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Ideal Soliton Environment Using Parametric Band Gaps
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Simultaneous solitary wave solutions for laser propagation in nonlinear parametric media with up to
(3 1 1) dimensions are proved to exist. The combination of the large dispersion of a Bragg grating
and the strong nonlinearity ofxs2d optical material results in stable behavior with short interaction
distances and low power requirements. The solutions are obtained by using the effective mas
approximation to reduce the coupled propagation equations to those describing a dispersive parametr
nonlinear waveguide, and are verified by solving the complete set of coupled band-gap equation
numerically. [S0031-9007(97)03325-5]
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Simultaneous solitary-wave (“simultons”) solutions in
dispersive parametric waveguides, involving a wave c
propagating with its second harmonic, were first foun
theoretically by Karamzin and Sukhorukov [1,2]. Re
cently, new solutions of different types were found b
many researchers [3–11]. Parametric simultons ha
now been experimentally observed using continuous wa
propagation [12], inx s2d media, but time-dependent si-
multons have yet to be generated experimentally.

This is due to a number of material requirements, e
pecially that of group-velocity matching, and the require
ment of having dispersions of identical sign in both th
signal and its harmonic. In addition, nonlinear crysta
have a relatively small dispersion, which usually resul
in long formation distances that are easily achieved on
in optical fibers (which normally have ax s3d rather than
a x s2d nonlinearity). Despite this, there are clear advan
tages to the parametric medium for soliton formation. Th
nonlinear phase shift is much larger at low intensities fo
parametric nonlinear materials, since it scales asE2, not
E3. Furthermore, temporalx s2d solitary waves are known
to exist in higher dimensions (provided the dispersion
anomalous), unlike the bright nonlinear Schrödinger equ
tion solitons of ax s3d medium, which are always unstable
in higher dimensions.

Bragg grating optical materials have a strong dispe
sion when the wavelength is near the band gap. Th
characteristic has been used to theoretically propose te
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niques of second-harmonic phase matching [13], wh
have been observed experimentally in periodic multilay
GaAs structures [14]. Extending this concept to doub
periodic Bragg gratings allows a simultaneous band g
to open up at both fundamental and second-harmonic
quencies. We show in this Letter that the novel doub
band-gap structure is an ideal candidate for the format
of x s2d simultons with short interaction distances, by tran
forming the coupled equations to an exactly soluble for

Using a Bragg grating also helps solve other proble
that occur with conventional parametric solitons. Grou
velocity matching is no longer necessary with band ga
solitons can form even at low or zero velocity in the lab
ratory frame. In addition, we will show that it is alway
possible to choose branches of the dispersion rela
that give anomalous dispersion at both wavelengths, t
allowing higher-dimensional solitons to form. We hav
verified the stability of these in the (1 1 2) dimensional
case, using a direct numerical simulation of the compl
set of equations. By comparison, gap solitons ofx s3d

media are known to occur both theoretically and expe
mentally [15,16]. However, due to the small nonline
coupling, formation of these single-wavelength solito
requires very large powers, and cannot occur in high
transverse dimensions.

Consider a Bragg grating structure withnjszd ­ n̄j 1

Dnjszd, where n̄j is the spatial average ofnjszd (the
refractive index at frequencyjv1), wherej ­ 1, 2. Here
© 1997 The American Physical Society 4311
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Dnjszd is a periodic function with periodd. We can
expandDnjszd in a Fourier series, with

Dnjszd ­
X
m

Dnjm coss2mk1zd , (1)

given thatDnjm is a real coefficient, andk1 ­ pyd ­
io
t

c
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t
e

-
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2pn̄1yl1, wherel1 is the free-space wavelength of th
fundamental field. More general types of grating can
treated, but this is sufficient to illustrate our main point.

Assuming a quasimonochromatic electric field in
second-harmonic generation process, we can write s
tions to Maxwell’s equation as
E ­ e1fE11sz, tde2isv1t2k1zd 1 E12sz, tde2isv1t1k1zdg 1 e2fE21sz, tde22isv1t2k1zd 1 E22sz, tde22isv1t1k1zdg 1 c.c.,
h
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whereen are the polarizations, and the sign6 represents
right or left propagation.

Substituting the above ansatz into Maxwell’s equat
and assuming slowly evolving envelopes, we obtain
following coupled first order equations:

i

µ
≠

≠t
1

≠

≠z

∂
E11 1 k1E12 1 xEE p

11E21 ­ 0 ,

i

µ
≠

≠t
2

≠

≠z

∂
E12 1 k1E11 1 xEE p

12E22 ­ 0 ,

i

µ
≠

≠t
1

≠

≠z
2 idk2

∂
E21 1 k2E22 1 xEE 2

11 ­ 0 ,
(2)

i

µ
≠

≠t
2

≠

≠z
2 idk2

∂
E22 1 k2E21 1 xEE 2

12 ­ 0 .

Here xE ­ x s2dk1yn̄2
1, kj ­ pDnjjylj , t ­ yt, and

dk2 ­ v2sn̄2 2 n̄1dyc represents the phase mismat
between the fundamental at frequencyv1, and the second
harmonic at frequencyv2 ­ 2v1. We neglect dispersion
of the medium, as it is usually much smaller than the g
dispersion. For simplicity, the two group velocities a
taken equal toy, with no mismatch.

Following standard techniques [15], we introduce
vector for the right and left propagating fields:

$Ejsz, td ­

"
Ej1

Ej2

#
. (3)

Inserting the ansatz,
$Ejsz, td ­ $fjsQdeisQz2Vj td, j ­ 1, 2 , (4)

into the linear part of the above equations, one obtains
sets of normalized eigenvectors, corresponding to lin
propagation above and below the band gap:

$fs
j sQd ­

skj , Q 2 s
p

k2
j 1 Q2 dTq

2sk2
j 1 Q2 2 sQ

p
k2

j 1 Q2 d
, (5)

where the eigenvalues corresponding tos ­ 61 are

Vs
j sQd ­ yss

p
Q2

j 1 k
2
j 2 dkjd, j ­ 1, 2 . (6)

Next, we introduce normalized mode functions:

us
jQszd ­ fs

j1sQdejik1z 1 fs
j2sQde2jik1z, j ­ 1, 2 .

(7)

For example, whenkj . 0, the mode functions
stand for symmetric (s ­ 21, lower branch) and anti
n
e

p

a

o
ar

symmetric (s ­ 1, upper branch) standing waves a
Q ­ 0. Near Q ­ 0, these modes satisfy the orthogo
nality conditions

sn̄2
j Ld21

Z
n2

j szd fus
j0szdus0

j00szdgpdz ­ dss0djj0 , (8)

whereL is the quantization length.
Neglecting dispersion, the Hamiltonian in a nonline

medium [17] can be written as

H ­
Z X

j

µ
1
m

Bp
j Bj 1

1
e0n2szd

D p
j Dj

∂
A dz

1
Z hs2dszd

e0
sD p2

1 D2 1 D 2
1 D p

2 dA dz , (9)

wherehs2dszd ­ 2x s2dyfe0n6stdg [18].
In terms of the symmetric or antisymmetric modes, th

electric displacement field can be expanded as

D ­
X

s­61

X
Q

n2
1szd

s
h̄v

s
1e0

2n̄2
1LA

âs
1Qus

1QszdeisQz2v0td

1
X

s­61

X
Q

n2
2szd

s
h̄v

s
2e0

2n̄2
2LA

âs
2Qus

2QszdeisQz22v0td

1 c.c. (10)

Substituting Eq. (10) into the above Hamiltonian, w
find that the linear part can be written in terms of photo
annihilation and creation operators as

H0 ­
X

s

X
j

X
Q

h̄vs
jQâ

ys
jQâs

jQ . (11)

We are interested in photon properties near the cente
the band-gap region in momentum space, whereQ ø kj.
Therefore, the well-known effective-mass approximatio
(EMA) in solid state physics gives

h̄vs
jQ ­ h̄vs

j 1
h̄2Q2

2ms
j

, j ­ 1, 2 , (12)

where the effective mass isms
j ­ sh̄jkjjyy, and the mode

frequency at the gap center is

vs
j ­ jv1 1 Vs

j s0d ­ jv1 1 ssjkjj 2 dkjdy . (13)

It is convenient to work in the coordinate representatio
Taking a Fourier transform of the annihilation operato
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âs
j , we obtain the following envelope field operators fo

the photon field:

cs
j szd ­ L21y2

X
Q

âs
jQeiQz , j ­ 1, 2 . (14)

The Hamiltonian can therefore be expressed in terms
these field operators, provided thatjQj j ø jkj j:

Ĥ
h̄

­
Z X

s

X
j

µ
h̄

2ms
j

≠zc
sy
j ≠s

zcj 1 vs
j c

sy
j cs

j

∂
dz

2
X

$s

Z xs$sd
2

scs2y
2 c

s1
1 c

s0
1

1 1 c
s2
2 c

s1y
1 c

s0
1y

1 d dz ,

(15)

where the nonlinear coupling is

xs$sd ­
x s2d

2n̄3

s
v

3
1 h̄

2e0A
fsgnsk2d 2 s1s0

1s2g . (16)

The nonlinear part of the Hamiltonian, Eq. (15), van
ishes if the total coupling between gaps is antisymme
ric. We consider only cases with nonvanishing couplin
ands1 ­ s0

1, so thats2 ­ 2sgnsk2d. These possible cou-
plings between gaps are illustrated in Fig. 1.

The Hamiltonian approach therefore affords a phys
cally intuitive understanding of the coupling processe
Not only does the use of the gap modes eliminates line
cross couplings, but it also introduces a powerful symm
try principle; the second harmonic that is coupled mu
have the same type of symmetry as the product of t
two subharmonic modes. Because of this, the use of g
modes permits great simplifications even in this nonli
ear problem. Either quantum soliton or classical so
ton behavior can result; the classical solutions would,
course, be approximately valid only at large photon num

FIG. 1. Possible nonlinear couplings between gaps. Co
plings 1 and 2 generate bright simultons while couplings 3 a
4 generate dark simultons.
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ber. However, this technique does permit us to obta
novel solutions of some experimental interest.

We can now apply the known topological properties [1
of the parametric soliton equations to the band-gap ca
From the above Hamiltonian, we derive classical equatio
for two coupled waves with symmetriess1 ands2:

≠c
s1
1

≠t
­ i

h̄

2m
s1
1

≠2c
s1
1

≠z2
2 iv

s1
1 c

s1
1 1 ixs$sdcs1

2 c
ys1
1 ,

≠c
s2
2

≠t
­ i

h̄

2m
s2
2

≠2c
s2
2

≠z2 2 iv
s2
2 c

s2
2 1 i

xs$sd
2

c
2s1
1 .

(17)

Transforming the new coupled equations byc̃j ­
cjeijv

s1
1 t , a pair of equations is obtained that is identical

the usual description of a nonlinear dispersive parame
waveguide, with dispersionsv00

j ­ h̄ym
sj

j , and an effec-
tive phase mismatch of

b ­ s2v
s1
1 2 v

s2
2 d ­ sdk2 1 2s1jk1j 2 s2jk2jdy .

(18)

From previously known results [19], Eqs. (17) suppo
dark (i.e., topological) solitary waves ifs1 ­ 2s2. Also,
bright type solitary waves can occur, if the dispersio
have identical sign, i.e.,s1 ­ s2 ­ s ­ 2sgnsk2d. We
will focus on this case in what follows.

Soliton type solutions to (17) can be written as [19]

c1 ­ 6jqj

sÇ
k1

k2

Ç
V1szyz0deisq2v1dtyxs$sd ,

c2 ­ s1jqjV2szyz0de2isq2v1dtyxs$sd ,
(19)

whereq is an arbitrary parameter describing the (invers
soliton time scale, and the corresponding length scale
z0 ­

p
jyys2qk1dj.

Assuming the conditionQ ø kj, we can expand the
mode functionus

jQszd into a Taylor’s series up to first
order aboutQ ­ 0. Hence, the electric field att ­ 0 can
be expressed as

Ejszd ­
X

s

vuut h̄v
s
j

2n̄2
j e0A

µ
cs

j szdus
j0szd 2 i

≠c
s
j szd

≠z
dus

j0szd
∂

.

(20)

Substituting Eq. (19) into the above result gives

$E1 ­ 6a1

µ
V1

∑
sgnsk1d

2s

∏
2

i
2jk1j

dV1

dz

∑
sgnsk1ds

1

∏∂
$E2 ­ a2

µ
sV2

∑
1
1

∏
2

i
2jk2j

dV2

dz

∑
1

21

∏∂
.

(21)

Here a1 ­
p

jk1y2k2j jqjeisq2v1dtyscxEyn̄d and a2 ­
jqje2isq2v1dtyscxEyn̄d.

It has been proved that there is a family of on
parameter solitary wave solutions of Eq. (17) [19]. Th
parameterr in this case is

r ­

Ç
k2

k1

Ç Ç
2 2

b

q

Ç
. (22)
4313
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Provided that the effective mass approximation is valid
which means thatkizo ¿ 1, each of these known simul-
taneous solitary waves—simultons—generates a corr
sponding band-gap soliton, which has an additional pha
modulation when compared with the usual solitons.

For example, in cases withr ­ 1, the corresponding
solutions can be worked out for the casekj . 0, s1 ­
s2 ­ s3 ­ 21, which involves coupling between lower
branches. The solutions are

V1szd ­
3

p
2

sech2
µ

z
2z0

∂
,

V2szd ­
3
2

sech2
µ

z
2z0

∂
.

(23)

Cases that involve cross couplings between the upp
branch and the lower branch of different gaps result i
dark simulton solutions. These are not available analyt
cally, and therefore must be calculated numerically—a
is also necessary for all cases withr fi 1.

These solutions have many interesting properties, a
though space is too limited here to present all of them. A
experimentally relevant point is that the solutions give
already are completely stationary in the laboratory fram
This creates an unexpected problem: how can they be
troduced into the band-gap material? In fact, this is easi
solved. If the gap structure is fabricated withm2 ­ 2m1,
there is a symmetry in the equations which allows fo
moving solutions with an identical form to the stationary
ones. Thus, they can be generated at the boundary, a
then move into the bulk medium.

The dispersive parametric equations we obtain als
support higher-dimensional soliton solutions [6,19,20] i
(2 1 1) and (3 1 1) dimensions. These correspond to
striped or layered band-gap structures, respectively, a
are described by adding a transverse Laplacian to each
the earlier propagation equations. Solutions of this typ
do not appear to exist in conventional (x s3d) gap solitons.
Our Hamiltonian mapping from band-gap to dispersiv
equations, therefore, proves that the parametric ban
gap environment is able to support higher-dimension
solitons. Thus, it is possible to obtain parametric ga
solitons in up to three spatial dimensions.

In order to demonstrate stability, we have numericall
solved the original band-gap equations (2), using the e
fective mass approximation result as an initial conditio
[19], in (1 1 1) and (2 1 1) dimensions. To provide a
suitable perturbation, the (small) imaginary part of th
input solution was omitted. In both cases, this perturba
tion is quickly radiated, and a stable solitary wave is ob
tained. Our results in Fig. 2 show a (2 1 1) dimensional
gap simulton propagation, with the complete set of fou
coupled partial differential equations. After a small ini-
tial oscillation, the simulton reaches a steady state, pro
ing the stability of the soliton in higher dimensions.

In summary, a parametric band-gap waveguide ca
provide both large dispersion and large nonlinearity. A
4314
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FIG. 2. First harmonic of a (2 1 1) dimensional gap simul-
ton. Initial conditions were cylindrically symmetric in the
reduced (EMA) coordinate system. The dimensionless
rameters used for simplicity wereq ­ 1y8, 2k2 ­ 2k1 ­ 8,
z0 ­ 1, r ­ 1, y ­ 1, dk2 ­ 3y16, andxE ­ 1.

a numerical example, we consider a waveguide made
LiNbO3. We use the following typical values:x s2d ­
11.9 pmyV [21], n̄ ­ 2.5, Dn11 ­ Dn22 ­ 0.025, and
wavelength of the first harmonicl1 ­ 1.06 mm. This
gives coupling parameters ofk1 . 105 m21, k2 . 2 3

105 m21, and xE . 3 3 1025 V21. In order to satisfy
the requirements of the effective mass approximation,
minimum soliton length possible is aroundz0 ­ 25 mm.
With this choice, the soliton period or reshaping tim
would be q21 . 1 ps. The corresponding energy i
approximatelyE . 1 nJ, for a waveguide area ofA ­
5 mm2. This pulse energy is many orders of magnitu
lower than the usual values for the correspondingx s3d gap
solitons.

These characteristics of fast interaction times, low pu
energy, and stability in higher dimensions make the g
parametric system an ideal soliton environment for bo
fundamental physics and applications of solitons.
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