View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by The University of North Carolina at Greensboro

VALDIVIA COMPACT GROUPS ARE PRODUCTS

A. CHIGOGIDZE

ABSTRACT. It is shown that every Valdivia compact group is homeomorphic
to a product of metrizable compacta.

1. INTRODUCTION

A compact space is called Valdivia compact if it can be embedded into R for
some A in such a way that the image of this embedding is the closure of a subset
of a ¥-product. These spaces have been studied by several authors (see [6], [7]
for a nice survey of Valdivia compacta and related topics). A particular area of
interest is understanding of the structure of Valdivia compact groups. There are
compact connected Abelian groups which are not Valdivia compact [9]. On the
other hand it was shown recently [8] that every Valdivia compact Abelian group
is homeomorphic to a product of metrizable compacta. We extend this result
to the noncommutative case (Theorem [3.3]). This answers negatively question
from [8] whether there exist Valdivia compact groups which are not products.

Our original proof was based on a recently announced result on preservation
of the class of Valdivia compacta by retractions. I would like to thank the
referee for pointing out that the proof of this statement contained an error and
that the validity of the result itself is still open. The proof of Theorem has
been revised and as presented below does not depend on the above mentioned
statement.
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2. PRELIMINARIES

For the reader’s convenience in this section we present some of the needed
results.

2.1. Directed sets. Let kK > w. A subset B of a partially ordered directed
set A is said to be k-closed in A if for each chain CCB, with |C] < &k, we
have sup C' € B whenever the element sup C' exists in A (sup C' denotes the
lowest upper bound of elements of C'). A set A is said to be k-complete if for
each chain B of elements of A, with |B| < k, there exists an element supB in
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A. A standard example of a k-complete set is the set exp,A of all subsets of
cardinality < k of any set A.

The following statement presents an important property of x-complete sets
([2, Proposition 1.1.27]).

Proposition 2.1. Let {A;: i € I}, |I| < K, be a collection of k-closed and
cofinal subsets of a k-complete set A. Then the intersection N{A;: i € I} is
also cofinal and k-closed in A.

2.2. Inverse Spectra. All limit projections of inverse spectra considered below
are surjective and all spaces are compact. Let K > w. An inverse spectrum
Sx = {X,,p%, A} consisting of compact spaces is a k-spectrum if:
(i) w(Xa) < K, a € A
(ii) The indexing set A is k-complete;
(iii) Sx is k-continuous, i.e. for each chain {«;: i € I} C A with |I| < k
and o = sup{a;: i € I}, the diagonal product A{pg :i € I}: X, —
lim{ X,,, pa’, [} is a homeomorphism.
One of the main results concerning r-spectra is the following result of Séepin
(known as the Scepin’s Spectral Theorem, see [2, Theorem 1.3.4]).

Theorem 2.2. Let Sx = {X,,p?, A} and Sy = {Y,,¢?, A} be two k-spectra.
Then for every map f: limSx — lim Sy there exist a cofinal and k-closed subset
B C A and maps fo: Xo — Y,, a € B, such that f = lim{f,: o« € B}. If
f is a homeomorphism, then we may assume that each f,, o € B, is also a
homeomorphism.

2.3. ¥-products. If C C B C A, then nz: RY — RP and 75: RP — RC

denote the corresponding projections. Similarly by ip: R® — R4 and i5: R —
R? we denote sections of 5 and 78 defined as follows:

in({o:t € BY) = ({z,: t € B}, {0,: t € A\ BY)

and

iB({x;:t€C}) = ({w:t € C},{0;:t€ B\C}).

Below we consider the Y-product of real lines, which is the subspace

S(A) = {{z;: t € Ay e R [{t € A: 2 # 0} S w}}
of the product R4.
For each B C A, ¥(B) is identified with the subspace X(A) Nig(R?P) of L(A).
Note that ¥(A) = J{ip(RP): B € exp, A}.
Retractions rp = igmp: L(A) — X(B), B C A, play an important role below.
We refer the reader to [5] for relevant definitions and results. For a given closed
subset F' C ¥(A) we are interested in finding subsets B C A such that rg(F) C
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F or, equivalently, FFNX(B) = rg(F'). Note that if Y = clga F' is compact, then
rp(F) C F if and only if r5(Y) C Y or, equivalently, cl(Y N X(B)) = rp(Y).
In this case B is called an F-good (or Y-good) subset of A. It turns out (see
[4, Lemma 1], [1, Lemma 1.2]) that there are many Y-good subsets . Precise
statement we use below is recorded in the following lemma.

Lemma 2.3. Let w < k < 7, |[A| =7 and Y = clga(Y N X(A)) be compact.
Then

(a) the set AV of Y-good subsets of A of cardinality < r is cofinal and
k-closed in exp, A;

(b) union of an increasing collection of Y -good subsets of A is again a 'Y -
good subset of A;

(c) if B is a Y-good subset of A, then rg|Y:Y — Yg is a retraction.

3. PROOF OF THE MAIN RESULT

In this section we prove our main result - Theorem B.3l First we need the
following statement.

Lemma 3.1. Let w < kK < 7, |A| = 7 and a compact group X be embedded
into RA. Then the set exp, A contains a cofinal and k-closed subset AS such
that mp(X) is a topological group and the projection mg|X: X — 7p(X) is a
homomorphism for each B € AS.

Proof. Let \: X x X — X and u: X — X denote group operations in X, i.e.
Mz,y) =2 -y and p(z) = 27!, z,y € X. Let also Xp = n5(X), pp = m5|X
and p8 = 78| X for any C, B C A with C' C B.

Consider the standard x-spectrum Sy = {Xp, p2, exp, A} and note that X =
lim Sx. By Theorem 2.2] applied to the map p: X — X and the x-spectrum Sy,
there exist a cofinal and -closed subset A” of exp, A and maps ug: X — Xp,
B € A*, such that ppu = puppp for each B € A" and p = lim{ug: B € A*}.

Next consider the r-spectrum Sx x Sx = {Xp x X5, pZ x pB, exp, A}. Obvi-
ously, X x X =1limSx x Sx. Applying Theorem 2.2]to the map A\: X x X — X
and to the spectra Sy x Sy and Sy, we conclude that there exist a cofinal and
k-closed subset .Aé of exp,, A and maps A\g: Xpx X — Xp, B € Aé such that
peA = Ag(pp X pp) for each B € A} and A = lim{\p: B € A}}

By Proposition 211, the intersection AY = A*N A2 is still cofinal and k-closed
in exp, A. Note that for each B € AY we have two maps Ag: Xp X Xp — Xp
and pug: Xp — Xp. These maps define a group structure on Xpg as follows:
xp-yp = Ag(zrp,yp) and x;l = pug(xp), v,y € Xp. The unit element in Xp
is defined as follows: e = pg(e), where e is the unit in X. It is easy to see
that the projection pg: X — Xpg becomes a group homomorphism. Indeed, for
x,y € X we have

pe(7 - y) = ppA(r,y) = Ag(ps X pB)(2,y) = Ap(PB(7),PB(Y)) = PB(T) - PB(Y).
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O

Lemma 3.2. Let X be a topological group which is a retract of a Valdivia com-
pact. Then there exists a well-ordered continuous spectrum Sx = { X, p°™t, 7}
such that

(1) 7= w(X);

(2) w(X,) < |w|-|af, a < 7

(3) X4 is a topological group and a retract of a Valdivia compact, o < 7;

(4) The limit projection po: X — X, is a topological homomorphism and a

retraction, o < T.

Proof. Let Y be a Valdivia compact of suitably embedded into R* with |A| =
T > w. Suppose also that s: Y — X is a retraction and X is a topological
group. Without loss of generality we may assume that w(X) = 7.

Let w < k < 7. By Lemma 2.3|(a), the collection S§ = {Yp,¢8,C,B € A"},
where ¢8 = r8|Yg, whenever C, B € AY and C C B, forms a r-spectrum.
Also consider the k-spectrum S% = {Xp,pE,C, B € AV}, where Xp = rg(X)
and pZ = rB|Xp, whenever C,B € AY and C C B. Clearly, Y = lim S§
and X = limS%. Note that projections ¢Z: Yp — Yo and ¢p: Y — Yp of
the spectrum S§ are retractions (Lemma [23](c)). Theorem 2.2 applied to the
k-spectra S§ and S% and to the retraction s: ¥ — X, guarantees existence of
a r-closed and cofinal subset A% of AY such that for each B € A, there is a
map sg: Yp — Xp satisfying the equality pps = spqp.

Next observe that sp: Y — Xp, B € AY, is a retraction. Indeed, let
xp € Xp and = € X is such that pg(x) = zp. Then we have

sp(rp) = sp(ps(x)) = splqs(r) = ps(s(z)) = ps(r) = 5.
Next note that since in the diagram (B € A”)

X<~>—Yv

s | |

Xp <2 Yy

maps s, sg and ¢p are retractions, it follows that pp is also a retraction.

By Lemma[3.1], we may assume without loss of generality that there exists a x-
closed and cofinal subset A" of A% N A% such that for each B € A* compactum
Xp is a topological group and the projection pg: X — Xpg is a topological
homomorphism.

Thus, for any k with w < k < 7 we have a k-closed and cofinal subset A" of
exp,, A such that the following conditions are satisfied for each B € A":

(i) Yp is a Valdivia compact
(ii) gp: Y — Yp is a retraction
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(iii) There exists a retraction sg: Y — Xp such that pgs = spqp.
(iv) pp: X — Xp is a retraction
(v) Xp is a topological group

(vi) pp: X — Xp is a topological homomorphism.

Let us now define subsets A,, a < 7, of A. Fix a well-ordering {B,: o < 7}
of the set A", let Ay = By, so = sa, and assume that the sets Ag and retractions
sg: Ya, — Xa, have been constructed for each § < a, where o < 7, in such a
way that the following conditions are satisfied:

(a)s [Ag| < |wl- |5

s There exists a retraction sg: YAﬁ — XAﬁ such that PAyS = 344,
s Xa, is a topological group
(8)p pas: X — Xy, is a retraction and a topological homomorphism

If v is a limit ordinal, then let A, = U{Az: B < a}. Note that for each ~,
with v < 3 < « the following diagram

S
Xa, <2 Ya,

A A
B B
pAwl \LqAW

s
XA“{ < YAW

B

is commutative.  Note also that X4, = lim{XAB,pﬁf,a} and Yy, =

lim{YAB,qﬁf ;a}.  Consequently, collection {sz: 8 < «} defines a map
Sa: Y4, — Xa, such that pa, s, = spqa, for each § < a. Since sg is a re-
traction, for any x € X, we have

Pas(5a(2)) = 55(qa, (%)) = 55(pa, (2)) = pa, (@),

which shows that s,(x) = x. This verifies condition (e),. By (b)s and Lemma
23(b), A, is a Y-good subset of A. Consequently, by Lemma 23|(c), ga,: Y —
Yy, is a retraction. But then it is easy to conclude that p4, : X — X4, is also
a retraction.

By conditions (f)s and (g)g, it follows that for 8 < o, X4, = lim{XAB,pﬁf, at
is also a topological group with naturally defined group operations and the
projection py_: X — X4 is a topological homomorphism.

Next consider the case o = [§ + 1. Since, by condition (a)g, |4 < |w|- |5
and since A" (with x = |w| - |3]) is cofinal in exp, A, there exists A, € A" such
that A, O AgU B,. Then there exists a retraction s,: Y4, — X4, such that
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PA,S = Sa(a,, Pa,: X — X4, is a retraction, X4, is a topological group and
pa, is a topological homomorphism.

This completes the construction. Let X, = X4, and p, = pa, for each
a < 7. It only remains to note that X = lim{X,,p2"! 7} and that all the
required conditions (1)—(4) are satisfied. O

Theorem 3.3. Let X be a compact group. Then the following conditions are
equivalent:

(1) X is a Valdivia compact;
(2) X is a retract of a Valdivia compact;
(3) X is homeomorphic to a product of metrizable compacta;

Proof. Implications (1)== (2) and (3) = (1) are trivial. Let us prove im-
lication (2)= (3). We proceed by induction. For metrizable groups which
are retracts of Valdivia compacta there is nothing to prove. Let X denote
a topological group which is a retract of a Validivia compact. Suppose that
the statement is true in cases when w(X) < 7, 7 > w, and consider X of
weight w(X) = 7. Let Sx = {X,,p"",wo < @ < 7} be a spectrum supplied
by Lemma B2l Note that by property (4) in Lemma each limit projec-
tion p,: X — X, is a retraction and a group homomorphism. This implies
that each short projection p2™': X, — X, is a group homomorphism (and
obviously a retraction). Consequently, X, is homeomorphic to the product
Xo X ker(pe™) (see [3, Lemma 0.2]) (corresponding homeomorphism is pro-
vided by the formula h(z) = (p2H(z),z - (p2T(z))""), 2 € Xas1). Thus X is
homeomorphic to the product X,,, x [[{ker(p®*!): wy < @ < 7}. Finally note
that ker(p®™!) is a retract of X,y1 and X,.1, by Lemma B.2(3), is a retract of
a Valdivia compact. Therefore ker(p2*!) is a retract of a Valdivia compact. By
Lemma 3.2(2), w(ker(p2™)) < w(Xq11) < |w|-|a+ 1| < 7. Then the inductive
assumption guarantees that each ker(p®™!) is homeomorphic to a product of
metrizable compact groups. Proof is completed. O]
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