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[1] The assumption in analytical solutions for flow from surface and buried point sources
of an average water content, �q, behind the wetting front is examined. Some recent work
has shown that this assumption fitted some field data well. Here we calculated �q using a
steady state solution based on the work by Raats [1971] and an exponential dependence of
the diffusivity upon the water content. This is compared with a constant value of �q
calculated from an assumption of a hydraulic conductivity at the wetting front of 1 mm
day�1 and the water content at saturation. This comparison was made for a wide range of
soils. The constant �q generally underestimated �q at small wetted radii and overestimated
�q at large radii. The crossover point between under and overestimation changed with both
soil properties and flow rate. The largest variance occurred for coarser texture soils at low-
flow rates. At high-flow rates in finer-textured soils the use of a constant �q results in
underestimation of the time for the wetting front to reach a particular radius. The value of
�q is related to the time at which the wetting front reaches a given radius. In coarse-textured
soils the use of a constant value of �q can result in an error of the time when the wetting front
reaches a particular radius, as large as 80% at low-flow rates and large radii. INDEX
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1. Introduction

[2] Prediction of wetting patterns from trickle irrigation
emitters could assist in designing the spacing and siting
of trickle emitters in the soil profile. Many authors have
provided methods for the prediction of wetting patterns from
trickle emitters [Bresler, 1978;Hachumet al., 1976], yet these
have rarely been used in on-farm designs for trickle systems.
Properly designed trickle irrigation systems can deliver
highly efficient irrigation of crops [Phene, 1995]. However,
poorly designed trickle systems can be just as inefficient in
watering crops as any other system. Thus methods that can
accurately predict wetting patterns from trickle emitters
should help in designing efficient trickle systems.
[3] Revol et al. [1997a, 1997b] showed that flow from a

surface point source was well described by an analytical
solution. They found that analytical solutions, involving
either a constant value of the water content change behind
the wetting front (�q) or a value of �q that varied with
radius and time, both gave predictions that compared well
with experimental data [Revol et al., 1997b]. However, they
cautioned that this might not be universally applicable.
Thorburn et al. [2003] used this analytical solution with a
constant �q to calculate wetting patterns for a range of soil

types. They concluded that the wetting patterns of these
soils clustered into two distinct groups, coarse soils and the
rest. Here we will compare the radial wetting front position
using either constant or variable �q for a range of soils.

2. Theory

[4] For soils with an exponential dependence of the
hydraulic conductivity (k) upon the pressure potential (y),
steady state flow from a buried point source can be
described by [Philip, 1968]

f R; Zð Þ ¼ aQ

8pr
exp Z � rð Þ; ð1Þ

and from a surface point source by [Raats, 1971]

f R; Zð Þ ¼ aQ

4p
1

r
exp Z � rð Þ

�
� exp 2Zð ÞE1 Z þ rð Þ

�
; ð2Þ

where f = a.k is the matric flux potential [m2 s�1] with a
defined by k = ko exp[a(y � yo)], ko is the reference
hydraulic conductivity at pressure potential yo, R = ar/2,
Z = az/2, r = (R2 + Z2)1/2, r is the radial distance form
the vertical axis [m], z is vertical distance ( positive
downward), Q is the source strength [m3 s�1] and E1 (x) =R1
x

exp (�u)/udu is the exponential integral.
[5] To evaluate equations (1) and (2) for the soil water

content q(R, Z ) requires the diffusivity as a function of q to
be known. Here we use an exponential diffusivity [Gardner
and Mayhugh, 1958; Brutsaert, 1979]:

D qð Þ ¼ aeBq; ð3Þ
with a = bf/[(eb � 1)(qs � qn)exp(bqn/[qs � qn])], and B =
b/(qs � qn) where b is a parameter of the exponential
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diffusivity [Reichhardt et al., 1972]. Clothier and Scotter
[1982] showed that the spatial distributions q(R, Z ) and
f(R, Z) are then related by

q R; Zð Þ ¼ 1

B
ln

B

a
f R; Zð Þ

� �
þ eBqn

� �
: ð4Þ

Philip [1984, equation (17)], assuming a constant water
content �q in the wetted volume, derived a simple expression
for the relationship between the radial extent (r) of wetting, at
the source, and time (t) for a surface source:

T R; 0ð Þ ¼ 2 exp Rð Þ 1� Rþ R2=2
� �

� 2; ð5Þ

where

T ¼ a3Qt

16p�q
: ð6Þ

Philip [1984] did not explicitly give the solution for the
wetted radius from a buried source, as the streamline is
curved, but this was given by Thorburn et al. [2003] by
setting the polar angle in equation (30) of Philip [1984] equal
to 0:

T R; 0ð Þ ¼ eR R2 � Rþ 1

2
1� R� ln 2ð Þ½ �

�
ln 2eR � 1
� �

� 1

2
L 2eR
� �

� p2

24

�
; ð7Þ

where L(x) denotes the dilogarithm defined by

L xð Þ ¼ �
Z x

1

ln x

x� 1
dx: ð8Þ

[6] The value of a spatial constant value of �q in equation
(6) was replaced by Revol et al. [1997b] with

�q Rð Þ ¼ �q Rð Þ � qn: ð9Þ

We will use a value of �q (R) calculated by

�q Rð Þ ¼ 1

R2
qsR2

s þ
Z R*

Rs

Rq R; Z ¼ 0ð ÞdR
 !

; ð10Þ

where Rs is the dimensionless radius of the saturated region
near the source, which is obtained by solving equation (1) or
(2) for Rs with f = fs, R* is the radius where q(R*) = qf and
qf is the water content at the wetting front which is defined
below. The relationship between matric flux potential at
saturation, fs, and sorptivity, S [Philip, 1969], is [White and
Sully, 1987]

fs ¼
bS2

qs � qnð Þ ; ð11Þ

where b is a parameter that varies between 1/2 and p/4, qs
and qn are respectively values of the water contents at

Table 1. Soil Physical Properties for a Range of Soilsa

Soil Type e
ye,
m

qs,
m3 m�3

Ks,
m s�1

S,
m s�1/2

qn,
m3 m�3

�q*,
m3 m�3

�q*,
m3 m�3

fs,
m2 s�1

a,
m�1

a,
m2 s�1 B

Sand 4.05 �0.121 0.395 1.76e�4 5.06e�3 0.133 0.281 0.148 5.37e�5 3.28 9.55e�9 30.5
Loamy sand 4.38 �0.09 0.41 1.56e�4 4.20e�3 0.140 0.297 0.157 3.59e�5 4.46 5.67e�9 29.6
Sandy loam 4.90 �0.218 0.435 3.47e�5 3.15e�3 0.199 0.334 0.135 2.31e�5 1.50 3.05e�10 33.9
Silt loam 5.30 �0.786 0.485 7.20e�6 2.83e�3 0.300 0.394 0.094 2.39e�5 0.30 7.92e�13 43.3
Loam 5.39 �0.478 0.451 6.95e�6 2.10e�3 0.257 0.367 0.110 1.25e�5 0.56 4.50e�12 41.1
Sandy clay loam 7.12 �0.299 0.420 6.30e�6 1.50e�3 0.257 0.356 0.099 7.56e�6 0.83 4.37e�13 48.9
Silty clay loam 7.75 �0.356 0.477 1.70e�6 8.93e�4 0.310 0.421 0.111 2.63e�6 0.65 1.47e�14 48.0
Clay loam 8.52 �0.63 0.476 2.45e�6 1.39e�3 0.344 0.420 0.076 8.05e�6 0.30 1.41e�16 60.7
Sandy clay 10.4 �0.153 0.426 2.17e�6 6.03e�4 0.285 0.384 0.099 1.42e�6 1.53 2.56e�15 56.7
Silty clay 10.4 �0.49 0.492 1.03e�6 7.83e�4 0.368 0.450 0.0815 2.72e�6 0.38 2.77e�18 64.6
Clay 11.4 �0.405 0.482 1.28e�6 7.72e�4 0.364 0.442 0.078 2.78e�6 0.46 1.27e�18 67.7

aAfter Clapp and Hornberger [1978]; the initial matric potential = �10 m.

Table 2. Soil Physical Properties for a Range of Soils With Initial Matric Potential (yi) of �6 and �3 m

Soil Type

yi = �6 m yi = �3 m

qn,
m3 m�3

�q*,
m3 m�3

fs,
m2 s�1

a,
m2 s�1 B

qn,
m3 m�3

�q*,
m3 m�3

fs,
m2 s�1

a,
m2 s�1 B

Sand (S) 0.151 0.130 5.76e�5 4.25e�9 32.7 0.179 0.102 6.51e�5 1.08e�9 37.0
Loamy sand (LS) 0.157 0.140 3.83e�5 2.64e�9 31.6 0.184 0.113 4.29e�5 7.51e�10 35.4
Sandy loam (SL) 0.221 0.113 2.55e�5 7.41e�11 37.4 0.255 0.079 3.02e�5 5.54e�12 44.4
Silt loam (SiL) 0.331 0.063 2.86e�5 1.53e�14 51.8 0.377 0.017 4.07e�5 8.32e�19 73.9
Loam (L) 0.282 0.085 1.44e�5 3.14e�13 47.4 0.321 0.046 1.87e�5 1.07e�15 61.4
Sandy clay loam (SCL) 0.276 0.080 8.55e�6 3.27e�14 55.4 0.304 0.052 1.06e�5 2.02e�16 68.9
Silty clay loam (SiCL) 0.331 0.090 3.01e�6 6.08e�16 54.9 0.362 0.058 3.82e�6 9.47e�19 69.8
Clay loam (CL) 0.365 0.055 9.60e�6 6.57e�19 72.3 0.396 0.024 1.33e�5 2.34e�24 100.4
Sandy clay (SC) 0.299 0.085 1.58e�6 1.84e�16 63.2 0.320 0.064 1.89e�6 1.55e�18 75.5
Silty clay (SiC) 0.387 0.063 3.20e�6 1.21e�20 76.0 0.413 0.037 4.28e�6 8.13e�26 101.7
Clay (C) 0.380 0.062 3.23e�6 6.94e�21 78.8 0.404 0.038 4.22e�6 1.18e�25 103.0
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saturation and initially [m3 m�3]. Note that in the work of
Revol et al. [1997a, 1997b], B and b in equations (3) and (11)
were given the same symbol, implying they were equal. This
is an error [B.E. Clothier, personal communication, 2002].

3. Methods

[7] Clapp and Hornberger [1978] presented a list of soil
properties related to the texture of soils. These data are used
in an earlier study [Thorburn et al., 2003], and the same
data set will be used here. Some of the properties needed in
the calculations were derived from Clapp and Hornberger’s
data in the following manner. The data does not explicitly
give values of fs but these can be calculated from the
sorptivity, S [m s�1/2], using equation (11) with b = 0.55
[White and Sully, 1987]. The initial constant water content
qn prior to irrigation, was calculated for a matric potential y
of �10 m, using the Brooks and Corey [1966] functional
relationship:

q
qs

¼ y
ye

� �e

; ð12Þ

where ye is the air-entry potential [m] and e is an empirical
constant. The constant average water content, �q*, was
calculated by

�q* ¼ qs þ qf
2

; ð13Þ

where qf is the water content at the wetting front. The value
of qf was calculated as the value of q when the hydraulic
conductivity Kf is 1 mm day�1, this is an arbitrary choice
which was found to match with numerical results
particularly for finer-textured soils [Cook et al., 2003a],
using (after Clapp and Hornberger [1978])

qf ¼ qs
Kf

Ks

� �1= 2e�3ð Þ
; ð14Þ

where Ks is the hydraulic conductivity [m s�1] at saturation.
The time constant�q, is�q* = �q* � qn. From equations (6),
(7) and (8) it follows that T is only dependent on R in
equations (6) and (8). Hence T will have the same value for
both �q and �q* at the same value of R and hence

t ¼ t

t*
¼ �q*

�q
; ð15Þ

where t and t* are the time for the wetting front to reach the
same radius, r* = 2R*/a, for �q and �q* respectively. This
implies that when t > 1 it takes longer for the wetting front
to reach a particular radius using �q than would be
predicted using �q* and vice versa for t < 1. If we consider
the true value to be given using �q, then the error due to
using �q* is described by the magnitude of t at a particular
value of r*. The total error over the range of r* is given by
the root mean square of the difference (RSME):

Figure 1. Change in �q with r* compared with �q* (solid
line) for surface (dashed line) and buried (dotted line)
sources with Q 1 L h�1; a) sand and b) clay.

Figure 2. Relationship between t and r* for a surface
source with various flow rates: (a) sand and (b) clay.
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RSME ¼
X100
i¼1

t ri*ð Þ � 1½ �2; ð16Þ

where r*i = rs + �r, rs is the saturated radius calculated with
either equation (1) or (2), �r = (rm � rs)/100 and rm is the
maximum radius taken here as 1 m.
[8] The parameters a, B were calculated assuming b = 8

[Reichardt et al., 1972; Brutsaert, 1979; Revol et al.,
1997a]. The parameters used in the calculation are listed
in Table 1. The calculation procedure consisted of firstly
solving either equation (1) or (2) to obtain rs. Then �q, �q
and t were calculated for rs < r* < 1 m, for values of Q of 1,
2, 4 and 8 L hr�1. This required sequentially solving
equations (4), (10), (9), (6), and (15). The effect of initial
water content on these calculations was evaluated by
calculating the water content at two additional initial matric
potential values, namely, �6 m and �3 m, using
equation (12). This results in some of the other parameters
changing and these values are listed in Table 2.

4. Results

[9] The results show a general trend with �q (r*) being
under-predicted by the temporally constant value of �q* at

small values of r* and over-predicted at large values of r*
(Figure 1). The radius at which the change occurs from
under- to over-prediction is greater for the surface source
than the buried source (Figure 1). For sand the overestimate
of �q(r*) by �q* occurs for all except small values of r*. As Q
increases so does the value of r* at which this crossover
occurs (Figure 2). The starting radius at which the values of
t are plotted in Figure 2 is rs + �r. The flow rate has little
effect on rs + �r for the sand but a marked effect for the
clay (Figure 2) due to the increase in rs. The value of t, at a
specific radius, increases with flow rate for both soils with
generally t > 1 at low values of r* and t < 1 and high
values of r* except at the two highest flow rates for the clay
where t > 1 for the range of r* shown (Figure 2).
[10] The range in t for a flow rate of 1 L hr�1 shows that

the coarser textured soils (sand, loamy sand and sandy
loam) generally have values of t less than the finer-textured
soils at the same radius (Figure 3) and overall have a larger
RMSE (Figure 4a). However, as the flow rate increases,
the RMSE for the coarser textured soils decreases and at a
flow rate of 8 L hr�1 these soils have the lowest RMSE
(Figure 4d). This is due to the effect shown in Figure 2b
where for the clay soil, at high-flow rates, t > 1 for the
whole range of r*.
[11] The effects of initial water content on t are only

shown for sand and clay soils to show the contrast in results.
The relative effect of the initial matric potential on the value
of t is greater for the clay than the sand (Figure 5). The
relationship between t and r* for the sand, for all initial
matric potentials and both buried and surface sources, are
similar (Figures 5c and 5d). The different response to initial
matric potential of clay compared with sand, is only partly
explained by the relative change in �q* for the two soils.
For clay �q* reduces by 25 and 50% respectively, while for
sand the reduction is 12 and 31% respectively as the initial
matric potential increases from �10 to �6 and �3 m. Thus
the relative change in �q* for the sand when the initial
matric potential increases from �10 to �3 m is > for the
clay when the initial matric potential increases from �10 to
�6 m, yet the shift in relationship between t and r* for the
sand is < for the clay.

5. Discussion

[12] Revol et al. [1997b] obtained similar predictions of
the wetted radius using either �q and or �q*, and both
compared well with field measurements. Figure 4 of Revol
et al. [1997a] shows that there was little change in water
content as a function of r at various times. This lack of
variation in water content with r will have contributed to
their good predictions of the radial wetting obtained using
�q*. Results presented here would suggest that their results
are due to a combination of the properties of the soil and the
flow rate in their study.
[13] For a wide range of soils at low- to moderate-flow

rates and with properties in the range of the finer soils in
Table 1, �q* gives good predictions of wetting front
positions. Even in coarse soils, only low-flow rates and
long infiltration times give predictions of r* that are
substantially different for �q* compared with �q. This
can be illustrated by using an example from Thorburn et
al. [2003]. They predict that after 24 hours of irrigation at
the flow rate of 1.65 L hr�1 the predicted radius is 0.42 m in

Figure 3. Relationship between t and r* for a surface
source for all soil types in Table 1 at a flow rate of 1 L h�1.
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the sand. From Figure 2 the value of t, at this value of r*, is
approximately 0.6. This implies that if Thorburn et al. [2003]
had used �q instead of �q* they would have predicted the
arrival of the wetting front about 10 hours earlier. The radius
predicted at 24 hourswhen�q is used is approximately 0.5m,
which represents a 25% increase in r*. Revol et al. [1997b,
Figure 4] showed variability in measured wetted radius of
approximately 30%. Given the variability in soil properties
25% error in estimating r* using�q* may be acceptable. For
a clay, Thorburn et al. [2003] calculated r* to be 0.6 m after
24 hours of infiltration. Again from Figure 2 it can be
deduced that t is approximately 1, so the radius would be
well predicted using �q*.
[14] For likely application volumes (Q.t), the range of r*

presented here is sufficient for most practical purposes.
Given the results presented in Figures 3 and 4 and examples
given above it is likely that errors in predicting r*, when
�q* is used, will be generally less than 25%. This means
that the conclusions of Thorburn et al. [2003] based on
calculations using �q are valid and the model presented by
Cook et al. [2003b] should be useful in assisting in the
design of irrigation systems. However, there may still be a
considerable error in the volume of soil wetted during the
irrigation caused by errors in estimation of radius.

[15] The relative lack of effect of initial water content
on t for sand, indicates that for coarser soils the choice of
initial water content will not greatly change the error due
to using �q*. The parallel nature of the curves in Figure 3
for clay shows that value of the initial matric potential
(yi) shifts the t(r*) relationship on the t axis but the
range in t is similar. For finer-textured soils as yi

increases, the use of �q*, is likely to result in the
overestimation of r* at a particular time, especially for
small values of time.

6. Conclusions

[16] These results suggest that the use of a constant
average water content behind the wetting front when
predicting wetting patterns from point sources using the
solutions of Philip [1984] will give a good approximation of
the wetting front position for most soils but is likely to
underestimate the extent of wetting in sands at low-flow
rates and overestimate the extent of wetting in clay soils at
high-flow rates.
[17] The approach taken here and by Thorburn et al.

[2003] in calculating �q* gives reasonable results, when
used to calculate wetting front positions, given the variabil-

Figure 4. RSME for each soil type (see Table 2 for symbol related to soil type) for flow rates of
(a) 1 L hr�1, (b) 2 L hr�1, (c) 4 L hr�1, and (d) 8 L hr�1.
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ity found in soil properties. In soils with coarser texture or
properties similar to the coarser textured soils in Table 1 at
low-flow rates and long irrigation times, or finer-textured
soils at high-flow rates and short irrigation times a variable
water content proposed by Revol et al. [1997b] will provide
better predictions of the radial extent of wetting from a point
source.
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