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Spin squeezing as a measure of entanglement in a two-qubit system
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We show that the two definitions of spin squeezing extensively used in the litefdMuk&tagawa and M.
Ueda, Phys. Rev. A7, 5138(1993 and D.J. Winelanckt al,, Phys. Rev. A50, 67 (1994] give different
predictions of entanglement in the two-atom Dicke system. We analyze differences between the definitions and
show that the spin squeezing parameter of Kitagawa and Ueda is a better measure of entanglement than the
commonly used spectroscopic spin squeezing parameter. We illustrate this relation by examining different
examples of a driven two-atom Dicke system in which spin squeezing and entanglement arise dynamically. We
give an explanation of the source of the difference using the negativity criterion for entanglement.
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Spin squeezing results from quantum correlations beS,;2 have zero mean values. The variarﬁ{@ASr;i)2>L is cal-

tween atomic spins have received a great deal of attention igyjated in the plane orthogonal to the mean spin direction. A

recent year$1—9]. The interest in spin squeezing arises notp itiatom system in a coherent state has variances normal to
only from the fact that it exhibits reduced fluctuations of the o mean spin direction, equal to the standard quantum limit
collection of atomic spins below the fundamental spin noise ’

. S . .
limit, but also from the possibility of interesting novel appli- of §/2. In this casegﬁi= 1. A system with the variance re-
cations in interferometry and high-precision spectroscopyduced belowS/2 is characterized bg§_<1, that is spin
Recently, Soensenet al. [10] have proposed spin squeezing :
as a measure of entanglement in multiatom systems, which’ _ o ) R
opens further applications in quantum information and quanYVith the paramete(2), spin squeezing is manifested &y
tum computatiorj11]. The advantage of spin squeezing over<1, which indicates a reduction in the frequency noise.
the well-known entanglement measures, such as concurrenggince the mean vaIuléaqs)lss, it follows that the param-
[12] and negativity 13,14 is that spin squeezing can be used gyo15(1) and (2) do not describe the same spin squeezing,
as a measure of entanglement in multiatom systems, whereas R .. s .
the former measures can be applied only to two partigie and thatgﬁi<1 |mpI|es§ﬁi<1, but not vice versa. We note
qubit) systems. Halakt al.[15] recently reported preparation that the spin squeezing parameter proposed bser&en
of an entangled multiatom state via quantum state transfest al. [10] as a measure of entanglement coincides with the
from squeezed light to a collection of atomic spins. Kuzmichparameten(2). It should also be noted here that in general
et al.[16] have proposed a scheme to produce spin squeezeghin squeezing is sufficient but not necessary conditions for
states via a quantum nondemolution measurement techniqegtanglemenf18—20.
and spin noise reduction using this method has been experi- |n studying the relation between entanglement and spin
mentally observed17]. squeezing, we discovered that the two definitions of spin
There are, however, two different definitions of the spinsqueezing give somewhat different predictions of entangle-
squeezing parameter frequently used in the literature; thgent in the two-atom Dicke system. It is the purpose of this
spin squeezing parameter of Kitagawa and Ueda defined a&rief Report to point out that the spin squeezing parameter
[1] (1) is a better measure of entanglement than the parameter
(2). Specifically, we will show that there is a large class of
s _ E N2 . processes for which the parameté) is the sufficient and
gn»_ S<(Asn) >L ’ |—1,2, (1) necessar e H fa
i i y condition for entanglement. It was quite surprising
to find this connection, since the parame@ris commonly
and the spectroscopic spin squeezing parameter introducediged in the literature to compute spin squeezing and en-

the context of Ramsey spectroscopy{ 2k tanglement in multiatom systems. The spin squeezing is cur-
rently the widely accepted measure of multiatom entangle-
. 28<(A8,;i)2>i ment, so we believe that a detailed analysis of the relation
U 2 between entanglement and these two definitions of spin
<Sﬂ3> squeezing is of general interest.

o ) We consider the two-atonftwo qubi) Dicke system
whereSis the total spin of the systemy,n, andn; are the  which consists of two identical atoms confined to a volume
three mutually orthogonal unit vectors oriented such that thevith dimensions much smaller than the wavelength of the
mean value of one of the spin components, assumed heegomic transitiong21,22. Each atom is assumed to have
<S;3>, is different from zero, while the componeris and  only two energy levels, ground levéd;) and excited level
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le;) (i=1,2), which are eigenstates of the energy opergtor A simple calculation using Eq4) shows that the spin

with eigenvalues-1/2 and 1/2, respectively. squeezing parametét) becomes

In the absence of external driving fields, the two-atom s
Dicke system[21,27 is equivalent to a cascade multilevel fal=2(l—pss)Sin2a+(l+Pss+ 2peg)COS e,
system composed of three energy levi$=|g1)|d,),|s)
=(|e1>|gZ>+|gl>|e2>)/\/§1 and |e>=|el>|62>' The states §§ :1+pss— 2pe , (5)
|g) and |e) are product states of the individual atoms, M2 g

whereas the states) is a maximally entangled state of the
system.

In our analysis, we assume that the atoms are driven by R _ _ : 2
two resonant fields: A coherent laser field of ineal) Rabi gnl_[Z(l ps9siPart (1+psst ZPeQ)COSZQJ/U '
frequency(), and a broadband squeezed vacuum field. We R
will examine the relation between entanglement and the spin fﬁz: (14 pgs— 2peg)/U2, (6)
squeezing parameters in three different models of the inter-
action in which entanglement and spin squeezing arise dyyhere
namically.

To calculate the variances and the mean values of the spin U= (pee— pgq)COSa+2 Y4 pest psgt pset pgs)Sine.
components appearing in Ed4) and(2), we apply the mas-
ter equation of the driven two-atom Dicke system, which inFrom the structure of Eq€5) and (6), it is clear that the
the interaction picture is given Hyp2] necessary condition to obtain spin squeezing is to create two-
photon coherences,y. For pe<0, the right-hand sides of
§n§1 and gn'?l can be less than 1, whereas the right-hand sides

whereas the paramet&) takes the form

ap i .. r . -
E:g[Hs,p]—EN(S S*p+pS ST—2S7pS) S R _
of 552 and 552 are always greater than 1. Thus, spin squeez-
r ~ A - i i# R
B E(N+ 1)(S*S p+ pS'S — 25 S ing can be observed only Lﬂn andgnl components.SOn the
other hand, fop,>0, the right-hand sides of onl&ﬁ2 and

E +rat o *fe- e . £2 can be less than 1.
+5{MIS"[S" pIl+M*[S"[S pll, (@ S S9N D _ _ .
Having introduced the spin squeezing parameters in terms
of the density matrix elements, we now turn to our central
problem to determine which of the spin squeezing param-
eters is a better measure of entanglement. Consider first the
two-atom Dicke system driven by the squeezed field alone

wherel is the spontaneous emission rate of the atd®is,
=S +S, are the collective atomic spin operators, atig
=—ih(Q/2)(S*—S7) is the interaction Hamiltonian be-
tween thg atoms and the Ia;er field. The.parameiemdM (2=0). In this case, the master equati@) leads to the
characte.rlze the squeezed field, such ttha thg number of following nonzero steady-state solutions for the density ma-
photons in the squeezed modbk=|M|exp(¢) is the mag- trix elementg22]

nitude of two-photon correlations between the modes, &and

is the relative phase between the squeezed and coherent pee=[N2(2N+1)—(2N—1)|M|2]/W,
fields. For simplicity, we set the phage=0 (or 7r) so thatM
is real. _ pss=(2N+1)[N(N+1)—[M|2]/W,
In order to analyze the relation between entanglement and
spin squeezing, we express the paramet&ysand (2) in Peg=Pge= IM|/W, @)

terms of the density matrix elements of the system. Since the

driving fields are on resonance with the atomic transition angynhere

M* =M, the stationary off-diagonal density matrix elements

(coherencesare real, or equivalently, the Bloch vector has W=(2N+1)(3N?+3N+1-3|M|?).

the component8=((S,),0(S,)), Where S,=(S"+57)/2 _ _
and S,=SZ+S5. Thus, we can study spin squeezing by a Since the one-photon coherences are zero, we can easily
single rotation of the nonzero spin components aroundythe Verify that(S;)#0 and(S,)=(S;)=0. This implies that we
axis. Letnz be the direction of the total spin in the new can determine spin squeezing in thg plane without any

- . rotation (@=0). In this casef;,n,,n3)=(X,y,2).
(rotated reference frame. Then the variances calculated i Given the steady-state density matrix of the system, it is

the directionsn, andn, can be written as possible to calculate the stationary entanglement between the
RU P 2 _ . atoms. To quantify the degree of entanglement, we use the
((AS;)?), =(S)sira+(S,)cosa—(SS,)sin 2a, negativity criterion for entanglemefit3,14 and find that the
5 5 eigenvalues of the partial transposition of the density matrix
((AS;)9) . =(S)), (4)  with the nonzero matrix elementg) are
where tamy=(S,)/(S,). N1+=3pss™ |Pegl,
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FIG. 2. NegativityE (solid line) and the spin squeezing param-

FIG. 1. Entanglement measutfe (solid ling) and the spin S : R _ _
etersgﬁ2 (dashed ling 552 (dashed-dotted lineas a function oiN

squeezing parameteqf'ﬁ2 (dashed lingand gEZ (dashed-dotted line

as a function oN for the classical squeezed field wikh=N. for the quantum squeezed field with=yN(N+1).
2 It is easy to show that the entanglement created by the
)\Zi:%{(Pee"' ng)i[(pee_ ng)2+pss]1/2}- (8) y 9 y

quantum squeezed field is related to the pure two-atom
From this it readily follows that,, and \,, are always Sdueezed stat23,24. Under the squeezed field excitation,
positive. Moreover, it is easily verified that with the solution there are entangled states generated which can be found by
(7), the eigenvaluer,_ is positive for all values of the pa- the diagonalization of the density matrix

rameters involved. Thus, the system exhibits entanglement _ B

when|pey>psd2, and then the degree of entanglement is W) =[(1 ~ped|g) + ped €)1/ N,

E=max0,—2\;_)=2|peg — pss- 9) |W_)=[pgelg) + (TT_—pgg) )]/ N_, (17)

It is evident by comparison of Eq9) with Egs.(5) and(6) ~ where\.. are the normalization constants, and
that the condition for entanglemenE%0) is completely . ) 5 2 11
equivalent to the condition for spin squeezing predicted by 11 =32(pggt pee) = 2[(Pgg— Pee)”+4peg] (12

S . . . .
gﬁz’ and there is a simple relationship are the populations of the entangled states.

s It is evident from Eq(11) that the two-photon coherences
N, (10 create entangled states which are linear superpositions of the
statesg) and|e). Note that the steady state with the classi-
A value of §n§ <1 indicates spin squeezing and at the samecal squeezed field is a mixed state with the populatiens
2 #0 andIl.#0, whereas for the quantum squeezed field
gss=0, II_=0, and then the stationary state of the system

E=1-¢

moment there is entanglemeii¥ 0) between the atoms. In
addition, the amount of entanglement which can be obtaine
is equal to the degree of spin squeezing. Thus, we c:onc:luor(?duces to the pure Stalt ). ) _ _
that the parametefl) is the sufficient and necessary condi- Ve now consider the second model in which the system is
tion for entanglement induced by a squeezed vacuum field d1iven by the coherent field(X#0) in the absence of the
The above considerations are illustrated in Fig. 1, whergdueezed field=M=0). This is an interesting example
we plot the entanglement measure and the spin squeezi:g'er,e one can create spin squeezing and entanglement with
parameters for a classical squeezed field with the correlatiof@€ lineéar HamiltoniarH. Typical schemes considered for

- ) R s . the generation of spin squeezing involve quadratic Hamilto-
M=N. The figure shows th@nfl foralin, but§n2 Is less nians[1-10]. After straightforward but lengthy calculations,

than 1 forN<1/2, and also an enstanglement appears in theve find the following steady-state solutions for the density
same range oN. This shows thalfﬁ2 correctly predicts en- matrix elements

. . R
tanglement, while with the parametgfz, one could observe pe=Q4D,  pe=(Q4+2202)/D,
entanglement without spin squeezing.
In Fig. 2, we plotE and the spin squeezing parameters for Pes= Pse=2I'Q3D, Peg= Pge=2I"2Q%ID,
a quantum squeezed field with perfect correlationig
=N(N+1). Since in this caspss=0 andpe,>0, both§n§2 Psg=Pgs=\2I'Q(Q2+2I2)/D, (13

R .
and gﬁz are less than 1 for the entire rangeMfThus, both whereD =304+ 41202+ AT4.

parameters predict entanglement and spin squeezing for all Proceeding as above, we again make use of the negativity
N. However, the amount of entanglsement is equal to the decriterion for entanglement. There are obviously four eigen-
gree of spin squeezing predicted 5%’2- values of the partial transposition of the density matrix of the
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FIG. 3. NegativityE (solid line) and the spin squeezing param-
etersgf2 (dashed ling g?z (dashed-dotted lineas a function of

QIT.

system. It is straightforward to show that one of the eigen
values is equal ta.; _, whereas the remaining eigenvalues

are the three roots of the cubic equation

p3_ (1- %Pss+Peg) p2+ [(1- Pss)(%Pss+ Peg) t pPeePyqg

2 2 2 2 2
- %Pss_ Pes— psg]p+ PggPesT PeePsg™ (%Pss"' Peg)

X(peePgg™ zl_tpgs) ~ PssPsgPes= 0.
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appears for)< 2" and, as predicted, corresponds to the
spin squeezing predicted lgfz.

Finally, we turn to the third model in which the atoms are
driven simultaneously by coherent and squeezed vacuum
fields. Similar to the second case, all the density matrix ele-
ments are real. Hence, the condition for entangle
> ps42 holds. However, it can be shown that one of the roots
of Eq. (14) can be negative indicating that one can observe
entanglement without spin squeezing. We have checked nu-
merically that this can happen fM>0. ForM <0 the roots
are positive for all values d andN. Thus, the condition for
entanglememl,peg|>p55/2, also holds in this model and, ac-
cording to Eq.(5), coincides with the condition for spin
squeezing predicted b&ni.

In summary, we have examined the relationship between
entanglement and spin squeezing parameters in the two-atom
Dicke system. Characterizing the spin squeezing parameters

by the density matrix elements, we have examined simple
models of driven two-atom Dicke systems in which spin
squeezing and entanglement arise dynamically. We have
found that the spin squeezing parameter of Kitagawa and
Ueda is a better measure of entanglement than the spectro-
scopic spin squeezing parameter. For the models discussed
we have established that the parameter of Kitagawa and
Ueda is the sufficient and necessary condition for entangle-
ment. The arguments considered here cannot be extended for

It is easily verified that the roots are real and positive for allsystems composed of a large number of atoms as no definite

values of().

measure of entanglement exists for number of atoriasger

Thus, we conclude that the system is entangled whethan 2. Nevertheless, it is possible to extend the arguments to
|peg>psd2, and again the entanglement is related to théwo atoms of then>2 atoms[25].

spin squeezing parametét). Figure 3 showsE and the
squeezing parameters as a function(hbf An entanglement
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