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Integrable Kondo impurities in one-dimensional extended Hubbard models
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Three kinds of integrable Kondo problems in one-dimensional extended Hubbard models are studied by
means of the boundary graded quantum inverse scattering method. The bokindatgices depending on the
local moments of the impurities are presented as a nontrivial realization of the graded reflection equation
algebras acting in a @,+ 1)-dimensional impurity Hilbert space. Furthermore, these models are solved using
the algebraic Bethe ansatz method, and the Bethe ansatz equations are obtained.

[. INTRODUCTION remaining(supejsymmetry in the new boundary operator on
the impurity site corresponds to a subalgebra of (§wgej
The study of integrable models of correlated electronssymmetry of the original regular solution. As examples, this
with open boundary conditions has been the subject of conwvas illustrated in Ref. 14 for the case of gl impurites
siderable attentioh-® Recently it has become apparent thatcoupled to an open gi) invaraint chain form<n and a
for models of open chains it is possible to obtain integrablereproduction of the integrablieJ model with Kondo impu-
impurity boundary conditions as operators that need not bgtjes given in Ref. 13.
expressed in terms of thésupejsymmetry of the bulk |t s immediately evident in view of these results that
model. A very important application of this procedure is injntegrable spin impurities, being characterized by the sim-
the context of Kondo, i.e., spin, impurities in models of cor- plest Lie algebra g2), can bereadily obtained from regular

related electrons. For the case of the supersymmetdc o) tions coming from the largésupejsymmetry associated
model boundary spi- impurities were introduced in Ref. with the model in the bulk. In particular, it is possible to

. gnd the resuliing model was solved by means of the COobtain integrable boundary Kondo impurity models associ-
ordinate Bethe ansatz method.

A reformulation of this model in the context of the quan- ated with the Lie algebra gl(4) and superalgebras |gif3

tum inverse scattering methd@ISM) was given in Ref. 11, anﬁ( ?J'(az_?t' Wh'Ch weblnvesngate Se_re.trl]n ?aCh C?SG’ the
demonstrating that the model could be obtained viaafamil)Pu amittonian can be expressed In the form of an ex-

of commuting transfer matrices and thus establishing integrai€nded Hubbard model and thus is worthy of investigation in

bility. Central to this approach is the representations of thd€rms of the physical properties that are exhibited. The bulk

reflection equation algebras originally introduced by Hamiltonian associated with the gi) solution is well

Sklyanin!? Such a solution guarantees that boundary term&nown from previous work of Esslat al*° For the cases of

may be applied to any model whose bulk integrability isg!(4) and gl(31), although the quantuiR matrices are well

associated with a solution of the Yang-Baxter equation. Arknown in the literaturé?*® a realization of the associated

interesting observation made in Ref. 11 was that the necesdamiltonians in terms of Fermi operators appears lacking.

sary solution of the reflection equation was not regular in theHere we present for these two cases the bulk Hamiltonians,

sense that it is not obtained by “dressing”; i.e., it cannot bewhich are new models for integrable correlated electron sys-

factorized into a product of local monodromy matrices and gems.

c-number matrix. In the next section we introduce the three forms of ex-
By utilizing the underlying algebraic structure it was sub-tended Hubbard models with integrable boundary Kondo im-

sequently shown in Ref. 13 that more general classes of impurities. Following this we undertake an algebraic Bethe an-

tegrablet-J models with Kondo impurities exist. These were satz approach to solve each case. In the last section we

derived from both gl(21) and gl(3) invariant solutions of conclude with some final remarks.

the Yang-Baxter equation, and the solution of the reflection

equation was extended to accomodate arbitrary sjimpu-

rities situated on the boundaries. Again, the new solutions of || INTEGRABLE NON- c-NUMBER BOUNDARY K

the reflection equation are not regular. Moreover, it was also MATRICES AND KONDO IMPURITIES

demonstrated in Ref. 13 that the algebraic Bethe ansatz isy ONE-DIMENSIONAL EXTENDED HUBBARD MODELS

applicable for these models and explicit solutions were

given. Letc; , and c;ry(, denote fermionic creation and annihila-
Recently, the work of Frahm and Slavriéwas provided tion operators for spiw at sitej, which satisfy the anticom-

a representation-theoretic explanation for the existence ohutation relations {c;ﬂ(,,cm}zéij&,”, where i,j

these nonregular solutions of the reflection equation. In es=1,2,...L and o,7=1,]. We consider the following

sence, such solutions are obtained by suitable projection ontdamiltonian, which describes two impurities coupled to the

a subspace of the impurity Hilbert space for a regular solusupersymmetric extended Hubbard open chain of Essler

tion. A consequence of this projection method is that theet al,*®
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L-1 In this case we can introduce integrable Kondo impurities on
H=-— E (c;r(,c,-+1(,+ H.e)(1-nj _o—Njy1-4) the boundary by choosing
j=lo ' ' ' '
L-1 8
— > (c¢f.elciiqCiigr+H.C) -
=T Ya=5c 25,4 1)(2c,—25,- 1)
L-1
.S ..—in.n: .
+2J21 (SJ SJ+1 4anJ+l)+‘]aSl Sa+Van1 v 4C§+4Ca_4sa(sa+ 1)_3 (4)
«” (2c,+2s,+1)(2c,—25,~ 1)’
FUang g+ JpS Syt Vo H Uiy, () (2€a+28,+1)(26,~ 25, 1)
whereJ,,V,, andU, (a=a,b) are the Kondo coupling B 4C2+8C,—4S,(S,+1)—5
constants, the impurity scalar potentials, and the boundary Ua_(ZCa-f- 2s,+1)(2c,—2s,—1)"

Hubbard-like interaction constants, respective$y;is the

vector spin operator for the conduction electroSs; (« _ . . .
—a,b) are the local moments with spihlocated at the left A third choice of couplings that leads to an integrable model

and right ends of the system, respectively; is the number IS
density operatonj[,:cfgcjg, nj=nj;+n; .

The supersymmetry algebra underlying the bulk Hamil- L-1
tonian of this model is gl(2). It is quite interesting to note H=— >, (¢ yCjr1pTHCI(L=N) _,=Nji1 )
that although the introduction of the impurities spoils the j=lo ' ' ’
supersymmetry, there still remains u@)(2) symmetry in L-1

the Hamiltonian(1) whose representation contains the spin

ot
- ) W - clcl ciyqiCipqi+H.C)
and »-pairing realizations. As a result, one may add some 121 (€11C11C+ 1185411

terms likeUZ[_;n;n; , 2{_1n;, andh=j_y(nj;—n;)) to L1
the Hamiltonian(1),without spoiling the integrability. Below 23 (S--S— —lnn )
we will establish the quantum integrability of the Hamil- N A R

tonian (1) for a special choice of the model parametéys L1

V,, andU,:
—2121 NN N+ 1N 41+ JaS St Vany
2 C2+2C,S,—S,
o= c,(C,t2s,+1)’ Va== c.(C,t2s,+1)" +UaNgNg +3pS - S+ Vpn +Upniing g, (5
2
U —— 25, C,—Cal28,~1) @ where integrable Kondo impurities on the boundary are ob-

c,(c,+2s,+1) tained by the choice

This is achieved by showing that it can be derived from the

(graded boundary quantum inverse scattering methbd. 8

Here we emphasize that a special case of this model, corre- Jo= Tos + e 1

sponding tos,= 3, has been studied in Ref. 19. (2Cat 28+ 1)(2€4— 28, 1)
The second choice of couplings that leads to an integrable

model is given by (2¢2—1)%2—4s,(s,+1)
L-1 Vo={2c. 725+ 1)(2¢,—25,— 1) ©®
H:—jZl (c] 4Cit1ptHCIL= _,—nji1y)
L-1 y 4(c2—1)2—(2s,+1)?

_1‘21 (CJ.T’TCJTJCJ'*']-JCJ""LTJFH'C') - (2Ca+zsa+1)(20a_23a_1) '

_2L§:l S8 i Let us recall that t_he Hamiltonian of the one-di_mensi_onz_:ll
= +1 0 A+l (1D) supersymmetric extended Hubbard model with periodic
boundary conditions commutes with the transfer matrix,

i which is the supertrace of the monodromy maffiu):

—2;1 Ny Ny (N N = Njsr)

L-1 T(u)=RoL(U)- - -Rpy(U). )
_221 nHl’lnHlJ(nj’lnj’T—nj)+Ja31~Sa-l—Vanl

J Here the quanturR matrix R(u) comes from the fundamen-
+Uanying + 3,8 - S+ Vpn +Upnging (3 tal representation of gl(2) and takes the form



4908 ZHOU, GE, LINKS, AND GOULD PRB 62

u—2 0 0 0 0 0 0 0 0 0O 0 O 0O 0 O
0 u 0 0 -2 0 0 0 0 0 0O 0 O 0O 0 O
0 0 u 0 0 0 0 0O -2 0 0O 0 O 0O 0 O
0 0 0 wu 0 0 0 0 0 0 0O 0-2 0 0 O
0O -2 0 0 u 0 0 0 0 0 0O 0 O 0O 0 O
0 0 0 0 0 u-2 0 0 0 0 0O 0 O 0O 0 O
0 0 0 0 0 0 u 0 0O -2 0 0 O 0O 0 O
0 0 0 0 0 0 0 wu 0 0 0O 0 0O -2 0 O
R(W= 0 0O -2 0 0 0 0 0 wu 0 0O 0 O 0O 0 O ®
0 0 0 0 0 0O -2 O 0 u 0O 0 O 0O 0 O
0 0 0 0 0 0 0 0 0 0O ut2 0 O 0O 0 O
0 0 0 0 0 0 0 0 0 0 0O u O 0O 2 O
0 0 0 -2 o0 0 0 0 0 0 0 0 u 0O 0 O
0 0 0 0 0 0 0 -2 o0 0 0O 0 O u 0 o
0 0 0 0 0 0 0 0 0 0 2 0 Ou O
0 0 0 0 0 0 0 0 0 Ou+2
|
o e e e yperace s carea e T ST T @T .
géﬁ%e%ri;?ﬁegrirllaetrizacgs of an associative superalgebra ﬁ(u)=Tsf(u)7it(u)[T;1(—u)]St (12)
with
Ryp(U1—=Up) T1(Ug) To(Up) =To(Uz) T1(Ug)Ryp(U;—Uy),
9 T_(u)=Rom(u)- - -Roy(U),
End) For later use, we ls some usshi propertios e T+(W =R Rowa(0, Tew =Ko,

joyed by theR matrix: (i) unitarity: R;i5(u)Ryy(—u) =p(u); _
(i) crossing unitarity: Ritzz(—qul)Rth(u):E(u) with vyhere Ki(q), called boundary§ matrices, are representa-
~ , ] tions of 7. in some representation superspace.
p(u),p(u) being some scalar functions. _ We now solve Eqs(10) and(11) for K_(u) andK (u).
In order to describe integrable models on open chains, we; the quantuni matrix (8), one may check that the matrix
introduce two associative superalgebfas and 7, defined K_(u) given by
by the R matrix R(u; —u,) and the relatiorid

1 0 0 0
Ri(Up—U2) 7y —(U1)Rpi(Up+Up) T, _(Uy) 0 1 0 0
=T5,-(Uz)Ryx(Us+Uz) 7y (Ug)Ryy(Us—Up), K_(u)= 0 0 A(u B_(u] (14)
(10 0 0 C_(u D_(u)
RS2~ up+ Up) T3 (U {[R3(Uy + Up) ] 52T 2(uy)  Where
i i _ 2+ 2u—4ci- +1)+
=Ty ([RE2(uy + up) 150 A_(uy= - ST2UTAcam dca(2s, H D) FAuS,
. et (u=2c,)(u—2c,—4s,—2)
X T; % (U)RTF ¥ 2(—ug+uy), (1) s
u a
respectively. Here the supertranspositist), («=1,2) is B_(u)=—— — A oy
only carried out in theath factor superspace of/®V, (U=2c,y)(U—2Cc,—4s,—2) s
whereasst, denotes the inverse operationgdf,. By modi- aust (15
fying Sklyanin’s argument’? one may show that the quan- C_(u)=— a ,
tities 7(u) given by =(u)=st{ 7, (u)7_(u)] constitute a (U=2¢,)(U—2C,—45,— 2)
commutative family, i.e.[ 7(u;),7(u,)]=0.
Y. Ledru) m(uz)] U2+ 2u— 4c2— 4ey(25,+ 1) — SUSE

One can obtain a class of realizations of the superalgebras D_(u)=—
7. and7_ by choosingZ. (u) to be the form - (U—2cy)(U—2c,—4s,—2)
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satisfies Eq(10). HereS™=S+iS. The matrixK .. (u) can
be obtained from the isomorphism of the superalgelitas
and7, . Indeed, given a solutiofi_ of Eq.(10), then7, (u)

defined by
TH(W)=T (—u)

(16)

is a solution of Eq(11). The proof follows from some alge-

braic computations upon substituting E46) into Eq. (11)
and making use of the properties of tRematrix. Therefore,

one may choose the boundary matikix (u) as

7

(18)

10 O 0
. 01 0 0
u= 1
W0 0 AW B
0 0 Ci(u) Dy(u
with
A u?—2u—4ci—4cy(2s,— 1)+ 8s,+ 4uS;
Hw=- (U—2cp+2)(u—2c,—4sy)
4us,
B+ (W= i 2e, 1 2)(u—20,— 45y’
4us;)
ClW =~ 20,7 2)(u-2¢,—4s,)’
u?—2u—4ci—4cy(2s,— 1) +8s,— 4uS:
D.(u)=-

(U_2Cb+ 2)(U_2Cb_4sb)

Now it can be shown that Hamiltoniaid) is related to the

second derivative of the boundary transfer matiix) with
respect to the spectral parameteat u=0 (up to an unim-

portant additive constant

u-2 0 0 0 0 O
O u 0 0 -2 0
O 0 u 0 0 0
O 0 0 u 0 0
O -2 0 0 u O
O 0 0 0 0 u-2
O 0 0 0 0 o
O 0 0 0 0 o

RW=["%9 0o -2 0o o o
O 0 0 0 0 o0
O 0 0 0 0 o0
O 0 0 0 0 o0
O 0 0 -2 0 0
O 0 0 0 0 0
O 0 0 0 0 o0
O 0 0 0 0 O

cC O © 0o o o o

N © o

o o o © o o

o O N
N

O 0o © o & © 0o o o o o o

70
T A(V+2W)

L-1 1
=2 Mt KL O 3y

X[stro(Kg+(0)Gpo)+2 stip(K' g+ (0)H)

+5t(Ko+ (0)(H) D)1, (19)

with

h= 1dPR
=~ 5 ggPRW,

where P denotes the graded permutation operator, and the
subscript 0 denotes the four-dimensional auxiliary super-
spaceV=C?? with the gradingP[i]=0 if i=1,2 and 1 if
i=3,4, and

V=strK) +(0),  W=stip(Ko (0)HR)),
(20)

HF =P ;R ;(0), G;;=P;;R{;(0).

This implies that this model, as with the following two
model we will study, admits an infinite number of mutually
commuting conserved currents, thus assuring its integrabil-
ity.

The second choice of integrable couplings results from
use of anR matrix obtained by imposing th&, grading
associated with two bosonic and two fermionic states to the
fundamental su(4R matrix, which reads

|
N © o

O © o ° o o
cC O o o o o
o o © o o o N ©C o o
|
N
COONOOOOOOOOOOO

© oo @ 9o o o

|
N

. (2D

OOOOOOOOOO
© © 00 9 ooo oo

© o c

o © o o
C O O o o o
ooooooooooooooo

[
o © o oo ®° © ©ooo
o

|

c o
o © o o o ©
|
c
+
N

+2

o
o
o
|
<
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We now solve Eq910) and(11) for K_(u) andK . (u). For 4u—4)S,
Eq. (21), we find that the matriX<_(u) given by Eq.(14) B, (u)=-— (U+20,—25—3)(Ut 2c,+ 25— 1)
where b oD b ewD

A (W)= U2—2u—4ci+4s,(s,+1)+1—4us: A(u—4)S;
B (Ut2¢a—28,—1)(U+2¢,+28,+1) C+ (W)=~ (5 2c,—25y-3) (ut 205+ 25— 1)
5 4us;
(W= 20— 2s.-D(ut 2c,+ 25,4 1) D+ (u)
s (22) U?—6u—4ci—8c,+4s,(S,+1)+5+4(u—4)S;
C_(u)= U - (U+2C,— 25— 3)(U+2C,+ 25— 1)
- (u+2c;—2s,—1)(u+2c,+2s,+1)’
(25
U?—2u—4c2+4s,(s,+ 1) +1+4uSh _ _ _ _
D_(u)= For this example it can be shown that the Hamiltonignis

(UF2Ca =28, 1)(U+2C, 25,1 1) related to the logarithmic derivative of the transfer matrix

satisfies Eq(10). The matrixK, (u) can again be obtained 7(u) with respect to the spectral parametest u=0 (up to
from the isomorphism of the superalgebrds and 7, an additive chemical potential tejm
through

L-1
st — _ 1 , Stro(KO’ (O)HL())
T u)=T_(—u+4). (23 H= 2 hjjat 5K 0+ — e —g— - o - @
Therefore, one choose the boundary malktix(u) as = 00
1 0 0 0 with
K. (W) 0 1 0 0 (24
u)= 1d
i 0 0 A.(u) Bi(u h=-35 3o PRW
0 0 Ci(u) D (u
with and subject to the constraint).

) ) , The third choice of integrable couplings results from use
U“—6U—4C,—8Cp+48,(Sp+1)+5-4(U—4)S,  of the R matrix obtained by imposing th&, grading to the

Arlu)= (u+2cp—2s,—3)(Uu+2c,+2s,— 1) ' fundamental gl(8L) R matrix which reads
-u—-2 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 u 0 0 -2 0 0 0 0 0 0 0 0 0 0 0
0 0 wu 0 0 0 0 0 -2 0 0 0 0 0 0 0
0 0 0 wu 0 0 0 0 0 0 0 0 -2 O 0 0
0 -2 0 0 wu 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 u-2 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 u 0 0o -2 0 0 0 0 0 0
0 0 0 0 0 0 0 wu 0 0 0 0 0 -2 o0 0

R(W= 0 0 -2 0 0 0 0 0 wu 0 0 0 0 0 0 0
0 0 0 0 0 0 -2 O 0 wu 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 —-u+2 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 -u O 0 2 0
0 0 0 -2 o0 0 0 0 0 0 0 0 u 0 0 0
0 0 0 0 0 0 0 -2 0 0 0 0 0 wu 0 0
0 0 0 0 0 0 0 0 0 0 0 2 0 0 —u 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 —u+2

(27)
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Again we solve Eqs(10) and (11) for K_(u) andK, (u). . (U;—uy—2)(u;+uy,—4) b
For Eq.(27) we obtain Eqs(14) and(22), and Dpg(Uq) Be(up) = (U= ) (U + Up=2) r(u+u,—2)gp
T(W)=JT_(—u+2), J=diagl,-1,11, (29 X (Uy — Up) "y Be( ) Dy ()
giving ) 2(U—2)u,
1 0 0 0 (ugtu,—2)(u;—1)(uy,—1)
0 -1 0 0 X1 (2u3 = 2)83By(u1) A(uy)
Ke(W=l, 4 A.(U) B.(U) (29) ) 2(uy=2) s
0 0 Ci(u Di(u U up(u,— 1) (P2
with X By(u) Dig(U), (33
U?—2u—4ci+4s,(sp+1)+1-4(u—2)S;
A (u)y=— , (Uug—Uuy+2)(u;+u,)
(u+2cp— 28, 3)(u+2c,+2s5p— 1) A(uy) By(uy) = (ui—uz)(u1+32—22)63(u2)“4(u1)
B 4(u-2)§, 2(uy+uy)
HU)= T 26,—25,-3)(u+ 2051 255 1) T U=, (Ut U= 2y DA U AlU2)
(30)
4(u-2)S; -
C.(u)= (U=2)3, a2 Ba(ul)(Daﬁ(UZ)

(u+2cp—2s,—3)(u+2c,+2s,— 1)’

1
5 U2 2u—4ci+4s,(s,+ 1)+ 1+4(u—2)S, —m(saﬁf‘(uz)) : (34)
+(w= (u+2c,—2s,—3)(u+2c,+2sp—1)
ere
The Hamiltonian(5) is related to the logarithmic derivative
of the transfer matrixr(u) with respect to the spectral pa-
rameteru atu=0 (up to an additive chemical potential term . 1
P P Dyl ) = Doa( ) ~ == SpaA(W)

L-1
stip(Ko .+ “'Hyo)

" Mt RO Tk )

(3Y) and the matrixr(u), which in turn satisfies the quantum

Yang-Baxter equation, takes the form,
with
- rpw=1, riju=r3 (U)—— :
h 3 duPR(u) )
For this case we obtain E¢) subject to the constraint§).
ridw=rifw=r3iw=riiw=rw=rFw=- =,
IIl. THE BETHE ANSATZ SOLUTIONS

Having established the quantum integrability of the mod- U
els, let us now diagonalize the Hamiltonians by means of the rizy —r W=r8u=r —
algebraic Bethe ansatz methtff® For the first casgl), A=W =r3w=riju)= u—2’
introduce the “doubled” monodromy matrild (u):

u

U(u)=T(WK_(u)T(u) W =rZu=—-—5. (35
A(u)  By(u)  By(u)  Bs(u)
Ci(u) Dyy(u) Dyy(u) Dyg(u) Next choose Bethe sta}€) of the form
=| W Dau(u) Dolu) Dpgu) |+ (32 -
C3(u) 'D31(u) D32(U) Dgg(u) |Q>=Bil(ul) . 'BiN(UN)|‘P>FI1-UIN, (36)

where T(u)=T (—u). Substituting into the reflection with |@> being the pseudovacuum. Acting the transfer ma-

equation(10) we may draw the following commutation rela- trix 7(u) on the statéQ) we haver(u)|Q)=A(u)|Q) with
tions: the eigenvalue
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(Co—3u) (Cp— 3u+2s,+1)

U=1(c,—3u—1) (cp

—Lu+2s,)

U+U‘)(U_Uj+2)+ u u \%
u—u)(u+u;—2) u—-1{u-2

~| —~

(U—u;j—2)(u+u;—4)

(1)
TR TEAT

(37

_ o\ 2L
uj

A (uj{u}). (38)

u  (cp—3u) (Co—3Uj+28,+1)

uj—2 (Co—3u;—1) (cp

—3U;+2sp)

(Uj—u;=2) (u;+u;—4)
H (uJ—u +2) (ujtup)
|#:]

Here A®(u;{u;}) is the eigenvalue of the transfer matrix

3(u) for the reduced problem that arises out of thea-
trices from the first term in the right-hand side of E§3)
with the reduced boundarg matricesk )(u):

1 0 0
KOwy=| 0 ADw) BD(u) (39
0 cWw) DD(u)
where
AD(u)= - U= 4C3—85,Cat 45, +4(U—1)S]
- (U=2C,)(U—2C,—4s,—2)
B - 4(u-1)S;
- (U—2c,)(U—2Cc,—4s,—2)’
(40)
_ +
) 4u-1)S
- (u—2c,)(u—2c,—4s,—2)’
DM(uy=- U?—4c— 85,0, +45,~4(U— 1)
- (U—2c,)(u—2c,—4s,—2)
and
1 0 0
KOw=[ 0 AP BP() (42)
0 c®Pw) DWY(u)
where
o U2—2u—4c2—4cy(2s,— 1) +8sp+ 4uS:
= T o T (u—20,—dsy)
B(l)(u)=— 4u§,
+ (u—2c,+2)(u—2c,—4sp)’

ZHOU, GE, LINKS, AND GOULD
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4us’
cB(u)=- * ,
(Uu=2¢cp+2)(u—2c,—4sy)
50 u?—2u—4ci—4cy(2s,— 1)+ 8s,— 4uS;
+(w=- (U= 2C,+2)(u—2c,—4sy) '
(42

Here KY(u), the boundar matrix after the first nesting,
follows from the relation

Ddd<u>|‘lf>=—K<”<u>|\P>

1 u 2L
=(K—(U)dd+ m)(ﬁ) |P),

. u u |\
Ddb(u)m’)Emde(U)|‘l’>=K—(U)db ﬁ) |W).
(43

Indeed, applying the monodromy matriXu) and its “ad-
joint” T(u) to the pseudovacuum, we have

L
Tu(W)[W)=|P), Tgo(w)|¥)= ( - )|q’>

Ta(W[P)#0, Typ(w)|¥)=0, Tg(u)|¥)=0,

o @

|1,

7 = u
Tu(W[w)=[), Tdd(U)|‘I’>:(u—_2

Tia(W[W)#0, Tgp(w)|¥)=0, Ta(u)|¥)=0,
whered#b, d,b=2,3,4. Then we have

A()| ) =),

By(u)[¥)#0, C4(u)|¥)=0,
(45)

u 2L
Ddb(u)l‘lf>=(m) K_(u)gp|¥),

u \% 1
Ddd(u)|q}>:(m) ( (U)dd+ )|\I’>_ |q’>

(U= 1) Tog(U) Typ(U) = To U) Top(U) — Tog(U) Tax(U)
—T24(u)7F42(u)
= =T (W) Tyg(u) + (U= 1) T U) To(u)

=T 15(U) Tag(U) = T14(U) Tag(W),

(U= 1) Ta(U) Tya(U) = Top(U) () = TogU) Tag(u)
—Toi(U) TagU) = UT () Toy(W),

(U= 1) Toa(U) T1a(U) = Top(U) Tos(U) = Tog(U) Tag(U)

— Toi(U) T 4a(U) = UT14(U) Toy(u),
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Tay(U) T 1o(U) = (U= 1) Tan( U) T on(U) + Tas(U) TaxU) Noticing the changau—u—1 with respect to theT original
problem, one may check that these boundénmyatrices sat-
+ Tag(W) T4o(U) = —UTo(U) Tax(U), isfy the reflection equations for the reduced problem. After
some algebra the reduced transfer mawi¥(u) may be
Taa(U) Tyg(U) = (U= 1) Tap(U) Tog(U) + Taa(U) Tag(u) recognized as that for the inhomogeneous supersymmetric
t-J open chain interacting with the Kondo impurities of ar-
+ Ta(U) T 43(u) bitrary spins, which has been diagonalized in Ref. 13. The
5 5 _ final result is
=Toa(U) Too(U) + Top(U) Tox(U) + (U+ 1) Toz(u) Tax(U)
u (Cp—3zU)  (Cp—3zU+28,+1)

+Touu) Tk ), A(”(u;{ujD:u—z(c sUt2s) (o= 3u-1)
b™ 2 b b™ 2Y™

Tag(U)T14(U) — (U= 1) Tan(U) Toa(U) + Tg(U) Tag(u)

- _ M1 =y, +2)(ut+v,—2)
F Tag(U) Tga(U) =UTo4(U) T3x(U) Xal_le (U=vy)(Utv,—4)
Taa(W) T1oU) + Tao ) TooU) + (U+ 1) Tag ) Tz ) u-1 (u—up)(utu—2)
+ Tag(W) T 4o(U) u—2j=1 (U—Uj—2)(u+u;—4)
=UTaA W) Teg(U) y l“i[ (U=v,+2)(u+v,~2)

a=1 (U=v,)(utv,—4)

Taa(W) TagU) + Tao W) TogU) + (U+ 1) Tagu) Tag(u) S« AD(UU o) 9
il I a

+ T 4a(U) Tag(u) _ _
_ provided the parametefs ,} satisfy
=UT33(u) Tya(u),

(2% (Cb_%va)(cb_%va+zsb+1)

Taas(WT24(U) + Ty U) Toa(U) + (U+ 1) Tyg(U) Tag(u)
Va— 1 (ch—3v,+25,)(Ch—3v,—1)

s W) Tasw) \
- - XH (Vo= U;j—=2)(v,+Uu;—4)
= Tay(u) Tyg(u) + Ta(U) Tog(u) e U (vt U;—2)
+ Tag(U) Tag(u) + (U+ 1) Tas(u) Taz(u), (46) =~ AD(v, Ut {vgh). (49)
which come from a variant of thegraded Yang-Baxter al-
gebra(9) with the R matrix (8), Here A®(u;{u;}.{v,}) is the eigenvalue of the transfer ma-
B B trix 7?)(u) for the M ,-site inhomogeneou¥ X X open chain
T1(WR(2U)To(u)=TL(U)R(2u) T4 (u). (47) interacting with the Kondo impurities of arbitrary spins,
|
(Co— 3u)  (Cp—3u+2s,+1) - c +3u+2s,—1[ u M2 (u—wy—3)(utwy—3)

A(Z)(uy Uj ] Ua ):_
thiva} (chb—3u+2sy)  (cp—3u—1) y=abc,—3u+2s,+1|U~1s=1 (U—wWg—1)(utwg—1)

My

u—2 (c,+3u—1) (c,—3u+2s,) (U—vy)(utv,—4)

+
u=1,=ab (c,— 3u) (c,+3u+2s,—1)a=1 (U—va+2)(Utv,—2)

Mo (u—wg+1)(ut+wg+1)

X , 50
p=1 (U=wg—1)(u+wg—1) (50

provided the parametefsv,} satisfy
(C,+ 3Wg— 3)C,— 3Wg+2S,— 3) My (Wg—v,+1)(Wgtv,—3) M2 (Wg—Ws—2)(Wg+Ws—2) 5

y=ab (C,— %WB_ %)(C7+ %Wﬁ+23y_ 1ya=1 (Wp—v,+3)(Wgtv,—1) 1 (Wg—Wst2)(Wgt+Ws+2)
5%

After a shift of the parametengj—u;+1v,—v,+2, the Bethe ansatz equatio(®8), (49), and (51) may be rewritten as
follows:
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2L N

1 (U
i#]

M (U= vt 1) (Ut ot 1)

a=1 (uj_va_l)(uj—{_va_l)’

Uj_l
uj+1

(Uj_ui+2)(Uj+Ui+2)
Ui—2)(u;+ui—2)

c, +iv, +2s, (va—Uj+1)(va+Uj+1)

Ui—1)(v,+tuj—1)

y=ab C,— Eva+ 257 =1 (Va—

_ M2 (1~ Wt 1) (vt Wet1)
p=1 (V,=Wg—1)(v,+Wg—1)’

3) (c,+3Wg+2s,— 3)

y=a,b (C.y_ %WIB_
My

o« (Wg=v,—1) (Wgtv,—1)

=1 (WB_UQ+ 1) (WB+Ua+ 1)

T |

6#,8

Wg—Ws—2) (Wgt+Ws—2)
(Wg—=Ws+2) (Wgtwst2)’

(52

with the corresponding energy eigenvalief the model

(53

N

-2
j=1 UJ -

We now perform the algebraic Bethe ansatz meth&tpro-
cedure for the second coupling8). We introduce the
“doubled” monodromy matrixU(u), as in Eq.(32). Substi-
tuting in the reflection equatiofl0) we may draw commu-
tation relations Eqs(33) and (34). Here

Dpg(U) =Dpg(u) — 5bd~’4(u)

and the matrixr(u), which in turn satisfies the quantum
Yang-Baxter equation, takes the form,

r(u)=rau)=riu)=1,

2

risu)=riyu)=raiu)=riiu)=rau)=r3 (u)—— o

rzl(U)_r (U)_r31(U)_r (U)_rsz(u)_rz3(u)_
(54)

Choosing the Bethe stat®) as Eq.(36) with | W) being the
pseudovacuum, and acting the transfer mat(x) on the
state|Q),we haver(u)|Q)=A(u)|Q), with the eigenvalue

ZHOU, GE, LINKS, AND GOULD
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1 1
2) (Cpt3Uu—s,— 3

A) u—4 (cpt+iu+s,+
u =
“L(cotiuts,—3) (cotzu—sp—3
(utuj)(u—u;+2)

2)

N
x11
j=

1 (U—up)(utuj—

u ( u )2LN (U—u;—2)(u+u;—4)
u-1lu-2/ =1 (u—up(utu;—2)

X AD(u;{u}), (55)

provided the parametefs;} satisfy

—4 (Cb+ %UJ +Sb+ %) (Cb+ %UJ —Sp— %) (uj_z)ZL
Uj=2 (c,+ 3Uj+s,— 3) (Cpt+ 3Uj—sp— 3) | U]
N
(Uj—u;=2) (u;+u;—4)
— Oy, fu.
I G= ra AYwstub. - 69

i#]

Here A®(u;{u;}) is the eigenvalue of the transfer matrix
7(u) for the reduced problem, that arises out of thma-
trices from the first term in the right-hand side of E8),
with the reduced boundaty matricesk ‘) (u) from Eq.(39)
where

U?—4c2—4c,+4s,(s,+1)+3—4(u—1)SE

W —
A (U+2c,—2s,—1)(u+2c,+2s8,+1)
B(l)(u)z 4(U—1)Sa
- (U+2c,—25,—1)(U+2C,+25,+1)°
(57)
_ +
W)= 4(u-1)S;
B (U+2c,—2s,—1)(U+2c,+2s,+1)°
DW(u)= UZ—4c2—4c,+4s,(s,+1) +3+4(u—1)S

(U+2c,—2s,—1)(u+2c,+2s,+1)

and Eq.(41) where

AP(u)
u?—6u—4ci—8c,+4sy(s,+1)+5—4(u—4)S;
B (u+2c,—2s,—3)(u+2c,+2s,— 1)
4(u—4)S,
BO(u)= - > :
(U+2Cb_25b_3)(u+20b+ ZSb_ 1)
4(u—-4)S;
C(u)=— > :
(U+2Cb_25b_3)(u+20b+ ZSb— 1)
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D®(u) Taa(U) Ty U) + T U) T U) = (U= 1) Tya(u) T U)

2 ~ ~
_ u?—6u—4ci—8c,+4sy(sp+1)+5+4(u—4)S T4 W) T 4o U) = UT g (U) Tas(U)
(u+2c,—2s,—3)(u+2c,+2s,— 1)

(58 B ~ 5
Ta2(U) T13(u) + Ta(U) Tog(u) = (U= 1) Ta5(u) Taa(U)

HereK ®)(u), the boundanK matrices after the first nesting = =

- , ' +T4(U) Taa(U)=—UTa3(U)Tya(U),
follows from relations(43). Indeed, applying the mono- adWTaU) 3ol W Tad(U)
dromy matrix T(u) and its “adjoint” T(u) to the pseudo-
vacuum, we have Eq$44) and (45) ~ ~ ~
Ta2(U) T14(U) + Tao(U) Tog(U) = (U—1) Tyz(u) Ta4(u)

(U=1) Toy(U)T1o(U) = Top U) TonU) = Tog(U) T U) + T () T 44()

—Tos(u)Tax(u)
= —T12(U) Tya(u) + (U= 1) T1(U) Toy(u)

—T1a(U) Tag(u) = Toa(u) Tya(u),

=Taa(U) Tya(U) + Ta(U) Tog(U) + T5(u) Tag(u)

—(U=1)Ta(u) Taa(u), (59)

which come from a variant of thegraded Yang-Baxter al-
gebra(9) with the R matrix (21), as in Eq.(47).

_ = _ = _ = Noticing the change—u— 1 with respect to the original
(U= ) Tar(WTagU) = TooU)TosU) ~ Tog W) Tao(U) problem, one may check that these bound@matrices sat-
—Toy(U) T 4z(U) = uT15(U) Toy(U) isfy the reflection equations for the reduced problem. After

some algebra,the reduced transfer matfb(u) may be rec-
ognized as that for the inhomogeneou$3su-J open chain
interacting with the Kondo impurities of arbitrary spins,

(U= DTor(UT1a(U) = TooU)Toa(U) ~ TooU) Tao(U) which has been diagonalized in Ref. 13. The final result is

— Tos(U) T 44(U) = uT4(U) Toy(u)

- - - A )_U—4 (Cot+zU+sy+ 3) (Cp+aU—Sp—3)
T31(U)T12(U)_EU_1)T32(U1T22(U)+T33(U)T32(U) v =55 (Cot Euts— 1) (Cot bu—sp— 2)
+T34(U) Ta(U) = —uTo(U) TaU) lM]l (Um0, 42)(Utv,—2)
_ 5 B Xazl (u—vy)(utv,—4)
T31(U)T13(U)—(~U—1)T32(U)T23(U)+T33(U)T33(U) u_1 (u—u)(utu;—2)
+ T34(U) T43(u) S u—2j=1 (u—u—2)(utu;—4)
=To0(W) To(U) + ToU) Tox(U) iill (u—v,—2)(utv,—6)
X
— (U= 1) T o5 T W) + Tos W) Ta ), =1 (Umvg)(Utv,—4)
5 ~ ~ X AP (u{u}{v, (60)
Taa(U) Tya(u) = (U= 1) Tao(U) Tog(U) + Tag(u) Tas(u)
+ Tag(W) T aa(U) = —UToy(U) Tax(U) provided the parametefs ,} satisfy
|
V=4 (Cht30a+Spt+ 3) (Cot30,—Sp— 3) 1 (V= Uj=2) (vt U;—4)
Va=3 (Cot3vatSe—3) (Cotiv,—Sp— 3)i=t (Vo= Up)(UatUj=2)
My 2 ~2
(Vg vt )(UQ‘FUg ) _ —A(Z)(UQ;{Ui},{Uﬁ})- (61)

X =
E (va—vg—Z)(va-f-vg—G)
{(Fa

Here A (u;{u;}.{v,}) is the eigenvalue of the transfer matri$*)(u) for the M;-site inhomogeneouXXX open chain
interacting with the Kondo impurities of arbitrary spins,
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(Co+3U+Sp+ 3) (CptzU—S,—
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1 1 5
z) y~ 2UTS,t3

AU} o)) = -

u—a M2 (U—wg+2)(u+wg—

1 1 1
(CpTzUtsp—3) (CptzU—S,—

$)7=ab c,+3uts,+ 3

4) u-2 (c,+3u+s,—3) (c,—3u—s+3)

U—SB:]_

My

<11

(u=v,)(u+v,—4)

(U=wg)(u+wg—6)

M2 (U—wg—2)(u+ws—8)

U=3,=ab (c,+3u—s,— 3) (c,—3u+s,+3)

(62

(U—UQ—Z)(U‘FUQ—G)B:]_

a=1

provided the parametefsv,} satisfy

(Cy+3Wp+s,— 3)(C,—3Wg—s,+ 3)

y=ab (C,—3Wg+s,+ 5)(C,y+3Wg—5S,— 3)

My

<11

a=1

(Wg=v,)(Wgtv,—4)
(Wg—v,—2)(Wgt+v,—6)

M2 (Wg—Wst2)(Wgt+ws—4)
1 (Wg—Ws—2)(Wgt+Ws—8)"
5+

After a shift of the parameters;—u;+1v,—v,+2Wg

—Wg+3, the Bethe ansatz equatiots6) , (61), and (63)
may be rewritten as follows:

(63

2L N

I1

i=1
i#]

ML (U= vt 1) (U o+ 1)

_a=1 (uj_va_ 1)(uj+va_1) ’

Uj_l

u+1

(Uj_ui+2)(Uj+Ui+2)
(Uj_ui_Z)(Uj+Ui_2)

N (e U= 1) (v,+u;—1)

C,F3v,+S, T 3 _
=1 (Va— U+ 1) (v, +uj+1)

y=ab C,— %va+sy+§

- M2 (Ua_Wﬁ+ 1)(UG+W,B+ 1)

e (VW= 1) (v, W 1)

My

<11

=1
{Fa

(va—vg—Z)(va-‘rUg—Z)
(Ua_W§+ 2)(UQ+U§+ 2)

(C,+3Wg+s,+1)(c,—3Wg—s,+1)

y=ab (c,—3Wgts,+1)(C,+3Wz—5s,+1)

Y (W0, 1) (Wetv,+1)
a=1 (Wﬁ_va_l) (Wﬁ+va_ 1)

M2 (Wg—Ws+2) (Wgt+wst2)
o (Wg—Ws—2) (WgtwWs—2)'
5+

with the corresponding energy eigenvalb®f the model in
Eq. (53).

(64)

(U=wpg)(u+wg—6)

We now perform the algebraic Bethe ansatz methd
procedure for the third couplingss). We introduce the
“doubled” monodromy matrixU(u), as in Eq.(32) where
T(u)=T~(—u). Substituting into the reflection equation
(10), we may draw the following commutation relations,

(Uup—uz—2)(uy+uy)

eb
(Uup—uz)(ug+ux+2) (Ut Uzt 2)gn

Dpa(Up) Be(up) =

Xr(ug— Uz)i:the(Uz)bgi(Ul)

2u4U,
(Uup+us+2)(ug+1)(u,+1)

X (2u;+2)%8B,(u1) A(uy)

P S
(ug—uy)(u+1)
Xr(2uy+2)8By(u)) Dic(uy), (65

(Up—uz—2)(up+uy)
(Up—uy)(u;+uy+2)

A(uq)Bg(uy) = Bp(uz).A(uy)

2(u;+uy)
(Up—Uup)(u;+uy+2)

Bp(ug)A(uUy)

T Ut u,t2 Ba(ul)( D,p(uy)

. (66)

1
=1 5&,8-’4(”2))

Here

. 1
Dpg(u) =Dpg(u) + Ty OpaA(U)

and the matrixr(u), which in turn satisfies the quantum
Yang-Baxter equation, takes the form, of E§4). Choosing
the Bethe stat¢)) as Eq.(36) with |¥') being the pseudo-
vacuum, and acting the transfer matriku) on the state
|Q),we haver(u)|Q)=A(u)|Q), with the eigenvalue
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U—2 (Cp+3U—S,— 3) (Cp+3U+Sy+ 3)

U+l (cy+iu+s,—

<11 ¢

A(u)=
7) (cptzu—s,— 3
(u+u;)(u—u 2L
(u=up(u+u;+2)

—-2) u
u+1

u
u+2

(Uu+u;)(u—u;—2)
(U=u;)(utu;+2)

<1 ¢

provided the parametefs;} satisfy

AD(u{ub), (67)

1 1 1
—2 (Cpt3Uj=Sp— 3) (Cpt3Uj+Sp

1 1
2) (Cpt3Uj =Sy

+ %) ( Uj+2)2L
Uj (Cb+%u'+sb_ -3 Yj

—H

|#J

(Uj—
(uj_ul

ui+2) (uj+ui+4)
2)  (u+u)

AU fud). (69

Here AM(u;{u;}) is the eigenvalue of the transfer matrix

7(u) for the reduced problem, which arises out of the
matrices from the first term in the right-hand side of E&§),
with the reduced boundaty matricesk ‘(u) from Eq.(39)
where

U?—4c2+4c,+4s,(s, 1) —1-4(u+ 1S

W)= —
AW (U+2C,—25,— 1)(u+2c,+ 25, + 1)

B ()= 4(u+1)S, ,

(Uut+2c;—2s,—1)(U+2c,+2s,+1)
(69)
4(u+1)S;

(1)(u)

(u+2c,—2s;,—1)(u+2c,+2s,+1)°
5w U2—4c2+4c,+4s,(s,+1)—1+4(u+1)SE
— (W= = e, 25, 1) (u+ 20,1 25,4 1)
and

-1 0 0
KOw=| 0 ABw BYP(u (70
0 c®w bPu)
where
AW u2—2u—4ci+4sy(sp+1)+1-4(u—2)S;

O (u+2c,—2s,—3)(u+2c,+2s,—1) '

4(u-2)S,

B (u)= ) ,
(u+2c,—2s,—3)(u+2c,+2s,—1)

4u—-2)S; ™
u_

CP(u)= ,
(u+20b—ZSb—3)(u+ZCb+23b—1)
u?—2u—4ci+4sy(sp+1)+1+4(u—2)S

D(l)(u):_
* (u+2c,—2s,—3)(u+2c,+2s,— 1)

HereK ®)(u), the boundank matrices after the first nesting,
follows from the relations
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v _ u (1)
Ddd(U)|‘I’>—u+_led(U)|‘I’>
1 u 2L
:(K—(U)dd_LH__l T V),
(72)
. u |\
Ddb<u>|‘1f>=—K<1><u>|\If> K- (u>db( u+2) W),

Indeed, applying the monodromy matri u) and its “ad-
joint” T(u) to the pseudovacuum, we have

L

Tu(W[P)=|¥), Tyq(u)|¥)= |w),

( u
Cu+2
Ta(W[P)#0, Tgp(w)|¥)=0, Tg(u)|¥)=0,

(73
L

|v), T-dd(U)|‘I’>: |w),

~ u
T11(U)|‘I’>: (_u+_2
T1a(W[W)#0, Tgp(u)|¥)=0, Ta(u)|¥)=0,
whered#b, d,b=2,3,4. Then we have
A()| W) =),

By(u)[W)#0, Cy(u)|¥)=0,

u |2t
Ddb(U)|‘1’>:<—m) K_ () gp|¥),
(74)
2L
Dyg(u)| V)= T (K—(u)dd url |w)
u+1|q]>

(U+ 1) Toy(U) Tya(U) + ToU) T U) + Tos(U) Tax(U)
+Toq(U) T4U)
=T (W) Tya(U) = (U= 1)T1/(U) Toy(u)

+T13(U) Tag(U) + T 14(U) Tya(u),

(U+ 1) Tog(U) Tya(u) + Too(U) Tog(U) + Toa(u) Tas(u)

+Tos(U)T(u) = —UTy5(u) Toy(u),
(U+ 1) Tog(U) T1a(U) + T U) Tog(U) + Tog(U) Ta4(u)
+Tos(U) T 4(U) = —UT14(U) Toy(u),

Tag(U)T1o(U) = (U= 1) Tan(U) T oo U) + Tag(U) Tax(U)

+ Ta(U) T U) = —UToU) TaxU),
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TarlWTaa(W) = (U=D Tasl W Toa(U) =+ Tas( U Tan( U interacting with the Kondo impurities of arbitrary spins,
W Tas W)~ I TadU)T2o W)+ Tao ) TagU) which has been diagonalized in Ref. 13. The final result is

+Tag(U) Tag(u) . . ) .
~ ~ W1 u—2 (Cptzu—s,— 3) (ChtzU+Sy+ 3)
= Tl W TaA )+ T W T2 W) A=y (cp+au+sp— 3) (CptzUu—s,— 3)
~ (U= 1)Tog(U) TaoU) + Toa(U) Tax( ), ML 4t 2) (Ut 2)
Taa(W) T14(U) = (U= 1) T U) T () + Ta3(U) Tas(u) as1 (U=v)(uto,)
~ - N
+ T3a(U) Tag(U) = —UTo4(U) Tax(U), H (U+U +2)

- - - 2)(u+u)
Tar(U) To(u) + Ty(U) Top(U) = (U= 1) To3(u) Tax(U)
(U=v,=2)(Utv,—2)

+ T (W) T4 (U) = UTg(U) Tyg(U), Hl (u—v,)(u+v,)

Taa(U) T15(U) + Ty U) Toa(U) — (U= 1) Tya(u) Tag(u) X AP (u{ubfv, (76)
+ T (W) T 4a(u) = —UT5(u) Ty5(u), provided the parametefs ,} satisfy

Ua_z (Cb+%va_sb_ %) (Cb+%va+sb+ %)

Taa(W)T24(U) + Ty U) Tog(U) = (U— 1) Tyg(U) Tag(u)
Va1 (cptFvatSe— 3) (Cot3v,—Sp— 3)

+ Tad W) Tagu) \
- - <1 (Vo= Uj—2) (vt u))
=Ta(U) Tyg(u) + Ta(U) Toa(u) M e (vatu;+2)
+ Tag(U) Tag(U) = (U= D) Tay(U)Tag(w), (79 M (=04 2) (0404 2)
which come from a variant of th@graded Yang-Baxter al- X 11 (Va—0;—2) (gt v,—2)

gebra(9) with the R matrix (27), as in Eq.(47).

Noticing the change—u+ 1 with respect to the original B @y
problem, one may check that these boundanmyatrices sat- == AP(vai{uivg))- (77)
isfy the reflection equations for the reduced problem. AfterHere A (®(u; {uj}.{v}) is the eigenvalue of the transfer ma-
some algebra,the reduced transfer mattX(u) may be rec- trix 7@ (u) for the M 1-site inhomogeneous X X open chain
ognized as that for the inhomogeneou§3$u-J open chain  interacting with the Kondo impurities of arbitrary spins,

g;a

(Co+3U—Sp—3) (Cp+3u+sy,+ 3) ,—sU+s,+ 3

2 . —
A( )(ux{u]}!{va})__ 3\ * 1 1
(Ch+3U+sS,—3) (Cp+3U—Sp— 3)r=ab C +3U+s,+ 3

u—22 (u-wgt2)(utwy U (Cyt3u+s,—3) (c,—3u-s,+ %)
U=1g=1 (U=wp)(Utwg=2) u—1,Zap (c +3u—s,—3) (c,—su+s,+3)

My (u=v,)(u+v,) Mo (u—wg—2)(ut+wg—4)

o) L R e e | R A T 79
provided the parametefsv,} satisfy
1 _1 iy — 1y My My
(cy+t3Wgts,—3)(C,—3Wg—S,+ 3) (Wg—v,)(Wgtv,) _H (Wg—Ws+2)(Wgt+Ws) 79

—1 (WB_Wﬁ_ 2)(WB+W5_ 4) ’
5%

y=ab (C,—3Wg+S,+ 3)(CyF swp—s,— 3)a=1 (Wp—Va=2)(Wetv,—2)

After a shift of the parametens;—u;—1wz—wg+1, the Bethe ansatz equatio(@8), (77), and(79) may be rewritten as
follows:

uj+1)2L1'_“[ (U= u+2)(u+u+2) M (U= 1)U+, +l)
Uj_l i (Uj_ui_Z)(Uj+Ui_2) a=1 (Uj"‘Ua_l)(Uj_Ua_l),
i #]
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N IV. CONCLUSION
Cyt30atS)t 3 o (Va—Uj—1)(v,+Uj—1)

y=ab C,— %va+sy+% =1 (V= U+ 1) (v, T U +1) In conclqs?on, we have studigd int.e.grable Kondo prob-
lems describing two boundary impurities coupled to one-
M2 (Va—=Wpt+1)(v,+Wg+1) dimensional extended Hubbard open chains. The quantum

integrability of these systems follows from the fact that the

52 (V—We—1)(v,twWe—1 Lo .
o1 e W= D(vetWp—1) Hamiltonians in each case are derived from a one-parameter

My (Va0 2)(Vgtv,~2) family of commuting transfer matrices. Moreover, the Bethe
X (00,12 (0t0,172) ansatz equations and expressions for the energies are derived
o1 @ 7L a UL by means of the algebraic Bethe ansatz approach. We would
rae like to emphasize that the boundd¢ymatices found here are
(c,+ %WB“L s,) (c,— %WB_S«/) nonregular in that they cannot be factorized into the product
. . of a c-numberK matrix and the local momodromy matrices.
y=ab (€, =3Wgts,) (C)+zWs—s,) However, similar to the cases discussed in Refs. 11 and 13, it
M, (Wamv .+ 1) (Wtv,+1) is possible to introduce a singular local monodromy matrix
pVa pTVa L(u) to express the boundaty matrix K _(u) as
a=1 (Wﬁ_va_ 1) (Wﬁ+va_ 1)
M3
Wg—Wst2) (Wg+Ws+2 ~
] WemWat2) (Wetwot2) g K_(W=LWL (-, (6D
1 (Wg=Ws—2) (Wg+Ws—2)
5+ B
with the corresponding energy eigenvaE®f the model in ~ where, for example, in the case of the superalgebra 8)(2
Eq. (53. model,
|
e O 0 0
0 € 0 0
LW={ 0 0 u+2c,+2s,+1+2% 2 ; (82)
00 2s’ U+2C,+2s,+1-25

which constitutes a realization of the Yang-Baxter algebrantegrable Kondo impurites coupled with the one-
(9) when € tends to 0. The recent work of Frahm and dimensional supersymmetric extended Hubbard model open
Slavnow* confirms the existence of such nonregular solu-chain, it is reasonable to assume that

tions by means of a projection method.

Finally, we would like to stress that here we have only 10 0 0
considered the case of Kondo impurities in these extended
Hubbard models that are based on the sl(2) subalgebra of the 01 0 0
bulk symmetry of the models. It is of course possible to K(wW=|0 o A(u) B(u) |- (A1)
consider other boundary impurities corresponding to differ- 0 0 C(u D(u)

ent subalgebra embeddings such as [4lf1 for the
gl(2]2), gl(3|1) cases or sl(3) for the gI(3), gl(4) models
and even gl(21) for gl(3|1), gl(2|2). For the case of-J  Throughout, we have omitted all the subscripts for brevity,
models such other types of integrable boundary impuritieseflecting that the fermionic degrees of freedom do not oc-

have been studied in Ref. 21. cur, as it should be for a magnetic impurity. For Renatrix
(8), one may get from the reflection equati@i0) 54 func-
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APPENDIX: DERIVATION OF THE NON- c-NUMBER

BOUNDARY K MATRICES C(w=pWS", D=au)-pWS. (A2)

In this appendix, we sketch the procedure of solving theThere are 10 equations automatically satisfied and 10 same
(Z,-graded reflection equation forK_(u). To describe equations, leaving only 20 equations left to be solved:
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A(up)B(uy)+B(up)D(uy)=A(uy)B(uy)+B(uy)D(uy),
C(u1)A(uy) +D(up)C(uz)=C(uz)A(uy)+D(up)C(uy),
u_[A(u;)B(u,)+B(u;)D(uy)]=u,[B(u;)—B(u,)],
u_[A(uy)B(u;)+B(uy)D(uy)]=u,[B(u;)—B(uy)],
u_[C(uy)A(Uy)+D(u;)C(uy)]=u,[C(uy)—C(uy)],
u_[C(uz)A(uy) +D(uz)C(ug)]=u,[C(uy)—C(uy)],
u_[A(u)A(uz) +B(up)C(uy) —1]=u,[A(uy) —A(uz) ],
u_[A(uz)A(uy)+B(up)C(uy) —1]=u,[A(uy) —A(uy)],
u_[C(uy)B(uz)+D(u)D(uy)—1]=u,[D(u;)—D(uy)],
u_[C(up)B(u;)+D(up)D(uy) —1]=u,[D(uy)—D(uy)],

2u_[A(u;)B(uy)+B(uy)D(uy)]
=2u.[D(u,)B(u;)—D(uy)B(u,)]
+u,u_[D(uy)B(ug)—B(ug)D(uy)],
2u_[A(uz)B(uy)+B(uy)D(uy)]
=2u_[B(u;)A(u,)—B(uy)A(uy)]
+usu_[B(uy)A(uyz) —A(uy)B(uy)],
2u_[C(u1)A(uy) +D(up)C(uy)]
=2u,[A(u,)C(u;y)—A(u;)C(uy)]
+u,u_[A(uy)C(uy) —C(ug)A(uy)],
2u_[C(uz)A(uq)+D(uy)C(uy)]
=2u,[C(u;)D(uy)—C(uz)D(uy)]
+u,u_[C(uy)D(uy)—D(uy)C(uy)],
2u_[A(uz)A(ug)+B(u,)C(uy)
—C(uy)B(up)—D(up)D(uy)]
=2u.[A(u;)D(u,)—A(u,)D(uy)]
—Uu,u_[B(uy)C(uy)—C(uy)B(uy)],
2u_[A(u;)A(uy)+B(up)C(uy)
—C(uy)B(uy)—D(uy)D(uy)]
=2u,[D(uz)A(uy) —D(uy)A(uy)]
—u,u_[B(u;)C(uy)—C(uy)B(uy)],
2u_[A(uy)B(uy)+B(uy)D(uy)]
+ U, U_[A(u;)B(u,)—B(uy)A(uy)]
=2u,[A(uz)B(uy) —A(uy)B(uy) ]+ 4[A(uz)B(uq)
+B(uz)D(u;) —A(u;)B(uy) —B(ug)D(uy)],

ZHOU, GE, LINKS, AND GOULD
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2u_[A(uz)B(uy)+B(uz)D(uy)]
+uu_[B(uz)D(uy)—D(uy)B(uy)]
=2u.[B(u;)D(uz) —B(uz)D(uy)]+4[A(uy)B(uy)
+B(uy)D(uy) —A(uz)B(up) —B(uz)D(uy)],

2u_[C(ug)A(uz)+D(uy)C(uy)]
+u,u_[D(u)C(uz)—C(uz)D(uy)]
=2u,[D(uz)C(uy) —D(uy)C(uz) ]+ 4[C(uz)A(uy)
+D(uz)C(uy) —C(u)A(uz) —D(ug)C(uz) ],

2u_[C(uz)A(uy) +D(uz)C(uy)]
+upu_[C(uz)A(ug) —A(uy)C(uy)]
=2u,[C(ug)A(uz) = C(uz)A(uy) J+4[C(uy)A(uy)
+D(uy)C(uz) = C(uz)A(ug) —D(uz)C(uy) ],
(A3)

with u,=u;+u,,u_=u;—U,. Substituting Eq.(A2) into

these equations we find that all these equations are reduced

to the following three equations:

Uil a(ug) —a(uy)]

=U_[—1+a(up)a(uy)+s(s+1)B(u)B(uy)],

us[B(ug)—pB(uy)]
=u_[a(uy)B(Uz)+ a(uz) Bus) — B(uy) B(uy),

2u[a(uz)B(ug) —a(ug) B(uy)]
=2u_[a(uy) B(Uz) + a(up) B(Uy) ]
—u_[u,+2)B(uy) B(uz)]. (A4)
Taking the limitu;—u,, these equations become

da(u)
du

2 -1+ 2+s(s+1 2
_Z[ a(u)“+s(s+1)B(u)<],

d 1
P _ 2 [2a(upu)— w2

(A5)
da(u)

du

—B(u)

1
=Z[2a(U)ﬂ(U)—(U+1)B(U)2]-
Solving the first two equations, we have

(c16,—u?)(2s+1)+(c,—cq)u
(2s+1)(ci—u)(co—u)

a(u)=
(AB)
2(c,—cq)u
(25+1)(ci—u)(cyo—u)’

B(u)=



PRB 62 INTEGRABLE KONDO IMPURITIES IN ONE . .. 4921

wherec; andc, are integration constants. Substituting thesetion of the constantc;—2c+4s+2). A similar construc-
results into the third equation in EGA5), we may establish tion also works for the quanturR matrix in Egs.(21) and
a relation betweemr; andc,: c,=c;—4s—2. This is just (27).

the none-number boundarK matrix (14) (after a redefini-
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