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Creation of maximally entangled photon-number states using optical fiber multiports
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We theoretically demonstrate a method for producing the maximally path-entangled stéfe)(l(lﬂllO)
+exdiN¢]|0,N)) using intensity-symmetric multiport beam splitters, single photon inputs, and either photon-
counting postselection or conditional measurement. The use of postselection enables successful implementa-
tion with non-unit efficiency detectors. We also demonstrate how to make the same state more conveniently by
replacing one of the single photon inputs by a coherent state.
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There is great interest in the development of a range oéplitter and measurement stages, and there is correspond-
nonclassical optical states for quantum technology applicaingly a significant reduction in the number of optical ele-
tions [1], including applications in quantum computifig];  ments required. Further, it has the advantage of operating
quantum cryptograph}3]; quantum metrology and lithogra- successfully with non-unit efficiency detectors because it
phy [4—10]; and quantum imagin§11]. A development of €employs postselection. An intensity-symmetricN-port
particular interest is the “quantum Rosetta stofd], which ~ beamsplitter is readily implemented in practice withNa
elucidates the isomorphism between Mach-Zehnder interfer< N fiber coupler, which are available commercially for vari-
ometers(MZIs), Ramsey spectroscopy, and quantum phas@US values oN up to N=32. A further development is the
gates. It has been shown theoretically that a MZI produce§imPplification of input state preparation by replacing one of

interferometric fringes with a period/N when employed the-r?]iggzlsj gg?g?tg;ﬂﬁgtfeg:?sgnigg?Lelgitgs(gte\)vhere s
ith imall h- leN-ph H - k o
with & maximally path-entanglen-photon state, employed withN-single-photon inputs. The input state can

be written as

1 .
|¢>NOON:T(|N10>+elN¢|O!N>)v (N N

2 [a=| I al0o, .. Q-2 @
within the interferometer, where the ordered pair in the kets
represents the photon number in each of the two interferom- @) A B b
eter arms. The period is thereforéNliimes smaller than that 2" ] %b"
for a MZI employed with a coherent state or single photon a; ] bi
input of wavelength\ [7]. This has been experimentally e 2N-port |, i
verified for N=2 [5], and an equivalent result obtained in s — | splitter | s
Ramsey spectroscopg?2]. These reduced-period fringes can A b
be used to measure a phase shift in one arm of the interfer- A by

ometer with a phase uncertaitiyp=1/N at the Heisenberg
limit for all N and ¢ [7]. The same quantum stalté)noon

has been suggested for use in generating spatial interferomet-  (b) A B C
ric fringes with a periodN times smaller than single photon

A
fringes, with potential application to beating the diffraction a fril?g\les
limit in lithography [9]. The reduced period of a spatial in- 2‘ 1 C,

terference pattern has been demonstrated for the Nas2 e : .| Neport | e

[10]. There is significant interest in the extension of these s — splitter | Cna

techniques to largeX, and there exist a number of proposals v : Cno

for achieving this, each of which is experimentally intensive A Cn

[13-18. N0 ¢iNe O,N T

In this paper, we theoretically demonstrate a method of
producing the quantum stale/)noon, for generalN, by
mean_s ofaBl-po_rt (N !nputs,N_ outputs beam Spl'ttei_ﬂ_ beam splitter, with input and output modes labelédo). Mach-

19] W'_th symmetric Sp“,ttmg ra_t'os' a_nd p_hOton c_:ountlng. T_he Zehnder interferometer, for measuring phase shjftreated with a
teChn'que. V_Ve presgnt ',S less intensive, in that it uses a S‘mgb\l-port splitter and a 50/50 beam splitter. Postselection occurs
beam-splitting device instead of a cascaded array of beanyhen the two detectors count a total Mfphotons between output
modes 0 and 1. The postselection guarantees that the state at B was
the maximally numbered entangled state, and fringes with a period
1/N times the single-photon wavelength are observed-photon
coincidence.

FIG. 1. (a) Conceptual diagram of@-port intensity-symmetric
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To obtain the output state, we act on the input state with thetherwise the statd®N,0) and|O,N) are distinguishable, be-
2N-port transformation operator, and use its unitarity and theeause the “which-path” information is accessible. In prin-

time reversal symmetry of the network to write ciple, it is possible to replace the MZI with other experi-
R ments that utilizé#)noon, @s long as the path information is
|)e=Uanlth)a not accessible.
N-1 The postselection, performed as shown in Fith),len-
-0 1—[ af 0 Q) sures that we know with certainty that whenever the detec-
2N} Ly Tk |IF0r N T/A tors count a total oN photons in modes, andc,, there are
N1 no photons in modes,, ... ,cy_; and the state aB, the
- atlat o output of the N-port itself, is known to have been
=Uzy kE[O a [UanUan[Oo, -+, Qu-1)a
No1 | 6°= 00502, . . . . Qu-1)]
= 1L éhﬁg,...,BLl)boo, Qs N-1
|#o0E =K NN T (bj+e>™™"Nb]) |00,0,)
wherea/ (b}, ... bl,_,), abbreviatecd/(b") henceforth, is m=0
the input opera':cg for thhkth modefwr:itten in. telr;ns of the =K N~NZBIN—(—1)NbIN0,,0,)
output operator®,,. In the case of theanonical 2N-port, N N
b} are related to the input bosonic mode operaggrby the =KVINDNTHEIN.O —(—DFON)],  (8)

matrix equation R .
since the coefficients of the cross terms betwbgrand b
ZT(BT): M1y CarET, (4  vanish, as proved in the Appendix. The postselection ensures
’ that this technique works, even with non-unit efficiency
where the canonical R-port matrix elements are given by number resolving counters, since at mbstounts are pos-
the discrete Fourier transforfi8], sible, and all counts less thahare rejected. The stafe)5>
is normalized by the coefficiert = NV2/((N!)¥2,2), and

M(k+1,|+1):iezwik|/N 5 using Stirling’s approximatipn in the case of laryeyields
2N, can N ' 1/K~\JwNe N. The latter gives the scaling law for the pro-

duction of the maximally path-entangl@#tphoton state us-
andk and| vary between 0 an®i—1. As an example, the ing our method. This exponential scaling law is similar to the

canonical 6-port matrix is scaling laws for other proposed methdd8-15 of gener-
ating the staté)noon-
1 1 1 Our technique can also be employed to pregéaigoon
Mo —— | 1 e2mils g4nii3 ©) conditionally using projective measurement as opposed to
6.can J3 , ) postselection. The condition dfl photons in the output
1 e 2™l modes by,b; of the multiport is enforced by measuring
vacuum on each of the modds, ... by_4, instead of

and the output state, with single photon inputs, is counting photons at the output of the MZI. Conditioning on

the measurement of zero photons has the obvious disadvan-

_ RT3 13, RT3 apthTit tage of requiring unit efficiency detectors, but with the ad-
= +bl°+ . .
[¥3)s 3\/§(b0 by *+b5"~3bgb1b2)[0,0.0 vantage of removing the destructive measurement on modes
0 and 1.
J2 1 The non-postselected output state of the complete MZI
=5 (1300+[030+/0,03)~ ﬁ|1,1a1>- can be calculated using the time-reversed creation operators
as before,
(7
N—-1
This state is itself highly entangled. It is also of a form that is =] I alel, ... el 100, ... .Qi_1), (9
somewhat suggestive of the/)yoon State. In general, to k=0

obtain the|#)noon State from that of Eq(3), we invoke

postselection using number-resolving photon counft2es, but now the unitary operator is the transfer operator for the
as shown in Fig. (b). The postselection occurs when the entire system, represented by théNXN matrix
counters together count a total iifphotons simultaneously. M7 .. @™} ., composed of the transfer matricies of the
Due to the requirement to have a totalNdphotons in output  different elements of the optical network. The matdxrep-
modes 0 and 1, the only terms retained in the expansion gksents the phase shif in Fig. 1(b) and is the identity
Eq. (3) are those with operator products of the form except for the first diagonal element whicrel€. The matrix
BEN"(BT", with O<k=N. It is important to note that the M, ., represents the final beamsplitter in the MZI and is the
counting ofN photons must occur after the final beamsplitter,identity except for the four elements in the top left corner
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which are the matrix elements for the canonical 4-port, as pethe other terms of ordet, i.e.,a b! (1<p<N-1) are lost
Eq. (5). Using the same proof as before, tumnormalizedt  jn the postselection because they do not contribute any pho-

postselected state is tons to the first two output modes. With the approximation
S o (13), Eg. (12) collapses to Eq(8) and the maximally en-
ly)ES={e N¢(cl+chHN=(—1)N(ci—chHNY0,0). tangled state is obtained.
(10) There exists amxactmethod(that does not constraia)
for realizing this same transformation1,1,... )

The form of this state agrees with the output state predictee-|#)noon, iNvolving the use of photodetectors on all other
for a Ramsey spectrometer or MZI employed with the stateutputs of the network of Fig.(b), as well as the first two.
|4)noon [ 7]. Following Bollinger et al. [7], the phase mea- When each of the detectors on output ports Ntel regis-
surement is made by measuring the parity of the count in théers no count simultaneous with the usual counting if

second detector-{1)Ne; which are the eigenvalues of the photons in the first two outp_ut_modes, the approximate rela-
observabled: tion (13) becomes exact. This is because all terms of order 2

or higher ina create at least one photon in an output mode
other than 0 or 1, and so are postselected away.

An interesting research problem is the replacement of
o ) ) ) more than oneof the Fock state inputs with coherent states.
and which is equivalent to applying the Paal operator o This is potentially a rich field of investigation, because of
each of theN photons. The expectation value ©f is then  many potential phase and amplitude relationships that could
(0)25=(—1)NcosNe). Clearly the period of the interfer- be chosen between coherent input states. An open question is

ence is reduced by a factor of\Lbver single photon inter- the effect of non-unit efficiency number resolving detectors

ferometric measurement of a phase shiftas expected for when employing our technique with one or more coherent

the maximally path-entangled state. It is straightforward tootates, as possibility of having more théinphotons in the

calculate the variance and deduce that the phase uncertairﬁrftem potentially alters the postselection reIiapiIity. A start-
is LN [7], which is at the Heisenberg limit for the suben- 'Ng point for such a study would be the detection model in

semble of postselected events. Re_fhEZl]. . . cant iderati for th "
We now consider the application of the multiport fiber | er? a:e VaI’IfOtL:]S |mp(3[r aln tco‘;1|5| etra |<?1ns or ehprac -
beamsplitter in the case where one input state is replaced application of the postselectedkport scheme we have

a coherent state. Using a modified version of ). with resented. The first is that it can be built fhi<4 with
one Fock state replaced by a displacement operator, the o urrent technology. Down conversion sources capable of pro-

put state of the Rl-port at pointB, in the absence of postse- ucing four single _photong are pecoming common and pro-
lection. is duction rates are increasin@?2]; number counting photon

detectors are also becoming availaf28]. For smallN, it is

O(al+ahN0,0=(aj+al)" 0,0, (11)

N-1 practical to replace the number-resolving detectors with
|¢Q>B=f)0(a/\/ﬁ) IT | D(alYN) beams'plitters and ordinary nonresquing photon counters,
m=1 with slightly reduced overall probability of a postselection

count. TakingN=3, for example, the number-counting de-
|06 Qe (12 tectors can be replaced with a nonresolving detector on out-
' ' ' put 0 and a 50/50 beamsplitter followed by two such detec-
tors on output 1. The postselection occurs on a triple

whereD, () is the coherent displacement operator acting orfoincidence, and from EQL10) it follows that the probability
modek. Postselection by countiny photons in the first two  Of such a detection still varies witih as cosfi¢).
output modes, as before, produces the stgdgooy in the We have already mentioned the commercial availability of
limit of small «, i.e., wherea? is much smaller than all the 8-port and higher fibre splitters. This, however, leads to an
other photon input rates in the system. To see this, obserJgportant consideration. Fdi=4, the general R-port de-
that the Fock inputs can at most contribdte- 1 photons to ~ Vice is not necessarily described by the canonical multiport
the first two outputs. In general, thé— 1 single-photon in- Matrix, Eq.(4) [18,23. For N<3, the conservation of en-
puts contributeN —1—q (with 0<g=<N-—1) photons to the ~€rgy requirement defines théN2port matrix to within exter-
first two output modes, and photons distributed somehow nal_phases on the input and ogtputs, i.e., the canonical matrix
amongst the other output modes. The coherent state inp@ftirely represents the physics fo¢<3 [18]. However,
will be required to contributej+ 1 photons to the first two WhenN=4, there exist free internal phases independent of
output modes to make a total bf photons in those modes, the conservation of energy. These free phases lead to sub-
and trigger the postselection. The largest amplitude (grm Stantive changes in theN2port matrix. As an example, the
of the state withN photons in the first two modes goes as matrix for N=4, with free internal phase, can be written:
a9%1 In the smalle limit, we discard terms witlg>0 and

. 1 1 1 1
the product of coherent state operators in 8¢@) becomes

N—1
AT a2mimp/N
X p§=:0 ble

11 €% -1 —¢f
- Mg,== , 14
T B0 (60 +51) 13 I -
m=0 m \/N 0 v 1 _e|0 1 ele
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which reduces to the canonical case, ), when 8= /2. Many thanks to G.J. Milburn for lots of helpful and stimu-
The existence of these free internal phased\fer4 provides lating discussions, and for the proof below. We also wish to
an extra degree of freedom for making a wide range of nonthank A. Gilchrist and T.C. Ralph for helpful discussions.
classical states using multiport beamsplitters with single phoThis work was supported by the Australian Research Coun-
ton and coherent state inputs. An open experimental questiatil, and by the National Security Agen¢MSA) and the Ad-

is how close the transfer matricies of fused fiber multiportsvanced Research and Development ActiiiyRDA) under
come to the canonical matrix, and whether production can bArmy Research OfficéARO) Contract No. DAAD-19-01-1-

tuned to obtain the canonical case. 0651.
Finally, there exists significant freedom to explore other
interesting nonclassical states that may be produced by tech- APPENDIX
nigues similar to the protocol we have presented. We have . _
already mentioned varying the internal phases of tNepdrt We prove the result in E¢8), with complex numbers,

device, as well as the use of more than one coherent statereplacingb], bl, since the latter commute.
input, but one can also modify the output network, the post-

selection protocol, or the input stafe®l]. An instance of the N—1 '

latter is usingn>1 Fock states. For example, if the input [T (B+e2 ¥ MNy)=pgN—(—1)NN (A1)
state of an 8-port is set fay),=|2,2,1,3, and single pho- k=0
tons are detected in th®) andb, modes, then in the modes
b, andb; the state issxactlythe NOON state|#)g=|4,0)
+10,4), without the need for postselection or zero photon
detections. This success probability of this configuration is
3/64, the same as the more complicated circuit in Ref].

. In conclusion, we have _theoretlcally demonstrated a teCh\7vhich is in fact the characteristic equation for the matrix
niqgue for producing maximally entangled photon-number
states using R-port fiber splitters, photon-counting postse- B 0 0
lection or conditional measurement, and Fock-state inputs. Y
We have also shown that it is possible to replace one of the 0 B v
inputs with a coherent state and achieve the same maximally M=1. .

Proof. Define the set of numbeis,= 8+ e>™*Ny. These
numbers are the roots of

(B=AN=(=1)NyN=0 (A2)

(A3)

entangled state. This technique allows a highly nonlinear '
state transformation to be realized experimentally with a y 0 ... 0 B

impl tical circuit.
Simple opticar circll Thus we see that the left-hand side of E41) is in fact the

Note addedRecently we became aware of an indepen-product of the eigenvalues favl, in other words it is the
dent proposal for implementing phase measurements arteterminant oM. The determinant oM is simply the left-
nonlinear gates using multiport devices and postselectiohand side of the characteristic equation, E42), with N
[25]. =0. Thus Eq.Al) follows.
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