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1 Introduction

Deontic logic (DL) is increasingly recognized as an indispengablen such application
areas as formal representation of legal knowledge and reasonimg) &pecification of
computer systems and formal analysis of database integrityraiotst Despite this
acknowledgement, there have been few attempts to provide computativaetgble
inference mechanisms for DL (most notably [Bel87], [McC83], [McCE&]is87]). In this
paper we shall be concerned with providing a computationally oriented mpetbbd for
standard DL (SDL), i.e., normal systems of modal logic with thelysassible-worlds
semantics ([Aq87], [Ch80], [Han65]). Because of the natural and eaglgmentable
style of proof construction it uses, this method seems particweel+suited for
applications in the Al and Law field, and though in the present versigarits for SDL
only, it forms an appropriate basis for developing efficient proof metliodsnore
expressive and sophisticated extensions of SDL. The content of thagpapdollows. In
Section 2, we briefly introduce SDL together with the logical mmtabeing used. In
Section 3, we describe the theorem proving sy¥&m. In Sections 4 and 5, we present
KED method of proof search. In the last section, we provide a sample KEihérolog
implementation and give an example output of the program.

2 Preéiminaries

A system of SDL is a logic (set of axioms scheme and inéereules) based on a standard
modal language consisting of a denumerable set of propositional variabte the
primitive logical connectives:, [0, [J, -, P, O for negation, conjunction, disjunction,
conditionality, permission and obligation, respectively. We shall usketiees A, B, C,...
to denote arbitrary formulas of this language. A system of Sbw denoted by.. We
define anL-modelto be a triple<W, R, v> whereW is a non-empty set (the set of "possible
worlds"), R is a binary relation ow (the "accessibility relation" between the "actual”
world and its deontically ideal versions), an a mapping fromwv x S to{T,F} where S

is the set of all formulas of our present language. As usual, thennot L-model
appropriate for the logit. can be obtained by restricting R to satisfy the conditions
associated witl.. The following table gives a complete picture of the systen®. bfwe
shall consider.
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L Definition Condition on R
OK PCO{O(A-B) - (OA-OB)} |no condition
D OK 0 {OA - PA} idealisation
D4 D O {OA - OOA} idealisation, transitive
DB D 0 {A - OPA} idealisation, symmetric
D5 D O {PA- OPA} idealisation, euclidean
D45 D4 [0 {PA- OPA} idealisation, transitive, euclidean

Table 1: Systems of SDL and their associated ciomgit

To complete the definition, all these logics includedus ponenand the rule of O-
necessitation (if we have already proved A, then we can infer T#9."idealisation”
condition corresponds to the obvious requirement that every wolld lias at least an
ideal version

By asignedformula (S-formulg we shall mean an expression of the f@where A is
a formula ands U {T,F}. ThusTA if v(x,A) =V andFA if v(x,A) = F for someL-model
<W,Ry> and x [0 W. We shall denote by X, Y, Z arbitrary signed formulas. By the
conjugateXc of a signed formula X we shall mean the result of chan§itwits opposite
(thus TA is the conjugate oFA and FA is the conjugate oTA). Two Sformulas X, Z
such that Z = X will be called complementaryFor ease of exposition we shall use
Smullyan-Fitting's &,3,v,10" unifying notation that classifieS-formulas as shown in the
following table.

a oy a, B B, B,
TALB TA B FALB FA FB

FALB FA |FB | TAOB |TA | TB
FA-B | TA |FB | TA-B | FA | TB
T-A FA | FA | F-A TA | TA

v A Tt T
TOA TA TPA | TA
FPA FA FOA | FA

Table 2: Classification of signed formulas accogdiom Smullyan-Fitting's unifying notation.

3 Thesystem KED

In this section we describe the proof systeED. The key features &€ED are outlined as
follows.

3.1 Label formalism

Let d. = {wy, W,, Wy,...} and®d,, = {W,, W,, W;,,...} be two (non empty) sets of "world"
symbols, respectively constant and variables. We define theé cfetworld” labelsin the
following way:
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O0=U0OT wherel is:

1<n

0,=0.00,
0, =0,x d
|:|n+l:|:hx|]n'

That is a label is either a constant "world" symbol, or a "world" variable, opath"
term «',k) where (ak' [0 ®. 0 ®,, and (b)k O ®. or k = (m',m) where (n',m) is a label.
Intuitively, we may think of a labal O ®. as denoting a world, and a labdll ®,, as
denoting a set of worlds in sorhemodel. A label = (k',k) may be viewed as representing
a path fromk to a (set of) world(sk' accessible fronk. For example, the label (VWv,)
represents a path which takes us to a sg{tié set of worlds accessible from the initial
world w;); (w,,(W,,w,))) represents a path which takes us to a wogldagessible by any
world accessible from v (i.e., accessible by the subpath,(#)) and so on (notice that
the labels are read from right to left). For any labelk',k) we shall calk’' theheadof i, k
thebodyof i, and denote them Hy(i) andb(i) respectively. Notice that these notions are
recursive: ifb(i) denotes the body of thenb(b(i)) will denote the body db(i), b(b(b(i)))
will denote the body db(b(i)), and so on. For examplejiis (w,,(Ws,(ws,(W,,w,)))), then
b(i) = (Wa, (Ws,(Wo 1)), b(b(i)) = (wy,(W,,wy)), b(b(b(i))) = (Wo,wy), b(b(b(b(i)))) = w.
We call each ofb(i), b(b(i)), etc., asegmentof i. Let s(i) denote any segment of
(obviously, by definition every segmes(t) of a labeli is a label); themn(s(i)) will denote
the head of(i). For any label, we shall denote thengthofi byl(i), wherel(i) =n < i [
[h.-We shall call a labelrestrictedif h(i) [ @, otherwise we shall call unrestricted

3.2 Basic unifications

We define a substitution in the usual way as a funaioh,, - 0~ wherel™ = - ®,,.
Following convention we denote by, ko the result of applying to labels andk. If io =
ko we shall say that unifiesi andk. Two labels, k will be saido-unifiable if there is a
substitutiono that unifiesi andk. In the following we shall use,K)o to denote both that
andk areo-unifiable and the result of their unification. On this basis wende$ieveral
specialised, logic-dependent notionsoedinification. In particular, we define the notion of
two labels, k beinga©X-, gP-, gP4- andaP>-unifiable in the following way:

(i,ko°K = (i,Ko =
(i) at least one afandk is restricted, and

(ii) for everys(i), (k) such that(s(i)) = 1(s(K)), (s(i),s(k))aOK

(i,KoP = (Ko

(1,k)aP4 = h(k) x (h(b(k)) x (..x (t*(k) x (i,5(K))aP)...)) =
1()<I(K), h(i) O ®,, and {,s(k))a®,

or

(1,K)aP4 = h(i) x (h(b(i)) x (..x (t*(i) x (s(i),k)aP)...)) =
1(K)<I(i), h(k) O P, and &i),K)aP
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wheret*(k) (resp.t*(i)) denotes the element kf(resp.i) which immediately follows(k)

(resp.s(i)).

(1,K)aPs = (h(i),h(K)o x (b(b(i)).b(k))ob)) =
(h(i),h(K))o and b(b(i)),b(k))at for I(K)<I(i) or h(b(K)) O g,

or

(1,K)abs = (h(i),h(K))o x (b(i),b(b(k))a")) =
(h(i),h(K))o and b(i),b(b(k))at for I(i)<I(K)or h(b(i)) O g,

where
ot = o®ora® if (i) =1(k)
a5 if 1(i) #1(K)

The above notions are meant to mirror the conditmmR in the various-models. Thus
the notions ofcg®k-and oP-unification are related to the idealisation coioait For
example, (w,(W3,w,)), (W3, (W,,w,;)) are aP-unifiable but noto®X-unifiable (since the
segments (Ww,), (W,,w,) are noto®K-unifiable by condition (i) of the above definitipn
The reason is that in the "non idealisable" |dQk the "denotations” of Wand W, may
be empty (i.e., there can be no worlds accessibta fv,), while in the "idealisable" logic
D they are not empty, which makes them to be un#éidbh" any constant. For the notion
of aP4-unification take for example= (W;,(w,,w;)) andk = (wg,(W,,(ws,(W,,w,)))). Here
sk) = (W (W,w,)). Then i and k oP4unify to (wg,(w,, (W5, (W,,w,)))) since
(W3, (wy,wy)), (ws,(W,,w,)))oP. This intuitively means that all the worlds acdelgsfrom
a subpatls(k) of k are accessible from any pathich turns out to be identical wit(k).
Similar intuitive motivations hold for the notiori gP>-unification.

3.3 Reductions
For X = 4, B we define theX-reduction r,(i), of a labeli to be a functiorry: 0 - O
determined as follows:

‘. (i) :{h(i),b(b(i)) )= b(b(i)),i unrestricedandl (i) = 3
‘ i,iunrestricedand (i) <3 By (h(i),rg (b(i))),i restricted

The notion of X-reduction holds for the logics whose associatedditmns are
transitivity and symmetry. As an intuitive explanat we may think of th&-reduction of
a labeli as the deletion of "irrelevant” steps from thehpegpresented by Thus for
example thet-reduction (w,w;) of the label (w,(W;,w;)) amounts to deleting the step to
an arbitrary world (in the set) \n the path from wto a world v accessible from all
worlds accessible from msince if R is constrained to satifsy transitivitien this step
turns out to be irrelevant (us accessible from yfor all W, accessible from yy.

3.4 General unification
We are now able to define what it means for tweelsah k to beo, -unifiable for L =
OK, D, D4, DB, D5, D45:
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() (i,Ko, = (@Ko, where

for 1(i) = I(K)
0" = 0%K, if L=0OK
0" =ab, if L =D, D4, DB, D5, D45
0" = obs, if L = D5, D45;
for 1(i) # I(K)
0" = ob4, if L=D4
0" = obs, if L =D5, D45

(i) (1,0, = (i,ry(K)o", or
(ry(i),K)a*, or

(ry(i),rx(K)o”,
where
X =4, if L = D4, D45
X =B, if L = DB.
and
o =0Pb, if L = D4, DB, D5, D45
0" = aoDbs, if L = D5, D45.

Notice that in this way all the obvious inclusioamong the logics considered are
preserved.

3.5 Rules of inference

The rules oKED will be defined for pairs Xwhere X is a signed formula ands label.
We shall call any pair X,alabelledsignedformula (LS-formulg. Two LSformulas Xi,
Zk such that Z = X and (,k)o,_ are calledo, -complementaryThe following inference
rules hold for all the logics we are considering (k stand for arbitrary labels).

Qi Qi B.i B,
oo0oad oo0oad BC,,k RS,k [(i,K)a,]
Oy, (o P Oo00oogo oo00ooo
B,.(i,K)o, B1.(.K)o,
V,i Ui

Ooo0o [(",1) unrestricted and new] goo [(i'i) restricted and new]
Vo:(i".1) T (I'1)
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O0000000PB [irestricted] X

X,i X, XC k [(1.K)o, ]
00O 0PNC
x (1Ko,

Here thea-rules are just the usual linear branch-expansitesrof the tableau method,
while thep-rulescorrespond to such common natural inference pat@smodus ponens
modus tollensetc. The rules for the modal operators bear ainexpected resemblance to
the familiar quantifier rules of the tableau methtdnew" in the proviso for the- andre
rule obviously means: must not have occurred in any label yet used.ddatnat in all
inferences via an-rule the label of the premise carries over unckdrtg the conclusion,
and in all inferences via [&rule the labels of the premises mustdyeunifiable, so that
the conclusion inherits their unification. (The enging intuitive motivation is thatS
formulas whose labels ag -unifiable turns out to be true (false) at the samoeld(s)
relative to the associated conditions on.(the "Principle of Bivalence") an@NC (the
"Principle of Non-Contradiction™) are "structuratliles.PB represents thd.&version of
the) semantic counterpart of the cut rule of thgusat calculus (intuitive meaning: a
formula A is either true or false in amyven world, whence the requirement thabe
restricted).PNC corresponds to the familiar branch-closure rulghef tableau method,
saying that from a contradiction of the form (ocence of a pair ob, -complementary
LSformulas) Xi, X€,k on a branch we may infer the closurg"f"of the branch. The k)

o, in the "conclusion" oPNC means that the contradiction holds "in the samedto

It can be proved (JAG93],[AG94]) that the aboveesibive a sound and complete system

for a wide variety of normal modal logics.

4 Proof search

As usual with refutation methods, a proof of a falanA of L consists of attempting to
construct a countermodel for A by assuming thatsAalse in some arbitraty-model.
Every successful proof discovers a contradictiorthi@ putative countermodel. In this
section we describe an algorithm which does thisgnd that can be easily implemented
in Prolog (see Section 7 below). The following daions are extensions to the modal
case of those given for the classical case in [DM94

By aKED-treewe mean a tree generated by the inference rul&K&EDf A brancht of a
KED-tree will be said to be, -closedif it ends with an application d?NC. A KED-tree
will be said to beo, -closedif all its branches are, -closed. AL-proof of a formula A is a
0, -closedKED-tree starting withFA,i. Given a branch of aKED-tree, we shall call S
formula Xj E-analysed irt if either (i) X is of typea and botho,,i anda,,i occur int; or
(i) X is of type B and one of the following conditions is satisfiéa) if 3¢;,k occurs int
and (,k)o_, then alsdB3,,(i,k)a, occurs int, (b) if B¢,k occurs int and {(,k)o,, then also
B.,(,K)o, occurs int; or (iii) X is of typev andv,,(i',i) occurs int for some i'J ®,, not
previously occurring irt, or (iv) X is of typertandry,(i',i) occurs irt for some iTJ ®. not
previously occurring irt. We shall call a branchof aKED-treeE-completedf everyLS
formula in it isE-analysed and there are no complementary formutashware noto, -
complementary. Finally, we shall callL&formula Xj of typef fulfilled in a branchrt if
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either 3,,i' or B,,i' occur int, where either (i)' =1, or (ii) I' is obtained fromi by
instantiatingh(i) to a constant not occurring inor (iii) i' = (i,k)o, for somef3c k (i = 1,2)
such thati(k)o,. We shall say that a branctof a KED-tree iscompletedf it is both E-
completed and all theSformulas of typeB in it are fulfilled. We shall call &ED-tree
completedif every branch is completed. Let us denote/byLambda) the set dfS
formulas which occur non analysed, dyDelta) any branch, and by the set of labels.

The KED algorithm runs as follows (the quotations in betekrefer to the Prolog
implementation in Section 7). To prove a formulafA

STEP 0. Assign to A an arbitrary constant labahd putSA,i in A andi in Z.

STEP 1 (cke 1). If a pair @ -complementary.S-formulas occurs id, then the tree is, -
closed and A is a theorem lof

STEP 2 (cke 3). Delete all literals frafm If A is empty, then the tree is completed.

STEPS 3, 4 (cke 5,6). For each formata (v,i) in A (i) generate a new restricted
(unrestricted) labeli'(i) and add it toZ; (ii) add 1, (i',i) (vo,(i',1)) to A; and (iii) deleterti
(v,i) from A.

STEP 5 (cke 7). For each formwd in A, (i) adday,i, a,,i to A, (ii) deletea,i from A; and
(iii) add a,i to A.

STEP 6 (cke 8). For each formyta in A, such that eithe8,,k or B,k is inA 0 A and
(i,k)a,, (i) deleteB,i fromA, and (ii) add3,i to A.

STEP 7 (cke 9,10). For each form{@a in A such that eitheBC, k or fC,kis inA O A
and (,k)o, for some labek, (i) add,(i,k)o, or B,(i,k)o, to A; (ii) deletef,i from A; (iii)
add the labels resulting from tbe-unification to#; and (iv) add3,i to A.

STEP 8.1 (cke 11). For each form@@a in A, if AQ A does not contain formuld3©, k
such that, k are noto, -unifiable, then form setd, = AOB;,m andA, = AOBC,,m (where
(i,m)o,, andmis a given restricted label).

STEP 8.2 (cked 12). For each form@lain A, if AU A does not contain formuld¥©,,k
such that, k are noto, -unifiable, then form set&;, = AB,,m, andA, = AOBC,,m (where
(i,m)o,, andmis a given restricted label).

Remark 1The steps 8.1 and 8.2 are logic and label depgnd@kis mean that if the label
of X is restricted, its immediate signed subformsufeave the same label as X, otherwise

we have to deal with two cases: a) search whetheontains restricted labels which-

unify with the label of X; if so the rule is appdi¢o all such labels; b) If is an idealisable
logic then, if the search fail$yi) is instantiated to a new constant label not nesiy
occurring.
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STEP 9 (ckel4). I\ contains two complementary but nmtcomplementary formulas,
search in# for restricted labels whict -unify with both the labels of the complementary
formulas; if we find such labels then the treelesed and A is a theorem bof

STEP 10 (ckel5). IA contains two complementary but r@tcomplementary formulas ,
search in# for restricted labels whict -unify with both the labels of the complementary

formulas; if we do not find such labels then tretis completed and A is not a theorem of
L.

This procedure is based on the procedure for caatRED-trees. AKED-tree is said to
be canonical iff the applications of 1-premise rateme before the applications of 2-
premise rules, which preceed the applications ef @Ghpremise rule. The following
theorems state some interessing properties of czald&ED-trees:

THEOREM 1. A canonicaKED-tree always terminates.

THEOREM 2. AKED-tree for a formula A oL is closed iff the canonic&ED-tree for A
is closed.

Theorem 1 follows from the fact that at each stegrd are at most a finite number of
new LSformulas of less complexity, and that the numiddabels which can occur in the
KED-tree for a formula A (ofL) is limited by the number of modal operators in A.
Theorem 2 follows from the fact that a canoni€&D-tree is aKED-tree and that KED-
tree explores all the possibile alternatives tlaationply closure (for detail see [ACG94a])).

Remark 2 It should be noticed that in the above procedeB:is appliedonly to
immediate signed subformulas lo&formulas of type3 which occur (unfulfilled) in the
chosen branch, arahly when the branch has beBrcompletedj.e., when theE-rules are
no further applicable. Suchrastricteduse of the cut rule removes from the search space
the redundancy generated by the standard tabl@sching rules. Indeed it is easy to see
that the given procedure makes all choices in sualay that at each step of proof search
the search space is as small as possible, whilgeiag the subformula property of
proofs (see [DM94]).

5 An example

We illustrate th&KED-based search procedure with the help of an exarmpkefollowing
is aD-proof of the formula (PAOB) - P(AB).

(1) F(PACOB) - P(ALB), W,
(2) TPACOB, w,
(3)FP(ALB), w,

(4)FADB, (W,,w,)

(B)FA, (Wy,w,)

(6) FB, (Wy,w,)

(7)TPA, w; (8) FPA, w;
(9) TA, (wy,w,) (10)TOB, w;
X (Wy,Wy) (11)TB, (W,,wy)

X (Wy,Wy)
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The steps leading to the nodes (1)-(6) are striaigisird. At this stage, to complete the
branch we pick out the onlyS-formula of typef which is not yet fulfilled in it, i.e., (2),
and applyPB so that the resultingS-formulas are (7) and (8). At this point an apgima
of terule oy-closes the left branch ((5) and (9) are obviousjycomplementary by
condition (i) of the above definition). To make thght branchE-completed, we choose
the onlyLSformula of typef which is not yet analysed in it, i.e., (2), angtw oy-unify
its label with the label o<,k (i.e., (8)). Since this unification succeeds we arevedid to
derive3,,(i,k)op at the node (10). Now an applicationwfule o,-closes the branch. The
resulting KED-tree is thuso,-closed. Notice that (6) and (11), aog- but not ogy-
complementary (their labels are obvioustt cCK-unifiable, and thus nati,.-unifiable.
Then thisKED-tree constitutes B- (and, of course, B4-, DB-) proof, but not @®K-proof
of the given formula.

6 Final remarks

Let us conclude with some commentsKIBD and related systems. In our opinik&D
has several advantages over most automated thgm@nmg systems for non-classical
logics currently available. Here we mention onlfew. In contrast with both clausal and
non clausal resolution methods ([AEH90], [AM86],i§86], [EF89], [Far85], [Far86],
[Cha87]), and in general "translation-based"” meshdfAE92], [OhI87], [Ohl89],
[OhI91]), KED requires no preprocessing of the input formulask @iovides a simple and
uniform treatment of a wide class of normal modaids ([AG94], [ACG94b]). From this
perspective it is similar to sequent or tableauopmethods ([Fit88], [GD88], [JR89],
[Wol85]), which avoidad hoc manipulation of the modal formulas and can belyasi
extended to a wide variety of non-classical logidevertheless, it is well-known that
sequent/tableau inference techniques are affecyedohsiderable redundancies which
prevent the development of computationally effitiproof search methodKED is based
on Mondadori's ([Mon88]) classical proof systé&f which, though being tableau-like,
has been proved ([DM94]) to offer many computatiadvantages over standard tableau
method, including considerable gain in efficienoyl @onciseness. The critical feature of
KED is that it developed aslabelled system, similar in spirit to D'Agostino and Gabbay
[DG93]) tableau extensionwith labels. The idea eing a label scheme to bookkeep
"world" paths in modal theorem proving is not n@wing back at least to [Fi66]. Similar,
or related, ideas are found in [Fit72], [Fit83]ap87] and [Wri85] and, more recently, in
[Cat91], [JR89], [Wal90] and also in the "transtatl tradition of [Ae92], [OhI89],
[OhI91], [OhI93]. As in Wallen's ([Wal90], [Gen93fpatrix proof methodKED's label
scheme allows the modal operators to be dealt wgthg a specialized, logic-dependent
unification algorithm to overcome the non-permuigbiof the usual tableau (and
resolution) modal rules. However, unlike the WdaBemethod (a generalization of Bibel's
classical connection methoJED implementdirectly familiar, natural inference patterns,
and so it appears to provide an adequate basisdorbining both efficiency and
naturalness. In effect, we believe th&ED lends itself well to both interactive and Al
applications. As its Prolog implementation (seeti®ac’ below) has showiKED method

of proof is simple and easy to implement - but denpnough to be used without a
machine. These are not, however, the only advasitayeED's label unification scheme.
For example, the index formalism of Jackson andiRlt's ([JR89]) sequent-resolution
based proof system is almost identical, but thdiaation algorithm used to resolve
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complementary formulas in the various modal logioss not work for the non-idealisable
K logics. Further advantages KED label formalism are that (i) it avoids loop-cheuki
and reduplication (see Section 4 above); (ii) gsarts a deduction method closely related
to the semantics of modal operators; and (iii) ibrke for modal logics whose
characteristic semantic properties have no firdeocharacterization, such as the Gédel-
L6b logic of provability [Boo79].

In this paper we have been concerned with SDL. firfag be seen as a major limitation,
since it is currently held that SDL fails to progid framework suited for applications in
the Al and Law field, its use being limited to veggneral and unproblematic features of
normative language and reasoning. Nerverthelessmthod for automated deduction in
SDL we presented in this paper is sufficiently genend flexible to provide an
appropriate algorithmic proof framework for deontmgics of greater richness and
complexity. For example, it can be easily extenttednulti modal logics (e.g., to the
deontic logic of the Jones-Porn type [JP85]), hypdy introducing several sorts of
"worlds", both constants and variables, or by bngdndexed labels where an index tells
us what kind of world is denoted by a label, angl way you get there. Moreover several
specialised substitutions have to be defined ireotd conform to the constraints of the
logic to be dealt with (of course, these tecniquaasbe combined).

7 A sample of a KED Prolog program

The following Prolog implementation d{ED is based on that of the classical proof
systemKE by Pitt and D'Agostino (see [DP94]).

KED selects a deontic loglcand it runs th&ED rules for that logic. If the input formula
is a theorem oL the program will output the entire reserch patkhvihe final answer
"closed" "theorem ot", and KED stops to run. If the input formula is notsatisfiable,
KED selects another logic and try to find the solutidbhe complete Prolog version of
KEM ("M" for "modal”) can prove formulas of the followidggicsK, D, T, K4, D4, S4
K5, D5, KB, DB, B, K4B, K45, D45, andS5 (see [ACG94a)). The ":" operator attaches
labels to formulas and "labeltree()" records thieels. In this way the labels have a
semantical control concurrent function over thetagtical inference rules. In what
follows, ->, +, &, 7, $, @ denotes, [, [J, =, P, O respectively.

Quintus implementations on SparcStation 10.
/* KED - Deontic Theorem Proving - by Alberto Artosi, Paola Cattabriga,and Guido Governatori.*/

:- ensure_loaded(library(basics)). prl(SetOfFormula),
:- ensure_loaded(library(occurs)). retract(log(L)).
:- ensure_loaded(library(term_depth)).

pr(L,SetOfFormula):- logic(L),

;- op(800,xfx,:). prl(SetOfFormula),

;- op(600,xfy,->). retractall(log(LL)).

;- op(550,xfy,+).

- 0p(450,xfy,&). prl(SetOfFormula):- statistics(runtime,[T1|_]),

:- op(300,fy, ~). log(L),

:- 0p(240,fy,$). assert(labeltree([i(w(1),w(1))])),

- op(240,fy,@). label(SetOfFormula,SLF),
cke(SLF,[],Result), !,

all_log(SetOfFormula):- statistics(runtime,[T2[_]),

findall(SetOfFormula,pr(SetOfFormula), ). TisT2-T1,

write(Result), write(" in '), write(L), nl,
pr(SetOfFormula):- logic(L), write(" in ), write(T), write(" msecs."), nl,nl,
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retract(labeltree()).

cke(_,Lambda,unsatisfiable):-

member(l: ~A,Lambda),
member(K: A,Lambda),

log(L),

unifylow(L,1,K, ), write(l: ~A), write(', "),
write(K: A),

write(* unify in "), write(L), nl,
write(Lambda),

write("***closed), nl, !.

cke([],Lambda,satisfiable):-

write(Lambda),
write("***completed"), nl, !.

cke(Delta,Lambda,Result):-

append(H,[F|T],Delta),

literal(F),

append(H,T,Deltal),

write(Delta), write( <--->), write(Lambda), nl,
write('literal’), nl,
cke(Deltal,[F|Lambda],Result).

cke(Delta,Lambda,Result):-

append(H,[l: ~(~A)|T],Delta),
append(H,[I:A|T],Deltal),
write('double negation elimination’), nl,
cke(Deltal,[l: ~(~A)|Lambda],Result).

cke(Delta,Lambda,Result):-

append(H,[l: F|T],Delta),

type_ni(l: F,K: A), genv(l,K),

labeltree(K,V),

append(H,[K: A|T],Deltal),

write(Delta), write( <--->), write(Lambda), nl,
write('ni elimination’), nl,

cke(Deltal,[l: FlLambda],Result).

cke(Delta,Lambda,Result):-

append(H,[l: F|T],Delta),

type_pi(l: F,K : A), genc(l,K),

labeltree(K,V),

append(H,[K: A|T],Deltal),

write(Delta), write( <--->), write(Lambda), nl,
write('pi elimination'), nl,

cke(Deltal,[l: F[Lambda],Result).

cke(Delta,Lambda,Result):-

append(H,[F|T],Delta),
type_alpha(F,A1,A2),
append(H,[A1,A2|T],Deltal),

write(Delta), write( <--->), write(Lambda), nl,
write(‘alpha elimination’), nl,
cke(Deltal,[F|Lambda],Result).

cke(Delta,Lambda,Result):-

append(H,[I: F|T],Delta),

type_beta(l: F,K: B1,R:B2),
append(Delta,Lambda,DulL), log(L),
((member(K: B1,DuL), unifylow(L,I,K, ),
write(l: F),

write(', "),write(K: B1),

write(* unify in '), write(L), nl);
(member(R: B2,DulL), unifylow(L,I,R,_),
write(l: F),

write(', ),write(R: B2),

write(* unify in "), write(L), nl)),
append(H,T,Deltal),

write(Delta), write( <--->), write(Lambda), nl,
write(‘beta semplification 1Y), nl,
cke(Deltal,[l: F|[Lambda],Result).

cke(Delta,Lambda,Result):-

append(H,[X: F|T],Delta),
type_beta(X: F,B1,Q: B2),
append(Delta,Lambda,DulL),
complement(B1,Y: Blc),
member(Y: Blc,Dul), log(L),
unifylow(L,X,Y,R), labeltree(R,V),
append(H,[R: B2|T],Deltal),
write(X: F), write(', "),write(Y: B1c),
write(' unify in "), write(L), nl,
write(Delta), write( <--->), write(Lambda), nl,
write('beta elimination 1), nl,
cke(Deltal,[F|Lambda],Result).

cke(Delta,Lambda,Result):-

append(H,[X: F|T],Delta),
type_beta(X: F,Q: B1,B2),
append(Delta,Lambda,DulL),
complement(B2,Y: B2c),
member(Y: B2¢,Dul), log(L),
unifylow(L,X,Y,R),labeltree(R,V),
append(H,[R:B1|T],Deltal),
write(X: F), write(', "),write(Y: B2c),
write(' unify in "), write(L), nl,
write(Delta), write( <--->), write(Lambda), nl,
write('beta elimination 2, nl,
cke(Deltal,[F|Lambda],Result).

cke(Delta,Lambda,Result):-

append(H,[I: F|T],Delta),

type_beta(l: F,K: B1, ),

labeltree(V), log(L),
((member(i(w(Y),X),V),
unifylow(L,1,i(w(Y),X),_),i(w(Y),X)= K);
((log(d); log(d4); log(d5); log(d45); log(db)),
memb(i(vw(Z),X1),V), genc(X1,K),
unifylow(L,1,K,_))),

write(l: F), write(', ),write(K: B1),
write(' unify in "), write(L), nl,
complement(K: B1,K: Bic),
append(H,[K: B1,I: F|T],Deltal),
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append(H,[K: Blc,I: F|T],Delta2), complement(l: A\K: ~A).
write('pb1"), nl,
write(‘branch 1Y), nl, type_alpha(l: ~(A+B),l: ~A,l: ~B).
cke(Deltal,Lambda,R1), type_alpha(l: A&B,I: A,l: B).
write(‘branch 2%, nl, type_alpha(l: ~(A->B),I: A,I: ~B).
cke(Delta2,Lambda,R2),
eval(R1,R2,Result). type_beta(l: A+B,J: AK: B).
type_beta(l: ~(A&B),J: ~A,K: ~B).
cke(Delta,Lambda,Result):- type_beta(l: A->B,J: ~AK: B).
append(H,[l: F|T],Delta),
type_beta(l: F,_,K: B2), type_ni(l : $ AK: A).
labeltree(V), log(L), type_pi(l : @ AK : A).
((member(i(w(Y),X),V), type_ni(l : ~ @ AK: ~A).
unifylow(L, Li(w(Y),X),_),i(w(Y),X)= K); type_pi(l : ~$ AK: ~A).
((log(d); log(d4); log(d5); log(d45); log(db)),
memb(i(vw(Z),X1),V), genc(X1,K), label([1,[D).
unifylow(L,1,K,_))), label([T|C],[Y: T|C1]):- labeltree(X),
write(l: F), write(', *),write(K: B2), member(Y,X),label(C,C1).
write(" unify in '), write(L), nl,
complement(K: B2,K: B2c), labeltree(K,V):- labeltree(V), retract(labeltree(V)),
append(H,[K: B2,I: F|T],Deltal), assert(labeltree([K|V])).
append(H,[K: B2c,I: F|T],Delta2),
write('pb2'), nl, costants(w(1)).
write(‘branch 1Y), nl, costants(w(N1)):- costants(w(N)), N1 is N+ 1.
cke(Deltal,Lambda,R1), variables(vw(1)).
write(‘branch 2%, nl, variables(vw(N1)):- variables(vw(N)), N1 is N+ 1.
cke(Delta2,Lambda,R2),
eval(R1,R2,Result). genc(_,i(w(2),i(w(1),w(1)))):- labeltree([i(w(1),w(1))]).
genc(l,i(w(N),1)):- labeltree(T), costants(w(N)),
cke(_,Lambda,unsatifiable):- append([A|_],C,T), \+ (sub_term(w(N),A)), !.
member(l: ~A,Lambda),
member(K: A,Lambda), genv(_,i(vw(1),i(w(1),w(1)))):- labeltree([i(w(1),w(1))]).
labeltree(H), genv(l,i(vw(N),1)):- labeltree(T), variables(vw(N)),
member(i(w(Y),X),H), R = i(w(Y),X), log(L), append([A|_],C,T), \+ (sub_term(vw(N),A)), !.
unifylow(L,K,R,R1), unifylow(L,,R,R1),
write(l: ~A), write(’, "), write(K: A), logic(L):- selectlogic(L), assert(log(L)).
write(" unify in '), write(L), nl, selectlogic(k).
write(Lambda), selectlogic(d).
write("***closed pb mod'), nl, !. selectlogic(d4).
selectlogic(d5).
cke([],Lambda,satisfiable):- selectlogic(d45).
member(l: ~A,Lambda), selectlogic(db).
member(K: A,Lambda),
labeltree(H), /* unification theory over labels */
member(i(w(Y),X),H), R = i(w(Y),X), log(L),
\+ unifylow(L,K,R,R1), \+ unifylow(L,I,R,R1), unifylow(L,X,Y,Z):- log(L), low(L,X,Y,Z).
write(Lambda), low(k,X,Y,Z):- lowunifyk(X,Y,Z).
write("***completed pb mod'), nl, !. low(d,X,Y,Z):- unifyd(X,Y,Z).
low(d4,X,Y,Z):- lowunifyd4(X,Y,Z).
eval(satisfiable,_,satisfiable). low(d5,X,Y,Z):- lowunifyd5(X,Y,Z).
eval(_,satisfiable,satisfiable). low(d45,X,Y,2):- lowunifyd45(X,Y,Z).
eval(_,_,unsatisfiable). low(db,X,Y,Z):- lowunifydb(X,Y,Z).
literal(l:A):- atom(A). unifyd(vw(N),vw(N1),vw(N2)):- (N >= N1, N2 = N);
literal(l: ~A):- atom(A). N1 =N2.

unifyd(w(N),vw(N1),w(N)).
complement(l: ~A,K: A). unifyd(vw(N1),w(N),w(N)).
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unifyd(w(N),w(N),w(N)).

unifyd(i(A,B),i(C,D),i(E,G)):- functor(i(A,B),F,N),
functor(i(C,D),F,N),
unifyargs(N,i(A,B),i(C,D),i(E,G)).

unifyargs(N,X,Y,T):- N>0, unifyarg(N,X,Y,AT),
N1lisN-1,
functor(T,i,2), arg(N,T,AT),
unifyargs(N1,X,Y,T).

unifyargs(0,X,Y,T).

unifyarg(N,X,Y,AT):- arg(N,X,AX), arg(N,Y,AY),
unifyd(AX,AY,AT).

/* reductions and low unifications*/
[*low unification for K, D are equal to high unification.*/

reduct4(i(w(N),w(N1)),i(w(N),w(N1))):- I.
reduct4(i(vw(N),w(N1)),i(vw(N),w(N1))):- !.
reductA((vw(N),i(vWW(N1),W(N2))),iww(N),i(ww(NL) W(N2)))):- !.
reductA((vw(N),i(w(N1) Ww(N2)))i(W(N)i(WND),WN2)))):- !
reduct4(T1,T2):- compound(T1), arg(1,T1,H1),
arg(2,T1,B1), arg(2,B1,BB1),

functor(T2,i,2), arg(1,T2,H1), arg(2,T2,BB1).

reductb(i(w(N),w(N1)),i(w(N),w(N1))):- I.

reductb(i(vw(N),w(N1)),i(vw(N),w(N1))):- !.

reductb(vw(N),i(vww(NL1),W(N2))),i(vw(N),i(vw(N1),W(N2))):- !.

reductb((vw(N),i(w(N1),Ww(N2))),i(vw(N),i(W(N1)W(N2)))):- !

reductb(T1,T2):- compound(T1), H = i(vw(N),S),
sub_term(H,T1), arg(2,S,B1),
subs(H,T1,B1,T2).

reduct5(i(w(1),w(1)),i(w(1),w(1))):- !.

reduct5(i(vw(N),w(N1)),i(vw(N),w(N1))):- !.

reduct5(T1,T2):- compound(T1), H =i(w(N), S),
sub_term(H,T1), arg(2,S,B1),
subs(H,T1,B1,T2).

reduct5(T1,T2):- compound(T1), arg(1,T1,H1),
arg(2,T1,B1), arg(2,B1,BB1),
functor(T2,i,2), arg(1,T2,H1), arg(2,T2,BB1).

subs(T,T,T1,T1):- I

subs(_,T,_,T):- atom(T), !.

subs(S,T,S1,T1):- T =..[F|Arg], subslist(S,Arg, S1,Argl),
T1 =.. [F|Argl].

subslist(_,[1,_,[)-

subslist(S,[T|Ts], S1,[T1|T1s]):- subs(S,T,S1,T1),
subslist(S,Ts,S1,T1s).

lowunifyk(T1,72,T3):- unifyk(T1,T2,T3).

lowunifyd4(T1,72,T3):- arg(1,T1,w(Y)), arg(1,T2,w(X)),
X\==Y, I, fail.

lowunifyd4(T1,72,T3):- unifyd(T1,72,T3);
unifyd4(T1,T2,T3).

lowunifyd4(T1,72,T3):- reduct4(T1,R1), T1 \== R1,

lowunifyd4(R1,T2,T3).

lowunifyd4(T1,T2,T3):- reduct4(T2,R2), T2 \== R2,
lowunifyd4(T1,R2,T3).

lowunifyd4(T1,T2,T3):- reduct4(T1,R1), reduct4(T2,R2),
T1\==R1, T2 \== R2, lowunifyd4(R1,R2,T3).

lowunifydb(T1,T2,T3):- arg(1,T1,w(Y)), arg(1,T2,w(X)),
X\==Y, !, fail.

lowunifydb(T1,T2,T3):- unifyd(T1,T2,T3).

lowunifydb(T1,T2,T3):- reductb(T1,R1), T1\==R1,
lowunifydb(R1,T2,T3).

lowunifydb(T1,T2,T3):- reductb(T2,R2), T2 \== R2,
lowunifydb(T1,R2,T3).

lowunifydb(T1,T2,T3):- reductb(T1,R1), reductb(T2,R2),
T1\==R1, T2 \== R2, lowunifydb(R1,R2,T3).

lowunifyd5(T1,T2,T3):- unifyd(T1,T2,T3).

lowunifyd5(T1,T2,T3):- unifyd5(T1,T2,T3).

lowunifyd5(T1,T2,T3):- reduct5(T1,R1), T1\==R1,
lowunifyd5(R1,T72,T3).

lowunifyd5(T1,T2,T3):- reduct5(T2,R2), T2 \== R2,
lowunifyd5(T1,R2,T3).

lowunifyd5(T1,T2,T3):- reduct5(T1,R1), reduct5(T2,R2),
T1\==R1, T2\==R2,
lowunifyd5(R1,R2,T3).

lowunifyd45(T1,T2,T3):- arg(1,T1,w(Y)), arg(1,T2,w(X)),
X\==Y, !, fail.

lowunifyd45(T1,T2,T3):- lowunifyd5(T1,T2,T3).

lowunifyd45(T1,T2,T3):- reduct4(T1,R1), T1\==R1,
lowunifyd45(R1,T2,T3).

lowunifyd45(T1,T2,T3):- reduct4(T2,R2), T2 \== R2,
lowunifyd45(T1,R2,T3).

lowunifyd45(T1,T2,T3):- reduct4(T1,R1),
reduct4(T2,R2), T1 \==R1, T2 \== R2,
lowunifyd45(R1,R2,T3).

/* high unification */

unifyk(T1,T2,T3):- arg(1,T1,H1), arg(1,T2,H2),
(H1 = w(N); H2 = w(N)),
unifyd(T1,T2,T3).

unifyd4(T1,T2,T3):- mycompare(>,T1,T2),
arg(1,72,vw(N)), arg(2,7T1,B1),
arg(1,T1,H1), unifyd(H1,vw(N),H3),
functor(T3,i,2), arg(1,T73,H3), arg(2,73,B3),
(unifyd(B1,T2,B3); unifyd4(B1,72,B3)).

unifyd4(T1,T2,T3):- mycompare(<,T1,T2),
arg(1,T1,vw(N)), arg(2,72,B2),
arg(1,72,H2), unifyd(H2,vw(N),H3),
functor(T3,i,2), arg(1,T3,H3), arg(2,73,B3),
(unifyd(T1,B2,B3); unifyd4(T1,B2,B3)).

unifyd5(T1,T2,T3):- (arg(1,T1,w(N));
mycompare(=,T1,T2)), arg(1,T2,H2),
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unifyd(w(N),H2,H3),

arg(2,T1,B1), arg(2,B1,BB1), arg(2,T2,B2),

(unifyd(BB1,B2,B3); unifyd5(BB1,B2,B3)),
functor(T3,i,2), arg(1,T3,H3), arg(2,T3,B3).

unifyd5(T1,T2,T3):- (arg(1,T2,w(N));
mycompare(=,T1,T2)), arg(1,T1,H1),
unifyd(H1,w(N),H3),

arg(2,T2,B2), arg(2,B2,BB2), arg(2,T1,B1),

arg(2,7T1,B1), arg(2,B1,BB1), arg(2,T2,B2),
unifyd5(BB1,B2,B3),
functor(T3,i,2), arg(1,T3,H3), arg(2,73,B3).

unifyd5(T1,T2,T3):- (arg(1,T2,w(N));
mycompare(<,T1,T2)), arg(1,T1,H1),
unifyd(H1,w(N),H3),
arg(2,72,B2), arg(2,B2,BB2), arg(2,T1,B1),
unifyd5(B1,BB2,B3),

(unifyd(B1,BB2,B3); unifyd5(B1,BB2,B3)), functor(T3,i,2), arg(1,T3,H3), arg(2,73,B3).
functor(T3,i,2), arg(1,T3,H3), arg(2,T3,B3).
mycompare(Rel, T1,T2):- term_depth(T1,N1),
unifyd5(T1,T2,T3):- (arg(1,T1,w(N)); term_depth(T2,N2), compare(Rel,N1,N2).
mycompare(>,T1,T2)), arg(1,T2,H2),

unifyd(w(N),H2,H3),
Example

| ?- pr(d,[~((@a + $b) -> $(a+b))]).

[i(w(1)w(1)): ~ (@a+ $b-> $ (a+b))]<--->[]

alpha elimination

[i(w(1).w(1)): @a+ $b,i(w(1),w(1)): ~ $ (a+b)]<--->[i(w(1),w(1)): ~ (@a+ $b-> $(a+b))]

pi elimination

[i(w(1),w(1)): @a+ $b,i(w(2),i(w(1),w(1))): ~ (a+b)]<--->[i(w(1),w(1)): ~ $ (a+b),i(w(1),w(1)): ~ (@a+ $b-> $ (a+b))]

alpha elimination

[i(w(1).w(1)): @a+ $b,i(w(2),i(w(1),w(1))): ~a,i(w(2),i(w(1),w(1))): ~b]<--->[i(w(2),i(w(1),w(1))): ~ (a+b).i(w(1),w(1)): ~ $ (a+b),
i(w(1),w(1)): ~ (@a+ $b-> $(a+h))]

literal

[i(w(1).w(1)): @a+ $b,i(w(2),i(w(1),w(1))): ~b]<--->[i(w(2),i(w(1),w(1))): ~a,i(w(2),i(w(1),w(1))): ~ (a+b).i(w(1)w(1)): ~ $ (a+b),
i(w(1),w(1)): ~ (@a+ $b-> $(a+h))]

literal

i(w(1),w(1)): @a+ $b, i(w(1),w(1)): @a unifyin d

pbl

branch 1

[(w(1).w(1)): @a,i(w(l)w(l)): @a+ $b]<--->[i(W(2),i(w(1),w(1))): ~b,iw(2),i(w(1)w(1))): ~a,i(w(2),iw(l)w(1))): ~ (a+b),
i(w(1),w(1)): ~ $ (a+b),i(w(1),w(1)): ~ (@a+ $b-> $ (a+h))]

pi elimination

[(w@R).iw(l)w(l))aiw(l)w(l): @a+  $bj<--->[iw(l)w(l)): @a,iw(2)iwd)w1))): ~b,iw)iwl)wd)): -~a
i(W(2),i(w(1),w(1))): ~ (a+b),i(w(1),w(1)): ~ $ (a+b),i(w(1),w(1)): ~ (@a+ $b->$ (a+b))]

literal

i(w(1),w(1)): @a+ $b, i(w(1),w(1)): @a unifyin d

wd)w(l)): @a+ $bl<--->[i(w(3),i(w(1),w(D)):aiw(l)w(l)): @a,iw(2)iw(l)w(1))): ~bi(w(2)i(w(l)w(1)): -~a
i(W(2),i(w(1),w(1))): ~ (a+b),i(w(1),w(1)): ~ $ (a+b),i(w(1),w(1)): ~ (@a+ $b->$ (a+b))]

beta semplification 1

W) w(l): @a+  $b,iw(3)iw(l)wl))aiw(l)w()):  @a,iWw2),iwl)w(l)):  ~biw(2)iw(l)wd)): -~a,
(W(2),i(w(1),w(1))): ~ (a+b),i(w(1),w(1)): ~ $(a+b),i(w(1),w(1)): ~ (@a+ $b-> $ (a+b))]***completed

branch 2

[(w(1).w(1)): ~ @a,i(w(1)w(1)): @a+ $b]<--->[i(w(2),i(w(1),w(1))): ~b,i(w(2),i(w(1),w(1))): ~a,iw(2).i(w(1)w(1))): ~ (a+b),
(W(1),w(1)): ~ $ (a+b),i(w(1),w(1)): ~ (@a+ $b-> $ (a+b))]

ni elimination

[i(vw(1),i(w(1),w(1)): ~ai(w(l)w(l)): @a+ $b]<--->[i(w(1)w(1)): ~ @a,i(w(2),i(w(1),w(1)): ~b.i(w(2),i(w(1),w(1)): ~a,
(W(2),iw(1),w(1))): ~ (a+b),i(w(1),w(1)): ~ $ (a+b),i(w(1),w(1)): ~ (@a+ $b->$ (a+b))]

literal

i(w(1),w(1)): @a+ $b, i(w(1),w(1)): ~ @a unify in d

[(w(1).w(1)): @a+ $b]<-—->[i(vw(1),i(w(1),w(1))): ~aiw(l)w(l)): ~ @a,i(w(2),i(w(1),w(1))): ~b.i(w(2),i(w(1),w(1)): ~a,
(W(2),iw(1),w(1))): ~ (a+b),i(w(1),w(1)): ~ $ (a+b),i(w(1),w(1)): ~ (@a+ $b->$ (a+b))]

beta elimination 1
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[i(w(1),w(1)): $bl<--->[@a+ $b,i(vw(1),i(w(1),w(1))): ~a,i(w(l),w(1)): ~ @a,i(w(2),i(w(1),w(1))): ~b,i(w(2),i(w(1),w(1))): ~a,
(W(2),i(w(1),w(1)): ~ (a+b),i(w(1),w(1)): ~ $ (a+b),i(w(1)w(1)): ~ (@a+ $b->$ (a+h))]
ni elimination
[i(vw(Z),i(w(1),w(1))):b]<--->i(w(1),w(1)): $b,@a+ $b,i(vw(1)i(w(1),w(1))): ~a,i(w(l)w(l)): ~ @a,i(w(2),i(w(1),w(1))): ~b,
(W(2),i(w(1),w(1))): ~a,i(w(2),i(w(L),w(1))): ~ (a+b),i(w(1),w(1)): ~ $ (a+h),i(w(1),w(1)): ~ (@a+ $b-> $ (a+h))]
literal
i(W(2),i(w(1),w(1))): ~b, i(vw(1),i(w(1),w(1))):b unify in d
[i(vw(2),i(w(1),w(1))):b,i(w(1),w(1)): $b,@a+ $b,i(vw(1),i(w(1),w(1))): =~a,i(w(l),w(l)): ~ @a,i(w(2),i(w(1),w(1))): ~b,
(W(2),i(w(1),w(1))): ~a,i(w(2),i(w(1),w(1))): ~ (a+b),i(w(1),w(1)): ~ $ (a+b),i(w(1),w(1)): ~ (@a+ $b-> $ (a+h))] ***closed
satisfiable in d

in 267 msecs.
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