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Abstract:

Given any finite alphabet A and positive integers ms, ..., mi, congruences on A*, denoted by ~(mj, ..., mi) and
related to a version of the Ehrenfeucht-Fraisse game, are defined. Level k of the Straubing hierarchy of
aperiodic monoids can be characterized in terms of the monoids A*/~(m;, ... my). A natural subhierarchy of
level 2 and equation systems satisfied in the corresponding varieties of monoids are defined. For A>2, a
necessary and sufficient condition is given for A*/~(my, ..., my) to be of dot-depth exactly 2. Upper and lower
bounds on the dot-depth of the A*/~(m,, ... m) are discussed.

Article:

1. Introduction

In this paper, we present results relative to the characterization of dot-depth k monoids. This topic is of interest
from the points of view of formal language theory, symbolic logic and complexity of boolean circuits. The
results are obtained by a technical and detailed use of a version of the Ehrenfeucht-Fraisse game.

Let A be a given finite alphabet. The regular languages over A are those subsets of A*, the free monoid
generated by A, constructed from the finite languages over A by the boolean operations, the concatenation
product and the star. The star-free languages are those regular languages which can be obtained from the finite
languages by the boolean operations and the concatenation product only. According to Schiitzenberger [17], L
C A* js star-free if and only if its syntactic monoid M(L) is finite and aperiodic. General references on the star-
free languages are McNaughton and Papert [12], Eilenberg [8] or Pin [14].

Natural classifications of the star-free languages are obtained based on the alternating use of the boolean
operations and the concatenation product. Let A" =A*\ {1} , where 1 denotes the empty word. Let

A*By={LcA"*|L is finite or cofinite},

A*B,,, ={LCA*|L is a boolean combination of languages of the

form £, ...L, (n=1) with L,,...,L,e A" @}

Only nonempty words over A are considered to define this hierarchy; in particular, the complement operation is
applied with respect to A*. The language classes A"Bg,A™B; ... form the so-called dot-depth hierarchy introduced
by Cohen and Brzozowski in [6]. The union of the classes A*Bo,A” By, ... is the class of star-free languages.

Our attention is directed toward a closely related and more fundamental hierarchy, this one in A*, introduced by
Straubing in [20]. Let
A*v,=1{0,A*} where @ is the empty set,

A*v, = {L CA*|L is a boolean combination of languages of the
form Lya,L,a;...a,L, (n=0) with Ly, ..., L, €
A*? and a,...,a,eA}.
Let A*V= Uyso A*Vk. L € A* is star-free if and only if L € A*V, for some k > 0. The dot-depth of L is the
smallest such k.
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For k> 1, let us define subhierarchies of A*V as follows: for all m> 1, let
A*Y} = {LCA*|L is a boolean combination of languages of the

form Lya,L,a;...a,L, (0sn=<m) with Lo, ....L.€

A*¥y  and ay,...,a,€ A}.
We have A*Vy = U1 A*Vim. Easily, A*Vym € A*Visa m, A¥Vim € A*¥Vy a1 Similarly, subhierarchies of A*
By can be defined. In A"B; several hierarchies and classes of languages have been studied; the most prominent
examples are the B-hierarchy [5], also called depth-one finite cofinite hierarchy, and the class of locally testable
languages.

W is a *-variety of languages if

(1) for every finite alphabet A, A*W denotes a class of recognizable (recognizable means recognizable by a
finite automaton or regular) languages over A closed under boolean operations,

(2)ifLe A*Wanda €A, thena®L={weA*|aw € L} and La™ = {w € A* |wa € L} are in A*W, and
(3) if L € A*W and ¢: B* — A* is a morphism, then Lo™= { w € B* |w¢ € L} € B*W.

Eilenberg [8] has shown that there exists a one-to-one correspondence between *-varieties of languages and
some classes of finite monoids called M-varieties. W is an M-variety if

(1) itis a class of finite monoids closed under division, i.e., if M € W and M' <M (< denotes the divide
relationship between monoids), then M' € W, and

(2) it is closed under finite direct product, i.e., if M, M' € W, then M x M' € W.

To a given *-variety of languages W corresponds the M-variety W= {M(L) | L € A*W for some A} and to a
given M-variety W corresponds the *-variety of languages W where A*W = {L € A*|thereisM e W
recognizing L}. The Straubing hierarchy gives examples of *-varieties of languages. One can show that V, Vi
and Vy mare *-varieties of languages. Let the corresponding M-varieties be denoted by V, Vi and Vi
respectively. V is the M-variety of aperiodic monoids. We have that for L € A*, L € A*V if and only if M(L) €
V, foreach k>0, L € A*Vy if and only if M(L) € Vi, and fork>1, m> 1, L € A*Vy,if and only if M(L) € Vi nm.

An outstanding open problem is whether one can decide if a star-free language has dot-depth kK, i.e., can we
effectively characterize the M-varieties Vi? The variety V, consists of the trivial monoid alone, V; of all finite J-
trivial monoids [181. Straubing [21] conjectured an effective characterization, based on the syntactic monoid of
the language, for the case k= 2. His characterization, formulated in terms of a novel use of categories in
semigroup theory recently developed by Tilson [24], is shown to be necessary in general, and sufficient for an
alphabet of two letters.

In the framework of semigroup theory, Brzozowski and Knast [4] showed that the dot-depth hierarchy is
infinite. Thomas [231 gave a new proof of this result, which shows also that the Straubing hierarchy is infinite,
based on a logical characterization of the dot-depth hierarchy that he obtained in [221 (Perrin and Pin [131 gave
one for the Straubing hierarchy) and the following version of the Ehrenfeucht-Fraisse game.

First, one regards a word w € A* of length |w| as a word model w = <{1, ..., W[}, <" (Q¥)4e4) > Where the
universe {1, ..., |w|} represents the set of positions of letters in w, <" denotes the <-relation in w, Q¥ are unary
relations over {1, ..., |w|} containing the positions with letter a, for each a € A. For a sequence m =(mg, ...,my)
of positive integers, where k > 0, the game gm(u, v) is played between two players | and 11 on the word models
u and v. A play of the game consists of k moves. In the ith move, player I chooses, in u or in v, a sequence of m;
positions; then player Il chooses, in the remaining word, also a sequence of m; positions. After k moves, by



concatenating the sequences chosen from u and v, two sequences p; ... p, from u and qs...q, from v have been
formed where n=my+ ... + my. Player Il has won the play if p; <" p;if and only if g; <" g;, and Q¥p; if and only if
Q4qi,a € Afor 1 <i, j <n. If there is a winning strategy for player Il in the game gm(u, v) to win each play we
write u ~m v. -m naturally defines a congruence on A* which we denote also by -m. The standard Ehrenfeucht-
Fraisse game [7] is the special case G(1, ... ,1)(u, v). Thomas [22,231 and Perrin and Pin [13] infer the
following congruence characterization of the A*V, and the A*Vyn, i.e., L € A*V\ if and only if L is a union of
classes of some ~(mg,...,m) and L € A*V, ,if and only if L is a union of classes of some ~(m, my, ...,my). This
implies the following congruence characterization of the Vi and the Vi, i.e., Vie{A*/~|~ 2 ~(my, ..., m) for
some m;, i =1,...,k}, and Vg m = {A*/ ~|~ 2 ~(m, my, ..., my) for some m;, i =2, ..., k} . In [2], it was shown that
for fixed (my, ..., my), it is decidable if a language is a union of some classes of ~(my, ...,my), or, equivalently, it
is decidable if the syntactic monoid of a language divides A*/~(mj,...,m).

Let u, v e A*. A monoid M satisfies the equation u = v if and only if ug = ve for all morphisms : A* — M. One
can show that the class of monoids M satisfying the equation u = v is an M-variety, denoted by W(u, v). Let (up,
Vn)nso be a sequence of pairs of words of A*. Consider the following M-varieties: W = N,,5o W(Up, V) and W" =
Uimso Nusm W(uy, v,). We say that W' (W") is defined (ultimately defined) by the equations u, = v, (n>0): this
corresponds to the fact that a monoid M is in W' (W") if and only if M satisfies the equations u, = v, foralln >0
(for all n sufficiently large). The equational approach to varieties is discussed in Eilenberg [8]. Eilenberg
showed that every M-variety is ultimately defined by a sequence of equations. For example, the M-variety V of
aperiodic monoids is ultimately defined by the equations x” = x"** (n> 0). The M-variety V; is ultimately defined
by the equations (xy)™ = (yx)™ and x™ = x™* (m >0). This gives a decision procedure for Vi, i.e., M € V; if and
only if for all x, y € M, (xy)™ = (yx)™ and x™ = x™** with m the cardinality of M. One can show that every M-
variety generated by a single monoid is defined by a (finite or infinite) sequence of equations. V n being
generated by A* /~(m), are the M-varieties V1 , defined by a finite sequence of equations? An attempt to answer
this open problem was made in [3]. There, systems of equations were defined which are satisfied in the Vin,
([10,11] provide an equation system for level 1 of the dot-depth hierarchy). It was shown that those equation
systems characterize completely V1 1, V12 and Vi 5. More precisely, V1 1 is defined by x = x? and xy = yx, V1, by
xyzx = xyxzx and (xy)? = (yx)?, and V1 3 by Xzyxvxwy = Xzxyxvxwy, ywxvxyzx = ywxvxyxzx and (xy)® = (yx)*.

This paper is concerned with applications of the above mentioned congruence characterization of the Vy and the
Vim. Other applications appear in [1-3]. [2] answers a conjecture of Pin [15] concerning tree hierarchies of
monoids. The problem of finding equations satisfied in the V, , problem related to the effective characterization
of the V,mand hence of Vs, is the subject of Section 3. More precisely, systems of equations are defined which
are satisfied in the V, .. In Section 4, we are interested in the following question: for an alphabet of at least two
letters, find a necessary and sufficient condition for A*/~(mg,...,m) to be of dot-depth exactly d. Such a
condition is given for d =1 and d= 2. It is also shown that for all sufficiently large m;, A*/~(my,...,my) is of dot-
depth exactly k. The proofs rely on some properties of the congruences ~m stated in the next section. The reader
is referred to the books by Pin [14] and Enderton [9] for all the algebraic and logical terms not defined in this

paper.

2. Some properties of the ~m

2.1. An induction lemma

The following lemma is a basic result (similar to one in [16] regarding ~(1.....1)) which allows to resolve games
with k + 1 moves into games with k moves and thereby allows to perform induction arguments. In what follows,
u[1, p)(u(p, |u|]) denotes the segment of u to the left (right) of position p and u(p, q) the segment of u between
positions p and g.

Lemma 2.1. Let m = (my,...,m,). u ~(m, my, ..., my) v if and only if
(1) for every py, ..., pm € U (p1 < ... <pp) there are q;,...,qm € v (01 < ... <gpm) such that
(i) Q4p; ifand only if Q4q;,a€ Afor 1 <i<m,
(i) u[l1, pz) ~m v[1, qu),



(ii1) u(pi, pi+1) ~m v(Qi, Qiv) for I <1 <m-1,

(iv) u(pm, [ul] ~m v(qm, |v|] and
(2) for every qy, ..., gm € V(1 < ... <gm) there are p1, ..., pm € u (p1 < ... <pm) such that (i), (ii), (iii) and
(iv) hold.

2.2. An inclusion lemma

Define M(my, ..., my) = (M1+1) ... (M + 1)-1 . We can show that x™ ~(my, ..., m) X (N = M (my, ..., my) and
that N is the smallest n such that X" ~(m, ..., my) X" for |x| = 1 (the proof is similar to the one of a property of
~(1, ..., 1) in [23]). It follows that if u, v € A* and u ~(my, ..., my) v, then |ula = |V|]a < NV (M, ..., my) Or |uls, [V]a>
N(my, ..., mg) (here |w|, denotes the number of occurrences of the letter a in w). The following lemma follows
easily from Lemma 2.1 and the above remarks.

Lemma 2.2. ~(my, ..., mx) S ~(WV(my, ..., my)), and ~(my, ..., my) € ~(NV(my, ..., m) + 1). Ifk <k"and 30=jp <
o <jkr<Jk=K'suchthatm <N(m; .. m;)forl<i<k then~(my,..., my) S ~(My, ..., my).

2.3. Some combinatorial lemmas
We will need the following combinatorial properties of the congruences ~(m).

Lemma 2.3 (Simon [181). Let m > 1. Let u,v € A*. If u ~(m)yv, then there exists w € A* such that u is a subword
of w, v is a subword of w and u ~(m) w ~(m) v (a word a; ... a, (where a;,...,a, are letters) is a subword of w if
there exist words wy, ..., Wy such that w = wpaiwsa; ... apWwp).

Lemma 2.4 (Simon [18]). Letm > /. Let u,v € A*. Then
(1) u ~(m)uv if and only if there exist uy,...,un € A* such that u = u; ...un and va S Una € ... € Ura (here wa
denotes the set of letters in w).
(2) u ~(m) vu if and only if there exist uy,...,un € A* such that u = u; ...uyp and va € U1 € ... € Upa

3. Equations and the V,

Simon's effective characterization of V; [18] depends on a detailed study of combinatorial properties of the
congruences ~(m) (like those in Lemmas 2.3 and 2.4). A monoid M in V; satisfies (xy)™ —(yx)™ and x™ =x"** for
some m since M < A*/ ~(m) for some m and (xy)™ ~(m)(yx)™ and x™ ~(m)x™*. It turns out that these two
equations form a complete system of equations for V;. Subsection 3.1 studies some combinatorial properties of
the congruences ~(1, m) and gives equations satisfied in Vs ;.

3.1. Equations and V,
In the following, we talk about positions spelling the first and last occurrences of every subword of length <m of
a word w. We illustrate what we mean by this with the following example. Let A = {a, b, ¢} and

w = gbhccccaabbabbucccabababecagaabbaa ... .

mror oI

P
The six arrows on the left point to the positions which spell the first occurrences of every subword of length <2

in w[1,p) and the eight arrows on the right (before the one pointing to p) to the positions which spell the last
occurrences of every subword of length <2 in w[1,p).

Lemma3.1. Letm > 1. Letu,ve A" and let py, ..., psinu (p1< ...<Ps)(Q1. ..., gs, inV (g1 < ... <qs)) be the
positions which spell the first and last occurrences of every subword of length <m in u (v). u ~(1,m)v if and only
if

(1) s=s"

(2) Qypiifandonly if Qzqi,a€ Afor 1 <i<sand

(3) u(pi, pi+1) ~(1) v(gi, Giv) for 1 <i<s-1.



Proof. Assume (1), (2) and (3) hold. A winning strategy for player Il in the game G(1, m)(u, v) to win each play
is described as follows. Let p be a position in u chosen by player I in the first move (the proof is similar when
starting with a position in v). Assume Q4p.

Case 1: p isamong ps, ..., ps, 1.e., p=pi for some i, 1 <i <s. Since (1) holds, we can consider q = ;. (2) implies
that Q4Q.

Case 2: p € u(pi, pi+1) for some i, 1 <7i<s - 1. From (3), there is q € v(qi,gi+1) such that Q4q. In either case, (1),
(2), (3) and the choice of q imply that u(p, |u| ~(m) v(q, |v[]] and u[1, p) ~(m) v[1, Q).

Conversely, assume u ~(1, m) v. (1) and (2) obviously hold. Also, u(pi, pi+1) ~(1) v(qi, gi+1) for 1 <i<s-1. To
see this, let p be in u(p;, pi+1) (the proof is similar when starting with q in v(q;, gi+1)). Consider the following
play of the game G(1, m)(u, v). Player I, in the first move, chooses p. Hence there exists g in v such that u(p, |u[]
~(m) v(q, |v[]] and u[1, p) ~(m) v[1, q). Assume that q & v(q;, di+1). Hence q € V[1, g] or q € v[Q+1, [V]]. From the
choice of the p; and the g, either u(p, |u[] ~(m) v(q, |v[] or u[1, p) ~(m) v[1, q). Contradiction. The result
follows.

Proposition 3.2. Let m > 1. Let u, v € A*. If u ~(1, m) u, then there exists w € A* such that u is a subword of w, v
is a subword of w and u ~(1, m) w ~(1,m) v.

Proof. Let A= {ay, ..., a/}. If r=1, u=v or |u|, [v| > V' (1, m) by Section 2. For r > |, let py, ..., ps (P1< *** <ps) be
the positions which spell the first and last occurrences of every subword of length <m in u. s is no more than 2m
(r+1)™. Assume Q}fhpi. Since u ~(1,m) v, by Lemma 3.1, the positions qy, ...,gs (g1 < *** <(Qs) in v which spell
the first and last occurrences of every subword of length <m in v are such that Q}{jlqi for 1 <i<sand u(pi, pi+1)
~(1) v(q;i, gi+1) for 1 <i <s-1. Hence by Lemma 2.3, since u(pi, pi+1) ~(1) V(ai, Gi+1), there exists w; such that u(p;,
pi+1) is a subword of w;, v(g;, 0i+1) is a subword of w;and u(p;, pi+2) ~(1) wi ~(1) (i, Gis1). Let w = a; wia;, W,
... aj__ Wsaj . U is a subword of w, v is a subword of w and u ~(1, m) w ~(1, m) v by Lemma 3.1.

Now, let us define classes of equations as follows. For m> 1, C(ll,m) is a class of equations consisting of

Ui ... UpXYV1 ... Vi = Uz ... UpyXVy ... Vi
where the u and the v are of the form x°, y°x, xy® or yx® for some e, 1 <e < \'(1, m). The equation (xy)™ xy(xy)"
= (xy)"yx(xy)™ is an example.

C’(zllm) consists of the equations o _ _
Up ... U™y v =g X ™My Ly
where the u and the v are as above and 0 <1, j < m. The equation (xy)™x(xy)™ = (xy)™*(xy)™ is an example.

Note that the equations in C(; ) are of the form wixyw, = wiyxw, and the ones in G}, ,,,y of the form waxw, =
waxw,. Recall from Section 1 that xy = yx and x = x are the defining equations for V1 1.

Theorem 3.3. Every monoid in V; satisfies C(lllm)UC’(ZLm) for all sufficiently large m.

Proof. It is easily seen, using Lemma 3.1, that monoids in V, satisfy C(ll_m)UC’(Zl_m) for some m > I. This comes
from the fact that if M € V, 1, then M < A* /~(1, m) for some m > 1. Since A*/~(1,m) satisfies C’(ll,m)UC’(Zl’m), M
satisfies C(y ) UCE, my- Moreover, if M in Vs ; satisfies Cy ;) UCE ) for some m > 1, then it satisfies
C(ll,n)UC(len) for all n>m since ~(1, n) € ~(1, m) for those n.

3.2. Equations and the V, , where m > 1
This subsection generalizes the equation systems of the preceding subsection so that the generalized equations



are satisfied in the Vo .

Lemma 3.4. Let m;>l, m, >1. Letu,v € A" and let py, ..., psin U (p1 < *** < Ps) Q,...,q¢7, IN V (Q1< *** < q') be
the positions which spell the first and last occurrences of every subword of length <mj in u (v). u ~(my,my)v if
and only if

(1) s=s',

(2) Q4piifandonlyif Q7q;,a€ Afor I <i<s,

(3) u(pi,pi+1) ~(M1-2,m)Vv(Qi, gi+1) for 1 <i<s-1,

(4) for 1 <i <s-1and for every p1, ..., Dy, —1 € U(Pi, Pi+1) (P1 < ... <P, 1), there exist qq, ..., g, —1 €

V(0i,0i+1) (@1 < ... < G, —1) such that

(1) Q¢p; ifand only if Q7 g}, a € Afor 1 <j <m; - 1,

() u@;, js1 ) ~(M2) V(q;, qj4e) for I <j <my- 2 and

(3) u(pi, p1) ~(m2) v(ai, q1)-

Also, there exist q3,...,q;,,—1 € V(Ti, Gi+1) (Which may be different from the positions which satisfy (1), (2') and
(37) (g1 < -.-<qm,-1) such that (1), (2) and (3") U(Pp, 1, Pi+1) ~(M2) V(qm, 1 , di+1) hold. Similarly, for every
q1 - Qmy—1 € V(Ui Qi+1) (q1< ...< @, —1), there exist p;, .., py,, —1 € U(Pi, Pi+1) (P1< ... < Ppy,—1) SUCh that
(19, (2", (3") hold (also (1%, (2", (3") hold) and

(5) for 1 <i<s—1and for every pi,..., pm, € U(Pi, Pi+1) (P1 < ... <DPrm,.), there exist qj,..., gm, € V(Q;,

Qi+1)(q1 < ... < qpy,) such that
(1”") Q¢pj ifand only if Q7qj, a € Afor 1<j<mjand
27) u@), pj+1) ~(M2) V(q}, qj4q) for L <j<mg - 1.

Similarly, for every qj,..., Gm, € V(Ti, Gi+1) (g1 < ... <qm,), there exist py, ..., pp, € U(Pi, Pi+1)(P1 < ... <Om,)
such that (1") and (2'") hold.

Proof. Assume (1), (2), (3), (4) and (5) hold. A winning strategy for player Il in the game G(m;,m;)(u, v) to win
each play is described as follows. Let py, ..., pm, (p1 < *** < p;,,) be positions in u chosen by player I in the first
move (the proof is similar when starting with positions in v).

Case 1. If some of the p; are among py, ..., ps, then for such a p;, there exists ij, 1 <ij < s such that p; = pi,- For
such a p}, since (1) holds, we may consider q; = q;;- (2) implies that Qyp; ifand only if Q7 q;.

Case 2. If pj, Pjy1s - Djyy € U(PI, Piv) fOrsome i, 1<i<s-1,1<j<j+1<miandl<m;-3,p;,...,pj_; €
u[l, pi] and pjyy41,-s Pm, € U[Pis1, Jul], then from (3), there exist q}, gj1s ---» Q1 € V(Ti, Qivt) (] < Gjyq <.
< qj41) such that Qgp; if and only if Qzq; for j<r<j+1, u(p;, pry1) ~(M2) V(qr, grsq) fOrj<r<j+1-1,
u(pi, pj) ~(M2) V(di, q5) and u(pjy 1, Pisa) ~(M2) V(qj11, Giva).

Case 3. If p}, Djs1s s Djamy—2 € U(Pi, Pist) ANA pj < ... <Pjipy _, TOrsomei, 1<i<s-1(j=1landpp, €
u[pi+1, Ju]) = 2 and p; € u[1, pi] is similar), then from (4), there exist q;, ..., gp,—1 € V(Qi, i+1) (g1 < ... <
qm,-1) Such that (1), (2') and (3") hold.

Case 4. If pi, ..., pym, € U(p;, Piv1) and p; < ... <py,, forsomei, 1 <i<s- 1, then from (5), there exist q;, ...,
qm, € V(U;, Gir1) (q1 < ... < qp,) such that (1") and (2") hold.

From the choice of the p;, giand qi, ..., Gm,, 41, ---, Gm, € Varesuchthat q; < ... <qp,, Q¢pj if and only if
6q;, a € Afor L<j<my, ufl, p1) ~(My) v[1, q1), u®;, Pjs1) ~(M2) V(qj, qj41) for L<j<my -1 and u(pm,, Jul]
~(m2) V(qm,, IV[l. By Lemma 2.1, u ~(mg, mz) v.



Conversely, assume u ~(my, mz) v. (1) and (2) obviously hold. (3) holds. To see this, let py, ..., Py, -2 (P1 =< ...
< Pm,-2) IN U(pi, pi+1) (the proof is similar when starting with q3, ..., G, —2 in V(di, Gi+1)). Consider the
following play of the game G(my, m)(u, v). Player I, in the first move, chooses pi, p1, ..., Pm, -2, Pi+1. Hence
there exist 1, ..., qm, -2 (41 < ... < qm, ) IN V(G Gi+a) such that u(pi, p1) ~(M2) V(di, q1), U(pj, gj41) ~(M2)
V(q;, qj41) for 1<j<mq -3 and u(pm, 2, Pir1) ~(M2) V(qm, -2, Gi+1) (note that from the choice of the p; and the
i q1, ---> Gm,—2 Must be in v(di, gi+1)) (4) and (5) similarly follow.

We are now interested in the M-varieties V, ,,, form; > 1. Form; > 1, C(lml‘mz) is a class of equations consisting
of
Us . Upy, (XY) ™2 DM2 (xy)(yx) Mt (a=Dmay, g,

= UL e Uy, (Xy) M2t (M= DMz () (yx) Mt (M= Dzyy

where the u and the v are of the form x°, y°x, xy® or yx° for some e, 1 < e < V(mz, my). The equation
(xy) ™2 (xy) ™t Imammz (xy) (yx) (e Dz (xyy e
= (xy)™2 (xy) ™+ (T (yx) (yx) Mt (T e (e

is an example.

2 - -
C(m,,m,) CONsists of the equations ' |
U ... UxM2~iMut(mi=me yma=jy, oy,
. UM T iyt e matLyma —jy, -y,
where the u and the v are as above and 0 <1, j <mj,. The equation
(Xy)mme1+(m1—1)m2 (Xy)mz — (Xy)mz xm1+(m1—1)m2+1(xy)m2
is an example.

Theorem 3.5. Let my > /. Every monoid in V, ., satisfies C’(lml,mz)U C(Zml,mz) for all sufficiently large m;.

Proof. Similar to Lemma 3.3 using the preceding lemma. The power m; + (m;—I)m; in C(zml’mz) comes from
condition (5) in Lemma 3.4.

4. On the dot-depth of the A* / ~(my, ..., My)

Let A contain at least two letters. Let k> 1. Let my, ..., mi be positive integers. We are interested in the problem
of finding necessary and sufficient conditions for A* / ~(m, ..., my) to be of dot-depth exactly d. This section
gives conditions on my, ..., mifor d=1 and d=2. Also, we show that for k>3, and mj>2 for2 <i<k- 1, A*/
~(my,...,my) is of dot-depth exactly k. Other results about upper bounds and lower bounds are also discussed.

Theorem 4.1. Let £ > 1. Let my, ..., my be positive integers. A*/ ~(my, ...,my) is of dot-depth exactly 1 if and only
if k =1.

Proof. We show that for m;, m, > 1, there is no m > 0 such that A*/ ~(my, m,) satisfies the equation up, = (xy)" =
(yx)™ = vin, Where x and y are arbitrary distinct letters. We illustrate a winning strategy for player I. (1, i) ((11, i))
denotes a position chosen by player I (1) in the ith move, | =1,2. Let N > N (mg, my).
Un = o (1) (x0)
ILnITa,2)
Un = o (XN )
(8}
Player I, in the first move, chooses the last x in vy. Player I, in the first move, has to choose the last x in uy (if
not, player I in the second move could win by choosing the last x in uy). Player I, in the second move, chooses
the last y in uy. Player II, in the second move, cannot choose a y in vy to the right of the previously chosen
position in vy. Hence 11 loses.



Theorem 4.2. Let k> 3. Let m;, 1 <i <k be positive integers and m; > 2 for 2 <; <k —1. Then A*/ ~(my,...,my) is
of dot-depth exactly k.

Proof. Let m>0. Consider uy,= (X(k- 1) y(k—l))m’ Vi = (y(k- Dy (k- 1)) m (here, x® = X, y(1) =y and X+ =
(OO Oy ym +1) = ( OYOYMO Oy DY™) ~ A result of Straubing [191 implies that monoids in V., satisfy
Um = Vi, for all sufficiently large m. However, for every N> N'(1,2, ...,2,1) where (1,2, ..., 2, 1) is a k- tuple, uy

+(1,2, ...,2,1) vn. A winning strategy for player I in the game G(1, 2, ...,2,1)(un, vn) is as follows. (1, i) ((I1, 1))
denotes a position chosen by player I (11) in the ith move, i =1, ..., k. Let N> N (my, ..., m). Using x" ~(my,

my) x"** (Section 2), one sees that
Up ~ (1M, cens ) ...(x(k—l)y(k-Z))NJ;
(1L,1)

- - k-2) Jlk-2yN -2
(x(k—3)y(k-3))Nx(xlk—3)y(k—3))Ny(x(k J)y(k 3)}N(x( )_,V )
tk— 3)y(kf 3))Ny(x(k - 2)y(k - 2))N
T

(x(kf?s)yk 73))Nx(x(k—3)y(k - 3))Ny(x

(1L,2)

Similarly,
Uy ~ (g oo ) Dy E )
LD N
(x(k _ 3)y(k - 3))Nx x(k - 3)y(k - 3))Ny( k- J]y(k - 3))

_ k-3 k—=IN
(k—Z)y(k—Z))Ml—1(x(k'3)y(k PPNk IyET)

X
( (k’B))N(x(k‘z)y(k_”)Mz

y(x(k_3)y(k_3])Nx(x(k73)y(k'3))N)T,(x(k—3)y
! (a1,2) o
where M; + Mz = N— 2. Player I, in the first move, chooses the middle x of the last xX** followed immediately
by an x*2 in vy. Player 11, in the first move, has to choose the middle x of the last xX*? followed immediately
by an x*? in uy (if not, player 1 in the next k-1 moves could win by choosing in the second move the middle x
of the last two consecutive x*? in uy). Player I, in the second move, chooses the middle y of the last two
consecutive y*? in uy. Player 11, in the second move, cannot choose the middle y of the last two consecutive y*
2 in vy to the right of the previously chosen position. Hence he is forced to choose two y*? by an x*2. Player I,
in the third move, chooses the middle x of the last two consecutive x* in vy between the positions chosen in
the E)receding move by Il. Player 11, in the third move, cannot chose the middle x of the last two consecutive
X% in uy between the previously choosen position by 1. Hence he is forced to choose two x*® separated by an
y® 3 and so on. Player I, in the (k — 1)th move, chooses the last two consecutive x (or y) in vy (or uy) between
the chosen positions in the preceding move by Il. Player 11, in the (k— 1)th move, is forced to choose two x (or
y) in uy (or vy) separated by a y (or an x). Player I, in the last move, selects that y (or x). Player Il loses since he
cannot choose a 'y (or x) between the two consecutive x chosen in the (k — 1)th move by I. The result follows.

Note that the infinity of the Straubing hierarchy for an alphabet of at least two letters follows from the
preceding theorem.

Theorem 4.3. Let £ > 2 and d be the dot-depth of A*/ ~(my, ..., mx->). Then k <d <2k - 2.

Proof. For k> 3, the upper bound follows from the congruence characterization of V... Now, by Lemma 2.2,



A*/~(,..., 1)
\ﬂ/'—/
2k -2
is of dot-depth <4, then

A*/~(1,2,...,2, 1)
\__\/_.J
k-2

is also of dot-depth <k since

A*Y~(1,2, ..., 2 )< A*/~(],..., 1}.
N N~
k-2 2k-2

But by Theorem 4.3,

A*/~(1,2,..,2,1)
\._\/__/

k-2
is of dot-depth k. For k = 2, the result follows from Theorem 4.1.

Theorem 4.4, Let k> 1. Let my, ..., my be positive integers. A*/ ~(mj,...,my) is of dot-depth exactly 2 if and only
if

Q) k=2or

(2) k =3 and my=1.

Proof. A result of [1] states that A*/ ~(m;, m,, m3) is of dot-depth exactly 2 if and only if m,= 1. The theorem
follows from that result, Theorems 4.1 and 4.3 and the fact that uy = (X®y@)N, vy = (yOx@)N for N> (1, 2, 1)
in Theorem 4.2 are such that uy = (1,2, 1)vy and hence uy +(1,1, 1, 1)vy by Lemma 2.2.

Other upper and lower bounds results follow for monoids like A*/ ~(1, 1,1,2,1). Since ~(1,1,1,2, 1) € ~(1,3,2, 1)
by Lemma 2.2, and A*/ ~(1,3,2,1) is of dot-depth exactly 4 by Theorem 4.2, A*/ ~(1, 1, 1,2, 1) is of dot-depth >
4 and < 5. Similarly, for A*/ ~(1,2,1, 1, 1),
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