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Stochastic Target Hitting Time and the
Problem of Early Retirement

Kang Boda, Jerzy A. Filar, Yuanlie Lin, and Lieneke Spanjers

Abstract—We consider a problem of optimal control of a ‘“re-
tirement investment fund” over a finite time horizon with a target
hitting time criteria. That is, we wish to decide, at each stage, what
percentage of the current retirement fund to allocate into the lim-
ited number of investment options so that a decision maker can
maximize the probability that his or her wealth exceeds a target x
prior to his or her retirement. We use Markov decision processes
with probability criteria to model this problem and give an example
based on data from certain options available in an Australian re-
tirement fund.

Index Terms—Markov decision processes, probability criterion,
retirement fund, target hitting time.

1. INTRODUCTION

N THIS paper, we study a problem of optimal control of

a “retirement investment fund” with, loosely speaking,
the goal of ensuring that an adequate capital accumulates
sufficiently quickly with sufficiently high probability. The
objective is to develop a tool that could be used to advise
nonprofessional investors who place their retirement benefits
in a fund that permits only a limited number of options and
offers only limited opportunity to reallocate the money among
these options; say, once a year. We assume that such an investor
is primarily interested in maximizing the probability of being
to afford early retirement by certain age, and that the word
“afford” means that the fund will equal or exceed a certain
specified target amount at that terminal time. As such, we
believe that the problem is a realistic one.

Since the mathematical framework in which we model this
problem is that of Markov decision processes (MDPs) (e.g., see
[11]) and since a vast majority of MDPs have objective criteria
that depend on one of a number of “expected utility” criteria, it
follows immediately that our problem is essentially different
from these classical MDP models. Instead, the problem belongs
to a class of models that are sometimes called “risk-sensitive
MDPs.” The latter can, perhaps, be traced back to [6] and
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constitutes an area where there has been a fair bit of research
activity in recent years (e.g., see [2], [3], [8], [9], [12], and
[15]-[18]). Some of these contributions tried to capture risk
in terms of tradeoffs between mean and variance of suitable
random variables, some have followed [20] in considering the
expected value of a suitable exponential utility criterion and
some have focussed on the so-called “percentile optimality”
(e.g, [2], [4], [9], and [17]). The present paper is, perhaps, best
classified as a continuation of this last line of research. Of
course, Markowitz [5] pioneered the notion of mean-variance
tradeoffs in finance literature and many more sophisticated,
dynamic and stochastic, financial models involving closely
related issues have been studied in recent years (e.g., see [1],
[13], and [19]).

More precisely, we consider a finite-horizon discounted MDP
model in which the decision-maker, at each stage, needs to de-
cide what percentage of the current retirement fund to allocate
into the limited (small) number of investment options. We as-
sume that both the initial investment s, and the target retirement
capital - are known and that the number of stages is 7. Now, the
first target hitting time 7(z) is a random variable whose distribu-
tion is specified by the choice of a policy. As mentioned above
the decision-maker’s goal is to find a policy m which maximizes
P (1(z) < n).

While at first sight, this might appear to be a very difficult
problem it turns out a version of optimality principle can be
shown to hold under mild conditions when we work in an “ex-
tended” state space (see Theorem 1). However, even in the ex-
tended state space the new process {e; = (is,x¢),t > 1} is
not a Markov process under a general policy. Hence the ex-
istence and characterization of optimal policies cannot be ob-
tained by standard techniques. Instead, the techniques used here
are similar to those developed in [2] which dealt with a re-
lated problem of minimizing the probability that the total dis-
counted wealth is less than a specified traget level. From the
preceding optimality principle, structural results about optimal
policies can be easily derived (Theorems 2 and 3) which, in
turn, lead to a dynamic-programming type algorithm that is dis-
cussed in Section II-C and an enhanced dynamic-programming
in Section II-D.

The above theoretical results are illustrated with an ex-
ample based on real data from certain options available in an
Australian retirement fund (Section III). Under a number of
simplifying, but reasonable, assumptions the problem becomes
computationally tractable. The results of these calculations are
discussed in terms of their meaning for the decision-maker’s
original problem.
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II. BACKGROUND AND PRELIMINARY RESULTS
A. Model Description

We consider the following discrete-time and stationary
Markov decision process:

I'= (S,A,W.P.f) (1)

where the state space S is countable, the action space A(i) in
each state 4 is finite and the overall action space A = U;es A(4)
is countable. The reward set W is a bounded countable subset of
R = (—0o0,+00). Foreach t from 1,.. ., let 7¢, a; and r; denote
the state of the system, the action taken by the decision maker,
and the reward received at stage ¢, respectively. The stationary,
single-stage, conditional transition probabilities are defined by

Pijr = Plivyr = jyre =7 |iy =i,00 = a)
1, €5, a€Al) reW n>1

>oopl =1, i€S a€Ad3).
JES,reW

2)
3)

We shall also assume that future rewards are discounted by the
discount factor 3 € (0, 1].

In our formulation, when making a decision and taking an
action at each stage, the decision maker considers not only the
state of the original system but also his farget. Effectively, this
means that a new hybrid state (i,x) € S x R is introduced.
Hence, we expand MDP I by enlarging the state space. We refer
to (%, ) as the hybrid state of the decision maker to distinguish
it from the system’s state ¢, where x is the target value. Note that
if the initial state of the decision maker is (7, z) and an action a
is taken according to (2), the decision-maker’s new hybrid state
transits from (i, z) to (j, (z — r)/B) with probability pg;,..

Thus, if we denote E as the extended (hybrid) state—space,
then the extended MDP T has the following structure:

I'=(E,AW,Pp) 4)

where the state—space £ = S x R, the action space
A = U(iz)epA(i,r) = UjesA(i). Note that A(i,r) =
A(i),(i,z) € E, the extended transition probabilities are
simply P : P(ery1 = (4, (x —7r)/0) |er = (i,2),a = a) =
Pjr i, J € Sya € A(i),r € W,z € R. The reward set W and
the discount factor J are the same as in MDP T'.

Since in the model (4), the target is important when making
decisions we must define policies which depend both on the
system’s state and the target, that is on the hybrid state.

Let the vector hy = (41,21,G1,. .-, -1, Tt—1, Qt—1,1t, Tt)
denote the admissible history up to stage ¢, where (i, xx) € E,
ar, € A(ig,zg),k = 1,...,t — 1,(ir,z¢) € E.If we denote
the k-th hybrid state by e = (ix,zx), k = 1,...,t, then hy =
(617 Aty -+, €t—-1,0¢-1, et)-

Define the set K := {(e,a) |e € E,a € A(e)}, then we can
denote the set of all (admissible) histories up to stage ¢t by H;.
Now,wesee H; = E,and H; = K* " 'xE = KxH;_1,t > 1.
Observe that, for each ¢, H, is a subspace of H; = (Ex A)* ! x
E=(ExA)x Hy_1,t >1,and H; := H; = E.

Definition 1: A decision rule m; at time ¢ is a conditional
transition probability measure on the control set A given H;
satisfying the constraint

’th(A(et) | ht) =1 Vht S Ht7 t=1,2
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A decision rule 7, is called deterministic, if 7; is a measurable
mapping from H; to A, such that 7;(h;) € A(e;) for all h; €
Ht.

Definition 2: A policy m is a sequence of decision rules. The
set of all policies is denoted by II. A policy # = {m,t =
1,2,...} € Il s said to be the following.

* Markov policy, if each m, only depends on the current
state at time ¢, that is, (- |hy) = m(-|ie, ) =
7I't(' | Bt)7v}lt S Ht7t Z 1.

* Stationary policy, if the policy 7 is a Markov policy,
and the decision rules of =« are all identical, that
is,m; = m1,Vt > 1 which is denoted by 7 = 7 {°.

* Deterministic policy, is any policy 7 such that all of its
decision rules are deterministic.

* TI-policy, a policy which are independent of all targets

Let IL,,, 114 TI,, 119,11y denote the set of all Markov
policies, all deterministic Markov policies, all stationary
policies, all deterministic stationary policies, and all T1-policies
respectively.

Now, givenany m = (m, ¢ > 1) € T, and a state-action triple
(i,x, a), we construct the “cut-head policy” from 7 and (¢, x, a)
which is defined by 7 (4™ = (w9 ¢ > 1), where V hy €
Hyyt > 1,70 (he) = won (6,2, a,he) = maa (- g =
i, T = x,a1 = a,...).

For any two policies 7 = (m,t > 1),0 = (o4, > 1) €
IL, let w(n) = (1,m2,...,m,) denote the truncation of = to
the first n stages and (7(n),0) = (71,72, .. ., Tn, 01,02, ... ,)
denote the policy in which 7 is implemented during the first n
stages, and o is implemented from the (n + 1)st stage onwards.
Hence, (7(n), o) is called an n stage switching policy from  to
o. Observe that, if 7 = §°° € Il, then w(n) = 6™.

Note that a transition law P and a policy = determine the
conditional probability measure P on the space of all possible
histories of the process. Let W, denote the random variable that
is the sum of discounted rewards generated by policy 7 for the
n-stage finite horizon problem. That is, W7 = >°1_, 3!~ 1r,
for n > 1. To simplify the notation, we will use W,, instead of
W.T when the choice of the policy is clear in the context.

Definition 3: Let 7(x) denote the first time at which the
random total discounted reward exceeds the target value x. Note
that 7(z) is also a random variable which we name the target
hitting time, that is

7(x) = inf{k | Wy > z,k > 1}.
Note that for any 7w € II, the functions

Gh(i,x) = Pr(7(x) > n|e1 = (i,x))
= Pr (Mima (Wi < @) | e1 = (4, 2))
(i,x)€EE n>1

are the objective functions that the decision maker wishes to
minimize if he or she is interested in achieving the target as soon
as possible. Consequently, G (i, x) is called the objective func-
tion generated by . Itis clear that: (7(z) < n) = Jp_, (Wi >

T).
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Definition 4: The following functions G (i,z) =
infren{Gr(i,z)},(i,2) € E,n > 1 are called the op-
timal value functions.

Definition 5: Tf the policy 7* € II is such that GT (i,z) =
G:(i,z),¥(i,x) € E,n > 1, then 7* is called an n-stage
optimal policy. Equivalently

Pr(r(z) <nle; = (4,2)) = 7srlérl_)[ P (r(xz) <mles =

Remark: It can be checked that with the above definitions,
7* is an n-stage optimal policy if and only if 7* is the policy
that minimizes the probability that the cumulative discounted
reward over the first n stages does not exceed x.

If we now define the lower and upper bounds on the rewards
by M := inf{r|r € W}, My := sup{r|r € W}, then the
objective functions G, and G}, have the following properties.

1) If M5 < 0, then obviously the discounted reward over n

stages can be only lower or equal to the discounted reward
after the first stage, hence trivially

Gr=G7 G =Gj, n > 1.

2) If My > 0, then NP (W), < z) € nf_, (W), < )
and hence the probability of the target hitting time being
greater than n is monotone nonincreasing, that is

ni1 SGL Gy <G,

Also, in this case
0, whenz < M,

Gh(i,x) = Gy (i,x) = { 1, whenz >d,

where d,, = nMy if 3 = 1,d,, = Ma(1 — ")/(1 - f)
if 6 < 1.

Now, let us introduce the space D {ujlu : E —
[0, 1], measurable} of measurable functions on the extended
state space E. For 6°° € Ilg, and u € D define the operators
K,T? and T by

n>1.

Ku(i,z,a) := Z pLJT (z — r)/ﬁ)l(o +Oo)(x —r)
jES,reWw
(i,x) e E a€ A(i) ()
TPu(i,x) = Y b(ali,z)Ku(i,z,a) (i,x) € E (6)
a€A(i)
Tu(i,z) := min {Ku(i,z,a)} (i,2) € E
a€A(i)

(T "u = T?((T*)""'w) T"u=T(IT" "u)

where (o yoc)(2) is the indicator function of the set
(0,+00). Obviously, when f° € TII¢, then T7u(i,z) =
Ku(i,z, f(i,z)).

In addition, we define

Go(i,z) = Gy(i,2) = (0 400) () V(i,z) € E,

(N

It can be easily checked that the operators K, 7 and 1’ de-
fined above possess the usual monotonicity properties of dy-
namic programming (e.g., see [11]). These are stated, without
proof, in the following Lemma.

Lemma 1: Letu,v € D.1)Ifu < v, then Ku < Kv,T%u <
1%y, Tu < Twv; ii) If u(i, ) is a nondecreasing and a left con-
tinuous function of = for any ¢ € .S, then T'u(7, x) is also a non-

(i,)).

w € Il.

decreasing and a left continuous function of x for any 7 € S;
and iii) There exists f € F such that 7/u = T'u.

Proof: The proof is analogous to the classical results in
[11, p. 163]. O

B. Finite Horizon Model

This subsection studies the finite horizon model. The objec-
tive is to prove the existence of a policy which minimizes the
probability (risk) that the total discounted reward does not ex-
ceed the target value in the preceding finite number of stages.

Lemma 2: Letm = (m,k > 1) € II. Then, for each (i, z) €
En>1

GT(i,z) =T™GE_(i,z), n>1. 8)

and GT € D, is determined by the truncated policy 7(n).
Proof: 1) By the properties of P and the definition of G,
we have

Gi(i )
= Pr(7(z) > 1] (i, 7))

= Z mi(ali,x)

a€A(i)
XY pPe(r(w) > 1] (3, 2),a, (4, (x — 1)/B))
jesSrew
= Y mlaliz) D pli T4 (@ =)
a€A(%) JESTEW

=T Gy (i, x).

So, from (7), the lemma holds in the case n = 1. Now, for

general n > 1, we can argue similarly that
Golisx) = Pr(r(z) > n| (i, ))

Z m(ali,x) Z PijrPr

a€A(3) jeSreW
X (7(x) > n| (i), a, (4, (x —7)/B))
= Z m(ali,x) Z DijrPriie )

a€A(i) JES,TEW

x (t((x =r)/B) >n =110, (x—7)/P))

><I(O-i-OO)( —)
(i@ ,a)

Z ™ a’|7’ .T Z p1]r :

JES,TEW

a€A(7)
X (4 (x = 1)/ B) (0, 400)(z — 7) = no1(i, @)

This completes the proof of (8) for all n > 1. Using (8) repeat-
edly we immediately obtain the last part of the lemma. O
In Theorem 1, we establish the “optimality principle” for the
target hitting time criterion studied in this paper.
Theorem 1: (i) The optimal value function {G},, n > 0} sat-
isfies the following optimality equations:

Go=Ip,ee)y G, =TG4,

ii) Foralln > 0,4 € S, G} (4, x) is a distribution function of
some random variable X taking on values z;
iii) For all n > 0, there exists a policy 7 € II¢, such that
Gr = Gr.
Proof: We prove this theorem by induction. When n = 0,
by (7), the theorem holds. By inductive hypothesis, assume the

T

n>1
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theorem also holds for n = k. Hence, G (7, z) has the proper-
ties of a probability distribution function. Thus from part iii) of
Lemma 1, 36 € I1¢ such that T°G; = TGY}. Similarly, by
induction assumption, there exists a policy o € IIZ, such that
G7 = G;.Letm = (8,0). Clearly, 7 € 11¢,. By Lemma 2, we
have

=T°GS(i,x)
= TG} (i, ).

Gry1(i, ) < Gipq(i, @)
=TG5 (i, )

Hence, G (i, ) < TGy (i, ).
On the other hand, V7 € II, again by Lemma 2, we have

Gl (i,x) =T Gl(i,x) > T Gy(i,x) > TG (i, ).

Hence, the opposite inequality, G}, (i,2) > TGy (i,z) also
holds.

From these inequalities, we now have the desired equality:
Giy1 = Giyy = TGy Thus by Lemma 1, Vi € S, G, (i, )
is a distribution function of some random variable X taking
values x. This completes the Proof of Theorem 1. O

Remark: A Markov decision problem with a probability cri-
terion such as the one we use might be regarded as quite diffi-
cult. However, a significant simplification can be achieved by
extending the definition of the decision-maker’s state space as
was done here. With this extension under similar conditions to
those normally used in the case of an expectation criterion we
obtained results analogous to those known to hold in the clas-
sical model: there exists a deterministic Markov policy which
minimizes the probability (risk) of the target hitting time ex-
ceeding a specified value n.

Corollary I: There is no loss of generality in restricting con-
sideration to deterministic Markov policies only, that is

G (i,z) = inf {Gr(i,2)}
well
= inf {Gi(i,z)}, (i,x) e E n>1.
well],

Definition 6: We define optimal action sets by
Ar(i,2) = {a|a € A(i) and
KG;_i(i,x,a) =
= ) 4x6i,2),
TER

Note that by the finiteness of A(7) and Theorem 1, it follows
that A% (i, ) # 0,Ve = (i,z) € E,n > 1.

Lemma 3: Let §;, be a measurable mapping from F to A
which satisfies 6,(e) € Aj(e), Ve € E,1 < k < n. Then,
any policy m € II which satisfies 7(n) = (0n, 6p—1,...,01) is
n-stages optimal.

Proof: By induction. By the definition of A (i,z), we
note that: 7% G _, = G%,1 < k < n.Whenn = 1,by Lemma
2 and (7) we have that GT = T™ G} = T*' G} = G¥.

Assume that the lemma holds when n = [. Now, let n =
[+ 1, then because 7@ (1) = (&,...,61), and by inductive
hypothesis G’T = Gy, then by Lemma 2 we have: G, | =
T GT = T‘S’“G}k = G, So, the lemma holds when n =
[+1 and, hence, forall n > 1. D

With respect to the structure of n-stages optimal policies we
have the following result.

Gn,2)}, (G,

1€S8, n>1.

z)EE n>1
©)
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Theorem 2: Letm = (m,k > 1) € 1, for a given (i, ) €
E, then G7 (i, z) = G (i, ) if and only if w1 (A% (¢, z) |4, 2) =
1 and

I Gy (@ = 1)/ B) 0,400y (# = 7)

= Gu1 (s (@ = 7)/B) (0, 400y (& = 7)

whenever 7y (a | i, z)p§;, > 0.
Proof: Assume that G7(i,2) = G%(i,2). By Theorem
1 iii) applied with n — 1 in place of n, there exists a policy
o € T4, suchthat G9_; = G%_; and, hence, T™ G}, _,(i,z) =

T™ G _,(i,2). Now, we have

G (i,2) = G5 (i,x)
=T"G)_(i,z) =

(10)

=T™ G:—l(i7x) Z TWIGZ—I(Z'7$)
G\ (i, x) > G (iv @)

where the second and the forth equalities follow from Lemma 2
and the first inequality follows from Lemma 1. Thereby

Ghi,z) =T G _(i,x)
TWIG; (6 2) =TT Gy (i, ).

and

These equations can be converted with the help of the operators
(5) and (6) to

> mlali,x){KG; (i,z,a) - G,

a€A(i)

> X7

a€A(i) jES,rEW

X {Gz(_i"f"a)
X (0, +00) (@

Thus, by Theorem 1 and (11), we have 71 (A% (¢, ) |i,2) = 1.
Similarly, from (12), we obtain (10) whenever 71 (a | 4, z)p;, >
0.

The necessity part of the theorem is now proved. Note, how-
ever, that the preceding proof is reversible. Hence, the suffi-
ciency part of the theorem also holds. O

Remark: 1) Theorem 2 shows that a policy = is optimal for
a finite horizon model if and only if the action taken by 7 at
each realizable state is an optimal action and before the total
discounted reward exceeds the target value the corresponding
cut-head policy is also optimal at each stage.

i1) From Lemma 2 and Theorem 1, we can further see that 7
is n stages optimal if and only if the actions taken by 7 in the
preceding n stages are optimal.

The next result gives a sufficient and a necessary condition
for the existence of a finite horizon optimal TI-policy, namely,
one that does not depend on the targets.

Theorem 3: 1) If there exists a policy m € 1l such that G|, =
Gy, then A% (i) # 0 and m(A%(i)|7) = 1,Vi € S;ii) If
Ar(i) # 0,¥i € S,1 < k < n, then there exists a policy
m € 1y such that G7 = G7,.

Proof: i) Let m € 1Iy and G, = G,. Then by Theorem
2, (A% (i,z)|i) =1forallz € Randi € S, it follows that
m1(A%(i)]|i) = 1,Vi € S. Hence A% (i) # 0 foreach i € S.

ii) Select 6y, S — A such that 6, (i) € Aj (i) foreachi € S
and 1 < k < n. Then, by Lemma 2, for the policy 7 € Il
which satisfies 7(n) = (6,,6p—1,...,61),GZ = G holds. O

z)}=0 (1D
a|L z pur

(Js (z =7)/B) =
—r)=0.

Gy (v = 1)/B)}
(12)
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C. DP-Algorithm

Since we have now demonstrated that our target hitting time
criterion possesses many of the properties of classical dynamic
programming problems, it is not surprising that the backward
recursion algorithm of dynamic programming can be adapted
to apply to our problem.

Later, we present such an adaptation that computes optimal
value functions, optimal action sets, and optimal policies in a
finite horizon model with the target hitting time criterion.

Henceforth, we assume that S and W are both finite sets and

that W = {ry,7a,...,rm ), withrg <rppq,k=1,...m— 1.
By Theorem 1,we have
Go (i, ) = I(0,400) ()
G (i, z) = mjf}. Z P?erZA(j? (z—1)/B)
@€ | jesrew
X 10,400y (T — 1)
i1 €S, r€R n>1. (13)
Then, for notational convenience, define
boli,,a) = Y pf, (J, (x=1)/B)
JES,rEW
X L (0, 400)(x — 1)
M, (i,2) := min {b,(i,z,a)}.

a€A(i)

With the help of Theorem 1, Lemma 2, and Definition 4, we
obtain the following algorithm.

Step 1) Calculate

bi(i,rg,a) = Z Z Dijrs i€S ae€A)
JESTeW r<ry

M (i,r,) = min {by(¢,7x,a)}, 1€S
a€A(i)

Ai(i,re) = {a|a € A(7)
b (i, 71k, a) = My(i,1%)} 1€8

and select an action gi1(i,71) € Aj(i,ri),k =
m — 1, and an arbitrary action g1 (i,7,,) €

1,...,
A(%). Then, by (13) and (9)
0, r<nr
GT(i,x):{Ml(z',rk), re <z <rpp1 k=1,....m—1
1, T > Ty
wri o~ A, z<ri Or T>7Tm
Al(“x)_{A;(z‘,rk), <@ <repr k=1,...,m— 1.
Let
) S nGrm), x<rs or x>y
gl(z’m)_{gl(i,rk), e < T <Tp41, k=1,....m—1

Step 2) Assume that G}, A} and g; have already been cal-
culated and all the jump points of G (i,z)(Vi €
Sy < @9 < -+ < z, are known. Calculate the
elements of the set { Bz + 7, |k =1,2,...,p,h =

1,2,...,m} and denote them by u1 < us < --- <
ur, (L < mp), in an ascending order. Then, for any
j € Sandr € W, we have

Gi(J,(x—=1)/B)
0, r < up
Gy (g, (up —7)/B), up <z <uppr, 1 <kE<L  (14)
1, xr > ur.

Ifry > ug,then Ijg 1 ooy (ur —7) =0,k =1,...,L
and, hence, from (13) G;‘H(i? ug) = 0,Vk. Or, there
exists some /N suchthatuy_1 < 71 < uy (note that
if 71 < u; we can simply define ug = r; and take

N =1).
Calculate
bipa(iyri,a) = pl,, Gi(4,0) i€S a€ Af)
JES
bl+1(i7uk7a) = Z p?;rGT(J/ (uk —7‘)/,@)
jeS,reW,r<uy
1€S, a€ A(i) k>N
Miiq(i,m) = mln {bl+1(z ri,a)}, 1€8
Myyq(i,ug) = mln {bl_,_l(z ug,a)} i €S, k>N
Apq(isr) = { Ia € A(i)
bit1(i,7m1,a) = My (i, )} i €S
App (i ur) = {afa € A7)
bl+1(b Uk, A ):Ml+1(lx uk)} 1€S k> N.

Next, select actions g;41(4,71) € A;"H(i,rl),
gl+1(i./uk) S A}k+1(i7uk)7k =N,...,L—1,and
an arbitrary action g;41(4,ur) € A(7). Then, by
(13), (14), and (9)

GT+1(i>x)
0, <1
Ml+1(i,7"1), r <z <un
o Ml+1(i,uk), up < T < Upy k=N,...,L—-1
1, T > uy
Appq (i, )
Al (i), m <z <uy
=4 A7 (ur), u < <wupgr k=N,...,L-1
A7), z<riorzx > ur.

Let the decision rule at the next stage be defined by

gl+1(i7$)
gi+1(i,71), 1 <z <uy
= gl+1(i,uk)7 Up < T < Uk k:N7...,L—1
gi+1(i,ur), x<ry or z>ur.

Step 3) Repeat Step 2 until [ + 1 = n.

In this fashion, we construct the optimal function
Gy and an optimal policy 7* = (gn,gn-1,---,91)"
In the process, the corresponding optimal action sets
Aj(i,x), A5(i,x),..., A% (i,2) are constructed as well.
By Theorem 2, these sets characterize all n stages optimal
policies.
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D. Enhanced DP-Algorithm

As we know, DP-algorithm can calculate the optimal value
functions, optimal policies and optimal action sets accurately,
however, it can quickly become computationally prohibitive. At
each iteration more and more points () need to be considered.
For a large state space, a large action space and a large reward
set this will have drastic consequences. The number of points
that need to be considered and thereby the time to do this will
grow exponentially.

To overcome this problem a new algorithm is presented
below. This algorithm approximates the solution found by the
DP-algorithm by calculating a fixed number of points at each
iteration. However, by taking this number large enough, the
approximation will be quite good and the computational time
will decrease significantly. We will assume that all rewards in
the problem are positive.

The idea is that—irrespective of the iteration index [—a
bounded monotone decreasing function such as G; (i, ) on an
interval [0, v,,] can be well approximated by an array of values
{(U17 GT(L7 vl))? (UQ7 G?(Z /UZ))? ] (Um7 G?(Z /Um))} pro-
vided that |v;11 — v;| is “sufficiently” small. The interpolation
between the values G (i,v;) and G} (%,v;4+1) at v; and v;11
can be carried out in a number of ways. In the implementation
below the upper end is used. That is,

G (i,0) = G (i,vi41) Vv € (vi,viga].
The following enhanced dynamic programming algorithm can
now be used. For notational convenience, assume § = 1 and
define

bn(i7$7a) = Z ngerfl(J‘J - T)
jESrEW
M, i, = i bn 1,7, .
(i, 2) aggg.){ (i,7,a)}
Step 1) Initialize:

Choose m points v1 < vg < -+ <V < -+ < Upy
that will represent the target values. The value of
v1 needs to be 0. The value of v, is the largest
target value that will be computed. The larger the m,
the more accurate the approximation of the optimal
value functions will be. Taking equi-spaced vy, ’s will
have computational advantages.

Now by Theorem 1:

0, z<wum

K[ _ s
GO(Z’:E)_{L vp_r <z <wvy k=2,...,m.

Step 2) Assume that G has already been calculated. Now

calculate
bl+1(i7 Vk, (l) = Z p;l]TG;((j/ Vg — T)
jES,rew
1€ S, a€A(i) k>1
Mit1(i,v,) = min {bi11(i,v,a)}
aGA(z)
i €S, k>1
Al (o) = {a € A(9) | biy1 (4, v, @) = My (i, 0r) }
€S k>1.
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Next, select actions g141(4,vr) € Af (4, v%), k =

1,...,m. Then
G?+1(ivx)
_ 07 r < v
T\ Miya(i o), vk <w<w k=2,...,m
AL} (6, )
— A(Z)7 €T S U1
T A Go), e <z <v k=2,...,m.

Let the decision rule at the next stage be defined by
, gi+1(7,v1),
1,T) = .
91410, 2) { g1 (i, ),
Step 3) Repeat Step 2) until [ + 1 = n.
The approximate optimal function G}, and an op-

< v

1 <z <wvp k=2,...,m.

timal policy 7* = (gn,gn-1,---,91)°° have now
been constructed. The corresponding approximate
optimal action sets Aj (i, z), A5(3,2),..., A% (i,z)

have been constructed as well.

III. APPLICATION

In this section, we will apply the above theory to the problem
of allocating a fixed amount of funds in a number of invest-
ment options with the goal of attaining enough money for “early
retirement.” This is an important problem facing many people
who are not professional investors. Most retirement funds in de-
veloped and even some developing countries offer its members
the flexibility of choosing between a, typically small, number
of investment options. Generally, the more “risky” options are
associated with higher short term interest payments.

The real-life problem is complicated by the fact that the
above “risks” and amounts of interest are not known precisely,
or remain constant throughout the rather long planning horizons
(e.g., twenty plus years) that many people are interested in.
For the purpose of illustrating the theory and the algorithm
derived above we shall not address these difficulties. Instead,
we shall assume that the historical data on the performance
of the various investment options that are available at the
beginning of the planning horizon, accurately capture their
future performance! .

A. The Model

For the ease of intuitive understanding we present the re-
sults of the corresponding problem where the decision maker
wishes to maximize, P, (7(z) < n) namely, the probability that
the total wealth exceeds the target x prior to his or her retire-
ment which is assumed to occur at n years in the future. For
instance, if n = 15, the target x = 130 000 and 7* is such that
P« (7(z) < 15) = 0.8, then the decision maker will believe
that by implementing the policy 7* he or she will ensure, with
probability 0.8, that the retirement fund will exceed 130 000
within 15 years. We can now exploit the theory and the algo-
rithm presented earlier to solve this problem under the following
set of simplifying, but reasonable, assumptions.

IThere are a number of simple modifications to our problem that can be im-
plemented to address these difficulties. We do not discuss these modifications
in detail because that would necessitate the use of even more complex notation
and further computational effort.
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Assumptions:

* The decision maker invests a fixed amount only once at
the beginning of the n-stage planning horizon. However,
once a year, he or she can allocate the current amount in
the fund among three different investment options.

* Following one Australian example the three given options
are: Perpetual’s Inv Choice Pension—Industrial Share,
BT Lifetime Super Pers—Australian Share, Zurich
FIP-Equity.

* Each year prior to n, the full amount in the fund is rein-
vested in these three options.

* The historical data available at the initial stage can be used
to predict future behavior.

* Only options with positive rewards are considered.

Based on the previous assumptions, we can consider the model
= (E7A7 {A(e)ae = (5i7$> € E}7W)

where, F = S X R is the decision maker’s state—space and
R = (—o0,+00). The underlying system’s state—space S is
composed of disjoint nonoverlapping intervals which represent
the current wealth. More precisely, we define the system’s
state—space as
S ={s0,51,52,...,8y} s >0 V 0<k<n
where, without loss of generality, we assume: sg < 51 < --- <
s,. Since, the wealth is a continuous rather than a discrete vari-
able, we interpret the statement “the wealth is (s;,_1 + s;)/2”
to mean that the actual amount of wealth lies in the interval
(8i—1,8;] fori = 1,...,n2. Depending on the real situation,
it may be possible for s = —o0 and s, = +o0.
The action space is defined as

3
A={ala=(01,0205),0<0; < 1,29j:1
7j=1

where 6; is the fraction of the total wealth invested in the op-
tion i. We also assume that A(e) = A,Ve € E. For example
a = (0.25,0.25,0.5) is an action which means that the deci-
sion maker allocates 25 percent of the current wealth to the first
option (Perpetual’s Inv Choice Pension—Industrial Share), 25
percent to the second one and 50 percent to the last one.

Next, we will derive the exact form of the immediate rewards
r and the reward sets W (s;, a). For ease of understanding, we
shall divide this derivation into a number of separate steps. First,
assume that the current wealth is denoted by W and the interest
rates on 1 invested in each of the three options?: 71,79, 73 are
all random variables.

If the decision maker takes an action a = (61, 62, 63), then
his or her expected wealth next year will be Zle O, W (1 +
7;). Hence, the portfolio interest rate r(a) will satisfy W (1 +

2Instead of the mid-point of the interval (s;_1, s;] we could also have used
the right end-point, or some other point. If these intervals are narrow and the
time horizon is long the results will not be significantly different.

3For example, if the current wealth is $7000 this year, and the decision maker

allocates his or her total wealth to the option-7, then his or her expected wealth
next year will be $7000(1 + r;),5 = 1,2,3.

T I
—— DP-algorithm
N — - EDP-algorithm, 101 mesh points
09 \ EDP-algorithm, 1001 mesh points|

0.8 A i
07 |
0.6 [

05 |

L*

0.4 |

0.2 [

0.1

Fig. 1. Probabilities L;,(10000, x) of reaching target « after ten years using
different algorithms, with initial capital of $10000, when an optimal policy is
followed.

r(a)) = S22, 6;W (1 + r;), and from Z?zl f; = 1 we know
that

3
r(a) = Z O;r;.
i=1

Hence, we will name the 7(a) as the immediate percentage re-
wards, and note that it is also a random variable. We will present
the second step after the definition of the total reward.

By Corollary 1, we know that we can find an optimal deter-
ministic Markov policy. So, when we calculate the optimal value
function, we only need to find an optimal policy in the set I1% .
That means, we are required to take deterministic actions that
depend only on the current state ¢ = (s;, ).

For a given policy 7 = {a1,as,...,an,...} € II%, we de-
fine the n-year fotal rewards from the initial state s;, as

Wi = s, iy (1 + r(ar)).

We will change this multiplicative formula to an additive one.
If we start from s;, for some 7;, a random additive reward 1, =
si,7(a1) will be received when the action ay is taken, following,
the state will transit to s;, with probability Pel sy similarly,
in the next step, another random additive reward 7o = s;,7(a2)
will be received when the action a» is taken, and so on. So, we
can rewrite the above total rewards from s;, as

Wi =si +sir(a1) + sir(az) + -+ + 55, 7(an)
=s; + Z si,7(aj).
j=1
Thus, the reward sets, for each state-action pair (s;, a), are
now given by
W(si,a) ={w|w=s;r(a)}U{s;} Vs, €S ae€A

So, the aggregate reward set can be written as: W =
Us,eS,acaW (si,a). This completes the second step of the
definition of the reward r.
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TABLE 1
HISTORICAL DATA

Three Options The eight years

1993 1994 1995 1996 1997 1998 1999 2000

Optionl Capital value($) 1000 1075 1125 1375 1425 1475 1925 2350
Percentage(%) 7.5 4.65 2222 3.64 3.51 30.51 22.08

Option2 Capital value($) 1000 1025 1050 1400 1425 1475 1825 2125
Percentage(%) 25 244 3333 1.79 3.51 23.73 20.55

Option3 Capital value($) 1000 1125 1225 1425 1550 1625 1925 2225
Percentage(%) 12.5 8.89 16.33 877 4.84 1846 15.58

Now, the target hitting time, namely the first random time at
which the total reward W7 exceeds the target value z, for a fixed
7 € 114 , is given by

7(z) = inf{k |W] >z k> 1}.
As explained at the beginning of this section, we define the ob-
jective functions by

LT (si,x) = Pr(m(x) <njle;
= (8;4,2)) V(si,z) € E
and the optimal value functions by

Li(siya) = sup {L7(si,2)}

welld,

V(s;,z) € E.

A policy 7* is called an n stages optimal policy, if it satisfies:

LT (s;,x) = LE(s4,2),V(s4,z) € E.
Obviously, the functions G7 (s;,z) discussed in Section II
and L7(s;,x) are connected via the simple complementary

relationships

Therefore, we can use the theory and algorithm of Section II to
calculate the optimal value function and the optimal action set
for the function G (s;,z) and then apply the above relation to
compute the corresponding L7 (s;, x) function.

Now, the exact values of the transition probabilities p;_, . and
the reward sets W (s;, a) can be calculated from the historical
data of the performance of the three investment options. The
details of these calculations are supplied in the Appendix.

B. Example

As an example, take S = {11000, 13000, 15000, 17000,
19000, 21000,23000, 25000, 27000, 29000, 31 000}, A =
{(1,0,0),(0,1,0),(0,0,1)} and the historical data*

0.04 0.08 0.12
H=1[001 001 0.16].
0.05 0.06 0.07

Then for n = 10 the DP-algorithm takes 6655.5 s, EDP-
algorithm takes 21.86 s for 101 mesh points and 214.43 s for
1001 mesh points.

The results can be used to compare the algorithms. In Fig. 1,
both figures using DP-algorithm and EDP-algorithms are
drawn. It can easily be seen that the enhanced algorithm approx-
imates the DP-algorithm extremely well for 1001 mesh points
(it is hard to see the difference between the two functions).

4The details of H can be found in the Appendix.

Furthermore, it takes the EDP-algorithm 12.4 h to compute
the solution for the stochastic target hitting time problem with
dimensions |S| = 80, |A| = 6,|W(i)| = 7,Vi € S and time
horizon n = 20 years (see the illustration in Section IV where
501 mesh points are used). The DP-algorithm however can not
even compute two years in this time.

IV. RESULTS AND INTERPRETATIONS

In this section, we solve an illustrative example constructed
from historical data of three (out of five) top performing
pension funds listed in the Australian Financial Services
Directory (http://www.client.afsd.com.au/). These three funds
will correspond to the investment options in the theoretical
model discussed earlier. They are: Optionl-Perpetual’s Inv.
Choice Pension—Industrial Share, Option2-BT Lifetime Super
Pers—Australian Share, Option3-Zurich FIP-Equity.

The capital values and the percentage returns of these three
options over a period of 8 years are listed in Table I. Let h;; be
the percentage return on $1 invested in Option j in year ¢. For
instance, hos = 3.51%, the underlined number in Table I. Under
the assumption that the data from these eight years are represen-
tative of the future performance of these three pension funds it
is now possible to construct the reward sets W (s;,a) for each
s; € Sand a € A as well as the transition probabilities pf , ..
The details of these constructions are given in the Appendix.

The system’s state—space needs to be finite and to consist
of nonoverlapping adjacent intervals (s;_1, s;]. The more inter-
vals, the larger the dimensionality of the problem and thus the
greater the computational time. However, with a small number
of intervals, there will be a lot of rounding that renders results
unreliable. In the case where the state represents accumulated
wealth over a long time horizon an argument can be made that
when the state of the wealth is small, greater accuracy is re-
quired. On the other hand, when the state is large, say of the
order of $300 000 discrepancies of one or two thousands are no
longer important. This leads to the following construction of S

sp=10000+50 X k(k+1) ¥V k=1,...,79

S80 = +00.
This leads to S = {10100,10300,10600,11000,...,
318100, 326000, +00}, where s3 = 10600 means that the
current wealth is in the interval (s9, s3] = (10300, 10 600]. For
computing the transition probabilities and rewards the value
(s2 + s3)/2 = 10450 is used. The other intervals are similar,
however the endpoints require an adjustment. Here s; = 10 100
means that the current wealth is in the interval [10000, 10 100]

but for the purpose of computation the value of 10000 is used.
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Fig. 2. Probability L3,(10000, x) of achieving target x after 20 years with
initial capital of $10 000. Comparison between the optimal policy with |A| = 3
and the optimal policy with |A| = 6.

Further, s = 400 means the current wealth is greater than
326 000 but for computation the value of 330 000 is used.
The action space is taken to be

A:A(e) =4 a= (91,92,93”9]' S {0,0.5,1} for
3
J=123 st ) 6, =1
j=1
So the cardinality of the action space |A| = 6. The decision

maker has the choice to put all the money in one fund or to
divide the money equally among two funds. This will be seen to
be less restrictive than might appear at first by comparing with
the action space

A=A(e)={ a=(b,02,05)6; € {0,1} for

3
J=123 st ) 6, =1
j=1

The latter means all the money has to be put in one option, so
|A| = 3. The result of this halving of the action space is shown
in Fig. 2. The maximum difference is 0.0238. This means that
by using a simpler policy that comes from the restricted A, one
will have at worst 2.38% less chance of getting amount «x after
20 years than with the policy described in Section I'V. However
the computation time halved. For these data it can be said that
this simplified strategy is very good. There is also the added
“intangible” benefit of easier decision making for the user.

Using the EDP-algorithm 2.4 to compute the optimal policy
to maximize the probability L to achieve target x after 20
years with initial capital of $10000, leads to the optimal value
function L3,(10000, ). Representative points are presented in
Table II. As a comparison also the results by using a supersta-
tionary policy are given. A superstationary policy means that
all money is placed in one fund and never reallocated. Here,

TABLE 1I
PROBABILITY L3,(10000,2) OF ACHIEVING TARGET = AFTER 20 YEARS
WITH INITIAL CAPITAL OF $10000, WHEN AN OPTIMAL POLICY
Is FOLLOWED. COMPARED WITH THE NAIVE POLICIES THAT
PLACE ALL THE MONEY IN ONE FUND, PERMANENTLY

Target © | L3,(10000, z) | L1,(10000, ) | LZ,(10000, z) | L3,(10000, z)
$ 25,000 1 1 0.9500 0.9985
$ 50,000 0.9894 0.9778 0.7211 0.9503
$ 75,000 0.8795 0.6129 0.4618 0.7904
$ 100, 000 0.6774 0.1566 0.2774 0.5747
$ 125,000 0.4787 0.0209 0.1652 0.3865
$ 150, 000 0.3157 0.0016 0.0971 0.2417
$ 175,000 0.2031 0 0.0573 0.1457
$ 200, 000 0.1283 0 0.0341 0.0868
$ 225,000 0.0818 0 0.0209 0.0513
$ 250, 000 0.0514 0 0.0128 0.0301
$ 275,000 0.0322 0 0.0078 0.0177
$ 300,000 0.0204 0 0.0049 0.0103
$ 325,000 0.0132 0 0.0032 0.0062
1 T T T T T
—— optimal policy
— - option 1
0.9 option 2 H
\ — option 3
o8
07 F
06
Lo05¢G
04
03
o2 f
o1
0 .
0 0.5
Fig. 3. Probability L3,(10000,x) of achieving target « after 20 years with

initial capital of $10000, when an optimal policy is followed. Compared with
the naive policies that place all the money in one fund, permanently.

L (i, ) means that all money is put in fund j. In Fig. 3, the
complete optimal value function is drawn.

V. CONCLUSION

It should be mentioned that the preceding theory and imple-
mentation are simpler than the “real-life” problem of investment
for retirement in a number of aspects that were already men-
tioned in Section II. Some of these problems could be easily in-
corporated into our method. For instance, each year new data be-
come available about the performance of the investment funds.
This means that we could, in principle, update our rewards and
transition probabilities every year prior to making our next de-
cision on the allocations.

In further research it would be interesting to implement better
predictions for future rewards in the model. In this model the
historical data are used to predict future performance. It is as-
sumed that the yield of a given fund in every year in the future
is best modeled as a random variable that takes on the past ob-
served yields from that fund with equal probability. This is a
rather simplistic assumption that may not correspond to reality.
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To try to alleviate this problem one could consider a model with
rolling horizon policies. The idea of this approach is that an op-
timal policy is found and the first decision rule is implemented.
Then, if new data are available, a problem with updated param-
eters and a new time horizon is solved. The first decision rule
from an optimal policy of the latter is then implemented and so
on. Rolling horizons have been used by many researchers (e.g.,
see [14]).

Another important aspect is that in practice most salaried em-
ployees receive not only a return on the investment from the pre-
vious year but also a new contribution (typically a percentage
of a salary) from their employers. Once again, our methods and
the algorithm can be easily modified to account for this com-
plication by a suitable adaptation of the rewards which will
now become stage-dependent. Of course, such a modification
could also be used to incorporate the anticipated promotions and
jumps in salary.

APPENDIX

In this appendix, we supply details of the derivation of
rewards and transition probabilities from historical data on
the performance of the three investment funds referred to in
Section III.

We assume that the historical data describing the performance
of the m investment options® over a period of past ¢ years are
given by the matrix:

h117 h127 ) hlq
H=| 1
hml; h’m/‘l

hm?; Tty mxq

where each h;; represents the interest rate on $1 invested in the
option-j in the tth year in the past.

One of the assumptions is that the historical data can predict
future performances. Consider the fund j. On the basis of the
past history the yield from that fund is regarded as a random
variable Y; which takes on values hj1, hj2, . . . , h;q with proba-
bility 1/q. The assumption made here is that the yield th* from
the same fund j at year t* in the future is identically distributed
as Y. Clearly, alternative assumptions could be made. For in-
stance one could assign higher probabilities to yields that result
from historical data from more recent years.

When a decision maker invests s; and chooses action a =

T=35; E;":l f;7; where r; is the interest rate of option j. How-
ever, this interest rate is a random variable. There are q possibil-
ities for the interest rate, so there will also be ¢ possibilities for
the total rewards. The reward sets can now be given by

W(si.,a): r:siZHjhjﬁa:(Hl,Hg,...

i=1

76m)7

t=1,...,q

50n the other hand the historical data on the funds past performance is usually
the best information available.

6In our model, we set m = 3

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 49, NO. 3, MARCH 2004

The transition probabilities can be constructed in a similar way.
Given s; and a, the next state s; will be determined by the re-
ward r thatis realized. Letry, s, . .., 7, be the distinct values of
rinWi(s;,a), where z = |W(s;,a)| < gand T = {1,2,...,q}
denotes the columns of H. Let

Tk(si,a): t€T|rk:siZHjhﬁ,a:(91,927...79,,1)
j=1

and

5k(si,a) = |Tk(s“a)|

Clearly, 6x(s;,a) = 1,VY(s;, a), if z = ¢. The transition proba-
bilities can now be naturally defined by

a _ 5k(8i7 a)
psjsjr;\. - q -
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