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ON WEIGHTED SPACES OF HOLOMORPHIC FUNCTIONS OF
SEVERAL VARIABLES

WOLFGANG LUSKY AND JARI TASKINEN

ABSTRACT. We generalize the results of [11] and [12] for the unit ball B; of C%. In
particular we show that under the weight condition (B) the weighted H*—space
on By is isomorphic to £*° and thus complemented in the corresponding weighted
L*>°—space. We construct concrete, generalized Bergman projections accordingly.
We also consider the case where the domain is the entire space C¢.

We also show that for the polydisc D¢, the weighted H>-space is never iso-
morphic to £>°.

1. INTRODUCTION.

We study the structure and projection operators of the spaces Hv := Hv(QQ) :=
H(Q), consisting of holomorphic functions on © (:= C¢ or its open unit ball By),
the space endowed with a weighted sup-norm

(1.1) 1fllo = itelglf(Z)lv(IZI),

where v : [0, R[— R, R = sup,.q |?|, is a suitable bounded continuous weight func-
tion (see below). Our aim is to construct projection operators which are bounded
with respect to || - ||, and which project the corresponding weighted spaces, Cv(£2)
or Lv(Q) := LX(Q), of continuous or L*°-functions, respectively, onto Hv(2). The
results are nontrivial generalizations of those in [11] and [12]. In [11] the first named
author studied the corresponding function spaces on the open unit disc D of the
complex plane C and introduced a large class (B) of radial weight functions v. He
proved that the space Hv(D) is isomorphic to the Banach-space ¢*°, if and only if v
is in the class (B) (otherwise Hv(ID) was shown to be isomorphic to H*). In [12],
concrete bounded projections from Lv(D) or Cv(D) onto Hv(ID) were constructed.

Generalizing the weight class (B) to the case of several variables, the following
will be our main result for spaces of holomorphic mappings on  (for details of the
notations and definitions, see below).

Theorem 1.1. The following are equivalent:

(i) The weight v satisfies (B).

(11) Hv(QQ) is isomorphic to the Banach space (o .
(11i) (Hv)o(Q2) is isomorphic to cy.

Since /4, is an injective Banach space, the result (i7) implies

Corollary 1.2. [f the weight v satisfies the condition (B), then there exist bounded
projections from Lv(€)) onto Hu().

The second named author was partially supported by the Viisald Foundation of the Finnish
Academy of Sciences and Letters. The authors also thank Eero Saksman (Helsinki) for collabora-
tion during the project.
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Concrete examples of such projections are constructed in Section 5, see Theorems
5.3 and 5.5.

We also consider the corresponding spaces Hv(D?) and (Hv)o(D?) on the polydisc
D? =D x ... x D. Here, we consider weighted norms of the form

(1.2) [f1l = sup [f(2)[v(|2]s0)
zeD
where |2]o 1= max(|z1], ... |z4]) for 2 = (21, ...,24) € D? and v again is a weight on

the interval [0, 1[.

Proposition 1.3. If d > 2 then Hv(D?) is never isomorphic to ls, and (Hv)y(D?)
s never isomorphic to cg.

However, it follows from [4] that Hv(D?) is almost isometrically isomorphic to a
subspace of {,,. Moreover, on D? one can also consider product weights w(z) :=
wi(21)wa(22) ... wa(za), where each wj, j = 1,...,d, is a weight on D. It follows
from [2], Corollary 42, and [1], Satz 3.5, that (Hw)o(D?) is isometrically isomorphic
to the e-product of the spaces (Hw;)o(DD), and hence, the structural properties of
(Hw)o(D?) and Hw(D?) can be deduced from those of the component spaces. In
particular there are examples where Hw(D?) is isomorphic to o, and (Hw)o(D?) is
isomorphic to c.

2. NOTATION.

Let d € N :={0,1,2,...}, d > 2. We use the standard multi-index notation:
if k= (ki,...,kq) € Nt and 2z = (21,...,24) € C? we denote |k| := k; + ... +

kg and  2F o= Mgk MOT k= (ko kg) € Z% and 2 = (21,0, 2) =
(rier, ... rqe™) € C4, we still denote
(2.1) |k| == k1 + ...+ kq| and eg(z2) = H (r}kﬂeikﬂ'“"j).

j=1

By  we denote either the whole space C? or the Euclidean ball
By={z€C%:|z] <1};

here |22 = (z,2) with (z,w) := S¢_ zy, for 2z, w € CL We also consider the
polydisc
D = {z € C*: max(|z],...,|zd]) < 1}.
Let R := +oo, if @ = C4, or R := 1, if Q = By, and let us denote I := [0, R|.

By a weight (on I) we mean a continuous, non-increasing function v : I — R, with
v(r) > 0 for r € [0, R[ and lin}%rmv(r) = 0 for all m > 0. We extend v to €2 or to the

polydisc as follows. On the set 2 we shall consider weights of the form v(z) := v(|z|),
and, on D?, of the form v(2) 1= v(|z|s0) := v(max(|z1],. .., |z4|)) (in the latter case
of course R = 1). We keep the same notation for all cases; the domain of definition
will be indicated or clear from the context.

We introduce the weighted sup-norms (1.1) and (1.2), respectively, where the
“sup” is replaced by “ess sup” in the case of measurable functions on 2. Moreover,
for 0 < p < R, put

Meolf,p) = sup |F(2)].

|z|=p
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We study the spaces

(2.2) Hv = Hv(Q) ={h:Q — C holomorphic : ||hl]|, < oo}
and
28)  (Holo= (Hu)o() = {h € Ho: lim Ma(h, o) = 0}

and also the spaces Hv(D?) and (Hwv)y(D?), which are defined by replacing 2 by
the polydisc in (2.2) and (2.3), respectively. In addition, the larger spaces Cv =
Cv(R2) and Lv = Lv(Q2) are defined by replacing “holomorphic” by “continuous” or
“measurable” in (2.2). All of these spaces are Banach spaces with respect to || - ||,.

We write X ~ Y to denote that the Banach spaces X and Y are isomorphic, i.e.
there exists a bounded linear bijection from X onto Y (the inverse is also bounded
by the open mapping theorem). For the bidual we have (Hv)o(Q2)*™* ~ Hov(Q),
see [3]. Recall that a closed (linear) subspace Z of the Banach space X is called
complemented, if there exists a bounded operator, projection, P : X — X such that
P(X) = Z and P? = P. For Banach space operator theory we use the notation and
terminology of [10] and [16].

Let v be a weight on I as above. For all n > 0 (not necessarily integers!) we fix
a global maximum point p,, of the function p — p"v(p), p € [0, R[. The following
concept will only be used for the spaces on ().

Definition 2.1. The weight v : I — R, (and the corresponding weight v : Q2 — R.)
are said to satisfy condition (B) if

Vby >1dby >1dc>0Vm,n>0:

(,O_m) v(pm) < b and m,n,l/m—n| >c = (p_n) v(pn) < by

For the following examples, see [11]. If R = 1, v(p) = (1 — p)* for some o > 0
or v(p) = exp(—1/(1 — p)) satisfy condition (B). Moreover, all so-called normal
weights satisfy (B) (for the definition of normality, see [15] and [5]). An example of
a weight not satisfying (B) is v(p) = (1 —log(1 — |p|)) ™" (see [7]).

3. PROOF OF THEOREM 1.1, FIRST PART.

The bidual satisfies (Hv)o(£2)** ~ Hv(S2), which immediately proves (ii7) = (ii).

If v does not satisty (B), we denote € := C, if R = oo (respectively, D, if R = 1).
By [11] (together with [12], Proposition 1), Hv(€2;) ~ H, the space of bounded
holomorphic functions D — C, endowed with the unweighted sup-norm. We re-
mark that Hv(€;) is isomorphic to a complemented subspace of Hv(2). Indeed, for
g € Hvu(Qy) define T'g € Hu(Q) by (T'g)(z1,...,24) = g(z1). Then | Tq|l, = ||gl|.-
Moreover, for h € Huv(2) define Sh € Hv(y) by (Sh)(z) = h(z,0,...,0). Then
IShll, < ||h]|, and T'S is a bounded projection from Hwv(2) onto THv(§2;) ~
HU(Ql).

So, if v does not satisfy (B), then H,, is complemented in Hv(2). Therefore
Hv(Q) cannot be isomorphic to . This proves (ii) = (i).

The proof of (i) = (éi7) requires much more work. We complete the proof in
Sections 6-7.
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4. PROOF OF PROPOSITION 1.3

Let v be an arbitrary weight on D¢ of the form v(]z|s), as in Section 2. To
prove the proposition, it suffices to assume d = 2, since Hv(D?) and (Hv)y(D?)
are complemented in Hv(DY) and (Hv)o(D?), respectively, and infinite dimensional
complemented subspaces of £, and ¢y are isomorphic to {+, and ¢y, respectively (see
[10], Volume I). In the following we consider the case of the larger spaces; the proof
for (Hv)o(D?) is the same.

The idea is to show that for all n, the subspace of n-homogeneous polynomials of
Hwv(D?) is isometric with the space of one variable polynomials of degree at most n,
considered as a space on JD with respect to the unweighted sup-norm. The result
will follow by combining known facts about projection constants.

Let P, be the subspace of Hv(ID?) consisting of all homogeneous polynomials of
degree n. So every p € P, has the form

n
_ J.n—j
p(21,22) = E :Oéjz122
j=0

for some numbers a;. Let 0 < r < s < 1. Then, applying the maximum principle
to the function f(z1) = p(z1, 22) for a fixed zy, we see that

sup  |p(re’®, se®)| < sup [p(se, se®)
@,1/16[0,271‘] X7
= s"sup \p(ew, e“/’)|
R0
= s"sup \q(eiw)\
%)

where g(w) = 377 ajw’ for w € C. If s < r, then we get similarly

sup [p(re'?, se™)| < " sup |q(e™)]
XY Y

This implies [pll, = pjv(pn)sup, |¢(e?)|, where p, is a maximum point of the
function s — s™v(s), s € [0, 1].

Let A,, be the space of all polynomials of one complex variable and of degree < n.
We consider A,, as a space defined on dD and endow it with the sup-norm on JD.
The preceding shows that the mapping p — gpl'v(p,) is an isometry from P, onto
A,.

There are projections Q,, : Hv(D?) — P, whose norms are uniformly bounded.
Indeed, for f € Hu(D?) put

1 2 ) )
@G =5 [ fE)e g, ze?
2m Jo
Hence the relative projection constants
APy, Hu(D?)) =
inf{ |Q| : Q: Hv(D?) — P, is a bounded surjective projection }

are uniformly bounded. If Hv(D?) were a L., —space, then, by well known facts
which we repeat below, the absolute projection constants

AP,) =sup{ A(P,,X) : X isa Banach space, P, C X }
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would be equivalent to A(P,, Hv(D?)), where the constants of equivalence do not
depend on n. This would mean that the numbers A(P,) are uniformly bounded.
However, the isometry of P, and A,, would imply that the numbers A\(A,) = A\(P,)
are uniformly bounded. This is a contradiction because it is well-known that
AA,) > Clogn for all n, see [16].

Concerning the statement on the projection constants, if Hv(ID?) is a L., —space,
then it is known by [9] to be injective, which means that there is a constant v > 1
satisfying the following. For any Banach space X O P, there would be a linear map
T : X — Hv(D?) with T|p, = id|p, and ||T|| < 7. This would imply A(P,, X) <
YA(P,, Hv(D?)). Hence, A\(P,) < yA(P,, Hv(D?)). O

5. CONSTRUCTION OF THE BOUNDED PROJECTIONS ONTO Hwv

For the rest of the paper we consider spaces on (), and leave the domain out of
the notation of the function spaces. We also assume throughout this section that v
satisfies (B). We first define the projection P : Cv — Huv.

Take f € Cv, and let z € C%, |z| =1, and 0 < p < R. For all j € Z we set

21
(5.1) 502 = 52 [ Hozee) e ag,
and then
(5:2) QN =D X tuifilom2)),
n Mp—1<j<Mn41

where the strictly increasing positive sequence (m,)2; and the numbers ¢, ;, 0 <
tn; < 1, will be chosen in Definition 5.6; the series converges at least pointwise for
all pz.

The function @ f is not in general holomorphic (see the following example), so
we still define
(5.9 Q:N)(e2) = [ Cew)f(pwdoa(w

OBy
where o4 be the normalized rotation invariant measure on 0B, and C(-,-) is the
Cauchy kernel
1 1
(5.4) C(z,w) = =
(I—=(z,w)* (1- Zizl 2wy, )

Definition 5.1. We define Pf := Q2Q+ f for f € Cv.

Remark 5.2. To see that Q1 f is not necessarily holomorphic, consider a function of
the form

(5.5) Floz) = r(p)r(I2al, - . [zal ) pMen(2),

where |z] = 1, 0 < p < R, k € N%, and r and v are continuous functions. If
Jj =ki+ ...+ kg, then |j| = |k| and

filpz) = r(p)v(21], - -, [za] e (2)-
Hence, Q1 f = 0 for j < 0, and

Quf(p2) = (tag(Pmn) + tusr g7 (Pmon))V(|21) - - |z pMer(2),
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for m, < j < myuy1. So even if 5 > 0 and r is constant, then ()1 f need not be
holomorphic in case d > 1. (If d = 1, then j = k and v must be constant since
2= 1)

On the other hand we obtain Q,f = p*l2*, if k € N¢ and r = v = 1. This follows
from the definition of the numbers ¢, ; in (5.11). For f of the form (5.5) we obtain

cupFl2F ) if ke N?

Qlef(PZ) =
0, if k¢ N¢,

where ¢ is a constant. Taking the Stone-Weierstrass theorem into account we see
that the linear span of the functions of the form (5.5) in C'v is dense in C'v with
respect to the topology of uniform convergence on compact subsets.

Below we complete the missing details of the above definition, show that the
definition is rigorous, and prove the following fact:

Theorem 5.3. P is a bounded projection from Cv onto Hv.
Before that we also define the projection Py, : Lv — Hw.

Lemma 5.4. There exists a bounded operator A : Lv — Cv such that Af = f for
f € Hv.

The following is now an obvious consequence of Theorem 5.3 and Lemma 5.4:
Theorem 5.5. The operator Py, := PA is a bounded projection from Lv onto Hv.
Proof of Lemma 5.4. We fix a continuous function A : [0, R[—]0, 1[ such that

(5.6) 0<p=Ap) , p+A(p) <R
and
1
(5.7) S0P = Alp)) = v(p) < 2v(p+ Alp))
for all p € [0, R[. The operator A is defined by
d2d
: A = —
539 (&= mmm [ [ S du,
w1 —z1] |wa—2zal

SA(zD)/d - <A(lz))/d

where dw; denotes the 2-dimensional real Lebesgue measure. The operator A is
bounded with respect to || - ||,, since the volume of the integration domain is
7i\(|z])*d~2¢ and since the weight v is uniformly equivalent to a constant on the
integration domain, by (5.7).

Moreover, A keeps the holomorphic functions invariant, since they obey the mean-
value principle with respect to each variable separately.

Finally, Af is a continuous function: given z € §, if ( € (2, the integration
domains corresponding to Af(z) and Af((), respectively, in (5.8), differ from each
other by a set of arbitrarily small measure, if |z — (| is small enough. This, and the
local boundedness of f imply

lim Af(C) = Af(2),

(—z

i.e. Af is continuous at z. [J
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The rest of this section is devoted to the details of the definition of P and proof of
Theorem 5.3. We prove here that (), is bounded with respect to ||-||,. Assuming that
()2 is a bounded operator with respect to || - ||,, we also show that P is idempotent,
P? = P, and that it projects onto the subspace Hv. The only remaining thing, the
boundedness of ()5, is postponed to Section 6.

We define the numbers m,, and t, ; as follows (the definition is the same as in

[12]).

Definition 5.6. Fix b > 2. Use (B) and induction to find numbers b; and mg =0 <
my < meo < ... with

Mn Mn+1
(5.9) b< < P ) 0(om,) (pm"“) UPms) < for all n
Prmp i1 U<pmn+1) Pm,, V(Pm, )

and lim, .. m, = 0o. (See [11], Lemma 5.1. and Proposition 6.4.) Then [11],
Proposition 4.1., implies that there are n > 0 and £ > 0 with

(5.10) n < Mnt1 — Mn

<K or muy; —mu,_1 <c forall n,
My — Mp—1

where ¢ is the constant of condition (B). (Such indices can be easily computed for
special v. For example, if R = oo and v(p) = exp(—p), then m, 11 = m, + (’)(mi/4).
If R=1and v(p) = (1 — p)® then m,, = 4™ for suitable v > 1 (see [11]).)

Put

Jj—[mn-1]
[mn]=[mn-1]’

mMp—1 <j S mpy
(5.11) by =

_Imna]=g

[Mnt1]—mn]’ my, < ] < Mp41

Here j is an integer and [a] is the largest integer < a.

Lemma 5.7. The series (5.2) converges pointwise for all pz, the operator QQq is
well-defined and bounded Cv — Cv, and moreover, Q1f = f for all f € Hv.

Proof. Let f € C'v, and let us first assume that f is continuously differentiable
in Q. Wefix2€C? |2 =1,and 0 < p < R.
The definition (5.1) implies for all j € Z

(5.12) fi(pze'®) = f;(pz)e”?.

(Notice that if f is holomorphic then, for j > 0, p/ f; is a homogeneous polynomial
of degree j while, for j < 0, f; = 0.) Since we assume f € C*(Q), the Fourier-series
of the C'-function ¢y : ¢ — f(pze'?) converges uniformly on the set [0,27]. The
numbers f;(pz) are the Fourier-coefficients of ¢¢, hence, taking ¢ = 0, we see that

(5.13) Flpz) =Y filp2)p",
JEZ
where the sum converges pointwise for all z and p.

Let us still keep z fixed, but let p vary, and define the function ¢'*) of one complex
variable on €2y (see Section 3 ),

(5.14) g7 (pe'®) = f(pze'®).
We immediately get the z-independent bound

(5.15) 957l = sup lg”(O(¢) < £l
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Recall that in [12] the authors defined a projection Pg, which is a bounded projection
from Cv () onto Hv(£2y). In view of (5.15), chj(f) € Hv()y) with a bound

(5.16) 1P o < ClIf 1o
(5.2) and (5.12) imply

(Qlf)(pzew)zz< > tn,jfj(png)pje””)-

n Mn—1 <j§mn+1

But this is exactly the definition of chgcz) according to (16), [12]. So we have

(5.17) (Peg)(pe'®) = (Quf)(pze™®).

Letting now also z vary, (5.17) and (5.16) imply

(5.18) |@szwpwwﬁu<mmm

i.e. (1 is bounded with respect to || - |[,.
Using the density of C'-functions in Cv we extend the definition of P to Cv as a
bounded linear operator.

If f € Ho, then, according to (5.14), for a fixed z, |z| = 1, ggf) € Hu(2y). We
obtain ch](f) = g](f) and hence Q,f = f. O

Lemma 5.8. If the operator Qs is bounded with respect to || - ||, then P = Q2Q1 :
Cv — Hwv is a bounded projection.

Proof. Obviously, the assumption and Lemma 5.7 imply that P is bounded.
Looking at (5.3) and (5.4) it is also clear that Q2 leaves polynomials invariant,
hence, it does the same for all holomorphic functions: Qo f = f for all f € Ho.

We need to show that () f is holomorphic for all f € Q;Cv. Assume first that f
is, for some k € Z?, of the form

f(pZ) = p|k|7(|zl|7 R ‘zd|>ek(z)7

where z € C%, |z| = 1 and 0 < p < R. We claim that Qyf = 0, if £ ¢ N and
Q2f (pz) = cpp/Fl2* for some constant ¢y, if & € N7 In the first case we may assume
without loss of generality that kg < 0. Let w = (w',wa) € C?, where w' € C*! and
wy is the last coordinate, and recall that w € 0B, if and only if (w', ewy) € OBy
for all 8 € [0,27]. By (6) in the proof of Proposition 1.4.7 of [13],

f<p dO’d /27T f ,OUJ pe wd)) d@dad(w)

1—{(z, z, (W', efwy))

OB OB
|kl ika6
Py |w1\ -y |wal)ex(w', 0)e
5 19 dod .
/d27'('/ z, (W', ewy)) oa(w)
oB

Now the kernel

1 — (z, (v, ePwy))
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is a sum of terms of the form f,(z,w')e”™w? with n € N and some continuous

functions f,,; taking into account the sign of kg4, the integration with respect to 6
renders (5.19) equal to zero.
If k € N’ then a similar argument shows that all the integrals

(5.20) / f(pw) 2wt dog(w)
oBd
vanish, if [ # k. We obtain

f(pw) _ ek — ¢ plFl ok
Ty ) = / Flpw)2 " doa(w) = expl2",

OB OB

(5.21)

i.e. a holomorphic function.

If f = Qg for some g € Cv, then (5.2) and the Stone-Weierstrafl theorem ([14],
Section 5.7.) imply that f = f(pz) can be approximated at least uniformly on the
compact subsets of B, by functions of the form

N
(5.22) ST S el zal)er2)
=0 kezd
[k|=l
with v, € C(09). For fixed p and z we infer from (5.3) and the previous case that
Q219 can be approximated by holomorphic functions uniformly in a neighbourhood
of pz, hence ()2()1¢g is holomorphic. [J

As the last topic of this section we consider operators connected with the coeffi-
cients t,, ;.

Consider h € Hv(2). Then for every multi-index k there exists an ay € C such
that

(5.23) h = Z h;, where hj(z) =h;(z1,...,24) = Z a2’
Jj=0 keNd
|kl=3
Define
(5.24) Toh= > tahi+ > tahy
Mp—1<j<mn Mp<J<Mn41

Fix the number z € C%, |z| = 1, and consider the function of one complex variable,
f(pe™) = h(pe*?z),p € [0, R[. An application of [12], Theorem 1, to f yields

Theorem 5.9. There are numbers ¢ > 0, ¢o > 0 such that for any h € Hv(Q) we
have

c18up Moo (Toh, pim,, )0 (P, ) < [Pl < casup Moo (T, iy, )0 (P )
and
1Moo (Thh, pim,, ) V() < ||Tnth < oMo (Toh, prn,, )0(Pm,,)  for all n.

Theorem 5.9 also implies that h € Hwv provided that h is holomorphic and
Supy, MOO(Tnh7pmn)U(pmn) < 0.
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Since lim,, o, m,, = 00 we obtain lim,, . pm, = R. Hence, if h € (Hv)y, we even
have

(5.25) lim Mo (Thh, pm, )0 (pm,) =0

n—oo
6. PROOF OF THEOREM 5.3, CONTINUED

As remarked in the previous section, the remaining thing is to prove that (s is
bounded with respect to the weighted sup-norm.

Fix k = (ki,...,kq) € Z% and, for z = (21, ..., 24) € OB, and z; = ;' let ex(2)
be as in (2.1). It is well-known that the functions ej are orthogonal with respect to
the scalar product in Ly (0%, 04) ([13]). Let m,, be the indices of (5.9) and let X,
be the || - ||,—closed linear span of the functions f of the form

(6.1) flpz) = py(al, - zaler(2)

where 2 € OBy, 0 < p < R, v € C(OBy), k € Z¢ with |k| =1 and m,,_; <1 < my.;.
We have X,, C @,Cv for all n, since @)1 keeps functions of the form (6.1) invariant.
Now we extend the operators T,, of Theorem 5.9.

Proposition 6.1. There are linear operators T, : Q1Cv — X, and ¢; > 0, ¢ > 0
such that, for any f € Q1Cwv,

sup CIMOO<Tnf7 pmn)v(pmn) < Hf”v < sup C2M00(Tnfu Pmn>v(pmn>

and

AMoo(Tof, pin, )0 (o) < NS Nl < coMoo(Tuf,s pim, )0(prm, )
Moreover, T,|gy = Ty. Finally, T,,T,, = 0 if |n — m| > 1.

Proof. Fix f € @1Cv and z € 0B,;. Then, according to (5.2) and (5.14), gj(f) €
Huv(§;). Let T,, 1 be the operators of Theorem 5.9 in the case d = 1. Put (T,,f)(pz) =
(Tnﬁlg(z))(p). Then, clearly T,h = T,h if h € Hv(Q). Now the proposition follows
from (5.18), Theorem 5.9 and (5.24). O

Next we bring the Cauchy kernel into play.
Lemma 6.2. We have Q2 X,, C X,, N Hv. Moreover, if f € Q1Cv then
TnQ2f = TnQZ(Tn—l + Tn + Tn+l)f

Proof. In the proof of Lemma 5.8 we already verified that ()sf is holomorphic
for all f € @Q1(Cv). This implies Q2 X,, C X,, N Hv; see also the arguments leading
to (5.21).

To prove the second part of Lemma 6.2 fix f € Q);Cv which is of the form (5.22).
We use T, veer = 0, if k € N% and if |k| < my,_1 or|k| > m,1, which is a consequence
of Proposition 6.1. Hence T,Qsf = THQQ(Tn_l + T, + Tn+1)f. O

We need a technical lemma. Recall that, if f(re’?) = >, f;(r)e? and

(6.2) (Wi f)(re) = Z n _n’j‘fj(meim

lil<n

then

/0 (W) (e dg < / " |F () dg
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for any r (convolution with a Fejer kernel; see [6] for this inequality).

Lemma 6.3. There is a function c(t) > 0 satisfying the following:
For all integers 0 < p < q there exists a function

z) :Zgl(\zl)zl, z e By
1=0
such that
[ [ ragr < o
p
and

[+d—-1 ,
91(7")2( d—1 ) if p<l<q

Proof of Theorem 5.3, continued. Combining Proposition 6.1, Lemma 6.2
and the remark after Theorem 5.9 we see that, for the proof of Theorem 5.3, it
suffices to show that the maps Q2| X, are uniformly bounded with respect to the
norm || - [|,. To this end we shall construct uniformly bounded operators @2, with

QQ,n|Xn - QQ‘XTL'
Fix n and take K of Lemma 6.3 with p = [m,,_1] and ¢ = [my41]. For f € Cuv,
2z € 0By, 0 < p < R, define

(Qnf)(p2) = [ K((z,w))f(pw)dos(w)

OBy
By [13], Lemma 1.4.2., we have

Qo) =5 [ [ K we ) (owe)ddos(u

In view of Lemma 6.3 this implies, for f(pz) = p'y(|1], .- ., |z4|)en(2), where |k| = I,
My < l S Mp+1,

@unio = [ (150 ) e udaat)
= (Q21)(p2)
We use (see [13], 1.4.5.(2),)

/ K (2, w))|dora(w
OBy

if d > 1, to show that ||Qa,] < c(mnﬂ/mn,l), where ¢ is the function of Lemma
6.3. The bound (5.10) yields my41/m, 1 < 1+ k? which proves that the Q., are
uniformly bounded. [J

. 1 27
d 2]K(re ) |rdrde,

The only remaining missing part is the following

Proof of Lemma 6.3. Put p = (¢ —p)/2 and § = (¢ + p)/2. We can assume that
p and ¢ are integers (otherwise take ¢ + 1 instead of ¢). For a function f(re#) =
zg‘ez fi (r)e”? put
W5 — prf

q—p

Wf =
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In view of (6.2) we have

(W f)(re* Zf] )ele + Z q— e'?.

l71<p p<m<q

Put (V f)(re®?) = e“9W (e~% f(re'?)). Since (¢ + p)/(§ — p) = q/p we have
[Tivneeniae <t [T iseeniae oran -

Moreover, (V f)(re*?) = leofl( )el'? where f, = fif p <1< q.
Let u(z) = (1 — |2]*)/|1 — 2|* be the Poisson kernel. If d = 1 then put K(z) =

Now let d > 1. Fix j € Z, with 1 < j < d — 1 and define

b= (FFE0) 0 0vene,

Recall
1 — za—p+1\ 2 d
P <1+> — Z(l +1—-p)+ Zalzl for some a;.
< l=p I>q
Moreover
—1 oo
V(ZPu(z)) =V ( Z P74 Zzlﬂ’)
l=—00 =0
p—1 ‘ q ' q+p )
= Z by(r)r'e™® 4 Z rlet + Z by(r)rle?
1=0 l=p l=q+1
for some b;. Hence
(6.3) ki(re'?) =Y " q(r)rles
1>0

with v,(r) =1+ j for p <1 < gq. Fix r and put
l%j(ew) =k; (rl/(d’l)ei‘p) )
Then define

(6.4) K(re") = (ky s - % ka_q)(e),

(d—1)!
where fxg(e') := (2m)~" 027r f(e'@™)g(e®)dh. In view of (6.3) we have K (re'?) =
> im0 0u(r )riel? with

a(r) = (l+1>écé._(ll;d_1) = (ltﬁ_ll) if p<i<g.

Finally,

\/O |k’(1/d1 zgo)|d¢

2w 4P
< o/ / |3 DR 4 o+ ) LoD
0 =0 p
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S 1)/ (d-1) prd—1 a1
<27 Z r +2n——qr .
p
=0

Here we used fo% lu(re*?)|de = 27 for any r. In view of (6.4) we obtain

27
| 1K)
0

d—1
1 q—p d i 1
(6.5) g-@CTBT<2W§:r@Hmmd1y+279+p (ﬂwwn>
’ 1=0

To bound this we remark that, for some constant cs,

and Zr(zl“’)/(d*l)(l -1 <e

C2

p/A=1)(1 _ 2y < 2
" ( T)_p+2d—2

for all 0 < r < 1. (To see the first one, use elementary calculus to find the maximum
of the given function of r. For the second one, use the sum of a geometric series.)

Hence (6.5) implies
// 2)922| K (re™)|rdpdr

e)2(27) 31 X gtd—1 ¢\
- (d—1)! p+2d—2 p

1 q—p
. / Z p@p)/(d=1) | q+d- 1qrp/(d—1) dr
0 \i=0 p

d—2 d—1 d—2
e e R

p+2d—2 p

q—p+1 q
(8 oy - y?)
< c(%)

for a suitable function ¢. [J

7. PROOF OF THEOREM 1.1, CONTINUED.

We only have to show (i) = (7ii). Go back to Theorem 5.9 and to the operators T,,.
The definition (5.24) implies that T, has finite rank. Let C), be the space of all contin-
uous functions on K, mnOB4 endowed with the norm || f|| = M (f, P, )U(Pm,, )-
The space C,, is, of course, 1sometrlcally isomorphic to C'(K,). Hence we find finite
dimensional Subspaces E, c C,, such that

sup d(E,,, (imEn) .=

supinf{||T|| - |77 : T : B, — (2™ an isomorphism } < oo
and E, D T,Hv|g, for all n. Theorem 5.9 together with (5.25) imply that the

map h — (T,h|k,) is an isomorphism from (Hv)g into (3, ®FEy)(e) ~ co- On the
other hand C'v is a C'(K)—space where K is the Stone-Czech compactification of €.
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According to Theorem 5.3, (Hv)§* ~ Hv is complemented in C'v. This means that
Hv and hence also (Hv)y are Lo,—spaces. Thus (Hv)y is isomorphic to a subspace
of ¢y and a L,,—space. Then, by [8], (Hv)g ~ ¢o. O
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