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The concept of entanglement in systems where the particles are indistinguishable has been the subject of
much recent interest and controversy. In this paper we study the notion of entanglement of particles introduced
by Wiseman and Vaccaro �Phys. Rev. Lett. 91, 097902 �2003�� in several specific physical systems, including
some that occur in condensed-matter physics. The entanglement of particles is relevant when the identical
particles are itinerant and so not distinguished by their position as in spin models. We show that entanglement
of particles can behave differently than other approaches that have been used previously, such as entanglement
of modes �occupation-number entanglement� and the entanglement in the two-spin reduced density matrix. We
argue that the entanglement of particles is what could actually be measured in most experimental scenarios and
thus its physical significance is clear. This suggests that entanglement of particles may be useful in connecting
theoretical and experimental studies of entanglement in condensed-matter systems.
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I. INTRODUCTION

Recently there has been much interest in understanding
and quantifying the entanglement present in quantum many-
body systems. The aim of this program of research is to shed
new light on systems, particularly strongly correlated sys-
tems, that are difficult to treat with conventional approaches.
Most studies have focused on quantum spin systems, espe-
cially near quantum phase transitions, see for example Refs.
�1–6� and references therein. The concept of entanglement is
well defined in these systems as the spins can be considered
distinguishable.

The subject of entanglement becomes more subtle when
the system to be studied consists of many indistinguishable
particles. Examples of such systems span many fields of
physics: quantum optics, ultracold atomic gases, itinerant
electrons, and superconductors. Even the question of which
states are entangled is the subject much recent debate �7–18�.
The difficulty arises from the lack of individual identity of
the particles that are supposed to be entangled, which is
manifest as the necessary symmetrization or antisymmetriza-
tion of the quantum wave function.

Wiseman and Vaccaro �17� have recently proposed a mea-
sure of entanglement for systems of indistinguishable par-
ticles that is operational in the sense that it quantifies the
amount of “accessible” entanglement in the system where a
local particle number superselection rule restricts the pos-
sible operations that may be performed. This is in contrast to
other measures such as the mode entanglement, where the
physical meaning of the entanglement measure is not so clear
as the measurements required to demonstrate entanglement
are not obviously possible. The rapidly developing field of

mesoscopic electronics may provide a useful testing ground
for comparing different notions of entanglement in
condensed-matter systems as experiments to demonstrate en-
tanglement may be feasible in the near future �19–24�.

The accessible entanglement, which is referred to as the
“entanglement of particles” in Ref. �17�, is defined as the
amount of entanglement that could be extracted from the
system and placed in conventional quantum registers, from
which it could be used to perform quantum information pro-
cessing tasks, such as teleportation. In many physical sys-
tems it may be difficult to extract all, or even some, of this
entanglement, but the quantity itself may still give insight
into the physical properties of the system. An analogy with
thermodynamics is helpful. In thermodynamics it is often
fruitful to consider quantities such as the amount of free
energy in a system, even in the absence of an explicit scheme
to extract that free energy. If the total entanglement is taken
to be analogous to the total internal energy, then the acces-
sible entanglement is analogous to the free energy.

In Ref. �17� the entanglement of particles was defined and
evaluated for a number of states of indistinguishable par-
ticles. However, there is a lack of studies of entanglement of
particles in explicit physical models. In this work we aim to
fill this gap by investigating the entanglement of particles in
a number of simple physical systems, and compare and con-
trast to other approaches to studying entanglement.

We begin in Sec. II by reviewing the definition of en-
tanglement of particles and explaining its motivation in
terms of superselection rules and measurements. In Sec. III
we study ground and thermal states of systems of bosons and
fermions with a small number of modes. We show that for
any number of modes noninteracting bosons have zero en-
tanglement of particles, as one might intuitively expect.
However, noninteracting fermions can have nonzero en-
tanglement of particles. We then study the effect of interac-
tions on the entanglement of particles using the Bose-
Hubbard and Fermi-Hubbard models as examples. We
contrast the behavior of the entanglement of particles with

*Electronic address: dowling@physics.uq.edu.au
†Electronic address: doherty@physics.uq.edu.au
‡Electronic address: h.wiseman@griffith.edu.au

PHYSICAL REVIEW A 73, 052323 �2006�

1050-2947/2006/73�5�/052323�12� ©2006 The American Physical Society052323-1

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by University of Queensland eSpace

https://core.ac.uk/display/14990601?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://dx.doi.org/10.1103/PhysRevA.73.052323


the entanglement of modes and show that the two measures
can display opposite behavior as one varies the interaction
parameter.

In Sec. IV we turn to multimode systems. In Sec. IV A we
show how to calculate the entanglement of particles from
correlation functions. A particularly striking example of en-
tanglement of indistinguishable particles is the noninteract-
ing electron gas as studied in Refs. �15,25�. In those works
the “two-spin reduced density matrix”—a concept common
in many-body physics—is used to study entanglement. It is
shown that there is a finite length over which the noninter-
acting electrons are entangled. In Sec. IV B we show a
similar effect in a lattice model of noninteracting electrons,
where the entanglement persists over many lattice sites. In
Sec. IV C we make the connection to the continuum explicit
and argue that writing down a two-spin reduced density
matrix on the lattice leads to difficulties in interpreting
the entanglement. The subtle difficulty stems from the
indeterminate number of particles at any particular location.
Our results show that the phenomenon of entanglement of
noninteracting electrons may feasibly be observed in an
experiment.

II. SUPERSELECTION RULES, MEASUREMENTS, AND
ACCESSIBLE ENTANGLEMENT

In this section we review the concept of entanglement of
particles, as defined by Wiseman and Vacarro �17� and ex-
plain why we consider it an appropriate measure of entangle-
ment in condensed-matter systems.

In many-body physics it is common to represent the state
of a system in the occupation-number representation. If �� j�
is a complete set of single-particle wave functions �for ex-
ample, modes localized in position or momentum� then a
many-particle state is written,

��� = 	
n�

cn��n�� , �1�

where n� = �n1 ,n2 , . . . � is a set of occupation numbers for the
single-particle modes �for fermions the occupation numbers
are restricted to be 0 or 1 due to the Pauli exclusion prin-
ciple�, and the cn� are coefficients in the superposition. For-
mally, the space of occupation-number states is equivalent to
a tensor product space where each mode is a factor �sub-
system�, and the occupation number of each mode represents
a distinct state in that subsystem. It is thus tempting to define
the “entanglement” in a many-body state as being with re-
spect to this mode decomposition.

Following Ref. �17�, for bipartite systems we may quan-
tify the entanglement of modes, EM, as

EM��AB� = M��AB� , �2�

where M is some bipartite measure of entanglement �e.g.,
entanglement of formation, entanglement of distillation,
negativity�, A and B each control some subset of the total
modes, and �AB is the total state shared by A and B. This
approach is advocated in, for example, Refs. �16,26,27�. The
entanglement of modes depends on which modes A and B

control, as discussed in Refs. �28,29�, but not on the local
mode decomposition that they choose.

The difference between entanglement of particles, which
we define shortly, and entanglement of modes stems from the
local particle-number superselection rule which may apply to
systems of massive particles. Operationally, a superselection
rule �SSR� is a restriction on the allowed physical operations
�closed or open evolution, preparation, measurement, etc.� on
a system �30�.

It is sometimes asserted that certain superselection rules
apply in principle due to some underlying symmetry of the
system, e.g., a SSR for charge that appears in Lorentz-
invariant quantum field theories. However, it is possible to
lift superselection rules by constructing an appropriate refer-
ence frame for the quantity in question, the most well-known
example of this procedure being the thought experiment of
Aharonov and Susskind �31�.

Whether or not superselection rules apply in principle is
not important for our purposes. We simply note that often a
superselection rule applies in practice due to the lack of an
appropriate reference frame. The example we will be con-
cerned with is the superselection rule for local particle num-
ber. Consider a bipartite state of one particle superposed over
two modes, where each party controls one of the modes:

����AB = ��1�A�0�B + ei��0�A�1�B�/
2. �3�

The phase � in this superposition is only meaningful relative
to some shared reference frame. Two examples of systems
that could act as a reference frame for this phase are a large
coherent state of light if the particle were a photon, or a
Bose-Einstein condensate if it were a Bosonic atom. How-
ever, without such a reference frame, as is generally the case
in condensed-matter systems, the phase is not accessible to
experiment and the state ���� is indistinguishable from the
averaged state,

�̄AB = �
0

2� d�

2�
����AB����

= ��1�A�1� � �0�B�0� + �0�A�0� � �1�B�1��/2, �4�

which is an incoherent mixture of the particle being in one
mode or the other.

Notice that in the above example averaging over the un-
knowable phase � is equivalent to projecting onto fixed local
particle numbers. This is a general result—if two parties, A
and B, share a multimode state of indistinguishable particles,
�AB, and a local particle number superselection rule applies,
then this state is indistinguishable from the averaged state,

�̄AB = 	
nA,nB

�nA,nB
�AB�nA,nB

, �5�

where �nA,nB
projects onto fixed particle number nA and nB at

A and B, and the sum runs over all possible local particle
numbers �17�.

For these reasons Wiseman and Vaccaro �17� argue that
the entanglement of modes does not capture the true amount
of entanglement that the two parties, A and B, share since in
order to take advantage of it they would need to be able to
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perform arbitrary local operations on the modes. In general
such local operations would violate the local particle number
superselection rule and are hence not possible in practice.

Wiseman and Vaccaro give an operational definition of
bipartite entanglement of indistinguishable particles by using
the concept of a standard quantum register—a set of distin-
guishable qubits �32�—which each party possesses. They de-
fine the entanglement of particles as the maximal amount of
entanglement that the two parties can produce between their
standard quantum registers by local operations on the modes
that they have access to. Because the standard quantum reg-
isters consist of distinguishable qubits their entanglement
may be measured by any standard measure of bipartite en-
tanglement.

In Ref. �17� only pure states are considered, however, a
definition of entanglement of particles EP that applies for
mixed states as well is

EP��AB� = 	
nA,nB

PnA,nB
EM��AB

�nA,nB�� , �6�

where �AB
�nA,nB�=�nA,nB

�AB�nA,nB
is the �unnormalized�

state conditioned on obtaining the results nA and nB for a
measurement of local particle number at A and B,
PnA,nB

=Tr��AB
�nA,nB�� is the probability of obtaining that result,

and EM��AB
�nA,nB�� is the entanglement of modes in ��nA,nB� �33�.

In words, the entanglement of particles is the weighted sum
of the entanglement of modes when local particle number is
measured. It is sensitive, for example, to entanglement in
spin between two particles at distinct spatial locations, but
not to “occupation-number entanglement” such as exists
mathematically in the state ���� above but would be impos-
sible to extract in an experiment without a shared reference
frame.

It would be most in the spirit of the operational definition
to use the distillable entanglement �34� as the entanglement
measure EM. However, this measure is often difficult to cal-
culate, so throughout this paper we use entanglement of for-
mation instead, as it is generally easier to calculate. In gen-
eral the distillable entanglement is less than the entanglement
of formation, and it is possible for a quantum state to have
nonzero entanglement of formation but zero distillable
entanglement.

The effective measurement of local particle number that
appears in the definition of entanglement of particles is for-
mally due to a lack of phase reference, as discussed above.
However, in many experimental scenarios the measurement
does actually occur. For example, in measuring correlations
in spin between electrons in a mesoscopic conductor a mea-
surement of spin �up or down� simultaneously implies that an
electron was also measured at the location of the detector. In
measuring a mode or modes, e.g., momentum mode�s� in a
mesoscopic conductor, the Hamiltonian coupling the measur-
ing apparatus to the mode will typically commute with the
total occupation number for the mode�s�. It is straightforward
to show that under these circumstances the set of generalized
measurements �POVMs� �35� that can be implemented have
Kraus operators that commute with the total occupation
number. This implies that the generalized measurements

obey the superselection rule. An example of a measurement
that does not commute with local particle number, and there-
fore does not obey the superselection rule, is a projective
measurement in the basis ���0�+ �1�� /
2, ��0�− �1�� /
2�.

Practically it is often convenient to use entanglement wit-
ness to prove that a certain state is entangled. We note that
entanglement of particles could be detected by measuring an
entanglement witness that commutes with local particle num-
ber, as discussed for optical lattices in Ref. �36�. In other
words states which are entangled in modes but not in par-
ticles are not detected by this type of entanglement witness.

III. SOME SIMPLE SYSTEMS

We now study some simple systems using the entangle-
ment of particles in order to build intuition for its behavior
before moving to multimode systems in the next section.

In order to share a state with nonzero entanglement of
particles A and B must each be in control of at least two
modes, and there must be at least two particles in the system.
Therefore the simplest possible system in which there is en-
tanglement of particles is two particles in four modes.

In these minimal systems the entanglement of particles is
due solely to entanglement of the modes at A and B when
there is one particle at each location �i.e., only the n=1 term
from Eq. �6� contributes�. Because there are two modes at A
and B we have an effective two qubit system for which it is
possible to calculate the entanglement of formation in closed
form as a function of the density matrix for pure �37� or
mixed states �38�.

A. Two bosons in four modes

Perhaps the simplest model for interacting bosons on a
lattice is the Bose-Hubbard model. For four lattice sites
�modes� the Hamiltonian is

Ĥ = − t	
j=0

3

�b̂j
†b̂j+1 + b̂j+1

† b̂j� + U	
j=0

3

n̂j�n̂j − 1� , �7�

where b̂j, b̂j
† are the usual boson annihilation and creation

operators that satisfy �b̂j , b̂j�
† �=� j,j�, n̂j = b̂j

†b̂j is the number
operator for site j, and we have imposed periodic boundary
conditions, j+1=0 for j=3.

For a fixed total number of bosons, N=2 say, we write out
the Hamiltonian matrix in the Fock basis and calculate the
eigenvalues and eigenstates. Figure 1 shows the entangle-
ment of particles in the �nondegenerate� ground state of Eq.
�7� as a function of U / t, where both A and B’s sites are
adjacent to one another. The other distinct partition, where A
and B control diagonally opposite modes, never contains en-
tanglement in either the ground or thermal state. At U=0 we
have no entanglement of particles, as seems reasonable since
the bosons are noninteracting.

In fact it is possible to show that the ground state of the
noninteracting Bose-Hubbard model with an arbitrary num-
ber of sites has zero entanglement of particles for any pos-
sible bipartition. Consider an N-mode ring containing M
noninteracting bosons. The ground state is
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�g�N,M�� =
1


NMM!

	

j=0

N−1

b̂j
†�M

�vac� , �8�

where �vac� is the vacuum state containing zero particles in
each mode. If A controls nA modes and B nB modes
�nA+nB=N�, and we project onto A and B having mA and mB

bosons, respectively �mA+mB=M�, then using the commuta-
tion relations amongst the boson modes,

�mA,mB
�g�N,M�� 	 
	

j�A

b̂j
†�mA
	

j�B

b̂j
†�mB�vac� ,

	 �g�nA,mA���g�nB,mB�� . �9�

In words, the projected wave function is proportional to a
factorized wave function where A or B’s wave function is the
ground state of their mA or mB noninteracting bosons as if
their nA or nB modes were arranged in a ring. Therefore there
is no entanglement of particles for any division of the lattice
into A and B. By contrast the entanglement of modes is non-
zero between any two partitions with respect to this spatial
mode decomposition, even for noninteracting bosons.

For U�0 we have nonzero entanglement of particles in
the ground state, which increases with U / t and plateaus at
approximately 0.1405. The limit of large U or small t, some-
times referred to as the hard-core boson limit, displays inter-
esting behavior in terms of entanglement of particles. At pre-
cisely t=0 the ground state is sixfold degenerate
corresponding to the six ways of arranging the two bosons in
four modes such that no mode contains two bosons. Each of
these canonical ground states has zero entanglement of par-
ticles. However, there are linear superpositions of these
ground states that have nonzero EP. In particular, using de-
generate perturbation theory we find the t→0 limit of the
�nondegenerate� ground state is the superposition

�g� → ��1,0,1,0� + �0,1,0,1� −
1

2

��1,1,0,0� + �0,1,1,0�

+ �0,0,1,1� + �1,0,0,1���� 2. �10�

The different coefficients in this sum can be understood as
due to suppressed ability to tunnel when the particles are in
adjacent modes; because U is much larger than t tunneling
such that two particles end up on the same site is energeti-
cally unfavorable. From this expression we can see why the
ground state has zero entanglement of particles in the diag-
onal partition �A= �1,3� ,B= �2,4�� but nonzero EP in the ad-
jacent partition �A= �1,2� ,B= �3,4��. The projected state for
the diagonal partition is

�1,1�g� 	 �1,1,0,0� + �0,1,1,0� + �0,0,1,1� + �1,0,0,1�

= ��0,1� + �1,0��A��0,1� + �1,0��B, �11�

which is separable. For the adjacent partition the projected
state is

�1,1�g� = ��1,0,1,0� + �0,1,0,1� +
1

2

��0,1,1,0�

+ �1,0,0,1���� 2 �12�

which is nonseparable—it has EF=h�1/2+
2/3�, where
h�x�=−x log2�x�− �1−x�log2�1−x� is the binary entropy, and
normalization P1,1=3/4. Therefore entanglement of particles
is

EP��g�� =
3

4
h�1/2 + 
2/3� � 0.1405. �13�

At nonzero temperature T the canonical-ensemble thermal
state is

� = exp�− H/kBT�/Z , �14�

where kB is Boltzmann’s constant. As T→0 the thermal state
approaches Eq. �10� for small nonzero t, and so should con-
tain entanglement of particles below some temperature. In
particular, for the ground state to have the majority of the
weight in the thermal-state mixture we need kBT to be of
order or less than the energy gap to the first excited state.

There are four states in the t=0 ground-state manifold that
remain at energy 0 for small t. To first order in t, the state
�10� has energy

Eg = − 2
2t . �15�

Therefore the energy gap for small t is of order 2
2t, and the
condition for entanglement of particles is

kBT 
 2
2t . �16�

In Fig. 2 we plot the entanglement of particles in the
thermal state as a function of the inverse temperature and the
tunneling, both scaled by U to obtain dimensionless quanti-
ties. The plot is for small t /U and we see the type of scaling
we expect—entanglement of particles appears at inverse

FIG. 1. Bipartite entanglement of particles in the ground state
of two bosons in four modes with Bose-Hubbard Hamiltonian
and periodic boundary conditions. A and B control adjacent
modes in the ring. EP is zero at U=0 �noninteracting bosons� and
saturates at �3/4�h�1/2+
2/3��0.1405 for large U / t correspond-
ing to P1,1=3/4 and EF=h�1/2+
2/3�.
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temperatures proportional to the inverse of the tunneling, as
in Eq. �16�.

B. Two spinless fermions in four modes

We now study a precisely analogous model for
fermions—noninteracting spinless fermions in a four-mode
ring. The Hamiltonian is

Ĥ = − t	
j=0

3

�ĉj
†ĉj+1 + ĉj+1

† ĉj� , �17�

where ĉj, ĉj
† are fermion annihilation and creation operators,

satisfying anticommutation relations �ĉj , ĉj�
† �=� j j�. Due to the

Pauli exclusion principle it is not possible to have two spin-
less fermions on the same site so there can be no on-site
interaction term.

It is straightforward to calculate the spectrum by Fourier

transforming the annihilation operators, Ĉk= 1
2	 j=0

3 e2�ijk/4ĉj,
k=0, . . . ,3. For N=2 particles the ground state is twofold
degenerate—a basis is

��g1� = C1
†C0

†�vac�, �g2� = C3
†C0

†�vac�� . �18�

As for bosons, the entanglement of particles in the ground or
thermal state is zero for the diagonal partition. However, for
the adjacent partition these basis states each have P1,1=3/4

and EF=h�1/2+
2/3�. Furthermore, the equal mixture of
these two states, i.e., the T→0 limit of the canonical-
ensemble thermal state, has the same values for P1,1 and EF
�39�. So we have the somewhat surprising result that even
noninteracting fermions can have nonzero entanglement of
particles in the ground state. This is in stark contrast to
bosons, where in the noninteracting limit the entanglement of
particles was zero. Mathematically the reason that noninter-
acting fermions can have nonzero entanglement of particles
but noninteracting bosons cannot is that the commutation
relations needed to obtain Eq. �9� as a local particle number
projection from Eq. �8� do not hold for fermions.

Motivated by this counterintuitive behavior of noninter-
acting fermions we now turn to another simple, and perhaps
more experimentally relevant, model of two fermions in four
modes—the Hubbard dimer.

C. Hubbard dimer

The two-site Hubbard model �Hubbard dimer� for fermi-
ons with spin �e.g., electrons� is defined by the Hamiltonian

Ĥ = − t 	
�=↑,↓

�ĉL�
† ĉR� + ĉR�

† ĉL�� + U 	
j=L,R

n̂j↑n̂j↓, �19�

where j=L ,R is a position label and �= ↑ ,↓ is a spin label.
The t term describes hopping between the two sites while
conserving spin, and the U term is a Coloumb interaction
between fermions on the same site.

The Hubbard dimer is a simple model for a number of
physical systems, including the electrons in a H2 molecule
�40�. By varying t we have a model of bond breaking as the
two atoms are separated.

The ground state may be calculated exactly as a function
of U / t, see, e.g., Ref. �26�,

�g� 	 Ĝ0�vac� , �20�

where

Ĝ0 = ĉL↑
† ĉL↓

† + ĉR↑
† ĉR↓

† + ��U/4t��ĉL↑
† ĉR↓

† − ĉL↓
† ĉR↑

† � , �21�

and ��x�=x+
1+x2.
For the purposes of calculating entanglement of particles

it seems most natural to imagine party A controlling the up
and down modes of one site and party B the up and down
modes of the other site. With this partition we see that the
entanglement of particles in the ground state comes entirely
from the second term in Eq. �21�, where there is one fermion
at each site forming a singlet. The projected state, the singlet,
has entanglement of formation equal to 1, and as U / t in-
creases the probability P1,1 increases from 1/2 to 1 as the
fermions are forced to localize on each site. At a fixed tem-
perature we see that the entanglement of particles reaches a
peak as a function of U / t. When interpreted as a model for
H2 bond-breaking the peak corresponds to an optimal dis-
tance at which the tradeoff between entanglement and prob-
ability of measuring one electron at each atom is maximized.
However, in reality the Hubbard model is only a good ap-
proximation to the molecule when U / t is not too large or
small �40�, and at finite temperature vibrational modes will

FIG. 2. �Color online� �a� Bipartite entanglement of particles in
the canonical-ensemble thermal state of two bosons in four modes
with Bose-Hubbard Hamiltonian and periodic boundary conditions.
A and B each control adjacent modes in the ring, as in Fig. 1. �b�
Probability of finding one particle at A and one at B, P1,1. �c�
Entanglement of formation of the a posteriori state �AB

�1,1�.
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become relevant, so it is unclear whether this effect could
actually be observed in H2.

The behavior of the canonical-ensemble thermal state is
plotted in Fig. 3. For any U / t the entanglement of formation
of the projected state approaches 1 �singlet� as the system is
cooled to the ground state �kBT / t→0�, whereas the probabil-
ity P1,1 approaches some value between 0 and 1 that in-
creases with U / t �as the particles become more localized�.

In Ref. �26� Zanardi performed a similar calculation of
entanglement in the ground state of the Hubbard dimer. He
calculates what we refer to as the entanglement of modes
between the two sites, which does not distinguish local en-
tropy arising from indefinite local particle number �“charge
fluctuations”� and that from entanglement of the spins �“spin
fluctuations”�. From his point of view the ground state be-
comes less entangled as one increases U / t as it goes from a
superposition over four local states at each site �0, ↑, ↓, 2� to
a superposition over just two �↑,↓�. From the entanglement of
particles viewpoint it is only the “spin fluctuations” that are
due to accessible entanglement between the two sites, and
these increase with U / t.

Zanardi also considers the entanglement of modes in the
reciprocal �momentum� space, where the Fourier-

transformed mode operators are Ĉk�= �ĉL�+eik�ĉR�� /
2, for
k=0,1, �= ↑ ,↓. In this mode representation the operator that

creates the ground state, Ĝ0, may be written

Ĝ0 = 	
k=0,1

�1 + eik���U/4t��Ĉk↑
† Ĉk↓

† . �22�

We can see from this expression that the two fermions are
perfectly correlated in momentum for any U / t—both terms
create the two fermions in the same k mode, one up and one
down. Therefore if A controls one k mode and B the other
there is no entanglement of particles in this state.

Finally, one could imagine A controlling both up modes
and B both down modes. To observe this type of entangle-
ment we could, for example, use a magnetic field to separate
up and down fermions. We could then look for entanglement
of particles in the position or momentum degrees of freedom,
post-selected on having one up and one down. From Eq. �21�
or Eq. �22� we see that each term in the superposition has
one fermion up and one fermion down, so P1,1=1 and the
entanglement of particles coincides with the entanglement of
modes. Since we are guaranteed to have one up and one
down, the change between position and momentum bases is
a “local” change of basis �41� and the entanglement is there-
fore independent of this choice. It is equal to the mode en-
tanglement between the momentum modes, as calculated in
Ref. �26,42�—it increases from EF=0 at U / t=0 to EF→1 as
U / t→
.

The fact that one sees entanglement in position when the
particles are distinguished by spin or entanglement in spin
when the particles are distinguished by position may be
viewed as a type of “dualism of entanglement,” as addressed
in Ref. �43�.

Thus we see that there is rather subtle structure to the
entanglement in the ground state of the Hubbard dimer that
is not revealed by simply calculating the entanglement of
modes. The subtlety is above and beyond the dependence of
the mode entanglement on the choice of modes—it arises
from considering how one might perform a measurement in
practice to reveal this entanglement and is captured by the
entanglement of particles.

IV. MULTIMODE SYSTEMS

Having studied the behavior of the entanglement of par-
ticles in a few small systems we now move to more-realistic
systems containing many particles in many modes. This is
typically the situation studied in condensed-matter physics; a
Hamiltonian is specified in terms of annihilation and creation
operators for bosons or fermions on a discrete set of lattice
sites labeled by an index, say j. In order to begin to get a feel
for the role of entanglement in such systems one may ask
simple questions such as: is there entanglement between the
spins of fermions on two distinct lattice sites, jA and jB? If
we imagine A to have control of site jA and B to have control
of site jB then this is precisely the situation addressed by the
entanglement of particles—A and B share a state of indistin-
guishable particles of indefinite local particle number.

A. Entanglement of particles from correlation functions

We restrict our attention to fermions for the remainder of
the paper as we have seen in Sec. III that they can display
counterintuitive features of entanglement of particles that are

FIG. 3. �Color online� Bipartite entanglement of particles in the
canonical-ensemble thermal state of the Hubbard dimer as a func-
tion of the scaled temperature kBT / t and on-site interaction U / t. A
controls the up and down modes of one site and B the up and down
modes of the other. The color represents the probability of finding
one particle at each site and the height represents the entanglement
of formation of the a posteriori state.
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not seen for bosons. As an aid in answering questions such as
the one posed above we show how to write the projected
density matrices that appear in the definition of entanglement
of particles in terms of correlation functions.

First note there are four possible local states at each site:
�0�, �↑�, �↓�, and �2� corresponding to zero fermions on the
site, a single fermion with spin up, a single fermion with spin
down and a doubly occupied site. Hence if one traces out the
rest of the lattice besides two sites one obtains a 16�16
reduced density matrix between those two sites. We refer to
this matrix as the full two-site matrix in the following.

When a local particle number superselection rule applies,
the only accessible entanglement is between the projected
state with one and only one particle at each site—if even one
of the sites contains either zero or two fermions then there is
no room for entanglement as there is then only one possible
local state at that site. This projected state ��1,1� is a 4�4
matrix that we refer to as the projected two-site matrix. It
may be calculated as

��1,1� = TrjA, jB
��1,1��1,1� , �23�

where � is the total state of the system �e.g., in the next
subsection we will take � to be the grand canonical ensemble
thermal density matrix�, TrjA , jB

indicates the trace over all
sites in the lattice besides jA and jB, and �1,1 is the projector
onto the subspace where there is one and only one fermion at
both jA and jB. The normalization �trace� of ��1,1� corre-
sponds to the a priori probability of detecting one and only
one particle at each site, P1,1.

The projector �1,1 may be written in terms of number
operators as

�1,1 = n̂jA↑�1 − n̂jA↓�n̂jB↑�1 − n̂jB↓� + n̂jA↑

��1 − n̂jA↓�n̂jB↓�1 − n̂jB↑�

+ n̂jA↓�1 − n̂jA↑�n̂jB↑�1 − n̂jB↓�

+ n̂jA↓�1 − n̂jA↑�n̂jB↓�1 − n̂jB↑� . �24�

The matrix elements of ��1,1� may be written as averages
over creation and annihilation operators as

�ss�,tt�
�1,1� = TrjA,jB

���1,1�ĉjAt
† ĉjBt�

† ĉjBs�ĉjAs�,

= ��1,1ĉjAt
† ĉjBt�

† ĉjBs�ĉjAs�1,1� , �25�

where s ,s� , t , t� take the values ↑, ↓. In Table I these corre-
lation functions are simplified where possible by substituting
Eq. �24� into Eq. �25�.

B. Noninteracting electrons on a lattice

Perhaps the simplest multimode Fermionic system one
can imagine is noninteracting electrons in thermal equilib-
rium at zero or finite temperature. We will be interested in
the thermodynamic limit—large lattice size—which is of rel-
evance to condensed-matter physics, and serves as the start-
ing point for more realistic, interacting, models of real ma-
terials such as superconductors. We aim to clarify issues of
entanglement in this simple case in order that the same issues
can be addressed in interacting systems.

The Hamiltonian for noninteracting electrons is

Ĥ = − t 	
�j,k�

�=↑,↓

ĉj�
† ĉk�, �26�

where �j ,k� indicates that the sum runs over nearest neigh-
bors j and k as defined by a link in the lattice. If we were to
add an on-site interaction between electrons of opposite spin
�i.e., a Coloumb interaction�, U	 jn̂j↑n̂j↓, we would have the
well-studied Hubbard model, the two-site version of which
was studied in Sec. III C. This simple type of interaction
might be a good starting point for studying how interactions
affect the entanglement of particles.

One’s immediate reaction may be that there can be no
entanglement in this system as the fermions are noninteract-
ing and the up and down spins are independent. However,
this intuition was shown to be incorrect in Sec. III C, where
we saw that the two-site version of this model �U=0� con-
tained entanglement of particles in the ground state. Further-
more, in Refs. �15,25� it is argued that it is indeed possible to
have “entanglement of spins in a noninteracting electron
gas,” which is roughly the continuum limit of our discrete
model. There are subtle differences between the entangle-
ment as studied in those works and the concept of entangle-
ment of particles that we have focused on here. Section IV C
contains a detailed comparison of this previous work to the
current entanglement-of-particles approach.

We now explicitly calculate the entanglement of particles
for noninteracting fermions on a lattice, Eq. �26�, in thermal

TABLE I. Above double space: the elements of the projected
two-site matrix, ��1,1�, written as correlation functions. Below
double space: elements of the full two-site matrix that contribute to
the two-spin reduced density matrix, but are not in the projected
state. The elements below the diagonal are obtained by complex
conjugation.

Site element Correlation function

�↑↑,↑↑� �n̂jA↑�1− n̂jA↓�n̂jB↑�1− n̂jB↓��
�↑↑,↑↓� �n̂jA↑�1− n̂jA↓�ĉjB↓

† ĉjB↑�
�↑↑,↓↑� �ĉjA↓

† ĉjA↑n̂jB↑�1− n̂jB↓��
�↑↑,↓↓� �ĉ jA↑

† ĉjA↓ĉjB↑
† ĉjB↓�

�↑↓,↑↓� �n̂jA↑�1− n̂jA↓�n̂jB↓�1− n̂jB↑��
�↑↓,↓↑� �ĉ jA↑

† ĉjA↓ĉjB↓
† ĉjB↑�

�↑↓,↓↓� �ĉ jA↓
† ĉjA↑n̂jB↓�1− n̂jB↑��

�↓↑,↓↑� �n̂jA↓�1− n̂jA↑�n̂jB↑�1− n̂jB↓��
�↓↑,↓↓� �n̂jA↓�1− n̂jA↑�ĉjB↓

† ĉjB↑�
�↓↓,↓↓� �n̂jA↓�1− n̂jA↑�n̂jB↓�1− n̂jB↑��

�↑ 2, ↑ 2� �n̂jA↑�1− n̂jA↓�n̂jB↑n̂jB↓�
�↑ 2, ↓ 2� �ĉjA↓

† ĉjA↑n̂jB↑n̂jB↓�
�↓ 2, ↓ 2� �n̂jA↓�1− n̂jA↑�n̂jB↑n̂jB↓�
� 2 ↑, 2 ↑� �n̂jA↑n̂jA↓n̂jB↑�1− n̂jB↓��
� 2 ↑, 2 ↓� �n̂jA↑n̂jA↓ĉjB↑

† ĉjB↓�
�2 ↓, 2 ↓� �n̂jA↑n̂jA↓n̂jB↓�1− n̂jB↑��
�22, 22� �n̂jA↑n̂jA↓n̂jB↑n̂jB↓�
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and chemical equilibrium. We choose the simple case of a
one-dimensional �1D� lattice of M sites with closed bound-
ary conditions �i.e., a ring� for the purpose of illustration.
The state of the system at temperature T and chemical po-
tential � is given by the grand canonical ensemble density
matrix,

�T = exp�− �Ĥ − �N̂�/kBT�/Z , �27�

where N̂ is the total number operator and Z is the grand

canonical partition function, Z=Tr�exp�−�Ĥ−�N̂� /kBT��.
In order to explicitly calculate ��1,1� we use the fact that

the grand canonical ensemble density matrix, Eq. �27�, is a
Gaussian state when the system is described by the noninter-
acting fermion Hamiltonian, Eq. �26�. For this reason higher-
order correlation functions, as in Table I, factorize into
second-order correlation functions.

Another simplifying feature is that many of the matrix
elements are zero due to the collective SU�2� rotational sym-
metry of the model. In fact the only nonzero elements are
those along the diagonal, and the off-diagonal elements
�↑↓,↓↑

�1,1� =�↓↑,↑↓
�1,1�*. A way to see this is via the well-known result

due to Weyl that states invariant under collective SU�2� ro-
tations of the spin have the form

� =� dUU � U�U†
� U† = pA�A + pS�S, �28�

where �A/S are the projectors onto the antisymmetric
�spanned by the singlet� and symmetric �spanned by the three
triplet states� subspaces, and pA/S are the weights of these
projectors. In our case pA+ pS= P1,1. States of this form are
known as Werner states in quantum information theory.

The nonzero matrix elements are all determined by two
second-order correlation functions

n̄ = �n̂jA↑� = �n̂jA↓� = �n̂jB↑� = �n̂jB↓� , �29�

cjA,jB
= �ĉjA↑

† ĉjB↑� = �ĉjA↓
† ĉjB↓� , �30�

where for the first line we have also used the translational
invariance of the lattice. The average occupation of any in-
dividual up or down mode which we call the filling factor in
the following, is given by n̄, and cjA,jB

is an exchange corre-
lation between the two sites. Explicitly the matrix elements
are

�↑↑,↑↑
�1,1� = �↓↓,↓↓

�1,1� = �n̄2 − �cjA,jB
�2���1 − n̄�2 − �cjA,jB

�2� ,

�↑↓,↑↓
�1,1� = �↓↑,↓↑

�1,1� = �n̄�1 − n̄� + �cjA,jB
�2�2,

�↑↓,↓↑
�1,1� = − �cjA,jB

�2. �31�

For noninteracting fermions we can actually calculate the
two correlation functions, n̄ and cjA,jB

, explicitly as a function
of � and T. The Hamiltonian �26� is diagonal when written
in terms of momentum creation and annihilation operators

Ĥ = − 2t 	
k=0

�=↑,↓

M−1

cos�2�k/M�Ĉk�
† Ĉk�, �32�

where

Ĉk,� =
1


M
	
j=0

M−1

e2�ijk/Mĉj�. �33�

The occupation of the momentum-space modes is therefore

nk = �Ĉk↑
† Ĉk↑� = �Ĉk↓

† Ĉk↓� =
1

e−�Ek−��/kBT + 1
, �34�

where Ek=−2t cos�2�k /M� is the energy of the kth mode.
By inverse Fourier transforming back to the position-space
modes we obtain

n̄ =
1

M
	
k=0

M−1

nk, �35�

cjA,jB
=

1

M
	
k=0

M−1

e2�i�jA−jB�knk. �36�

Figure 4�a� illustrates entanglement of particles between
two sites as the system is cooled from high temperature
down to zero temperature �the ground state� as a function of
the inverse temperature t /kBT, for a fixed chemical potential
�which determines the T→0 filling factor�. At high tempera-
ture �t /kBT=0� the probability of each up or down mode
being occupied is 0.5 and completely uncorrelated with any
other mode, so P1,1=0.25 and there is no entanglement. As
we cool to lower temperatures entanglement appears be-
tween increasingly distant sites in the lattice, but the prob-
ability P1,1 decreases because the mean atom number is de-
creasing. The entanglement in ��1,1� decreases with the
separation between the two sites and goes to zero at some
finite separation between the sites that depends on the tem-
perature. We call this distance the entanglement length re in
anticipation of a relationship to previous work on the free
Fermi gas to be discussed in the next section. In this case the
entanglement length is five sites in the T→0 limit �ground
state�.

Figure 5 illustrates the entanglement of particles between
sites in the ground state as a function of the filling factor n̄.
For filling factors less than one half the entanglement length
decreases with increasing filling factor, and by the time half
filling is reached there is only entanglement between neigh-
boring sites. For filling factors greater than one-half the en-
tanglement length increases again due to the particle-hole
symmetry of the model—the filling factor for holes is de-
creasing. By contrast the probability that one particle will be
found at each site reaches a maximum at half filling, as in-
dicated by greyscale in the figure.

When there are only two electrons or holes in the lattice
�n̄=2/ �2�30�=1/30� they form a singlet with EF=1 inde-
pendent of the separation between the sites—i.e., the en-
tanglement length is infinite. This effect is rather more subtle
than simply entanglement between sites as may be seen in
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spin models. The wave function is such that the fermions are
equally likely to be found anywhere in the lattice �apart from
on top of each other which is slightly more likely�, but wher-
ever they are found they must be in a singlet.

Note that from the entanglement of particles perspective
entanglement is only possible if A and B each control both
up and down modes of distinct sites. If A controlled the up
mode and B the down mode of the same site they could
never share any entanglement as they each only have one
mode. This is why �jA− jB�=0 is not plotted in these figures.

C. Continuum limit

We now discuss the continuum limit of the noninteracting
fermion lattice model and contrast the entanglement of par-
ticles with another approach that has been used in recent
work—the so-called two-spin reduced density matrix
�15,25�.

The two-spin reduced density matrix between two points r�
and r�� is defined as

�ss�,tt�
spin = ��̂t

†�r���̂t�
† �r����̂s��r����̂s�r��� , �37�

where �̂s�r�� , �̂s
†�r�� are field annihilation or creation operators

for a particle with spin s located at position r� satisfying

��̂s�r�� , �̂s�
† �r����=�ss���r�−r���. We refer to this matrix as the

spin-correlation matrix in what follows as we believe the
name is more appropriate.

It was shown in Refs. �15,25� that for a free Fermi gas
in thermal equilibrium the spin-correlation matrix takes
the form of a Werner state, for the same reasons as for the
lattice model in the previous section. After normalization, let
p= pA be the weight of the singlet. The function p depends on
the relative distance r= �r�−r��� and temperature T; p=1 at
r=0 and p→0 as r→
. The entanglement length re is
uniquely determined by

p�re,T� = 1/3, �38�

and the spins are entangled for r�re and separable for
r�re. At zero temperature the relevant parameter is the
Fermi momentum kF and the entanglement length scales as

re 	 1/kF. �39�

One might expect to see similar behavior in a lattice
model of noninteracting fermions, and indeed we saw in the
previous section that the concept of an entanglement length
persists when one considers entanglement of particles on a
lattice. We will see subsequently that the lattice filling factor
n̄ plays the role of the Fermi momentum in a certain limit.
However, first we discuss the precise relationship between
the spin correlation matrix and the projected two-site matrix.

In analogy to Eq. �37� one may be tempted to write down

�ss�,tt�
spin = �ĉjAt

† ĉjBt�
† ĉjBs�ĉjAs� �40�

as a “two-spin reduced density matrix” in the lattice. How-
ever, from the results of the previous section this matrix does
not correspond to the density matrix of a two-component
quantum system in the usual sense of quantum information
theory—the central reason being that the two subsystems are

FIG. 4. �a� Entanglement of particles for noninteracting fermi-
ons on a 1−D lattice with 30 sites as a function of inverse tempera-
ture �t /kBT� and separation between the sites ��jA− jB��. The subfig-
ures �b� and �c� indicate the contributions to EP from the probability
of finding one particle at each site, P1,1, and the entanglement
of formation in the a posteriori state, respectively. The chemical
potential was ��−1.89 corresponding to a T→0 filling factor
of n̄=0.2. In the T→0 limit we therefore roughly expect that
P1,1��0.2�2=0.04.

FIG. 5. �Color online� Bipartite entanglement of formation
�height� and probability P1,1 �greyscale� as a function of separation
and filling factor in the T→0 limit of the grand canonical-ensemble
thermal state of the Fermi-Hubbard model with 30 sites and peri-
odic boundary conditions. The chemical potential was varied from
−2 to 2 to achieve different filling factors.
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not well defined. By contrast the entanglement in Eq. �25� is
experimentally accessible.

To see this point first note that Eq. �25� has the same form
as Eq. �40� but with projectors onto the one-particle subspace
inserted. As we have argued in Sec. II the projector is nec-
essary in order to define the subsystems; without it multipar-
ticle correlations contribute. If one were to imagine extract-
ing entangled fermions from the lattice then the very act of
extracting is implicitly a measurement of local particle num-
ber, and entanglement can then exist only if precisely one
fermion is found per site.

Of course the correlation functions that make up the ma-
trix could, in principle, be measured without actually extract-
ing fermions �44�. Moreover, it is not difficult to show that
entanglement in the matrix �40� �normalized, and treated as
if it were a density matrix� provides a lower bound on the
entanglement in the projected two-site matrix �45�. Therefore
if the matrix �40� were reconstructed experimentally, as may
be possible in the near future in mesoscopic systems �24�,
then a calculation of nonzero entanglement in this matrix
would imply that the accessible entanglement would be non-
zero �but the converse is not true�. Nevertheless, it would, in
our opinion, still be wrong to call the spin correlation matrix
�40� a density matrix, for the reasons given above.

There are some more intuitive reasons why we should not
expect correlations between two fermions on one site and
one or two fermions on the other to contribute to entangle-
ment. The spatial wave functions of two fermions on the
same site are identical and therefore their spin wave function
is a singlet �as in Refs. �15,25��. By the monogamy of en-
tanglement neither can be entangled in spin with any other.
In this sense a doubly occupied site is like an unoccupied
site—one should not include correlations from it in the cal-
culation of a density matrix. The projected two-site matrix
respects particle-hole symmetry in this sense and therefore
fits in naturally with experimental considerations in mesos-
copic systems �22�, whereas the spin-correlation matrix does
not.

In Table II we show precisely the relationship between the
two matrices by writing the elements of the spin correlation

matrix as sums of elements of the full two-site matrix. This
mapping is not a “coarse graining” in the sense that each
element of the full two-site matrix contributes to only one
element in the spin-correlation matrix—certain elements, for
example �22, 22� map to many of the spin elements. There-
fore the spin-correlation matrix is not the “density matrix” of
a well defined two-component system in the sense that is
used in quantum information. We conclude that, at least in
lattice models, the entanglement of particles—i.e., the en-
tanglement in the projected two-site matrix, is what should
be used instead of the entanglement in the spin-correlation
matrix.

Despite these problems with using the spin-correlation
matrix to calculate entanglement for discrete lattice models,
in the continuum limit Eq. �37� recovers a interpretation as a
density matrix of two spins. The reason for this is basically
that the probability of finding two electrons at a particular
location in space is negligible compared with the probability
of finding one electron.

To see this in more detail, let N noninteracting electrons
be confined to a region �0,L� in one dimension. Define a set
of M orthonormal wave functions, �� j�x�, j=0. . .M −1�, on
the region by

� j�x� = �1/
� , x � �j�,�j + 1���
0, x � �j�,�j + 1��� � , �41�

where �=L /M. Let ĉj� be the annihilation operator that de-
stroys an electron in the jth region with spin �. For nonin-
teracting electrons in thermal equilibrium the probability of
finding one electron in the jth region is �n̂j��=N� /L, while
the probability of finding two electrons, one up and one
down, scales as �n̂j↑n̂j↓�=O��2�. Therefore in the �→0 limit,
where � j�x� approaches a delta function at x= j�, the prob-
ability of finding two electrons at the same site becomes
negligible compared to the probability of finding one. Hence
the projector in Eq. �25� has no effect, and the projected
two-site matrix approaches the spin-correlation matrix �37�
in the continuum limit.

The question of using Eq. �37� as a density matrix was
considered in the appendix of Ref. �46�. Their explanation
agrees with ours for the case where there is one and only one
particle in each of local modes. Our results show why this is
a valid assumption in the continuum limit, but also apply to
more general situations when there is a nonzero probability
of finding two electrons in the same local mode.

With this calculation in mind we should expect that in the
limit of low filling factor on the lattice the difference be-
tween Eqs. �25� and �40� will be negligible. We define the
entanglement length for the lattice as the smallest �jA− jB� for
which the entanglement of the two-site matrix is zero. Figure
6 shows the entanglement length versus the inverse of the
filling factor alongside the “entanglement” length calculated
from the spin-correlation matrix. We see that in the limit of
small filling factor �1/ n̄ large� the entanglement length scales
linearly with 1/ n̄, as one might expect from Refs. �15,25�
since kF	 n̄ in one dimension.

For noninteracting electrons we see from Table II that the
many-electron correlations simply add a term proportional to

TABLE II. Mapping the full two-site matrix onto the spin-
correlation matrix. The left column represents the elements of the
spin-correlation matrix, which are obtained by summing elements
of the full two-site matrix represented in the right-hand column.

Spin element Sum of site elements

�↑↑, ↑↑� �↑↑ , ↑ ↑ �+ �↑2, ↑2�+ �2↑ ,2↑ �+ �2 2,2 2�
�↑↑,↑↓� �↑↑ , ↑ ↓ �+ �2↑ ,2↓ �
�↑↑,↓↑� �↑↑ , ↓ ↑ �+ �↑2, ↓2�
�↑↑,↓↓� �↑↑,↓↓�
�↑↓,↑↓� �↑↓ , ↑ ↓ �+ �↑2, ↑2�+ �2↓ ,2↓ �+ �2 2,2 2�
�↑↓,↓↑� �↑↓,↓↑�
�↑↓,↓↓� �↑↓ , ↓ ↓ �+ �↑2, ↓2�
�↓↑,↓↑� �↓↑ , ↓ ↑ �+ �↓2, ↓2�+ �2↑ ,2↑ �+ �2 2,2 2�
�↓↑,↓↓� �↓↑ , ↓ ↓ �+ �2↑ ,2↓ �
�↓↓,↓↓� �↓↓ , ↓ ↓ �+ �↓2, ↓2�+ �2↓ ,2↓ �+ �2 2,2 2�
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the identity to the density matrix. This can only have
the effect of diluting the entanglement and decreasing
the entanglement length. We see from the inset in the figure
that the projected matrix therefore predicts a longer entangle-
ment length than for the spin-correlation matrix for some
values of the filling factor approaching half filling �n̄=1/2�.
For 0.45� n̄�0.55 �not plotted in the figure� the spin-
correlation matrix would have predicted an entanglement
length of 1 site �i.e., not even nearest neighbors are
entangled�, whereas the projected matrix gives re=2 �nearest
neighbors are entangled�. This is precisely the limit where
there is a good chance of finding two electrons at the
same site.

V. SUMMARY AND CONCLUSION

An idea that has attracted much attention recently from
the quantum information theory community is that the im-
proved understanding of entanglement that has been devel-
oped may lead to new insights into the physics of strongly
correlated systems in condensed matter. Typically in these
systems the particles are itinerant and so must be treated as
indistinguishable. Thus if one wishes to explore the role of
entanglement one must have a good understanding of what it
means for indistinguishable particles to be entangled.

We have argued that in many situations of interest in con-
densed matter a local particle number superselection rule ap-
plies to operations, such as measurements, that can be per-
formed on the system. Thus the notion of entanglement of
particles, introduced in Ref. �17�, may be a more appropriate
measure of entanglement to use in studying these systems
than the entanglement of modes which appears in many pre-
vious studies. The physical meaning of entanglement of par-
ticles is clear—the subsystems that are supposed to be en-

tangled are established by measurement of local particle
number by the two parties. The mathematical entanglement
in occupation number �mode entanglement� may still display
interesting behavior, however, its physical significance is less
clear as the measurements that could be performed to ob-
serve it are unspecified.

In order to get a feel for how the entanglement of particles
compares with the entanglement of modes we began by
studying some simple systems that are analytically solvable.
The minimal situation in which entanglement of particles
is possible is two particles in four modes. We found that
the entanglement of particles was zero for bosons but
nonzero for fermions for two noninteracting particles in a
four-mode ring. In both cases the mode entanglement was
nonzero. For the Hubbard dimer we calculated the entangle-
ment of particles according to a number of different mode
decompositions and compared with previous studies of
mode entanglement �26�.

Finally we studied noninteracting fermions on a lattice
and compared with previous results for this system. We first
showed how to write the projected matrix for one fermion on
each of two distinct sites in terms of correlation functions. In
agreement with previous results regarding the free Fermi gas
�15,25� we found an “entanglement length” in the system
beyond which the fermions are not entangled. It is intriguing
that this length extends over multiple lattice sites and persists
even when one considers the more restrictive criteria of en-
tanglement of particles where real measurements are consid-
ered. Thus the phenomena of entanglement of noninteracting
fermions should be experimentally observable, perhaps in
optical lattice setups where condensed-matter Hamiltonians
may be engineered. It cannot be dismissed as trivially due to
the antisymmeterization of the wave function and unobserv-
able. Finally we showed precisely how the entanglement of
particles relates to the two-spin spin reduced density matrix
�15,25� in the continuum limit.

Recently there has been interest in studying scaling laws
for entanglement entropy in arbitrary dimensions �47,48�.
The entanglement entropy corresponds to the entanglement
of modes for pure states when entanglement of formation is
used as the measure. An interesting direction for future re-
search would be to see if such scaling laws persist when the
more-restrictive criteria of entanglement of particles is used,
rather than entanglement of modes.

In conclusion, we believe that the entanglement of par-
ticles may be a useful concept to consider alongside mode
entanglement in studying systems of indistinguishable par-
ticles that are central to condensed-matter physics. We have
showed that it is physically well motivated by measurement
considerations and leads to distinct phenomenology of en-
tanglement in a few simple systems.
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FIG. 6. Entanglement length �crosses� re vs inverse filling factor
1 / n̄ for noninteracting fermions on a 1−D lattice. The circles show
what the entanglement length would have been if it were defined
using the spin-correlation matrix, Eq. �40�, instead of the projected
matrix, Eq. �25�. The line is a linear least-squares fit to the crosses.
The inset shows that the projected matrix predicts a longer en-
tanglement length for some values of the filling factor.
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