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We study the level-one irreducible highest weight representations of the quantum
affine superalgebralq[sl(N|1)], and calculate their characters and supercharac-
ters. We obtain bosonizeglvertex operators acting on the irreducilhlg[sl(Nll)]
modules and derive the exchange relations satisfied by the vertex operators. We
give the bosonization of the multicomponent superd model by using the
bosonized vertex operators. @000 American Institute of Physics.
[S0022-248800)00508-9

[. INTRODUCTION

The purpose of this paper is twofold. One is to study irreducible highest weight representa-
tions andg-vertex operatorsof the quantum affine superalgelig[ sI(N|1)], N>2. Another one
is to apply these results to bosonize the multicomponent supé&rmodel on an infinite lattice.

We shall adapt the bosonization technique initiated in Refs. 2 and 3, which turns out to be
very powerful in constructing highest weight representations gwdrtex operators. Recently,
free bosonic realizations of the level-one representations and “elementpwgitex operators
have been obtained fdﬂq[sI(I\7I|N)], M #=N* and Uq[gI(N|N)].5 However, these free boson
representations are not irreducible in general. Moreover, the elemeggtastex operators ob-
tained in Refs. 4 and 5 were determined solely from their commutation relations with the
bosonized Drinfeld generatdref the relevant algebras, and thus one can ask on which represen-
tations these bosonizegvertex operators act. To construct irreducible highest weight represen-
tations andg-vertex operators acting on them, we need to study in details the structure of the
bosonic Fock space generated by the free boson fields. This has been dUIaESf(ﬁ|l)]4’7 and
Ug[gl(N|N)], N<22 In this paper we treat thg[sI(N|1)] (N>2) case.

Irreducible highest weight representations and bosonigeertex operators acting on them
play an essential role in the algebraic analysis method of lattice integrable models, which was
invented by the Kyoto group and collaboratdré.In this approach, the following assumption is
the vital key.

“‘the physical space of states of the mode#’EB V(N ) ®V(\y)*S, (1.2)

’
a,a

whereV(\,) is the level-one irreducible highest weight module of the underlying quantum affine
algebras and/(\,)* S is the dual module o¥/(\,). By this method, various integrable models
have been analyzed such as the higher ¥ chains''**the higher rank casé$;°the twisted

A case'® and the face type statistical modéfs®

0022-2488/2000/41(8)/5849/21/$17.00 5849 © 2000 American Institute of Physics
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Spin chain models with quantum superalgebra symmetries have been the focus of recent
studies in the context of strongly correlated fermion systEhfS.It is natural to generalize the
algebraic analysis method to treat super spin chains on an infinite lattice. In Refgfd¢fermed
supersymmetri¢ —J model which hasU[q[sl(ﬁll)] as its non-abelian symmetry has been ana-
lyzed. However, the super case is fundamentally different from the nonsuper case. Unlike the
Iatter,Uq[sI(§|1)] has infinite number of level-one irreducible highest weight representations and
the bosonizedy-vertex operators act in all of them. This lead$ the assumption that for the
g-deformed supersymmetrtc-J modela, ' in (1.1) take infinite number of integer values.

In this paper we extend the wdrko treat the multicomponent-J model withUc’][sI(N|1)]
(N>2) symmetry. As we shall see, the level-one irreducible highest weight representations of
Uq[sI(N|1)] (N>2) have similar structures as tihe=2 case. So we shall make the assumption
that the physical space of states of the multicompohert model on an infinite lattice is of the
form (1.1) with «, o’ being any integers.

This paper is organized as follows. After presenting some necessary preliminaries, in Sec. Il
we construct the level-one irreducible highest weight representatiddg sf(N|1)] and calculate
their (supeicharacters by means of the BRST resolution. In Sec. IV, we compute the exchange
relations of theg-vertex operators and show that they form the graded Faddeev—Zamolodchikov
algebra. In Sec. V, we consider the application of these results to the multicomponent super
—J model on an infinite lattice. Generalizing the Kyoto group’s worke give the bosonization
of this model using the bosonized vertex operatorsUgfsi(N|1)]. Finally, we compute the
one-point correlation functions of the local operators and give an integral expression of the cor-
relation functions.

II. PRELIMINARIES

A. Quantum affine superalgebra Uq[sI(Nll)]

Let us introduce orthonormal basfg|i=1,2,..N+1} with the bilinear form €/ ,€/)

=v;6j;, wherev;=1 fori#N+1 andvy, 1= — 1. The classical fundamental weights are defined

by Ai=3{_1€ (i=1,2,...N), with e =¢/ —[»,/(N—=1)]2]" ¢/ . Introduce the affine weight
and the null roots having (Ag,€/)=(8,¢/)=0 for i=1,2,.N+1 and (Ay,Ag)=(5,8)=0,

(Aq,8)=1. The affine simple roots and fundamental weights are given by

N
a=vi€ —vii16 ., 1=1,2,..N, a0=5—21 a;,
=
. (1.1)
AOZAo, Ai:AO+Ai1 |:1,2,N
The Cartan matrix of the affine superalgebrailqi;ﬂ() reads as
0o -1 1
-1 2 -1
-1 2 - o
(@)= e (1,j=0,1,2,..N). (1.2)
-1 2 -1
1 -1 0

The quantum affine superalgehﬂ@[sl(N|1)] is ag-analog of the universal enveloping alge-
bra of sIN|1) generated by the Chevalley generati@s f; ,q",d|i=0,1,2,..N}, whered is the
usual derivation operator. Th&,-grading of the generators afeg]=[fo]=[ey]=[fn]=1 and
zero otherwise. The defining relations are
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[hi,hj]=0, hid=dh;, [d,e]=dee, [d,fi]=—23;0fi,

hi _ ~y—h;
“h o qg'—q
hl:q aufj, &, fj]=6———,

qe;q M=g%e;, qMifq Ig=q

[ei,ej]=[fi,fj]=0, for aij=0,
[e]',[ej,ei]q—l]qzo, [fj-[fj1fi]q‘1]q:0 fOI’ |aij|:1, J?&O, N

Here and throughoufa,b],=ab—(—1)@Plxbaand[a,b]=[a,b],;. We do not write down the
extrag-Serre relations which can be obtained by using Yamane’s Dynkin diagram proéédure.

Uq[sI(N|1)] is aZ,-graded quasi-triangular Hopf algebra endowed with the following co-
productA, counite and antipodes

A(h)=h®1+1ch;, A(d)=del+led,

A(ei):ei®l+qhi®ei, A(fi):fi®q_hi+1®fi,

(1.3)
e(e)=¢€(f;)=e€(h)=0,

S(e)=—q "e;, S(f)=—fig", S(hy=—h,

wherei =0,1,...N. Notice that the antipod8is aZ,-graded algebra antihomomorphism. Namely,
for any homogeneous elemerasb e U [sI(N|1)] S(ab)=(—1)!?lPIS(b)S(a), which extends
to inhomogeneous elements through linearity. Moreover,

S(a)=q %aq®, VaeUysl(N|1)], (I1.4)

wherep is an element in the Cartan subalgebra such that;) = («a;,a;)/2 for any simple root
a;, 1=0,1,2,..N. Explicitly,
_ 128 1
p=(N—1)d+p=(N—1)d+ 52:1 (N=2K) = 5 Negs 1, (1.5)

which’pis the half-sum of positive roots of $i(1). The multiplication rule on the tensor products
is Z, graded: @®b)(a’®b’)=(—1)P@)(aa’®bb’) for any homogeneous elements
a,b,a’,b" e Ug[sI(N[1)].

Ug[sl(N|]1)] can also be realized in terms of the Drinfeld gener&tors
(X1 H g=Ho,c,dlmeZ,neZ—{0},i=1,2,...N}. TheZ,-grading of the Drinfeld generators is

m
given by[X,f;N]z 1 for me Z and zero otherwise. The relations satisfied by the Drinfeld genera-

tors read*?®

[c.a]l=[d,Hb]=[H},Hi]=0, [d,H\]=nH), VaeU,sIN|1)],

[dyxr;;,i]:nxr:_r,i, quxr::,iq—Hg:qiain;:,i,

o [a;in]qlnc] S [ainly .. .
[Hy HR=0hemo— 0 [HRXg === =Xl g N2,
NELED ot 9ij (c/2)(n—m) ; +,i —(c/2)(n—m) ;. —.i
[X, " Xp']= q_q—l(q Unim—a i), (11.6)

[X;" Xn'1=0 for a;=0,
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[Xni'y X Tgzay = [Xmd 1, Xn ' Tq=a; =0 for a;;#0,
Sym o[ X [ X' Xy 11q-114=0 for a;=0, i#N,
whereS,_ o127 "= =M exp(=(g—q )= oH. "), and the symbol Sym means symme-

trization with respect t& andl. We used the standard notatipx|,=(q*— q /(q—q1). The
Chevalley generators are related to the Drinfeld generators by the formulas:

N
h=H, e=X;", fi=X;"', i=12,..N, hy=c—> HE,
k=1
B N - _ N k
eo=—[Xg ™ [Xo ™ H o [Xo 2 Xy Mg+ Jg-ag et W-7)

N
fo=qk21 HEHELL - [[XT X2 10 Xg N Mg X¢ M-

B. Free Bosonic realization of the quantum affine superalgebra Uq[sI(Nll)]
at level one

Introduce bosonic oscillatorga!, ,by,,c,,Q4,Qp,QclneZ,i=1,2,...N,} which satisfy the
commutation relations

[aL,am:aMm,oéij%, [ap,Qa]= 3y,
n2
[bn1bm]:_5n+m,o%y [b01Qb]:_lv (11.8)
n2
[Cnvcm]:‘Sner,O%v [COan]:l-

The remaining commutation relations are zero. Defimgli=1,2,...N,me Z}:

hi =al q~Im”2—gi+1gimi2 Qn=Qai—Qai+1, 1=1,2,.N—1,
hN=gNg- M2 _g=Imi2 _ (11.9)
m~ amd +bnQ ) QhN QantQp.

Let us introduce the notation

. : h!
h(z, k)= Qn,+ hiInz— go ﬁq"'”'z‘“.

The bosonic fields(z; 8), b(z B), andh*(z B) are defined in the same way. Define the Drinfeld
currents X='(2) =32,z X, 'z "L, |—1 2,...N, and theg-differential operator,f(z) =[f(q2)

— (9 '2)1/(q—q 1)z Then, the Drinfeld generators b, [sI(N|1)] at level one can be realized
by the free boson fields 4s

N-1

B f N5 . _ =T i
c=1, Hi=h, X*Nz)j=e Me-12g0z0 g 177;1 a,

N—-1

X~ ’N(Z) ::e—hN(z;1/2)&Z{eﬂ:(z;0)}:e\e‘f—lﬂ-g:l aiO, (11.10)
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X*i(z)=+:e=M @120 "Ima =12 N-1.

C. Bosonization of level-one vertex operators

In order to construct the vertex operatorsLbJ[sl(N|1)]i we firstly consider the level-zero
representationé.e., the evaluation representatipns Uq[sI(N|1)].

Let E; ; be the N+ 1)X(N+1) matrix whose(i,j) element is unity and zero elsewhere. Let
{v1,v0,...,un11} be the basis vectors of theN{ 1)-dimensional graded vector spade The
Z,-grading of these basis vectors is chosen tpdyg=(v;+1)/2. The N+ 1)-dimensional level-
zero representatiod, of Uq[sI(N|1)] is given by

e=Eiis1, fi=viEi,q, t;=qiEiiviviBivsieg

(11.12)
€=—2En+11, fo=2Z Eins1, to=0 Fri Eneiney
wherei=1,..N. Let V;*S be the left dual module o¥,, defined by
myrs(@)= 7y (S()%, Vae U [sN|1)], (1.12)

where st denotes the supertransposition.

Now, we study the level-one vertex operatoos Uq[sI(N|1)] Let V(\) be the highest
Welghth[sI(N|1)] module with the highest weightand the highest weight vectpy). Consider
the following intertwiners qu[sI(N|1)] modulest®

DHV(2): V)= V() ®V,, PV (2):V(N)— V()@ VES,

(11.13)
WYH(2): VN —V,0V(w), WY (2):VON)—=VESeV(w).
They are intertwiners in the sense that for a:nqu[sl(Nll)]
E(2)-x=A)-E(2), E(@=94"(2),0" (2),%\*(2), ¥\ *(2). (11.14)
We expand the vertex operatorshs
N N
DV (2)= 2 oV (2)ev;, OV (2)= 2 oY (2)@u*
(I1.15)

N N
‘I’l’“(z):j; v;®VY4(2), \p;\/*ﬂ(z)=;1 vr WY H(2).

The intertwiners are even, which implie@ffj’(z*)]z[tbﬁfj’*(z)]:[\If\{”j‘(z)]z[\lf\{j“(z)]z[uj]
= (v;+1)/2. According to Ref. 100{V(2)(®{"" (2)) is called type I(dua) vertex operator and
WVE(2) (WY “(2)) type Il (dua) vertex operator.

Introduce the bosonic operatof§(2z), ¢} (2), ¥;(z), and z,b}*(z):4

br1(2)=t€ *(aNz; 112 g¢ (qu;O)(qNZ)[(N—z)/(ZN—1)]:e\s——lwz{“:l(l—i)/(N—l)ag,

vy (2)(— DIMIF ol =[ g 1(2), filgn.,,

. . —a=yN B i
¢1€ (Z) ::eh?{(qZ,l/Z)(qNZ)[(N*Z)/Z(N*l)].e*v*lﬂEi:l(lfl)/(N*l)aO,

— Q1 1 (2)(— 1)[f']([v']+[v'“]):[¢|*(Z)-f|]q"| , (11.16)
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¥ (2) ::e—h’l‘(qz;—1/2)(qNZ)[(N—2)/2(N—1)]:e\f——lei’\‘:l(l—i)/(N—l)aio,

’ﬁl-%—l(z):[lﬂl(z)vel]q’ﬂ )

2-N,. _ Caiq2—N. _ _ TN 1o _1)al
lﬂﬁﬂ(z)::ehmq z; 1/2)(72{6 c(q Z,O)}(qNZ)[(N 2)/2(N 1)]:e N 17r2i:l(1 i)/ (N 1)a0’

vy Y (D)= 1(2) e 1qm s
where
N

N N
si_ Laijmlglbimlg N GiBi L sl B
M= 2 [N Dmmy e QT N @ M2 N

with @j;=min(,j), and 8;; =N—1—max(,j). Define the even operators(z), ¢*(2), ¥(z), and
U*(2) by d(2)=31¢(Dov;, ¢*(D)=3L ¢ (Dev}, W2=3[Tlv;©¢(2), and
y*(2)=3" 0¥ ® ¥ (2). Then the vertex operatomsl¥(z), @4V (2), ¥)*(2), and W) *(2),
if they exist, are bosonized by(z), ¢* (z), andy(z), ¥* (z), respectively We remark that our
vertex operators differ from those of Kimugd al* by a scalar factorq“z)[(N—2)/2(N—1)]
which is needed in order for the vertex operators also safikfi4) for the elemenk=d. ¢(2),
¢*(2), ¥(2), andy™* (z) are referred to as the “elementagyvertex operators” qu[sI(N|1)].

lll. HIGHEST WEIGHT U,[sl(N|1)] MODULES

We begin by defining the Fock module. Denoteme2 ..... N W the bosonic Fock space
generated by' ,b_,,c_(m>0) over the vectof\1,\5,... ANt 1:AN12):

F)\l’)\Z _____ )\N+1;)\N+2:C[ai,1,ai,2,...;b,l,bfz,...;C,l,cfz...:”)\l,)\z,...,)\N+1;)\N+2>,

N
|)\1')\2,___’)\N_HL;)\N+2>:ezi:1>\iQa'+)‘N+1Qb+>‘N+2Qc|0>_

The vacuum vectoj0) is defined bya! |0)=b,|0)=c,|0)=0 fori=1,2,...N, andm=0. Obvi-
ously,

al N1 Ao, Ans1iANs2)=0, fori=1,2..N and m>0,
bm|)\lv)\21---1)\N+1;)\N+2>:Cm|)\1v)\Zr---a)\N+l;)\N+2>zoy for m>0.
To obtain the highest weight vectors Ug[sl(Nll)], we impose the conditions

ei|)\1,...,)\N+1;)\N+2>:O, i:0,1,2,...N,

_ _ (N1.1)
hi|)\1,...,)\N+l;)\N+2>:)\I|)\1,...,)\N+l;)\N+2>, |:O,l,2,...N.

Solving these equations, we obtain two classes of solutions:

()
()\1,---,)\1")\i+l,---,)\N+l;)\N+2):(B+1,---’ﬁ+ I,B,---,ﬁ;o),
N’
i,i+1
wherei=1,...N, and is arbitrary. It follows that

AL NNTL AN =(0,0,..., 0,1,0 ,....0)
N~
i—1ii+1
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and we have the identification
[A)=|8+1,..,8+1,8,...,5;0).
N——
i,i+1
(2 (N, - ANGANT1ANE2)=(8,....8,B—a;—a), where «, B are arbitrary. We have
AOAL L ANTIAN) =(1-a,0,...,00) and|(1—a) Ao+ aAy)=]B,....8,8— a;—a).

Associated to the above two classes of solutions are the following Fock spaces:

7= @D Fpaatiy pti—iy+ip,. frlmip g+ Bi iy Biy iy Briyiiy

Fap= D Fpriypoiptipboiy i+iny featiyi-atiy

wherem=1,2,..., N, and it should be understood thgat=0. However, it is easily seen thd?f/}‘
=Fmp,» m=1,.., N. Thus, it is sufficient to study the Fock spagg,.z . In the following we
shall also restrict ourselves to tlhe= Z case. A

It can be shown that the bosonized actionlef sI(N|1)] (11.10) on F(,.4 is closed:

Uq[SI(N|1)]FQB):f'(aB) .
Hence each Fock spadg,. s constitutes an[sI(N|1)] module. However, these modules are not
irreducible in general. To obtain irreducible subspaces, we introduce a pair of ghost fields

n(2)=2 ez "h=etD:, H2)= 2, Gz "=e P
neZ neZ

The mode expansion of(z) and§(z) is well defined onF,. s for « € Z, and the modes satisfy
the relations

Emént Enémn= Mt M m=0, &omnt mném= 5m+n,0- (1.2)

Since 7yé, and &y, qualify as projectors, we use them to decompg$g ) into a direct sum
Fla:p= 10 0F (a:p)® Som0F (a;p) TOr aeZ. 1oéoF(a:p) is referred to as Ker and &,m0F (a: p)

=Fla; 5)/ﬂo§o]:(a p) as Coke;; Since o commutes(or anticommuteswith the bosonized ac-
tion of Uq[sI(N|1)] Ker,, and Cokey are botth[sI(N|1)] modules fora e Z.

A. Character and supercharacter

We want to determine the character and supercharacter formulas Ugﬁbl{ﬁlll)] modules
constructed in the bosonic Fock space. We first of all bosonize the derivation opeor

d=—2> —

N
A 1 o
2 h h%i 4 ¢ pCmf — =1 > hohs'+co(co+1) | (11.3)
m=1 [m] 2|1
It obeys the commutation relations
[d,h]=0, [d,hl]=mH. , [d.X-"]=mX;', i=12,.,N,

as required. Moreovefd, &,]=[d, 7,]=0. A
The character and supercharacter & #&sl(N|1)] moduleM are defined by

Chy(G; X1, X, ... XN) =trM(q‘dx21x22- . -x::‘N),
(11.4)
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—dyhih h —dyhih h
SChu(T; X1, Xz, - Xn) = Stiy (G~ 0% 252 X N) = tryg ((— 1)Nrg =%, %% - XV,
respectively. The Fermi-number operabdy can be bosonized as

(N=1)by if N even, i.e., N=2L,
Ni=1LEN 8 —bo)tc, if N odd, ie., N=2L+1, (1-5)
Indeed,N; satisfies

(—DNMO(2)=(-D*PO () (-M,
where® (2)=X="(2), ¢i(2), ¢ (2), ¥i(2), andy" (2).

We calculate the characters and supercharacters by using the BRST resolgtiars define
the Fock spaces, fdre Z

ﬁg;ﬁ): EB F5+i1,ﬂ—il+i2 ,,,,,, B—in_q1+iN.B—a+iyi—atiy+!-
{igintez

We haveffg);ﬁ)zf(a;ﬁ) . It can be shown thag, and &, intertwine these Fock spaces as follows:
.~ I+1) .~ I—-1)
10 Flap = Flap €0 Flap = Flap -
We have the following BRST complexes:

Qi-1=m0 Q=m0 Qi+1= 7m0

o |0 (111.6)

Qi-1=7m0 Qi=m9 Qi+1=7m0
I

(a:8) () — 7

where O is an operator such thaf{). ; — () ;. Noting the fact thatyoéy+ &70=1, and
n0é0(€070) is the projection operator fro (la:B) to KerQl(Cokebl), we get

Kerg=Img _, for any leZ,
(.7)
tr(o)|KerQ|:tr(O)|ImQFl:tr(O)|Cokeblil-

By the above results, we can write the trace over Ker or Coker as the sum of trace over
(B:B)’ and compute the latter by using the technique introduced in Ref. 26. The results are

1/2a(a—1) ® )
Cme’ﬁa;ﬁ)(q;xl"“'XN): ng (— 1)+ 1qUAIP+I2a-1)}

2i1—i2 2i2—i1_i3‘.. 2iN*l_iN_iN*2 a—iN
><Xl X2 XNfl XN !
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quZa(afl) * )
E (_1)|+lql/2{| +1(1-2a)}

C ; 1ty :oc—
lﬁbokerfm;ﬂ)(q X1 XN) Hn:1(1_qn)N+1l 4

(I11.8)

Similarly, the supercharacters of I@eaﬁ) and Cokeﬁ(a,ﬂ) are given by

(1) ForN=2L:
(_1)aq1/2a(a—1) * 5
N _ — 1)+ 1lglAP+I(2a-1)}
Schker,,, (A@X01ee 0= g w2y (1)

{ig,...inteZ
2iy-ip. 2ip—i1—i5, . 2iN_1-in-iN-2g@—in
XX % XN-1 XN

(_ 1)aql/2a(a—l) *

Sc Xy XN) = — 1) lqUAIP+11-2a))
I.bokerf(mﬁ)(q 1 N) Hn=1(1—q”)N+1|§1( ) q

2iy—ipy2ip—i1—i3, . 2iN_1-iN—iN—2 @iy
XXX Xy Xy -

(2) ForN=2L+1:

(_ l)(L+l)aql/2a(afl) *© 1/2{|2 (201}
Sc X yee e XN) = — £ izen
h(erfm;w(q 1 N) Hn:1(1_qn)N+1 I;l q

2iy—ip 2ip—i1—i3, . 2iN_1-IN"IN_29@—iN
XXp™ % XN-1 XN

_v(L+Danl2a(a—1) ©
(-1 q E q1/2{|2+|(1—2a)}

S D G =— =
Ch:oker}-(a;m(q X1 XN) anl(l_qn)N+l =

2iN_1-iN—iN_2oa—iy
Xy -
N

2iy—ip 2ip—iq—i3.
XX ™ %, XN-1

Since £y (- 1).5+1)= Fla:p and by(lll.7), we have
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Cheoker :ChKerf( . S(:h:okerfl

Fla—(N=1);8+1)

= Scher, (111.9)

—(N-1);8+1)

Relations(l11.9) can also be checked by using the above explicit formulas of(shpej
characters.

B. U,[sI(N|1)] module structure of  F(u. p—(1/(N—110)
Set\,=(1—a)Ay+aAy and
|)\a>:|ﬁ1"'!ﬂaﬁ_a;_a>eﬁa;'g), ael,
[Amy=|B+1,..8+18,...8,0) € Finp, m=1,.., N,

The above vectors play the role of the highest weight vectomq@fsl(Ml)] modules. One can
check that

NolAe)=0, for a=0,—1,...
7olAmy=0, for m=1,.., N (11.10)
NolNa)#0, for @a=1.2,....

It follows that the modules

Cokerf(wﬁ)(az 1,2,..), Ker;(a;ﬁ)(azo,— 1,-2,..),
Kerf(m;ﬁ)(m= 1,2,..N),

are highest weigrmq[sl(N|1)] modules. Denote them By(\ ) andV(A ), respectively. From
(I.10) and (I.9), we have the following identifications of the highest weight
Ug[sl(N|1)]-modules:

V(\,)= Kerjr(a;ﬁ_lm_m)E Cokerf(a_(N_l);B_llN_lMl) for «a=0,-1,-2,...,

zCokerfm;Efllela)EKer for a=1,2,..,, (11.12)

Fla+(N-1);8— IN—-1a—1)

V(Am)zKerf(m;ﬁfl/Nflm)ECokerf(m for m=1,...N. (mn.12)

—(N—=1);3—1N—-1m+1)

It is easy to see that the vertex operat@isl6) also commutelor anticommutg with 7,. It
follows from (111.11)—(111.12) that each Fock spacg;s-1(n-1)]«) iS decomposed into a direct
sum of the highest Weighﬂq[sI(Nll)] modules:

Ker Coker

Fengtitun-1))= V(A_y) ® V(N_y)
d(2)11¢*(2) #(2)11¢*(2)

Fnt1sr1)™ V(N _nt1) ® V(Ao)
#(2)T1¢*(2) ¢(2)T1¢*(2)

Fnt2pr1-[un—1)) = V(N _nt2) ® V(Ay)

¢()11¢*(2) #(2)11¢*(2)

F-2:8+1-[(N-2)/(N- 1)) = V(A_») ® V(Ay-3)
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F-spram-2mn-1n=
Fop=
Fapg-run-1)=

Fep-ram-1)=

FN-2:6-[(N-2)(n-1)) =
Fin-1:8-1)=

Fng-1-[un-1)) =

$(2)114*(2)
V(r_y)
$(2)114*(2)
V(Ao)
$(2)114*(2)
V(Ay)
$(2)116*(2)
V(A,)
$(2)116*(2)

V(An-2)
()11 6*(2)
V(Ay-1)
()11 6*(2)
V(Ay)
()11 6*(2)

5]

5]

Level-one representations of Uq[sI(N\l)]

¢(2)T1¢*(2)
V(An-2)
¢(2)T1¢*(2)
V(An-1)
¢(2)T1¢*(2)
V(An)
d(2)11¢*(2)
V(\)
d()114*(2)

V(An-2)
$(2)114*(2)
V(Ay-1)
6(2)11¢*(2)
V(\y)
(211 ¢*(2).
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(I1.13)

It is expected that\7()\a)(an) and V(Am) (m=1,2,..., N—1) are irreducible highest
Weighth[sI(N|1)] modules with the highest weights, and A ,,, respectively. Thus we con-

jecture that

V(N)=V(\,),

v(Am) :V(Am)-

IV. EXCHANGE RELATIONS OF VERTEX OPERATORS

(111.14)

In this section, we derive the exchange relations of the type | and type Il bosonized vertex
operators oqu[sI(Nll)]. As expected, these vertex operators satisfy the graded Faddeev—

Zamolodchikov algebra.

A. The R matrix

Throughout, we use the abbreviation

v Xm) o= H
{ }

def

{Z}o=(z:g?N" D, g2 N7V,

Let R(z) e End(V®V) be theR matrix of U[sI(N|1)],

2N

. (1_2)61 . ..Xmm),

ﬁ(Z)(Ui(@Uj):klE: Ekj|(z)vk®v|, VUi,Uj,Uk,U|EV,
J=1

where the matrix elements &(z) are given hy

Rii(z)=—1,

§N+1,N+ 1(2) —

N+1N+1

EH(Z)ZW, i#],

zq '—q

—,

i=12,.., N,

(IV.1)

(IV.2)
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_q-1
:q 9 1(—1)“][”, i<j,

z9-q-

Rli(2)

i _@-ahz
Rf}(z)zw(—l)['][”, i>j,

ﬁ}jl(z)=0, otherwise.
Define theR matricesR"(z) andR"(z) by
R"(2)=r(2)R(z), R"(2)=T(2)R(2), (IV.3)

where

2(N71))oo(zflq2N72;qZ(Nfl))Do

Je-nnn-1 2T
(Zfqu;qZ(Nfl))oc(ZqZN72;qZ(Nfl))oc ’

(2GPN~4q2IN-1)) (77 1g2N=2,g2N-D)y
R BT COREINET: AT ORI

r(z)=

Tlz)=—z—[UN-1]

TheseR matrices satisfy the graded Yang—Baxter equatioVarve V:
RB(2)RY(ZWRGI (W) =RBWRB(ZWR)(2), i=LII.

Moreover, they enjoyi) the initial conditionR()(1)=P, i=11I, where P is the graded permu-
tation operator{ii) the unitarity conditionR{)(z/w)RS}(w/z)=1, i=1,lI, where R}}(z)=PR{)
X(2)P; (iii) the crossing unitarity

(R)"4(z)((q @ RV (2P V)(g¥@1)t=1, i=lII,
where
qzﬁzdiaQQZpl,qZPz,___,qZPN,qZPNH):diaQIqN*Z,qN*‘l,___,qu,qu).
The various supertranspositions of tRematrix are given by
(R4(2))¥ =Rl (2)(— DITIKD (RS(2))K= R (2)(— 1)l 0D,
(R3t12(z)):(j|: RLJ'I(Z)(_ 1)([i]+[i])([i]+[J]+[k]+[|]): Rle(Z)-

B. The graded Faddeev—Zamolodchikov algebra

We now calculate the exchange relations of the type | and type Il bosonic vertex operators of
Ug[sl(N|1)]. Define

$dz f(z)=Res( )=f_,, for a formal functionf(z2)==,_,f,z".

Then, the Chevalley generators Ug[sl(Nll)] can be expressed by the integrals
e = ﬁg dz X"(z), f;= 3€ dzX '(z), i=1,2,.., N.

One can also get the integral expressions of the bosonic vertex opepdrsp* (z), ¥ (z), and

J* (2). Using these integral expressions and the relations given in Appendixes A and B, we find
that the bosonic vertex operators defined(linl6) satisfy the graded Faddeev—Zamolodchikov
algebra
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N+1 Kl
¢i(zz)¢i(21):kzl Rm(%) P(z1) ¢1(2o) (— DM,
= |]
N+1 2.\l N
wi*(Zl)tllf(Zz)=kZl R“')(Z—i) W (2o) 4 (z0)(— )0, (IV.4)
e kI

Z; -
W (21) 9j(22) = 7(2—2) b(22) ¥ (z)(— DI,
where

(Zq;qz(N_l))x(Z_IQZN_s;qz(N_l))w

7(z)=—2l@~N/IN=D]__ _ _ _ _
(z ;2N D) (2PN 32N D)

By

e~ hy(za;1/2) +h} (2,12 —hL (26?172 —h2(zg%;1/2)- - —hNzN L 172), 1

we obtain the first invertibility relations

N+1
bi(2)$F (2)=g~ (- Dls, gl (—D)Mek (2 p(2)=97", (IV.5)
and the second invertibility relations
N+1

¢ (z# N V) pi(2)=—g 195y, gl q %key(2) pp (zfFN)=—g71,  (IV.6)

where

2. 2(N-1)
— g/~ I7N/2AN-1) (9549 )eo

9 (PN=D: q2N-1)y

Using the fact thatyy&, is a projection operator, we can make the following identifications:

Di(2)=noéodi(2) moéo, P (2)=noéod; (2) noéo,

(V.7)
Vi(2)=noéothi(2) moéo, Wi (2)=nobodi (2) moéo-
Set
A, a=01,.N,
Ma: )\a,(Nfl) f0r 0[>N, (|V8)

N, for a<O.

It is easy to see that the vertex operatar&), ¢*(z), ¥(z), and ¢*(z) commute(or anti-
commute with the BRST chargey, . It follows from (111.13) and(l1l.14) that the vertex operators
(IV.7) intertwine all the level-one irreducible highest weighg[sI(Nll)] modulesV(u,) («

e Z) as follows:

D(2):V(a) = V(a-1)@Vy,  P*(2): V(1) = V( i) @VS S, (IV.9)
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W(2):V (1) = V@V (ta-1), W (2): V(1) = V3 5@V (1)

From (IV.4), we have

N+1 7 Kl N
(I)j(ZZ)q)i(Zl):kZl R(D(_;) ¢k(21)¢|(22)(—1)[']['],
= ij
N+1 2\ B
V(@) V] (2)= 2 R“”(—z) W ()W (20)(— 1), (IV.10)

kI
W (20D (2= 7| 22| b (2.)0* )i
i (2)Pj(zn)=1 % i(Z2) W (z) (= 1)HH
Moreover, we have the following invertibility relations:

‘Di(2)®?(2):971(—1)[i]5ij iy,

N+1

2 (~DMO{ ) Py(2) =g idyy,

_ (IV.11)
OF (2PN D (2)=—g 1915 idy(y,).

N+1

2 A PR (2) D (2N )= g idy -

V. MULTICOMPONENT SUPER t—J MODEL

In this section, we give a mathematical definition of the multicomponent gup&model on
an infinite lattice.

A. Space of states

By means of thér-matrix (1V.2) of Uq[sl(Nll)], one defines a spin chain model, referred to
as the multicomponent supéer-J model, on the infinite lattice--®Ve®V®V---. Let h be the
operator orW®V such that

z
Pﬁ(—l
Zp

P: the graded permutation operatog;'=2z,/z,.

=1+uh+o, y—0,

The HamiltonianH of this model is given by

H= lEZ isay- (V.1)

H acts formally on the infinite tensor product,
- VRVRV---. (V.2)
It can be easily checked that

[Ug(sl(N[1)), H]=0,
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where Ué[S|(N|1)] is the subalgebra qu[sI(N|1)] with the derivation operatod being
dropped. SoUC’][sI(N|1)] plays the role of infinite dimensionadon-Abeliansymmetry of the
multicomponent super—J model on the infinite lattice.

From the intertwining relationlVV.9), one has the following composition of the type | vertex
operators:

D(1) P(1)®id P(1)®ideid
V(Iua) - V(Iu’afl)®v - V(,ua,l)®V®V - _>Wt! (V3)
where
def
W=---0VaV,

i.e., the left half-infinite tensor product. We conjecture that such a composition converges to a
map:

i:V(ﬂa)_)Wl .

Such a may satisfies (xv) =A™ (x)i(v), xe Uq[sI(N|1)] andv € V(u,). Following Ref. 9, we
could replace the infinite tensor produtt.2) by the Ievel-zerqu[sI(N|1)] module,

Faa' = Horn(V(,LLa),V(Ma/))EV(Ma)®V(Ma/)* )

whereV(u,) is level-one irreducible highest Weigmq[sl(N|l)] module andV(u,/)* is the
dual module ofV(u,). By (I1l.13), this homomorphism can be realized by applying the type |
vertex operators repeatedly. So we shall make(ltypothetical identification:

““the space of physical states” @ V(a)OV(gr)*.

aa'€Z

Namely, we take

F=End D V(p))= D Fouw

r
aeZ a,a’' €eZ

as the space of states of the multicomponent stipel model on the infinite lattice. The left
action oqu[sI(N|1)] on F is defined by

x-f= 2 X1)ofoS(X) (-~ DX, ¥xeUy[sI(N|1)],feF,

where we have used notatid(x) =2X(1)®X, . Note thatF ,, has the unique canonical element
idy(,, ). We call it the vacuurtf and denote it byvag,, .

B. Local structure and local operators

Following Jimboet al,® we use the type | vertex operators and their variants to incorporate

the local structure into the space of physical stdteshat is to formulate the action of local
operators of the multicomponent sugerJ model on the infinite tensor produ@f.2) in terms of
their actions orf /.

Using the isomorphisms

O(1) V(g —=V(pe-1)®V,

(V.4)
O* g NTY) 1 VeV(u)* = V(ka-1)*,
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where st is the supertransposition on the quantum space, we have the following identification:

V(/’Luz)®v(/*l’a’)* _)V(Ma—l)®v®v(/‘l’a/)* _)V(Ma—1)®V(MC¥/—1)* .
The resulting isomorphism can be identified with the super transléioshift) operator defined
by
T=-92 &(DedF (M ) (~1)lq .
I
The inverse is given by

T=g2 ¢} ()ePiL).

Thus we can define the local operators\ras operators off . .'° Let us label the tensor
components from the middle as 1, 2,... for the left half and as1),—2,... for the right half. The
operators acting on the site 1 are defined by

def

Eij=E{’=gd} (1)d;(1)(-Dleid. (V.5)

More generally we set
Ef=T " YE;T" ! (ne2). (V.6)

Then, from the invertibility relations of the type | vertex operatoryg[sl(ml)], we can show

that the local operator&{” acting onF,, satisfy the following relations:

EMEM — SyE{" if m=n,
RS (- ) O DO IDEDEM  if man,

This result implies that the local operatcEﬁ“) are nothing but theJq[sI(N|1)] generators
acting on thenth component of --®@V®V®---. They include all the local operators in the
multicomponent super—J model®

As is expected from the physical point of view, the vacuum vedtess) , are supertransla-

tionally invariant and singletf.e., they belong to the trivial representationld)(g[sl(N|1)]):
T|vao,=|vag,_ 1, X.|vac,=e(x)|vag,, Vxe Uq[sI(N|1)].
This is proved as follows. Lenf“)(uf‘(“)) be a basis vectors &f(u,)(V(u,)*) and

def
vag,= idea):EI ujeuf .

Then
T|vag = —9% q~2md (1) ufV @ dr (g2 N V) uf (@)= 1)mi+im,
We want to showT |vag,=|vac,_,. This is equivalent to proving

—gEI q 2m® (DUl YPF (2N ) uf Do) (- DM =y Yo e V(g ).
m,
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Now

Ihs=—g2 q~#mdp(1)ufuf (@7 ("N ) %) (~ )i
=—g> g #ndy(Lufuf I DH(G* N V))
o m | | m

=—g§ q 2m® (1) D% (2N Vyp =0,

where we have usedi(:,(z)%)S'=dF (z)(—1)I™ and(1V.11). As to the second equation, we have
X-[vag) =S x)uf Y@ Xz uf V(- 1)lx2)]
=3IX U@y yx (X(2) it @ (= D]
=Ex(1)u|(“)® 71'V(,La)(s(x(z)))|mU;'1(1(0[)
=2x(l)wv(#a)(S(x(z)))muf“)@uﬁ(“)
=3 X1 S(X U @ ux (@ = e(x)|vag, .

This completes the proof.
For any local operatoD e F, its vacuum expectation value is defined by

deftrv(“a)(q*ZPO) trv(“a>(q*2(N’l)d’2hFO)

«vagOlvao ,= - = N , V.7
(vadO|vag trv(ﬂa)(q %) tfv(ﬂa)(q 2(N=1)d=2h,) (V.7)

where

N
2h,,——|§1 I((N—1—D)h,.

We shall denote the correlatgfvadO|vac, by (O), .

VI. CORRELATION FUNCTIONS

The aim of this section is to calcula{&,,,),. The generalization to the calculation of the
multipoint functions is straightforward.
Set

thy( (72N 920X (7)) D (2,))

tryg (@ 20 D52

PN(z1,25]9]a)=

then(E .= Pn(z,z|q|a). By (1V.8), it is sufficient to calculate

trF(a;B—a))(q_Z(N_ DA=2Mp* (21) dn(Z,) m0éo)

e (@ 2 DT g

Flo)(z,,2,)= (VI.1)

Using the Clavelli-Shapiro techniqd@we get

S P
Fimn(Z1,20)= S0 (20,2)= 22 2 (~ 1) (21,20),
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where

2(N—1).q—(N—2) .

Xa:ChKer}'(a;B)(q '7q_|(N_1_|)!"'1qN)l

Finl(21,25) = — el TITNVANTDICT Y (CN ™ H(Cpg) (2 )N

Z; _ Z3
{Z_qz(N 1)] [ qZ(N 1)}
2

X dw;y- fﬁdw
ﬁ 2N 22 2N é v N
Z - Z1
e (1-0%)
k=1 Wi 2(N1)) (Wkl ) 2<N1>)
q kl(Wk_lqaq ) _Wk q:q )
y 1
Wm 2(N—1) Wm-1_on-1. 2(N-1)
Wml(wm_1q’q N, q q .
» o (1-0°)
k=m+1 Wk ogen-n | ([ Wke1 o on-1)
Wk<Wk1q'q o Wi a9 -
X E ||(f|) (21,25|Wy, ... Wy)
{ig,...inteZ
2 N1 I—a+iy
X vy
Z; _ WN = _
WNq(W_NqN L. g2 1)) (Z_ZqN L g2 1))
EqN+l I—a+iy
+ adl
22 N1 2(N—1) ﬂ 2(N-1) ,
Z5q (WNq g 7z qg N g )
for m=1,...N,

ﬂqzm—l)] [ﬁqzm—n]
Z Z;

[— —_ _ o0

FR 1)(21,25) = TIMNANTDICE CX(C)M(Cry ) (2 0) N2 (

2 on| %2 N
2 )

X 3gdwl--- 3€dWN H (199

o

k=1 Wi _ Wi—1 _
o aa ) (e
1
X
22 Nt1 2(N-1) WN N—1. 2(N-1)
W 1 H
N WNq q 1z - q q )
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| —a+i
2 N "
q
@) Wi

X{. 2} . |i1:...,iN(21,Zz|W1: W) X Dy Z W
i1, infe N. y2(N—1 N—2.~2(N-1
WN<W_q ;g% )) (Z—q ;qZN

N oo o

N
—1-k)y —rK
XkHl (quk(N 1 k)) )"1‘...1N,

R (i . {a™ %

Co= (@M ™M (@ ), Cuaa=(@P MY D).
We now derive the difference equations satisfied by these one-point functions. Noticing that
xIgi(2)x A= i(zx ), xIpF(2)x U= f (zx7Y),
xW(2)x A= gi(zx ), XU (@x =y (zxh,
xdnox~9=1mg, XU~ I=4,
we get the difference equations

F%")(Zl ,22q2(N—1)) = q—2pm; R(z, ,Zl)mlpf(a—l)(zl \Zo)(— 1)L+ LkI+ImIk],

Sincea e Z, it is easily seen that this is a set of infinite number of difference equations.

ACKNOWLEDGMENTS

This work has been financially supported by the Australian Research Council Large, Small
and QEIl Fellowship grants. W.-L. Yang thanks Y.-Z. Zhang, and the department of Mathematics,
the University of Queensland, for their kind hospitality. W.-L. Yang has also been partially
supported by the National Natural Science Foundation of China.

APPENDIX A: NORMAL-ORDERED RELATIONS OF FUNDAMENTAL BOSONIC FIELDS
In this appendix, we give the normal ordered relations of the fundamental bosonic fields:

. . T '
:ehl(z;ﬁl) :: ehJ(Wx,Bz) ::Zaij( 1_ gqﬁ1+ﬁz :ehI(Z;B1)+hJ(W;B2):, | ;{:J ,

:ehi(z;ﬁl):: ehi(w;ﬁz) ::Zz( 1— qulJrBZl) ( 1— gqgﬁﬁzu) :ehi(2;31)+hi(W;B2):’ i#=N,

(B :: gh(w.B2) . ohN(z By +hN(wi ).
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i * w % *
:eh (z:81) e ehj (W;BZ);:Z‘Sij 1— ;qﬂ1+B2 :eh (Z;B1)+hj (W;ﬂz): ,
. ) w Gj .
(e (@BY 1 gV (WiB2) = 78| 1 — — gPr+B2| ehi (BTN (W),
z

w
;qﬁl+,82+2N—1;q2(N—l))

@M (ZB1) - hN(WiBp) . ,~NIN-1 ( - eMN(Z B +h\(wiB).

W
(;qﬁl+ﬁ2_1;q2(N_l)

V_quﬁl+ﬁ2+l;q2(Nl))

@I (ZB1) :: ghT (WiB2) ;= N—2IN—1 ( -eh] (zB1)+h] (wiBa).

w B+ By+2N—3. (2(N—1)
zq g

W
;qﬂl+E2+N;q2(N—l))

-eh1 (@B .. ghN(WiB2) . ,~UN-1 ( @I (8D +h\(wiB).

V;vqﬁl+,82+N72;q2(Nfl)

quﬁBﬁN;qz(Nl))

-eNN(ZB1) ;; ghT (WiBp) = 7~ IN-1 -eMN(Z B +hT (wiBa).

w B1t+PBr+N—2.42(N—1)
= q

:ec(z:ﬁl) ol eC(W;,BZ) =7

1- D gbrtha | ee(by ewipy),
Z 1
whereg;; is the Cartan matrix of sﬁ|1) andi,j=1,2,...N.

APPENDIX B: COMMUTATION RELATIONS OF VERTEX OPERATORS

By means of the bosonic realizatigh.10) of Uq[sl(lilll)], the integral expressions of the
bosonized vertex operatofi$.16) and the technique given in Ref. 18, one can check the following

relations.
For the type | vertex operators:
[¢(2),F1=0 if kL1411, [y11(2),filqn+1=w ¢y (2)(— DIMITITTad,
[61(2),F1lg-n=0, [$1(2),e]1=q".1(2)(—)laNInI* o1l
[#c(2),€1=0 if k%I, q"(2)q "=q "¢(2),
AP "= di(2) if k#LI+L, gy a(2)aT =" 144(2),

[k (2).111=0 if k#11+1, [¢f1(2).fi]q-..=0,

[#F(2),6]=0 if k#1+1, [¢f 1(2),6]=—vy Q" " (2)(—D)lallulrlorab,

[¢] (2),filqn=—10" ¢}, 1(2)(— DIl - ghige () g~ M=g 1 (2),
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qQer(2a M=ak(2) if k#LIHL, Mg (2)g =g 1gl 4 (2).
For the type Il vertex operators:
[(2),e]=0 if k#LI+1, [+1(2).€]q-4..=0, [¥(2).&lqn=th+1(2),
[4(2),£1]=0 if k#I+1, [¢11(2).F1=na "y(2),
9" (20 " =a""(2),  q" (29 =014 4(2),
q"(z2)q M= (2) iF k#1411,
[4f(2),e]=0 if k#l,1+1, [¢F(2),e]q-4=0,
[ (2).51=0 if k#1, [¢f(2).fi]=—wa """y (2),
(4 1(2), @ ]gnes= = w07 " (2), A"y (207 "=0"4f (2),
Q" (20 =y (2) i kELIEL, gyl (29 =g gl (2).
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