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Abstract

Almost all information on astrophysical objects is obtained through observation of
electromagnetic radiation. The observed radiation has been altered in interactions
with matter, and understanding the transport of radiation is a key prerequisite for
understanding the physical conditions in the observed objects. The transport of
radiation is described by the radiative transfer equation. Owing to its complex nature,
solving the radiative transfer equation is difficult, and it is usually necessary to resort
to numerical calculations. In this thesis, the focus is on the modelling of radiation
transport in interstellar clouds. The dense gas and dust in interstellar clouds scatter,
absorb, and emit radiation, and understanding the radiative transfer effects is crucial
in the interpretation of observations.

Four of the five articles that are contained in this thesis concern various applica-
tions of radiative transfer modelling. Two articles focus on the modelling of spectral
line radiation. We study the use of OH Zeeman splitting observations in the deter-
mination of magnetic field strengths in molecular clouds. The role of magnetic fields
in the process of star formation is still largely an open question with two compet-
ing models: the turbulence dominated scenario where magnetic fields are weak, and
the ambipolar diffusion driven model with stronger magnetic fields. By combining
magneto-hydrodynamical calculations with radiative transfer simulations, we show
that the turbulence dominated scenario is consistent with the observed magnetic field
strengths.

Two articles concern the dust radiative transfer. We study the dust density dis-
tribution and grain properties in the dust envelope surrounding the carbon star IRC
+10 216. By modelling the surface brightness distribution of the scattered light in
the dust envelope, we can infer the mass-loss history of the star and improve mod-
els of newly formed dust grains. In another article we use magneto-hydrodynamical
calculations and radiative transfer simulations to study the reliability of cloud core
mass estimates. Observations of dust thermal emission at the far-infrared and sub-
millimetre wavelengths are commonly used to determine the masses of molecular cloud
cores. By constructing synthetic observations of a model cloud and comparing the
estimated masses to the true masses that are obtained directly from the cloud model,
we can determine the robustness of mass estimates.

Instead of focusing on the applications of radiative transfer modelling, one article
describes new numerical methods for efficient radiative transfer simulations. We de-
scribe new algorithms for radiative transfer on hierarchical grids. The new algorithms,
in particular the use of sub-iterations, are faster by a factor of several compared to
the old methods.
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Chapter 1

Introduction

This thesis is focused on the study of the interstellar medium (ISM). The articles
included in the thesis span almost the whole life-cycle of the ISM from the formation
of dust grains in outflows from giant stars to dense prestellar cores where a new
generation of stars is born. An important unifying theme in the thesis is the use of
radiative transfer calculations. The calculations are needed to relate the observed
radiation to physical conditions in the observed object. Computing the transport of
radiation numerically is difficult, and we also discuss methods for solving the problem
efficiently.

The thesis begins with a brief overview of the interstellar matter and star-
formation. For a more detailed discussion we refer to the books Scheffler & Elsaesser
(1987) and Stahler & Palla (2005), and the review article McKee & Ostriker (2007).
Chapter 2 is an introduction to the radiative transfer equation (RTE) that governs the
transport of radiation, and a review of various methods that can be used to solve the
equation. Chapter 3 presents some applications of dust continuum radiative transfer
calculations. Chapter 4 focuses on spectral lines, in particular on their use in the
estimation of magnetic fields in molecular clouds. Chapter 5 summarises the publica-
tions included in this thesis. Finally, conclusions and some prospects for future work
are given in chapter 6.

1.1 Interstellar medium

The existence of dark patches on the sky, apparently devoid of stars, was already
observed in the 18th century by William Herschel. At that time, they were believed
to be truly "holes in the heavens". Only in the early 20th century, the "holes"
were understood to be dark clouds that block the light from background stars. In
1930 Trumpler showed by studying the apparent sizes of open clusters that even the
apparently transparent parts of the interstellar space are filled with an obscuring
medium.
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CHAPTER 1. INTRODUCTION 2

Today the space between the stars is known to be filled with an interstellar medium
(ISM), a mixture of gas and small dust grains, comprising 10–15 % of the total
baryonic mass of the Milky Way. Approximately one percent of the interstellar matter
is in the form of dust grains, while the rest is in the gas phase. The gas is mostly
hydrogen and helium (≈ 74 % and ≈ 24 % by mass, respectively), with only a small
fraction of heavier elements. Nevertheless, the interplay of dust and gas leads to a
rich chemistry, and more than a hundred molecular species have been identified in
the ISM.

The ISM consists of several phases (McKee & Ostriker, 1977). Most of the volume
is filled with a hot (T ∼ 106 K), low density (particle density n ∼ 10−3 cm−3) ionised
gas called the hot ionised medium. The next largest fraction by volume is taken by
a cooler (T ∼ 10000 K) and denser n ∼ 0.3 cm−3 warm phase. The warm gas exists
in both neutral and ionised components. Approximately 4 % of the volume is taken
by the cold neutral medium (T ∼ 80 K, n ∼ 50 cm−3). A small fraction, ≲ 1 %
of the volume is filled with cold molecular gas. However, owing to its high density,
n ∼ 300 cm−3, the molecular phase contains a substantial fraction (∼ 20 %) of the
total gas mass. In the densest cores of molecular clouds the density can reach values
of n > 105 cm−3, but the cores only occupy a very small fraction of the cloud volume.
Temperature of the molecular gas is typically ≈ 20 K, but in the densest parts of
molecular clouds the temperature can be less than 10 K (Harju et al., 2008).

The ISM is not static. Cold, dense cores in molecular clouds collapse to form
stars. The nuclear reactions in the stellar cores change the abundances of elements.
The stars return some of the material back to the ISM during their red giant and
asymptotic giant branch phases in strong stellar winds, and because (a part of) the
matter has been processed in nuclear reactions, it is enriched in heavy elements.
Massive stars have strong stellar winds throughout their lifetimes, and end their lives
in supernova explosions that disperse the outer layers of the star to the ISM. Most of
the mass returned to the ISM comes from stellar winds of relatively low mass giant
stars. However, the massive stars produce most of the heavy elements. Massive stars
are also important because they inject energy to the ISM through their strong stellar
winds and supernova explosions.

1.2 Interstellar dust

Although the dust comprises only approximately one percent of the total mass of
the ISM, it is responsible for some of the most conspicuous objects in the night sky.
Small dust grains are very effective at blocking the light at visible wavelengths, and
dark clouds such as the Horsehead nebula are caused by dust extinction (Fig. 1.1).
Dust grains also scatter (reflect) light, and if an interstellar cloud is illuminated by a
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Figure 1.1: The dark Horsehead nebula is seen silhouetted against the IC434 star-
forming region. Dust grains in the Horsehead nebula block the hydrogen Hα radiation
that is coming from the HII region in the background. The image is a composite of Hα
(red), oxygen [OIII] (green) and sulphur [SII] (blue) emission line images. The images
were taken with the 0.9 m NSF telescope on Kitt Peak. Image credit: T.A.Rector
(NOAO/AURA/NSF) and Hubble Heritage Team (STScI/AURA/NASA).

nearby star, a reflection nebula such the ones surrounding the Pleiades can be seen
(Fig. 1.2).

Dust is very useful in the study of the structure of the ISM, in particular the
molecular clouds. The main gas component of the molecular clouds, molecular hy-
drogen (H2), is difficult to detect directly owing to its lack of suitable spectral lines
that would be excited in the normal ISM conditions, and spectral lines of other tracer
molecules, principally CO, must be used to study the clouds. However, the abun-
dances of molecules depend on complex chemical reaction networks, and it may be
difficult to interpret molecular line observations. Interstellar dust provides another
method to study the ISM. The dust interacts strongly with the ultraviolet-visible-
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Figure 1.2: Red-green-blue composite image of the Pleiades open cluster. Nebulosity
is caused by scattering of starlight from dusty clouds surrounding the bright stars of
the cluster. The images were taken with the 1.22 m Samuel Oschin telescope at the
Palomar observatory. Image credit: NASA, ESA and AURA/Caltech.

near-infrared light, causing extinction of the background starlight, and scattering the
light impinging on the cloud. Dust grains also emit thermal radiation at the far-
infrared and sub-millimetre wavelengths. Because the column density of dust has
been found to be well correlated with the hydrogen column density (Bohlin, 1975;
Bohlin et al., 1978), studies of dust can provide information on the structure of the
molecular cloud.

Of course, to apply the methods, it is necessary to know the properties of dust
grains. The information about the dust grains is obtained mainly from the study of
extinction curves, i.e. how the intensity of starlight decreases as a function of wave-
length. The general shape of the curve is a good probe of the grain size distribution,
while absorption bands can be used to infer the chemical composition. Other con-
straints are given by observations of scattering, thermal emission, and polarisation,
and the abundances of elements available for building dust grains. Studies indicate
that interstellar dust grains are very small, with a typical grain radius a ∼ 0.1 µm.
However, a continuous distribution of grain sizes is needed to fit the constraints. A
widely used model by Mathis, Rumpl, and Nordsieck (Mathis et al., 1977) adopts a
Nd ∝ a−3.5

d distribution with cutoffs at 0.005 µm and 0.35 µm; more recent stud-
ies (e.g. Weingartner & Draine, 2001; Draine & Li, 2007; Compiègne et al., 2011)
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have added details, but the general picture is similar. Two grain populations with
distinct compositions are needed to explain the extinction curve data: carbonaceous
grains consisting mainly of amorphous carbon, which form in carbon-rich outflows,
and silicate grains, which condense in oxygen-rich environments. Recent models also
include polyaromatic hydrocarbon (PAH) molecules. Dust properties are not constant
throughout the Milky Way. In dense clouds the grain size increases because of dust
coagulation and the formation of ice mantles on the dust grains (Ossenkopf, 1993;
Ossenkopf & Henning, 1994).

Despite the low abundance of dust compared to gas, it plays an important role
in interstellar chemistry. Many chemical reactions, most notably the formation of
H2 (Hollenbach & Salpeter, 1971), take place on the surfaces of dust grains. Dust
grains also effectively block ultraviolet radiation, thereby shielding molecules from
photodissociation (van Dishoeck & Visser, 2011). Furthermore, dust is important for
the thermal balance of molecular clouds (Doty & Neufeld, 1997). Thermal far infrared
radiation from dust grains cools the dense cores of molecular clouds, where cooling
by spectral line radiation is ineffective because of high optical depth.

1.3 Molecular clouds and the formation of stars

The molecular gas in the Milky Way is largely concentrated in giant molecular cloud
complexes. The clouds also account for most of the star-formation. Giant molecular
clouds, such as the Orion and Taurus clouds, have typical sizes of a few tens of parsecs,
masses of about a million times the Solar mass, and mean densities of a few hundred
molecules per cubic centimetre. The giant clouds are not static structures. Individual
clouds only survive for ∼ 30 Myr before they are destroyed by the strong stellar winds
from massive stars that have formed inside the cloud. The formation of molecular
clouds from the diffuse and atomic phase is an actively researched topic that has
benefitted from advancing super-computing capabilities. Recent results point toward
a scheme where supersonic turbulence is the main factor driving the cloud formation
and evolution. For reviews of the topic, see Mac Low & Klessen (2004) McKee &
Ostriker (2007), and Ballesteros-Paredes et al. (2007).

Molecular clouds are very inhomogeneous and complex. They contain filaments
and clumps on all observable scales in a hierarchical structure, where low density gas
fills most of the volume, and the high-density structures enclose even denser struc-
tures. Characterisation and classification of these structures is currently an important
area of research (e.g., Men’shchikov et al., 2010; Ward-Thompson et al., 2010; Arzou-
manian et al., 2011). Improving observational facilities have greatly increased the
amount of data available to researchers, and the development of computer algorithms
to extract and classify structures from observational data automatically has been very
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active (e.g., Williams et al., 1994; Rosolowsky et al., 2008b; Sousbie, 2011).
The formation of stars mainly takes place in dense cores inside molecular clouds.

The cores are the smallest structures of the interstellar matter, and they have sizes of
∼ 0.1 pc and densities of more than 104 cm−3 (Bergin & Tafalla, 2007). Star-forming
molecular clouds that are close enough for individual cores to be identified have been
found to contain several hundreds of cores (Enoch et al., 2008; Rosolowsky et al.,
2008a). Inside the cores the density increases inwards, but otherwise the cores have
very little internal structure.

According to current theories, the dense starless cores are the earliest precursors
of forming stars. However, only a subset of cores collapse to form stars. Other cores
are not gravitationally bound, and they will eventually disperse to the surrounding
molecular cloud (McKee & Ostriker, 2007). Transient dense structures are also seen
in numerical simulations (Padoan & Nordlund, 2002). The dense structures that are
gravitationally bound and will eventually collapse to form stars are called prestellar
cores.

For details of the formation and collapse of dense cores we refer to reviews by
Bergin & Tafalla (2007), McKee & Ostriker (2007), Ward-Thompson et al. (2007),
and André et al. (2009). Here we focus on one hotly debated question: the influence
of magnetic fields on the process of star-formation. In the past, the standard theory
of the star-formation was the one of a slow process, where the magnetic field in the
cloud core supports the core against collapse. Only after the magnetic flux had been
removed, the collapse could proceed (Shu et al., 1987). The flux can be removed in
a process called ambipolar diffusion (AD). The AD means that the neutral molecules
and atoms drift under self-gravity relative to the ions and electrons, which are tied to
the magnetic field (Fiedler & Mouschovias, 1992, 1993). As a consequence of the AD,
the core loses magnetic flux until the field can not provide enough support against
gravity, and a collapse ensues.

A more recent theory is that of a turbulence-dominated star-formation (Padoan &
Nordlund, 1999, 2002). In this model the mean magnetic field is weak, and magnetic
fields are not important for the regulation of the process of star-formation. In the
model the turbulence is super-Alfvénic, meaning that the mean turbulent velocity is
larger than the Alfvén velocity VA:

VA =
∥B∥√
4πρ

, (1.1)

where B is the magnetic flux density and ρ is the density of the medium. We will
discuss the subject in more detail in chapter 4.



Chapter 2

Radiative transfer in interstellar
clouds

2.1 Radiative transfer equation

Almost all information about astrophysical objects is obtained through observation
of electromagnetic radiation of different wavelengths. To understand the nature of
observed targets, it is essential to know how the observed radiation is created, and how
it is changed between its origin and the observer’s instrument. In this section we will
briefly review the RTE, which describes the transport of radiation. For a thorough
discussion of the RTE, see Chandrasekhar (1950), Mihalas (1978), and Cannon (1985).

An accurate description of the transport of electromagnetic radiation through an
interacting medium requires, in principle, solving the Maxwell’s equations. However,
this is unfeasible in a complex setting, such as a molecular cloud or a stellar at-
mosphere. Instead of Maxwell’s equations, the RTE is commonly used to solve the
problem of energy transport in an interacting medium. The RTE is usually derived
phenomenologically by considering the transport of energy into and out of an in-
finitesimal volume (see the references at the beginning of this section). However, the
RTE can be derived from first principles starting from Maxwell’s equations, at least
in some simplified cases (see Mishchenko (2008) and references therein for a thorough
discussion).

The RTE describes the behaviour of the (specific) intensity I as a function of
position, direction, frequency, and time, i.e., I = I(x, k⃗, ν, t). We note that in the
general case the specific intensity is described by a 4× 1 matrix (a column vector) I

that is known as the Stokes vector: I = [I,Q, U, V ]T. The components describe the
polarisation of radiation: I is the specific intensity, parameters Q and U describe the
linear polarisation, and V is the circular polarisation. However, with the exception
of chapter 4 we only consider the specific intensity I.

The RTE can be formally written as a differential equation for the change of

7



CHAPTER 2. RADIATIVE TRANSFER IN INTERSTELLAR CLOUDS 8

intensity per infinitesimal length:

1

c

∂I

∂t
+

∂I

∂s
= −κI + j, (2.1)

where c is the speed of light, κ is the linear extinction coefficient (opacity), and j

is the emission coefficient. In this thesis we only consider the static case where the
time-derivative is very small and can be ignored. Then I can be obtained as

I(s) = I(s0)e
−τ(s0,s) +

∫ s

s0

e−τ(s′,s)j(s′)ds′, (2.2)

where
τ(s′, s) =

∫ s

s′
κ(x)dx (2.3)

is the optical thickness between s′ and s (here s′ < s, so τ(s′, s) > 0). Equation (2.2)
is known as the formal solution of the radiative transfer equation. If functions κ and
j were known, solving I would be reduced to a simple integration along the rays.
However, κ and j usually depend on I: κ = f(I), j = g(I). The full problem thus
consists of solving equation (2.1) together with the equations for κ and j.

In the case of dust continuum radiative transfer, it is useful to write j as a sum of
the scattered intensity js that is proportional to the intensity, and the true emission
je:

dI

ds
= −(κa + κs)Iν + js + je, (2.4)

where we have written the opacity κ as a sum of absorption and scattering opacities
κa and κs. The scattered intensity is given by

js(k⃗) = κs

∫
4π

K(k⃗, k⃗′)I(k⃗′)dk⃗′, (2.5)

where K is the normalised scattering kernel (
∫
4π K(k⃗, k⃗′)dk⃗ = 1 for all k⃗′), which

describes how the direction of radiation is changed in the scattering process.
On the other hand, je is usually a non-linear function of the radiation intensity

I. In the case of spectral line radiation, je depends on the population numbers of
atomic and molecular energy levels (see, e.g., Cannon (1985)). In dust continuum
calculations, je depends on the temperature of the dust grains. In either case, je can
be written as

je = κaBν(T ), (2.6)

where Bν is the Planck function. In the case of spectral line radiation T is the excita-
tion temperature of the transition, whereas for dust continuum T is the temperature
of the dust grains. In the general case, also κ can depend on the radiation field. This
is very important in spectral line radiative transfer, where level population numbers
directly influence the opacity. In dust continuum calculations it has been common to



CHAPTER 2. RADIATIVE TRANSFER IN INTERSTELLAR CLOUDS 9

assume that κ does not depend on I. However, this is not strictly true, and modern
dust models include a temperature-dependent opacity (Compiègne et al., 2011).

As an important special case, we note that if I(s0) = 0 (i.e., there is no background
radiation), scattering is negligible (js ≈ 0), Bν(T ) is constant along the line of sight,
and τ(s0, s) ≪ 1 (cloud is optically thin), we get from (2.2), (2.3), and (2.6)

I(s) =

∫ s

s0

e−τ(s′,s)je(s
′)ds′ = Bν(T )

∫ s

s0

e−τ(s′,s)−∂τ

∂s′
ds′ = Bν(T )

∫ τ

0
e−τ ′dτ ′

= (1− e−τ )Bν(T ) ≈ B(T )τ.

(2.7)

Thus, the intensity is directly proportional to the optical thickness of the cloud.

2.2 Numerical solution

A closed-form solution to the RTE can be obtained only in simple cases. Usually, it
is necessary to resort to numerical methods.

We write the RTE together with the equations for κ and je as

I = Λje
je = f(I)
Λ = g(I),

(2.8)

Here Λ is a linear operator that maps a given emission to the new radiation field,
and f and g are functions that map the local radiation field to emission and opacity,
respectively. Evaluating f and g may require, for instance, solving the rate equations
for atomic transitions. Functions f and g are usually non-linear, and the system
of equations (2.8) must be solved iteratively. Each iteration step typically requires
the solution of a linear transfer problem, i.e., evaluating the formal solution given in
equation (2.2). For the sake of clarity, we assume below that Λ does not depend on
the radiation field, as is often case in dust continuum calculations.

2.2.1 Discretisation

For numerical solution of the RTE, a model has to be discretised so that it can be
described in a finite computer memory. This is most commonly done by dividing the
space into a finite number of cells. Inside each cell the physical quantities such as
the density and the dust temperature are assumed to be constant. Similarly, also
the frequency and, in some methods, the direction of the radiation are divided into a
finite number of bins.

The choice of space discretisation depends on the details of the problem. For
example, a spherically symmetric model can be described using only spherical shells,
while for a complicated three dimensional structure a cartesian grid may be more
suitable. Also more complicated schemes are possible (see, e.g., Ritzerveld & Icke,
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2006). An accurate description of the structure often requires the inclusion of a large
variety of scales. For instance, a model of a circumstellar disc may require a resolution
of the order of a Solar radius near the star, while, to include the whole disc, the total
extent of the model needs to be several hundred AU (e.g., Pinte et al., 2009). If a
uniform cartesian three dimensional grid were used, hundreds of billions cells and tens
of terabytes computer memory would be needed. To address this problem, several
codes have been developed with support for adaptive resolution (e.g., Jonsson, 2006;
Acreman et al., 2010). This means that the resolution on the (spatial) discretisation
changes across the model, and the finest resolution is used only where it is needed.
The use of an adaptive grid can decrease the number of cells in the model by several
orders of magnitude.

The discretisation of the frequency space depends on the details of the problem.
In line transfer calculations narrow bins are needed to capture the shapes of line
profiles, while in continuum radiative transfer much wider frequency bins are usually
sufficient. The angle discretisation depends on the solution algorithm, and in some
methods an explicit discretisation is not needed.

In discretised form system (2.8) can be written as

I = Λ′je
je = f(I).

(2.9)

Here I and je are NcellsNfreqNdir × 1 matrices (column vectors) and Λ′ is a
NcellsNfreqNdir × NcellsNfreqNdir matrix. Ncells, Nfreq, and Ndir are the number of
cells, frequencies, and directions in the discretisation, respectively. In many cases,
emission je only depends on the angle-averaged intensity J = 1

4π

∫
4π I(k⃗)dk⃗, and the

angular distribution of emission is isotropic. In that case, (2.9) can be integrated over
the direction space, and instead of (2.8) the system to be solved is

J = Λj̄e
j̄e = f(J),

(2.10)

where J and j̄e are NcellsNfreq× 1 matrices and Λ is a NcellsNfreq×NcellsNfreq matrix.

2.2.2 Solving the linear equation

The problem of numerically evaluating the formal solution, i.e., determining I from
equation (2.8) when κ and ϵ are given can be done using several different methods. In
the context of molecular clouds, the most commonly used solvers are raytracing algo-
rithms, moment methods, and the Monte Carlo method (Steinacker, 2010; Steinacker
et al., 2011).

In raytracing codes the ray direction is discretised into a finite number of bins, and
the formal solution (2.2) is integrated for each direction (e.g., Steinacker et al., 2005).



CHAPTER 2. RADIATIVE TRANSFER IN INTERSTELLAR CLOUDS 11

The method is well suited to spectral line calculations (Juvela, 2011). However, in
continuum calculations, where anisotropic scattering from dust grains is important,
the method is not as efficient. Moment methods are based on a series expansion of the
intensity. The methods are very fast in optically thick regions, where the radiation
field changes slowly with direction, and only the lowest terms of the series expansion
are significant. However, they are not efficient in cases where the radiation intensity
changes strongly with direction.

The program described in Paper IV is based on the Monte Carlo method. The
Monte Carlo method for radiative transfer can be described intuitively as a simulation
of the actual physical processes of radiation transport. The radiation field is simulated
by sending photon packages, each of which represents a large number of photons, to the
cloud. Photons packages are generated in random locations in the cloud according to
the distribution of the emission, and their interactions with the medium are sampled
stochastically. For instance, in units of optical thickness, the free path of a photon
until its next interaction is exponentially distributed with the mean 1. The track
of a photon can be simulated by drawing a random number from an exponential
distribution, and moving the photon in a straight line until the optical thickness of the
path reaches the sampled value. Then random numbers are used to determine whether
the photon is absorbed or scattered, and in the case of scattering, a new direction is
chosen stochastically. The probability distributions for different interactions depend
on the properties of the medium. The directional distribution is sampled statistically
with random numbers, and there is no need to discretise the direction space explicitly.1

In practice, a Monte Carlo method that is directly analogous to the transport of
photons in a cloud is often very inefficient, and various weighting schemes are used
improve the speed of the calculation (Juvela, 2005).

The main advantage of the Monte Carlo method is its adaptability. It is easy to
include complicated geometries and arbitrary scattering functions. The main draw-
back is the computational cost of obtaining accurate results. Because of the stochastic
nature of the method, the results always contain statistical noise. The noise usually
decreases as 1/

√
N , when the number of photon packages, N , increases. An accept-

able accuracy may require a very large number of packages (in some cases more than
billion), and therefore also significant computational resources. However, the fast
development of computers has helped to solve the problem. Furthermore, the Monte
Carlo method accommodates easy and efficient parallelisation (Robitaille, 2011).

1Unless that is needed for the emission calculation.
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2.2.3 Iterative solution of the full problem

The full discretised system (2.10) is a non-linear system of equations with, in large
models, several million variables. The discretised Λ-operator is then a matrix with
more than 1012 elements, and constructing and storing the full matrix is usually not
possible.

The system of equations (2.8) can be solved without explicitly constructing the
Λ-operator by using the Λ-iteration:

Jn+1 = Λj̄n
j̄n+1 = f(Jn+1).

(2.11)

Each iteration step entails both solving a linear radiative transfer problem for a given
emission coefficient using, e.g., the Monte Carlo method, and calculating the emission
coefficient from the radiation field by using the dust model or, in the case of spectral
line calculations, by solving the rate equations for the population numbers. In large
models both solving the linear radiative transfer equation and calculating the emission
coefficient are computationally expensive, limiting the ability to solve the RTE in
slowly converging models.

In a model where individual cells are optically thick, most of the radiation emitted
in a cell is absorbed in the same cell, and therefore does not contribute to the net
energy transfer between different cells. This means that in the matrix representing
the Λ-operator the entries on the main diagonal of the matrix are large compared
to the other entries, leading to a very slow convergence of the basic Λ-iteration. In
the accelerated Λ-iteration the problem of slow convergence is mitigated by explicitly
treating the diagonal part of the Λ-operator (Cannon, 1973; Rybicki & Hummer, 1991;
Juvela & Padoan, 1999; Hogerheijde & van der Tak, 2000). The operator is written
as Λ = Λ0 +Λ1, where Λ0 is a diagonal matrix. The iteration is then run as

Jn+1 = Λ0j̄n+1 +Λ1j̄n
j̄n+1 = f(Jn+1).

(2.12)

Every step of the iteration requires solving a non-linear system of equations. However,
because Λ0 is diagonal, the full system decouples into Ncells separate systems, each
with Nfreq unknowns. Furthermore, because only the diagonal part of the full Λ

operator is needed, storage requirements are much lower. Instead of a diagonal Λ0, a
more complex operator that is a better approximation of the full Λ operator can be
used. This accelerates convergence, but requires more storage and computation for
each step of the iteration (Juvela, 2005).
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2.3 Applications of radiative transfer calculations

Perhaps the most obvious use of radiative transfer computations is in the modelling
of observations of a specific object, such as a molecular cloud, a circumstellar disc
or a dusty spiral galaxy. One can construct a model of the object, run the radiative
transfer simulation, and compare the results with the observations. It is also possible
to consider the inverse problem of determining the source structure from the obser-
vations. For example, an optimisation routine can be used to determine the model
parameters that result in the best fit with the observations. Inverse modelling has
been applied to targets such as circumstellar structures (Domiciano de Souza et al.,
2011), molecular clouds (Steinacker et al., 2005), and dusty galaxies (Hei Law &
Gordon, 2012). This is also the approach in Paper I.

The studies focusing on determining the structure of a specific objects with radia-
tive transfer simulations typically use relatively simple models that can be described
with only a few parameters. There are two main reasons for this. The first is that
there is often a large set of models that can reproduce the observations. To find a
unique best solution, the model space needs to be restricted. Another reason is the
computational cost of finding the best solution. Solving the RTE even for a single
model is time consuming. A family of models described by a large number parameters
would need a prohibitive number of evaluations of the radiative transfer model to find
the best solution.

Another approach to utilising radiative transfer simulations is to use them as a
post-processing step in the study of results from other simulations such as magneto-
hydrodynamical (MHD) models of molecular clouds (Goodman, 2011). Even if the
MHD simulations do not try to describe any particular astrophysical object, the sta-
tistical properties of the models, e.g., the mass distribution of collapsing cloud cores,
can be compared to the statistics derived from real observations of a large number
of targets. The statistical properties of a model depend on the parameters of the
simulation, such as the magnetic field strength, and a comparison with observations
can provide insight on the parameter values. Some statistical properties, such as the
column density distribution, can be extracted from the model clouds directly without
using radiative transfer calculations. However, almost all information from astrophys-
ical objects is obtained through observations of electromagnetic radiation, and it may
be difficult to relate the observations to the intrinsic properties of the objects. Radia-
tive transfer computations can be used to construct synthetic observations of model
clouds, allowing a direct comparison of real observations and results from simulations.
It is possible to simulate observations made with particular telescopes by convolving
the intensity map that is obtained from radiative transfer simulation with an appro-
priate beam shape, and by adding realistic noise to the synthetic map. Paper II and
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Paper III follow this approach. On the other hand, radiative transfer calculations can
help to determine whether the methods that are used, e.g., in the estimation of the
column density from observed dust emission, are accurate. This is the focus of Paper
V. Other examples of the use of synthetic observations can be found in Mellema et al.
(2006), Krumholz et al. (2007), Commerçon et al. (2012a,b), and Juvela et al. (2012).

Another important application of radiative transfer computations is as an ingre-
dient in radiative-hydrodynamical simulations. For instance, the calculation of the
thermal balance and ionisation degree of gas requires solving the RTE for each time
step. For this reason the RTE has to be solved very quickly, and usually efficient
but relatively low accuracy methods such as the flux-limited diffusion approximation
are used (Levermore & Pomraning, 1981). Radiative-hydrodynamical calculations are
outside the scope of this thesis, and we refer to books Mihalas & Mihalas (1984) and
Castor (2004) for detailed treatments.



Chapter 3

Simulations of dust continuum
radiation

In this chapter, we present some applications of dust continuum radiative transfer to
the study of ISM. We consider two cases: the thermal emission from the dust grains
at far-infrared and sub-millimetre wavelengths (used in Paper V), and the scattering
of optical and near-infrared radiation by the dust grains (the subject of Paper I).
We briefly discuss how the observations can be used to study the ISM, and how
radiative transfer calculations can be used to examine and improve the reliability of
the methods.

3.1 Interaction of dust grains with the radiation field

3.1.1 Absorption and scattering

Linear absorption and scattering coefficients κa and κs in equation (2.4) represent
the total absorption and scattering by dust grains per unit length. The absorption
coefficient is proportional to the number density of absorbing particles1, ndust, and
their efficiency at absorbing radiation that is called the absorption cross-section Ca:

κa = ndustCa. (3.1)

As the name suggests, Ca has the units of area. Scattering cross-section Cs is defined
analogously, and the sum of the absorption and scattering cross-sections, Ce = Ca+Cs

is known as the extinction cross-section.
Another often used parameter is the (single-scattering) albedo a that is defined as

a =
Cs

Ce
=

Cs

Ca + Cs
. (3.2)

It describes what fraction of the radiation a dust grain scatters. If a = 0, the dust grain
absorbs all the radiation hitting the particle, whereas a = 1 implies that no energy

1Assuming that the RTE is applicable, see section 2.1.
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is absorbed. Absorption and scattering cross-sections (and therefore also albedo) are
functions of frequency and the size, shape, and composition of the dust grain.

Scattering kernel K in equation (2.4) is usually called the scattering phase func-
tion. Often the phase function depends only on the angle θ = arccos(k⃗ · k⃗′) between
the incoming and scattered radiation, that is K(k⃗, k⃗′) = ϕ(θ). Similar to the absorp-
tion and scattering cross sections, the phase function depends on frequency, and on
the properties of dust grains.

The asymmetry parameter g is a parameter that characterises the shape of the
scattering function. It is defined as the average of the cosine of the scattering angle:

g =

∫ π

0
ϕ(θ) cos θ d cos θ. (3.3)

Thus, asymmetry parameter g = 1 means that the phase function is fully forward-
throwing, g = −1 indicates a fully back-scattering phase function, and values −1 <

g < 1 means that scattering function is between the extremes. Although the value
of g does not define the phase function uniquely, it is often used to describe the
scattering functions of dust models. In these cases the phase function is usually taken
from a family of functions known as the Henyey–Greenstein phase functions (Henyey
& Greenstein, 1941). Within this family the asymmetry parameter determines the
phase function uniquely.

Determining the absorption and scattering cross-sections and the scattering phase
function as a function of frequency is a difficult problem in electromagnetics. A closed-
form solution is possible only in simple cases, such as spherical particles, and usually
one has to resort to numerical methods. For detailed descriptions of these computa-
tions, see Bohren & Huffman (1983) and Draine & Flatau (1994). In practice, we use
the numerically calculated absorption and scattering properties that are available for
different dust models.2

3.1.2 Emission from the dust grains

Dust grains absorb stellar radiation, which is peaked at the visible wavelengths and
re-radiate the energy mainly in the mid- and far-infrared. In the conditions typical
of the ISM, large dust grains, i.e., grains with a radius r ≳ 0.05 µm, are at the
equilibrium temperature Tdust with the radiation field (see Figs. 4 and 5 in Li &
Draine, 2001). According to the Kirchhoff’s law, the equilibrium temperature can be
calculated by equating the absorbed and emitted energy (Chandrasekhar, 1950)∫

4π

∫
ν
I(ν, k⃗)Ca(ν)dνdk⃗ = 4π

∫
ν
B(Tdust, ν)Ca(ν)dν, (3.4)

2E.g., http://www.astro.princeton.edu/~draine/dust/dust.html (accessed 23.9.2012).
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where I is the intensity of the radiation field, and B is the Planck function. The
temperature depends strongly on the intensity of radiation field. In the solar neigh-
bourhood (but far from individual stars) the typical dust temperature in the diffuse
ISM is 16–17 K, while in dense molecular clouds the equilibrium temperature is slightly
lower (Planck Collaboration, 2011). The resulting thermal dust emission is obtained
from the equation

j(ν) = κ(ν)B(Tdust, ν). (3.5)

Because the dust opacity is a function of the dust composition as well as the grain
size, for an accurate calculation the equilibrium temperature and emission must be
calculated separately for each dust population (e.g., the silicate and carbonaceous
grains), and the grain size distribution must be discretised and each size bin treated
separately.

For a small grain, the energy of a photon at ultraviolet or visible wavelengths
is sufficient to change the temperature of the grain significantly, in some cases to a
temperature of several hundred Kelvin. The absorption of a high energy photon is a
rare event, and the grain spends a large fraction of time at a low temperature (Purcell,
1976). Figure 3.1 shows an example of the time-dependent temperature evolution of
a very small grain. Although an equilibrium temperature can be calculated from
equation (3.4) also in this case, the result calculated from equation (3.5) does not
accurately describe the grain emission. Instead of a single dust temperature, the
small grains assume a distribution of temperatures that has to be solved to calculate
the dust emission accurately (Guhathakurta & Draine, 1989; Siebenmorgen et al.,
1992; Draine & Li, 2001). The emission in the mid-infrared is strongly enhanced
owing to the fact that the grains occasionally reach high temperatures.

Solving the full temperature distribution is much more computationally demand-
ing than the calculation of the equilibrium temperature, and in large models it is
usually not feasible to calculate the distribution directly. Acceleration methods have
been developed for the temperature calculations that can decrease computational cost
by many orders of magnitude, at the cost of slightly worse accuracy (e.g., Juvela &
Padoan, 2003; Baes et al., 2011). Moreover, the effect of the emission from the very
small grains is usually insignificant at wavelengths λ > 100 µm (see Fig. 8 in Li &
Draine, 2001), and for the modelling of the far-infrared and sub-millimetre emission,
calculating a single equilibrium temperature is often sufficient.
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Figure 3.1: Time-dependent temperature of a very small grain in the ISM. Absorp-
tion of energetic starlight photons heats the particle to a high temperature. Such
absorptions are infrequent events, and in the meantime the grain cools to a very low
temperature. Te indicates the equilibrium temperature of the grain as given by equa-
tion (3.4).

⟨
T−1

⟩−1 is the inverse of the time-average of 1/T , which is an important
quantity in the study of the alignment of dust grains in a magnetic field. From Purcell
(1976).

3.2 Applications

3.2.1 Estimating the column density using dust thermal emission

Far-infrared dust emission is commonly used to estimate the mass surface density
of molecular clouds. At the far-infrared wavelengths interstellar clouds are generally
optically thin (τ ≪ 1). If the dust temperature is assumed constant along the line of
sight, we get from equation (2.7)

I(λ) = τ(λ)B(λ, Tdust). (3.6)

If we further assume that the dust grain properties do not change along the line of
sight, equations (2.3) and (3.1) yield

I(λ) = τ(λ)B(λ, Tdust) = Ca(λ)B(λ, Tdust)

∫
LOS

ndust(s)ds = Ca(λ)B(λ, Tdust)Ndust.

(3.7)
Here the integral is taken over the line-of-sight (LOS), and Ndust =

∫
LOS ndust(s)ds is

the column density of dust grains.
Generally, Tdust, Ndust, and Ca(λ) are all unknown. However, if obser-

vations of I(λ) are available at m wavelengths and the dust absorption cross
section Ca(λ) is parametrised as a function of m − 1 parameters: Ca(λ) =

Ca(λ0)f(λ/λ0; a1, . . . , am−2), where λ0 is a reference wavelength (e.g. 100 µm), it
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is possible to solve Tdust and the m− 1 parameters Ca(λ0)Ndust, a1, . . . , an−1. It can
be seen from equation (3.7) that it is only possible to solve for the product of the
column density and dust absorption cross section.

At the far-infrared wavelengths, it is usually assumed that f(λ/λ0) = (λ/λ0)
−β ,

where β is known as the spectral index of the dust (see, e.g., Schwartz, 1982). In that
case, observations at three wavelengths are sufficient to determine the dust tempera-
ture, the optical thickness of the cloud, and the spectral index. Often a standard value
β = 2 is assumed, in which case observations at only two wavelengths are needed.
However, the value of β provides information about the properties of the dust grains,
in particular the size distribution, and its determination is of intrinsic interest. If
observations are available at more wavelengths than there are free parameters, there
are more equations than unknowns, and usually the least-squares solution is sought.

The dust column density can now be found as

Ndust =
I(λ0)

Ca(λ0)B(λ0, Tdust)
(3.8)

and the molecular hydrogen column (number) density is

N(H2) =
Ndust

mHRdustµH2

=
I(λ0)

Ca(λ0)B(λ0, Tdust)mHRdustµH2

, (3.9)

where mH is the mass of a hydrogen atom, Rdust is the dust-to-gas mass ratio (≈
1/100, see Draine, 2003), and µH2 is the mean molecular mass per H2 molecule (2.8 for
a gas consisting of 90 % H2 and 10 % He). As noted above, the value of Ca(λ0) cannot
be obtained from thermal dust emission observations, and it must be determined using
other methods. The column density estimate is inversely proportional to the assumed
value of Ca, and its uncertainty can be a significant source of error.

The analysis presented above makes three assumptions about the objects under
study. Firstly, it is assumed that the cloud is optically thin at the wavelengths that
are used in the estimation of the column density. Although this is often the case, the
assumption may be violated in some cores (e.g., Lis & Menten, 1998).

The second assumption is that the dust temperature is constant along the line
of sight. This is certainly not the case in interstellar clouds. Although molecular
clouds may be optically thin to far-infrared radiation, their optical thickness at visible
wavelengths is often significant. The heating radiation field is weaker inside the cloud
than in the outer parts, and the dust temperature is not constant (see Bergin &
Tafalla, 2007, and references therein). Furthermore, a cloud may contain embedded
newly born stars that heat their surroundings.

The third assumption is that the dust properties are constant throughout the
cloud. However, this is known not to be true. Observations and theoretical studies
indicate that in the cold, dense cores the dust grains acquire ice mantles and may
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Figure 3.2: A comparison of the true dust temperature and the estimate from far-
infrared synthetic observations of a MHD model cloud. The left panel presents a map
of the mass-averaged on the line-of-sight, and the right panel shows the temperature
determined for simulated 100 µm, 160 µm, 250 µm, 350 µm, and 500 µm observations.
The median value of the temperature is written in each frame. See the text for details.
Adapted from Paper V.

coagulate to form larger grains (e.g., Ossenkopf, 1993; Ossenkopf & Henning, 1994;
Stepnik et al., 2003; Steinacker et al., 2010; Compiègne et al., 2011). This is expected
to increase the dust opacity at sub-millimetre wavelengths (i.e., decrease β).

To study whether these factors bias the column density estimates, it is necessary
to self-consistently compute the temperature distribution in a realistic model cloud,
carry out synthetic observation and analyse them in the same way as real observations.
The simulations also help to determine how the intrinsic variation of dust properties is
reflected in the observations, and thus provide important input into the dust models.
Figure 3.2 shows an example of results from such simulations. The figure shows a
comparison of the true temperature that is read directly from the model and the
temperature that has been calculated from simulated far-infrared observations. In
this case, the difference is significant especially in the upper right parts of the frames
where the cloud optical thickness is high. The radiation comes mainly from the warm
outer parts of the cloud, while a large amount of cold dust in the dense inner part of
the cloud contributes little to the observed surface brightness.
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3.2.2 Observations of scattered light

Because the temperature of interstellar dust is typically ∼20 K and even the tran-
siently heated dust grains only reach a maximum temperature of a few hundred
Kelvin, thermal emission from the dust grains is negligible at optical and near-infrared
wavelengths. Even in circumstellar discs the thermal dust emission is significant at
these wavelengths only very close to the star. However, the albedo of the dust grains
is relatively high at the visible wavelengths, and they scatter the radiation effectively.

The fact that reflection nebulae are dust clouds that scatter the light from nearby
stars was recognised already in the early 20th century (Hubble, 1922). However, even
if there are not any stars near a cloud, it scatters the general Galactic radiation, i.e.,
the combined light from all stars in the galaxy. In this case the surface brightness of
the cloud will be lower than in a classical reflection nebula, but it can nevertheless be
detected in optical and near-infrared (Lehtinen & Mattila, 1996; Foster & Goodman,
2006), and in some cases also at mid-infrared wavelengths (Steinacker et al., 2010).

Although observations of scattered Galactic light are more difficult because of the
low surface brightness compared to a reflection nebula, the interpretation of measure-
ments is easier. In the case where the radiation field is dominated by a nearby source,
the exact geometry of the cloud and the locations of the stars illuminating it have
a very strong influence on the brightness distribution. In contrast, the strength and
the directional distribution of the interstellar radiation field is fairly well known. Fur-
thermore, near a star the dust is warm, and the near-infrared radiation may be partly
thermal emission from hot dust grains. At the visible wavelengths a non-thermal emis-
sion known as the extended red emission (ERE) has been detected in some reflection
nebulae (Witt & Vijh, 2004). ERE is believed to be caused by photoluminescence
following absorption of ultraviolet photons.

Observations of scattered Galactic light have been used to study both the structure
of interstellar clouds and the properties of the dust grains since the 1930s (Struve &
Elvey, 1936; Struve & Story, 1936), and Monte Carlo computations were applied to the
problem already in the 1970s (Mattila, 1970; Witt & Stephens, 1974). More recently,
the observations have found an application in the mapping of the density structure
of molecular clouds. Radiative transfer simulations with realistic cloud models have
shown (Juvela et al., 2008, 2009) that the observed surface brightness that is caused
by the scattered light is almost directly proportional to the column density, unless
the optical thickness of the cloud is high. Figure 3.3 shows the near-infrared surface
brightness observed from a filament in the Corona Australis molecular cloud. If τ ≳ 2

at the observed wavelength, the surface brightness saturates. Although at the visible
wavelengths the method is limited to clouds with a fairly low column density, using
near-infrared observations in the K band it is possible to map the column density
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reliably in areas with AV up to 20mag. Compared to other methods that are used for
determining the column density, such as the dust emission (see section 3.2.1) or the
reddening of background stars (e.g., Lombardi & Alves, 2001), the main advantage is
the high, even sub-arcsecond resolution.

In addition to the study of the cloud structure, observations of scattered light can
be used to study the scattering properties of dust grains, i.e., their albedo a, and
the asymmetry parameter of their scattering phase function g. The parameters are
closely related to the composition and size of the scattering grains, and by combin-
ing measurements made at several wavelengths dust populations can be studied in
detail. Alternatively, it is possible to test whether dust models can reproduce the
observations. The study of dust properties is complicated by the fact that the ob-
served surface brightness depends on the unknown three-dimensional structure of the
cloud under study. Even in the two-dimensional (a, g) parameter space there is often
a degeneracy between a and g, and it is not possible to determine a unique solution.
For a review of the study of dust properties using observations of scattered light, see
Gordon (2004).

A further application for observations of scattered light is in the study of the
interstellar radiation field in different parts of the Milky Way. Surface brightness of
the scattered light is proportional to the intensity of the radiation field illuminating
the cloud, and if the cloud structure and the properties of dust grains are known, it
is possible infer the strength of the radiation field near the cloud. Direct measure-
ments can be used to probe the interstellar radiation field (ISRF) only in the solar
neighbourhood, and galaxy models of the distribution of stars and dust have been
constructed for calculating the ISRF elsewhere in the Milky Way (e.g. Mattila, 1980;
Mathis et al., 1983; Porter & Strong, 2005). Analysis of the Galactic light scattered
by a dust cloud can be used to study the ISRF near the cloud, thereby providing a
method for validating the results of the Galaxy models.
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Figure 3.3: Composite Ks (red), H (green), and J (blue) band image of a part of a
filament in Corona Australis molecular cloud. The surface brightness is caused by the
scattering of interstellar radiation field by dust grains in the filament. From Juvela
et al. (2008).



Chapter 4

Simulations of Zeeman splitting

In this chapter we focus on the role of magnetic fields in the star-formation, and
on the use of Zeeman splitting observations in the measurement of magnetic fields
in molecular clouds. A more extensive overview of the subject is given in Crutcher
(2012).

4.1 Magnetic fields in star-formation

The two competing paradigms for the role of magnetic fields in star-formation make
different predictions about some properties of molecular cloud cores, which can,
at least in principle, be checked with observations. According to the turbulence-
dominated scenario, the duration of the prestellar phase of star-formation is only 1–2
times the free-fall time that can be defined as

τff =
3π

32Gρ̄
, (4.1)

where ρ̄ is the mean density of the core (see Ward-Thompson et al. (2007) for a
review). For typical core densities of n ≈ 104 cm−3, τff is approximately 3.5 × 105

years.
In the ambipolar diffusion theory the timescale for core collapse is (Walmsley

et al., 2004)

τAD ≈ 2

πGm2
n

∑
i

ni

nn

mimn

mi +mn
< σv >in, (4.2)

where mn is the average mass of neutrals, ni and nn are number densities of ions and
neutrals, respectively, and the rate coefficient for momentum transfer < σv >in is at
low temperatures given by (Flower, 2000)

< σv >in= 2πe

(
α
mi +mn

mimn

)1/2

, (4.3)

where e is the elementary charge, mi is the average mass of ions, and α is the polar-
isability of H2.
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The value of τAD varies with the ionisation degree and ionic composition, but for
conditions typical of molecular cloud cores τAD/τff is several tens to hundreds. The
lifetime of cores can be estimated by comparing the number of observed cores and pro-
tostars in different stages of evolution, or by studying the time-dependent abundances
of chemical species. The results indicate that the core lifetimes are short, ∼ 5 × 105

years, favouring the turbulence-driven scenario (e.g., Enoch et al., 2008; Pagani et al.,
2009; Evans et al., 2009). However, it has been argued that the core lifetimes are
strongly underestimated because the cores are only identified in a relatively late stage
of collapse (Tassis & Mouschovias, 2004). Furthermore, theoretical calculations and
numerical simulations indicate that turbulent fluctuations can decrease the ambipolar
diffusion timescale by an order of magnitude (e.g., Kudoh & Basu, 2011).

The two scenarios for star-formation also predict different shapes for the molecular
cores. In the turbulence-driven model the magnetic fields are dynamically unimpor-
tant, and the shape of the cores is random (Gammie et al., 2003). In contrast, in
the ambipolar diffusion scenario the increased support against the gravity in the di-
rections perpendicular to the magnetic field is predicted to result in oblate (flattened
ellipsoidal with one axis shorter than the other two) shapes for the cores. Statistical
analysis by Tassis et al. (2009) indicates that the oblate ellipsoidal shape is preferred,
but the other scenario cannot be ruled out.

The most straightforward method to settling the dispute is to measure the strength
of the magnetic field in molecular clouds. The most commonly used parameter de-
scribing the importance of the magnetic field is the mass-to-flux ratio, M/Φ, where
M is the mass of the core and Φ is the magnetic flux (Crutcher, 1999). It is usually
given as a dimensionless normalised value λ that is defined as

λ =
(M/Φ)obs
(M/Φ)crit

, (4.4)

where the critical mass-to-flux ratio is the theoretical value above which the magnetic
field cannot support the core (Nakano & Nakamura, 1978). If λ < 1, the core is called
magnetically subcritical, and the magnetic field can counter-balance the self-gravity
of the core. If λ > 1, the core is supercritical, meaning that the magnetic pressure is
not enough to stop the collapse.

In practice, instead of the mass and magnetic flux, the mass-to-flux ratio is mea-
sured using the column density N (or equivalently, surface density) and the (absolute
value of) magnetic flux density, ∥B∥. Using the critical mass-to-flux ratio by Nakano
& Nakamura (1978), the value of λ can be then determined as

λ = 7.6× 10−21N(H2)/1 cm
−2

∥B∥/1µG
. (4.5)

Even measuring λ does not necessarily distinguish between the two paradigms
of star-formation. Predictions from both the turbulence-dominated scenario and the
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ambipolar diffusion driven process overlap, and mildly supercritical cores (1 < λ ≲ 3)
are allowed in both models. The issue is further complicated by the fact that, as
explained in the following sections, usually only the line-of-sight component of the
magnetic field can be determined. The distribution of λ in cloud cores must be
inferred statistically from the measured line-of-sight magnetic field strengths. To avoid
these complications, more sophisticated measurements have been devised recently to
constrain better the role of magnetic fields (Crutcher et al., 2009).

4.2 Observing the magnetic fields

There are five basic methods for the measurement: the Zeeman effect that was studied
in Paper II and Paper III and is discussed in more detail in the following sections, the
linewidths of spectral lines of ionic and neutral species, the linear polarisation of the
thermal emission from dust grains, the linear polarisation of starlight, and the linear
polarisation of spectral line emission known as the Goldreich–Kylafis effect.

The difference in linewidths of ionic and neutral species was first proposed as a
probe of the magnetic field in Houde et al. (2000a) and Houde et al. (2000b). The
magnetic field suppresses the turbulent velocities of the ions, and therefore their
spectral lines are narrower than those of the neutrals. However, quantitative esti-
mates are difficult to obtain. The linewidths depend on the abundance variations and
excitation conditions in the cores, and careful modelling is needed to interpret the ob-
servations. The method requires that the linewidth be dominated by turbulence, and
if the linewidth is caused mainly by thermal broadening, no difference between the
linewidths of ions and neutrals is expected. However, because in many observations
of molecular clouds the linewidths are considerably broader than than the thermal
linewidth (e.g., Falgarone & Phillips, 1990), this is not usually a serious limitation.

The linear polarisation of initially unpolarised light from background stars passing
through a dust cloud arises from the fact that grains are aligned with their spin axis
parallel to the local magnetic field (Davis & Greenstein, 1951). In the case of a non-
spherical grain, the long axis of the grain becomes perpendicular to the magnetic
field. The exact mechanism that causes the alignment has been debated, see Lazarian
(2007) for a review. The grains block most effectively the component of radiation
that is polarised parallel to the grain’s long axis, i.e., perpendicular to magnetic field.
Consequently, the transmitted starlight is polarised parallel to the magnetic field.

The polarisation of far-infrared emission is also caused by the alignment of dust
grains. However, because the emission, as well as absorption, is most efficient along
the longest axis of the grain, the emitted radiation is polarised perpendicular to the
magnetic field. The interpretation of results from the polarisation caused by the dust
grain alignment is complicated by the variability of the grain alignment efficiency.
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Pelkonen et al. (2007) have shown that because of the low degree of grain alignment
in dense cores, the polarised far-infrared dust emission arises mainly from the diffuse
regions surrounding the core, and it may not be possible to recover the mass-averaged
magnetic field orientation.

The Goldreich–Kylafis effect is the linear polarisation of rotational spectral lines
in the presence of a weak magnetic field (Goldreich & Kylafis, 1981, 1982). The
effect is strongest for molecules with large permanent electric dipole moments, such
as CO. The detailed predictions of the Goldreich–Kylafis effect are model dependent.
The orientation of the linear polarisation is either perpendicular or parallel to the
projection of the magnetic field, depending on the properties of the velocity field in
the object, and the degree of polarisation depends on the anisotropy of the radiation
field, and on the gas density. Therefore, it is difficult to determine which parts of the
object contribute to the polarised emission and to estimate the true morphology of
the magnetic field.

Observations of linear polarisation caused by the alignment dust grains or the
Goldreich–Kylafis effect do not provide direct information on the magnetic field
strengths. What is obtained is the morphology of the plane-of-sky component of
the magnetic field. The dispersion of the measured magnetic field directions can
be used to statistically estimate the plane-of-sky magnetic field strength using the
Chandrasekhar–Fermi method (Chandrasekhar & Fermi, 1953).

4.3 Zeeman splitting of spectral lines

The Zeeman effect is the splitting of atomic or molecular energy levels in a magnetic
field. The splitting results in changes in spectral lines corresponding to the transition
between the energy levels, and by analysing the observed spectral lines it is possible
to estimate the magnetic field.

The splitting arises from the interaction of the magnetic moment of an atom or a
molecule with the external magnetic field. However, only a few atomic or molecular
species in the ISM have an appreciable magnetic moment. These are the species
with a non-zero net electronic angular momentum or spin resulting from unpaired
electrons. Most atoms and molecules of astrophysical interest, such as CO, have no
unpaired electrons and thus no net electronic angular momentum or spin. In such
a case the magnetic moment results only from the nuclear spin, and is smaller by a
factor of more than 103.

A very abundant species with a large magnetic moment is the neutral hydrogen.
Indeed, the Zeeman splitting in the interstellar matter was first detected in the 21
cm hydrogen line (Verschuur, 1968), and observations of that line have been used
extensively in studies of the Galactic magnetic field (see Heiles & Crutcher (2005);
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Heiles (2010) and references therein). However, in molecular clouds the abundance
of atomic hydrogen is very low, and observations of other tracer species are needed.
Besides having a large magnetic moment, a good tracer should be relatively abundant,
have suitable (radio frequency) spectral lines, and preferably not vary much in relative
abundance throughout the molecular cloud. The most commonly used tracer has been
the hydroxyl radical, OH. It is known that OH is strongly depleted at densities ≳ 104

cm−3 (van Dishoeck & Blake, 1998) due to freezing onto the dust grains, and therefore
it is not useful for studying the densest regions. Observations of the Zeeman splitting
in CN lines at 113 GHz have been used to determine the magnetic field in dense cores
with 104 cm−3 ≲ n ≲ 106 cm−3 (e.g., Falgarone et al., 2008).

We will briefly review how the Zeeman splitting affects spectral lines. We will
focus on the OH 18 cm lines which are a subject of this thesis, although the theory
applies largely also to other spectral lines and molecular and atomic species. See
Heiles et al. (1993) for a survey of spectral lines, which may be used for Zeeman
splitting observations. Figure 4.1 shows the energy level diagram for the OH ground
state. The ground state 2Π3/2 is split due to the interaction between the rotation of
the molecule and the orbital motion of the unpaired electron. This effect is known as
the Λ-doubling. The Λ-doubling sublevels are further divided into two by the hyper-
fine splitting owing to interaction of the unpaired electron’s spin with the magnetic
moment of the hydrogen nucleus. There are four allowed transitions between the
levels, at 1612 MHz, 1665 MHz, 1667 MHz, and 1720 MHz (wavelength of ≈ 18 cm).
The relative strengths of the spectral lines in thermodynamic equilibrium are 1:5:9:1;
the two strongest lines at 1665 MHz and 1667 MHz are known as the main lines, and
the 1612 MHz and 1720 MHz are the satellite lines.

In an external magnetic field each of the energy levels is split into 2F+1 sublevels,
where F is the total angular momentum. The magnetic sublevels are denoted by
magnetic quantum numbers mF . Only transitions with ∆mF = 0 or ∆mF = ±1 are
allowed. Transitions with ∆mF = 0 form the π components of the spectral line, while
∆mF = ±1 transitions cause the σ± components.

The interaction of atoms and molecules with radiation in a magnetic field is a com-
plex problem and instead of deriving the equations here, we refer to Stenflo (1994) and
Trujillo-Bueno et al. (2002) for details. Solving the equations that describe the trans-
fer of polarised radiation and the associated equations for the statistical equilibrium
fully self-consistently is a very difficult problem even compared to the scalar radia-
tive transfer equation. The populations of magnetic sublevels have to be calculated
separately, taking into account the quantum interferences between the sublevels.

Instead of the full equations, various approximations are often used. In Paper
II and Paper III we apply the field-free approximation (Rees, 1969), where the pop-
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Figure 4.1: Diagram of energy levels in the OH ground state. The state is split into
two by the Λ-doubling, and each of the two levels is divided further into two by
the hyperfine splitting. In an external magnetic field each of the hyperfine energy
levels are split by the Zeeman effect into 2F + 1 levels. The spacing between these
energy levels is proportional to the strength of the magnetic field. Permitted Zeeman
transitions at 1612 MHz and 1665 MHz are indicated with arrows. See the text for
details. From Hansen (1982).
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ulation numbers for the normal (non-magnetic) energy levels are calculated using a
scalar radiation transfer code, while the population numbers of the Zeeman sublevels
of a single energy level are assumed to be equalised. Under certain further simplify-
ing assumptions, the equations for the Stokes parameters can be written as (Landi
Degl’Innocenti, 1976; Rees et al., 1989)

dI

ds
= −KI+ j, (4.6)

where I = [I,Q, U, V ]T is the column vector of four Stokes components, K is the 4×4

absorption matrix and j is the 4× 1 emission vector. Matrix K is given by

K = κ0


ηI ηQ ηU ηV
ηQ ηQ ρV −ρU
ηU −ρV ηI ρQ
ηV ρU −ρQ ηI

 , (4.7)

and j is

j = κ0S


ηI
ηQ
ηU
ηV

 , (4.8)

where κ0 is the line centre opacity in the case of no magnetic field and S is the
scalar line source function. κ0 and S are both functions of level populations that are
obtained with scalar radiative transfer calculations. Functions ηI,Q,U,V and ρQ,U,V are
defined as

ηI =
1

2
ϕp sin

2 γ +
1

4
(ϕr + ϕb)(1 + cos2 γ), (4.9)

ηQ =
1

2
[ϕp −

1

2
(ϕr + ϕb)] sin

2 γ cos 2χ, (4.10)

ηU =
1

2
[ϕp −

1

2
(ϕr + ϕb)] sin

2 γ sin 2χ, (4.11)

ηV =
1

2
(ϕr − ϕb) cos γ, (4.12)

ρQ =
1

2
[ξp −

1

2
(ξr + ξb)] sin

2 γ cos 2χ, (4.13)

ρU =
1

2
[ξp −

1

2
(ξr + ξb)] sin

2 γ sin 2χ, (4.14)

ρV =
1

2
(ξr − ξb) cos γ. (4.15)

Here γ is the inclination of the magnetic field to the line of sight, and χ is the
azimuthal angle from a fixed axis (see Figure 4.2). Functions ϕb,p,r and ξb,p,r are the
generalised profiles; b and r refer to the blue- and red-shifted σ components, while p

is the unshifted π component. In the case of 18 cm OH main lines, the generalised
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Figure 4.2: The reference frame in which the magnetic field and the Stokes parameters
are defined. The z-axis points towards the observer. The angle between the magnetic
field B and the line-of-sight is denoted with γ, and χ is the azimuthal angle from the
x-axis. From Rees et al. (1989).

profiles are given by

ϕp =H(x), (4.16)

ϕb =H(x− xz), (4.17)

ϕr =H(x+ xz), (4.18)

ξp =2F (x), (4.19)

ξb =2F (x− xz), (4.20)

ξr =2F (x+ xz). (4.21)

Here x = (ν − ν0)/∆νd, where ν0 is the frequency of the transition in the absence of
a magnetic field and ∆νd is the Doppler width of the spectral line, and xz = νz/∆νd,
where νz = b∥B∥ is the shift caused by the splitting of energy levels in the magnetic
field. The value of b depends on the molecular species, and on the transition. For
species with a large magnetic moment b is of the order of 1 Hz µG−1: in the case of
1665 MHz OH line b = 1.63 Hz/µG and for the 1667 MHz line b = 0.98 Hz/µG.

Functions H and F are in the general case the Voigt and Faraday–Voigt functions,
respectively. In the case of 18 cm OH lines in the ISM, the linewidth is dominated
by the Doppler broadening, and we may use the Gaussian profile and the Dawson’s
function:

H(x) =e−x2
, (4.22)

F (x) =
1√
π
e−x2

∫ x

0
e−t2dt. (4.23)
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In practice, we use a scalar (non-magnetic) radiative transfer code to determine
the population numbers that determine the opacity κ0 and the line source function
S. Then we integrate the system of coupled differential equations (4.6) along the line
of sight to calculate the observed Stokes profiles. Figure (4.3) shows an example of
simulated 1665 MHz OH Stokes I and V spectra from a MHD model cloud.

4.4 Determining the magnetic field from Zeeman splitting
observations

The Zeeman effect results in the spectral line splitting into several (three, in the case of
the OH main lines) components in the presence of an external magnetic field. However,
in conditions seen in molecular clouds the split in energy levels is very small. The
shift is of the order of 1 Hz/µG, so for a typical magnetic field strength of a few tens
of µG (Troland & Crutcher, 2008) the split is only ∼ 100 Hz, or ∼ 20 m s−1 in radial
velocity units for the 18 cm OH lines. In comparison, the thermal linewidth is usually
larger by an order of magnitude, and line broadening due to turbulence often results
in a linewidth of more than 1 km s−1. Therefore, it is usually not possible to observe
separate Zeeman components. The exception to this are OH and H2O masers (e.g.,
Reid & Silverstein, 1990; Surcis et al., 2011). In masing regions the magnetic fields
can be strong, of the order of a few mG, and the spectral lines can be much narrower
than the thermal linewidth. In these cases the individual Zeeman components can
sometimes be seen, and the total magnetic field strength can be determined directly
from the separation of the components. However, maser lines probe very localised
(possibly shock compressed) regions that may not be representative of the conditions
in normal molecular cloud cores.

In other cases it is still possible to determine the line-of-sight component of the
magnetic field using the polarisation of spectral lines, in particular the circular po-
larisation. The Stokes V spectrum emitted in a magnetic field can be written using
equations (4.12), and (4.16)–(4.17) as

ηV (x) = κ0S
1

2
(ϕr(x)− ϕb(x)) cos γ = κ0S

1

2
[H(x+ xz)−H(x− xz)] cos γ. (4.24)

When xz ≪ 1, which is usually the case in molecular clouds, we can approximate
H(x+ xz)−H(x− xz) ≈ 2xzH

′(x) and get

ηV (x) ≈ κ0S
dH(x)

dx
xz cos γ. (4.25)

On the other hand, when xz is small, (4.9) and (4.16)–(4.18) yield

ηI(x) ≈ κ0SH(x). (4.26)
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Figure 4.3: An example of simulated Stokes I and V spectra of the 1665 MHz OH
line from a core in a MHD cloud model. The Stokes V spectrum has been scaled up
by a factor of 10 and offset from zero by 0.3 K for clarity. Gaussian noise at a level
similar to recent OH Zeeman surveys (e.g., Bourke et al., 2001; Troland & Crutcher,
2008) has been added to the spectra. The bold line shows the fitted derivative dI/dν
corresponding to the best-fit line-of-sight magnetic field strength of BLOS ≈ 10.4 µG.
The fitted derivative of the I spectrum follows closely the Stokes V signal with no
signs of components with different magnetic fields. However, even in this case the
signal-to-noise ratio of the Stokes V signal is relatively poor. The spectra are from
simulations that are discussed in Paper III.
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If we further assume that the line is optically thin, the excitation temperature is
constant along the line of sight, there are no velocity gradients, and the magnetic
field strength and direction is constant along the line of sight, using (2.7) we obtain

I(x) ≈ τSH(x), (4.27)

V (x) ≈ τSxz cos γ
dH(x)

dx
, (4.28)

whence
V (x) ≈ dI(x)

dx
xz cos γ. (4.29)

Thus, the observed Stokes V spectrum is a scaled copy of the derivative of the
Stokes I spectrum. Because xz = bB/∆νd, we can solve the strength and direction (to-
wards or away from the observer) of the line-of-sight magnetic field, BLOS ≡ cos γ∥B∥,
using the known Zeeman splitting parameter b for the transition. In practice, this is
usually done by least-squares fitting a scaled copy of the derivative of the I spectrum
to the V spectrum (see Sault et al., 1990, for details).

Observations of the Zeeman splitting in molecular cloud cores are technically very
demanding. At the typical magnetic field strengths of a few tens of µG, the brightness
temperature of the Stokes V signal is of the order of a few tens of mK. To obtain a
robust detection, an integration time of ten hours or more for each pointing is needed
even with the largest radio telescopes. As a result, the total number of statistically
significant detections in OH Zeeman surveys (Crutcher et al., 1993; Crutcher, 1999;
Bourke et al., 2001; Troland & Crutcher, 2008) is only a few dozen. Furthermore, one
must be careful to eliminate various observational effects that may lead to spurious
detections. In particular, the "beam squint" (Crutcher et al., 1993), meaning that
the two orthogonal polarisations have different pointing centres on the sky, can mimic
the Zeeman splitting signal.

Although it is not possible to determine the plane-of-sky magnetic field us-
ing the Stokes I and V spectra, similar calculations as above show that Q(x) ∝
(cosχ − sinχ)(xz sin γ)

2 and U(x) ∝ sinχ(xz sin γ)
2. Therefore, observations of all

four Stokes parameters would be enough to determine the strength and orientation
of the magnetic field completely. However, because the Stokes Q and U signals are
proportional to x2z and xz ≪ 1, the linear polarised components are weaker than the
Stokes V spectrum by at least an order of magnitude. As a result, observing the linear
polarisation of spectral lines caused by the Zeeman splitting is currently not possible.
Because only one component of the magnetic field can be determined, Zeeman split-
ting measurements do not allow estimating key parameters such as the mass-to-flux
ratio for individual objects. However, if observations of a large number of clouds are
available, the true distribution of the magnetic field strength can be inferred with
statistical methods (Crutcher et al., 2010).
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The method described above is commonly used to derive the line-of-sight magnetic
field strengths in molecular clouds. However, for real clouds many of the assumptions
made in the analysis do not hold. For instance, the magnetic field morphology along
the line of sight, and within the telescope beam may be very complex. Furthermore,
the gas density and the excitation temperature of OH molecules are not constant, and
it is not clear how much influence different parts of the cloud have on the observed
Stokes spectrum. These factors make it difficult to assess whether the predictions
from different models agree with the Zeeman splitting observations of molecular cloud
cores. To study these questions, it is necessary to use radiative transfer simulations
with realistic cloud models.



Chapter 5

Summary of the publications

The thesis consists of five journal publications:

• Paper I: T. Lunttila and M. Juvela, 2007, "Inferring the dust properties and
density distribution in the outer envelope of IRC +10 216 from scattered Galac-
tic light", Astron. & Astrophys., 470, 259

• Paper II: T. Lunttila, P. Padoan, M. Juvela, and Å. Nordlund, 2008, "The
Super-Alfvénic Model of Molecular Clouds: Predictions for Zeeman Splitting
Measurements", Astrophys. Journal Letters, 686, 91

• Paper III: T. Lunttila, P. Padoan, M. Juvela, and Å. Nordlund, 2009, "The
Super-Alfvénic Model of Molecular Clouds: Predictions for Mass-to-Flux and
Turbulent-to-Magnetic Energy Ratios", Astrophys. Journal Letters, 702, 37

• Paper IV: T. Lunttila and M. Juvela, 2012, "Radiative transfer on hierarchial
grids", Astron. & Astrophys., 544, A52

• Paper V: J. Malinen, M. Juvela, D. C. Collins, T. Lunttila, and P. Padoan,
2011, "Accuracy of core mass estimates in simulated observations of dust emis-
sion", Astron. & Astrophys., 530, A101

The papers are summarised below. The author’s contribution to the papers is de-
scribed at the end of each section.

5.1 Paper I

Paper I focuses on the study of light scattering in the dust envelope surrounding the
carbon star IRC +10 216. Intermediate mass stars lose a large fraction of their initial
mass in their asymptotic giant branch (AGB) phase. The lost mass forms a dust
cocoon around the star. As AGB carbon stars are believed to be the major source of

36
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carbonaceous interstellar dust, the study of their envelopes can be used for improving
models of newly formed dust.

In the article radiative transfer calculations are used to study the dust properties
and the density distribution in the envelope surrounding IRC +10 216. The results
are compared to observations reported in the literature by Mauron et al. (2003) and
Leão et al. (2006). IRC +10 216 is the closest AGB carbon star to the Sun, and it has
been studied extensively. However, different studies have found somewhat conflicting
dust properties (e.g., Bagnulo et al., 1995; Skinner et al., 1998).

The article focuses on the modelling of the interstellar radiation that has been
scattered by the envelope (emission from the dust grains is negligible at the wave-
lengths considered in the paper). Compared to modelling the transport of light from
the central star, this has some advantages. In particular, the complex and largely
unknown structure of the inner envelope is not important when only the scattering
of the interstellar radiation is considered. Furthermore, the simulations can be used
to study the strength of the interstellar radiation field near the cloud.

The scattered flux is calculated in U, B, and V bands. We use several spherically
symmetric envelope models, corresponding to different mass-loss histories. The dust
mixture consists of spherical amorphous carbon and silicon carbide grains. Simu-
lations are run with several grain sizes. A key difference to earlier studies of light
scattering in the envelope surrounding IRC +10 216 is the use of a realistic ISRF
model. The strength of the ISRF varies by a factor of 5–10 depending on viewing
direction, with much higher intensity towards low galactic latitudes than towards the
galactic poles (Mattila, 1980). At the visible wavelengths the scattering phase func-
tion of the dust grains is strongly forward throwing, and the directional distribution
of the radiation field impinging on the dust envelope is very important.

The simulations show that the dominant grain size in the envelope must be rel-
atively large, a ≳ 0.1 µm. With small grains the shape chromatism, i.e., the change
of the envelope brightness profile with wavelength, is much stronger than what is ob-
served. Steepness of the brightness profile shows that the mass-loss rate has increased
with time, with an approximately 20–50 % increase in 1000 years. The brightness
of the envelope is found to be unexpectedly low. The simulations predict a surface
brightness higher by a factor of ∼2 when an external radiation field given by Galaxy
models is used together with the grain properties and density distribution that provide
the best fit for the shape of the brightness profile.

The author ran the radiative transfer calculations and wrote the article. The
radiative transfer code that was used in the simulations is written by M. Juvela with
some modifications contributed by the author. M. Juvela also provided comments
and suggestions during the writing of the paper.
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5.2 Paper II

As explained in Section 1.3, the role of magnetic fields in star-formation is currently
a hotly debated subject. A new method developed by R. Crutcher aims to answer
the question about the importance of the magnetic field support for cloud cores.
Crutcher et al. (2009) describe a set of measurements that can discriminate between
the turbulence-driven and the basic ambipolar diffusion model of star-formation. In
brief, the method consists of measuring the relative mass-to-flux ratio, Rµ, which is
defined as the ratio of the mass-to-flux ratios in the centre of the core and its envelope:

Rµ =
[N(H2)/BLOS]core

[N(H2)/BLOS]envelope
=

[N(OH)/BLOS]core
[N(OH)/BLOS]envelope

, (5.1)

where N(H2) is the column density of molecular hydrogen and BLOS is the strength
(flux density) of the line-of-sight component of the magnetic field. In practice, the
measurement is done by observing at five positions: the centre of the core and four
positions in the envelope located symmetrically around the centre.

The test avoids some of the problems faced by the direct measurement of the
mass-to-flux ratio in the cores. For instance, it is not necessary to know the relative
abundance of the tracer molecule, or the orientation of the magnetic field, although it
is assumed that the relative abundance and the field direction do not change from the
core centre to its envelope. Furthermore, because the observed normalised mass-to-
flux ratios of λ ≈ 2 (see equation 4.5 and the discussion following it) are compatible
with both the ambipolar diffusion and the turbulence-dominated scenario, other tests
are needed to distinguish between the models.

The relative mass-to-flux ratio provides a direct test of the ambipolar drift model,
which requires Rµ > 1 (Ciolek & Mouschovias, 1994). In the case of a super-Alfvénic
model determining the distribution of Rµ is more difficult than in the case of the
ambipolar diffusion because of the very complicated morphology of the magnetic
fields. The magnitude and direction of the field changes along the line of sight, and
within the telescope beam. In this article we use radiative transfer calculations to
obtain synthetic observations of a super-Alfvénic MHD cloud model.

We select a total of 139 molecular cloud cores from simulated 13CO maps, and
calculate the Stokes I and V spectra of the OH 1665 MHz and 1667 MHz lines from the
cores. The spectra are calculated using the same beam set-up as in the observations.
The line-of-sight magnetic field and the column density are determined from the
spectra in the same way as in the observations by Crutcher et al. (2009).

We find a significant scatter in Rµ. However, for most cores Rµ < 1, opposite
of what the ambipolar diffusion dominated model predicts. We also find some cases
where the line-of-sight component of the magnetic field has a different sign in two
beams. This behaviour is not predicted by the ambipolar diffusion model. The results
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from our simulations agree with the observational results by Crutcher et al. (2009),
and thus the turbulence driven scenario of star-formation seems to be favoured over
the basic ambipolar diffusion model. However, one should be cautious in interpreting
the results. The measurements are technically very demanding and time-consuming,
and especially determining the field strength in the core envelope, where the column
density is lower, is difficult. Crutcher et al. (2009) were only able to measure Rµ

in four cores, and even in these cases the uncertainties of the field strengths are
significant. Furthermore, the assumption of constant relative OH abundance in the
core and the envelope may not be accurate.

The author wrote the radiative transfer program that was used for the calculations,
ran the radiative transfer simulations, and analysed the results. The author wrote
sections 3 and 4, and together with P. Padoan sections 1 and 5. P. Padoan provided
the MHD snapshots and wrote section 2.

5.3 Paper III

Paper III continues with the same theme as Paper II: the simulation of OH Zeeman
splitting observations from a super-Alfvénic MHD model cloud. In this article we focus
on the mass-to-flux ratio measurements, i.e., determining N(H2)/BLOS. Although the
measured mass-to-flux ratio for a single cloud cannot be used to determine the role of
the magnetic field support in any individual cloud because of the unknown alignment
of the field, by observing a large number of cores it is possible to statistically infer
the distribution of the total magnetic field strength.

In this paper we aim to use synthetic observations of a super-Alfvénic model
cloud to simulate OH Zeeman splitting measurements reported in the literature (e.g.,
Crutcher, 1999; Bourke et al., 2001; Troland & Crutcher, 2008) as closely as possible.
The cores are selected from 13CO maps, and noise at a level similar to recent OH
Zeeman surveys is added to the synthetic observations. The synthetic observations
are made at three assumed cloud distances, and the results are compared to OH
Zeeman splitting measurements reported in the literature.

We find that the line-of-sight magnetic field determined from the OH Zeeman
splitting strongly overestimates the true mean line-of-sight field strength. This results
from the fact that the OH emission comes mostly from the densest cores, where also
the magnetic field is strongest. Thus, a strong mean magnetic field is not required to
explain the observed line-of-sight magnetic fields.

The distribution of the key parameters such as the mass-to-flux ratio and the
turbulent-to-magnetic energy ratio in the synthetic observation is similar to what has
been found in OH Zeeman splitting observations by Troland & Crutcher (2008). We
conclude that the super-Alfvénic turbulence model of star-formation is consistent with
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the OH Zeeman splitting observations.
The author wrote the radiative transfer program that was used for the Zeeman

splitting calculations, ran the radiative transfer simulations, and analysed the re-
sults. The author wrote sections 3 and 4. Sections 1 and 5 were written jointly with
P. Padoan, who also provided the MHD snapshots and wrote section 2.

5.4 Paper IV

As discussed in Section 2 of this thesis, solving the radiative transfer equation is
numerically a very difficult problem. For a realistic representation of inhomogenous
structures such as turbulent molecular clouds, a three dimensional model is needed.
An accurate description of the structure often requires the inclusion of a large variety
of scales. For instance, a model of a circumstellar disc may require a resolution of
the order of a Solar radius near the star, while, to include the whole disc, the total
extent of the model needs to be several hundred AU. On a uniform cartesian grid
such a model would comprise hundreds of billions cells. To reduce computational
cost, several 3D radiative transfer codes (see the references in section 2.3) have been
developed with support for adaptive resolution, i.e., the possibility of using a higher
resolution in some parts of the model. With adaptive resolution it is possible to use
the finest resolution only where necessary, thereby reducing the number of cells in the
model, in some cases by many orders of magnitude.

This article presents new algorithms for efficient dust continuum radiative transfer
using adaptive resolution. We present improvements to both the solution of the linear
problem, and the iterative process that is needed to calculate the dust temperature
in cases where the dust self-coupling is important. The program described in the
article uses a hierarchical system of nested grids. The linear problem is solved using
the Monte Carlo method. The program works grid-by-grid, moving to the next only
after all photon packages in a grid have been processed, instead of following one
photon package at a time through the whole model. This provides some computational
advantages, e.g., more efficient cache usage.

For the iterative process an important new feature is the possibility of using sub-
iterations, i.e., iterating separately those parts of the model that suffer from slow
convergence. For instance, in a model of a molecular cloud only a small number of
dense cores may need a large number of iterations. The use of sub-iterations allows
iterating the cores separately, potentially reducing the computational cost by more
than an order of magnitude.

We describe the new algorithms in detail, and examine their efficiency and accu-
racy in two models. In the case of the first model, a molecular cloud from a MHD
simulation, we compare the speed and accuracy of the solution algorithm for the lin-
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ear problem in a full resolution model to an adaptive model with a much smaller
number of cells. We find that computations with the adaptive model are faster by a
factor of several, while the relative root-mean-square (RMS) difference between the
surface brightness calculated with the full resolution and the adaptive models is less
than 4 % at all wavelengths. In dense cores, where the adaptive grid has the finest
resolution, the relative difference is ≲ 10−4. In the second model, a circumstellar disc
with a very high optical depth, we focus on the use of sub-iterations. We find that
the sub-iteration algorithm is in the test case faster by a factor of two, but in other
models the gain can be much larger.

The radiative transfer program is based on a code by M. Juvela. The author
has developed the algorithms described in the paper, and added them to the existing
program. The author was responsible for writing the paper with assistance from
M. Juvela, and for running the simulations.

5.5 Paper V

Observations of thermal dust emission at infrared and sub-millimetre wavelengths
are commonly used to determine the masses of molecular cloud cores. However, the
estimates may be biased because of dust temperature differences along the line of
sight, or the variation of dust grain properties in the dense cores. In this article
we use synthetic observations to determine the reliability of the mass estimates in
different scenarios. We also study whether the intrinsic dust properties, in particular
the spectral index β, can be robustly inferred from the observations.

We use three MHD models representing clouds in different stages of collapse. The
models of the most advanced stages of collapse use adaptive grids to resolve the small,
dense cores. In some of the simulations we include newly formed stars embedded in
the cores to study how the mass estimates are biased by strong temperature gradients.

We use radiative transfer simulations to calculate surface brightness maps at five
wavelengths corresponding to the bandpass of the PACS and SPIRE instruments of
the Herschel satellite (Pilbratt et al., 2010). Noise typical of Herschel observations
is added to the maps, and the maps are convolved to the resolution of the Herschel
instruments. The masses are estimated by first solving the colour temperature from
the observed surface brightness at different wavelengths, and then solving the column
density using the calculated dust (colour) temperature and the known dust opacity,
as explained in section 3.2.1. The results are compared to the true values that are
obtained directly from the cloud model.

We find that the shape of the core mass spectrum is fairly robust against biases
arising from the spatial variations in dust properties or radiative transfer effects.
However, the inferred absolute masses of the cores may differ strongly from the true
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values. For cores with a very high optical thickness and no embedded star, the error
can be a factor of several. In cores that contain a heating source, the errors are
typically much smaller. We find that the estimates for the dust spectral index β are
strongly influenced by the temperature variations along the line of sight.

The author wrote together with M. Juvela the radiative transfer program that
was used for the calculations (the program described in Paper IV), ran a part of
the radiative transfer simulations, wrote section 2.2. with M. Juvela, and provided
suggestions and corrections during the writing of the other parts of the paper.



Chapter 6

Conclusions and future prospects

Radiative transfer modelling is an indispensable ingredient in the study of the ISM.
Without a good understanding of how the observed radiation is created and how it
is modified by scattering and absorption, it is impossible to obtain detailed informa-
tion about the structure of molecular clouds, and the physical conditions in them.
Radiative transfer simulations are also vitally needed for relating the predictions re-
sulting from numerical simulations of astrophysical objects, such as MHD models of
molecular clouds, to observations.

Four of the five articles in this thesis present examples of the use of radiative
transfer calculations. Apart from the articles included in the thesis, we have applied
radiative transfer simulations to the analysis of Herschel observations of cold cores
(Juvela et al., 2011), and the study of filamentary structures in molecular clouds
(Juvela et al., 2012). The radiative transfer code that is described in Paper IV was
used in both cases. As a new application, we are currently using radiative transfer
calculations to produce synthetic far-infrared observations of the Antennae galaxies
(Karl et al., in prep.). The model of the merging galaxies is based on a detailed
N-body/hydrodynamical simulation (Karl et al., 2010).

The rapid development of computing capabilities has allowed the use of increas-
ingly detailed models. However, during the last few years the processing speed of a
single computing core has been improving only slowly. For instance, the CPU clock
rate has remained at 3–4 GHz for almost ten years.1 Most of the performance in-
crease is from a larger degree of parallelism. It is crucial that new algorithms be
developed to take advantage of massively parallel supercomputers and emerging com-
puting paradigms such as stream processing using graphics processing units.

New observations present increasing challenges to the radiative transfer simula-
tions. The very-high-angular-resolution data produced by existing and planned ob-
servatories such as the ALMA interferometer (Wootten & Thompson, 2009) and the

1However, there has been some improvement in the single-thread performance due to other factors
such as larger caches.
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next-generation optical and infra-red telescopes – including, for instance, the Euro-
pean Extremely Large Telescope (Gilmozzi & Spyromilio, 2007) and the James Webb
Space Telescope (Gardner et al., 2006) – require new modelling tools that can be
used to study small, optically thick structures such as circumstellar discs. In addition
to the higher resolution, radiative transfer models need to be improved by including
more realistic descriptions of physical processes, for example improved dust models.
Further challenges await in the integration of realistic radiative transfer simulations
with MHD calculations and chemistry modelling into a fully self-consistent simulation
the star-formation process.
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