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Series in vector spherical harmonics: An efficient tool for solution
of nonlinear problems in spherical plasmas

S. Xu® and K. N. Ostrikov®

Plasma Processing Laboratory, School of Science, Nanyang Technological University, 469 Bukit Timah
Road, 259756 Singapore and Department of Physics, Flinders University of South Australia, GPO

Box 2100, Adelaide SA 5001, Australia

(Received 4 January 2000; accepted 27 March 2000

The series expansion of the plasma fields and currents in vector spherical harmonics has been
demonstrated to be an efficient technique for solution of nonlinear problems in spherically bounded
plasmas. Using this technique, it is possible to describe the nonlinear plasma response to the rotating
high-frequency magnetic field applied to the magnetically confined plasma sphere. The effect of the
external magnetic field on the current drive and field configuration is studied. The results obtained
are important for continuous current drive experiments in compact toruse000 American
Institute of Physicq.S1070-664X00)02307-1

'Thg npnlinear plasma response is widely recognized as Br=B,{[Sin(6)r + cod §) #]cosy— P sinyl, (1)
an intrinsic feature of spherically bounded plasmas. It con-
trols the inertial plasma confinement and heating by intense B,=B,[cog #)r —sin(#) 4], 2

lasers and the current drive and plasma stability in compacRNherewz wt— &, (r,0,4) are standard right-handed spheri-
toroidal device$® The self-consistent description of the cal coordinates;:) ar,1d’B are the frequegcy and amplitude
nonlinear plasma response is thus an important issue of mogy 1o RME  andB is the amplitude of the VMF. The

ern plasma theory. Recently, several analytical and numer'b|asma is treated i?] a fluid approximation, with immobile

cal techniques have been applied for description of nonlineatns The fields and currents in the plasma are described by
collective processes in spherically bounded plastidst  paxwell's equations

has been reported that under certain conditions a generation
of strongly nonlinear electromagnetic field structures appears V<X E=—dB/dt, (©)
possible’® In many cases, even for a small perturbation, the VXB= 1]

. . . = MY, (4)
nonlinear effects can be importahDue to the geometrical
complexity of the problem, it is often difficult to obtain the V-B=0, (5)
closed-form solutions for the plasma currents and fields, . ,

Usually, such a problem is solved either by seeking for aand the generalized Ohm's law
specific subclass of exact nonlinear plasma responses, satis- E= »J+ (1/n.e)JXB, (6)
fying the initial nonlinear equations with the appropriate
boundary condition;® or by an expansion of all plasma
perturbations in series of the field/current powers assumin
the nonlinearity weak? In the latter case, using the conven-

which is identical to the equation of motion of the electron
guid.“'12 Here n, is the electron densityy is the plasma
esistivity, andg, B, andJ are the electric, magnetic fields,

and screening currents in the plasma, respectively. The elec-

tional Legendre polynomial representation for the plasma pa’fron density and plasma resistivity have been assumed spa-
rameters, it turns out possible to obtain feasible solutions fo{ially and temporally constant

:Ee f|(;st-_or(i_er noplrl]neﬁlr plazma reslponses ?”t‘_i'y“‘"?‘”y- Futr- Renormalizing the variables=r/r,,, B=B/B,, J
er derivation of higher-order nonlinear solutions in most_ , futo/B.), andE=E(wr,B,) ! and assuming the de-

cases becomes inappropriate due to overwhelming COmple)ﬁendence of all perturbations on time and azimuthal angle as

1ty. . . L ~exply), (1)—(6) can be combined to
In this Brief Communication, we demonstrate the effec-

tiveness of the series expansion of plasma fields and currents JB

in vector spherical harmonics for an analytical derivation of 2)\2% = VXVXB+yVX((VXB)xB), @)

closed-form first- and second-order nonlinear responses in i

spherically bounded magnetized plasmas. As an example, Wi'€r€ Wwe have delgnedyz @cel Verr=B,, /Ne€n and A

apply the above technique for solution of the nonlinear prob-: M/ 0= (@pol y/27) . Herewee= wc'?(B‘”) Is the glectron

lem of steady-state plasma current drive in a spherical Rota(EyCIOtron frequency in Fh_e RMFVE“. Is the effegtwe fre_-

mak with an externally applied rotating magnetic field quency c_)f electron collisions, and is the classical colli-

(RMF) and a steady vertical magnetic figddMF).1112 5|onzl skln'dept;h. linearity i o1 q
In a Rotamak, a dielectric spherical vessel with theany vz?:tlc?:lggl dpﬁnngnsg]r?:sny is weaky<1), we expan

internal radiusr,, is immersed in rotatind3g and vertical

steadyB, magnetic fields F=FO+FDy+F@)y2+ ... (8)

1070-664X/2000/7(7)/3101/4/$17.00 3101 © 2000 American Institute of Physics
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whereF can either beB or J.
Substituting(8) into (7) and combining the terms with

the same powers iy, we obtain
oB()

2
2\ 90

—VxVxBO=g,

9)

S. Xu and K. N. Ostrikov

The zeroth- and first-order fields and screening currents
can nontrivially be derived front9), (10), and (12)—(16).
The harmonics of the steady magnetic fiel<0) areb(%)
=B(4w3)"2 and b= B,(87/3)'? respectively. The
most important first-order magnetic field harmonios>0)

are

which is a linear equation describing the magnetic field pen-

etration in the plasma sphere. To the first-order approxima-

tion, the magnetic fiel®™ is governed by
oB@)

2
2\ 7%

—VXVxB®=gGy,, (10)

where quadratic in the field amplitude’s nonlinear plasma

responses have been accounted for. To the second orger in
we obtain

JB?)
¢

which is the nonlinear self-action equatibhin (9)—(11),
differential operatorG,,=V X ((VxB®)xB®) represents
the source of the nonlinearity.

To solve (9)—(11), the vector fieldsF')) have been ex-
panded in series

3 N |
,:(J):;::l 20 m;| faimVeaim( 0, b),

2\2 —VXVXB®=G,5+ Gy, (11

(12)
where
Vim=1Yim,
Vo= (I TT+ 1) VY 10 =1 X Yy,

Vaim=(LNI1+1) VX (1Y ) ==X Vi,

are the vector spherical harmoniés, Y,,(6, )
=(—1)"oy,P"(cosd)e™ are the scalar spherical harmon-
ics, oym=[(21 +1) (I —m)!/47 (1 + m)! ]2 and P]"(cost) are

b{P=— V6mAZp 9~ 12 (k& lk) (922, (17
bSPi=2V3mA%p 0~ 12 (K24, k) (922, (19)
b$y=6/7/5 ﬁplE (arhy/az)(91)2°, (19

where p,;=B,/sinh?d, 9=(1—i)\, {;=U cothd—2k+1,
ki=(2k+1)!, a;=a(a+l), ar,=ai(a+2), az3=(2a
+3)!, h;=H+a—1, and H=(1/2){5+[9?(sinhd
— & coshd) ][ (9%+3) sinhd—39 coshd]}. The associated
first-order current density harmonics are

3777\2P1k22 ([(k=1)/(2k=1)! &) (91) %3,

iSh= (20)
j$5=6\67 plﬁzE (arhy/ag)(9r)2e7L, (21)
J221 6 plﬁZE (ashylag)(9r)2* L, (22

wherea,=a1(2a+1).
In the second-order approximation, one can derive the
relatively simple nonlinear equation for the magnetic field

: 2
harmonicb$3),

2
6b{3%

r

7 o2

the Legendre polynomials. In calculations, the orthogonallty

and symmetry properties of functiods, (6, #) have been
used. Additionally, the physical constraint for all the fields
F(r,0,¢) to be real dictates thd,,=(—1)"f 4 _m-

The external field$1) and(2) can also be presented in

terms of vector spherical harmonics in a nondimensiona!

form:

Br=—[V27/38YV111+ V(47/3Y,1] +c.C., (13
and

B, = BAVAT/BY 1101 V87/3V;1d, (14

where 8,=B,/B,,, and c.c. stands for complex conjugate. Where p,=pB\?/(cosh(2)—cos(2)),

Boundary conditions of continuity of the radial field and its
derivative at the sphere surface1 yield

db b
2D == 2 Dagr! (15
Paim=0, (16)
Wherea00= O, a11= — \/2’7T/3, a0~ \/477/3BZ, and a|m=0
for I>1.

= J3720m{ Tiipl T+ R TS 1 + TS0 11}, (29)

where T m=(rdj ) /ar—J(chm). After substitution of the
zeroth- and first- order solutions for magnetic fields and
plasma currents int¢23), we obtain

b(2) —
b320=

12\67 5p2Re{E [4k/(4k+2)1](20)%*2p

|

o0

+ 2 (KL (4 1) axapa (24)

{3=(2j+3)!(2k

{4=1Im(¥ coth¥)+k—j—2,
andX1: §2k—1192j +1.

+1)'(k+]—1)(2k+2]+3)
pa=r2—r*=2 p,=r2kF)_r2
Similarly, we derive

. (29

bi%= 4\/_Pz|mi 2 Kj({1—1)(Ls/86) x2

b(2) =
b=

4\, pzlm|2 Kj(¢1— 1><§7/§6)XZ}. (26)
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FIG. 1. Radial profiles of the time-varying magnetic field harmorifs
(thick lines andb{y), (thin lines calculated fon =5 and3,=0.5.

where {5=2k+2j+1—3r2K+1=1  ro=(2k+1)!(2j+1)!
X(k+j—1)(2k+2j+1), {7=2k+2j+1-3(k
+j)r2kHi=1 o= ¢2-19%k~1 andé& is complex conjugate
to 9.

The associated current density harmonics are

4= 72”/592%{ > [4ki(4k+2)1](20) % %pg
k=2

+ 2_ (KjITZa)(] +1>z4xlp4], 27

j5=12\6 sze{E [4K/(4k+2)1](20) % 2p

: (28)

+k§1 (kj/Z3)(j + 1) Lax1p10

221)0 12\/_P2|m{ E Kj(¢ (pll/kljl)Xz’a
(29

where pg=r—r*3, pg=3r—(4k—1)r*3, p=(2k
+2j+1)rZk2A-1-3r p . =r?*273 andj,=(2j+1)!.

Below, using the analytical expressions for the nonlinear

Series in vector spherical harmonics: An efficient tool . . . 3103
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FIG. 2. Radial profiles of the steady toroidal current harmoiifs calcu-
lated forB,=0.5 and\=1, 5, and 7.

raising the VMF amplitude. Thus, the RMF that is essential
for current drive in Rotamak devicés!? can be amplified
by applying the steady vertical magnetic field.

We now turn to the effect of the VMF on the toroidal
current drive. The analytical analysis shows that the toroidal
plasma curren{{?) is excited as a result of the nonlinear
interaction between the linear screening curiéf and the
RMF harmonicsb{}) andb$}) . To this order approximation,
the toroidal current29) vanishes if3,=0. Figure 2 depicts
the radial profiles of the steady current harmopig) for
different values ofA. Comparison with the casg,=0 re-
veals that the VMF can noticeably strengthen the toroidally
driven current in the plasma sphere.

From (24) one can notice that the steady bi-directional
toroidal magnetic field is also controlled by the parameter
8. Figure 3 displays the radial profiles b§2) for different
values of X and B,. In the smally limit, the VMF of a
direction favorable for MHD pressure balancg,t0)%
augments the bi-directional toroidal field, while an oppo-
sitely directed field §,<0) diminishes it. One should note

fields and currents, we discuss several important features of
the RMF current drive in a spherical plasma with a finite
vertical magnetic field g,#0). Note that the VMF is re-
quired to achieve the magnetohydrodynaititHD) plasma
equilibrium®>®Our analytical and numerical results suggest
that the steady VMF can strongly affect the current drive, the
bi-directional toroidal field and the RMF. We emphasize that
the application of the finite vertical magnetic fiel@, 0)
results in generation of certain current and field harmonics
which do not exist in unmagnetized spherical plasma thse.
The analyses show that the field harmonigk?)—(19)
strongly affect the externally applied RMF. These field har-
monics are driven by the nonlinear interaction of the steady
VMF with the linear screening currents induced in the
plasma, and vanish {,=0. The radial profiles of the field

0.00

1
0.0 02

1
04

r

1
06

FIG. 3. Radial profiles of the bi-directional toroidal magnetic field harmon-

harmoniCSb(lll)l andb(zll)l are shown in Fig. 1. Itis remarkable jcg b{Z), calculated fon =5 andB,= —0.2, 0.5, and Yupper diagran and
that the field harmonicél7) and(18) can be augmented by g,=0.5,x=1, 5, and 7(lower diagran.
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FIG. 5. Contour plot in the meridian plane for the bi-directional toroidal
magnetic fieldB, (bz0)5,0 for A=5 and 8,=0.5. Continuous curves
mean thaB, is directed into the paper plane and broken curves correspond
to the opposite direction d@,, . The thick dashed line indicates the location
of the equatorial plane.

To conclude, we emphasize that the expansion of the
nonlinear fields and currents in the plasma appears to be an
efficient tool for obtaining the feasible closed-form nonlinear
solutions in spherically bounded plasmas. The effect of the
external vertical magnetic field on the current drive and mag-
FIG. 4. Vector diagram of the steady toroidal current density in the equa—_netIC f!eld_conflgu_ratlon in spherical P'asmas warrants further
torial plane for8,=0.5 and\ =5 (a) and 7(b), respectively. investigations. Finally, we emphasize that the results re-
ported are important for future plasma confinement and cur-
rent drive experiments in compact toroidal devices.
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