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On thesis

This thesis consists of an introduction and of four research articles, of which I am the sin-
gle author. The introduction provides an overview about the subject of Volterra Gaussian
processes in general, and fractional Brownian motion in particular. The articles are:
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1 Prologue

Volterra Gaussian processes are a generalization of the simple and well-studied standard
Brownian motion. More precisely, a Volterra Gaussian process is a Wiener integral process
with respect to a one-sided standard Brownian motion. Thus, at every point in time, it
is an infinite linear combination of i.i.d. Gaussian random variables with time-dependent
coefficients. The paradigm is fractional Brownian motion (fBm).

Fractional Brownian motion is a self-similar process, meaning that its probability distribution
is invariant under a suitable simultaneous scaling in time and space. Moreover, fBm has
stationary increments, i.e. the probability distribution of its increments in space over given
time intervals is invariant under a shift in time. Both properties combined are captured by
the Hurst index H, which is a parameter between 0 and 1. Also, the Hurst index characterizes
dependence structure of the increments and memory of the process: The increments over two
non-overlapping time intervals are positively correlated for H > % and negatively correlated
for H < % Moreover, for H > %, the decay of this dependence as the time intervals grow
apart is slow, and referred to as long-range dependence (long memory). For H < %, this decay
is fast, and termed accordingly by short-range dependence (short memory). For H = %, fBm
corresponds to standard Brownian motion, where increments are independent and the process
has no memory. Furthermore, the Hurst index is a measure for the roughness of the paths of
fBm. More precisely, the larger the Hurst index, the smoother the paths.

The phenomena of long-range dependence and self-similarity have been observed empirically
in a wide range of fields, such as in hydrodynamics, meteorology, economics and telecommu-
nications, but also in geophysics: In fact, the index H is named after the British hydrologist
H. E. Hurst, who in 1951 found evidence for the presence of long-range dependence in time
series describing the level changes in reservoirs along the Nile river. These facts make fBm a
fundamental modelling tool in Applied Probability.

The fractional Brownian motion was introduced by Kolmogorov in 1940 under its former
name Wiener spiral for modelling turbulence in liquids. Kolmogorov also obtained its spectral
representation. In 1962, Lamperti observed that self-similar processes are the natural limits
of functional central limit theorems. In 1968, Mandelbrot and Van Ness represented fBm
as a Wiener integral process with respect to a two-sided standard Brownian motion, where
the integrand kernel function is a simple fractional integral. Based on this representation,
the authors proposed its modern name. In 1969, Molchan and Golosov constructed fBm as
a Wiener integral process with respect to a one-sided standard Brownian motion, where the
integrand kernel function is a more complicated fractional integral. More information about
the history of fractional Brownian motion can be found in [29].

The integral representation by Molchan and Golosov is nowadays the basis of many theo-
retical and practical considerations involving fBm. This is mainly due to the fact that the
natural filtrations of the standard Brownian motion and of the fBm that it generates through
this representation do coincide. The Volterra Gaussian process is a generalization of this
representation by allowing arbitrary integrand kernel functions. FBm is the unique Gaussian
process which provides a model for both self-similarity and long-range dependence. However,
the general Volterra Gaussian process allows a bigger flexibility for modelling self-similarity.
Clearly, Volterra Gaussian processes are not only interesting from a practical point of view:
A crucial fact is that most Volterra Gaussian processes, and fBm with H # % in particular,
are not semimartingales, i.e. the usual It6 calculus is not available in order to implement
many ideas. This fact makes the handling of those processes challenging and interesting, even
for purely theoretical considerations.



2 The fractional Brownian motion (fBm)

Definition 2.1. The fractional Brownian motion with Hurst index H € (0,1), or H-fBm,
denoted by (Bg{ ) is the centered Gaussian process with covariance function

teR’
1
R (s,t) = §(|s|2H + [t — t—sH), s,;teR (2.1)
Clearly, it holds that
B £ w,

where £ denotes equality of finite-dimensional distributions and W is a standard Brownian
motion.

Remark 2.2. The function R is positive semi-definite, and thus determines a covariance
function, if and only if H € (0, 1] (see [44], Proposition 2.2). However, since R!(s,t) = st,
s,t € R, or equivalently, B} = tX, as., t € R, for some X ~ N(0,1), we exclude this
particular and trivial case from our considerations.

2.1 Self-similarity and long-range dependence

Recall that a process (X¢)er is (-self-similar, where 3 > 0, if

4 (8
(Xat)teR = (a Xt)te]R’ a> 0.

Moreover, a process (X;)ier has stationary increments, if

d
(Xigs — XS)teR = (X¢— XO)teR’ seR.

By using (2.1), it is straightforward to check the following:

Lemma 2.3. H-fBm is H-self-similar and has stationary increments.

From Lemma 2.3, it follows that the sequence { B — Bf_l}n crye Which is called fractional

Gaussian noise (and white noise for H = % in particular), is stationary. Let

r(n) = Covp (B,IL{H —Bf,B{{—Bé{), n € N,

denote the autocovariance function of the fractional Gaussian noise. By using the mean value
theorem twice, we obtain that

r(n) = H2H —1)(n—0)*72 neN, (2.2)
where = 0(H,n) € (—1,1). From this, it is straightforward to see the following:
Lemma 2.4. For H > L, it holds that r(n) >0, n € N, and
Z [r(n)| = oo. (2.3)
neN
For H < %, we have that v (n) < 0, n € N, and

Z}TH(nH < o0. (2.4)

neN

(2.3) and (2.4) are called long-range and short-range dependence properties of the fractional
Gaussian noise, respectively. Hence, the fractional Gaussian noise has the long-range depen-
dence property if and only if H > %



2.2 Other important properties

1. B has a modification B, which is locally Hélder-continuous of order ~y for every v < H.
This means that for every compact set K C R and every v € (0, H), there exists a finite
random variable C' = C(K, ), such that

BH — BH
sup B il < C, a.s. (2.5)
s,te K |s =]
s#£t

In particular, B is a continuous process. Indeed, by combining stationarity of increments
and H-self-similarity, we obtain that

Ep (BY — BE)*™ < Ep (BF)"" |t — s|?™, st € R, m e N.

Since limy;, 00 2H2";;1 = H, the claim follows from the Kolmogorov-Chentsov criterion (see

[21], Theorem 2.8). We always assume that B = BH .

2. For T > 0, let m,(T) := {]%T |k=0,... ,n}, n € N, be a sequence of equidistant partitions
of [0,7]. Then

+00 if H <
LX(P)- lim v, (B, my(T)) = {T-Bp(|Bff)7 ifH=1 (2.6)
n—oo
0 if H> 2,
where for p > 0,
p
v (BL (D) = Y ‘B{j - Bl

tren(T)

is the p-variation of BY with respect to m(T) := {0 =ty < t; < ... < t, = T}. Indeed, by
using the H-self-similarity of B¥, we obtain that

H H
n _ B! —-B
pH—1 pH‘ k k—1

vp (B! mp(T)) Z(l) i

n
k=1

‘ p

From (2.2), we have that lim,, ... 77 (n) = 0. Hence, the fractional Gaussian noise is ergodic
P

Bff ~ BL,["} is ergodic. Th

i b-1| f o 18 ergodic. The

(see [6], Theorem 2, p. 369). In particular, the sequence {

claim follows from the ergodic theorem.

3. If H # %, then B is not a semimartingale. Indeed, let H < % and assume that B is a
semimartingale. Then, for 7' > 0, it holds that

v9 (BH,T) < 00, a.s., (2.7)
where for p > 0,
(BT = tm S BB s,
L:T((TT))L;;’ tpen(T)

and Pr denotes the set of all partitions of [0, T']. Hence, Vg is the p-variation of BY over [0, T].
However, (2.7) is a contradiction to (2.6), so B is not a semimartingale. Furthermore, if



H > %, then by using (2.5) with v = %, we obtain on the one hand that

2
W(BET) = am > |BI- Bl
'TZF((TT))L;;O tpen(T)
< c? lim ‘tk — tk,1|
i 2

w(T) € Pr tren(T)
= 0, as (2.8)
On the other hand, it follows from (2.6) that
sup  vi (BY,7(T)) = oo, as. (2.9)

w(T) € Pr

From (2.8) and (2.9), it follows that B is not a semimartingale.

4. If H # %, then B is not a Markov process. Indeed, assume that B is a Markov process.
Since B is Gaussian, it follows that R (s,t) = f(t)g(s), s,t € R, for some functions f, g
(see [18], p. 88). This contradicts (2.1).



3 Integral representations of fBm

In this section, we show that fBm can be represented in terms of the simpler standard
Brownian motion or in terms of a complex Gaussian measure. First, we review some special
functions involved in these representation results.

The gamma function is defined by
Na) = / exp(—v)v* tdv, a > 0.
0

By partial integration, we obtain the recursion formula I'(cv + 1) = oI'(«) which is used to
extend I' to all &« € A: =R\ —Ny. Since I'(1) = 1, it holds that

'n) = (n—1!, neN. (3.1)
We define 1 1
a€c A

The beta function is defined by
1
B(a, B) = / (1—v)* % ldv, a, 8> 0.
0

For 8 > 1, we obtain that B(«a,5 — 1) = %B(a,ﬁ). This recursion formula and the
symmetry relation B(«, ) = B(, ) are used to extend B to all «, 5 € A. It holds that (see

[12], p. 9)

= m, a,fBe A (3.3)

3.1 The Molchan-Golosov representation

The one-sided fractional Brownian motion can be constructed from a one-sided standard
Brownian motion:

Theorem 3.1 (Molchan & Golosov, 1969). For H € (0,1), it holds that

t
d
(BtH)te[o,oo) = </ ZH(taS)dWs> : (3.4)
0 t€[0,00)

Here, for H > %,

H ! :
zp(t,s) = F(%()l)séH/ uH*%(u — S)H*%du, 0<s<t<oo.
— 1 i
For H < %,
1
cH) (t\" 1
ZH(t78) = F(H—i-l) (S) (t_S)H 2
2
H
_ Y )1 séH/ qug(u S)Hfédu, 0<s<t<oo.
L(H —3) s
Moreover,

-

_ (2HT(H+HT(3-H)\?
CUH) = < I'(2-2H) ) '



Proof. Note that from (3.2), it follows that 21 (t,s) =1,0 < s <t < o0, so the claim holds
for H = % Denote the process on the right-hand side of (3.4) by (ZtH)te[o 00)" Clearly, ZH
is centered and Gaussian. Let H > % Then, by substituting v := yflu and v = ﬁ, and
using (3.3), we obtain for 0 < s <t < oo that

° H-1 H-3 H-1 H-3 1-2H
/ / 72 (x —w) T 2dry” T2 (y —w)” 2w “Hdydu
u u

vort H-1 H-32 H-1 H-2 1-2H
//ac T2z —w) T 2deyt T2 (y—u)” 2w TP dudy
0

s ry rx T —u H*% w 1-2H L L
= / / / (y—u)2< ) < > duz2dzy"2dy
o Jo Jo y—u y—u
s y — H-3 w \172H ) .
/ // < > (J:u)_2< > duzf=2dzy 24y
T —u T —u
= B<2—2H,H >/ / zz—H é —z)?H2 H_fda:y %dy
0o Jo
1 s t
o)) )
2—2H —3 v
_ I 2) ( / / x) 2 dady + / / 2H_2dxdy>
INE 0 Jo
I'(H-3)\"1
— < ( 2)) *(S2H+t2H—(t—S)2H).

Hence, Covp (Zfl, Zf) = RH(s5,t),0 < s <t < oo For H< %, this follows from a similar
calculation. 0

M\H

+ B (2 —2H, H ; H( )2H—2:I:H_%dl‘yH_%dy

r—y

Since the integral on the right-hand side of (3.4) depends on the function zg (¢, -) only via its
values on (0,t), we can assume for later convenience that

zp(t,s) = 0, 0<t<s<oo. (3.5)

Then the kernel zp is called Volterra on [0, 00)2.

The kernel zy can be written compactly in terms of the Gauss hypergeometric function.
The Gauss hypergeometric function of parameters a, b, c and variable z € R is defined by the
formal power series

_ - (@x(b) 2
QFl(a, b, C, Z) = Zwy
k=0
Here, (a)o :=1and (a)p :=a-(a+1)-----(a+k—1), k €N, is the Pochhammer symbol.

We assume that ¢ € A for this to make sense. If [2| < 1 or |2/ =1and ¢ —b—a > 0, then
the series converges absolutely. If furthermore ¢ > b > 0 for z € [-1,1) and b > 0 for z = 1,
then it can be represented by the Euler integral

1
oFi(a,b,c,z) = —b)/o P71 = 0) 071 — w2) "% (3.6)



(see [13], p. 59). If ¢ > b > 0, then the expression on the right-hand side of (3.6) is well-
defined for all z € (—o0,1), and is therefore used as an extended definition of 9 F;. For fixed
z € (—o00,1], 2F1 can be extended to more general parameters by using Gauss’ relations
for neighbor functions. Neighbors of 2Fi(a,b,c,z) are functions of type oFi(a £ 1,b,¢,2),
oF 1 (a,b+1,¢,2) or oFy(a,b,c £ 1,z). For any two neighbors F)(z), Fa(z) of 2Fi(a,b,c, z),
one has a linear relation of type

A(z)2F1(a,b,c,z) + Ai1(2)Fi(z) + A2(z)Fa(z) = 0,

where A, A; and Ag are first-degree polynomials. See [1], p. 558 for all 15 neighbor relations.
Based on these relations, we extend oF} for z € (—o0, 1) to all a,b,c € R such that ¢ € A,
and for z = 1 to all parameters that satisfy ¢,c —b — a € A. Important properties of o F} are
the symmetry relation

oFi(a,b,c,z) = oFi(ba,c,z)

and the reduction formula

QFl(O, b, C, Z) = 1. (37)
Moreover, it holds that (see [1], p. 559)
oFi(a,b,c,z) = (1—2)"%F; (a,c —b,c, Zl> , 2 < 1. (3.8)
o
By combining (3.8) and (3.7), we obtain that
oF1(a,b,b,z) = (1—2)7% z< 1. (3.9)

Furthermore, by combining the neighbor relations (15.2.17) and (15.2.25) in [1], we obtain
that

c-9Fi(a,b,c,z) — ¢ oF1(a,b+1,¢,2) + az-9F1(a+1,b+1,c+1,2) = 0. (3.10)
Based on these facts, we can show the following:

Lemma 3.2 (Decreusefond & Ustiinel, 1999). For H € (0,1) and 0 < s < t < oo, it holds
that

C(H) g1 1 1 1 s—t
t = ————(t — o (-—H,H— -, H+ - .
ZH(,S) F(H—l—%)( 5) 2 .20 9 ) 9’ +2a s
Proof. For H > %, this follows from (3.6) by substitution. For H = %, this is clear by using
(3.7). For H < 3, it follows by using (3.10) and then combining (3.9) and (3.6). O
Remark 3.3. 1. From Lemma 3.2 and (3.8), we obtain for 0 < s < ¢ < oo that
C(H) go1/s\3 H 1 t—s
ts) = ——l(t— (3)" R (5-HLH+, . 3.11
2 (1, ) F(H—i—%)( s)" 2 ; 2i1 | 5 +2 7 (3.11)

Since the Gauss hypergeometric function is continuous in z over (—oo, 1], hence bounded in
z over [0,1], we see from (3.11) that zg(t,-) behaves like 27 close to 0 and like (t— )Hfé
close to t. In particular, from (3.11) we easily see that zg(t,-) is indeed square-integrable for
every t € (0,00).

2. After its discoverers, (3.4) is called the Molchan-Golosov representation or integral trans-
form of fBm, respectively. Alternatively, it is also called the time domain representation of
fBm over [0,00). It has the useful feature that the natural filtrations of (Wi).g(o,o0) and of
the fractional Brownian motion that it generates do coincide. Many results for fBm, such
as a Girsanov formula (see [31]), a Donsker theorem (see [43], item [a]), a prediction for-
mula (see [37]), a Lévy characterization (see [26]), and results on deterministic and stochastic
integration with respect to fBm (see [35], and [2] and [7], respectively) are based on the
Molchan-Golosov representation.



3.2 The Mandelbrot-Van Ness representation

The two-sided fractional Brownian motion can be written in terms of a two-sided standard
Brownian motion:

Theorem 3.4 (Mandelbrot & Van Ness, 1968). For H € (0,1), it holds that

(Bf) e = </Rz}{(t,s)dW5) , (3.12)

teR
where .
H-—1L1 H—L1
2y(t,s) = a0 <(t—s)+ 2= (=) 2), s, t € R,
i = 2% 1) (2), 7,0 €R,
and

C'(H) = </OOO ((1+s)H‘%—sH—%)2ds + 22>1

Proof. We denote the process on the right-hand side of (3.12) by (ZtH ) reg- Clearly, ZM is
centered and Gaussian. Moreover, since W has stationary increments, we obtain for s € R

that
@ -2 = (g [ (6=l = =) )

- (gl (oot - ot o)

e [ (s = ) aw,
(e L J)
= (ZIES)teR'

Hence, Z has stationary increments. Furthermore, for ¢t € R\ {0}, we have by substituting
y:=73fort>0and y:=1- 7 for t <0 that

Be (211) = (C,(lm)QjR(a—s)f%—(—s)’ié)zds
= () 1 [ (a0 oY

= (am) 1 ([ (0wt oo s o)

|t|2H.

BN

By combining these facts, we obtain that

1
Cove (28,21) = 5 (Be(2)* + Ee(2))" - Eo (22 - 21')?)
= %(\S\QH + [P~ Jt— s, s,teR. O

Remark 3.5. 1. For every t € R, it follows from the mean value theorem that 2z}, (¢, s)
behaves like (—S)Hfg as s — —00.

2. (3.12) is called the Mandelbrot-Van Ness representation of fBm, the Mandelbrot-Van Ness
integral transform of fBm or the time domain representation of fBm over R. Compared to
zp, the kernel 2, has a simple structure. However, the natural filtrations of (W;);er and of
the fractional Brownian motion that it generates via the Mandelbrot-Van Ness representation
do not coincide. This feature makes the Mandelbrot-Van Ness representation less interesting
than the Molchan-Golosov representation for potential applications.



3.3 The spectral representation

Alternatively, based on the stationarity of its increments, a two-sided fractional Brownian
motion can be generated by a suitable complex Gaussian random measure. In the following,
let W be a complex Gaussian random measure, meaning that W := W; +iW,, where W and
W, are independent real-valued Gaussian random measures. We assume that W; and W
are independently scattered on [0,00), and that they satisfy Wi(—A) = Wi(A), Wa(—A) =
—Wx(A) and Ep(Wi(A))? = JA(A), i € {1,2}, for every Borel set A with A(4) < oo, where
A denotes Lebesgue measure. Let f : R — C be a function such that f(s) = f(—s), s € R,
and |f| € L?(R). Here, Z denotes the complex conjugate of z € C. The integral of f with
respect to W is defined by

/R F(s)W(ds) = /R Re(f)(s)Wh (ds) — / T (/) (s)Wa (ds).

R

For details on this type of integral, see [40], p. 325. Based on this definition, we have the
following;:

Theorem 3.6 (Kolmogorov, 1940). For H € (0,1), it holds that

d
(B e = </ Z’zir(t,S)W(dS)> , (3.13)
R teR
where ) (ist) — 1
o exp(ust) — 1_pg
2 (t,s) = 7 () p» Is|27", s,t €R, s#0,
and
1
C"(H) := (—4I'(—2H)cos(—Hm))>
1
T 2
= . 3.14
<HF(2H) sin(Hw)) (3.14)
Proof. Note first that (3.14) is obtained by combining identities Cos?m) = F(% + a)F(% — a),
2a—1 ™
I'(2a) = 27I‘(o¢)l“ (e+1) and N()T(1 — @) = S(ra) (see [12], p. 3 and p. 5). Let
(ZtH ) 1cr be the process on the right-hand side of (3.13). Clearly, Z! is centered and Gaussian.
Furthermore, by using the identities cos(z) = cos?(%) — sin*(%), z € R, and
> —I'(—2H) cos(—Hm)a?*!
/0 sin? (au) w2 tdu = ( 2)_(:2(;3&1 m)a , a >0,

(see [15], p. 447), we obtain that

Covp (ZtH,Zf) = /zj{l(t,u)zg[(s,u)du
R

- (C"(lﬂ))2 /R <exp(iZf) - 1) (exp(?j) = 1) fu12H gy

yl1-2H
= oy (it =)~ - o) 1) 2
— (C,,(QH))z /0°°<(COS(U|t —s|) = 1) — (cos(ult]) — 1) — (cos(u|s|) — 1)>u*172Hdu

— (0//?2))2/000 (sin2 <“|t2_5|> — sin? <“|2t|> — sin? <“|25|>> u 12 gy
2H 2H 2H
- c~ér))2 _F(_Qﬁgfﬁ(_m) <<|t;5|> - <|;|> - <|;|> )

(
1
2

(Is[# + |25 — |t — sPH), st €R. O



Remark 3.7. The spectral representation was the starting point to obtain a series expansion
for fBm (see [9]).

3.4 Connection between Mandelbrot-Van Ness and spectral representa-
tions

The Mandelbrot-Van Ness representation and the spectral representation of fBm are inhe-
rently related via Parseval’s equality (see [38], p. 172), as the following lemma shows:

Lemma 3.8. Let H € (0,1). Then it holds that
7 : N\
Z(t)(s) = —i-sgn(s)exp | sgn(s) <H+§>? Tts), s,tER, s#£0,  (3.15)

where f(s) = \ﬁ Jr exp(—isu) f(u)du, s € R, is the Fourier transform of f. Furthermore,

/ " I(H %) I(H %)
C'(H) = C"(H = . 3.16

N

Proof. First, note that (see [12], combine (37) and (38) on p. 13)
> . a—1 i —a
exp(isu)u® du = T'(a) exp(sgn(s)a?)|s| , a€(0,1), seR\{0}.
0

Let H < 3. Then for t € R and s € R\ {0}, we obtain that

2 (t,-)(s)

1 ) ,
= —— | exp(—isu)zy(t,u)du
= | expl=iswy ()

exp(—ist) —1 [ o1

" e el |
- P L T s (114 1) )
_ C” ()H)(\/%%) - sgn(s) exp <Sgn(s>(H +;)Z;)ZH(M .

By using an analyticity argument, we obtain that identity (3.17) also holds for H > %
Furthermore, by using Theorem 3.6, Theorem 3.4, Parseval’s equality and (3.17), we obtain
that

zj!l(t,s)rds — RE@)
R
= /H{(z}{(t,s)fds

— ’ 2

2 (t,-)(s)| ds
R

C"(H)T(H + 1) 2/
C'(H)V2m R

This proves (3.16). Moreover, by combining (3.17) and (3.16), we obtain (3.15). O

2
zjﬁl(t,s)’ ds, t € R.
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4 Fractional calculus for fBm

Next, we show that the kernels zg and 2z, defined in Theorem 3.1 and Theorem 3.4, respec-
tively, can be expressed in terms of fractional integrals and derivatives. Fractional calculus
in a generalization of usual calculus. An extensive source on this subject is [39]. Moreover,
see [37] for details on fractional calculus in connection with fBm.

4.1 Fractional calculus over [0,7]

Usual n-fold integrals, where n € N, can be generalized to n-fold integrals, or fractional
integrals of order n, where n > 0. In fact, let n € N, T" > 0 and f be suitably integrable.
Then, by using Fubini’s theorem, iterating and using (3.1), we obtain that

/ST/:l.../Sle(u)dudsl...dsn1 - F(lm/ff(u)(us)n_ldw 1)

The expression on the right-hand side of (4.1) is well-defined not only for n € N, but for all
n > 0. This motivates the following definition:

Definition 4.1. Let 7" > 0. The right-sided Riemann-Liouville fractional integral operator
of order « over [0,T] is defined by

ﬁ fsT fw)(u—s)*tdu, s €[0,T], ifa>0

(Z7f) (s) =
f(s), s€10,T], if a=0.

The right-sided Riemann-Liouville fractional derivative operator of order o over [0,T] is
defined by

=4 (712 f) (s), s € (0,T), ifae(0,1)

(DF_f) (s) = < Z4f(s), s€(0,T), ifa=1

f(s), s € (0,T), if a=0.
For convenience, we set
Zpof = Dr_f, a€(0,1].

If > 0, then Z¢_ is a bounded endomorphism on LP([0,T]) for every p > 1 (see [39],
Theorem 2.6). By combining Fubini’s theorem and (3.3), we obtain the semigroup property

I8 Tp f = T80 f, fe LY([0,7)), a,8>0. (4.2)

As for the ordinary derivative, the fractional derivative is defined only if f is suitably smooth.
More precisely, D$_ f is well-defined if f = Igig for some g € L'([0,7]) and some 3 > «
(see [39], Theorem 2.4). By combining (4.2) and the identity D& Tl f = f, we obtain that

DS T0_f = T0°f, feLY([0,T]), 0<a<f<oo, a<l. (4.3)
Similarly as for ordinary calculus, we have that Z_DZ_ f # f in general.
Based on these facts, we can show the following;:

Lemma 4.2 (Molchan & Golosov, 1969). Let H € (0,1) and T > 0. Then

_1
zp(t,s) = C(H)s%_H (If_ 2 H—; 1[0’,5)) (s), s,t €(0,T].

11



Proof. Clearly, for s > t, the claim follows from assumption (3.5). Let s < ¢t. For H > %, the
claim is clear by definition. For H < %, it follows from partial integration that

H+l o1 1 _1 1 1 H+3 g 3
(IT— 2 H—3 1[0,t)> (5) = mtlf z(t - 3)H+2 — (H— 5) (IT— 2 H-3 1[0’,5)) (8)

By using this and (4.3), we obtain that

1_
C(H)s%*H (D%H H=3 1[0,t)> (s)
1
= CO(H)s: H <D¢1F_If_+2 Hog 1[0,t)> (s)
C(H t\H—3 _1 1\ 1 H+i g s
- &) ot Dt ()
2
= ZH(t,S). D

Remark 4.3. The formal derivative of B¥, denoted by BH (and, with some abuse of ter-
minology, called the fractional Gaussian noise), can be interpreted as a weighted left-sided
fractional integral of order H — % of W. The left-sided Riemann-Liouville fractional integral
operator of order o > 0 over [0,T] is defined by

( o )(5) = I‘(la)/os f(u)(s—u)o‘*ldu, s €[0,T].

The operators Z,\*, a € [0,1], are defined accordingly, similarly as for the right-sided frac-
tional integral operators. Indeed, by combining Lemma 4.2 and the formula for fractional
integration by parts (see [39], p. 34), we formally obtain that

T _1 .
BE = C(H)/ 1o ()2 (I(fi 2 .3-H W.) (s)ds, t € [0,T).
0

Hence, formally,

N
N

BE = c(H)tH 2 <10+ 2 H W.) (t), t €[0,T].

4.2 Fractional calculus over R

Definition 4.4. The right-sided Riemann-Liouville fractional integral operator of order «
over R is defined by

ey Jo fw)(u—5)*""du, seR, ifa>0
(Z2f) (s) =
f(s), s €R, ifa=0.

The right-sided Marchaud fractional derivative operator of order a € (0,1) over R is defined
by
(DY) (s) := lim (D*_f)(s), s € R,

e\.0
where o
e P « ——
D)) =m0 = s s)uau,
Moreover,
Df = f.

12



For convenience, we set

77 .= D®, ac(0,1).

If o € (0,1) and f € LP(R), where p € [1, é), then Z f is well-defined (see [39], p. 94-95).
Moreover, if o € (0,1), p € (1, é) and ¢ = Lp, then Z¢ is bounded from LP(R) to L(R)

11—«

(see [39], Theorem 5.3). If f is suitably integrable, then it holds that
7°7° f = 1°P¢ o, 8 > 0.

Furthermore, we have that (see [39], Theorem 6.1)

1
DYI°f = f, ac (o, 5), f e LX(R). (4.4)
By straightforward calculation, we can show the following;:

Lemma 4.5 (Mandelbrot & Van Ness, 1968). Let H € (0,1). Fort <0, denote

]‘[0,t) = _1[t70)

Then ( 1)
I'H + 5 -1
2y (t,s) = WH)Q <I 21[0775)) (s), s,t €R.

Remark 4.6. The operator D% can be formally derived from the corresponding right-sided
Riemann-Liouville fractional derivative operator D¢ by suitable transformations (see [39], p.
109). The reason why we present D instead of D% is that DZ%f is not well-defined for
f € L*(R), unless also f € L'(R). Hence, D% can not be replaced by D% in (4.4). The
reason for this is that contrary to D%, the operator D% requires integrability of the function
at infinity: for example, we have that D®1 = 0, whereas D%1 does not exist.
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5 Wiener integrals with respect to fBm

The Molchan-Golosov and Mandelbrot-Van Ness integral transforms are useful in order to
construct integrals with respect to fBm:

5.1 Wiener integrals over [0, 7]

For H € (0,1) and T > 0, define power-weighted fractional integral operators by
(K1)(s) = (KE7)(s) = st (72000 1) o), s e 0.7)
and
(KH’*f)(s) = (Kg*f)(s) = C’(H)_ls%_H< 7%1_ . f> (s), s€(0,T).

The operators K and K* are mutually inverse in the following sense:

Lemma 5.1. Let H > % Then

K" K7f = f, feL*(0,T)), (5.1)
and

KP'K"* 15, = 14, t €[0,7). (5.2)
Moreover, let H < % Then

KYK"*f = f, feL*([0,T)), (5.3)
and

K" K15, = 14, t €0,7]. (5.4)

1

Proof. Let H > 1. If f € L*([0,T)), then -”~2 f(-) € L'([0,T]). Hence by using (4.3), we
1

_1 3_
obtain (5.1). By using the fact that I;I_ 2= D%_HI%F_ and a straightforward calculation,
we obtain (5.2). The identities (5.3) and (5.4) are obtained similarly. O

From Lemma 4.2, it follows that the Molchan-Golosov representation restricted to the interval
[0,T] can be written as

T
(BtH)te[();r] = </0 (Kgl[o,t)) (S)dWs> : (5.5)

te(0,7

Let &p denote the space of elementary functions on [0, 7], i.e. functions of type
m
f(s) = Zail[o,ti)(S)a s €[0,T],
i=1

where a; € R, t; € [0,T], ¢t = 1,...,m, and m € N. For f € &p, the (fractional) Wiener
integral with respect to BH is defined by

T m
H(f) ::/ f(s)dBE = Y a;Bf.
0 i=1
From (5.5), we obtain that

T T
/f(s)stH i/ (K7 £) (5)dWs. (5.6)
0

0
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By considering (5.6) and the standard Wiener isometry, for H > %, it is natural to define a
space of time domain Wiener integrands by

1 T
Ar(H) := {f:[O,T]—wR‘ H=3 f(-) e LY([0,T)) and/o (K7 f) (s)%ds < oo}.

For H < %, K*H is a weighted fractional derivative operator, so its arguments must be

sufficiently smooth. Hence, based on Lemma 5.1, we define
Ap(H) = {f:[0,T) = R | 3 ¢y € L*([0,T]) such that f =K"*¢,}.
Er is dense in Ap(H) with respect to the scalar product
(f Dary = KTfK g) 0y Fr9 € Ar(H).

Let

Hr(B") = span {B{!|t€[0,T]} C L*(P)

denote the first Wiener chaos of B over [0, T]. The time domain (fractional) Wiener integral
with respect to (BtH)te[O,T] is defined by

If © Ap(H) — Hp(BY)

T T
fooe i) = [ reast = @) i [ (sasl,

n—oo

where (f,)nen € EX converges to f in the norm induced by (-, “)Ap(#)- By construction, (5.6)
holds for all f € Ar(H).

Remark 5.2. For H > 3, it holds that A7(H) C &r, i.e. Ap(H) is not complete. This is due
to the fact that K f is a weighted fractional integral of positive order, i.e. more smooth than
a general square-integrable function. With other words, K¥ (Ar(H)) € L?([0,T7]). Contrary,
for H < %, Ar(H) is complete.

By using Lemma 5.1, we can derive the following reciprocal of the Molchan-Golosov integral
transform:

Lemma 5.3. Let H € (0,1). Then

¢
d *
(Wi)iejo,00) = (/ ZH(t,S)dBf) ;
0 t€[0,00)

where for T > 0 and s,t € [0,T), it holds that

salts) = (K 10) ()
C(H)™! 1y 1 1 3 s—t
= reom T R gy ey e o),

5.2 Wiener integrals over R
From Lemma 4.5, we obtain that the Mandelbrot-Van Ness representation is equivalent to

1 ,
(B, p 2 (W /R (zH 21[0t)> (s)dWs> : (5.7)

teR

Let £ be the space of elementary functions on R, i.e. functions of type

Z ]-[Ot ’ SER’

i=1
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where a;,t; € R, i =1,...,m, and m € N. For f € &, the (fractional) Wiener integral with

respect to BY is defined by
/ f(s)dBH .= ZaiBth.
R i=1

1(f) =
Then from (5.7), it follows that
g 4 D +3) H—3
/Rf(s)st = C’(H)Q/R<I_ f> (8)dWs. (5.8)

For H > %, we define the space of time domain Wiener integrands by

A(H) = {feLl(R)‘ /R<Iﬁ{5f) (5)2ds < oo}.

_H¢f}.

N[

If H < 3, then in view of (4.4), we set
A(H) = {f:R—JR ) 3 ¢; € L*(R) such that f = T

€ is dense in A(H) with respect to the scalar product
(f.9) L) 2( TR . € AH)
»9)A = T A T 7 7-2'7 g) , J,9 € .
(0 C'(H) I2(R)

Let
H(B") = span{Bfl |[te R} C L*P)
be the first Wiener chaos of B over R. The time domain (fractional) Wiener integral with

respect to (Bfl ) teR 18 defined by

AH) — H(BT)
fooe 1) = | eanl

where (f,)nen € EN approximates f in the norm induced by (-, -) A(#r)- By construction, (5.8)

holds for all f € A(H).
From a straightforward calculation, we obtain the following reciprocal of the Mandelbrot-

L2(P)- tim [ fu(s)dBE,

"
T n—oo R

Van Ness integral transform:
Lemma 5.4. For H € (0,1), it holds that

d
(Wiier = (F(H+2)F(g
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6 The Volterra Gaussian process

Some considerations for fBm which are based on its Molchan-Golosov representation do not
rely on the exact structure of the kernel zz7, but merely on the fact that there exists a standard
Brownian motion, or a convenient Gaussian martingale, having the same filtration (and the
same first Wiener chaos) as fBm. This is one fact motivating the following definition:

Definition 6.1. A Gaussian process (X¢);e[o,0c) is called Volterra, if there exists a standard

Brownian motion (W;)yc[0,o) and a Volterra kernel zx € L2 . ([0,00)?), such that

t
X = / zx(t,s)dWs, a.s., t € [0,00). (6.1)
0

Recall from before that zx is Volterra if and only if zx (¢,s) = 0, 0 < t < s < co. The Volterra
Gaussian process is centered and has covariance function

RX(s,t) = /SM zx (t,u)zx (s, u)du, s,t € [0,00). (6.2)
0

Remark 6.2. The label Volterra originates from the Volterra integral equation (of the first
kind), which is of type

x(t) = /0 z(t, s)y(s)ds, t € [0,00),

where the function x and the kernel z are known, and the function y is unknown. Indeed,
we can consider (6.1) as a generalized, stochastic Volterra integral equation with solution w.
Correspondingly, X can be considered as a generalized, stochastic Volterra integral transform
of the white noise.

We assume that zx is non-degenerate, meaning that the family {zx(¢,-) |t € (0,00)} is linearly
independent and complete in L?(]0,00)). From the linear independence, it follows by using
(6.2) that RX is positive definite on (0,00). The completeness ensures that T'y(X) = I',(W),
t € (0,00). Here,

T(Y) = span{Y;[s € 0,4} C L*(P)
is the first Wiener chaos of the Gaussian process Y with Yy = 0, a.s., over [0, t].
6.1 Self-similarity

It is easy to identify the family of those Volterra kernels that generate (-self-similar Volterra
Gaussian processes for § > 0. Indeed, X is g-self-similar if and only if there exists a function
Fx € L?((0,1), (1 — )2~ 1dz) such that

zx(t,s) = (t—s)ﬁféFX (;), 0<s<t<oo,

(see [IV], Lemma 2.4). For example, for fBm, it follows from Lemma 3.2 that

r—1

Fyu(z) = C(H))-QFl (1—H,H—1,H+

1
- Lz € (0,1).
T (H+1 2 2 2 > € (0.1)

A second example is the Riemann-Liouville process with index H > 0 defined by
t
UE = \/QH/ (t — s)H2daW,, t € [0, 00).
0

Hence, U is H-self-similar and F;;# = v/2H. The Riemann-Liouville process was introduced
by Lévy (see [24]) and is therefore sometimes referred to as Lévy fBm. The increments of U
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are not stationary. Indeed, it is easy to show that B is the unique centered H-self-similar
Gaussian process with stationary increments. However, contrary to fBm, the Riemann-
Liouville process allows to model H-self-similarity for any index H > 0. We conclude that,
in addition to fBm, also the general Volterra Gaussian process is a suitable instrument for
modelling self-similarity. In contrast to this, it is difficult to identify the family of those
Volterra kernels that produce Volterra Gaussian processes with stationary increments.

Remark 6.3. For a corresponding generalization of the Mandelbrot-Van Ness representation
of fBm, i.e. for a process of type

X; = /z}((t, s)dWs, a.s., t € R,
R

where X = 0, a.s., and 24 (t,) € L%(R), t € R, both families of kernels are easy to iden-
tify: First, assume that span{X;s|s € (—o0,t]} = span{Ws|s € (—o0,t]}, t € [0,00). Then
(Xt)te(0,00) 18 B-self-similar if and only if there exists F'y € L? ((—00,1), (1 — 2)?/~1dz) such

that 2% (t,s) = (t — s)ﬁ_%F)’( (3), s <t

Second, X has stationary increments if and only if there exists some G’y : R — R such that
25 (t,s) = G (t —s) — G'x(—s), s,t € R.

6.2 Abstract Wiener integrals over [0, 7]

Let T > 0. For f := 31" ailpy,) € Er, the Wiener integral with respect to (Xi)icpo,r) is
defined by

T m
(f) = / f(s)dXs = ZaiXtr
0 i=1

Let Ap(X) be the completion of Ep with respect to the scalar product
(1[0,5)7 1[0,13)))( = RX(S,t), s, t e [O,T].

Hence, f € Ap(X) is an equivalence class of Cauchy sequences {f,}nen € &Y, where

{fntnen ~ {gn}nen & (fn — gn, fn — gn)x — 0, n — oo. The scalar product on Ap(X) is
given by

(fv g)AT(X) = HILII;O(fn7gn)X> f7g € AT(X)u {fn}nGN € f7 {gn}nGN €g.
The abstract Wiener integral with respect to (Xt)te[O,T] is defined by

T T
Fooe () = /0 F(8)aX, = L3P)- lim [ fu(s)dX,,

n—oo 0
where {f,}nen € f. The random variable fOT f(s)dX, is centered, Gaussian and satisfies
2
Ep (fOT f(s)dXs) = |f\/2\T(X), where | - |5, (x) is the norm induced by (-,)a,(x)-

Remark 6.4. 1. The construction of the abstract Wiener integral does not rely on the fact
that the Gaussian process X is Volterra. Similarly as for fBm, one can define time domain
Wiener integrals with respect to (X)) by defining a linear operator on &r by K% Lo :=
zx(t,-), t € [0,T], and then considering a space of time domain Wiener integrands. However,
in general, as it is the case for H-fBm with H > %, the obtained time domain Wiener
integrand space is incomplete.

2. The same notation as in articles [I-1V] is also used in this introduction. Therefore, there
appears a possible source of confusion: Indeed, we have that RB" = RH and ZpH = ZH.
However, for H > %, the space Ap (BH ) and the map I’TB " in this section are different from the
space Ar(H) and the map I in Section 5, respectively. Also, note that 'y (BH) =Hr (BH),
where the latter notation was used in Section 5.
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7 Summaries of the articles

I. Transformation formulas for fractional Brownian motion.
First, for given H-fBm (BtH)te[o 00) and Hurst index K € (0, 1), we show that there exists a

K-fBm (BtK)te[o,oo)’ such that for all ¢t € [0, 00) we have that

t
BH = C(K, H)/ (t—u) =K. Fy <1 ~-K-HH-K1+H-K, u> dBE  a.s. (7.1)
0

Here, C(K, H) is a normalizing constant and the integral is a time domain fractional Wiener
integral. This result generalizes both the Molchan- Golosov integral transform (see Theorem
3.1 and Lemma 3.2) which corresponds to the case K = 5, and its reciprocal (see Lemma 5.3)
corresponding to the case H = 5 L and K = H. In order to prove this, we consider the K-fBm
defined by B := fo 2k (t, 5)dWs, t € [0,00), where Wy := [ ' 25 (t,s)dBY | t € [0,00). For
T > 0, the kernels zp and zK can be written in terms of power weighted fractional integral
operators of order H — 5 and — K, respectively, over [0,T] (see Lemma 4.2 and Lemma 5.3).
Due to suitable powers their composition reduces to a weighted fractional integral operator
of order H — K, from which we deduce the kernel in (7.1). Then, for ¢ € [0, 7], the result is
derived directly from the definition of the time domain fractional Wiener integral. By letting
T — oo, we obtain the result for ¢ € [0, 00). Second, we demonstrate heuristically, how the
corresponding generalized Mandelbrot-Van Ness integral transform, which states that the
process

zh>e = C(K,H)/

R((t—u)f*K - (fu)f’K>dBf, teR,

(where BE is continued to a two-sided K-fBm) is an H-fBm (see [36]), follows from this.
Indeed, by combining representation (7.1) and the stationarity of increments of both B and
BX | we obtain that for every s > 0, the process

z® = CO(K,H)

¢ —t
X (/ (t—uw) K. ,F <1— “ >dBff
_s S

0

—S

t € [—s,00), is an H-fBm. For ¢t € [—s,00), the kernel of ZfI’S converges pointwise to the

kernel of Z"*°. Hence, formally, we obtain that Z/"* — Z"> as s — cc.

II. On the connection between Molchan-Golosov and Mandelbrot-Van Ness rep-
resentations of fractional Brownian motion.

We prove the second, only formally obtained result in [I] rigorously. More precisely, we show
that for every K > % and t € R, there exist constants C (K, H,t) and s;(¢) > 0, such that

2
Ep (ZHS _ ZH°°) < Oy (K, H, 682772 s > s(1).

Also, we show that for every K < % and t € R, there exist constants Cy(K, H,t), C5(K, H,t)
and sa(t) > 0, such that

2
Ep (ZHS - ZHOO) < Co(K, H,t)s* 172 4 C3(K, H,1)s*5 72, s > sy(t).
The constants are specified exactly. The proof for these estimates is extensive and technical,

and therefore, we only present it for ¢ > 0. We consider Z* — Z"*° as the sum of two frac-
tional Wiener integrals, one over (—oo, —s) and the other over (—s,t). The second moments

19



of these summands can be estimated by transforming them into standard Wiener integrals
over R, and then using the Wiener isometry. Then the original problem is reduced to esti-
mating the L?(R)-norm of two functions. The first one of them is simple, but the second one
is simple only for K = %, but complicated for K > %, and even more complicated for K < %
By splitting functions, using well-known calculation formulas for the Gauss hypergeometric
function and recombining results, we obtain the estimates.

III. Measure-preserving transformations of Volterra Gaussian processes and re-
lated bridges.

First, we consider a continuous Volterra Gaussian process (Xt)te[O,T]v where T' > 0 is a fixed
time horizon. A measurable map 7 from the coordinate space of X to itself is a measure-

te[0.T] is a bridge of X if
Lawp (XT) = Lawp(X | X7 = 0). We call a measurable map B from the coordinate space of
X to itself a bridge transformation if B(X) 2 XT. It is well-known that the process

preserving transformation if T (X) 2 X. Recall that a process (X;‘F)

> RX(t,T
X' = Xy - ( )XT, te 0,717,

RX(T,T)

—~

is a bridge of X that satisfies
rr (X7) L span{Xr} = Tr(X),

where | denotes the orthogonal direct sum (see [14]). Based on this fact, we derive two
measure-preserving transformations 7° (i), i € {1,2}, satisfying

T (T0(X)) = FT(X'T>, i€ {1,2).

Furthermore, as an inherently, inversely related problem, we derive two bridge transforma-
tions B®, i € {1,2}, such that

I'r(BY(X)) = T'r(X), i € {1,2}.

The transformations 7(1) and B are connected to 73 and B@, respectively, by suitable
time transformations. In order to do this, we follow ideas of Jeulin and Yor, and Peccati,
which considered the case X = W (see [20] and [33], respectively). First, we note that

T
X! = / (nxl[w)) (s)dXs, a.s., t €[0,T],
0
where 7 is the linear orthoprojection from Ar(X) onto the subspace

Aro(X) = {f € Ar(X) | (F:1om) ) = 0

Next, we define endomorphisms on Ar(X), denoted by oX*% and %? such that o*? :
Aro(X) — Ap(X) and %% @ Ap(X) — Aro(X) are mutually inverse isometries and
aXinX = Xt € {1,2}. If X is a martingale, then the space Ar(X) is a simple L%
space, and the structure of these operators is simple and a straightforward generalization of
the corresponding operators for W. For the general case, the construction of the operators
is more involved. It is based on the prediction martingale of X1 with respect to (]-'tX )

the natural filtration of X, which is defined by

te[0, 1)’

M, = Ep (X7 |FY), te[0,T).

This martingale has key features My = X7 and I'p <]/\4\ T) =Ir ()/(\' T), respectively, yielding

n* = k~InMk, where  is the Wiener isometry between A7(X) and Ar(M). By setting
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o™t = g laMig and X0 = kTIpMik, i € {1,2}, we obtain operators with the suitable
features. The desired transformation are obtained by setting

H—l
—~
.
~

—~

~—

T
/0 (851 0.) (8)dX., t € [0,T], i € {1,2},

and
. T )
BY(x) = / (091 0,) (5)dXa, t € [0.T], i € {1,2),
0

respectively, where the integrals are abstract Wiener integrals. Second, we derive a two-
sided Fourier-Laguerre series expansion for the first Wiener chaos of a Gaussian martingale
(My)tefo,00)- This generalizes a result by Jeulin and Yor (see [20]), where a one-sided series
expansion for W was obtained. For a Gaussian martingale (M;);e[o,00), the transformation

7 is independent of T', and can hence be considered on the coordinate space of (Mt)te[o,oo)a
where it is invertible. The inverse 7™W-~1 gatisfies

Pt (M) = Tiroo) (TO700) L span {7 ()}

where I'j7 ) (M) is the orthogonal of T'p (M) in ' (M) := span{M; |t € [0,00)}. By iterating

this, together with the fact that I'p(M) = I'p (T(l)(M)) 1 span{Mry}, we obtain that the

sequence {TT(U (M )} . is a complete orthogonal system in T'oo(M). Here, T()™ denotes
ne

the n-th iterate of 7(1). Based on this, we obtain the series expansion.

IV. A note on ergodic transformations of self-similar Volterra Gaussian processes.
Given a continuous 3-self-similar Volterra Gaussian process X; := fot zx (t, s)dWs, t € [0, 00),
where 8 > 0, we show that, for every a > _71, the map

t
ZX) = X, — 20+ 1)tP 2 / s* P53 X, ds, t € [0,00),
0
is an ergodic (measure-preserving) transformation on the coordinate space of X. This result
generalizes and refines a result by Molchan, where X = B and o = H—1 (see [28]). In order
to prove this, we first express the Lamperti transform of the (-self-similar process Z¢(X) in
terms of the Lamperti transform of X. Recall that the Lamperti transform of X is the map
X exp(—pt) Xexpr)> t € [0,00), which transforms a S-self-similar process into a stationary
process. By using a well-known result from the theory of linear transformations of stationary
processes, we obtain that Z¢(X) 4 X, i.e. Z% is measure-preserving. Then, based on the
special structure of zx due to the (-self-similarity of X, we show that

zo(X) = /Oth(t,s)dZ;"(W), a.s., t€[0,00). (7.2)

Next, we consider the (o + %)-self—similar martingale N;* := fg s*dWy, t € [0,00). If the

underlying space is the coordinate space of (Nto‘) 1€[0,00)" then Z% coincides with the trans-

formation 7 obtained in [III], ie. 2Z%(N®) = TW(N®). Hence, for fixed T > 0, we
obtain from [III] that {Z7" (N®)} _,, where Z*" is the n-th iterate of Z, is a complete
orthogonal system in I'eo(N®) = I'so(X) := span{X; |t € [0,00)}. By combining this fact
with (7.2), we derive that {Z7"(X)}  _, is a complete and free system in I (X). Hence
F = \/neZa(Z%’”(X )), where F is the o-algebra of the coordinate space. Then, by using a
well-known result from ergodic theory, we obtain that Z¢ is ergodic.
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