-negativid2,13 and a? +d| sl Tt 1118 (18)

+b%+c2+d?=1. The tensor factors in each term refer to the

state of the central spin and of the two bath spins, respegor real a;,c,d whereEi“ila,-2+Cz+d2:1. Herea, is the coef-
tively. It is a simple matter to calculate the relevant tanglesficient of the state where thiéh bath spin is down. From Egs.
from Egs.(4) and (5): (4) and (5) we find that the tangle between any pair of bath

7 = 4a%h?, (11) spins is given by

55 = 4%, (19
755 = A8 + B2, (12 B, =%
and the tangle between the central spin and the bath is given

We will solve the equivalent and, as it turns out, slightly by

easier problem of maximizingg for fixed 7gz=T. That is,
we must maximize

N
g(a,b,c,d) = 4a%h? (13) TS5 = 46?1 a. (20

subject to the constraints o o
The symmetry constraint implies that=a;=a for all i, ]

Fi(a,b,c,d)=4(@®+b?c>-T=0, (149 <N, and it follows that
Faa,b,c,d) =a?+b?+c?+d*~1=0. (15) Ty = Tgjp, = 44, (21)
This can be solved by the method of Lagrange multipliers,
and we find that the maximurr is given by T = ANa’C?. (22)
= l(l + \/1 — 758)% (16)  Fixing 755=D we can maximizers as we did for theN=2
4 case and subsequently obtain a maximtyrat

The corresponding entanglement-sharing inequality for the

. ; 1
system-bath and intrabath tangles is then o= Q(l +.1- 75\5)2, (23)
1
L ™S 4’ with the corresponding entanglement-sharing inequality
SB S 1 (17)
—
4(\r’TB—TB)y B = Z 1, s < ’

For values of the intrabath tangle less than 1/4 the system —

and the bath may be maximally entangled. Asincreases, N(2V7s -~ N7g), 78

however, we find thatgs falls in an approximately linear

fashion, and is 0 when the intrabath tangle is at a maximum. This inequality is identical to Eq17) up to a dimensional

This confirms our expectation that strong quantum correlascaling. Note that the maximum possible pairwise tangle for

tions in the environment limit decoherence effects, at leash symmetric bath oN spiné particles has been shown to be

for pure states of the combined system. 4/N? [14] and that the system-bath tangle falls to O for this
We saw above that the three-tangle component of thealue of 7g.

system-bath entanglement was more strongly limited by the Of course, we have only demonstrated this inequality for

intrabath entanglement than the pairwise componentthe W-class states, Eq18). To verify the inequality numeri-

TsiB, 5B, IN the case of aM-spin bath it seems reasonable cally for small values ofN we calculatedrsz and 7 for

that we should expect the same, this time potentially forandom states having the appropriate bath symmetry. A

three-party and other higher-order quantum correlations besample size of X 10" was used, and to reduce the sample

tweenS and the bath. We will therefore assume that analogspace we used the generalized Schmidt decompogiti®in

of the W-class states are able to achieve maximum systeniNo violations of Eq.(24) were found forN<5.

bath entanglement for a given intrabath entanglement. An The extension of Eq(24) to mixed stategp, where the

inequality similar to Eq{(17) follows from this assumption formula (5) is no longer valid is straightforward. Given a

and has been confirmed numerically for small valuedlof ~ pure-state decompositiop==,;p;|)(;| we may define the
An analog of aW-class state should ideally be one whereaverage system-bath tangle by

Z/m Z[e

\%
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Tss(p) = E piTsis(| ) (25) 7s5(t) = 4x17 L1 = [r (B[] (33

o We first consider an initial bath state of the form
The minimum 7g(p) over all pure- state decompositions N
{pi.|#)} of p can then be used to quantify the quantum cor- 1B0)) = @ (a|)s, + BIT)s), (34)
relations between the system and the bath. k=1 K K

The concavity of Eq(23) allows us to write which is completely separable, with each individual bath

1 : spin in an identical statépreserving the symmetyylt is a
@[1 +\1-755(0) = E piTe(|¥A)). (26)  relatively simple exercise to calculate the decoherence factor,
I

rt)2=[la|*+|8* + 2|a|?| Bl?cog2gt V. 35
On the other hand, the tangle is convex, so we have rOF=laf+|4 lal’llcod2g0] (39

3ipita(|#4)) = 78(p) and thus obtain the inequality As argued in Zurelet al.[15], asN— =, the average value
(|r(t)|>» -0, implying complete decoherence of the initial
1 - iSi i i 2
141 =N R = , 27 state. This is the average over time, since for laxgér(t)|
N2[ sis(P)]”= 76(p) @0 is predominantly Qover tim@ but will revive to 1 periodi-

cally. However, adN— oo, these revival approachfunctions
f time. With no intrabath entanglemetitz=0), there is no
ound onrgz, resulting in maximal possible entanglement
etween system and bath. Unentangled baths of this form
were the topic of Ref{15].
We now consider an initial entangled environment state.

which we can be inverted to obtain the entanglement-sharin
inequality for mixed states.

One simple model of decoherence where the inequalit
(24) is immediately applicable is an exactly solvable model
introduced by Zurek3] and recently used to investigate the
structure of the decoherence induced by spin environmen lowi f th . tructi £ oth
[15]. The system is always in a pure state, so there are noo owing  from the - previous —construction 0 €
classical correlations and a bound on the system-bath eﬁ_ntanglement-sharlng constraint, we choose an initial state of
tanglement is a bound on the decoherence. the form

The Hamiltonian of this model, after applying the com- _a
plete symmetry constraint, is written 1B(0)) = TN(M UMt LDt
N
Hes = SgS) o960 (28) H[TL L D)+l LD, (36)
: .
2% ’ where a?+d?=1, such that the entanglement between any

T e ; .
It is possible to analytically solve this model to give a goodtWO bath Spins '.875_4‘3 ' Smce_ t_h_e system—bath Interaction
illustration of how the decoherence of the central spin—agl0€s not flip spins, for such initial states the intrabath en-
quantified by the decay of the off-diagonal elements of thetanglement is invariant over the evolution. In other words,
reduced density operator of the systébs]—is suppressed the bath spins maintain their entanglement. From this initial
by the presence of entanglement between the bath sping.ath state, the decoherence factor is

Starting with a separable system-b&#i3) state r(t)|?=|al*+|d|* + 2|a|?|d|*cog 2gt), (37

Wsr)=(xl1)s+ YT)s) ® |B(0)), (290 which, first, does not average to zero in the limit of laige
and, in fact, will not be zero at anytime for given valuesaof
andd (see Fig. 1 This can be interpreted as a suppression of
W 55(0) = x| 1)l B, (D) + A1) slB; (1)), (30) decohere_nc_e, since at no time will the system ever be a com-
plete statistical mixture of states.
where The inequality only places a nontrivial upper bound on
N the system-bath entanglement whey= 1/N2. For the states
B.(0) = |B.(- 1)) = exd igt b2 | 1B(0)). 31 con§idered here, this corresponds to the parameter range
1B,(©) =18:(~ ) p( g gl‘fz )' ). @1 1/y2=<a=1, to which we will now restrict ourselves. The

_ ) s(}/stem—bath tangle is given by
The state of the system is then described by the reduce

the state ofSB at an arbitrary timé is

density operator 7s¢ = 2la]*(1 - [a])[1 - cog2gt)]. (38)
ps= Il L)L+ xy T 1)s(T] From the intrabath tangles=4a“, the entanglement-sharing
- inequality (24) gives an upper bound on the system-bath
X OIS+ AN, (2 ngloof PP Y
where thedecoherencéactor[15] r(t)=(B;(t)| B|(t)) can be ngx: 4lal?(1 - [a]?) (39)

easily calculated. The absolute value of this factor is
bounded by 6 |r(t)[?<1, corresponding to complete deco- and it is simple to show thatge< 752 In turn, this con-
herence to a statistical mixtuf@) and no loss of coherence strains the lower bound on the decoherence factor. This
(1), respectively. TheSB tangle 75(t) can be written in  simple example demonstrates that entanglement in the envi-
terms of this factor by ronment can constrain entanglement between the system and
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FIG. 1. (Color onling Plot of the temporal
evolution of the decoherence factoft)|2 with an
initial entangled environmental state of the form
of Eq. (36) for different values of intrabath
tangle. We see that the entanglement in the bath
acts to suppress the oscillation|oft)|?, meaning
the state of the system remains coherent.

0 1 2 3 4 5 6
time
environment, and hence limit the effect of decoherence. Of N
course, in this example we have not considered any intrinsic Hgp = )\OE (42)
central spin or bath dynamics. i=1

It is also possible to calculate the intrabath entanglemenlgollowing Ref.[6], 8=0.01, \o=1, and w,=0.8288; how-
for the Tessieri-Wilkie mode|6], where the initial state of ever. we set =1 such that aIIObaths splng are identical. The
the bath is a thermal state and thus the overall state atttimebath starts in the thermal stateps(0)=exg-H

B B

Isscht])Z(gdbym the Tessieri-Wilkie model, the system is de- IKT) /{Tiexp(~Hz/KD ]}, such that varying the intrabath
coupling strength\ varies the initial entanglement between
o the bath spins. To see the effects of decoherence, the central
Hg= ?O 04 B, (40)  spin is initialized in the statgys(0))=(|1)+|1))/2. In the
absence of the bath, the central spin will simply precess,
the bath exhibiting Rabi oscillations. Interactions with the bath that
' decohere the spin will prevent such coherent oscillations.
N-1 N Figure 2 shows how an entangled bath can suppress the
A N (.) + (i) 4 (.) decohering effects of the bath, allowing coherent oscillations
A .21 2 '82 )\.21 ,21 () of the central spin. Since the bath begins in thermal equilib-
rium, its state does not vary significantly over its evolution
and the interaction, (especially ifN is large. Hence, if the initial state is en-

FIG. 2. (Color online Rabi os-
cillations and the intrabath en-
tanglement, quantified by the
tangle between any two bath
spins, for three different intrabath
coupling strengths for the
Tesseiri-Wilkie model, with N
=10 bath spins. The dotted line in
the (o) plot is the case of no
system-bath interaction. As the in-
trabath coupling increases, so
does the intrabath entanglement,
and the Rabi oscillations approach
the limit of no system-bath
interaction.

wonon
N = O

bel

0 2 4 6 8 10 12 14 16 18 20
time
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tangled, this degree of entanglement is maintained througtereases in the long term, as more bath qubits become en-
out the evolution. tangled with each other. Interestingly, it is shown that all
Since the initial state is mixed, classical correlations be-entanglements are pairwise, with no multiparty entanglement
tween system and bath will be a cause of decoherence. Howpresent{18]. It would be interesting to extend the work in
ever, it is likely that the result of Koashi and WinfdiO]l may  these articles by considering thermalization in the presence
be extended to the central-spin model, thus showing that supf a self-interacting bath. Of course, different methods would
pression of decoherence is a generic feature when spin-battave to be employed, since the state of the bath qubits would
environments maintain a high degree of internal entangleehange after each interaction.
ment. Decoherence is the major stumbling block on the road to
In order to gain insight into how intrabath entanglementguantum computing. Here we have introduced a novel way
can reduce decoherence we have considered two Simpl constraining the decoherence effects from a spin-bath en-
models in which all bath spins interact equally with one an-yironment. Such environmental models are of particular im-
other. This represents a model for which the mean-field apportance for predicting decoherence effects in solid-state qu-
proximation for the interaction between spins is exact. Moré,jts in the low-temperature reginj&9,20.
physical models will involve short-range interactions, yet we \ne have used two simplified models as examples of how
conjecture that they will exhibit essentially the same phe'entanglement in the environmental bath may suppress deco-
nomena. _ _ o _ _ herence. While we have only discussed spin baths, one could
Recent studies of a central spin or qubit interacting with 855 envision similar effects for oscillator baths, where en-
reservoir of(identica) qubits has considered the process Oftangled spins may be replaced by multimode squeezed states.
homogenizatior{ 16], of which thermalization is a special pq well, we have focused upon two-party entanglement in

case[17]. The system qubit is initially in some stagtewith  ihe path. The effects ofn-party entangled states may be
each bath spin in the identical st&teThe aim of the process quite different.

is to output all qubits in some arbitrarily small neighborhood * ¢ types of entangled states of the bath that may be
of £ Thermalization is the case whegecorresponds t0 the created and maintained will depend explicitly upon the
thermal state. This thermalization process is equivalent to thﬁhysical system in question. To discover if entanglement

decoherence of the system qubit to a thermal state. sharing can suppress decoherence in realistic situations re-
_In this discrete time process, the system qubit interactgires calculations for specific quantum computer architec-
with a only single bath qubit at each time step and never thg,res. Only then will it be apparent if this unique property of

same qubit twice. It is shown that the partial swap operationyytanglement can be used to our advantage in overcoming
uniquely determines a universal quantum homogenizél.  yecoherence.

While there is no explicit interaction between bath qubits,

their mutual interaction with the system qubit generates en- We thank Michael Nielsen for helpful discussions on
tanglement not only between the system and reservoir, bigntanglement-sharing inequalities. A.P.H. thanks Philip
also intrabath entanglement. This entanglement is studied itamp for enjoyable and enlightening discussions about the
[16] and the results agree with the entanglement-sharing afreal world” of spin baths. This work was supported by the
guments we have made here. Specifically, in the exampl@ustralian Research Council as part of the Centre of Excel-
considered, the entanglement between system and bath dence for Quantum Computer Technology.
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