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1 Introduction

Since the fundamental work of Hodgkin and Huxley [6], several equations were
proposed to model the behavior of the signal propagation in a neural cell. The
original model was formed by a system of four equations, the first one modeling
how the electric impulses propagate along a long tube (the axon) that we model as
a (normalized) segment (0, 1), while the remaining were concerned with various ions
concentrations in the cell. Later, a more analytically tractable model were proposed
by FitzHugh [5] and Nagumo [10]. In this paper we focus the interest on a stochastic
version of the FitzHugh-Nagumo model. It consists of two variables, the first one,
u, represents the wvoltage variable and the second one, w, is the recovery variable,
associated with the concentration of potassium ions in the axon. For a thorough
introduction to the biological motivations of this model we refer to Murray [8] or
Keener and Sneyd [7].
Let us consider the equation

deu(t, §) = O¢ (c(§)O¢u(t, €)) — p(&ult, &) + f(u(t,§)) — w(t,§)
+ 8tﬁ1(t7£)7 t> 07 5 € [07 1]7
atw(tv g) = —Oé’LU(t, g) + ’Y’U’(ta 5) + 81562 (tv é)v
t>0, ¢€[0,1],

(1.1)

where u represents the electrical potential and w is the recovery variable; a, v, ¢(§)
and p(§) are given phenomenological coefficients satisfying the conditions stated
below; (31,02 are independent Brownian motions; f is a nonrandom real-valued
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function with suitable smoothness properties: in the reduced FitzHugh-Nagumo
system f is a polynomial of odd degree, precisely f(u) = —u(u — 1)(u — &), where
0 < & < 1 represents the voltage threshold. Problem (1.1) shall be endowed with
boundary and initial conditions. The first one are necessary only for the potential
u(t, &) and we assume they are of Neumann type: Oeu(t,0) = Jeu(t,1) = 0; the
initial condition are given, for simplicity, by continuous functions

’U/(O,f) = uo(&)? ’U(ng) = ’Uo(g)

with ug, vy € C([O, 1])

We shall introduce the main assumptions on the coefficients of problem (1.1) that
will be used without stating in the following. For this, it is necessary to introduce
the operator Ay on the space L?(0,1), defined on D(4g) = {u € H?(0,1) | deu(¢) =
0, ¢=0,1} by

Aou(§) = O¢ (C(f)@gu(f)) ) §€ [07 1]7 u € D(Ap).

Hypothesis 1.1. The constants o and v are strictly positive real numbers; the
functions c(€) and p(€) belong to C*([0,1]), ¢ = r[gilr]lc(é) >0andp = r[gilr]lp(ﬁ) > 0.

Further, for & from the definition of the FitzHugi)L—Nagumo nonlinearity, it holds
3p— (& - & +1)>0. (1.2)

There exists a complete orthonormal basis {er} of L*(0,1) made of eigenvectors
of Ao, such that the {er} satisfy a uniform bound in the sup-norm, i.e., for some

M > 0 it holds
lex () <M,  £€]0,1], keN. (1.3)

Let 51, B2 be independent Wiener processes on a filtered probability space (Q, F, Fy, P)
with continuous trajectories on [0, T for any T > 0; this means that

Bi € C([OvTL Lz(Qu L2(07 1)))

with L(B;(t,-)) = N(0,t/Q;) for suitable linear operators Q;, i = 1,2 on L*(0,1).

With no loss of generality we can assume that the operators Q;, i = 1,2 diago-
nalize on the same basis {ey}. Therefore, there exist sequences \i, i = 1,2, k € N,
of positive real numbers such that

Qier = \se, i=1,2 k=12, ....
Furthermore, we assume that

Zi)\}c < 0o0;

i=1 k=1

hence Tr@; < co.
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It is convenient to write (1.1) in an abstract form. To this end we set H =
L?(0,1) x L?(0,1) endowed with the inner product

((u1,wr), (u2, w2)) = v (u1,u2) 12 + (w1, w2) 2

where (-,-)z2 is the usual scalar product in L?(0,1) and + is the constant from
(1.1). The corresponding norm is denoted by |-|,;. We also introduce the space
V = H'(0,1) x L?(0,1) with the norm

2 2
I3 = 1[5 + |22z -
On the space H we introduce the following operators:

A:D(A)CH — H, D(A)=D(Ay) x L*(0,1)
U U —w (1~4)
a(m)= (o o)
F : D(F):=L150,1) x L*0,1) — H
» (U) _ <_u(u_§1)(u_ 1)) ' (1.5)

and

w 0

In the following, setting X = (Z}), we rewrite equation (1.1) as

dX (t) = (AX(t) + F(X (1)) dt + /QdW (t)

X(0)=x€H (16)

where W(t) = (wi1(t), w2(t)) is a cylindrical Wiener process on H and @ is the

operator matrix
(@1 O >
©= ( 0 Q)

Our first result is an existence and uniqueness theorem for the solution of equa-
tion (1.6).
Theorem 1.1. Let x € D(F) (resp. © € H). Then, under the assumptions in
Hypothesis 1.1, there exists a unique mild (resp. generalized) solution

X € Ly (:C((0,T]; H)) N Ly (2 L*([0, T]; V)

to equation (1.6) which depends continuously on the initial condition.

The proof will be given in Section 3. Starting from this result, we can introduce
the transition semigroup P; : Cp(H) — Cy(H) associated to the flow X (¢,-) defined
in equation (1.6), that is

Pio(x) = E¢(X(t,2)), ¢ € Cyp(H),t >0,z € H. (1.7)

In Theorem 4.1 we shall prove the existence of an invariant measure for P;. After
that, we shall prove that the associated Kolmogorov operator Ny is dissipative in
the space LP(H; ) and that its closure is m-dissipative.
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2 Preliminary results

Before we proceed with the analysis of the abstract stochastic equation (1.6) it is
necessary to study the properties of the operators A and F.
Lemma 2.1. Set n = (6 — & + 1); then

[ ()= (")

is m-dissipative, that is, it is dissipative and I — F, maps D(F') onto H, i.e.,
Rg(I - F,) =H.

Proof. Let x = (u), Y= (Z) € H. By definition,

(F(z) = F(y) =n(x —y), 2 —y)n
— 7 0) = F(0) = nfu = v)u = v}y < 7 (500 ) = ) fu = ol
re
We note that sup f/(r) = %(5% —&1+1); thus the last term in the previous inequality

reR
vanishes and F,, is dissipative.

Let us show that I — F, is surjective. In fact, observe that its first component
—f(u) + (n + 1)u a polynomial of degree 3 with positive derivative. Hence it is
invertible. Its second component is the identity and, obviously, invertible. This
concludes the proof. o

Remark 2.1. We denote f, the first component of F,. Setting & = (14 &1)/3,
fn(u) = f(u) — nu can be rewritten as

folu) = —(u—¢&)* - &.

Let us introduce the notation A, = A+ 17 (é) and F;, as above; then we may

rewrite equation (1.6) as

dX (1) = (A, X (t) + F, (X (1)) dt + /QdW () 21)
X0)=xcH '

Lemma 2.2. A, is m-dissipative and in particular, there exist wi,w2 > 0 such that

(A, 2) < —wilaly

(Age,z) < —wallz]}.
Proof. First of all, we observe that the operator Ag satisfies the inequality:

(O(cOcu), uhyp2 < 0.
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In fact, with ¢ = minp 1; ¢(&), we have:

1
/0 De(c(€) Deu(€))u(€) de

1

= (€u©)eu(€)] — [ el©)@eue))de < —|Duf}. <0.

0

Now set p = r[gilr]lp(é) > 0 and wy = min{p —n,a}. For z = (*) we have

2
(Az, ) < y{(0c(cOcu),u) 2 —y(p —n) [ul2 — v(u, v) + y{u,v) — av|72
< —vp-nufi: —avl}: < —wi|zly.

This proves (2.2).
As (2.3) is concerned, we have

2 2 2 2 2
(Az,z) < —cey[Dulp, —v(p —n) |ulp> —afolp, < —wa(ylulg + o) = —wa |lz[ly,
for wo = min{e¢,p — n, a}.

Now let us show the m-dissipativity. We need to prove that I — A,, is surjective.
Fix 29 = (ug,vo) € H and let we consider the following equation

vV — YU+ av = vg.

{u—Aou—i—U:uo

Note that the second equality can be rewritten as

vo + 7

= N 2.4
1+« 1—|—au’ ( )

v

then, substituting v with the right member of (2.4) we obtain

1
1——7 I—Ag|u=mwug— 0.
14+ 1+«

Using the m-dissipativity of Ay and (see for instance [11]) we obtain that previous
equation admits a solution u € L?(0,1). We can then compute v by means of (2.4).
It follows that for every zo there exists * = (u,v) such that (I — A,)x = o, that is
A, is m-dissipative. O

From the above result it follows that A, is the infinitesimal generator of a Cy
semigroup of contractions. Further, the following holds.
Proposition 2.3. A, generates an analytic Cy-semigroup of contractions e
H and it is of negative type.

tA, on

Proof. Note that Ag and —al generate analytic semigroups on L2(0,1) while I
is a bounded linear operator on the same space. Thus, the proof easily follows by
applying the results in [9, Section 4]. Moreover, the dissipativity condition (1.2)
implies that |le'7|| < e~“!, that is, A, is of negative type. O
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For the moment, we notice that from the above lemmata we obtain the dissipa-
tivity of the sum A, + F,.
Lemma 2.4. Recall assumption (1.2), that we can write as

p—n=>0 (2.5)

where p = %1111)1 [p(§)|. Then A, + F,, = A+ F is dissipative.

)

Proof. Observe that
(A+ F)z,z) = (Ay + Fy)z, 2y g < —plule — alvliz +ynlul?e
< —min {p — 7, a} |z[%;
thus the dissipativity condition is satisfied if p > 7. O
Setting w = min {p — 1, a}, the statement of Lemma 2.4 can be rewritten as

(A+ F)a,2)g < —wlzl.

2.1 An approximating problem

In this section we show an existence and uniqueness result for a family of approxi-
mating problems of system (2.1) with a Lipschitz continuous nonlinearity. Consider,
for any € > 0, the following approximation of F;, Fj, ., given as

u fn.,s(u) . f(u) —nu
Fne (v) - < 0 ) ’ foelu) = 1+e(1 _§O(U_§07;+ (u—¢&)?)

It is easily seen that Fj, . is Lipschitz continuous and

|Fe(2) = Fy(2)l yp — 0, @ € L°(0,1) x L*(0,1)
when € — 0. Moreover it easy to see that
|Fy(@)ly < C(+ alyy), =€ D(F), (2.6)

for suitable C' > 0.
Hence, for ¢ > 0, we are concerned with the family of equations

dX (t) = (A, X (t) + F (X (1)) dt + /Q AW (t)

X0)=2cH 2D

which can be seen as an approximating problem of (1.6).

There exists a well established theory on stochastic evolution equations in Hilbert
spaces, see Da Prato and Zabcyck [2], that we shall apply in order to show that for
any € > 0 Equation (2.7) admits a unique solution X.(¢). Let us recall from Propo-
sition 2.3 that A, is the infinitesimal generator of a strongly continuous semigroup
et4n t >0, on H; we also claim that the following inequality hold:

t
/ Tr[e*4"Qe*An] ds < oo, Vit > 0. (2.8)
0
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(see below). If these properties are satisfied, then the so-called stochastic convolu-
tion process

Wa, (0 = [t yQaw

is a well-defined mean square continuous, F;-adapted Gaussian process (see [2, The-
orem 5.2]) and we can give the following

Definition 2.5. Given a F;-adapted cylindrical Wiener process on probability space
(Q,F,{F},P) a process X(t), t > 0, is a mild solution of (2.7) if it satisfies P-a.s.
the following integral equation

X(t) = etAng 4 /t e(iffs)ATan_’E (X(s))ds+ /t e(t=5)Ay \/adW(t)_ (2.9)

0 0

Let us check that in our assumptions, condition (2.8) holds.
Proposition 2.6. A, and Q satisfy the following inequality:

¢
sup/ Tr[e*47Qe’n] ds < .
>0 Jo

Proof. Recall that if S, T are linear operators defined on an Hilbert space H such
that S € L(H) and T is of trace class, then

Te(ST) = Te(T'S) < |15l ¢ () Te(T). (2.10)
Taking into account the self-adjointness of A, and the above remark we obtain

Trle Qe ] < Tr(Q) [l

2 —2w
cn < Tr(@)e™™,
hence - -
/ Tr[es4nQe4n] ds < / Tr(Q) e~ ds < 0.
0 0
O

Proposition 2.7. The stochastic convolution is P-almost surely continuous on
[0,00) and it verifies the following estimate

2m

E sup ’WAy7 (t) H

>0

<C (2.11)

for some positive constant C.

Proof. Note that for any « € (0,1) it holds
/OO sTOTr[e*4n Qe ds < oo.
In fact, i
/OOO sTOTr[e* Qe M) ds < Tr(Q) /000 s HeSA" HQL(H) ds
< Tr(Q) /00 5% 215 ds < oo.
0

Now the thesis follows by ([3, Theorem 5.2.6]. O



8 S. Bonaccorsi, E. Mastrogiacomo

Definition 2.8. Let L%,(Q; C([0,T]; H)) denote the Banach space of all Fi-measurable,
pathwise continuous processes, taking values in H, endowed with the norm

1/2
X . = E sup [X(@®)?
X2, (9:0000,73;)) < A [ X( )|H>
while L2, (% L2([0,T); V) denotes the Banach space of all mappings X : [0,T] — V.
such that X (t) is Fi-measurable, endowed with the norm

r 1/2
X2, (L2 (0. 175vy) = (E/O XI5 dt) :

With the above notation, Proposition 2.7 implies that W4 (t) € L*(Q;C([0,T]; H))
for arbitrary T' > 0. Also, from Propositions 2.3 and 2.6 it follows that for ¢ > 0
the approximating problems admit a unique solution.
Proposition 2.9. Let © € H. Then, for any € > 0 there exist a unique mild
solution X (t,x) to equation (2.7) such that

Xe € Ly (2 C([0,T]; H)) N Liy (9 L2([0, T]; V).

Proof. From [2, Theorem 7.4] we have that for any * € H problem (2.7) has a
unique mild solution X, (¢, ) such that

E sup |X:(t,z)|y < C(1+|zf?), D> 2,
t€[0,T]
which further admits a continuous modification; this proves that X. € L%, (;C([0,T]; H)).
Now, we apply Ito’s formula to the function ¢(z) = || (although this is only for-

mal, the following computations can be justified via a truncation argument) and we
find that

|X.(t,2)|* = |o|* + 2/0 (A, X.(s,2) + F, (X (s,2)), X(s,2)) ds

+2/Ot <X€(s,x), \/QdW(s)> FTHQ)E, (2.12)

where .
[ tetsia QW (s)
0
is a square integrable martingale such that, by [2, Theorems 3.14 and 4.12],

/Ot <X5(s,x), \/édW(s)>‘ < 3TH(Q)E (/OT X (s, )% ds> .

E sup
t€[0,T]

Moreover we have

¢ ¢
/ (ApX.(s,x), X(s,2))ds < —wg/ ||X€(s,:1c)|\%/ ds
0 0
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and

/0 <Fn,€(Xa(S,$)),Xn(S,:E)> ds < 0.

Hence, taking the expectation of both members in (2.12) we obtain

T T
E sup |X(t,x)|2+w2E/ ||X8(s,x)||%/ ds < |x|2+(6+77)/ E sup |X8(s,x)|§{ dt.
te[0,T 0 0 s€[0,t]

By Gronwall’s lemma this yields

T
E sup |X.(t,2)% +w2]E/ | X (s, 2)||} ds < C(|z]* +1). (2.13)
t€[0,T] 0
We conclude that X. € L*(Q; L%([0,T]; V)). O

3 Existence and uniqueness result

Here we make use of the results given in the last section to show that problem (2.1)
admits a unique solution. Our main result can be stated as follows.

Theorem 3.1. For every x € D(F) (resp. x € H ), there exists a unique mild (resp.
generalized) solution X € L%, (;C([0,T]; H)) N L%,(Q; L*([0,T];V)) to equation
(1.6) which satisfies

E|X(t2) - X (6,2} < Clo— 3[4 (3.1)
Proof. As shown in the proof of Proposition 2.9, {Xs}azo satisfies
t
E sup |X.(t,2)% —|—w1E/ IXo(s,2)|2 ds < C(l2]> +1),  t>0.
te[0,T) 0

therefore it is bounded in L}, (Q; C([0,77; H)) N L3, (€; L2([0,T]; V)).
We are going to show the following estimates

T
B[ (Xl de <, (32)
0
E sup |X.(t,z) — Xa(t,z)|} < C(A+e), (3.3)
t€[0,T]

where we use the same symbol C' to denote several positive constants independent
of €. Using the above results, we conclude that {X.}_ is a Cauchy sequence on

L*(Q; C([0,T); H)) N L*(€; L*([0, T; V)

and, consequently, it converges uniformly on [0, 7] to a process X (¢, x).
Step 1. We begin with the continuous dependence on the initial condition. Let
us consider the difference X.(¢,2) — X (¢, %), for z,Z € H.
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Note that

AX.(t,x) — dX(t,Z)

hence

| Xe(t ) — Xe(t, )

and therefore
E|X.(t,z) — X.(t,2)|}; <El|x — 2[5 — 2w /tIE|X5(s,:1;) — X.(5,7)|3 ds.
0
Applying Gronwall’s lemma we obtain
E|X.(t,z) — X.(t, )|} < e 2|z — 2[5 . (3.4)

The continuity condition (3.1) easily implies uniqueness of the mild solution on
D(F) and of the generalized solution on H. Consequently, it only remains to prove
existence.

Step 2. Next, let us consider estimate (3.2). We shall apply Ito’s formula to the
function

1
¢@>=1;%W@»da © = (ul€), v(6)) € H,
where
gs(T)——/O fne(s)ds, reRT, e >0.

It is not difficult to show that, for any « € D(F),
_ Y
Do) = (@) and DRy = (e 0,
0 0 0
thus

(ApXe + Fy o (Xe), DO(Xe)) = —v (96(c(-)0:Ue), f,e(Ue))
+ 7 {(p(&) = MUe, fne(Ue)) + v (Ve fre(Ue)) —v |fn7€(U€)|2 .
We claim that

(142 (w-&)) (- -%)° -&°)
(1+5 (1—u+(u—§0)2—|—§0))2

frly,a (u) =—¢€

- 3(u—&)° (3.5)

1+e¢ (1—u+(u—§0)2+§o>
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is always negative; then it follows that

~ [ @eclPe) () a6 = ~c(©0eu(e)| - [ e(€)(Oeu(©) £ (u(©) dg <0
0 0

and, for any o > 0
(v, foe(w) < olof* + = |fns( ).

From the above inequalities it follows that for o sufficiently large
(ApXe + Fyo(Xe), Do(Xe))
<90 (14 o) 102 + 0 Vel 4 (2 1) 1@ 36)
< =ClfneUo)f + KX

for suitable constants C, K. Further,

o0

TH(QD*(X.)) = — S (Qu ) (Us)er k) ZM/LN (6) de.

k=1

Now we observe that

|_3(U—€0)2 —5(_§0+2(U_€O))(—(U—§0)3 _58)‘ .
1+ & — &oe(u — &) +&(u — &)? <4 (ju-&f*+¢),

so that for e sufficiently small, taking into account (3.5) and the uniform bound
condition on the e stated in assumption (1.3), we have

/ 2 el ae ‘ei(fﬂ
eet] < 4 (1u€) = 6o + <) e e e —&P

<O (u€) — & +¢) < ¢ (ju©) + 1),

therefore

E/O | Tr [QD?¢(X<(s))]| ds<E/ </ Z)\k\fm )())ei (&) dg)
<C (1—|—E/0 | X-(s)| % ds) . (3.7)
Estimates (3.6) and (3.7) yield
BOX () +E [ 1f(Xe(s. ) ds

< ¢(z)+C (1 +IE/ |X5(s,x)|2ds) <C,
0
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and therefore

T
]E/ e (Xt 2))]? dt < €,
0

so that inequality (3.2) is proved.
Step 3. We proceed to estimate (3.3). We observe that

d(Xa(t,2)=Xc(t, ) = [Ay(Xa(t, ) — Xc(t, 2)) + Fy A(Xa(t,2)) — Fy e (Xo(s,2))] dt.
Hence, using Ito’s formula as before we get

E sup |Xa(t, ) — X(t, 2)?
[0,T]

T
:E/ (An(Xa(s,x) — Xc(s,2)), Xa(s,z) — Xc(s,2)) ds
0
T
+ IE/O (Fyx(Xa(s,2) — Fy o (Xc(s,2)), Xa(s,2) — Xc(s,2)) ds
T

< _MQE/O | X\ (s,2) — Xc(s,2)||* ds

T

+E / Far(U(5,2)) = foe(Us(s,2)), U (5,2) — Us(s, 2)) ds.

Now set
- Fe(w) &
he(u) = 14+e—cbo(u—E&)+e(u—&)? 1 +e(l = &o(u—&) + (u—5)%)
—(u—&)?

- 1+e(l—E&(u—&)+ (u—E)?)

We note that, for any u, v,

(ha(u) = he () (u = v) < (ha(u) = he () ((w+ 7y *(w) = (0 + b)), (3.8)

(ha (1) = he(0)) (u = v) = (ha(u) = he(0)) ((u + by () — (v + Y3 (v)))
= — (b () — hY3 ()2 (8% (w) + B3 (w)hy/* (w) + By (u)) < 0.

Moreover one can compute
w— &+ 3w < e he(w)],
therefore

(he(u) = Pa(v))(u = v) < ([he(w)] + [ha(0)]) (€ [he ()] + A [ (0)])

<
< Cle + N([he(w) > + I @)?). (3.9)
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Furthermore, we observe that

(- : + : )=

% Tte—cbolu—Eo) Te(u—E)?  1te—cbolv—&)+e(v—&)2) " "

_ 53 _E(U’ - 50)2 + )‘(U — 50)2 (u . ’U)
e — ebolu— &) +2(u— &)1+ — eo(v — &) + =(v — &)?)

< e+ M) [lu— vl + Ju— &0l + o = &of + |u— &of* + v — &I’ (3.10)

Combining (3.9) and (3.10) we get

(fe(w) = faa(v))(u —v) <
CleA) (I (@) + 1ha(0) + [u = o] +Ju = &of* + o = &of* + Ju — & + o — & *)
and, consequently,

E sup | X (t, ) — X.(t, 2|
[0,7]

T 1
<E / / (Far(X2) — Fre(X))(Xa — Xa) dédt < e + A)
0 0

We conclude that there exists the limit X = lil% X. in L*(Q;C([0,T); H)) and,
£—

by (2.13), also that X € L*(Q;L%([0,T];V)). Moreover, estimate (3.4) implies
inequality (3.1). O

We conclude the section with another estimate which turns out to be useful
when we will deal with the asymptotic behaviour of the solution.
Lemma 3.2. The following estimate holds
E|X(t,2)*™ < O (1 +emmet |x|2m) . zeHt>0.
Proof. Let Y (t) = X(t,x) — Wa,(t). Then
LY () = A,Y (1) + Fy (Y (t) + Wa, (1)), Y (0) = .

Observe that

|)—‘
|a
~
—
N
T
3

|

=Y (t )I2m °4 IY(t)I2

—w1 [Y'(2) <Fn(Y(t +WA L), Y (@) Y ()"
< —w |[Y (O™ + (Fy(Wa, (1), Y () |V (1)

< —w1+yF Wa, )| Y )"

IN

n

Hence we conclude that

A Y ()P <~ YT+ C|Fy(Wa, (8)))*"

2m dt
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for some C > 0. By Gronwall’s lemma it follows that
K 2
|Y(t)|2m < e—mwlt |£L'|2m + 2mC/ e—mwl(t—s) |F77(WAT;(S))‘ m dS,
0
so that for some C > 0 (possibly different from the above):
| X (t, @)
¢
<C (e—mwﬂ |z|*™ +/ e =S B (Wa, (s))f’” ds +|Wa, (t)|2’”) . (3.11)
0
Now recall that F,, has polynomial growth (see (2.6)); in particular we have that
2m 3\ 2™ 6m
|F,(Wa, )" < C (1 + [Wa, (8)] ) < C(1+|Wa,®)]"™).

Moreover, by (2.11), supE [Wa, (t)’zm < Cpy, then
>0

t t
[ et B, ()P ds < 0 et (1 g, (9]°7) ds
0 0

t
< c/ emet=9) (1 4.03)) ds < C),.
0

Using the last estimate in (3.11) we conclude the proof.

4 Asymptotic behaviour of solutions

Let P; : Cp(H) — Cy(H) be the transition semigroup associated to the flow X (¢, -)
defined in equation (1.6), that is

Pp(z) = Ep(X(t,2)), ¢€Cy(H),t>0,2€ H. (4.1)

We are ready to prove the main result of the paper.
Theorem 4.1. Under hypothesis 1.1 there exists a unique invariant measure p for
P;.

Proof. To discuss the existence of the invariant measure, it will be convenient to
consider equation (1.6) on the whole real line. Therefore we extend the process W (t)
for t < 0 by choosing a process W (t) with the same law as W (t) but independent
of it and setting

W(t)=W(-t), t<0.
Now, for any A > 0, denote by X, (¢,x), t > —A, the unique solution of

dX = [A, X + F(X)]dt + /QdW (1)
X(=\) =z € H.
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Then X satisfies the following integral equation:

t

XA(t,a:)::r—l—/ AnX)\(S,I)—I—F(X)\(S,ZE))dS—F/_)\\/édW(S).

-

We note that
A A
X()\,x)zac—i—/ AnX)\(S,.’L')-i-F(X)\(S,ZE))dS-i-/ VQ AW (s)
0 0

0 0
::Z:—I—/ AnXA(s,a:)—I—F(X)\(s,x))ds—l—/ VQ AW (s)
Y Y
= X)\ (0, :E)
Thus, the theorem will be proved once we establish that

Alim L(XA(0,z)) = p

weakly, for some p € M;"(H) and all x € H. As in [2, Theorem 11.21] we will not
prove only this, but we will show that there exists a random variable Y € L2(; F, P)
such that

Jim E|X(t,2) - Y?=0, zeH, (4.2)

and the law of Y is the required stationary distribution.
We first prove that (4.2) is true when = 0. We put X,(¢,0) = X (t). Pro-
ceeding as in Theorem 3.1 we obtain

t
1 Xx(s)[3; ds + 2Tr[Q]t
A

E|X\(t)]* < —2wIE/

Using Gronwall’s lemma, we have
E|X\()]° < QTX[Q](t + A) + |z]})e 22N <0 VYA >0,Vt € [-\,00].  (4.3)
We can now prove (4.2). Let v < X; then
Xa(t,0) = X, (t, X2(=7,0)), t>-—v
and, proceeding as in Theorem 3.1 we obtain an estimate similar to that in (3.4)
E |XA(t,0) = X,(t,0)" = E| X, (8, Xa(=7,0)) = X, (¢, 0)|
< e IR X\ (=) < Cem1 ). (4.4)

Estimates (4.3) and (4.4) imply that {X(0)},5, is a bounded Cauchy sequence in

L},(Q; H). Then there exists a random variable Y such that E | X (0) — Yﬁq — 0,
as A — o0. Proceeding similarly we show that

Jim B 1X5(0,2) - X5(0))*=0, VzeH.

This ends the proof. O
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Lemma 4.2. For any ¢ € Cy(H) and x € H there exists the limit
Jim P = / ¢(y)u(dy).
— 00 H

Proof. Set Y = lim X(0,—s,x) € L*(Q; H), which exists in virtue of Theorem

4.1. Then T
Pt¢(x) =E [¢(X(t= 0, .’L‘))] =E [¢(X(Ov —t, x))] :

By the dominated convergence theorem it follows that

Jim Profa) =ELoV)] = [ olwutay)

5 The infinitesimal generator of P,

Lemma 5.1. For any p > 1 P, has a unique extension to a strongly continuous
semigroup of contraction in LP(H, ) which we still denote by P;.

Proof. Let ¢ € Cy(H) and p; be the law of X (¢,2). By Holder inequality we have
that

|Pp(x)|” < Py lo(x)]” .

Integrating this identity with respect to p over H and taking into account the
invariance of u, we obtain

/H P ()] p(da) < /H By 6] (x)u(da) = /H 16(@)]? p(de).

Since Cy(H) is dense in LP(H, ), P; can be uniquely extended to a contraction
semigroup in LP(H, ). The strong continuity of P, follows from the dominated
convergence theorem. O

Taking into account the Hille-Yosida’s theorem, from the previous lemma we
deduce that the infinitesimal generator of P, on L?(H, y) (which we denote by N)
is closed, densely defined and it satisfies

[AR(N\, A)] < 1.
We want to show that N is the closure of the differential operator Ny defined by
1
No¢ = STr[QD?*6(x)] + (z, AD$(x)) + (F(x), Dé(x))

on €4(H) = linear span {¢ = ™" | h € D(A)}.
We recall that the operator

L6 = 3THQD*6(2)] + (&, ADo(a)
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is the Ornstein-Uhlenbeck operator and it verifies
|Lo(z)| <a+blz|, =€ H. (5.1)

(see [1, Section 2.6]).

Then, in order to show that Ny is well-defined as an operator with values in
LP(H, i) we need that F(z) € LP(H, u). This is provided by the following result.
Lemma 5.2. Under Hypothesis 1.1, there exists c,, depending only on A, and F,
such that

/|:E|H w(dz) < cp. (5.2)

Proof. Denote by pt 5 the law of X (¢, ). Then by lemma 3.2 we have that for any
6>0

> /
mﬂtm |y| Mtz dy)
/H 1+ By
CE[X(t,2)P" < Cn(1+e ™ a?™), ze H.

Consequently, letting ¢ — oo we find, taking into account Lemma 4.2,

|y|2 |y|2
————u(dy hm Po lim o (dy
/HlJrHIyI2 = 0w = Iy n 1+ Bl W

< Jim G (1+ e~ et | 2™,
which yields (5.2). O

Applying formula (2.6) we immediately obtain the following
Corollary 5.3. We have

[ IR ude) < o (5.3)
H

The corollary implies that No¢ € LP(H, ) for all ¢ € E4(H) as required. We
can now show that No¢ = N¢ for all ¢ € E4(H).
Lemma 5.4. For any ¢ € E4(H) we have

E[¢(X(t,x))] = o(z) + E {/o Nop(X(s,x))ds|, t>0,x¢€ H. (5.4)

Moreover ¢ € D(N) and Nogp = N¢.

Proof. Equality (5.4) follows easily by applying It6’s formula. It remains to prove
that E4(H) C D(N) and Ng¢ = N¢. Since it holds that

.1
lim > (Pib(z) = 9(x) = Noo(x)
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pointwise, it is enough to show that

(Ph¢_¢)7 hE(O,l],

S| =

is equibounded in LP(H, p).
We note that, in view of (5.1) and (5.4), for any x € H we have

h
| Prg(x) — ¢(x)] S/O Ela+0b|X(s,2)| + ¢l [F(X (s, 2))[] ds.

By Holder’s inequality we find that

h
Pad(z) — pla)lP < h»? / Efa+b]X (s,2)| + 6]y [F(X (s, 2))[” ds

h h

Scphpflf E[a+b|X(s,x)|]p ds—|—cphp|¢|g/ E|F(X(s,x))|p ds
0 0
h h

:cphpflf P (a—|—b|~|)p ds+cphp*1|¢|’0’/ P, |F()|p ds.
0 0

Integrating with respect to u over H and taking into account the invariance of p,
the above formula yields

P16 = 0l <1 [ [0+ 01al?) + 16 [P ) < oc,
H

thanks to Corollary 5.3. Consequently 1/h(Pn¢ — ¢) is equibounded in LP(H, 1) as
claimed. O

Theorem 5.5. Assume that Hypothesis 1.1 holds. Then N is the closure of Ny in
LP(H, ).

Proof. By Lemma 5.4, N extends Ny. Since N is dissipative (it is the infinitesimal
generator of a Cy contraction semigroup), so it is Ny. Consequently Ny is closable.
Let us denote by Ny its closure. We have to show that Ny = N.

Let A >0 and f € €4,(H). Consider the approximating equation

Xpe — Lo — (Fy e, Do) = f, >0 (5.5)

By [1, Theorem 3.21] we have that Equation (5.5) has a unique solution ¢. € C}(H)
given by

1
¢ (x) = IE/O e MF(X (t,x))dt, Vz € H.

Moreover, for all h € H we have

(D (x). h) = / T e ME[(Df(X.(t,)), DX.(t, z)[h])] dt.
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and by [4, Proposition 11.2.13] we have
IDX:(t, ) a1y < €

consequently we obtain
1

IDfllo -
Arguing as in [4, Theorem 11.2.14] we can write (5.5) as

Ap: — Nope = [+ (F, - — F,D¢.) .
We claim that

lin% (Fpe—F,D¢.y =0 in LP(H,p).
E—>
In fact, we have

[ 4F) = F@.D6)P () < 32 1D [ 1Faelo) — P ).
Clearly,
lim |Fye(z) — F(x)|" =0, u—ae.

Moreover
|Fye(z) — F(x)|” <2[F(2)]”, =€H.

Therefore, the claim follows from the dominated convergence theorem, since

/ F@) u(dz) < oo
H

in virtue of Corollary 5.3. In conclusion we have proved that the closure of the
range of A\ — Ny includes € 4(H) which is dense in in LP(H, ). Now the theorem
follows from Lumer-Phillips theorem. o
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