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Chapter 1

Introduction

1.1 Navier-Stokes Turbulence

This section is adapted from [18]. The Kraichnan model of passive advection
is an exactly solvable model that has a very similar phenomenology to the full
Navier-Stokes turbulence, but is much simpler in many respects.

The Navier-Stokes equations

(11.1) {atv:uAv—(v~V)v—Vp+f

V-v=0

describe the motion (v(f,z) € R3 is the velocity field of the fluid) of incompress-
ible fluid acted on by the external force f. In case of finite volume, boundary
conditions should also be specified.

This can be considered as an infinite dimensional dynamical system. If the ex-
ternal force f is zero, then for physical reasons the fluid motion eventually stops
(this has not been proven rigorously for any interesting initial data). So if one
wants to get a statistical steady state one should look at the forced case. It might
be conceivable that this steady state depends strongly on the nature of the forc-
ing, but in fact it is not so and there appears to be a steady state, called isotropic
and homogeneous turbulence, which is universal, i.e. has properties relatively
independent of the nature of the forcing.

In physical situations one has some (large) scale L where the forcing takes place.
For example for underwater golf L would be the diameter of the golf ball or for
stirring lentil soup the size of the scoop and the typical variations of the trajectory
of the scoop would be of order L. Also one might consider flow on R? (or 3-torus)
and require that the Fourier transform (or series) of f in spatial coordinates is
supported on wavenumbers k with |k| < L7

1



2 CHAPTER 1. INTRODUCTION

For concreteness, let us consider a special situation. Let’s take f a Gaussian
)
process with mean zero and covariance

(112 alt2) (0 ) = Coa( S5 ) (- 1),

where Cyg is some fixed nice smooth function satisfying )" 0.Cos(z) = 0 and
R is say smooth with compact support. Here L corresponds to the spatial scale
discussed above.

The Navier-Stokes equations are invariant under certain rescalings. Let

0(t,x) = ov(tt, sx),

(1.1.3) f(t,z) = of(rt,sx) and
p(t,x) = ors 'p(rt, sx)

with os/7 = 1. Then @, f and ¥ satisfy (1.1.1) with v is replaced by 7 = 75~ 2v.

One can then introduce a dimensionless quantity

VL

14

(1.1.4) R:

which is called the Reynolds number. Here V stands for the typical value of
velocity differences on scales comparable to L. The point of the Reynolds number
is that it is invariant under the rescalings (1.1.3).

Experiments show that for small values of R the flows are smooth (laminar) and
as R grows the flow goes through a multitude of bifurcations and in the end for
large R the flow is very disordered.

Supposing that (1.1.1) has nice enough solutions, one may ask whether the corre-
sponding dynamical system has a unique ergodic invariant measure . Supposing
this to be the case one may ask about properties of y. From probabilistic point
of view, the standard ones would be the moments of v with respect to u, but
in the hydrodynamics community one usually considers the so called structure
functions:

(1.15) Sw(a) == / (& - (v(x) — 0(0)))" du(v),

z

where 7 1= %.
]

Observationally, for large R the Sy behave in a range of scales in a power-law
fashion:

(1.1.6) Sy(x) ~ Cnlz|v.

A. N. Kolmogorov presented in 1941 a theory (the so called K41-theory) according

to which (v = % and the Cy are universal. In our concrete model this would
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mean that Cy depends on C,gR only through the mean energy per unit time
and volume and nothing else.

Experiments seem to indicate that low order structure functions agree rather
well with K41-theory, but for higher (N > 10) one observes deviations of 10% or
more. In particular £y seems not to depend linearly on /N, a phenomenon called
multiscaling.

For a more detailed discussion of the problematics of turbulece, I can wholeheart-
edly recommend Uriel Frisch’s great book [10].

Unfortunately, there does not seem to be even physicist’s arguments to explain
the deviations from the K41 theory. It would be nice to have a toy model sharing
many characteristics with the full Navier-Stokes turbulence, but which would
allow theoretical or even rigorous analysis. This is provided by the Kraichnan
model of passive advection.

1.2 Basics of the Kraichnan model

The scalar advection equation
(1.2.1) T = —v-VT + AT + f.

models a scalar quantity 7 : R x R? — R (e.g. temperature distribution, concen-
tration of a coloured substance) transported by a velocity field v and pumped in
by the forcing f. We want v to mimic turbulent velocities and f to be similar to
the f of previous section.

In the Kraichnan model of passive advection [17] one takes v and f random mean
zero Gaussians with covariances

(1.2.2) ((t, )Pt 2)) = 6(t — t')D*P(x — &)
and
(1.2.3) (F(t2)f(t,a)) = 5(t = )C(—=).

The passivity refers to the fact that there is no feedback from 7" to v. The —v-VT-
term is taken in the Stratonovich sense. The reason for this is as follows. If we
let 0. be a sequence of even functions R — R* U {0} so that J. weak*-converges
to 0, then one can show that if we replace § by d. in the covariance above, then
in the limit ¢ — 0 we get the model above provided that —v - VT is taken in the
Stratonovich sense. We shall not discuss this point further and assume from the
beginning that the Stratonovich interpretation has been built in.

The forcing covariance C will be taken to be a fixed smooth function of compact
support and nonnegative Fourier transform. We will discuss the exact form of D
later.
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1.3 The Kraichnan model without forcing

The discussion here is adapted from [20]. We investigate
(1.3.1) 0T = —v- VT + kAT

with the initial condition T'(0, -) = f(-) and v Gaussian with mean zero covariance
(1.2.2).

Although rigorous, (1.2.2) is obvious physicist notation, so we do the same as [19]
and [20] and represent the randomness in (1.3.1) as a countably infinite bunch of
independent Brownian motions. Also since the Stratonovich convention is a pain
in the neck, we transform our equation into It6 form.

We want to choose our spatial covariance D’ so that it forces our advecting fluid
to be incompressible. This is achieved by taking

(1.3.2) D (x) = /ei’“'”D(!kD(aaﬁ _ kzljﬁ) (;Sd

where D is initially smooth and nonnegative with compact support in [0, 00),
but later we shall discuss more general D which are more realistic for turbulence
questions.

Let us denote Dy := D**(0) (it does not depend on «). We shall assume that
Dy < oo. Notice also that D = 0 for o # 3, so D(0) = Dy1.

Let D be the operator associated with the kernel D, i.e. for v € L?(R¢, RY) let
Duv be defined by

(1.3.3) (Dv)*(x) := Z / Dz — 2" )P (') dx’.
1<p<a R

Let P be the the Gaussian measure with covariance D. We want to find vector
fields {vx }32; and an inner product (-, -) p so that with probability one the formula

(1.3.4) Xi == (v(w),ve)p

makes sense, the X}’s are independent Gaussian random variables with unit vari-
ance and we have

(1.3.5) v(w,x) = Zkak

holding almost everywhere.

This is done as follows. Let P be the following orthogonal projection with kernel

' al.p
(1.3.6) P (x) = / e‘lk'xxsuppb<|’ff)(5aﬂ— k;: )(zd:)d'
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Now PD = DP and P(P[L?]) = 1. Moreover D has an (unbounded) inverse on
P[L?]. Let’s define an inner product on Dom(D~!) by letting

(1.3.7) (v,w)p = /]Rd v(z) - (D™ w)(x) dx

Let {vx}%_, be a maximal orthonormal set on Dom(D~1) with respect to the inner
product above.

The X}’s are obviously Gaussian since P is Gaussian. Let’s compute the covari-
ance of X}’s:

(1.3.8)
/Rd /Rd ZE (D o) (2) (D o) (y) da dy
(DD~ Uk,vk/)D
= 5’?’6’.

So the X}’s are now independent Gaussian random variables with unit variance.
So we've gotten what we wanted.

Note that

(1.3.9) > vp(x =D (z — ).

k=0

This is easily seen as follows. Let f € S(RY) and let g5 € S(R?,R?) be defined
by g5 = 6" f(y). Now an easy computation verifies that

/Z“k D)) f(y) dy =Y o (x)(Dgs, v)p

k

(1.3.10) (z)

= (Dgs)”
/ Dz —y) f(y) dy.

The claim follows.

Let {W*} be independent Brownian motions with unit variance. Now (1.3.1) can
be written as
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3. S, f= tss -V F)odWk tSSA
(1.3.11) / f+;/0 (00 - V f) Wsm/o (Af) ds

We took the liberty of switching from v to —v, since this is the convention [20]
uses and if we changed that, we would eventually get confused. Of course, this
doesn’t matter since mean zero Gaussians are invariant under the change of sign
(all odd moments are zero).

To convert (1.3.11) to It6 form, we just use the formula

t t
1
(1.3.12) / X, odY, :/ XodY, + (X, Y ).
0 0

and get

(1.3.13) Z/tss(vk.w)odwf
— Z/t Sy(vy, - Vf) de+%Z<Ss(vk V), Wit = (%)
k70 k

Substituting now (1.3.11) into the last term above and using (1.3.12) again and
dropping all terms where we have brackets of processes of bounded variation with
Wy, we get

OEDY /0 t Ss(vg - V.f) dWE+

k

+ - Z/ (g - V) (v}, - V) d(Wi, Wis)

k,k’

(1.3.14) ok - V) dWE + = Z/ (v - V)(vi - Vf)) ds

:;/0 X
:Z/ (v - V) dWE + Z/S (ox(vr - Vf)) ds
:Z/OtS(

(v, - Vf)de+;Do/ S, (Af)ds

0

Thus we arrive at

(1.3.15) Stf=f+2k:/0 SS(Uk-Vf)de—l—(/i—l—%Do)/o Ss(Af)ds
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Let & := K + 3Do. The equation (1.3.11) can be solved in a standard way by
iterating Duhamel’s principle. That is, we try to define S; using the formula

na19 s7=3 3y, - ),

=0 k1, 0<s1<.. <sn<t
c(vg, - V)R A fawk gk,

To investigate the convergence of (1.3.16) we need the following Lemma, proven
by Le Jan and Raimond (see [19], [20]).

Lemma 1.3.1. Let S? = e and let S;™ be defined using following formula
t
(1.3.17) Sptlp — emf+2/ ST (vy, - VeMA ) dWE.
— Jo

These satisfy
(1.3.18) E[(S{'f)?] < ™2 f?

for every f € L*(R%) and in particular it converges in L*(P) to a solution of
(1.3.15).

Proof. (Le Jan and Raimond [19]) Let us prove (1.3.18) by induction on n. The
case n = 0 reads (e™2 f)? < eF2 f2 which follows easily from formulae (1.3.22)
and (1.3.23) below. So let’s assume it’s true for n and we prove it for n + 1.

If we square (1.3.17), on the RHS we get a sum of It6 integrals plus
(1.3.19) A f Z/ S™ vy, - VeFE=9A £y qiy k)2,
The last term on the RHS is by It6 formula a sum of [t6 integrals plus

(1.3.20) Z /Ot(Sf(vk L VER=9R £)) (ST (v - VeP9A 1)) gk WY,

| _Z/ (v - VFE98 )12

Taking an expectation, we arrive at

E[(Strb+1f)2] _ ntA 24 Z/ vem(t s)Af>) ]dS
(1.3.21) < (eFR )2+ Z/ 8 (1, - VR4 £)2 g
k 0

t
_ <€RtAf)2 + DO/O eRsA’vek(tfs)AﬂZ ds = (*)
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Next, we’ll compute:

aseksA((e/%(tfs)Af)2> — /%AeksA((ek(tfs)Af>2)
(1.3.22) + 2ReFSA (FU=9A FY A=A 1)
— 2%QRSA|v€k(t_S)Af|2.

Therefore, since Dy < 2k, we have

(%)

IN

(ntA /aensA R(t—s)A f))dS
( ntA ) mtA ) _ ( mtAf)
A (f?).

(1.3.23) -
<

Letting Jf := S'f — S7~! f we see that by Ité formula JPf and J}* f are inde-
pendent for n # n/, i.e. they are orthogonal in L*(P). Since by (1.3.18) the set
{Srf : n € N} is uniformly bounded in L?(IP) we conclude that the limit

(1.3.24) Sif = lim S}'f
exists and this limit solves (1.3.15). O

Next, we'll give a proof by Le Jan and Raimond [19] of the positivity of S;. Since
S; is linear and S;1 = 1, we can conclude that S; is almost surely a contraction
on L*. For this, we need the following

Lemma 1.3.2. Let H be a separable Hilbert space and let W be the Gaussian
process with covariance (-,-yy. Let V- C H be a dense subspace. Then

(1.3.25) A= {Z a;eV) e N\ {0}, € C" and h € V"}

is dense in LP(Q, X(W),P) for all p with 1 < p < 0.

Remark 1.3.3. Actually we are interested only in the case p = 4. The Theorem
is false for L*° as it is not separable.

Proof. (Adapted from [16], p.134) It suffices to prove this for p > 1, since then it
follows for p = 1. This is because if A is dense in some L? and z, € A converges
to & in LP, then it does so also in L' by Holder’s inequality and the finiteness
of our measure space. Thus LP is contained in the L'-closure of A. Since L” is
dense in L', we conclude that the L!-closure of A is the whole of L!.
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Next, let’s suppose p > 1 and let g := p%l, i.e. L?1is the dual of LP. It suffices to
show that if ¢ € L? is such that

(1.3.26) /Zaj W) b dP = 0

for every n > 0, « € C" and h € V", then ¢ = 0.

For if A was not dense in LP, by Hahn-Banach Theorem there would be ¢ €
(LP)* = L9 so that f[A] = {0}, but ¢ # 0.

As H is separable we may assume that V' is the linear span of a countable set
{h7}32, C H. Let n be given, let 3 € C" and let on = o{W(h1),..., W(h,)}. We
have

(1.3.27) / Z W N E[¢|o,] dP = 0.

Thus by the properties of Fourier Transform we have E[¢|o,] = 0. Therefore by
letting n — oo we conclude that E[¢|o(W)] = ¢ = 0. O

Theorem 1.3.4. S; is positive.

Proof. (Le Jan and Raimond [19]) We prove that for f € L*(R?) and ¢ in a
suitable dense subspace of L*(P) we have E[S;f|¢[?] > 0. Let G be the Hilbert
space containing all the v,’s as an orthonormal basis and let H be the Hilbert
space corresponding to the countably infinite bunch of independent Brownian
motions on [0, ¢] indexed by the v;’s. It can be constructed for example as follows

Let {h;}52, be the Haar basis of [0,t], let f; be defined by f;(s) = [; h;
and take ({f;}32; X {vx}72,) as a basis of H with the inner product
(1.3.28) ((fys00), (fyrs o)) = 679 65

Let V' be the space of simple processes defined in [0,¢] with values in G. If
h = Zizw 1[ti,ti+1)gi is in V/, then

t
(1.3.29) X, = Z/ (hg, ) p dAWF
k 0

is a random variable with a preimage (denoted by W~1h) in H. Now WXy
is dense in H.

Therefore it suffices to show, by Lemma 1.3.2, that for all f > 0in L?, o € C?
and h € VP we have
(1.3.30) E[S.f Y ajage Jo i =ht i) p dWE] >

33"
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This is readily computed using Itd’s formula and a dirty trick. Denote X; :=

et X Jo (hh=hi ok} dWsk, By 1to’s formula one sees that

t o I S
(1.3.31) Xt—1+i2/ Xs<h§—hg,vk>Dde—§/ Xillhg = B |[p ds.
k0 0

This is now a finite-dimensional SDE with the unique solution

(1.3.32) X, = ot I nA=nd |13 ds

E E i _pd k
" / <hsm hsm,Uk>D dWs;ln
7L>0 0<81< <8n<t

as is easily computed by taklng a differential of the RHS.
So, we see that the LHS of (1.3.30) equals

1optypd_ g’
(1.3.33) E Oéja—j,efafol\h%fhé\lid&
5d’
n

{Sthz Z /0 [, =1 pawkn].

n>0 1., <$1<..<sn<t 1

Let us denote the expectation above with (x). Define R} as R} := 1 and
t
(1.3.34) R+ .= Z/ RYi(h) — I v p AW,
k 0

So R, := Y, . R is just the infinite sum inside (x). Write also S, f = J/'f
with JOf := e“tAf and

t
(1.3.35) = / JH (v, - REDA Y gk
k 0

Now a direct computation using (1.3.34) and (1.3.35) shows (observing that
E[J"fR] = 0 for m # m/) that E[S,fR,] is the sum as n — oo of E[J?fR)] =
eMA f and

E[Jn-i—ltRn-‘rl [Z/ Jn Uk VG R(t—s f) de

k,k’

t
/ RYi(h? — h?, uk>DdW8’f’]
(1.3.36) 0

— E[Z /t Jn(Uk Vek(t_S)Af)R?<Uk,i(hg . hil)>D d8:|

:/ To(i(hd — hT') - VeRt=I8 £ RY g,
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Write (+) 1= Quf = 32,50 Qf'f with Q) f := €™ f and

(1.3.37) nrlf _n—l/ Q™ (i( h') - VeRt=9)A £ ds.

Let X; be a Brownian motion of variance 2% on R¢, independent of W,

We now claim that

1 - v
3. = E* | | — o) - dX,
(1.3.38) Qff = 2R {f( /0<81< ! i bl )(7s,,) ™

=1

This is easy to prove using induction. First of all clearly
(1.3.39) Q) f(x) = E*[f(Xy)].

Next, suppose (1.3.38) holds and we compute Q7. Below, let h := hJ — hi'.

1

t
n+1 x R(t—sn+1)A £ -
Q ( ) (2/*%)“ /0 ]E lve * f Zh5n+1 <X3n+1)

/ H ihs,, (Xs,) - dXsm} dSm1
0<51< .. <spy1

m=1

- o [ B [EX VHX)] i, (X )

n

/ 11 7. (X...) - dXsml dSpmit
0<s1<...<Sn+1 =1

(1340) = (2;H>Ex |:/0 vf(Xsn-H) . ih5n+1 <X3n+l)

n

/ H Zhsm (XS'IYL) ’ dXSm d8m+1:|
0<s1<..<Snt1 =1

1 t
~ )E‘T |:/ Vf(X5n+1) : dX5n+1
0

/ 11 7. (X - dXsm]
0<s1<..<snp1<t (1
1

= EI X, / ihsm Xsm 'dXsm:|7
(2/7+1) {ﬂ ) 0<51<...<Sn+1<t7gl (Xom)

which was to be proven.
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Let

1 n ' )
P A _~/ i(h, (X)) = W, (X)) - dX,
( | t ;2“ 0S51S...§5n§tH (s, (Xo) = B3, (Xs0))

m=1

Now it is easy to verify that Z, satisfies the following SDE
I L

(1.3.42) Zy =1+ —~/ Zyi(h) — k1) - dXs.
2k J

It is immediately verified using Ito formula that this has the unique solution

(1.3.43) 7, = et Jo (RA(X)=h% (X0)dX ot g 5 IA(X) =3 (Xo)[2ds

Thus

(1.3.44) Qi f(z) =E" f(Xt)e’%fé(hé(xa—hi’(Xs)rdXsﬁféIh2<Xs>—h5<Xs>|2ds .

Denote now

(1.3.45) 1 = o3 Jo M=k D= A (Xo)—hd (X2 ds.

Now (1.3.33) can be written as

(1.3.46) E” { f(Xy) Z i3 Jo X)X i1 e —ing Jo W (X,)dX, |

7'
Being obviously real and symmetric, it suffices to show that the random variable
v is a positive matrix almost surely.

Now we claim that

(1.3.47) (meh)?(y) = Dy > D**(a — y)h* (=)

is an orthogonal projection with kernel GG, the vector fields in G vanishing at
x. This is seen as follows. First of all (m,h)%(z) := h®(x), so h — m,h € G,.
Secondly we have (r,h, g)p = Dy >, vi(z) - h(z) Dy (v, 9)p = Dy *g(z) - h(x),
so for ¢ € G, this equals 0 and also for all h we have |h(z)]* = (m.h,h)p.
Therefore we conclude that

(1.3.48) I = b S (=52 JAX) = (X0) W (Xs)—hd (X)) ds.

This is obviously a positive matrix as the Gaussian is a positive definite function
on RP. OJ
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Next, we jump to analyzing the n-point functions of the passive scalar. Let
_ _ = aﬂ _ _— _
(1.3.49) = ”ZMZBD ;) 81: o ﬁ KZA

Theorem 1.3.5. For all f; € L>°(RY) N Dom(A), 1 <i < n we have

n

(1.3.50) E[&)(Sif)] = e M ® fi.

=1

Proof. (Le Jan and Raimond [20]) By It6 formula, we have

Rsif) =R fi+> Z/O Sufs @ . ® Sulvx - Vi) @
=1 =1 =1 k

® S fn dWE
n t
(1.3.51) +&Z/ Sofi ® ... @ S,Af; @ ... ® Sy fn) ds
Y Z/Sﬁ@ © S, V)i ®
1i<i<j<n k

® Ss(v - V) f; @ ... ® Ssfn ds.

Let’s show that in the above equation the stochastic integrals make sense. First
of all a single integral makes sense, since S; is almost surely a contraction on L
and thus it suffices to show

(1.3.52) ]E{/Ot(Ss(vk - Vf))st] c L*(RY).

By Fubini’s Theorem one can take the expectation inside and an application of
(1.3.18) we get that the LHS above is less than

(1.3.53) /t "B (v - V) ds
0

As fi € Dom(A), vy, - Vf € L?(R?) and as e*2 is contraction on L! for all t > 0
we can conclude (1.3.52). So it suffices to show that the infinite k-sum converges
in L'(P) in order to conclude that

(1.3.54) Z/ L dWF) = ZE/ LdWF] = 0.
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It is easy to see that the k-sum converges in L*(P) and therefore in L!(IP) by the
finiteness of P. Indeed, as the stochastic integrals for different k are orthogonal,
by ignoring the S, f;’s we get

[Z/ s(vy, - Vf;) dWF) } ZEU S(on - V) d
—Z/ (k- V1)) ds
gZ/O 5B (v - V f)* ds

t
_ Do/ FDY £ ds € L'(RY.
0

(1.3.55)

Using now (1.3.9) we see that (1.3.49) holds. O

1.4 The Kraichnan model with forcing

Now if we put the forcing on, we get the so called Hopf equations. Suppose for
simplicity that the initial condition is zero. Now an application of Duhamel’s
priciple to (1.2.1) for single force yields

t
(141) T}/ _/ /Stsfsto ds.
to

Now if we look at the correlators, we see that

(1.4.2) ®Tt = {/O(Xl)st sifsim toHdsz}
:/t E[@ Stfsifsifto] Hds@ = <*>

Let us process the integrand. Assume for simplicity that s; < ... <s,. Then by
the semigroup property of S we have

(1.4.3) ®St ) feimto]

R T T P P

=: (k).
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As f is mean zero Gaussian and delta-correlated in time, we get 0 for odd corre-
lators and for even correlators we get inductively

(1.4.4) (x%)g(xq, o) 1= /tt ds /dy e~ EIM2 (3 yC(yy — 1)

and

d d (t— stn
(1.4.5) / S/ ye (ey)

**)zn 2(y17- o Yon— Q)C(yZn—l —yzn)-

Thus by sending tg — —oo we end up with the formulae

(1.4.6) Fa = /dy (M3)7H(x,7)C(y1 — v2)
(1.4.7) Z / (Man)™ (%, ¥) Fan— 2(91, 7y2n)c(yi —y;)dy.
1<i<j<2n

For k > 0, using standard machinery for elliptic operators one can show that

(1.4.8) Fo(x) < Chx Z H (1 + |a; — 2;])>

T {ijler

We just give the crux of the argument. For k > 0 we have ¢, A < M,,. So morally
(M) Yz, y) < C’;L’H(—A)_l(x —y) with C, . — 00 as k — 0.

Denote C'(y1,y2) = C(y1 — y2). Specializing in a fixed pairing and denoting the
kd-dimensional Laplacian by A, we can therefore conclude that

(1.4.9) MM (.(M7'CeC).)®C)
< O (=02) H(= D20 2) (AT C® 0).) @ C).

Let’s now define G,,, inductively as follows:

(1.4.10) Go(y1,92) = (—A2) "' (41, 12)

and

(1.4.11)  Gon(Y1, oo Yon) = (—A2n)~ (ZGQn 2(Y1,y .y 2 2,2i+1,...,y2n)).
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Thus G, gives an estimate for the unordered pairing

(1.4.12) {{1,2},...,{271— 1,2n}},

so summing over all unordered pairings gives an estimate for Fy,.

An easy formal computation on the Fourier side gives (k;’s are 2d-dimensional
Fourier coordinates).

() (Il bl 2l
(1.4.13) — =
== |k1|72'-'|kn’72-

Therefore we “can” conclude that

(1.4.14) Fon(x) < Co > T (U o — ay)*

T {ijler

1.5 Analysis results

The trouble with the x — 0 limit is as follows: As k — 0 the operators M,
become degenerate elliptic and thus the argument given above does not work.

For turbulence questions the exact form of D*? is important. We would like D8
to mimic turbulent velocities as much as possible. To achieve this, we let

(1.5.1) D(z) = /Rd (|k|26+i:2)d2+5 (1—k®k)dk.

Here m > 0 is a parameter called ultraviolet cutoff and £ € (0,2) is a parameter
corresponding to the Kolmogorov scaling exponent of the two-point function with
4

§ = 3 corresponding to the value given by Kolmogorov theory.

First we discuss the m — 0 limit. If a € R, we denote the vector (z; + a),
by x + a. We call a function f : R™ — R translationally invariant, if for every
a € R? and x € R™ we have f(x) = f(x+a).

In the limit m — 0 the integral in (1.5.1) diverges, but in the formulas (1.4.6)

and (1.4.7) M} acts on translationally invariant functions. If we set

(1.5.2) d*¥ .= Dy — D’
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we can write (1.3.49) as

0 0 - 1 (= 0
1.5. N = APz, — ) kST A~ =D 2.
I P VR RO WL LA 9 -)

The last term here vanishes when acting on translationally invariant functions
and for m > 0 we have

_ . al.p
(1.5.4) 4B (z; — z;) = / L — cos(k ji)g (5@6-%) dk.
e (k|2 +m2) 7 ||

At m = 0 this integral makes perfect sense and equals

. r(2-&)/2) op _ (20

A translationally invariant function on R is really a function of (n — 1)d vari-
ables. So, let’s throw away the last term from M, and reduce the number of
dimensions from nd to (n — 1)d.

In other words, we set x; :=y; — ;41 for 1 <i<n—1, so

ooz if i =1,
(1.5.6) 8‘9 {5 —5% if2<i<n-1land
yia i i—1
n—1
For an operator of the form H := —V - AV with A a matrix-valued function,

denote o(H) := A and call A the symbol of H. Denote the symbol obtained in
this way by o(M,,). At k = 0 a simple calculation shows that o(M,,) equals

(1.5.7) i i(vi, (d(z xy) — d(i xy,) — d( Z xy) + d( i TE))v;)

In particular,

(1.5.8) o(Mz) = (v1, d(z1)v1),

o(M3) =(vy,d(z1)v1) + (ve, d(z2)ve)+
(15.9) (v, (d(z1 + x2) — d(z1) — d(x2))V9)
and

o(My) =(vy,d(x1)v1) + (va, d(z2)v2) + (vs, d(23)V3)

(v, (d(z1 + x2) — d(x1) — d(x2))V9)
(1.5.10) (vg, (d(zg + x3) — d(x2) — d(x3))vs)

<U1, (d(ZEl + o + $3> — d(ﬂ?l + 1’2) — d(ﬂ?g + 5133) + d(;€2>>1)3>.
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The point of my paper ([14], Chapter 2) is that the following formula analogous
to (1.4.14) holds directly at x = 0:

(1.5.11) Fon(x) < Cu Y T (U Jas — )%

T {ijler

To give an idea of the proof we investigate the easier question of the uniform
local integrability of the Green’s functions of the operators M,, in the following
sense. We want to show that

(1.5.12) sup / d®r Dy Gy, (2, y) < oo
B(z,1)

rcR(@n—1)d

We prove (1.5.12) by analyzing the heat kernel K, —of the operator in detail
and then using the fundamental relation

(1.5.13) G, () = / dt K (t, 2. y)
0

to obtain estimates for the Green’s functions.

The proof ([14], Chapter 2) has two phases. First of all, results of Davies and
Varopoulos ([6], [5], [22]) are used to obtain K (¢, z,-) € L™ for t > 0, some coarse
estimates for the tail of the heat kernel and to verify assumptions in the second
phase. In the second phase the estimates are refined using the Harnack inequality
([13]) for a class of degenerate parabolic equations.

1.5.1 Results by Varopoulos and Davies

One may prove that the symbols of M, satisfy the following estimates. The
degeneration set F' of o(M,) is the set of + € R V4 5o that o(M,) is not
invertible. It is easily seen that F' is a finite union of subspaces of codimension
d> 2.

Let w(z) := d(z, F)¢ and let wy(z) := |z|*. One has a C' < oo so that

(1.5.14) C~td(x, F)*v|jw| < (v, o(M,)w) < Clz|*|v||w].

It follows by [4] (or by “direct” computation) that the following Sobolev estimate
holds.

Proposition 1.5.1. There is C < oo such that for all f € CF(RM™ V) we have
(1.5.15) 113Gy < CUf Mo f),

where i = (2”__;/)2‘1 15 called the dimension of the semigroup e~

Mput
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Now the following result by Varopoulos [22] (the proof can also be found from
[6], Theorem 2.4.2) yields that the heat kernel is pointwise bounded for ¢ > 0.

Theorem 1.5.2. Suppose C°(R™) C Dom(H). Let e 1 be a symmetric Markov
semigroup on L*(R™) and let u > 2 be given. Then there is C; < oo such that
for all f € C°(R™) we have

(1.5.16) 113/ u=2y < Co{f, HS).
if and only if there is Cy < 0o such that for all t > 0 and f € L*(R™) we have
(1.5.17) e flloo < Cot /4| -

Here the constants Cy and Cy depend only on each other and the dimension u of
the semigroup.

Since e~ #t is self-adjoint (1.5.17) also implies that
(1.5.18) [le " fll2 < Ot f]r,

which in turn shows that

t _H'/4
(1.5.19) e ™ f]|oo < C2(§> le™ 2 f||y < Cst 2| f|]1.

In particular K (¢,x,-) < Cst /2,

The next part of phase one is to get Gaussian spatial estimate for the heat kernel.
This is provided by the following Definition and Theorem.

Definition 1.5.3. Let A be a symbol on R”. The function

da(z,y) :==sup{|o(z) — ¢(y)| : ¢ is C* and bounded with

(1.5.20) (V6, AVG) < 1 on R")

is called the metric associated with A (or H, if H := —V - AV or e or the
heat kernel of H).

Theorem 1.5.4. Let u be a positive real number. Suppose H := —V - AV >0
is a positive self-adjoint divergence form operator with e "' a symmetric Markov
semigroup of dimension p. Then for each 6 > 0 there is Cs < oo such that the
heat kernel K of e ! satisfies

dA(xv y)2

5. < < Cyt™H? —
(1.5.21) 0 < K(t,x,y) < Cst = exp{ 0+ 6)t}

for all 0 < t < oo and x,y € R™. Besides §, Cs depends only on p and the
constant C' of (1.5.15).
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Proof. See [5]. O

This estimate is useful for analysis of G, , but using it alone fails to establish
(1.5.12) as we shall shortly see. First of all we see that o(My) ~ |- |*. Using
Theorem 1.5.4 we get a C' < oo such that

lz —y|?
—}

(1.5.22) Ky, (t,z,y) < Ot 7 exp{— ol

for |z] =1 and |z — y| < 3. Integrating with respect to ¢ from 0 to oo yields

(1.5.23) G, (z,y) < C’\x—y|272%d€.

Integration w.r.t. y over |z —y| < % yields a finite answer only if 2 — % > —d,
that is £ < ﬁ. This alone is not too bad, since we might be satisfied with
(1.5.12) for small &, but we quickly run into problems. For each n > 2 there
are points z € S 141 50 that o(M,,) ~ 1 in a neighbourhood U of x. Similar
arguments as above yield

2(n—1)d

(1.5.24) G, (2,y) < Clw =y =

Now an integration w.r.t. y near x gives a finite answer only when £ < (n_fﬁ.
This means trouble: Given £ with 0 < & < 2, there will always be some N so

that the above argument fails to give local integrability for M, with n > N.

The reason why this argument fails is that the estimate (1.5.22) is sub-optimal.
Since Mj is uniformly elliptic in a neighbourhood U of z € S~!, the heat kernel of
M, should behave (by e.g. physical intuition) like the heat kernel of the Laplacian
for small times and small distances from .

So suppose we manage to verify that for x| =1, [z —y| < e < 3 and 0 < ¢ < g
we have

|z — y|?

(1.5.25) Ky, (tz,y) < Cot ™2 eXp{—ﬁ}.
2

Since there is some C3 < oo so that R < Cgt_% for t > ty we can combine
(1.5.22) and (1.5.25) to get

lz —y|
}

(1.5.26) Ko, (t,2,y) < Cyt™% exp{—
Cot

for x| =1, |z —y| < eand 0 <t < oco. Now an integration w.r.t. ¢ from 0 to oo
gives

(1.5.27) G (w,y) < Cslw — y*™
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for |z] = 1 and |z — y| < e. We get something similar for n > 2 for points
x € SV4-1 with o(M,) ~ 1 for some neighbourhood U of x.

Let us now briefly comment on how (1.5.25) can be proved. Let A be a symbol
defined on some domain U C R™ with B(0,2) C U and assume that A is uniformly
elliptic on B(0,2) and let A and A be the corresponding lower and upper bounds
for the symbol. Now Moser’s (see [21]) parabolic Harnack inequality says that
there is a C' < oo depending on A only trough A and A (and n) so that for any
solution u of u; = V- AVu on (0,3) x B(0,2) we have

(1.5.28) ess Sup,ep(,1) U1, ) < Cess infrepo) u(2, ).

Now we make a scaling argument. Let € € (0,1] be given. Define u(t,x) =
u(et, /ex) and A°(x) := A(y/ex). It is readily verified that u® satisfies uf =
V - A*Vu© and since the C' above depended only on A and A (and n), we have

(1.5.29) ess Sup,epo,1) U (1, ) < Cess infrep) u(2, 7).

Scaling back to u this means that

(1.5.30) ess SUP,ep(o,,/e) U(€, ) < Cess inf e, e u(2¢€, ).

Now since for say fixed 2 € R? and ¢ > 0 the heat kernel K(-,z,-) is a solution,
we can compute using the fact that the integral of a heat kernel is < 1:

t2K(t,2,0) < C|B(0,Vt)| sup K(t,x,2)
x'€B(0,V/1)
< C'|B(0,vt)] inf K(2t z,2)
(1.5.31) vEBOVY)
< C’/ K(2t,z, ") d2’
B(0,1/1)

<.

So this method gives the correct prefactor t=2 of (1.5.25). Next we use a proba-
bilistic method, i.e. killing probabilities to get the exponential tail of (1.5.25).

The following is Proposition 6.5 on page 179 of [1].

Proposition 1.5.5. Suppose A ~* 1 on R™. There is C < oo depending on A
only through \ (and n) such that

2

(1.5.32) P (sup X, —y| > p) < Cexp{—5}.
s<t
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Suppose then that A ~* 1 on B(0,2). Then obviously (1.5.32) holds for y = 0
and p < 2 with the same C|, since obviously the killing probability of the diffusion
can only depend on the symbol on the set on whose boundary the diffusion is
killed at least if the sample paths of the diffusion are continuous almost surely.

To put it in another way, (1.5.32) says that the integral of the heat kernel K (¢, 0, -)
over |z| > p is less than C exp{—‘é—i}. Therefore the argument of (1.5.31) yields
for any € > 0 some C(e) < oo so that for any = € B(0,2 — €) we have

KN

(1.5.33) K(t,0,z) < Cle)t™2 exp{—m

}.

1.5.2 Gutiérrez-Wheeden results

For n > 2 we have degeneration points also outside of the origin. Large part of
my article ([14], Chapter 2) is devoted to proving similar estimates as (1.5.33)
also in this case. For this purpose one needs Harnack inequalities for degenerate
parabolic equations. These are provided by the results of [13].

Definition 1.5.6. Let w be a nonnegative locally integrable function (a weight)
defined on R™. We denote w(A) := [, w(z)dz. The function w is called a
doubling weight (resp. an As-weight), if there is a constant C' such that for every
ball B C R" we have w(2B) < Cw(B) (resp. prw(B)w™(B) < C).

Since by Schwartz inequality |B|*> < w(B)w™(B), we have |2B|? = 2**|BJ]*> <
22w (B)w™(B) < 22"w(B)w™!(2B), so we can conclude that an A,-weight is
also a doubling weight.

Definition 1.5.7. Denote up := |B|™! [ u(x)dz and let wy,w, be weights on
R™ and let ¢ > 2. We say that the Poincaré inequality holds for w, we with q,
if there is C' < oo so that for every ball B C R™ and u € W'?(B) we have

1/q
(wg(B)1 / |u — up|twsy d:c)
B

(1.5.34) 1/2
§C]B|1/"(w1(B)1/ \Vu\zwld:v) :
B

Theorem 1.5.8. (Harnack inequality) Suppose H := —V - AV is a divergence
form operator with wi < A < ws and suppose that the weights wy and wo satisfy
the following:

1. wy and wy are As,

2. The Poincaré inequality holds for wy, we with some q¢ > 2 and
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3. The Poincaré inequality holds for wy, 1 with some ¢' > 2.

Let tg, ...ty € R with tg < ... < tg, @ C R"™ open and K C € compact and
connected. Let u be a strictly positive solution to uy + Hu = 0 in Q x (to,ts).
Then there is a constant C' < oo depending on 2, K and t, ...,ts, but on A only
through the bounds wy and wy so that

(1.5.35) €8S SUD gy 1y 1) U < C €88 Inf g rg,1,) U

Proof. This is just Theorem A of [13] supplemented with a covering argument
from [21], pages 734-736. O

Remark 1.5.9. For the purposes of Theorem 1.5.8 the concept of u being a solution
of uy + Hu =0 on Q := Q X (to,t4) means exactly the following:

1. ue L*Q),

2. u € L*(Q),

3. |Vul*wy € LY(Q) and

4. For all ¢ € C(Q) we have

(1.5.36) / ud + (AVu, Vo) dx dt = 0.
Q

The assumptions above have been verified in my article ([14], Chapter 2).



24

CHAPTER 1. INTRODUCTION



Chapter 2

The Article

We prove estimates for the stationary state n-point functions at zero molecular
diffusivity in the Kraichnan model [17]. This is done by proving upper bounds
for the heat kernels and Green’s functions of the degenerate elliptic operators M,
that occur in the Hopf equations for the n-point functions.

2.1 Introduction

The Kraichnan model of passive advection is an exactly solvable model that has
a very similar phenomenology to the full Navier-Stokes turbulence, but is much
simpler in many respects. I'll only give a very short reminder for the reader.
More detailed introductions to the problem we are addressing can be found e.g.
in [11] and [18]. See also [7], [19] and [20].

Let T(t,z) € R,z € R? be a scalar quantity satisfying
(2.1.1) oT =kAT —v-VT + f.

In the Kraichnan model we take v and f random, decorrelated in time, indepen-
dent and Gaussian with mean zero and covariances

(2.1.2) (0% (ty, 21)0° (ta, 2)) = D*P(zy — 24)0(t; — t5) and

(213) <f(t1, §C1>f<t2, 372>> = C(I‘l - $2)5(t1 — tg)

Here the v- VT should be interpreted in the Stratonovich sense. The incompress-
ibility of the velocity field v is guaranteed by taking

(2.1.4) D% (z) = /e‘ik“D(\kD(éo‘ﬁ — kzljﬁ) dk

25
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where D is smooth, nonnegative and of compact support in (0,00). A D that
mimics turbulent velocities is

2.15) DAk = 164 Ik + 71

with x smooth, y = 1 in a neighbourhood of the origin and x(x) = 0 for = > 1.
The idea is that D behaves like |x|¢ in the so-called inertial range n << |z| << /.
The number 7 is called the Kolmogorov scale and ¢ is called the inertial scale.
We let C' € C5°(R?) with a nonnegative Fourier transform and C' := C(-/L), with
L>0.

One is interested in the statistics of T'(¢,z) as t — oo. Let
(2.1.6) Folt,x, yxy) = (T(t,x1)..T(t, x,)).

Given (2.1.2) and (2.1.3) the n-point functions F,, of the scalar T" obey the so-
called Hopf equations (see [20]):

(2.1.7) OF,u(t,xq,...,xn) = —MpFn(t, 1, .. xn)+
Z Fnot ml,.é.ﬁ., n)C(x; — xj),
1<i<j<n
with
> oy o D)
(218) Mn = — D (ZEZ )a— — K A
1<i<j<n 1<a,8<d O 835 1<i<n

The fact that the Hopf equation for F,, does not contain F,, with m > n makes
it easy to solve these equations inductively. The situation here differs drastically
from full Navier-Stokes turbulence, where the Hopf equation for F,, contains also
Fri1

M,, is an elliptic operator and in terms of its heat kernel F,, (with zero initial
condition for simplicity) is given by

t
(2.1.9) B(t,x)z/ ds /dye‘“‘s)MQ(XJ)C(yl—yz>
to

(2.1.10) Fan(t,x) Z / ds /dye (t=s)Man (% y).

1<i<j<2n

“Fon-2(8,Y15 - - Y20 )Cys — y;) dy
i

with vanishing odd correlators.
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As tg — —oo these have the stationary limit

(2.1.11) Fy= /dy (M2)7H(x,¥)C(y1 — 1)
(2.1.12) Z / (Man) ™ (%, ¥) Fan—2(v1, -A, - Y2n)C(yi — y5) dy.
1<i<j<2n

One is interested in the study of Fy, for n small, ¢ large, x small and L large.
In this paper we prove bounds for these directly in the limit n = 0, ¢ = oo and
rk = 0 with fixed L, say L = 1. Our methods also allow the study of the limit
n—0,¢— ocoand Kk — 0 [15].

A comment on D is now in place. While sending n — 0 and ¢ — oo in D, we get
into trouble with ¢, since D diverges as { — oo. Fortunately it doesn’t matter:
Let

alp
(2.1.13) d*?(z) = /dk( Z’”’)D(|k|)<5o‘ﬁ— kkf )

Now (2.1.8) can be written in the following form:

. 0
(2114) M= D Y d¥(x axaax 5—HRA— DO(Z Z

1<i<j<n 1<a,3<d 1<i<n 1<a<d "’*"z’ )

In (2.1.7) M,, acts on translationally invariant functions, so the last term drops
out and the rest has a limit as ¢ — oo.

Finally, here’s our main Theorem, proved directly at n =0, ¢ = oo and xk = 0:

Theorem 2.1.1.

(2.1.15) Fon(x) < Co Y [T @+ fa — 2>,

™ {ij}em

where the sum is over pairings of {1,...,2n}.

2.2 Preliminaries

This section fixes the notation and discusses the results from other papers ([4],
6], [13], [22]) used in this paper. There is an overview of this paper in §2.3, so
the reader might want to start there.
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2.2.1 Degenerate elliptic operators in divergence form

Let 2 C R™ be a domain. We shall be interested in second order differential
operators in divergence form, i.e. in operators H of the foorm H = —V - AV,
where A is a locally square integrable function from €2 to real symmetric positive
n X n matrices with locally square integrable distributional derivative, i.e. A €
W1’2(Q,M”). One can make sense of more general operators, but this is not

loc
relevant to the results presented in this paper.

Definition 2.2.1. Let H and A be as above. The matrix A is called the symbol
of H, and we denote o(H) := A. The function wi (z) := inf,cgn—1 (v, o (H)(z)v)
(resp. wi (z) := sup,egn-1{v,0(H)(z)v)) is called the greatest lower bound (resp.
least upper bound) of the symbol.

We shall also use o(H) to denote the quadratic form (v, A(z)v). The usage
will be clear from the context. We often speak loosely and forget the attributes
“oreatest” and “lowest” from the bounds.

If A and B are two symbols and U C R™, we shall denote A ~* B on U, if
M < B <X 'Aae onU. If there is A > 0 so that A ~* B on U we also say
A~ BonU. If “on U” is dropped, we refer to whole R™.

We shall use 1 to denote the identity matrix. Thus a symbol A is uniformly
elliptic iff A ~ 1. Moreover, if A and B are symbols on R™ and R™, then A® B
is just the natural symbol on R™*"2,

Definition 2.2.2. Let w be a nonnegative locally integrable function (a weight)
defined on R". We denote w(A) := [, w(z)dr. The function w is called a
doubling weight (resp. an As-weight), if there is a constant C' such that for every

ball B C R"™ we have w(2B) < Cw(B) (resp. ﬁw(B)wil(B) <C).

Since by Schwartz inequality |B|? < w(B)w™!(B), we have |2B]*> = 2?"|B|? <

22w (B)wY(B) < 22"w(B)w™!(2B), so we can conclude that an A,-weight is
also a doubling weight.

Definition 2.2.3. Denote up := |B|™! [, u(x)dz and let wy,w, be weights on
R™ and let ¢ > 2. We say that the Poincaré inequality (resp. Sobolev inequality)
holds for wy, we with ¢, if there is C' < oo so that for every ball B C R™ and
u € WY2(B) (resp. u € W,?(B)) we have

1/q
(wg(B)l/ lu — up|tws da:)
B

(2.2.1) s
gC’\B[l/”(wl(B)_l/ ]Vu|2w1dac)
B
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(resp.
1/q
(wg(B)l/ |u|qw2dx)
(2.2.2) B L2
< C]B\l/”(wl(B)l/ |Vul?w, dx)
B
).
Theorem 2.2.4. (Harnack inequality) Suppose H := —V - AV is a divergence

form operator with wi < A < wq and suppose that the weights wy and wo satisfy
the following:

1. wy and wy are in As,
2. The Poincaré inequality holds for wy, ws with some q > 2 and

3. The Poincaré inequality holds for wy, 1 with some ¢’ > 2.

Let tg, ...ty € R with to < ... < tg, Q@ C R"™ open and K C Q compact and
connected. Let u be a strictly positive solution to uy + Hu = 0 in Q X (tg,ty).
Then there is a constant C' < oo depending on 2, K and tg, ...,ts, but on A only
through the bounds wy and wy so that

(2.2.3) €SS SUD ey (1,.1) U < €088 infrey 15.14) U

Proof. This is just Theorem A of [13] supplemented with a covering argument
from [21], pages 734-736. O

Remark 2.2.5. For the purposes of Theorem 2.2.4 the concept of u being a solution
of uy + Hu =0 on Q := Q X (o, t4) means exactly the following:

1. ue L*Q),
2. U € L2<Q>,
3. |Vul*wy € LY(Q) and

4. For all ¢ € C}(Q) we have

(2.2.4) / ud + (AVu, Vo) dx dt =0
Q
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We are going to apply to apply the Harnack inequality only to heat kernels of
some degenerate elliptic operators. In particular as long as ty > 0 all the above
items will hold.

Since the heat kernel is a positive distribution, it is a measure and (4) follows
from the fact that the heat kernel is a distributional solution of the corresponding
degenerate heat equation.

First of all (1) holds because for ¢y > 0 the heat kernel is a bounded function on
Q2 x (tg,t4) (by Corollary 2.4.22).

Secondly (2) holds because of the following computation which is justified by
Remark 2.2.8:

(8tK)(S7 ‘,3/) = _HK<57 '7y)

_ —6_(S_t0)HH6_tOH/2K(%), . y)

(2.2.5)

Now since by Remark 2.2.7 e~ is a contraction on L2,
(2.2.6) sup ||0:K (s, +,y)||2 < oo.
se(to,t4)

Let A be the symbol of H. To prove (3) it suffices to show that |VK]| is locally
in L2, since ws is locally bounded. Since

(2.2.7) /|VK|2dxdt§/w1‘1(AVK,VK> da dt.
Q Q

Since w; is in Ay (by Lemma A.1.2), w; ' is locally integrable, so it suffices to

prove that (AVK,VK) is essentially bounded on (). We show that for any
0 < ¢ e C§°(Q) we have

(228) /Q HAVE, VE) < C /Q s,

with C' not depending on ¢.
So we compute using the facts that K and V- AVK are locally bounded:

/ S(AVK, V) — ‘ / KV - 6AVE

Q Q

(2.2.9) < O‘/<AV¢, wc)’ +o‘/ QSV-AVK’
Q Q

/ngv-AVK’gc'/Qqs.

It follows from the results in §2.4.2 and Appendix A.1 that this Harnack inequality
holds for the operators M,,, which will be our main interest and will be defined
in §2.2.3.

<2C
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2.2.2 (Gaussian upper bounds for heat kernels

The material in this section is mostly taken from [6]. For more information, see
sections 1.3, 2.4 and 3.2 there. See also [5] and [22].

Definition 2.2.6. Let H > 0 be a real self-adjoint operator on L*(R™). We call
the semigroup et a symmetric Markov semigroup, if it is positivity-preserving
and a contraction on L*(R™).

Remark 2.2.7. By saying that e is a contraction on L? with p # 2 we mean that

e M is a contraction on L? N L? and can be extended to a unique contraction on
LP. In the case of L> we have to impose the extra condition of weak™ continuity
to achieve uniqueness since L> N L? is not norm dense in L.

Remark 2.2.8. A symmetric Markov semigroup is strongly continuous on L? with
1 < p < o0, see Theorem 1.4.1 of [6]. This in particular implies that the generator
H commutes with the semigroup e " (see [5]).

By Theorem 1.3.5 of [6], any self-adjoint divergence form operator with non-
negative symbol and core C5°(R™) gives rise to a symmetric Markov semigroup.
The Theorem there is stated for “elliptic” operators, but the proof works for any
non-negative symbol. The keywords here are self-adjointness and core C§°. Both
follow for M,, from the fact that o(M,) € WL*(R"D4) (Proposition 2.4.3). See
Theorem 1.2.5 of [6].

Definition 2.2.9. Let e ! be a symmetric Markov semigroup on L*(R™). We
say that e~ is wltracontractive if the map e ! is bounded from L? to L* for
every t > 0.

Definition 2.2.10. Suppose that C5°(R") C Dom(H). Let e f* be a symmetric
Markov semigroup on L?(R™). We say that e "' (or H or o(H)) is of dimension
p if there is Cy < 0o such that for all ¢ > 0 and f € L*(R") we have

(2.2.10) e flloo < Cot ™| f]-

Note that the dimension of a semigroup need not be unique.

There is a standard method for obtaining global Gaussian upper bounds for
heat kernels of divergence form operators with nonnegative symbols using global
space-independent bounds. A good reference for this is [5].

Definition 2.2.11. Let A be a symbol on R"™. The function

da(z,y) :==sup{|o(z) — d(y)| : ¢ is C* and bounded with

(2.2.11) (Vp,AV¢) <1 on R"}

is called the metric associated with A (or H, if H := —V - AV or e ' or the
heat kernel of H).



32 CHAPTER 2. THE ARTICLE

The following Theorem was proved by Varopoulos [22].

Theorem 2.2.12. Let i be a positive real number. Suppose H := —V - AV >0
is a positive self-adjoint divergence form operator with e "' a symmetric Markov
semigroup of dimension p. Then for each 6 > 0 there is Cs < oo such that the
heat kernel K of e ! satisfies

dA(xv y)2

2. < < Cyt™H? — e
(2.2.12) 0 < K(t,x,y) < Cst ™= exp{ 0+ §)t}

for all 0 < t < oo and x,y € R™. Besides §, Cs depends only on p and the
constant Cy of Definition 2.2.10.

Proof. See [22] or [5]. O
We shall use the following Theorem later to get the dimension of M,, in Corol-
lary 2.4.22.

Theorem 2.2.13. Suppose C*(R") C Dom(H). Let e f* be a symmetric
Markov semigroup on L*(R™) and let yu > 2 be given. Then there is C; < oo
such that for all f € C§°(R™) we have

if and only if there is Cy < oo such that for for allt > 0 and f € L*(R™) we have
(2.2.14) le™ flloo < Cot /4| |-

Here the constants C7 and Cy depend only on each other and the number L.

Proof. This is just Theorem 2.4.2 of [6]. O

Remark 2.2.14. One can show using the Schwartz Kernel and Radon-Nikodym
Theorems that a bounded linear map L : L; — L. has a integral kernel that
is a function in L., whose L.,-norm equals the operator norm of L. Since our
e Mt is self-adjoint, boundedness of e ! : L, — L. implies boundedness of

e M. [, — Lo, so in this case we have a heat kernel that is a genuine function.

Finally, we give a nice way to estimate heat kernels of operators H that have
symbols satisfying o(H) ~ A; @ As.

Theorem 2.2.15. Suppose that for ¢ = 1,2, A; is a symbol on R™ such that
eV AN s a symmetric Markov semigroup on L*(R™) and B ~* A1 ® Ay. Suppose
also that the heat kernels of A;’s satisfy

, 2
(2.2.15) Ky, (t,x,y) < Cit™? exp{—dﬁxi(cf%y)}.
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Then there is C' < oo depending only on Cy, Co, 1, pa and X so that the heat
kernel of B satisfies

B1tpg d 21d 2
(2.2.16) Kg(t,z,y) < Ct™ 5 exp{— A (z,y) (:L_t A, (2, y) ).

PT’OOf. Since KAlEBAz (t’ (1'1, 172), (yla yQ)) = KAl (ta L1, yl)KAz (ta T2, y?)a we cal con-
clude that

H1tp2

(2.2.17) Kaoa, < C1Cot™ 27,

which by Riesz-Thorin interpolation theorem and the fact that V41942V jg g

contraction L* imply (2.2.14) for H = —V - A; & A3V. Therefore by Theo-
rem 2.2.13

(2.2.18) 13002 < C3(V f, (A1 @ A2)Vf)

for any f € C§°(R™*"2) with C3 depending only on C1Cy and py + pe. Since
Ay @ Ay < X71B, we have

B1tpo

(2.2.19) Kp<Cyt™ 2,

with Cy depending only on C1C5, 11 + pe and A. We now apply Theorem 2.2.12
to conclude the claim. |

2.2.3 The definition of the operators M,

For the rest of the paper, we fix a constant £, 0 < £ < 2 and an integer d > 2.
Here d is the dimension of the “physical” space.

Next, we overload the symbol d immediately and let d be the map from R? to
d x d matrices defined by

1 —cos(k - x) ~

(2.2.20) d(z) :=C e (1—k®k)dk,

with
(4m)4228€T ((d + € +2)/2)
(d—1I'((2-¢)/2)

(2.2.21) C =

A computation (see e.g. [9]) shows that

(2.2.22) d(z) = |x|5((1+ df )1 - di 1&:@@).

In the following definition, we denote vectors in R" by {v;}1,, where each v; is
a vector in R%.



34 CHAPTER 2. THE ARTICLE

Definition 2.2.16. Let n > 2. The operator M:¢ := =V - ¢(M;F)V is the one
with the symbol

(2.2.23) (M) == > (v, d(a; — x;)v5)

1<i<j<n

If a € R? we denote the vector (z;+a)?_, by x+a. We call a function f : R" — R
translationally invariant, if for every a € R? and x € R™ we have f(x) = f(x+a).

We shall be interested in M?¢ acting on translationally invariant functions, so we
need to reduce the number of total space dimensions to (n — 1)d.

In other words, we set x; :=1y; — y;41 for 1 <i<n—1,so

1
2.2.24 9 _ O 9 if2<i<n—1and
B ox ox
yia i i—1 o
%%71 1fz:n.

Denote the symbol obtained in this way by o(M,). A simple calculation shows
that o(M,) equals

(2.2.25) i i@i, (A " a) —d we) —d( D @) +d( Y w))vy)
i=1 j=i k=i k=i k=i+1 k=i+1
In particular,
(2.2.26) o(My) = (vi,d(z1)v1),
O'(Mg) :<U1, d($1)@1> + <U2, d(SL’Q)U2>+
(22.27) (v, (d(z1 + x2) — d(z1) — d(x2))V2)
and
o(My) =(v1,d(z1)v1) + (va, d(z2)v2) + (vs, d(x3)v3)

(v, (d(z1 + x2) — d(x1) — d(z3))v2)
(2:2:25) (v, (d(az + ) = d(zz) — d(as))s)

(v1, (d( )

2.3 Overview

Our intent here is to give some intuition on the arguments of this paper and how
they lead to the proof of Theorem 2.1.1. What is obvious at first sight, is that if
Theorem 2.1.1 is to hold, the Green’s functions of the operators Ms, should be
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locally integrable in the sense that for every n > 2 there is C' < oo so that for
every € R" D4 we have

(2.3.1) / A=Yy G, (1,y) < C.
B(z,1)

One might hope to get (2.3.1) to hold using the heat kernel estimate of Theo-
rem 2.2.12, but unfortunately this direct approach fails. First of all we see that
o(My) ~ |- |5. Applying Definition 2.2.11, Corollary 2.4.22 and Theorem 2.2.12
to this, we find a C' < oo such that

|z —y|?
cr

for |z| =1 and |z — y| < 3. Integrating with respect to ¢ from 0 to co we get

(2.3.2) Ky, (tz,y) < Ot 7 exp{—

(2.3.3) G (2,y) < C'|z — y> 7.

This estimate yields (2.3.1) only when 2 — % > —d, that is £ < ﬁ. We might
be satisfied with the fact that (2.3.1) holds only for small £, but there is worse
to come: For each o(M,) will have points x € S9! 5o that o(M,,) ~ 1 in a

neighbourhood U of z. A similar argument as above now yields
_2(n—-1)d

(2.3.4) G, (2,y) < C'la =y "2

for y € U. This yields (2.3.1) for M, only when ¢ < m, which means

trouble: Given £ with 0 < £ < 2, there will always some be N so that our
argument above fails to give local integrability for M,, with n > N.

On the other hand, since M, is uniformly elliptic in a neighbourhood U of x, the
heat kernel of M, should behave like the heat kernel of the Laplacian for small
times and small distances from z.

Turning this analysis into formulas let’s suppose

’ZC B le }
Cot

1

3 and 0 < ¢ < . Since there is C3 < 0o so that
7 < Cyt~2 for ¢ > to, we can combine (2.3.2) with (2.3.5) and conclude that

(2.3.5) Ky, (t,z,y) < Cot ™2 exp{—

for |z =1, j[x —y| < e <

12
(2.3.6) Kap(t,z,y) < Cyt™% eXp{—i’xC ty| }
4

for |z] =1, |rt —y| < eand 0 <t < co. Now an integration w.r.t. ¢ from 0 to oo
yields

(2.3.7) G (w,y) < Cslw — y*™
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for |#] =1 and |z — y| < e. The same holds for M,, with n > 2. This leads us to
a further twist: for n > 2, 0(M,,) has degeneracies also outside of the origin, but
fortunately in the end these turn out not to be problematic.

A few words on the structure of the rest of the paper. In §2.4 the symbols of
M, are analyzed in detail. The local analysis of the heat kernels is done in §2.5.
Theorem 2.1.1 is proved in §2.6 and §2.7 is devoted to proving a technicality
needed in §2.6. Finally, there are three appendices containing technicalities.

2.4 The operators M,

From now on, we live in R™~Y4 and denote vectors of RN with v = (v;)"}

and x = ()"}, where v;, 7; € R%.

The symbol of M,, has a bunch of useful symmetries, inherited from M;°. For
L : R¥ — R! a surjective linear mapping and A a symbol on R* which for all
r € R¥ is constant on {z} + ker L denote AL(x) := LA(L™'z)LT, where L™}
is some right-inverse of L. Let L, : R™ — R®™ 14 be given by the matrix
(Ly)ij := 0ij — Oiyay, so that o(M,) = o(M?*¢)Ln

We let
(2.4.1) L, ={L,LL," : L is a permutation of the coordinate axes of R"*}.

Now o(M,)* = o(M,,) for every L € L,

Remark 2.4.1. Let A; and A, be two symbols on R¥ and let G1, Gy € GL(RR¥)
be their respective symmmetry groups, i.e

(2.4.2) Gi:={L € GL(R") : A} = A;},

for i € {1,2}. Now if A} ~ Ay on U, then A; ~ Ay on LU for any L € G; N Go.

Remark 2.4.2. A simple calculation shows that M, is degenerate, whenever
Z?:a x; = 0, where 1 < a < b < n—1. In fact these are the only points
where M,, degenerates, as we see in Theorem 2.4.7. To avoid lengthy statements
in the rest of the paper, we denote {x € R Y4 : 3, = 0} by {z; = 0} and

similarly for the other sets.

Proposition 2.4.3.

(2.4.3) o(M,) € WA (RM-Dd)

loc

Proof. The case 1 < £ < 2 is an easy computation, since then o(M,,) is continu-
ously differentiable.
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In case 0 < £ < 1, we let

(2.4.4) F= ] D ==0}

1<a<b<n i=a

A relatively simple calculation shows that there is C' < oo such that

(2.4.5) IV(o(M,))(x)| < Cd(x, F)*.

Since F' is a finite union of vector subspaces of codimension d > 2, we can
conclude that d(x, F)*~! is a locally square integrable function. O

Remark 2.4.4. 1t is trivial to get an upper bound for M,:

(2.4.6) o(M) < ( sup (w,o(M,)(y)w))lx[[v]”

ly|=lw|=1

We obtain a better upper bound in section §2.4.2.

Proposition 2.4.5. For any € € (0,1) there is C' < oo such that
(2.4.7) do(rry (2, y) < Clz —y|' =52,

when |x — y| > €|x|.

Proof. By Definition 2.2.11 and Remark 2.4.4 it suffices to show that there is C' <
oo such that d)e(z,y)* < Cle — y[*¢, when |z — y| > €|z|. Trivial dimensional
analysis gives d|.¢(z,y) = ]$\1_5/2d|,‘5(92’, %‘) Therefore we may assume |z| = 1.
By rotational symmetry, we may fix x. By scaling, there is C' < oo so that
C'ly|'~¢/* = d (0, y). Since now

dy.e(z,y)> dye(z,y)>
(2.4.8) Gl ) 12/2 _ o Qs 7
|z —yl>¢ d (0, z —y)
it suffices to show that f(R) := sup|,_,_pd.c(z,v)/dc(0,2 — y) is a bounded
function of R for R € [¢,00). Obviously f is continuous. By continuity of d|.c we
have

z 2
(2.4.9) dy (. y)° — ng(m’ ﬁ> . dy.¢ (0
de0.x = 9)?  de(0.7 g2 de(0

as |z —y| — oo. O
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2.4.1 Fourier integral representation and the degenera-
tion set

Definition 2.4.6. Let A be a symbol. We call the set
(2.4.10) Dgn(A) := {x € R" : A(x) is not invertible}

the degeneration set of A.

The following Fourier integral representation of the symbol is crucial for the
computation of the degeneration sets of M,, (which then implies corresponding
properties for the operators M, to be introduced later).

Theorem 2.4.7. The degeneration set of M, is

(2.4.11) Dgn(M,) = | {x€R" ™|+ . +ay) =0},

1<i<j<n

Proof. By Remark 2.4.2, it suffices to show that for every v € R™ with > ' | v; =
0 we have — >, i, (vi, d(x;—x;)v;) > 0 whenever z; # x; forall 1 <i < j <n.

We have

1
— D (ond(mi— ) =—5 D (v d( —x;)v)
1<i<j<n 1<i,j<n
C 1— eik‘-(a:i—zj)
(2.4.12) =—5 [ Re >, T@w (1L — k@ k)v;)) dk
Rt St ]
=3 » Re(izl v et TR ; v; e ) dk

The rest goes as in Proposition 1 of [9]: For the integral to be zero, we have to
have

n

(2.4.13) Z vie® " = a(k)k

i=1

almost everywhere for some scalar function a. Taking the exterior product (i.e.
the antisymmetric part of the tensor product) with respect to k and Fourier
transforming in the sense of distributions we arrive at

n

(2.4.14) > v AV — x,) = 0.

=1
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Thus for any smooth test function ¢

n

(2.4.15) > v AV(a,) = 0.

=1

This is a contradiction since the values of V¢ can be arbitrarily specified on a
discrete set and the z,,’s are all distinct. O

2.4.2 Estimates for the symbol of M,

We shall now show that the symbol of M, can be estimated using the symbols
of My, m € {2,...,n—1}.

Definition 2.4.8. Let x € R(" Y4 The dimension of the zero eigenspace of
o(M,) at x divided by d is called the rank of the point x and denoted rk(x). In
particular x is a degeneration point of o(M,,) iff rk(x) > 0.

Below, for a symbol A and invertible linear transformation L we define the symbol
AL by the formula AX(z) := LA(L'z)L".

Theorem 2.4.9. Let n > 2 and x € SV Then either M, is uniformly
elliptic in some neighbourhood of x or there is a invertible linear transformation
L of R"=V4 4 neighbourhood U of Lx so that o(M,)* ~ @le o(M,,) &1 on

i

U with k > 1, each ny > 2, tk(x) = 3% (), — 1) < n — 1 and (Lx); = 0 for
1<i< Yt (g —1).

Let’s introduce some convenient notation at this point. First of all [i,j] =
{i,...,j}. Let A C[1,n]. Then we write

Tq = Zml
€A
Ya = (Umina, (d(x4) — d(2 A\ {min 4})
- d(xA\{maxA}> + d<xA\{min A,maxA}))UmaxA>

04p = Z YAN[i,5)-

VISEHAS

(2.4.16)

Moreover x; ; 1= x}; 5], 0ij = Olij], Vij = Vi,j] and 0y == 7 == Y-

2.4.3 Two propositions for the proof of Theorem 2.4.9

Our purpose here is to prove Proposition 2.4.10 and Proposition 2.4.17. Let us
illustrate what we’re going to do by studying o(M3) in some detail.
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Let x € S?¢~! be such that 7; = 0, i.e. x = (21, 75) with 25 € S¥1. We’ll show
that there is a neighbourhood U of x and C' < oo so that for every y € U we
have

1
(2417) Sl + walffeal?) < o(Ms)(y) < C Il onf? + [alfea]?)-

Let E be given by Lemma 2.4.11 and let € € (0, 1) be such that

(2.4.18) E((2¢)'74% + (2¢)*%) < %
and let
1 3

By our choice of € we have

1
(2.4.20) el < Sl o + [y f[oaf)

in U. In other words (2.4.17) holds and thus o(Mj3) ~ o(Ms) @& 1 on U.

Proposition 2.4.10 will be used when we have several (or all) coordinates away
from the degeneration set. As might be guessed from our calculation with o(M3),
the point of Lemmata 2.4.11-2.4.14 is that in the proof of Theorem 2.4.9 we need
to have estimates for the crossterms with the flavor

(2.4.21) 1vi;| < something - (|z|*[vil* + |51 |v;]?).

We have neatly blackboxed all this mess into Proposition 2.4.17; the Lemmata of
this section are not directly used in the proof of Theorem 2.4.9. The proofs can
be found in Appendix A.2.

Proposition 2.4.10. Suppose n > 1, e € (0,1) and let
(2.4.22)
A={xeR": emax{|z;;|: 1 <i<j<n} <min{|z,|:1<i<j<n}}

Then there is C' < oo so that for every x € A we have
1 n n
(2:4.23) & 2 o lu® < o (0n) < O3 il

Lemma 2.4.11. There is a constant E < oo such that if 1 < i <n and |z;| <
slzil, then

[(vi,(d(@i + @ig1) — d(zi) — d(Tig1))Vig)]

(2.4.24) || \1-¢/0 ¢/2
=P\ o] V) (al€fonl? + s Elessa ).

|$z'|

+
( ‘$¢+1|
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Lemma 2.4.12. There is a constant E < oo such that if 1 <i<i1+1<j<mn,
;| < 3 min{|zi1 ], [wi41,-1]} and |z;| > 0, then

(2.4.25)
(i, (d(i5) — d(Tiv15) — d(@ij—1) + d(@it1,j-1))v5)]
< E( |i] 1—5/2(|$z'+1,j|)£/2 || 1—5/2(|$i+1,j—1|)£/2>
B |it1,] |74 |@it1,5-1] | ;]

il ol + |l ).

Lemma 2.4.13. There is a constant E < 0o such that if 1 <i<i1+1< 7 <n,
slTirgo1| < la] < 3lwia| and [z;] > 0, then

(2.4.26)
[(viy(d(i ) — d(ig1;) — d(@ij-1) + d(Tit1-1))v5)]

25| \1-es2 |Tivigle2 @il g2
SE(<7) (K ly&/2 (Y2 ) (a5 € a2+ o oy ).
!931'+1,j\ |93j\ |xj\

Lemma 2.4.14. There is E < oo so that if 1 < i < i+ 1 < j < n and
maxc{]ai], a1} < 2w}, we have

[(viy(d(wij) — d(iy1;) — d(@ij-1) + d(Tit15-1))v5)]

|zl 1—g2, Tl 1-¢h2
SE(—) () @l el + v
|Tiy1j-1] |Tig1j-1]

(2.4.27)

We still have one more Lemma to go before we can start proving Proposi-
tion 2.4.17. We'll illustrate it with o(Mg). Let x € S%71 with |z, = |z3] =
25| = 0 and |xa], |24], |224] > 0. By Proposition 2.4.10 o243 (y2, ya) behaves like
[ya|¢|v2)? + |y4|¢|va|? in a neighbourhood of (z2,z4). Unfortunately the relevant
part of o(Ms) is Y2 + Y4 + 2.4, but at least we would have some hope, if we could
get an estimate of the form

(2.4.28) 724 — Vi243| < something - (lyal*[va* + [yal*[va]?)

for y in a neighbourhood of x.

This is the point of Lemma 2.4.15. More precisely, let
(2.4.29) po = ming|yal, [ya], [y2.4]} < max{|ya|, [yal, [y2al} = v

and let C' < oo be such that if § < [yal, |yal, |y2 + ya| < 2v we have

1
(2.4.30) 5(\y2!5|v2|2 + lyal*oal?) < oy < Cllyal o2l + lyal o).
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Let € € (0, £) be such that

2e\1-¢/2 Avie/2 26 g/g) 1
2.4.31 El(— — +(— < —.
2431 (G4 29 < 5
Let
(2:4.32) U = {lysl < e and & < [yl lyal. lyal: Ig2 + ] < 20).

By Lemma 2.4.15 for y € U we have

1
(2.4.33) V2,4 — V23] < %(‘9215‘112’2 + |y4|5\v4\2).
Combining (2.4.33) with (2.4.30) we conclude that vo + 74 + 724 behaves like
Yol [v2]® + [yal*va]* in U.
Again, the proof of the following Lemma can be found in Appendix A.2.

Lemma 2.4.15. There is E < oo such that if 1 <i < j <mn and {i,j} C AC
(i, 5] and if 3 pcppalon] < sminf|ay|: k,l € Ak <1} Then

(2.4.34) min{|ze,| k1€ Ak <1} ;]

Eke[‘j]\A || €/2
) NPk 18012
* (min{|xk,l| kile Ak < l}) ><|IZ| il Jebleal)

If L € GL(R™ 1) we shall use the following somewhat weird notation: If x €
R4 we let La; := (Lx); for 1 <i < n — 1. Similarly, we let Lz, j = (Lx);;
for1<i<j<n-—1.

Remark 2.4.16. Let x be a degeneration point of o(M,,). We claim that there
is a symmetry L € £, and A C {1,...,n — 1} so that |Lx;| = 0 if i € A and
Lx;; > 0if {3,...,7} € A. This is easy to see, if we look at the original symbol
o(M:€). Then the claim above simply says that if we have points 4, ..., y, € R,
then there is a permutation 7 € S, so that if y,;) = y;) with 7(i) < 7(j), then
Yr(iy = Y With every k with 7(i) < k < 7(j). Still in other words: if we pick n
possibly coinciding points from R?, we can label them with numbers 1,...,n so
that the coinciding points get consecutive numbers as labels.

Given z and A as above, write A as

(2.4.35) i1y e 1Y U e U {imy ooy i}
with iy <jiy <j1+1<is < ... <ip < jy, and write o(M,,) as

(2.4.36) O‘(Mn) = ZO’Z‘W‘Z + 0 4c + Z Yij — OAc + the rest.

=1 i,jEAC

Let p = min{|z; ;| : {i,....j} € A} and v := max{|z; ;| : {4, ....,7} L A}.
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Proposition 2.4.17. For any C > 0 there is a neighbourhood U of x so that

1 n
(2.4.37) | Z Yij — Oae + the rest | < 20 ; i | |vs |2

i,jeAe
foranyy € U.

Proof. For e > 0 let
(2.4.38)
Us:={y e R™: |y | <eif {i,....,j} C Aand u/2 < |y; ;] < 2v otherwise}.

Let N := @ be the number of terms in o(M,,). We'll find € > 0 so that each
term in (2.4.37) is < g3 Doy |i[¢|vi]* where we count each ; ; — Yaerp,;) With
1,j € A° as one term.

A (long) moment’s look at Lemmata 2.4.11-2.4.15 reveals us that this is possible.
Here’s a list of the requirements for e.

1. Lemma 2.4.11: e <

NS

and E((%)'7%2 + (%)) < 535

2. Lemma 2.4.12: ¢ <

N

and 2E(%)1*5/2(47”)5/2 < %

3. Lemma 2.4.13: ¢ <

NS

and E((%)'7¢2(52)%% + (%)) < 53¢

4. Lemma 2.4.14: € <

SIS

and B(%)*¢ < ==

"
5. Lemma 2.4.15: ne < and E((2)17¢/2(42)8/2 4 (20€)82) <

2.4.4 The proof of Theorem 2.4.9

Proof. (of Theorem 2.4.9) We shall prove this Theorem by induction on n and
we shall accomplish this by proving in parallel that there is a constant C' < oo
so that for any x € R4 there is K € £,, so that

n—1 n—1
1
(2.4.39) - Zl |Kz|¢|vs]? < o(M,) < 0; | K] v 2.

This is trivial for o(Ms). We assume now that the claim above is true for o(M,,),
2 < m < n and prove it for o(M,). This is done as follows. For every x € S"4-1
we find a neighbourhood Uy of x so that the claim above holds on Uy with a
constant C(x) depending on x . Since S"! is compact, there is a finite set
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{x1, ..., X} so that $"~' C I, Uy,, so the claim above will then hold with
C= maxij<i<k C(X,)

If x is not a degeneration point of M,, ., then by Proposition 2.4.10 the estimate
above can be satisfied in a neighbourhood of x with K = 1, so we assume x is a
degeneration point.

We now apply the symmetry discussed in Remark 2.4.16, so we can assume there
is nonempty A C {1,...,n} so that |z;| =01if i € A and |z; ;| > 0if {4,....,j} L A.
Write A as {il, 7]1}UU{Zm, ...,jm} with 1 < jl < j1+1 <y < . < 1y, < ]m
Denote A° := {1,...,n} \ A. We may even assume that i; = 1 and if m > 1, we
have j,, = n. Note that rk(x) = #(A). Let U’ be the neighbourhood of x given
by Proposition 2.4.17.

Recall that p and v were defined as p := min{|z; ;| : {4,....,7} € A} and v :=
max{|z; ;| : {t,...,j} € A}. Let

(2.4.40) U=0U'n {g <lysl <2v:B g A},

First of all, let C' < oo be such that our induction hypothesis is satisfied with it
for 2 < m < n and also that C'is so large that the conclusion of Proposition 2.4.10
holds with € := £-. Also we require that

1
(24.41) C Baa lysl* <1< Cin vl

holds whenever y € U.

We claim that on U we have o(M,) ~ o(M;,4+1) ® 1 if m = 1 and o(M,,) ~
0(Mj,41) 1B o(Mj,_ips2) ® ... 1B 0(M,,_;, +2) otherwise. Denote the right-
hand sides of these expressions collectively as X..

By our induction hypotheses, for any y’ € U and any k € {1,...,m} there is a
symmetry K € L, so that for 1 < k < m we have

1 Jk Jk
(2442) Y IKYI 0P < oM, s) (K, o K3,) < O3 Ky

=1, 1=

with C' not depending on y": Just pick such a symmetry K € L;, _;, 42 for k €
{1,...,m} and take any K € L, such that the restriction to the y;,, ..., y;, coordi-
nates is K. Here we have been abusing notation with the K}’s so that K above
operates on coordinates y;, , ..., ¥; and not yi, ..., y;, —i.+1. Extend K} now natu-
rally to whole of R("~D4 We can now take K to be say K = K1Ky...K,_1 K.

Now for every y’ € U fix such a transformation K, and denote y := Ky/y'.
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By (2.4.41) and (2.4.42) we have
13 2 13 2
(2.4.43) c Z lyil*vi® < X(y) < CZ |yl vl

As before, we write

(2.4.44) Z Oiyji + Oac + Z Vij — Oae + the rest.

i,jEAC

The first two terms satisfy
1 n—1 m n—1
(2.4.45) C Z |yi|£|vi|2 < Z%,jl +04e < CZ |yi|£|vi|27
i=1 =1 i=1
and by Proposition 2.4.17 we have
1 n
(2.4.46) | Z Vij — Oae + the rest| < 26 Z |y vs 2.
i,jEAC i=1

So we have
n—1
1
(2.4.47) 55 O il lul® < o(M.)(y) < (C+ 35 Z AN
i=1

Let UK :={y' € U: Ky = K}. Clearly U = J{U" : K € K,,}. We just proved
that for any y’ € U we have o(M,) ~ X in K,-U"¥. Since both ¥ and o(M,)
are invariant under K;,l for any y’ € U, we can conclude by Remark 2.4.1 that

o(M,) ~ ¥ on UXy. Since L, is finite we can conclude that o(M,) ~ ¥ on
U. O]

Let
AC,In = {L € GL(R(nil)d) : Eli17j1, ---7?:n717jn71 : V:vl, ey L1 -

(2.4.48)
L((l’l, ceey xn—l)) = (xil,jw ceny xin—l,jn—l)}'

Obviously, £ is a finite set. Note that the L as constructed in Theorem 2.4.9
belongs to L],.

Remark 2.4.18. The following Proposition simply says the following: Suppose we
have a symbol of the form

(2.4.49) B oM, ) B1.
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This corresponds to a splitting R™ = R @ R0 with [ = ny + ... + ny. Then
we can replace R 94 with any complementary subspace to R and the symbol
looks the same in these new coordinates as looks the symbol in an neighbourhood
of 0 which is bounded in the R¥-direction.

Proposition 2.4.19. Let o ~ @le (M, 11) D1 on a set U C B x RM=D4 yith
B bounded and | := rk(0) = Y25 n;. Let L € GL(R™) be such that
1. L:{0} x RO=Dd = [0} x R("=D4 gnd

2. Let P : R" — R be the natural projection onto the first ld coordinates
and let L' :== L | R" x {0}. Then

k k

(2.4.50) (@ o(M11)" ~ P o (M),

1=1 i=1

With these assumptions
(2.4.51) ot~ P o(My) @1

and LU.

Proof. Without loss of generality we may assume that

(2.4.52) L= (]\14 g) :

with M an R4 x Ri_matrix.
Also without loss of generality we may assume U = B(0,1) x R4,

Let A := @LU(MWH). Denote v := (vy,v9) and x := (z1,x2) where vy, z; €
R and vy, 5 € R4 Then

(v, (A® )" (z)v) = (vi, AL @) 1)vr) + (vr, AL 2)1) M vo)+

(2.4.53) ; - ;
+ (M vy, A((L™ )1 )v1) + |va|” =: (%).

Since A(z) is a symmetric matrix for every = the two middle terms are equal.
Moreover, (L™'x); = z; and thus

(2.4.54) (%) = (v1, A(z1)v1) + 2(v1, A(z)) M w) + |vg]? =2 (¥%)

Next, we use induction on 1k0 = n; + ... + ng. If tk0 =1, i.e. A = o(My) we
have

(2.4.55) (for]* + Jvaf?) < () < ClJvr[* + [a])

Ql =~
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for some C' < oo when (z1,75) € S! x R®"=V4 Adding (||~ — 1)|vs|? and
multiplying by |z1|® yields

1
(2.4.56) Fllzflorl” +[0sf*) < (o) < Claalffor + [oa])

when (21, 23) € B(0,1) x R® D4 Since o(Ms) ~ |- |¢ we can conclude our claim.

Next, suppose our Proposition is true for configurations of rank < [ and we prove
our claim when k(0 = [. Now cover S'~! by finitely many open sets By, ..., By,
so that

k k;

(2.4.57) (B o(Moi1)” ~ P (M, 01) B 1

i=1 =1

on B; with some linear transformation L; and with ) .7, n,,; <.

Letting L), := L(L; & 1), and applying this Theorem on U; := B; x R4 we
see that

k;
(2.4.58) o(My)" ~ @ o(M,, 1) @1
=1

on Uj.

Now a similar argument as above for rank 0 yields the desired conclusion. The
reader may fill in the details. O

The following is an immediate corollary to this proposition.

Corollary 2.4.20. Let L € L be such that for some neighbourhood U of x we
have

(2.4.59) o(Mo1)" ~ P o(My 1) 01

on LU. Then for every L' € L such that

(2.4.60) Lt=L" on{|lz;| =0:1<i<rka}
we have

k
(2.4.61) o(Mpi1)" ~ @ (M) O 1

=1

on L'U.
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2.4.5 Some Corollaries

Corollary 2.4.21. For every n > 2 there is C > 0 such that

(2.4.62) Cd(x,Dgn(M,))* < a(M,).

The proof of this fact is easy and thus omitted. The assumptions of Theorem 2.2.4
are now satisfied (by Corollary 2.4.21, Theorem A.1.1 and Proposition A.1.3) for
M,,. Moreover, we can directly calculate the dimension of M,,:

Corollary 2.4.22. There is C < oo such that for any f € L*(R™Y) we have

(n

_ (n—1)d
(2.4.63) e flloo < Ot =2 || f] 2.

Moreover, C' depends only on the lower bound for o(M,,).

Proof. By Proposition A.1.3 there is C' < oo so that
(2.4.64) [1f1ly < Clld(x, Dgn(M,))*V fllo =: (+)

for any f € C2(R™Y4) with ¢ := n—i—2§n—2'

By Corollary 2.4.21 we have
(2.4.65) (x) < C(f, My f).

Finally, by Theorem 2.2.13 we can conclude that (2.4.63) holds. O

Corollary 2.4.23. For any p € (0,1) there is C' < 0o such that for any x €
R"=V4 and any y € B(x, p|x|) we have

_(n—_l)d B ’X — y|2_§
(2.4.66) Ky, (t,x,y) < Ct7=¢ exp{ —r }
and
(2.4.67) G, (x,y) < Clx — y|> (=D,

Proof. This is a direct consequence of Proposition 2.4.5, Theorem 2.2.12 and
Corollary 2.4.22. O

Corollary 2.4.24. Suppose A ~* a(My,, 1)@ ... @ (M, 1) ®1 on R x R(=Dd
with l :==n1+...+n, <n and let € > 0 be given. Then there is C < oo such that
if 2 & By, elyn]) x B(ya, elypn|' =) (here y := (y1,9) € R x R"D) we have

1 — 21 + |yo — Z2|2}
Ct '
Moreover C' depends on A only through A, ny,...,n. and n.

(2.4.68) Ku(t,y,z) < Ct e T exp{—
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Proof. The proof is straightforward using Theorem 2.2.15, Proposition 2.4.5 and
Corollary 2.4.22 and we leave the details for the reader. The only finesse is
the appearance of B(ys,€|y1|'~¢/?) above. This is due to the fact that if z, €
By, elyr]) and 2o & B(ys, elyr|'~¢/?), we have

1 — 2177+ g2 — 2> < (elyn|)* ¢ + |y2 — 22)?

(2.4.69) .
<€y — 2+ o — 22/

2.5 Local estimates for the heat kernel

The main result in this section is Theorem 2.5.12. Superficially it is very similar
to Corollary 2.4.24, but there is a very important difference: In Corollary 2.4.24
one assumes that

(2.5.1) A~o(Mp41) @ ... ®0(My,+1) B 1

in R™ but in Theorem 2.5.12 A = o(M,,;) and (2.5.1) holds only in a relatively
compact neighbourhood of a point . The point of this section is to close the gap
between these two results. We start with some technicalities and prove a uniform
version of the Harnack inequality adapted to our case.

Remark 2.5.1. In a few places we use the somewhat terse assumption “A has a
heat kernel”. In these places we assume that A has a heat kernel K such that both
K(-,z,-) and K(-,-, ) are solutions to u; + Au = 0 in the sense of Remark 2.2.5
and that for every ¢t and  we have both

(2.5.2) /dy K(t,z,y) <1 and /dy K(t,y,x) < 1.

In the cases that are of interest to us (see Remark 2.2.14) this is the case and
moreover our heat kernels are symmetric in the spatial coordinates.

A well-known argument (see for example [23], section 1.3, page 5) yields the
following: Suppose A is a divergence-form operator on R" with a nonnegative
symbol. Suppose also that A is uniformly elliptic on some ball B and that A has
a heat kernel. Then for any ball B’ CC B there is C' < oo such that we have

(2.5.3) K(t,z,y) < Ct™/?

whenever ¢ € (0,1], z € B’ and y € R%Y. We shall now make a generalization
(Corollary 2.5.5) of this result.
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So for the rest of the section we fix a symbol A on R™ and suppose that
(2.5.4) AP o(My1) @ .. ®o(M,, 1) D1
on B(0,2) x B(0,2) C R x R"D where [ :=n; + ... + ng. Let’s denote
(2.5.5) Q := B(0,1) x B(0,1) and D :=S™"! x B(0,1).
Proposition 2.5.2. For each t € (0,1] there is an open covering {U}},cq of Q
with the following properties:

1.y €U, for everyy € Q and t € (0,1].

2. There is € > 0 not depending on t such that B(yy, et*/*7%) x B(yz, ev/t) C U},

3. For every t € (0,1], every y € Q and every positive solution u of
uy =V - AVu on (0,3) x U, we have

(2.5.6) sup u(t,y') < C inf u(2t,y).

yeu; y'ev;
Moreover, C' depends on A only through X\, ny,...,ng and n.

Remark 2.5.3. Strictly speaking in (3) we only assume u is a solution of
u; = V - AV in the sense of Remark 2.2.5 on (¢,3) x U} for every € € (0,3).

Corollary 2.5.4. Proposition 2.5.2 holds with obvious modifications for any
affine transform AX of A with possibly different e and C.

To give some intuition to the reader we first give a Corollary to this Proposition.

Corollary 2.5.5. There is C' < oo such that

Id _(n=0)d

(2.5.7) Ka(t,y,y') <Ct 2-¢ 2

foranyy € Q, v € R" and t € (0,1].

Proof. By Proposition 2.5.2 for any y € @Q and v’ € R™ we have
Sd_ 4 (n=Dd / 177t "o
t2-¢ 2 KA<t7y7y) S C|Uy| Sugt KA(tay 7y)
y/le it

< CC'|UY| inf Ka(2t,y",y/)
y”GUé

(2.5.8)

<o’ Ka(2t,y",y") dy"
Uy

<cc.
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Next we prove a small Lemma used in the proof of Proposition 2.5.2. The setup
here is the following. Let y € D. In our proof of Proposition 2.5.2 we use
induction on rank. By Theorem 2.4.9 there is an invertible affine transformation
K, of R™ sending y to 0 so that

(259) ABy ~ U(Mn’1+1) D...PD O'(Mn;erl) D1

on B(0,2) x B(0,2) with I' :==n} + ... + n}, <. Now Lemma 2.5.6 allows us to
conclude that if (2) of Proposition 2.5.2 holds for the covering associated with
y in K,-coordinates with some e (for convenience, we have put this e equal to 1
in the statement of Lemma 2.5.6), then it holds in the usual coordinates of R™
with some other e.

Here is our choice of the subspaces for Lemma 2.5.6:
1. 5 = ngl[]Rl/d x {0}] — {y} and
2.5 = Ky’l[{O} x RO — £y,

In other words S5 is the degeneration subspace associated with y. The fact that
y € Q guarantees that {0} x R"=04 C S, Note that the —{y} in the definition
of S5 is redundant, since y € Ss, but we didn’t want to confuse the reader a few
lines ago, did we?

Lemma 2.5.6. Let Si, S, be a splitting of R™ into complementary subspaces so
that {0} x R"=D4 C S, Assume also that each of them is equipped with a norm
and denote the balls with respect to these norms with B;(x,r) with i =1,2. Then
there is € > 0 so that

(2.5.10) B(0, et =9 x B(0,evt) C By(0, Y279 x By(0, V1)
for any t € (0,1].
Proof. Obviously there is € > 0 so that

(2.5.11) B(0,€) x B(0,¢) C B1(0,1) x Bs(0,1)
Let us write B(0, et?/2=9)) x B(0, ey/t) as

(2.5.12) B(0, et™) x R™D% A B(0, ev/t) x B(0, eV/?)

and similarly for B;(0,t/?7)) x By(0,v/t) (we used the fact that t'/?=8) < \/t
for t € (0,1]).

Now since {0} x R®=D4 C S, we conclude by scaling that

(2.5.13) B(0,et7¢) x R4 C B1(0,£7¢) x Sy
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for any ¢ > 0.
Also by scaling we get

(2.5.14) B(0,evt) x B(0,evt) C B1(0,Vt) x By(0,V1).

for any t > 0. O

Proof. (of Proposition 2.5.2)

If [ = 0, then we just choose U, := B(y, V1). Obviously, these sets satisfy (2)
above and by classical results (see again [23], section 1.3, page 5) they satisfy (3)
too.

Next we assume that the cases < [ have been handled and prove the Proposition
for [. This is done in three phases:

1. Phase 1: Use our induction hypothesis (i.e. that the cases < [ have been
handled) to handle points in D.

2. Phase 2: Use scaling to handle points z € @) with 0 < |21| < 1 and times
t € (0,]21/27¢]. And finally

3. Phase 3: Do something creative for points z € @ and times t € (|z|>7¢,1].
Note that this includes defining the sets U! when |z;| = 0.

First, phase 1: By compactness, there is {y1, ..., yx} C D so that {K;[B(O, 1) x
B(0,1)]}¥_, cover D. Obviously each y; is of rank < [. For each t € (0,1] and
z € D pick UL to be one of the Ul’s associated with some of the yq, ..., yx (this
is possible by induction hypothesis and Corollary 2.5.4). Now these U!’s satisfy
(2) and (3), where (3) satisfied by induction and (2) is satisfied by Lemma 2.5.6
(and the discussion before it) and finiteness of the set {y1, ..., yx }.

Next, phase 2: We define the sets U! for 2’s with 0 < |z;] < 1 and t € (0, |21|*7¢].
This is achieved by scaling A outwards so that in this scaling z travels to D.
Then the symbol A* obtained this way has the same upper and lower bounds as
A on B(0,2) x B(0,2), so we can use our sets U, defined above for y € D. After
this we just scale things back.

So, let z € @ with 0 < |21 < 1 and let

(2.5.15) y* = (y1/|zl, 22 + (2 — 22) /|21 ?).

Let A be defined by

alfAyly) 1< <ld

5l924,(y7) i1 <1d<j <ndor
1<j<ld<i<nd

o(Au(y)  ifld<ij<nd

(2.5.16) Az (y) ==
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Similarly define u? by u*(¢,y) := u(|z1]*7%t, y*). Now if u satisfies u; = VA - Vu
on (0,3) x B(0,2) x B(0,2), then u* satisfies uj = V - A*Vu* on this same set.
Since now if A ~* o(My,41) ® ... ® (M, +1) ® 1 on B(0,2) x B(0,2), then the
same is true of A* we can conclude that (2) and (3) hold for A% with the same
constants as for A. So if we scale back and let

— z £—2
(2.5.17) UL = {(|21ly1, 22+ |22 (g0 — 22)) « (wn,32) € UPT Y
then (2) and (3) hold for these whenever defined.
Finally, phase 3: To finish the argument, we set for ¢ > |2,]?>~¢
3 1
(2.5.18) U; = B(0, 5151/(2—5)) X Bz, 5\/5

Now (2) holds for these sets. To prove (3) we may assume without loss of gener-
ality that zo = 0 and let A' be defined as follows:

2 Ay (V29 o h) i 1<, 5 < 1d
3
¢ Ay (V9 yo/t) if1<i<Id<j<ndor
1<j<ld<i<nd
Aij (it @0 o /1) if ld <i,j < nd

(2.5.19) Aj;(y1,92) =

As before, for t € (0, 1] the substitution A — A’ preserves the constant in the
Harnack inequality (Theorem 2.2.4) and thus we can conclude that (3) holds. [

Remark 2.5.7. It is not hard to modify the previous proof so that for given ¢ > 0
there is € > 0 so that

1. B(y, et/ 78)) x B(ys, eV/t) C U} for every ¢ € (0,1] and
2. U, C B(y1, €t'/C=8) x B(ya, €'\/1), when |y |>~¢ <t < 1.
3. U} C Byr, €lynl) x B(yz, €]y1|®9/2), when 0 < t < [y1[>~¢.

We need (2) and (3) in the proof of Theorem 2.5.12. There we need to find
¢ > 0 so that U! and B(yy, €t/?79)) x B(y,, €y/t) are disjoint whenever z ¢
B(y1,t"/?=8)) x B(y,,/t) and this is hard to arrange if we don’t have any kind
of control over the UPs from outside. This required control is provided by (2)
and (3) above. The actual choice of ¢ > 0 is done in Lemma 2.5.10.

Anyway, it is quite easy to make (2) and (3) hold. First of all, it is easy to see
that (2) and (3) hold with some €; > 0 when U,’s are defined as in the proof of
Proposition 2.5.2. By letting V/ := UYT with T = (eo/€')? we see that Vs for
t € (0, 1] satisfy (1)-(3) above together with the claims of Proposition 2.5.2. The
details are left to the reader. We will use Proposition 2.5.2 in this form in the
proofs below.
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We now have to estimate the tails of the heat kernel. We use a common proba-
bilistic argument for this (killing probabilities). Denote

(2.5.20) d(z, 9)2 = max{|z; — 91’2_5, |z — y2]2}-

Obviously there is C' < 0o so that

(2.5.21) Ctd(w,y) < Vl]wr =y~ + s — yol? < Cd(x,y)

Below, Pj(sup,<; d(X,,y) > ) denotes the probability of the diffusion X asso-
ciated with A starting from y at time 0 hitting the set {z : d(y, z) = u} before
time ¢.

The following is Proposition 6.5 on page 179 of [1].

Proposition 2.5.8. Suppose A ~* 1 on R!. There is C < oo depending on A
only through A\ such that

2

(2.5.22) PY (sup | Xs —y| > p) < C’exp{—% .
s<t

Corollary 2.5.9. Suppose A ~* 1 on B(0,2) C R™. Then there is C < oo
depending on A only through X such that for every y € B(0,1), z € B(y, %) and
0<t<1 we have

2
(2.5.23) Kalty,2) < Ot % exp{— =21y

The proof of this Corollary is quite simple and well-known (folklore) and we shall
not prove it here, but the interested reader can reconstruct the argument from
the proof of Theorem 2.5.12 which is a generalization of Corollary 2.5.9.

Unfortunately we need the following technicality in the proofs of Proposition 2.5.11
and Theorem 2.5.12.

Lemma 2.5.10. Suppose €’ > 0 is given. Then there is € > 0 so that if d(y, z) >
¢"ly1|'7¢/%, we have

d(y, 2)
2

(2.5.24) {2 1d(z,2) < €|z} C {2 d(z,7) < }

and

(2.5.25)  B(y1,€|y1]) x B(ya, €'ly1|'"%?) N B(z1, €' |21]) x B(za, €|21|' /%) = 0.
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Proof. Let
dly. )28
(2.5.26) o= M2
|y1]
Then we have
(2.5.27) 2] < Jyil + [y — 2] < Jyn| + d(y, 2)7 %79 < (1 +a)|wl.

So to prove (2.5.24), we just have to find € > 0 so that
(2.5.28) €((1+a)y) = < (Oély )2,

whenever a > (¢/)%279. By elementary calculus, we see that this is possible.

Using similar reasoning, we see that to prove (2.5.25) we have to find € > 0 so
that

L. €] + € (1 + a)|yi| < alyi| and
2. €y 4 (L4 @)y )2 < (aly )42,

when a > (€”)%(=9. Again, this is possible. O

Proposition 2.5.11. Suppose A ~* 0(M,,)®...®0(M,,)®1 on RITM=Dd ytp
Zle(ni — 1) =1 and let € > 0 be given. Then there is C < oo such that for
p > €y |42 we have

2

(2.5.29) PY (sup d(Xs,y) > p) < C’exp{——

s<t

Proof. Let € > 0 be given by Lemma 2.5.10. By Corollary 2.4.24, there is C; < oo
so that if d(y, z) > €|y |'~¢/? we have

(n=1) — 7 |* € 2
(2.5.30) Kalt,y,z) < Oyt 2e 2+ eXp{_Izn 2| CJ; ly2 — 2| 3
1

Now a direct computation gives
Pa(sup d(Xy,y) 2 p) < PA(d(Xey) 2 1/2)
+ P4 (d(Xy,y) < p/2 and Is < t: d(Xs,y) = p)
< PY(d( X, y) > p/2
250 X 0) 2 /2
+P%(3s < t:d(Xs,s) = p and d(Xs, X¢) > pu/2)
S PUd(Xey) = p/2)+  sup PR(d(Xs, 2) > p/2)

d(y,z)=p,s<t

= (x).
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By (2.5.24) of Lemma 2.5.10, for every z € R™ with d(y, 2) = u we have

(2.5.32) {2 1d(z,2) < x|} C{Y d(z,2) < =}

VIS

A fortiori we also have

(2.5.33) {z/dly, 2) <€y C {2 d(y, ) < T,

o=

since there are points z € R? with d(y,2) = p and |21| > |y1].
Thus by (2.5.30) we can conclude that

n— J— 275 . 2
(+) SCz/ R e Ll Sk
d(y,2)>p/2 Cqt
-5 |yl - 21|2_E
< 03/ t72—¢ exp{————"——1} diy
ly1—z1]2—¢>p2 { Cit }

(2.5.34)
_ (n=Dd

Y2 — 2
+ 03/ 7 exp{————}dy
[y2—22|>p Cyt

2
< Cexp{—% :

Now we can finish with the local estimates.

Theorem 2.5.12. Suppose that A ~* (M, 41)® ... (M, +1)®1 on B(0,2) x
B(0,2) withl := ny+...4+n, < n and that A has a heat kernel. For any " € (0, 1]
there is C' < oo so that ify € Q, 0 <t <1 and '|y;|'~%/* < d(z,y) < L we have

¢ + |y2 - Z2‘2}
Ct '

Moreover, this estimate depends on A only through X\, nq,...,n, and n.

_ 2—
(2.5.35) KMnH(t, y,2) < Cld/(2=8)—(n=1)d/2 exp{ lyr — 21

Proof. Tf 0 < d(z,y)* < t, then there is C' < oo so that

ly1 — 21778 + [y — 2]

2.5. 1< — .
(2.5.36) < Cexp{ ol }

Thus in view of Corollary 2.5.5 we only need to prove the claim for ¢ < d(z,y)? <
1.

Let € > 0 be given by Lemma 2.5.10 and let {U/} be a collection of open
coverings given by Proposition 2.5.2 and Remark 2.5.7 associated with this €.

! : 1 1
We may assume € < min{3, 5 }.
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We want to show that U? and B(yy, €'tY/?=9) x B(ys,, €'\/t) are disjoint whenever
z & By, tl/(%g)) x B(y2,Vt). The case |y;|>=¢ <t < 1 follows easily, since we
assumed € < min{3, 5c}. In case 0 < ¢ < |51~ we just use Lemma 2.5.10 to
conclude that

(2.5.37) B(yl,e’tl/@_f)) X B(ys, e'\/Z) N B(z1,€|21]) x B(zg,e’\zll(z_g)/z) =0,

whenever d(y, z) > €|y |'7¢/2.
By the proof of Corollary 2.5.5 we have

id (n—=0)d
s
t2-¢

sup KMn+1 (tv Y, Zl)
z'eUt

(2.5.38)
< CQ/ dy’ KMn+1(2t’x’y,)'
Ul

By Proposition 2.5.11 we have

— % |?¢ — .2
(2.5.39) Ky (26,9, 2) < Cyoxp{— 2 —21 C:;\ZD al’y
Ui

so we are done. O

2.6 Construction of the stationary state

In this section, we shall prove Theorem 2.1.1 modulo some technicalities whose
proofs are postponed until Appendix A.3 and §2.7. To this end, we shall induc-
tively show the following

Theorem 2.6.1. Let x : R — R be compactly supported and nonnegative. Then
for some C,, < oo we have

(2.6.1) M M (M (M @ X)) H 1+ |2gi_1])? 764

Obviously Theorem 2.1.1 follows directly from this.

The following formula is a central tool in this section.

Proposition 2.6.2. Let 1 <[ & N. Then

-1

(2.6.2) / dldy|:13 y|2 &— ldH 1+|yl )2 &— dX(yl < CH 1+ |1'Z )2 &— d.
Rld

i=1 i=1
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The proof of this Proposition can be found in Appendix A.3.

Let S be the smallest collection of subspaces of R™ that contains
(2.6.3) {yi; =0} CR™: 1<i<j<I}

and is closed under nonempty pairwise intersections.

The following Proposition whose proof is postponed until §2.7 is the key to prov-
ing Theorem 2.6.1. Unfortunately the statement of Proposition 2.6.3 is somewhat
messy, but hopefully the following comments will help the reader to comprehend
the point.

The sets A7 below in the statement of Proposition 2.6.3 correspond to a splitting
of the domain of integration into parts, i.e. since we want to show that

n—1 n
(2.6.4) /( 5 Gty (2,9) [ [ w21 )* S (yan—1) dy < C [ [ (1 |2il)* 4,
R(zn—t i=1 i=1

we shall write the above integral as

)
(2.6.5) / — / +> /
R(2n—1)d lz—yl>plz|  =o JAF\AT_

and then prove the desired estimate of (2.6.4) separately for each term of the
right-hand side. During our construction of the sets A7 we will take care that
k(x) < n so that the number of terms in the RHS of the equation above will not
blow up.

1

The first integral can be handled in a straightworward manner using Corol-
lary 2.4.23. We would like to take A% := B(x,r}) with suitably chosen rj’s.
This is not possible, but if it were, then we could handle A7’s with r7 <1 easily:
By (3) of Proposition 2.6.3 below we would have

n—1

/A\A GM2n(:C7y)H(1+|y2i71|)2757d><(y2n71)dy

T

j—1 i=1

(2.6.6) <C sup H(l + |y2i—l|)2_§_d/ G, (2, y) dy
AT\A

yEB(m,l) =1 JI'_l
n

< C/H(l + Jagia])?4

i=1

This would leave us with the problem of handling A% with r§ € (1, p|z|). The
estimate of (2) in Proposition 2.6.3 is sufficient for this purpose as will be seen in
the proof of Theorem 2.6.1. By the way, our argument for r§ € (1, p|z|) does not
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work down to 0 (see (2.6.21)), so we have to do something different for r§ € (0, 1)
anyway.

Unfortunately life is not so simple and our sets A7 will not be balls, but instead
they can look like very flat ellipsoids, so our simple-minded argument in (2.6.6)
does not work directly. The reason for this will become obvious when we define
A7’s in §2.7, but one manifestation of this problem can be seen from the statement
of Theorem 2.5.12: The estimate there holds in the set {z : €”|y;|'¢/2 < d(z,y) <
3} (d was defined in (2.5.20)), which might be our A} \ AY_,. Morally then A}_,
would be {2 : d(z,y) < €'|p['"*} = Bz, ()P ui]) x Bz, €'y ).
If we divide the latter radius by former, then this ratio diverges as |y;| — 0.
Although spiced with lots of handwaving, this could be seen as the heart of the
matter.

Fortunately the orientation of these sets is such that a somewhat similar argument
can be carried through; this is the point of (4) and (5) below.

Proposition 2.6.3. There is p € (0,1) and C < oo such that for every x €
R"\ {0} there is a finite sequence v € AT C ... C Af ) = B(z, plz]) of sets with
k(x) < n satisfying the following

1. Each of these sets A has an associated size %, non-trivial (possibly im-
proper) subspace S§ € S and a linear transformation L§ € L, ,, (L, was
defined in (2.4.48)). The relation between S§ and L is the following:

codim(S¥)

(2.6.7) Sy =L Hyi=0:1<i< }

2. For every x € R™ and j € {1,...,k(z)}, we have

n cd l

Gatyalony) <C(TT a*) (R IL50): = ()<
(2.6.8) i o

L . . |_d _(n=Dd
+ Z a; €‘<ij)i - (Ljy)iP) e

i=l41

whenever y € A\ Af_, with some positive numbers a; depending on x and

7 and
codim(SY)
2.6. =
(269) ks
3. We have

(2.6.10) /A . &y G, () < C(r8)2¢

j—1



60 CHAPTER 2. THE ARTICLE
4. If S C {y; = 0}, then |z;| < rf.

5. If ST & {y; = 0}, then AY C {|y;| > C~ x|}

Proof. (of Theorem 2.6.1 using Proposition 2.6.3). The proof is by induction, i.e.
we show that

n—1 n
(2.6.11) Mo, (] T+ [a2ica ) x(@an1)) < CTJ (1 + |20 ])>
=1 =1

Without loss of generality, we may assume that the support of x is contained in
the ball B(0,C~!), where C is from Proposition 2.6.3.

As discussed briefly before the statement of Proposition 2.6.3, our proof goes as
follows: First we split the domain of integration into parts as in (2.6.5) and then
we proceed in three phases:

1. Phase 1: Handle the integral f|

z—y|>plz|’

2. Phase 2: Handle the integrals [, ,.

j—1

with Ty < 1 and

3. Phase 3: Handle the integrals [ AP\ A%

j—1

with ri > 1.

First, phase 1: Let p € (0,1) be given by Proposition 2.6.3. We know by Corol-
lary 2.4.23 that for |z — y| > p|z| we have

2n—1
(2.6.12) G, (2,7y) < Cl(z |7; — yi’)2*572(n71)d7
i=1
so we can conclude that
n—1
/ d®" Yy Gy, (2,y) H(l + ly2i-1D* X (Y1)
lz—y|>plz| i=1
2n—1
(2.6.13) < (] /R(2 y d(Qn—l)dy (Z |513z _ yi|)2_§_(2n_1)d'
" i=1

n—1

T w2 P X o ]) == (+)

i=1



2.6. CONSTRUCTION OF THE STATIONARY STATE 61

By a change of variables we see that

2n—1

n—1
Ay 2y — gy )26 @nd
Lo L i
n n—1
(2.6.14) = (Z ‘.1'21',1 - y2i71’)27£7nd /( a H ddZQi '
i=1 Rv=D4 55

n—1
) (1 + Z ‘221'
=1

)2—5—(2n—1)d7

so we can conclude that

(%) < Cl/ Hddy2¢_1 (Z |z9i—1 — yzi_1|)2_5_”d-
Rnd 5 i=1
n—1

: H(l + [y2i11)* 7 X (Y1) = (+7).

=1

(2.6.15)

By Proposition 2.6.2, we have

n

(2.6.16) (+*) < G [ (1 + [waia )5

i=1

Next, some initial preparation for phases 2 and 3: Let x and j < k(x) be given
and let U :={1,3,....2n =1}, Uy :={i € U : S7 C{y; = 0}} and U, = U \ U.

Then, phase 2: so suppose 7§ < 1. Then by (3) of Proposition 2.6.3 we have

n—1

/ A 4"y G, () TTO + 12 )2 X (1gana )
veA\A;

-1 =1
n

< (C3 sup H(l + yan—i[ )2 = (%)

vEATNAT 1 iy

(2.6.17)

Since (1 + |y;|)?7¢~¢ < 1 for any i € U, we can conclude that

(2.6.18) (**) < C3  sup H (14 |y)?57% = (%)

VEATNAT_1 e,

By (5) of Proposition 2.6.3 we have

(2.6.19) () <G [T+ i) = ()

i€Us
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Since by (4) of Proposition 2.6.3 we have |z;| < 1 for ¢ € U; we can finally
conclude that

(2620) (*5) < 05 H(1 + ‘Z’Qi,l’)Qi{id.
i=1

Finally, phase 3: If 77 > 1 and 2n — 1 € Us, then

(2.6.21) (R=24 5 supp x) N A7 =10

whenever |z;| > 1 by (5) of Proposition 2.6.3 and the fact that supp x C
B(0,C™') and thus in this case we have

n—1
(2.6.22) / A" Dy G, (2,y) H(1 + ly2i1)* "X (Jyzn]) = 0
yc A%

i=1
So we may assume 2n — 1 € Uy. By (5) of Proposition 2.6.3 we have
(2.6.23) (14 [ya)2 62 < Co(1 + |2i])2 ¢

for ¢ € Uy. Therefore

LGAI\A] 1

(2.6.24) < O T+ f)? 4 / 4Dy Gy (i — )

€Uz yGAI\A] 1

Ay Gy, (2, y) [T+ ly2ia )4
=1

T (1> S X (o) = (+°).

1€U1\{2n—1}

Writing 2’ := Liz, y' := Ljy and I 1= 2n — 1 — [ we get

/ A e d(anl)dy GMQn (LE — y) H (1 + ‘yi|)2757dx(y2n71)
yeA?

j—1 €U \{2n—1}
n l
_&d _
<O f A (I e ¥) (et

(2.6.25) =t =1
” o Vd
+ D0l -y T

1=l+1

I (4 1) X () = (+7),

€U \{2n—1}
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Note that since for U is the set of those i such that S§ C {y; = 0}, we have that
in the y/-coordinates the expression

(2.6.26) IT o+ lmD* x(nn)
€U \{2n—1}

depends only on the variables v}, ..., y/.

Using a similar change of variables as in (2.6.14), we get

l l
7 d 1 2—E\ -5
SR COSERTY
2n—1
(2.6.27) S R 7 o / IT @y

€U \{2n—1} i=l+1

2n—1 2n—1 I

H a; l—l— Z 1_2_“5_7 = (%)

i=l+1 i=l+1
By substituting y!' = a; ¢ 2y§ we see that the last integral is < C.
Therefore

(+° <C10/ Hdd Z|$ yil> )

(2.6.28)

H (1+ ’Z/i’)Qi&de(y%ﬂ) =: (¥Y).

i€Ur\{2n—1}

Noticing that S0, |2} — ¢/>¢ is essentially just |(z} — ¥}, ..., 2} — y})|*~¢ for
estimation purposes, using a similar change-of-variables argument as before, we
can conclude that

(2.6.29) (+°) < Cuy [T+ Jal)> 5,
i€l
SO
(2630) (*6) S 012 H(l + |I2i_1|)2_§_d.
=1
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2.7 Uniform local integrability

To give the reader an idea what the sets A7 in the statement of Proposition 2.6.3
are all about, we’ll analyze the operator associated with o(M;)®™ in some detail.
The analysis has less moving parts than the corresponding analysis for o (M, 1),
so we hope this serves as a soft landing for the reader. (Actually o(My)%" is easy
to handle, since it is a product of o(Ms)’s and the heat kernel factorizes nicely,
but this isn’t true for o (M, 1) so we'll need to do something different here).

So let x € R™ be such that max;<;<, |z;| = 1 and by symmetry we may assume
|z1| < ..o <z, = 1. Let k(x) := #({|z1], .., |znl} \ {0}) (i.e. the number of
distinct strictly positive numbers) and let ¢ be defined by

0 < |zo)| = ... = |zp2)—1| < |T002)| = ... = |T0(3)-1| < ...
(2.7.1) [z |[To@)1] < [ze2) |Zo(3)-1]
< |Zpe@y| = - = |zn] =1

with £(1) being the smallest integer so that |x4q)| > 0.

We'll first give the sets A7 explicitly and then an inductive construction which is
relevant for the proof of Proposition 2.6.3. So for each x the number of sets A%
is k(x) and
1
Af={y e R™ Vi < L(j+ 1) : |z — yi| < §|l’g(j)| and

(2.7.2) Vie{j+1,.. kix)—1}Vie {{1),..,0(01+1)—1}:

1 _

|z — il < §|W(j)||$e(l+1)| /%)

Inductively, this is done as follows. If x is such that k(x) > 1, let X be defined
as follows:

1. % = & /|xer(x))—1] for 1 <@ < l(k(x)) — 1 and
2. & = x; for U(k(x)) <i<n.

Obviously k(x) = k(x) — 1.

If k(x) = 1, i.e. |ze)| = ... = |zn] = 1, we have
1
(2.7.3) A¥={y e R": |y, — x| < 5 for every i € {1,...,n}}.

Next suppose k(x) > 1 and let 7 := |2yrx))-1|. For j € {1,...,k(x) — 1} we have

AT = {(rY1,e o TYe(k(x))~ 15 Tak(x)) T 2 (o)) — Tetk())s

(2.7.4) ) .
T+ (g — 1)) 1y € AF)
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and

1
(2.7.5) Aoy =1y i lyi — il < 3 for every i € {1,...,n}}.

Below, denote My™ := —V -0 (M,)®"V. The philosophy for showing for example
(2) of Proposition 2.6.3 is as follows: First find a C' < oo so that for every x with
maxi<i<p 7| = 1 and y € A¥ .\ A _; we have

£(k(x))—1
Gen(x,y) < C( Z | =yl
(2.7.6) =1
(N1 _ (n=t(h(0)1)d
+ 2: )" -
1=L(k(x))

This holds because of Theorem 2.5.12, Theorem 2.2.12 and Corollary 2.4.22 and
an integration from 0 to oo with respect to t.

The rest is an inductive argument. One needs to use (2.7.4), some dimensional
analysis and witchcraft to show that if for j € {1,...,k(X)} and y € A¥\ A¥X | we
have

GMSG" H a; Z |Zi — yz|2 ‘+
(2.7.7) =)
D DR LR R
i=£(j)

with some positive constants a;, then for y € A%\ A¥ | and with r := |2y((x)) 1]
we get

o(k(x)—1 £5)—1
_s_
GMéen(x,y)gC( H ra;)” 2 H a; Z\iﬂz yil o+
i=£(5) i=0(k(x))
o(k(x))—1
(2.7.8) + Z (ra;)~*lz; — yil*+

i=L(j)

n
_ _G)-1)d _ (n=tG)+1)d
T Z (@) Slw — i)' ™2 S
i=0(k(x))

This is immediately seen to be of the required form. The constants a; above can
also be given explicitly.
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Fory € A¥\ AY ; we have

n £(5)-1

G (,y) < O(TT 1ol %) fai — wal* S+

i=£(j) i=1

n
_@=0d_ (n=t()+1)d
7 ] — gty
i=(j)

(2.7.9)

We want to modify this construction to apply to o(M,,).

Remark 2.7.1. Note that if x,y € R™, rka = rky and S* # SY, then for every
z € S*NSY we have rk z > rk x. In particular, if rkx = n—1, then S*NSY = {0}.

Lemma 2.7.2. There is a finite set P C R"\ {0}, a partial ordering < on P
and for each x € P an associated linear transformation L, € L, (L] ., was
defined in (2.4.48)) having the following properties:

1. There is C € (0,00) such that if K, is the affine transformation sending x
to 0 whose linear part is C'L,, there are ny, ...,n; so that

(2.7.10) (M 1) ~ (M 1) @ oo ® (M) @ 1
on B(0,2) x B(0,2) C Rka)d  Rn-rka)d

2. Let Q, = K;'[B(0,1) x B(0,1)], where the first B(0,1) lies in R*®)4 and
the second one in R"=%24 Then {Q, : v € PNS™'} covers SM-1,

3. Let D, := K;'[Stk®)d=1 » 'B(0,1)]. Then for every x € P of rank > 0,
{Cw(1): 2" € PN D, and x' < x} covers D,.

4. Suppose x' < x. Then
A0
-1
(2.7.11) LI} = (0 B),
with A (resp. B) a (tkz)d x (rkz)d (resp. an (n —rkx)d x (n —rkz)d)

matriz. More precisely, we prove the following; If for every y € R™ we
have Lyy = (Yiy jis > Yingn) @0d Loty = (Yat j15 -5 Yir, i), then

(2.7.12) im =1 and j, = j fortkz+1<m<n
and
(2.7.13) {y €R™ :giis = - = Vi = 0}
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Proof. The proof is by downward induction on rank. Let Fy := S™~! and for

every « € Fy of rank n — 1, fix a linear transformation L) € £/ ., and a neigh-
bourhood UY of 2 such that

(2.7.14) (M) ~ P o(M, 1) @1

k
1

7

on LOUY. (Actually here 1 < k < 2.)
Next, choose C? € (0, 00) so that if K2 is the affine transformation sending z to
0 with CYLY as the linear part, we have

(2.7.15) o(Mp 1) ~ 0(Mpy1) @ ... ® (M, 1) © 1

on B(0,2) x B(0,2).
Denote QY := K '[B(0,1) x B(0,1)] and DY := K '[Stk®)d=1 » B(0,1)].

T T

Let P, be a finite set such that

(2.7.16) Fon{z:tkz=n—-1}C | J Q.

reP,

Next, suppose k < n—1 is given and we have defined F},, and P, for every m < k
and for given m < k we have defined U}*, L', C7", K, Q7' and D!'. for every
r € P,

Let
(2.7.17) Fy=(F U | DAY\ | Qb
r€P,_1 z€PR 1
rkx=n—k

We generate the set P, and for every x € P, of rank n — k — 1 the linear transfor-
mation L’; as follows. List the points of P,y as zy,...,x,. Then we inductively
define P, g for 0 < 8 < «a and finally set P, = FP,,. The partial order < is
generated so that for every § with 1 < # < « and for every 2’ € Py, \ Pra—1
we put @’ < x, and in the end of the induction we take a transitive closure (i.e.
force < to be a partial order).

First, let Ppo := P, and let L* := LE=1 for x € Py. Next, suppose 3 > 0 is
given with 8 < « and that we have defined Py, 5_; and L:’; for x € Py 3_1. Suppose

(2.7.18) zEDf;lﬂFkﬂ{m:rkx:n—k—l}
and that for every y € R™ we have

(2719) Lil_l(yla X3} yn) = (yil,j17 ce yln,]n)



68 CHAPTER 2. THE ARTICLE

Let L € L/, be a linear transformation (given by Theorem 2.4.9) such that

(2.7.20) Moi1) NEB My, 1)

on LU, with U being a neighbourhood of z. Suppose for every y € R™ we have
(2.7.21) L(y1s s Yn) = Wit gt - Yirg0)-

Since z € D!, we have

(2722) {yi1,j1 = =Y = O} - {yi’l,j{ = ... =Yy = O}

rkzﬁ rkzﬁ rk z 7 rkz

Let

(2.7.23) o {z if1<i<rksand

1 ifrkxg+1<1i<n,

and similarly for j!'.

By (2.7.22) we may choose iy, 1, ..., iy, and Jij .y, s Jik.qq SO that if we let

(2.7.24) Lot ot) 1= (s i)
for all y € R™ we have L, € L], ., and by Proposition 2.4.19 we have

B

(2.7.25) o(Myi1)" ~ P o(M, ) @1
i=1

on LLU" with U’ a neighbourhood of z.

Next we choose C”, € (0,00) for x € D := D’;;l NE,N{z:tkx =n—k—1} so
that if K is the linear transformation sending x to 0 having C L/ as its linear
part we have

(2.7.26) o (M) ~ P o(My, 1) B 1

on K/71[B(0,2) x B(0,2)].

We have a small twist here. We want to cover D with finitely many sets @', :=
K!7'[B(0,1) x B(0,1)]. However, we do not want to use @Q’’s associated with
T e Pg_l. This can be avoided by taking C.’s to be such that there is € > 0 so
that B(x,€) C @'. This is easy to arrange. The point is that D is a compact
set consisting of points of equal rank. D splits into finitely many connected
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components Dy, ..., Ds. Thus, actually (2.7.25) holds in a neighbourhood of each
D;.

So now that the Q’s are such that B(z,e) C Q) and {Q/, : € D\ Pj_, covers
D, pick a finite subcover {Q/, : z € D'} and let P} := P}, UD'. For x € D', let
LF =L/ and CF := C! and set K, Q% and DF accordingly.

Finally, let P := P,_; and for every z € P let L, := L"! and C, = C"~ 1. ]

For every z € P, let L, = {Ly : v < 2'}.

From now on, we’ll use a rather schizophrenic convention of coordinates. Pairs
like (y1,y2) are in K -coordinates, where x is clear from the context (See before
Proposition 2.5.2). Sequences like (91, ..., y,) are in the original R™¢-coordinates.

For z € P, let C(r) := K '[B(0,7) x B(0,r)]. (if tkx = 0, we just set C,(r) :=
KB, 7)]).

For each z € P we find a set R, as follows. If rk(z) = 0 we set R, := C,(3).
Obviously now C,(1) + R, C Cx(%) and moreover there is C' < oo so that for

every 2’ € C,(1) and every y € 2/ + R, we have

(n+1)d

1. For 0 <t <1 we have Ky, (t,z,y) < Ct™ 2 exp{—‘xg—fﬁ} (by Corol-
lary 2.5.9) and

(n+1)d

2. For 0 <t < oo we have Ky, (t,z,y) < Ct™ 2= exp{—%} (by Theo-
rem 2.2.12 and Corollary 2.4.22)

Since for 1 < t < oo we have ¢~ ("+Dd/2 < = +1)d/(2-8) we can replace 0 < t < 1
above with 0 < ¢ < oo so by integrating w.r.t. time we conclude that for every
x € P with rk(z) = 0 there is C'(z) < oo so that for every 2’ € C,(1), every
y € '+ R, and every L € L, we have

(2.7.27) Gum,., (2, y) < C(z)| Lz’ — Ly|2_5_"d.

Moreover we want that C(z) depends on o(M,,41) only through upper and lower
bounds on C,(2).

Remark 2.7.3. When we say that C' depends on o(M,, 1) only through the upper
and lower bounds for o(M,,11) on C,(2) we really mean that if in C,(2) we have

(2.7.28) o(Myi1) ~ (M 1) @ ... @ 0(M,, 1) ® 1,

with A > 0 minimal, then C' can be chosen so that the given claim holds for
any symbol A that has a heat kernel and for which (2.7.28) holds with o(M,,11)
replaced by A.
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For x # 0 let
(2.7.29) ST =[] {yeR™: |y l =0}
1<i<j<n
|z; j1=0

Note that dim(S*) + rk(z)d = nd.

If | := rk(z) > 0, we set R, := K;{y : d(z,y) < 5} (d was defined between
Remark 2.5.7 and Proposition 2.5.8). Now a similar argument as above (but
this time using Theorem 2.5.12 instead of Corollary 2.5.9) yields a C'(z,€”) < o0
(¢" € (0,3)) so that

1. Co(1) + Ry € Cy(3) and

2. There is C' < oo so that for every ' € C,(1), for every y that satisfies
|2} |42 < d(z,y) < 1 and for every L € £, we have

G,y (2 y) < Cz,€") (Z (Lx); — (Ly)s>+
(2.7.30) Q2 )
' Z ()i = (Ly)iﬁ)liﬁiT

1=[+1

Again we want that C'(x) depends on o(M,,11) only through the upper and lower
bounds on C,(2). Let

(2.7.31) C(€") := max C(x,€").

zeP

We will fix our €” € (0, 3) after we’ve defined our sets A7.

Now it’s time for the

2.7.1 Proof of Proposition 2.6.3.

Proof. (of Proposition 2.6.3). We start by defining the sets A7 and then prove
that these sets have the desired properties.

First of all we handle the points x € S™~1 and then use scaling: If A%, ..., A is

the sequence associated with &, we let A7 = |x|A7. Moreover we let r§ := [x|r{.

This sequence is generated as follows: First, to each point x € P and y € C,(1)
we associate inductively a finite sequence A7, ..., Azé ,) (with k(z,y) depending
on = and y but not exceeding rk(z) + 1). We shall denote k(x,y) by k below
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when confusion is not possible. We also define associated sizes ri",...,r7"Y and

linear transformations LY, ..., LY.

Having done this we choose for every y € S"1 a x € P, so that y € C,(1) and
set AY := ATV, rf =017 and LY := L} for 1 < j < k(y), where k(y) := k(z,y).
To confuse the reader even more (just kidding), for every z € P of rank > 0 we’ll
also define €”(z) € (0, 1) so that in K,-coordinates we have

(2.7.32) APUN AR Sy s Y <d(y,y) <

}

N

for every y € Cy(x). Then we let

"
(2.7.33) €' = min (x)
rk(z)>0

Suppose x € P is of rank 0. Then for every y € C,(1), we let k(z,y) = 1,
ATV = (y — ) + Ry, 757 := 1 and let LTY := L,.

Next, suppose all the points in P of rank < [ have been handled and let z € P
be of rank I. Set k(x,z) =1, AT" := R,, r{" :==1 and let L7" := L,.

For y € D, we choose 2’ € PN D, so that y € Cy/(1). Then we let k(z,y) =
k(x',y) + 1, A% = AV 0 [(y — z) + R,] for 1 < i < k(«',y) and set Al =
[(y— )+ R,). We let 7™ := ¥ and set Thing) = 1. Finally, we let L7 = L

i
m7y [yp—
and set Lk(wvy) = L,.

i’é’c,y)fl are just translates of R,., we see that

¢’(x) > 0 can be chosen so that our condition is satisfied for these sets.

Finally, if y € rS™*®4=1 x B(0,1) with » € (0,1), let ¥’ := (¥1,%2). Then we set
k(z,y) = k(z,y'), and for 1 <i < k we let

: z'y _
Since now the sets Ak(x,,y) = A

(2.7.34) APV = {(rzy, o + 1 (20 — ) ¢ (21, 22) € APV,

PPV = ™Y and L™ = L™, Finally, as above, we set Ay =y —2)+ Ry,

rpY :=1and L;¥ := L,. Note that our scaling was such that our condition for

¢’ (x) is still satisfied.

Now we have to prove that this choice of the sets A7 satisfies all the claims of
Proposition 2.6.3. Obviously, (1) is trivial.

By scaling, it suffices to prove (2)-(5) for z € S"4-1,

We prove all these claims by chasing through the definition of the A7¥’s. That
is, we do a double induction by going through every x € P by induction on rk(z)
and then for each x € P we go through A7*’s by downward induction on j.
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So we start with (2). We prove that (2.6.8) holds with C' given in (2.7.31).

By (2.7.27) and (2.7.30) our claim is trivial for A% s, so we have to handle the
case where [ :=rk(z) > 0 and j < k(x,y).

Our induction hypothesis now is that we have proven (2) for all sets Af,/ ¥ and
all linear transformations L;c,l’y/ with tk(z') < I, ¢’ € Cp(1) and 1 < j' < k(2',9/)
and also for all symbols A having the same upper and lower bounds as o(M,,1)
on A%V

j

So, in K®-coordinates, let
(2735) y = (y17y2) c T.Sldfl % R(nfl)d

with 7 € (0,1) (r = 0,1 have been handled by our induction hypotheses). With-
out loss of generality, we may assume that y, = 0 (this eases our notation a
bit).

Let A be some symbol having the same upper and lower bounds as o(M,1) on
B(0,2) x B(0,2).

Denote 2¥ := (z1/|y1], z2/|y1|'~¢/?) and let the symbol BY be defined by

oo (M, 1)y (2¥)  if 1 <i,j <ld

[91[¢/%0 (Myi1)i5(2¥) i1 <i<ld<j<ndor
1<j<ld<i<nd

o (Myi1)i(2) if ld < i,j < nd.

(2.7.36) Bji(z) =

Now BY and A have the same upper and lower bounds on B(0,2) x B(0,2). Let
I = codim(Sf’yy) /d < I. Then we can conclude by our induction hypothesis

(since Af’yy = A;”/’yy for some 2’ € P with rk(z’) < rk(x)) that we have
- ;
Gpy(y¥, 2¥) < O H a; >

(2.7.37) =
1— ld_ (n—=10)d

- Z — (L2¥)?) T

i=l'+1

Z! Ly"); — (Lz¥)i|**+

whenever z € A?’yy \ A7 Y and L = L;c’yy.

A little pondering in dimensional analysis implies
(2.7.38) Galy, 2) = [ [P 0-R0DdG, (47, 2Y).

whenever 2z € Af’y.



2.7. UNIFORM LOCAL INTEGRABILITY 73

Note that L = L, for some 2’ < x. Therefore by (4) of Lemma 2.7.2 we have
both

(2.7.39) LiMwi=0:1<i<l}=KH{w;=0:1<i<I}
and

(2.7.40) LiYw,=0:1+1<i<n}=K Yw,=0:1+1<i<d}.
Thus

lyr |72 ((Ly)s — (L2);) if 1 <i<1land
1|27 ((Ly); — (L2);) ifl+1<i<n.

(2.7.41) (Ly?); — (LzY); = {

Combining this with (2.7.37) and (2.7.38) we get

l n l

_&d -5 -
Galy, z) < C( H (lyrla;) H a; )(ZKL?J)i — (L2)il 5+
i=l'+1 i=1+1 i=1
l
(2.7.42) + Y (lyla) 8 |(Ly)i — (Lz2)i)?
i=l'+1
4 _(n=bd
+ Z — (Lz),[?) e
i=l+1

for any z € A7Y\ A7"). This is seen to be of the form required, so we're done

with (2).

Next we handle (3). First of all it is easy to see that it suffices to find C(z, j) < oo
such that

(2.7.43) / Gty (2,y) dy < Oz, 5)(r5) 5.
AT\ AZ

j—1

For every x € P with rk(z) = 0, there is C(x,1) < oo so that for y € C,(1) we
have

era) [ Guln )y S Cla ) < O
A

So suppose all points x € P of rank < [ have been handled and z is of rank [.
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For A} the claim follows from (2.7.30) and the fact that r;"¥ = 1:
/ Gt (,9) dy'
APINARY,

l
<C / dy (3" |(Ly)s — (Ly )i+
APINADY, i=1

(2.7.45)
+ 3 [(Ly)i — (Ly i) T

i=l+1

< C/ <O =C'(rPh)* e
{d(yy")<3}

For j < k, by (2.7.34), (2.7.37) and (2.7.38) we have

/I Gy dy = |?/1|2_£/I o Gy ) dy
ATINATY ATTINATY

< Ola, )y P40 )>*

(2.7.46)

Next in line is (4). Again we chase through the definition of the A7"’s. If
rk(z) = 0, then ryY = 1 and the claim is trivial, as |y;| < |y| = 1. Suppose the
points in P of rank < [ have been handled and = € P is of rank [. Next, for A}
it holds, since again r;¥ = 1 and |y;| < |y| = 1.

So suppose again that j < k(z,y) is given and the claim has been proven for
every A7V with j < j° < k(z,y). Let again y := (y1,42) € rSk@d=1 5 B(0,1)
with € (0,1] and let 2¥ be defined as before. Since Sj¥ C {z; = 0} we have
lyj| = rlyj| and since A;‘f’yy = A;’fl’yy for some 2’ € P with rk(z’) < rk(z) we
conclude that

(2.7.47) il = rlyl| < eV =iy

Finally, we handle (5). Again, the basic steps in the induction are quite trivial,
so we just show the nontrivial step. So the setup is that we have shown (5) for
all points of rank < [, x is of rank [ and the claim has also been shown for every
ALY with j < j' < k(x,y). Now if S7 C {y; = 0}, then if

(2.7.48) ATV C {|z] > CY,
we can conclude that

(2.7.49) A2V C {|z] > Clyl}.
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On the other hand, if ST Z {y; = 0}, then
(2.7.50) ATV C {]z] > Cly!)},
implies that

(2.7.51) ATV CHlal = Clyf 1} € {lzi] = Clysl -

75
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Appendix A

Some Technicalities

A.1 Poincaré and Sobolev inequalities

The following Theorem was proved in [4].

Theorem A.1.1. Let g > 2 and let wi and wo be two weights on R™ and suppose
that wy is Ay and that wo is doubling. Suppose also that for all balls B' and B
with B' C 2B

) )

with ¢ independent of the balls.

Then the Poincaré and Sobolev inequalities hold for wy, we with q.

So in order to conclude that the Harnack inequality holds for M,,, it suffices to
check the assumptions of above Theorem with w, = d(x, F)* with F' be a finite
union of vector subspaces of R™ or just {0} and wy either |z|¢ or 1.

Lemma A.1.2. Let F' be a finite union of vector subspaces of R™ or just {0}.
Suppose & > —n. Then we(x) := d(z, F) satisfies the following: There is a
constant C' < co such that for every x € R™ we have

LIf0 <7< %55, then gd(w, F)r" < we(B(x,7)) < Cd(, F)*r" and

2. Ifr > d(xZ’F), then S+ < we(B(x,r)) < Crte.

Proof. Since fory € B(x,r) C B(x, d(IQ’F)) we have (d(m’F))£ < we(y) < (Bd(z’F))E,
the first estimate follows.

7
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For the second estimate, since we(z,r) = |z|" ™ we(Z, ﬁ) we see that by scaling

it suffices to prove the inequality for € S*~!. To conclude the proof, it suffices
to prove that

: 1 o 1
(A12) 0< lim sup mwg(B(x,r)) = lim inf M—Jrgwg(B(x,r)) < 00.

T—00 pecS§n—1 T r—o0 geSn—1

The computation is omitted. |

Naturally, the choice of the borderline at @ was arbitrary. We can and will

put the borderline at ed(x, F') with € € (0,1) depending on the situation.

Proposition A.1.3. Let 0 < £ < 2 and let F' be a finite union of vector subspaces
of R™ or just {0}. Let wy = Cid(z, F)* and wy = Cyl|z|* with 0 < C1,Cy < 0.
Then the Poincaré and Sobolev inequalities hold for wy, we with q := anQ and
for wy, 1 with q.

Proof. By Lemma A.1.2 both w; and wy are A,, so it suffices to prove the scaling
assumption in Theorem A.1.1 with ¢q. Now Lemma A.1.2 implies that there
is a constant C' < oo such that for every x € R? and r > 0 and every ball
B’ := B(a',r") C B(x,2r) we have

1. fo<r< @, then C~1|z|5r™ < w(B') < Clz|sr™.

2. If d(ﬁ’F) < r, then O~ < w(B') < Crér'™.

Here w stood for either w; or ws. Thus we have for some C' < oo the following:

1. If0<r<@,then

()G ()
2. Tf 42 < 4 then
mo ()R

Therefore, the claim reduces to finding C' < oo such that for every r and r’ with
r’ < 2r we have:
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1 If0 < r < 428 then

(A.1.5) (7“?') (7;)% . C(%)l/z

and

e (1) ce(z)’

2. If @ < r, then

n—24¢
,,,,/ r/TL o T./'I’L—‘rg 1/2

A1.7 — || — <C
A1 (&) " = (=)
and

N e N
(A.1.8) (T—) < C(r—)

r r

Obviously, such a C exists, so our claim has been proved. [

A.2 Proofs for §2.4.3

Proof. (of Proposition 2.4.10) Let C; = inf{(v,o(M,;1)(x)Vv) : |x] = |v| =
land x € A} and Cy := sup{(v,0(M,+1)(x)v) : |x| = |[v] = 1 and x € A}.
Since A is conical with A N S™~! compact and disjoint from the degeneration
set, we have C7 > 0.

For x € A we have

O fnlflul < 003
=1 i=1
= Ci[x[*|v]?
< o(M,)
(A2.1) < Colx[*fvf?

n

=Gy ) Ix[ ol

i=1

n
< (S e
i=1
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where the last inequality follows from the fact that

[ = (3 faif)2
=1

< nf?max{|z;]¢ 1 1 <i < n})

N

< (T)gmin{\g}ﬂE 11 <i<n}

(A.2.2)

< (L2)¥pg e

€

O]

Proof. (of Lemma 2.4.11) We write |(v;, (d(x; + xi11) — d(x;) — d(xi41))vig1)| <
|(vi, (d(z; + @it1) — d(zig1))vig1)| + [(vsi, d(z:)vit1)| and estimate the two terms
separately.

Since d is differentiable in the ball B(z;1, slziy1]) a simple application of the
mean value theorem of elementary calculus gives

|(vi, (d(i + Tig1)—d(Tig1))vig1)]

< sup (v, (@ - V)d(2ip1 + 724)vig)
0<r<1

< sup (G, (£ - V)A(Y)Oip1) |2 | i | i [visa

3<lyI<3
(A.23) = Clail|zi | il i
|zi| \1-¢/2
N C(|a:-+1|) |$i|§/2|$z‘+1|£/2|vi||Uz‘+1|
C x| \1-¢2
< —( ) (| |vil* + [iga | |viga 7).
2 ’l’iﬂ‘
Similarly,
d < (1 3 ¢
[vs, d(zi)vien)| < (14 =)l vil v
S |$z| /2
(A.2.4) < (1+ ﬁ)(m) ‘xi|£/2|xi+1|£/2|vi‘|Ui+1’
< G+ ) (L 1 s,
Therefore, by setting F := max{%, % + w%}? we can conclude our claim. O

Proof. (of Lemma 2.4.12) We just estimate |(v;, (d(v; ;) — d(vit1,5))v;)| and the
other part is estimated similarly.
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Again an application of mean value theorem gives us

< sup (v;, (z; - V)d(ziqp1; + rx;)v;)
< sup (G5 (4 - V)d(y)05) ||l i, il v

(A.2.5)

1= Olzi||zipr,;] " vil )]

|$z'| 1-¢/2 |90i+1,‘| /2
=C( ) ( 2N a2 )2 s ]

|.TZ'+1| |xj|
C, |zl \1—e/2,|Tig1; 2
i || ) ¢/ (‘ Z+173|)§/ (sl Jvil® + [iga [ i 7).
2 |xi+1’ |QZJ’

Proof. (of Lemma 2.4.13) First we make a split:

(A.2.6) [{vi, (d(wig) — d(Tiv1;) — d(@ij-1) + d(Tit1,5-1))v5)]
< [(vi, (d(i5) — d(wig15)v)| + Uiy d(@ij-1)vi) | + [(vi, d(@igr-1)v5)]-

Now the first term is estimated exactly as in the previous Lemma and the latter
as follows. (Actually we only estimate the second one, the third one is handled
identically).

(Vi d(i5-1)v;)]|

é(1+czf1

§ i j-1\e |zl \er2 €21, 1£/2
<(1 , YEiLN&I2) 167215 162 .
(A.2.7) = +d—1)< 4] ) (|$]‘) > | > [vi vy

1 & T3] + | @ig1o1|\e 2| \e/2
< (= i i+1, 1a| L2 €12
SGrog ) ) ) Ul el 4 JasfFloi)

1 §
< (=
_(2+2d—2

)i j—1|*vi|v]

EANGE
3 () ol ol + s,
J
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Proof. (of Lemma 2.4.14) Two applications of the mean value theorem give us

[(is(d(2i5) — d(ig1;) — d(@ij-1) + d(Tit15-1))v5)]
< sup (v, ((z; - V)d(@igrj +12;) — (x5 - V)d(2i41 jo1 + 725)0;)

0<r<1
< sup (v, (x; - V)(x; - V)d(xig15-1 + ra; + r'xj)v;)
0<r,r'<1
(A28) < sup (6, (& - V)&, - V)AL o)
§§‘Z/|§§

1= 2E x| w151 |vil v)]

|4 1-¢/2 |4 1-¢/2
< E<7Z) (7Z) (| Jvi]* + \%’|£|”j’2)
|xl+1,3—1| |xl+1d—1|

Proof. (of Lemma 2.4.15) We estimate the terms individually. The mean value
theorem gives us

[(vi,(d(ig) — d(z4))v5)]
<2200 Y JaD)lzal il )]

(A.2.9) kelij)\A
< 25/20( Zke[z’,j]\A || ) 1-¢/2 (M)gﬂ-
- |24l |z,

Since we assumed that » ;4 [2k] < smin{|zyy| : k1 € A,k <1}, we have

(A.2.10)
25/20(Zk6[i,j]\A |l )1_5/2(@)5/2
|74 |7,
< 2210 (— D kelijha [Tl 1-¢/2 @)g/g
min{|zgy| : kL € Ak <1} =37 cpna |k |z 5]
(il ol + |1 o)
<C Loneligha 7] )175/2(21@1 |93k:\)£/2

min{zg, : k,l € Ak <}
(Jal o+ ag|os )

|24

Similar estimates hold for the other terms, except when A = {i, j}, which causes
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modifications to the last pair of terms. Then

|<U¢,d($z‘+1,j—1)”j>|
£
<(1+ ﬁ)|$i+1,j—1|£|vi||vj|
1 £ )(Zke[m]\A [zl

< (=
=Gt a5 2]

(A.2.11)

&/
)7 (il il + v s ).

A.3 Proof of Proposition 2.6.2

In order to prove Proposition 2.6.2 we first need a Lemma.

Lemma A.3.1. Let 2 <[] &€ N. Then there is C' < oo such that

(A.3.1) /Rd dy (k+ |z —y)> 1+ [y))> 4 < ORI 22

Proof. We split the domain of integration into three parts and estimate these
separately:

(A.3.2) /ddy(k‘+|w—yl)2‘€"d(1+|y|)2‘f‘d
Rd

S | = () + () + ()
lz—y|<|z]/2 ly|<|z|/2 lyl,|z—y|>|z|/2

To estimate (x!) we note that in |z —y| < |z|/2 we have |z|/2 < |y| which implies
that in |z — y| < |z|/2 we have

(A3.3) (14 [y < (14 Jel/2)2 60 < Co(1+ Ja])>
Therefore
(+) < €, / dty (k + & — yl)> €191 + [2])> 6
lz—y|<|z|/2
— O] g2 / dhy (14 o — y)2—cH
|lz—y|<|z|/(2k)
e R I TR R
R

< 02k27§7(lfl)d<1 + |x|>27§7d.

(A.3.4)
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We make in a similar estimate in (¥?): in |y| < |2]/2 we have |z]/2 < |z — y]
which implies that in |y| < |z|/2 we have

(A35) (b fo— )P < (k o+ al/2P 1 < Cylh+ Jal) P,
Now we can compute:

() < O / I T
yix

A.3.6
( ) lz|4 if |z| <1 and

=C k+ 2—¢-ld |

To treat the case |z| < 1, we compute:

04(/{3 + |x‘)2_5_ld|l“d S C4k2_€_(l_1)d’l’|_d|$|d

A.3.7
(A37) < Ok e =04 (] 4 |26

If |z| > 1 we have

C4(]€+ ‘x’)Qfgfld‘fog S C4k27§7(lfl)d’x‘fd’x‘27§

(ASS) _ C4k27§7(lfl)d|x‘27§7d.

Finally, we handle (**). When |y|, |z — y| > |z|/2, we have |y|/3 < |z — y|. Since
this might not be obvious, we compute: Since B(z, |z|/2) C B(0, 3|z|/2), we have

91/3 =1a1/2 + 3dly, BO,3lx/2)

(A.3.9) < |z[/2+ d(y, B(0,3]z[/2)
< |zl/2 + dly, B(x, |]/2)
= |z =yl

Therefore, when |y|, |z — y| > |z|/2, we have
(A3.10) (k[ —y))* 1+ Jy)* 7 < Colk + [y])* (1 + fyl)* =+

and thus

(A311) () <Co /| T )

We split the analysis of (x*) into two subcases: |z| > 2 and |z] < 2.
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If || > 2, then we have

(+) < C /| R i i
y _m

A3.12 —&)— e e
( ) — O, 220 ld/ diy (1 + [y])>=6 1)y 26
ly|>|z|/(2k)

— CSkZ(Q—g)—ld(l + |:L'|//{3)2(2_€)_ld —- (*5)

If |x| <k, then

(A.3.13) (4°) = k29714 < C2=6-1-DA(] 4 |24,

On the other hand, if & < |z|, then

(A.3.14) (*5) = 08|x|2(2—5)—ld < OIOkQ—g—(l—l)d(l + |a:|)2_§_d,
If instead of |x| > 2 we have |z| < 2 in (x?), we compute

() < Co [y (h+ [yl)2 €0+ [y
R

< Oll/l d%y (k+\y!)2‘f‘ld+0n/ (k + [y[)? s y[>~¢4
y|<1

ly|>1

(A.3.15)
< CIQkZ—E—(l—l)d/ ddy(1+ |y|)2—§—ld+C«12k2—§—(1—1)d
Rd
< C13k2_§_(l_1)d(1 + |x|)2_£_d,

O]

Proof. (of Proposition 2.6.2.) Without loss of generality, we may assume that y
is the characteristic function of the unit ball. First we integrate y; out:

Write k := S2\"1 |#; — 3i]. Now we have

/ A%y (k + v, — y|)> ¢
y€B(0,1)

(A.3.16) (k + |z)>=¢71 i || > 2,
< O { k2e-(-1d if |2;] <2 and k <1 and
f2-e-ld if |z <2and k> 1.

The first case, i.e. |z;] > 2, is computed by a repeated application of Lemma
A3.1:
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[ L+ = T+
R

<CQ<1+‘:C[ 1| 2 &= d/ Hddyz

I—1)d
R(1>21

1-2 12
(|| + Z |z — yz‘|)2_§_(l_1)dH(1 + Jyil)? ¢
=1 1=1

(A.3.17)
<..
-1
<G+l [ atye
i=2 Rd

(] + | = )7 )

I
< Gl H(1 + )P4

=1

In the second case, i.e. |z;| <2 and k < 1, we get

/Hddylk2$lldH Jr|y125d
k

<1 i=1
-1 -1
(A.3.18) < sup 1+ |y 2—£—d/ ddyi g6 (-1)d
kqﬂ(!\) qu
-1
<O+ fa)> 4
=1

The third case, i.e. |x;] < 2 and k > 1, uses the following trick:

/ Hddy 2-6— ldH +lul) 2§d
k

21l =1
(A.3.19) L -
<C/ ddl]_—i-k?Qéld 1+ ZQEd %
saf  Teu 10+ =)

Now repeating the computation of the first case, we get:

-1 1
(A320) (*) < Cé H(l + ’xi’)Qféfd < CAILH(l + ‘xi|>27§7d.
i=1

i=1
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